LIFTING VECTOR BUNDLES TO WITT VECTOR BUNDLES
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ABSTRACT. Let X be a scheme. Let r > 2 be an integer. Denote by W,.(X)
the scheme of Witt vectors of length 7, built out of X. We are concerned with the
question of extending (=lifting) vector bundles on X, to vector bundles on W ,.(X)—
promoting a systematic use of Witt modules and Witt vector bundles. To begin
with, we investigate two elementary but significant cases, in which the answer to this
question is positive: line bundles, and the tautological vector bundle of a projective
bundle over an affine base. We then offer a simple (re)formulation of classical results
in deformation theory of smooth varieties over a field k of characteristic p > 0, and
extend them to reduced k-schemes. Some of these results were recently recovered, in
another form, by Stefan Schréer. As an application, we prove that the tautological
vector bundle of the Grassmannian Grg,(m,n) does not extend to Wy (Gry,(m,n)),
if 2 < m < n — 2. To conclude, we establish a connection to the work of Zdanowicz,
on non-liftability of some projective bundles.
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1. INTRODUCTION

Let p be a prime, and let X be a scheme, not necessarily of characteristic p. For any
r > 1, denote by W,.(X) the scheme of p-typical Witt vectors of length r, built out
of X. Let V be a vector bundle over X. This paper mainly deals with
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Question 1.1. Is V the restriction to X of a vector bundle defined over W,.(X)?

To fix ideas, until the end of the introduction, assume that X is an [Fp-scheme. The
closed immersion X < W,.(X) can then be thought of as a universal thickening of
X, of characteristic p”. Extending V' to W,.(X) is, in a sense made precise in Section
the “universal” deformation problem for V.

In order to tackle Question [I:I] we introduce in Section [3] the notions of Witt modules
and Witt vector bundles. Focusing on these objects (which are not at all new)
provides a novel viewpoint on some problems in deformation theory. Rather than
“extending V to a vector bundle over W,.(X)”, we say “lifting V to a W -bundle
over X”—both formulations being of course equivalent. Doing so, the base scheme
X remains unchanged, while considering a larger class of sheaves of modules over it.
Section [3] is devoted to laying foundations for this theory.

Section [ elaborates on a positive elementary answer to Question for line
bundles. The starting point here, is that every line bundle L admits a natural lift
to a W,-bundle: its r-th Teichmiller lift W, (L). Section [5| deals with lifting the
tautological vector bundle on Y = Px (V), the projective space of a vector bundle V/
over an affine [F-base X, respecting the tautological exact sequence. The answer is
positive again—see Theorem [5.7]

In Section [6] we use the point of view of Witt modules to provide a unified functorial
formulation of three questions in deformation theory:

(1) Let X be a scheme over a perfect field k, of characteristic p. Lift X to a flat
Wy (k)-scheme X3 (a problem made famous by the article [DI]).

(2) Same as (1), with the strong extra constraint, that the Frobenius of X lifts
to Xo (see the nice paper [MS]).

(3) Lift a vector bundle over X to a vector bundle over W (X )—the main topic
of this paper.

To achieve this, we describe equivalences of categories interpreting these questions in
the common framework of Witt modules, see Propositions [6.13}, [6.17] and [6.26] These
hold for any reduced X, thus providing a gain of generality with respect to classical
results, which require that X be smooth over k.

Several applications (some classical, some new) of these equivalences are given.

e Proof that (1) has an affirmative and functorial answer, for any Frobenius-
split reduced k-scheme—see Corollary (for an introduction to Frobenius
splitting, see [MRI).

e Explicit 2-extensions realizing the classical cohomological obstructions in de-
formation theory—see Corollaries [6.15] and [6.27]

e In Theorem [7.1} it is shown that the tautological vector bundle on the Grass-
mannian Gr(m,n) never lifts to a Wa-bundle, if 2 < m < n—2. Two different
proofs are given.

e Finally, using the previous item, Section [8| provides a new proof, and a slight
strenghtening, of a result of Zdanowicz ([Z], Theorem 6.5).
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2. CONVENTIONS

All schemes are assumed to be quasi-compact and quasi-separated.

3. WITT MODULES AND W ,.-BUNDLES

For each integer r > 1, and for each commutative ring A, denote by W,.(4) the ring of
p-typical Witt vectors of A, of length r. Note that W,. itself might be considered as a
ring scheme defined over Z, isomorphic, as a scheme, to the r-dimensional affine space
A". For details on the construction of Witt vectors (adopting different viewpoints)
we refer to [Bo], [Ha], [Le], and [Sel].

Fix a scheme X, not necessarily of characteristic p. Cover it by affine open subschemes
U; = Spec(4;). Then, the affine schemes Spec(W,.(4;)) glue, giving rise to W,.(X),
the scheme of p-typical Witt vectors of length r, built out of X.

3.1. Basic DEFINITIONS. The following definition is classical, see [Se2].
DEFINITION 3.1. Let r > 1 be an integer. The association
U~ W, (0x(U)),
defines a sheaf of commutative rings on X. Denote it by W,.(Ox).
As a sheaf of sets, W,.(Ox) is represented by the r-dimensional affine space A’; it is
thus also a sheaf for the fppf topology. If 1 < s < r are integers, denote by
Trs : W(Ox) — W (Ox)

the quotient, fitting into an exact sequence of sheaves of commutative rings on X

0 — W,_s(Ox) 2757 W, (Ox) 25 W (Ox) — 0.
DEFINITION 3.2. Let v > 1 be an integer. The association
U W, (0x(U))*,

defines a sheaf of Abelian groups on X. It is given by (U-points of) an affine and
smooth Z-group scheme, denoted by W <.

Note that W{* = G,,,. The Teichmiiller representative is given by the formula
: W — WX,
x +— (2,0,0,...,0).

We denote this homomorphism of Z-groups schemes by 7, if the dependence in r is
clear. It is a natural splitting of the quotient map W, — G,,,.



Remark 3.3. Let R be an [F)-algebra. For all ¢t € R, the following formula holds:

PTr1(t) = irpi1 (70(t7)) € Wopa (R).
This can be used to check that, for all z,y € W,.(R),

brr1(2)irr41(Y) = Pirrta(2y),
where multiplication on the left (resp. right), is that of W, 1(R) (resp. W,.(R)).

Let » > 1 be an integer. There is an isomorphism of affine Z-group schemes
Gm x (14+W,)* S W2,
(a,14+z) — 7pq1(a)(1 4+ 2).

(Strictly speaking, one should write (1 + 4, ,1+1(W,))* instead of (1 + W,)*.) This
formula, as well as the next ones, are given at the level of functors of points.

As a morphism of linear algebraic [F-groups, the logarithm is well-defined:

log: (1+W,)* — (W, +),
2 3
_ gy P2 Pz P4
(1—2)— —2x 5% 3% 7L T

If p is odd, it is an isomorphism of linear algebraic F,-groups, with inverse
exp: (W,,+) — (1 + W),

2
P, P 3

The sums occuring above are well-defined, since %1 (resp. ’Z—: when p is odd) is a p-adic

integer, for all ¢ > 0. Moreover, these sums are finite, because x is nilpotent.

If p = 2, the logarithm is an isogeny of degree two, with kernel {1,—1}. Over Fy, the
algebraic group (1 + W.,.)* is then isomorphic to the middle term of the pull-back of
the exact sequence
0—W,., — W, — G, —0,

by the Lang isogeny

(frob —1d) : G, — G,.
Thus, from the point of view of linear algebraic groups, the multiplicative group
scheme W, |, over F, is nothing new.
However, over Z, the morphisms log and exp above are not defined, and W), is
much more intriguing, as the following remark shows.

Remark 3.4. Put

Gajm = Ker(W5 — W),
it is a smooth affine group scheme over Z. Its generic fiber G,/ x7 Q is isomorphic
to Gy, whereas its special fiber G,/ xz I, is isomorphic to G,. More generally,
consider

D, :=Ker(W) , — W),
Its generic fiber is a split algebraic torus of dimension r, whereas its special fiber is
isomorphic to (W, +) (also for p = 2). These are simple examples of deformations
of (additive groups of) Witt vectors to (split) algebraic tori, in the spirit of [TOJ.
Let A be a discrete valuation ring, of mixed characteristic (0,p) (e.g. A = Z,). Over
A, one may attempt to twist D, (by a suitable Aut(D,)-torsor), in order to obtain
more interesting deformations of Witt vectors, to non-split algebraic tori. We will not
follow this track here, but the interested reader is welcome to do so.



We now introduce Witt modules and W ,-bundles, and their first properties.

DEFINITION 3.5. Assume that X = Spec(A) is affine. Let r > 1 be a positive integer.
Let M be a W,.(A)-module. The formula

U— M ®W7‘(A) WT(O)((U))
defines a presheaf (for the Zariski topology) on X. Denote by M the associated sheaf.
It is a sheaf of W,.(Ox)-modules.

DEFINITION 3.6 (Witt module). Let r > 1 be a positive integer. A Witt module of
height r over X is a sheaf of W,.(Ox)-modules, which is locally isomorphic to a sheaf
of the shape M (cf. Definition .

DEFINITION 3.7 (W, -bundle). Let r,n > 1 be two positive integers. A W.,-bundle
over X of rank n is a Witt module of height r, locally isomorphic to W,.(Ox)™.

Remark 3.8. A Witt module of height 1 over X is a quasi-coherent O x-module,
while a a Wi-bundle is a vector bundle over X. Witt modules of height r (resp. a
W,.-bundle) are simply modules (resp. vector bundles) over the scheme W,.(X).

Notation 3.9. Let V,./X be a W,-bundle over X. Denote by V," the sheaf
mwr(ox)—Mod(W W.(Ox));
it is a W,-bundle over X.
If s < r is a positive integer, define the W -bundle
V. @w, Wy
as the sheaf associated to the presheaf
U V) @w, 0x ) Wa(Ox (U).

3.2. FROBENIUS TWISTS, FOR [F,-SCHEMES. Keep notation of the previous para-
graph. Assume moreover, that X is an Fp-scheme. Denote by

froby : X — X,

the (absolute) Frobenius of X, given by raising functions to their p-th power. By
functoriality, it induces an arrow

W, (X) — W,(X),
for each r > 1, which we still denote by frobx, or just by frob.
If M is a W, (Ox)-module, we set, for each n > 1,

M .= (frob™)* (M).
Considering M as a W, (Ox)-module, for some s > r, does not affect the formation
of M) This follows from the commutative diagram

frob™
—_—

W.(X) W, (X)

frob™
—_—

W, (X) W, (X),

where the vertical arrows are the natural immersions. The notation M (" thus makes
sense for Witt modules.
For s > r, let V; be a W -bundle. Then Vi is a W-bundle as well. Moreover,

there is an exact sequence of Witt modules on X

E (V) : 0 —> (frob”), (V") — v, 23 v, — 0.

S—r
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If s=r+1, and if X is regular, then (frobr)*(Vs(f)T.) is a vector bundle on X.

Recall that, in the case where r = 1 and L is a line bundle, L(!) is naturally isomorphic
to L®P. This fundamental fact does not extend to vector bundles of dimension greater
than 2, nor to Ws-line bundles.

3.3. FROBENIUS TWISTS, GENERAL CASE. Consider the morphism of schemes
Frob : W, (X) — W, 1 (X),

that functorially arises from the morphism of ring schemes over Z (cf. [DK| Definition
1.1))
Frob: W, ,; — W,..

Note that, for r = 1, it is given by the Witt polynomial
(o, 1) > b + pay.

For a W, 1-module M, 1 over X, Frob*(M, 1) is a W,-module over X. Note in
particular the length shift by (—1) in this general notion of Frobenius pull-back.
If X is an F)-scheme, then Frob equals the composite

W,.(X) 22 W, (X) ™5 W, (X),
where nat is the natural nilpotent immersion. Thus, Frob*(M, 1) depends only on
M, := M,;1 ®w,., W,, and coincides with ngl) = frob™(M,).
To avoid confusion, we reserve the notation (-)(*) for the Frobenius pull-back of a
W, -bundle over an F,-scheme X, via frob : W, (X) — W,.(X).

For s > r and Vi a W-bundle, (Frob”)*(V;) is a W,_,-bundle and there is an exact
sequence of Witt modules on X

£r(V3) : 0 — (Frob"), (Frob”)*(Vy) — Vi =5 V, — 0.

3.4. YOGA OF EXTENSIONS. In this and all subsequent sections, we will make con-
stant use of the notions of extensions of Witt modules, endowed with the following
classical notions: Baer sum, pullback, pushforward, change of the base. We briefly
recall these, without proofs.

DEFINITION 3.10. (Extensions and operations on them,)
Let A be an Abelian category. Let

E:0—A—B—C—0,
be an ezxact sequence in A, thought of as an extension of C by A.

Let f : A — A’ be a morphism in A. Then f.(E) is the unique extension fitting in
a commutative diagram

£:0 A B C 0
;o
f<(&):0 A D C 0.

We refer to f.(€) as the pushforward of £ by f.

Let g : C" — C be a morphism in A. Then g*(E) is the unique extension fitting in
a commutative diagram

g (€):0 A E C’ 0
L)
£:0 A B C 0



We refer to g*(E) as the pullback of € by g.

Let

g£:0—A—>-B —C —0,
be another extension in 4. Then one can easily show that the data of a commutative
diagram

E:0 A B C 0
bl
E:0 A’ B’ o4 0,

~

is equivalent to an isomorphism (of extensions of C' by A’) f.(£) — ¢*(&).
Remark 3.11. Let
E:0—0Ox —B—C—0,

be an extension of (quasi-coherent) modules over a scheme X, of characteristic p. In
the sequel, the notation frob, (&) may refer either to the pushforward

frob,(€) : 0 — frob,(Ox) — B — C — 0,
in the sense of the definition above, or to the extension
frob.(€) : 0 — frob,(Ox) — frob,(B) — frob,(C) — 0,

obtained by applying the exact functor (on Ox-modules) frob,. This ambiguity is
nothing serious: the meaning of frob.(€) is always clear from the context. The same
goes for the notation frob*(&).

3.5. THE ARROW k. Assume given an extension of Abelian groups
0—A—B-5C—0,

where A and C are killed by p (hence B is killed by p?). By assumption, for any
c € C, setting

k(c) = pb,
where b is such that 7(b) = ¢ gives rise to a well-defined morphism

k:C — A

Furthermore, & is trivial if and only if pB = 0, and it is an isomorphism if and only
if B is a lift of the F,-vector space C to a free (Z/p?Z)-module.

One can clearly “sheafify” the construction of the arrow s in the following way.
Let S be a site, and let

E:0—A—B-5C—0,

be an exact sequence of sheaves of Abelian groups on S. Assume given an endomor-
phism f € Homg (B, B), leaving A stable. It thus induces an endomorphism of C,
still denoted by f. Assuming that f(A4) = f(C) = 0, define a homomorphism

k = kg 5 € Homg(C, A),

through the following process. Let Y be an object of S. For any section s € C(Y), pick
a covering (Y;) of Y such that, for each i, the restriction s; = s}y, lifts to t; € B(Y;).
Then u; := f(t;) belongs to A(Y;). The u; hence glue to give an element in A(Y'),
depending only on s. Denote it by x(s). Note that x = 0 if and only if f = 0.

Now if S is either the Zariski, étale or fppf site, big or small, of a scheme X of
characteristic p, consider the exact sequence of Witt modules over X

£:0 — Frob,(Ox) — W3 (0x) = Ox — 0.



and take f to be multiplication by p. Then, the homomorphism g, is given by the
Frobenius

Frob : Ox "% Frob, (Ox).

Now assume that X is defined over a perfect field k and that X/k admits a lift X5,
flat over Wy (k). Recall that a Wy (k)-module is flat, if and only if it is free. Consider
the exact sequence

0—>pOX2 —)OX2 ﬂ)OX—>O,

whose kernel is a square-zero ideal of Ox,. If f is multiplication by p, then & is an
isomorphism.

3.6. LIFTING WITT VECTOR BUNDLES. In this section, X is an arbitrary scheme.

DEFINITION 3.12. Let r > 1 be an integer. Let V,./X be a W ,-bundle.

e Let s > r be an integer. A lifting of V. to a W-bundle is the data of a
W -bundle Vi on X, together with an isomorphism (of W .-bundles)

fr:‘/s(g)ws WTL)VI‘

If X is an [Fp-scheme, one also says that Vs is a lift of V. to p®-torsion.

o A complete lifting of V, is the data, for each s > r, of a Wg-bundle Vi on X,
together with isomorphisms (of W s-bundles)

fs : V;+1 ®WS+1 Ws % Vs~

The notion of a complete lifting of V,. is the same as that of a lift of V,. to a W -
bundle, where W, = I'&HWT. In the case where r = 1 and X = Spec(F,), a complete
lifting for V7 is then the data of a free Z,-module of finite rank Vi, together with an
isomorphism of F,-vector spaces Voo /p = .

Remark 3.13. The existence of (unrelated) lifts of V. to p®-torsion, for each s > r,
need not imply the existence of a complete lifting of V..

Remark 3.14. Assume that X is an Fp-scheme. Liftability of a W, -bundle V;. to a
W,.;1-bundle is then equivalent to the vanishing of a natural class in the coherent
cohomology group H?(X,End(V;)(")). More generally, assume that r < s < 2r.
Then, lifting V. to p°-torsion is obstructed by a class in H?(X,End(V,_,)")), where
Vs—r := V., @w, Ws_,. One checks this using the exact sequence &,(V;) of Section

Remark 3.15. In general, liftability of a vector bundle on X to a Wy-bundle, is a
highly non-abelian problem.

4. THE TEICHMULLER REPRESENTATIVE LIFTS LINE BUNDLES

The Teichmiiller representative yields natural lifts for line bundles. This construction
is detailed below and works over an arbitrary scheme X. However, some results are
specific to IF;-schemes—the case of interest for applications later on.



4.1. LIFTS OF LINE BUNDLES.

DEFINITION 4.1. Let L be a line bundle over an arbitrary scheme X. Denote by
P = Isom(L, Ox) = A(L) — {0},
the corresponding G,,-torsor over X. Let r > 1 be an integer. Then
Ppi= (1) (P),
is a W S -torsor over X.

Twisting the trivial invertible W,.-module W,(Ox) by P, yields an invertible W .-
module. We denote it by W,.(L). It is the r-th Teichmdiiller lift of L.

Remark 4.2. Note that, for a group scheme G, twisting G-schemes by G-torsors
usually requires extra assumptions—e.g. quasiprojectivity. Here, for G = W), no
assumption is needed since line bundles are locally trivial for the Zariski topology.

Remark 4.3. There is a natural isomorphism of W -line bundles
Frob*(W,1(L)) = W,.(L®?),

arising functorially from the fact that the composite

x Tr+1 X Frob X
W It W by gy

coincides with
WX 22 W T W
1 1 T
The sequence (W, (L)),>1, together with the natural isomorphisms
W, i1(L) ®@w,,, Wy =~ W, (L),
form a natural complete lifting for L, which is functorial in the following sense.

Pick integers s > r > 1. Consider the exact sequence of Witt modules on X

0 — (Frob"), (W,_(Ox)) 2205 W (Ox) "5 W, (Ox) — 0.

Written as such, the arrows ¢ and 7 are G,,-equivariant, where G,, acts on W,.(Ox)
via the multiplicative section 7.

Twisting by the G,,-torsor P associated to a line bundle L over X, one gets an exact
sequence of Witt modules on X

0 — (Frob)?(W,_.(L®"")) — W (L) =22 W, (L) — 0,
which coincides with the sequence &.(W (L)) from the end of Section

We describe now the space of lifts of a line bundle to a Ws-line bundle, over an
F,-base.

PROPOSITION 4.4. Assume that X is an Fp-scheme. Let X be a scheme and Ly be a
line bundle over X. Lifts of L1 to a Wa-bundle Lo over X are in natural bijection

with Gg-torsors over X. Hence, the set of isomorphism classes of such Ls’s is in
natural bijection with H'(X,Ox).

Proof. Let L, be a lift of L1, to a Wa-bundle over X. It fits into the extension of
Ws-modules over X
E1(Ly) : 0 —> frob, (LEP) = frob, (L{") — Ly — L — 0.
In particular, taking Lo = Wy (L1) yields
E1(Wy(Ly)) : 0 — frob, (LY?) — Wy (L1) — L1 — 0.
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The k arrow (Section of both extensions is froby,,. Form the Baer difference
A(Ly) == & (L) — E1(W2(L1)) : 0 — frob, (L") — D(Ly) — L1 — 0.

Since the arrow £ commutes with Baer sum, it is trivial for A(Lz). Its middle term
D(Ls) is thus a quasi-coherent Ox-module, so that A(Ls) is actually an extension of
quasi-coherent O x-modules. Using the adjunction between frob, and frob®, A(Ls)
gives rise to an extension of vector bundles over X

€(Lo): 0 — LYP — E(Ly) — LEP — 0.
Applying - ® L?_p yields an extension of vector bundles over X
a(Ly) == €(Ly) @ LY P : 0 — Ox — A(Ly) — Ox — 0;
that is to say, a G,-torsor over X.

This construction is reversible, providing an equivalence between liftings of L to a
W-line bundle Ly, and G,-torsors over X, which are classified by H'(X,0x). O

Remark 4.5. Alternatively, one can prove Proposition [I.4]in the following way. Recall
that H'(S, W) classifies W,-line bundles over S. Consider the natural isomorphism
of Fp-group schemes

Gy X Gy, — W,
and apply H'(S,.), to get an isomorphism
H'Y(S,05) ® H'(S,G,,) — H'(S,W3).

This point of view generalizes to arbitrary schemes as follows. Over Z, consider the
affine group scheme G/, defined in Remark @ Let L; be a line bundle over an
arbitrary scheme X. Then one can prove that isomorphism classes of lifts of L to a
W-line bundle L are in natural bijection with Hy, (X,G,/m)-

4.2. THE TEICHMULLER SECTION FOR LINE BUNDLES. Keep notation of the preced-
ing paragraph. The surjection 7 : W, — W, for s > r has a natural multiplicative
scheme-theoretic section,

T(="Trs): Wy, — W,
(1, oyzr) — (21,...,24,0,...,0).

This section is G,,-equivariant, for the G,,-action on W, (resp. on W) given by
T1,r (resp. 71,). Twisting by the torsor P associated to L then yields a natural,
scheme-theoretic section of 7y, its Teichmiiller section, denoted by

TL, - WT(L) — WS(L)

Note that 77, is of course not additive. Taking global sections, one gets exactness of
the sequence of abelian groups

0 — H°(X, (Frob")*(W4(L))) — H°(X,W(L)) — H°(X,W,(L)) — 0.
Furthermore, assume that G is a finite group acting on X by scheme automorphisms,

and semi-linearly on L; in other words, that L is a G-linearized line bundle. Then,
the natural map on G-invariant sections

HY(G, H°(X,W(L))) — H°(G,H"(X,W,(L)))

is onto as well. Indeed, the Teichmiiller section 7, is then G-equivariant.
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5. LIFTING THE TAUTOLOGICAL VECTOR BUNDLE OF A PROJECTIVE SPACE

5.1. TWO FACTS ABOUT LIFTING VECTOR BUNDLES. The following Lemma asserts
that being liftable is invariant under twists.

LEMMA 5.1. Let X be a scheme, let V be a vector bundle on X, and let L be a line
bundle on X. Let r > 2 be an integer. Then, V lifts to a W .-bundle if and only if
V ® L does.

Proof. Let V, be a lift of V =V to a W,-bundle over X. By Section [4] the line
bundle L admits the lift W,.(L). Then, V;, ® W,(L) is a lift of V @ L. O

In some sense, liftability of vector bundles to Witt vector bundles is “the hardest”
existence problem in the deformation theory of vector bundles. In characteristic p,
this is made precise in Lemma [5.5] below.

DEFINITION 5.2. Let X be a scheme and let i : X — Y be a closed immersion.
We say that i is a p-elementary thickening of X, if the sheaf of ideals I C Oy defining
X satisfies IP = pl = 0.
Let r > 1 be an integer. We say that i is a p-thickening of depth r of X if it can be
written as a composite

SIX:Xo‘—)Xl%...‘—)erngT:YY,

of r p-elementary thickenings.

Ezample 5.3. If X is a smooth variety over a perfect field k of characteristic p, and if
Xr4+1 is a lift of X to a scheme X, 11, flat over W,.;1(k), then the closed immersion
X — X, is a p-thickening of depth r.

LEMMA 5.4. Let X be an arbitrary scheme and let i : X — Y be a closed immersion.
Then i is a p-thickening of depth r of X, if and only if the sheaf of ideals I C Oy
defining X satisfies p"~'IP" =0, for every i =0,...,7.

Proof. Assume that [ satisfies the conditions of the Lemma. For j =0, ..., r, define
the sheaf of ideals

Jp=I" +pI" " £ 1P 4 4 pI) C Oy.
Let Z; — Y be the closed subscheme defined by J;. It is straightforward to check
that
(J]p +ij) - Jj+1 - Jj,
just using p > 2 (that p is prime is not needed here). Hence, the closed immersion

Z; < Zj41 is a p-elementary thickening. To conclude, observe that Zo = X and
Z,. =Y. The converse implication is straightforward as well. O

LEMMA 5.5. Assume that X is an Fp-scheme. Let v > 1 be an integer, and let
i : X — Y be a p-thickening of X, of depth r. Let V be a vector bundle on X.
Assume that V' admits a lift to a W,41-bundle on X. Then, (frob")*(V) extends (via
i) to a vector bundle on'Y .

Proof. Denote by
[ X — W, (X)),
the natural thickening. There is a natural morphism
F.:Y — W, (X)),
such that
F.oi= fofrob".
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This fact is classical, but we could not find a suitable reference in the literature.
Laurent Fargues kindly suggested a quick proof, which we now provide.

By glueing, it is straightforward to reduce to the affine case X = Spec(A). Let I C A
be the ideal defining X. By Lemma [5.4] it satisfies, for every i =0,...,r,

(1) PP = 0.
Consider the natural ring homomorphism given by the Witt polynomial
D, : W, 11(A) — A,
x = (To,...,Tp) —> x’o)r —|—pac’f7'71 +p2x§’7'72 + ...+ p .

By , ®,. vanishes when all z; belong to I. Equivalently, it vanishes when x belongs
to the kernel of the natural exact sequence of abelian groups

0— W, 1 (1) — W, 1(A) 5 W, 1 (A/T) — 0.
Thus, @, factors via 7, to a ring homomorphism
¢r: Wi (A)I) — A,
proving the claim (set F,. := Spec(¢,)).

Via F?, the existence of an extension of V' to (a vector bundle over) W, ;1(X) then
implies that of an extension of (frob”)*(V) to Y. O

From now on, and until the end of this section, X is a scheme of characteristic p > 0,
and V/X is a vector bundle, of constant rank n > 1. Denote by

fPV)— X
the associated projective bundle, parametrizing quotient line bundles of V.
DEFINITION 5.6. Denote by Hy, or simply by H if the dependence in V is clear, the

tautological vector bundle on P(V).
There is the tautological exact sequence of vector bundles on P(V)

T=Ty):0—H— f*(V) — O(1) — 0.

THEOREM 5.7. Assume that the Fp-scheme X is affine. Then V lifts completely.
Moreover, if we choose a complete lifting (V;)r>1 of V, over X, then there exists
a complete lifting (Hr)r>1 of H, over P(V), such that each H, fits into an ezvact
sequence of W .-bundles on P(V)

Tr:0— H, — (V) — W,(O(1)) — 0,

and such that these exact sequences are compatible. In other terms, for each r > 1,
there is a commutative diagram

Pr41

Tr41:0 Hrt1 [ (Vig1) —= W, 1 (0(1)) ——0

A

7,:0 H, (V) —2 > W, (0(1)) —0,

where the middle vertical arrow is the natural one.

Proof. Assume that V, is a given lift of V, to a W,-bundle. The obstruction to
lifting V;. to a W,.;1-bundle V,.;; lies in

Exty _aoa(V: (frob”), (V7)) = H2(X, End(V)(").

This cohomology group vanishes since X is affine, whence the first claim.
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Let us prove the second claim: assume that H,, together with the extension
Tr:0— H, — f*(V,) 25 W,.(0(1)) — 0,
has been constructed. There is a natural duality isomorphism
Homyy, (01— atoa (F* (Vi) Wi (O(1)) = £*(V)Y (1) <5 £*(VY)(1).
The surjection p, thus corresponds to a global section
sp € HO(P(V), f*(V;)(1)).
One would like to lift it, through the epimorphism of the exact sequence (on P(V))

0 — frobl (F*(VOVN(1) — (V%)) — £ (V,Y)(1) — 0.

T

The obstruction to do so is a class
ce H'(P(V), f* (V) (p) = 0.

(To get this vanishing result, use Hz, (P(V),O(p")) = 0, together with the projection
formula.)
Hence, s, can be lifted to a global section

Sr41 S HO(P(V)7 f*(‘/r\{kl)(l))
Dualizing, it corresponds to a homomorphism
pri1 [T (Vig1) — W1 (0O(1)),

lifting p,.. Since p, is surjective, p,41 is surjective as well (using Nakayama’s Lemma).
Define the W, 1-bundle H,.;1 to be its kernel. Existence of the required commutative
diagram is automatic. The result is proved. |

6. (RE)VISITING EQUIVALENCES OF CATEGORIES IN DEFORMATION THEORY

Let k be a perfect field of characteristic p and X be a k-scheme. Recall that frob
denotes the (absolute) Frobenius of X. We present a functorial description of three
problems in deformation theory, using the point of view of Witt modules:

(1) Lift X to a scheme X, flat over Wy (k).

(2) Lift X to a scheme X5, flat over Wy (k), together with its Frobenius morphism.

(3) Lift a given vector bundle V/X to a Wa-bundle V5.

In , one requires the existence of an endomorphism F5 of X5, whose mod p reduction
is the Frobenius of X. This is a very strong extra requirement. Since k is perfect,
such an F» is automatically compatible with the Frobenius of Wy (k).

Problems and have been the subject of sustained investigation by many
authors—see, for instance, the seminal papers [DI] and [MS]. Most related results
below are known. Nevertheless, our approach, via the extension EW9(X), is new.

Problem (3)) is relatively new.
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6.1. RECOLLECTIONS ON DEFORMATION THEORY. Let us first recall some well-known
concepts and facts from deformation theory. For details, see [II].

DEFINITION 6.1. Let X be a scheme over a base B, and let M be a coherent Ox -
module. A square-zero extension of X by M (in the category of B-schemes) is the
data of a B-scheme Y, together with a closed embedding

i: X —Y,

defined by an Ideal T C Oy of square zero, equipped with an isomorphism of Ox-
modules

f:T =5 M.
Square-zero extensions of X by M (in the category of B-schemes) form a category
(where morphisms are isomorphisms), which we denote by Exalg(X, M).

Remark 6.2. The previous definition implicitly uses the fact that the Oy-module 7
is actually an Ox-module.

In short, a square-zero extension can be thought of as an extension
0—>M—>OYL>OX — 0,
in which M is a square-zero ideal, and 7 is a homomorphism of Opg-algebras.

DEFINITION 6.3. Let X be a scheme, and let M and N be Ox-modules. Denote by
Extggx (N, M) the category whose objects are extensions of Ox-modules

0—M-—E—N—0,
morphisms being morphisms of exact sequences, which are identity on M on N .

Remark 6.4. Morphisms in Ext, « (W, M) are isomorphisms, and the group of auto-
morphisms of any object is naturally isomorphic to Home,, (A, M).

ProrosITION 6.5 ([II]). Let X be a smooth k-variety, M be an Ox-module and Qk/k
be the sheaf of Kdhler differentials of X over k.
There is an equivalence of categories

Exaly (X, M) = Ext%gx (Qﬁg/k, M)

that is compatible with Baer sum.

6.2. AN EQUIVALENCE OF CATEGORIES FOR PROBLEM .
To begin with, assume that X/k is smooth. One can then replace “flat” by “smooth”
in . By deformation theory, there exists a natural class

Obs(X2) € EXt%QXfMod(Qﬁ(/kv Ox),
which vanishes if, and only if, Problem has a positive answer.

In what follows, we give a simple functorial interpretation of this class. Note that,
in Proposition 2.2 of the recent article [Yo|, a similar goal is achieved. The approach
chosen there is quite different from ours: a main input in its proof is Proposition 1 of
the Appendix of [MS], which is concerned with our Problem (2).

From now on, we remove the smoothness assumption on X/k.

LEMMA 6.6. Let X be a k-scheme. The data of a lifting of X/k to a scheme Xs, flat
over Wa(k), is equivalent to that of a square-zero extension (of schemes over Wa(k))

(5 10— 0O0x — Oy — Ox — 0) S ExalWQ(k)(X, Ox),
such that ke p =1Id (cf. Sectionfor the definition of k).
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Proof. The statement follows immediately from the following observation. If M is
a Wy (k)-module, then it is flat if and only if it is free. Equivalently, for the exact
sequence

M:0—pM — M — M/pM — 0,

the connecting arrow kg, @ M/pM — pM is an isomorphism. O

Remark 6.7. In Lemma it is crucial to work in the category of Wy (k)-schemes,
and hence consider square-zero extensions in Exalw, 1) (X, Ox).

DEFINITION 6.8. Using the description of the previous Lemma, the liftings of X/k to
a scheme flat over Wa(k) form a category (with morphisms being isomorphisms). It
is the full subcategory of Exalw,)(X,Ox) consisting of extensions having x = Id.
Denote it by Lw, ) (X), or simply by L2(X).

The notation L£2(X) is unambiguous, thanks to the following Lemma.
LEMMA 6.9. Let X be a k-scheme. Then, the forgetful functor
£W2(k)(X) — EZ/p2Z(X)

is an equivalence of categories.

Proof. It is enough to deal with the affine case X = Spec(A). Let Ay be a lift of
A to a flat (i.e. free) (Z/p*Z)-algebra. There is a natural isomorphism of k-vector
spaces
Ag/pAQ = A ; pAQ,
T — px.
Since k is perfect, As can be turned into a Wy (k)-algebra in a unique way, by the
classical formula
Wg(k‘) — A2
7(zP) — 2P,

where ¥ € Ay is any lift of # € k C A. Furthermore, let (E;);er € Al be a family, such
that (e; := E;);er is a k-basis of A. Let us check that (E;);cr is a basis of the Wy (k)-
module Ay. That (E;);er is generating, is a straightforward two-step dévissage. This

is actually (and more generally) a variant of Nakayama’s Lemma, for possibly non-
finitely generated modules over Artinian local rings (here Wy (k)). Suppose now there

is a relation

> #E; =0,

iel
where Z; € Ag is non-zero for finitely many ¢ € I. Since (e;) is a k-basis of A and k
is perfect, one may write &; = pr(x;) for z; € k. From the relation

pZT(.IZ)E, =0¢c AQ,

and via the isomorphism pA; ——+ A, one gets

Zl‘ieiZOEA,

hence x; = 0, implying that &; = 0. Thus, A, is a free Wy (k)-module.

By uniqueness of the Wy (k)-algebra structure, a lift of a morphism of k-algebras
A — A’ to a morphism of flat (Z/p?Z)-algebras Ay — A}, is automatically Wa(k)-
linear. The Lemma is proved. |

Given this last result, the reader may thus do one of the following.
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(1) Bluntly assume that k = F,, everywhere;

(2) Go on with an arbitrary perfect field &, but not worry about checking Wy (k)-
linearity of homomorphisms.

From now on, assume that X is a reduced k-scheme. The next definition is the key
prerequisite for our equivalence of categories.

Recall that, for the natural exact sequence
5W2(X) 10— frob*(OX) — Wz(@x) — Ox — 0,

one has
REW,(X),p = frob: Ox —> frOb*(Ox),
see the end of Section B.5l

DEFINITION 6.10. Denote by

EF(X):0 — Ox 2 frob, (Ox) - frob, (BY) — 0

the natural sequence of Ox -modules, in which frob,(BY,) is the cokernel of Frobenius.
This notation is in accordance with the usual one.

The pushforward of EWo(X) by d is a square-zero extension, denoted by
CWy(X) : 0 — frob,(B%) — Oy — Ox — 0.

Clearly, it has kK = 0. Hence, we have pOy = 0. In other words,

CW,(X) € Exaly(X, frob,(BY)),

s a square-zero extension of X in the category of k-schemes.

If X/k is smooth, by Pmposz’tion we get an extension of Ox-modules
CQ(X) : 0 — froby(BY) — E — QY — 0,

corresponding to CWy(X).

Note that the extensions EF(X), CW2(X) and CQ(X) naturally depend on X.

Remark 6.11. The extension CQ(X) is denoted this way as it is given by the Cartier
operator, when X/k is smooth. Note that CW2(X) (for Cartier-Witt) actually makes
sense for any reduced X /k.

We now state and prove the promised equivalence of categories. Recall that X is any
reduced k-scheme.

DEFINITION 6.12. Let d : frob,(Ox) — frob.(B%) be as in Definition . De-
note by Lo(X) the category whose objects are pairs (€, f), consisting of a square-zero
extension

(€:0 — frob.(Ox) — Oy — Ox — 0) € Exal; (X, frob.(Ox)),
together with an isomorphism (in Exaly (X, frob,(BY)))
frd(€) = CWy(X).
Morphisms in £~2(X) are (iso)morphisms commuting to the given isomorphisms.

PROPOSITION 6.13. Let X be a reduced scheme over k. There is an equivalence of
categories
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Proof. Let
(830—)0)(—)0)(2 —)Ox—>0)€£2(X)
be a lift of X to a scheme flat over W (k). One has kg, = Id (cf. Sectionfor the
definition of k). The pushforward
frob, (£) : 0 — frob, (Ox) — Ox, — Ox — 0,
and
EWQ(X) 0 — frob*(OX) — Wg(@x) — OX — 0,
are both square-zero extensions of X by frob,(Ox), in the category of schemes over
Wy (k). They both have x = frob, so that their Baer difference EW2(X) — frob.(€)
is a square-zero extension
F:0— fl"Ob*(Ox) — Oy — OX — 0,

in the category of k-schemes (indeed, the k arrow commutes with Baer sum, so
that F has k = 0). Because d o frob = 0, the extension d,(frob.(£)) has a natu-
ral trivialization, so that the square-zero extension d,.(F) is naturally isomorphic to
d.(EW2(X)) = CW,L(X). Denoting the natural isomorphism by f, the assignment

&E—(F1)
gives rise to a functor ® : L3(X) — La(X).
A quasi-inverse of ® is obtained as follows. Pick an object (F, f) in Lo(X). View
F:0— frob,(Ox) — Oy — Ox — 0,

as a square-zero extension in Exalwy, ) (X, frob.(Ox)), having x = 0. Then, the
Baer difference

(‘:' = (SWQ(X> — ]:) S Exalw2(k)(X, frOb*(Ox)),

has k = frob, and d.(€) is equipped with the trivialization induced by f. Therefore,
it naturally yields a square-zero extension

E:0— Ox — Ox, — Ox — 0,
in Exalw, ) (X, Ox), together with a natural isomorphism
frob, (£) = €.

The extension & then has x = Id, hence belongs to L3(X). The assignment (F, f) — &
defines a functor ¥ in the reverse direction which is the inverse of ®. O

We now present two consequences of the preceding result. The first one is the existence
of liftings of Frobenius-split k-schemes, a question which has been studied by several
authors. See for instance the recent preprint [Yo, Theorem 4.4], where X /k is assumed
to be smooth, but where Frobenius-splitting is replaced by a weaker notion.

COROLLARY 6.14 (Lifting of Frobenius-split k-schemes). Let X be a reduced k-scheme.
Assume that X is Frobenius-split, i.e. that the exact sequence of coherent Ox -modules

EF(X):0 — Ox — frob,(Ox) — frob,(B%) — 0,
splits. Then, X admits a lift to a scheme Xs, flat over Wa(k). More precisely, every
splitting of EF(X) naturally determines such an Xs.

Proof. Denote by s : frob.(BY) — frob.(Ox) the splitting of £F(X) and put
F := 5,(CWy(X)). It is then clear that F is a square-zero extension and that d.(F)
is isomorphic to CW2(X). Conclude by applying Proposition O

For another proof of the next corollary, see [Schl, Thm 9.5, Prop 1.1].
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COROLLARY 6.15. Assume that X/k is smooth. Then giving a lift of X to a scheme
Xo, smooth over Wq(k), is equivalent to giving an extension of Ox-modules
£:0 — frob.(Ox) — E — Q/, — 0,
together with an isomorphism (in Extg (Qk/k, frob.(B%)))
d.(£) = CQX),
where CQ(X) € Extéx (Qk/k,frob* (BY)) is the extension of Definition ,

In particular, such a lift Xo exists if and only if the cup-product
EF(X)UCNX) € Extd, (U /x, Ox),

vanishes.

Proof. The first part of the Corollary is a translation of the equivalence of categories
in Proposition [6.13] using that of Proposition [6.5} The second part follows from the
first, applying standard considerations in homological algebra. O

Note that the cup-product EF(X) U CQ(X) € Ext%x (Qﬁ(/k, Ox) of the previous
Corollary is the obstruction Obs(X3), given by classical deformation theory.

6.3. AN EQUIVALENCE OF CATEGORIES FOR PROBLEM . We move on towards a
functorial description of Problem : lifting k-schemes together with their Frobenius
morphism.

PROPOSITION 6.16. Let X be a reduced k-scheme. Let Xo € Lo(X) be a lift of X,
viewed as a square-zero extension

E:0—O0Ox — 0Ox, — Ox —0

in Exalw, ) (X, Ox), having x = 1d. Then the following hold.

(1) Consider the pullback frob™(€) € Exalw, ) (X, frob.(Ox)). It is the exten-
sion whose middle term is the sheaf of Wa(k)-algebras Oy, defined as the
fibered product

Oy . OX
l lfrob
OX2 —— Ox.

Then, this extension is naturally isomorphic to EW(X).

(2) The data of a lift of X frob, X, to a morphism Xs EEN X5 is
equivalent to the data of an isomorphism of square-zero extensions in
Exalw, 1) (X, frob.(Ox)),

frob, (£) — EW,L(X).

(8) Assume that X is a smooth k-scheme. Denote by Tx its tangent bundle.
Then, there exists a natural class

obs(Fy) € H' (X, frob*(Ty)),

which vanishes if and only if there exists an F», as in item (2).
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Proof. By glueing it is enough for (1) and (2) to deal with the case where X =
Spec(A) is affine. Then X5 = Spec(As), for some Wy (k)-algebra Asg, free as a Wy (k)-
module. There is a commutative diagram

EW3(A): 0 —— frob,(A) —= Wy(A) —= A ——=0

s

£:0 A Ay A 0,

where f5 is the natural ring homomorphism. The slightly abusive notation
Id : frob,(4) — A

makes sense, remembering that frob,(A) = A, as Abelian groups. The existence of

this diagram proves item (1). For item (2), observe that a lift of A rob, A, to a ring

homomorphism A, 2+ A, is equivalent to a commutative diagram

£:0 A Ay A 0
\Lfrob le \Lfrob
£:0 A Ay A 0,

in other words, an isomorphism (in Exalw,1)(4, frob.(4)))
frob, (£) — frob* ().

By item (1), the right side is naturally isomorphic to EW3(A4), whence the claim.
Keeping the same notations we now prove item (3): given a smooth k-scheme X,
form the Baer difference

A = (frob,(€) — EW,(Ox)) : 0 — frob,(Ox) — D — Ox — 0.

Since formation of the connecting arrow x commutes to Baer sum, one has ka =
frob — frob = 0, thus A belongs to Exaly (X, frob.(Ox)). Since X/k is smooth, it is
given by an extension of Ox-modules

0 — frob. (Ox) — * — Q/, — 0,

see Proposition Recalling that the vector bundles Tx and Q%{ /K are dual to each
other, one gets

Ext o, mod (/i frob.(Ox)) = H' (X, (R i) @0y frob.(Ox))
= H'(X,Tx ®0, frob,(0Ox)) = H*(X, frob*(Tx)),

where the last equality uses the projection formula. The claim follows. O

PROPOSITION 6.17 (Obstruction for Problem (2)). Let X/k be a reduced scheme.
The data of a lift of X to a scheme X5, flat over Wa(k), together with a lift frobs :
Xy — X5 of the Frobenius of X, is equivalent to that of a splitting of the square-zero
extension

CW,(X) € Exal} (X, frob.(BY)).
If X/k is smooth, this is equivalent to the data of a splitting of the extension

CQX) € Exty, (), frob.(By)).

Proof. Use the equivalence of categories provided in Proposition [6.13} Keeping
the notation of its proof, we see by Proposition [6.16] that the data of a lift of X,
flat over Wy (k), together with its Frobenius, amounts to specifying an isomorphism
frob, (£) — EW,(X); that is, a splitting of CW3(X). To prove the last assertion
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(when X/k is smooth), remember that CQ(X) then corresponds to CWy(X), through
the equivalence of Proposition [6.5] O

6.4. AN EQUIVALENCE OF CATEGORIES FOR PROBLEM (3). The approach taken
here is, mutatis mutandis, the same as that used to tackle Problem . Some proofs
are thus left to the reader. Symmetric and divided powers of modules are freely used
below. These are polynomial functors, characterized by a universal property (see [Fe]
for details).

Let X be a scheme over k. Let V be a vector bundle over X. Denote by
f:P:=Px(V)—X
the projective bundle of V. Denote by
ad : V — frob,(frob*(V))

the Ox-linear (first) adjunction morphism. Recall that, if M a quasi-coherent Ox-
module, we have an adjunction isomorphism

Ext (frob*(V), M) = Extg  (V,frob,(M)),

given by applying the exact functor frob,, followed by pulling back by ad. To get its
inverse, apply frob*, and push forward by the (second) Ox-linear adjunction

frob™ (frob. (V) — V.

DEFINITION 6.18. There are morphisms (of vector bundles over X )
Very : frob®(V') — Symg, (V)
v® 1P
and
froby : g (V') — frob™(V)
vpr—ov®l
called the Verschiebung and the Frobenius of V', which fit into exact sequences
EVer(V) : 0 — frob™(V) Yerv, Symg, (V) 2, Sym%x (V)—0
and
Efrob(V): 0 —s T (V) — T%_(V) 2% frob*(V) — 0,

where Symeg (V') (resp. ffgx (V) is defined as as the cokernel of Very (resp. kernel
of froby ).

Remark 6.19. The dual of the exact sequence (of vector bundles over X) EVer(VY)
is naturally isomorphic to Efrob(V).

LEMMA 6.20. There is a natural isomorphism (of vector bundles over X )

M Symgx V) = f%x (V).

In what follows, we may tacitly use this result to identify these vector bundles.
Proof. Consider the natural homomorphism

ay : Symg, (V) — T4 (V),
defined on sections by the formula

V1V2 ... Vp [’Ulh AN [’Up]l.
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It takes values in T, (V), and vanishes on Im(Very ) because of the identity

)i = p![v], =0,
which follows by induction from the rule
1+ J
bt = () el

which is part of the definition of divided powers (see [Ee]).

The resulting homomorphism
Symo, (V) — To, (V)

is an isomorphism. To check this, one can assume that V = (’)gl( is the trivial rank
d vector bundle, and that X = Spec(A) is affine. The rest of the verification is
then straightforward. Indeed, the description of Sym” and I'? as polynomial functors
then presents both Symp, (V) and T, (V) as trivial vector bundles, with respective
canonical basis

eyt ...
and
le1]ay -+ [€plays

both indexed by proper partitions
ay+...+ap =p.

Here “proper” means that at least two a;’are non-zero. Since (p — 1)! is invertible,
oy maps each ef'...e,” to an invertible multiple of [e1],, ... [ep]q, and the Lemma
is proved. O

Remark 6.21. By adjunction, we have a natural isomorphism

Exctb, (frob” (V). T, (V) > Bxth, (V. frob. (T, (V).
through which Efrob(V') corresponds to an extension

Efrob(V) : 0 — frob,(To, (V) — &(V) — V — 0.
To get a mod p? avatar of Efrob(V), one uses Teichmiiller lifts of line bundles.
Recall (Section [4)) the natural exact sequence of Witt modules on P :=P(V)
0 — frob,(Op(p)) — W3(0Op(1)) — Op(1) — 0.

Applying f., one gets an exact sequence of Witt modules on X

0 — frob. (Sym?, (V) — f.(Wa(0p(1))) 2%V — 0.

Surjectivity of the last arrow follows from the (effect on global sections of the) Te-
ichmiiller section 7o, (1); see Section

DEFINITION 6.22. The ezact sequence of Wo(Ox )-modules on X
0 — frob, (Sym?,_ (V) % f.(Wa(0p(1))) 2% V — 0,

is denoted by EWo(V). Denote by 1y the natural (sheaf-theoretic) section of ®y
induced by the Teichmiiller section To,(1)-
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Remark 6.23. Assume that X = Spec(A) is affine. Denote by B the symmetric
algebra Sym (V) = @, Sym% (V). One can also obtain EWo (V) from the exact
sequence

0 — frob,(B) — Wy(B) — B — 0,
by pulling it back by the inclusion V' — B, and pushing it forward by the projection
frob, (B) — frob, (Sym%, (V)).

LEMMA 6.24. One has the formula

p—1
Tv(z+y)=1v(x)+ 1v(y) +iv <Z ]1) (1‘;) iyp—i> .

i=1
Proof. Follows from th fact that the same formula defines addition on Ws. O

LEMMA 6.25. The extension EWo(V) has k = Kgw,(v),p Jiven by the map adjoint
to Very. Concretely, it is given by

V. —  frob.(Symp, (V).

r — P

There is a natural commutative diagram of Wa(Og)-modules

0 — frob.(Symg, (V) — f«(W2(Op(1))) 4 0

i(pll)gfmb*(fw) lF ad
0— frob*(Symz(;X (V) — frob.(T'%, (V) — frob.(frob*(V)) —= 0,
where the upper line is EWo(V), the lower line is frob,(Efrob(V)), and where F is
defined (on sections) by the formula
F(rv(z)) = [z]p,
forxz eV.
Consequently, (froby(qy))«(EW2(V)) is naturally isomorphic to —Efrob(V).
Proof. Can assume X = Spec(A) is affine. The key point here is that the formula

giving F' makes sense, and indeed defines a homomorphism of Witt modules. This
follows from the previous Lemma, combined to the formula, in I', (V),

[z +ylp =[], + [ylp + Z[m]i[y]p-i-

]

THEOREM 6.26 (An equivalence of categories for Problem ) To give a lift of V to
a Wo-bundle Vo on X is equivalent to give an extension

F € Exty, (frob*(V),Symb, (V)),
together with an isomorphism
(qv)«(F) — Efrob(V),
in Extg, (frob*(V), Sym}éx (V).

Proof. Similar to that of Proposition [6.13 (]

In purely cohomological terms, one immediately deduces the following corollary.



23

COROLLARY 6.27. The obstruction Obs(V3) to lifting V to a Wa-bundle on X is the
element of Ext?gx (frob™(V'), frob*(V')) represented by the 2-extension

0 — frob™ (V) — Symg, (V) — T, (V) — frob™ (V) — 0,
defined as the cup-product of Efrob(V) and EVer(V).

6.5. RELATING PROBLEMS AND (3).

PROPOSITION 6.28. Let X be a smooth variety, over a perfect field k, char(k) = p.
Denote by Tx the tangent bundle of X/k. Let V be a vector bundle on X.
Consider the following assertions.

(a) Lift the variety X to a smooth scheme over Wy(k), together with its Frobenius.

(b) Lift the variety X to a smooth scheme Xo/Wa(k), in such a way that frob™ (V)
lifts, to a vector bundle on Xs.

(¢) Lift the vector bundle V/X to a Wy-bundle on X.
Then @ implies (]E[) forV=Tx, and (]ED implies ,

Proof. The first implication is straightforward. Indeed, let X5 — Spec(W2(k)) be

a smooth morphism, lifting X — Spec(k). Denote by Vx, its tangent bundle. It is

a vector bundle over X. Let Xa -2 X be a lift of X =% X. Then, F5(Vx,) is a

lift of frob™(V), to a vector bundle on Xs.

Let us prove (b)==(d). Let V)[(lz] be a lift of frob™(V), to a vector bundle over Xo.
There is the natural reduction sequence of Ox,-modules

0 — frob* (V) — VL — frob*(V) — 0.

Recall that, at the level of topological spaces, Xo = X and X frob, X is the identity.
Consider the extension above, merely as an extension of Zariski sheaves on X. One
may then replace frob™ (V') by frob, (frob*(V)). Form the pull-back diagram of Zariski
sheaves on X

EVy : 0 —— frob, (frob* (V) Vs 14 0

|

0 ———— frob, (frob™(V)) —— V)[(l,j —— frob, (frob*(V)) —— 0,

froby

where froby is the natural Ox-linear arrow. Using the first commutative diagram of
the proof of Proposition one sees that V; has a natural structure of a Wo(Ox)-
module, for which £V; is an extension of Wa(Ox)-modules. It is straightforward
to check, that its associated connecting arrow V =5 frob, (frob*(V)) equals froby .
Hence, V5 is a lift of V' to a Wy-bundle, and £V is the reduction sequence of V5. [

Remark 6.29. Assume there exists a lift X5, as in (]E[) above. Then liftability of V'
to a Wa-bundle on X, implies that of frob™(V) to a vector bundle on X5. This is a
particular case of Lemma [5.5

7. GRASSMANNIANS WHOSE TAUTOLOGICAL BUNDLE DOES NOT LIFT

In this section, Grassmannian varieties Gr(m,n) are considered over a base of char-
acteristic p. Our goal is the next Theorem, proved by applying the equivalences of
categories offered in the previous section, to tautological bundles on Gr(m,n).
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THEOREM 7.1. Let m and n be two integers, with 2 < m < n — 2.

Then, the tautological vector bundle V' of Gr(m,n) does not lift to a Wa-bundle.
Neither do its Frobenius twists V8, for all s > 0.

Remark 7.2. In the Proposition, one can assume without loss of generality that the
base is a perfect field k. Using that formation of coherent cohomology of varieties
commutes with change of the base field &, one could actually reduce to k£ = F,,.

7.1. FIRST PROOF OF THEOREM [T.1]

We give here a first proof of Theorem [7.1] that uses Proposition [6.26] and some explicit
computations that we carry in Section [JJ We only proof the case where s = 0, the
general case being the same.

Let k£ be a perfect field of characeristic p. Let E be a k-vector space of dimension
n and let X := Gr(m, E) be the corresponding Grasmannian, which parametrizes
m-~dimensional subspaces of E. Denote by f : X — Spec(k) its structure morphism
and by V its tautological bundle. There is an exact sequence

00—V — f(EFE) —W-—0,
whose cokernel is a vector bundle W on X. One knows (see Section [5)) that V' admits

a lifting tower, in the (dual) cases m =1 or m =n — 1.

Assume now that 2 < m < n — 2. The goal is to show that V does not lift to a
W-bundle on X. Consider the vector bundle extension

Efrob(V) : 0 —s Symip, (V) — T8 (V) £2% frob* (V) —s 0.

Assume that V' can be lifted to a Ws-bundle. By Proposition this means that
Efrob(V) admits a lift to an extension

F:0— Symg, (V) — F — frob*(V) — 0.

By item 2) of Lemma (for = 1), F would be split, hence so would Efrob(V).
But this contradicts item 4) of the same Lemma (again for r = 1).

7.2. A SECOND PROOF FOR THEOREM [T.1]

We give now a second proof that promotes the use of Teichmiiller lifts of line bundles.
Though more elementary than the first one, it relies on the specific fact that our base
X is a projective homogeneous space of a reductive algebraic group. Here again, we
assume for simplicity that s = 0, the proof of the general case being the same, and
we use computations from Section [0}

Keep notation of the preceding section. In particular, one has 2 < m < n — 2 and
X = Gr(m, E) with structure morphism f : X — Spec(k).

Assume that V admits a lift to a Wa-bundle on X. Consider the arrow
h:FlI(F)=F1(1,2,...,n—1,E) — X,

where FI(E) denotes the complete flag scheme of E (see Definition [0.1)). Denote the
tautological filtration on F1(E) by

ocyviclV,C...cV,=E,

and its graded pieces by £; :=V;/V;_1. Thus, over FI(E), h*(V) = V,,,, so that V,,
admits a lift, to a Wa-bundle V,, 2 over FI(E).

Assume that m > 3. We claim that the natural quotient

Tm * Vm — L,
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lifts to a surjection of Wa-bundles
Tm,2 - Vm,g — Wg(ﬁm)

To prove it, one proceeds as in the proof of Theorem [5.7] The space of such lifts is a

torsor under the vector bundle V;/l(l) ® ,c%). By item (2) of Lemma this torsor is
trivial. The claim follows.

The kernel of mp, 2 is then a lift of V,,_1 to a Wa-bundle V,,_; . By descending
induction on m, one infers that Vy lifts, to a Wa-bundle Vs 5 over FI(E), and that
the arrow

ot Vo — Lo
lifts to a surjection of Wa-bundles
T2 1 Va2 — Wa(La),
whose kernel £; 5 is a Wy-line bundle, lifting £,. By Proposition @ the space of
such lifts is a principal homogeneous space of H'(F1(E), Opy(g)), pointed by Wa(L1).
As H'(FI(E), Opy(g)) = 0, one sees that Ly 2 is isomorphic to Wy(Ly).
Altogether, we have built an extension of Wo-bundles
122 =0— W3(L1) — Voo — Wy(Ly) — 0,
lifting the tautological extension
E12:0— L1 — Vo — L3 — 0.

The natural exact sequence of Witt modules

0— (LY @ L)V — Wo(LYy @Ly) — LY QL — 0
admits a sheaf-theoretic section: the Teichmiiller section 7. Thus, the sequence

0— HY(X, (LY @ L)1) = HY (X, W3 (Ly ® L1)) — H' (X, (LY ® £1)1)

is exact. Therefore, the set of isomorphism classes of lifts of £; 2 to an extension &; 2 2
as above, is a principal homogeneous space of

Ext' (£, £{V) = HY(X, (£ © £,)V).
By point (3) of Lemma this is a one-dimensional k-vector space, with generator
(the class of) 51(12) . Note that the computation (3) of Lemma remains valid over

an arbitrary base ring of characteristic p. Hence, the result above remains valid after
changing the base, from k to an arbitrary k-algebra.

Set G := GLg(E) for the linear algebraic k-group of linear automorphisms of E.
Consider F1(E) as a projective homogenous space of G, over k. For this structure,
the tautological vector bundles V;, as well as the line bundles £;, are naturally G-
linearized. By functoriality of the Teichmiiller lift of line bundles, the Wy-bundles
W3 (L;), over FI(E), are G-linearized as well. Thus, £ 22 is an extension between
the G-linearized Wa-bundles Wo(L5) and Wo(Ly). However, so far, its middle term
V5 2 need not admit a G-linearization. We are going to show that this can in fact be
done, in the strongest possible sense.

Denote by k' := k[G] the function ring of G, and by g € G(k’) the point corresponding
to the identity of G. Change the base ring, from k to k’. Set

FI(E) :=FI(E) x, K,
and similarly for other objects, and work over k’. Consider the base-changed extension

Eloo=0— Wy(L]) — V5 — Wy(L)) — 0,
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of vector bundles over F1(E)’. Set
g*: FUE) — FUE)
Vo o (¢"HV
where the presence of an exponent —1 guarantees that pulling back by (scheme-
theoretic) points of G, provides a left action of G, on Wa-bundles.
Consider the extension

9*(El22) =0 — Wa(Ly) — g*(Wa(LY)) — g"(Va2) — 9" (Wa(Ly)) — W2(Ly) — 0,
where isomorphisms are given by the natural G-linearizations. The set of isomorphism
classes of lifts of &1 5 to EXtéQ(WQ(E/Q),WQ(E/I)) is a principal homogeneous space
of k’. Precisely, there exists a unique element A € &, such that

9"(E122) = €12 = MUEY) € Bxtly 5 (W (L)), Wa(L))).
Considered as a morphism of k-varieties,
A:G— G,
is then a Hochschild 1-cocycle, i.e. a group homomorphism. Since
Hom(G,G,) =0,

it is trivial. Hence, the extensions (of Wa-bundles over FI(E)’) g*(&] 5 5) and &1 55
are isomorphic. Let

Og 9*(5{,2,2) — 5{,2,2
be an isomorphism of extensions. Denote the coordinates of G Xy G by (g1, g2), set
k' = k|G xi, G] = k¥ @ k' and FI(E)"” = FI(E) x k”. Working over k", the formula
(bgl o (gl)*(¢q2) 0 _(;1%(]2
defines an automorphism of the extension €Y', 5; that is, an element of
Hompy gy (W2(L3), Wa(L])),

which is trivial by a straightforward two-step dévissage, using point (4) of Lemma
below. Thus, the cocycle condition

¢91 o (91)*(¢92) = ¢glg2

identically holds. In other words, ¢, provides a G-linearization of &; 2 2.
Choose a k-basis of F, i.e. a direct sum decomposition of k-vector spaces

E=LPL.P. P

with L; =k for all 7. It determines an embbedding of k-groups
Ga C GLi(F) ~ GL,,

identifying G, to the subgroup consisting of strictly upper triangular matrices

1 0 ... 0
01 0 ... 0
00 1 ... 0
00 0 ... 1

The filtration associated to the chosen basis gives a G,-invariant k-rational point
V € FI(E)(k).

To conclude the proof, let us show how specialising at V yields a contradiction.
The fiber of £ 2, at V, is the natural (non-split) extension of G,-modules over £,

ELQIO—)Ll—)Ll@LQ—}LQ—)O,
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where G, acts as the vector group of the one-dimensional k-vector space Hom(Lsy, L1).
Similarly, the fiber of £ 22 at V is a Gg-linearized lift of F 2, to a G,-linearised
extension of Wa(k)-modules

E1’2,2 0 — Wz(Ll) — WQ(Ll) @WQ(LQ) — WQ(LQ) — 0,
with trivial action of G, on both graded pieces. This action is simply given by a
homomorphism of linear algebraic k-groups
as : G, — WQ(LE/ (29 Ll) ~ RWg(k)/k(Ga,Wg(k))~

Here Wo(Ly ®Ly) is considered as a two-dimensional group scheme over k, isomorphic
to the Greenberg transfer (see [BGA]) of G, from Wy (k) to k.
That Ej o9 lifts Ey o, means that the composite arrow of algebraic k-groups

Ga % Rw, (i) /k(Gaws(k) 2 Ga

is the identity. (Here p is the natural reduction homomorphism.)
Taking k-points, one gets a factorisation of Idy, as a composite of homomorphism of
additive groups
k2B Wy (k) — k
2 )
where the right arrow is the reduction homomorphism. Such a splitting does not
exist, because p # 0 € Wy(k). The proof is complete.

8. APPLICATION: NON-LIFTABILITY OF SOME PROJECTIVE BUNDLES

Theorem is close to Theorem 6.5 of [Z]. The connection is made explicit below.
The result is valid when F), is replaced by an arbitrary field £ of characteristic p, with
the same proof.

THEOREM 8.1. (see [Z], Theorem 6.5)
Let m,n be integers, with 2 < m <n — 2. Denote by V the tautological vector bundle
on the Grassmannian

X = Gr(m,n) — Spec(F,).
Let v > 1 be an integer. Consider the projective bundle
fPV™) — X,
Then, the following holds.

(1) Let R be a ring where p# 0 € R and p ¢ R*. Then, the relative scheme
P(V ")) Xspec(r,) Spec(R/p) — Spec(R/p)

does not lift to a scheme flat over Spec(R).
(2) Let R be a p-adically complete local ring with residue field Fy,.
If p#0 € R, then P(V(")) does not lift to a scheme flat over Spec(R).

Proof. We prove item (1). Set Y := P(V(")). Without loss of generality, one can
assume that R is of finite-type over Z, hence Noetherian. One can then also assume
that Spec(R) is connected. Then p ¢ p?R, for otherwise pR C R would be an
idempotent ideal, hence generated by an idempotent element by Nakayama’s Lemma,
contradicting the connectedness of Spec(R). Replacing R with R/p?, one may assume
p>=0¢€R.

The obstruction to lifting Y then lies in the coherent cohomology group

H?*(Y Xspec(r,) Spec(R/p), Ty/r, @, pR),
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where Ty, stands for the tangent bundle of ¥ — Spec(F,). Using that the pro-
jection
Y XSpcc(IFp) SpeC(R/p) — Y
is affine, this group is identified to
H*(Y, Tyr, ®5, pR).
Since the arrow of Fp-vector spaces
F, — bpR
1 —
is a (split) injection by assumption, liftability over R implies liftability over Z/p.
Thenceforward, assume R = Z/p?.
Assume that Y, is a lift of Y, flat over Z/p®. Over Y, there is the tautological
extension of vector bundles
E:0—H— (V") — 0O@1) — 0.
The obstruction to lifting H to a vector bundle over Y3 lies in
H*(Y,End(H)) = Ext3 (H, H).

This cohomology group vanishes. To see why, use Leray’s spectral sequence and the
last two items of Lemma [0.3 here below. Thus, H lifts to a vector bundle Hs over Y.
Similarly, since H2(Y, Oy) = 0, the line bundle O(1) lifts to a line bundle Oy(1) over
Y> (in fact unique up to isomorphism, since H'(Y, Oy) = 0).

Claim: & lifts to an extension of vector bundles over Y3,
E:0 — Hy — VT —5 05(1) — 0.
Indeed, the obstruction to its existence lies in
H*(Y,H(~1)) = Ext$(O(1), H),

and items (2) and (3) of Lemma imply that this group vanishes. This proves the

existence of &. Then VQ[T] is a lift of f*(V("), to a vector bundle over Y;. Using
Proposition since 7 > 1, one sees that f,(V("=1) lifts to a Wy-bundle over Y.

Denoting by W;_l] such a lift, one gets an extension of Wy-modules over Y,
0 —» frob, (f*(V")) — W™ — pr(vir=y — 0,

having « = frob. Applying f. to this extension, using the projection formula and
R'f.(Oy) = 0, one gets the extension of Wy-modules over X

0 — frob, (V") — f.(WF ) — vi=1 0,

having & = frob as well. Thus, f*(WQ[T_l]) is a lift of V"=V to a W-bundle over X.
This contradicts Theorem [7.11

To finish the proof, it remains to prove that (1) implies (2). It suffices to prove
that Y is a rigid Fp-variety (i.e. that it has no nontrivial deformations), for then any
deformation of Y over R/p has to be trivial. One needs to show that H' (Y, Ty g, ) = 0.
The first fundamental sequence for f:Y — X (a smooth morphism of smooth F-
varieties) provides an exact sequence of vector bundles over Y

0— Ty/X — TY/FP — f*(TX/]Fp) — 0.
By dévissage, it is enough to show that H'(Y, f*(Tx,r,)) and H'(Y,Ty,x) both

vanish. Since f is a projective bundle, f,(Oy) = Ox and R!'f.(Oy) = 0. Using
the projection formula and Leray’s spectral sequence, vanishing of the first group
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boils down to that of H!(X, Tx/r,)- Recall that the tautological extension of vector
bundles over X,

0 —V—0% —W-—0,
gives rise to a natural iso

TX/FP = HOIH@X (‘/, W)

The vanishing of H'(X,Home, (V,W)) then follows from item (1) of Lemma
To prove vanishing of H'(Y, Ty, x), it suffices to prove that of H(X, f*(Ty,x)) and
R'f*(Tyx). Since f is the projective bundle of V(") item (4) of Lemma
an exact sequence

provides
A—Ald (r) *
0 — Ox —— End(V'") — f*(Ty,x) — 0.

Vanishing of H*(X, f*(Ty,x)) follows by dévissage, using that of H*(X,Ox) (clas-
sical) and H'(X,End(V(")) (item (5) of Lemma [9.5). Vanishing of R f*(Ty,x) is
item (5) of Lemmal9.3] for i = 1. O

9. SOME COMPUTATIONS IN COHERENT COHOMOLOGY OF FLAG SCHEMES.

Let us deal with the (more or less classical) cohomological computations used in this
paper. Let V be a vector bundle of rank n > 2, over a scheme S.
In many applications, S is just the spectrum of a field of characteristic p.

9.1. FLAG SCHEMES AND CLASSICAL COHOMOLOGICAL TOOLS.

DEFINITION 9.1 (Flag schemes).
Let
1<ni<...<ng<n
be a strictly increasing sequence of integers. Denote by
F(=F,, .  n,):Flng,...,n, V) — S
the scheme of flags of sub-bundles of V', of dimensions ny,...,ngs. Denote by
0CVp, C...CV,, CV,=F*(V)

the tautological flag over Fl(nq,...,ns, V).
Denote FI(1,2,...,n—1,V) simply by FI(V'); it is the scheme of complete flags of the
vector bundle V. For 1 <i < j <mn, denote by

Viji = Vi/Vi
and

Li=Vi/Vi1
the natural quotients.
For an arbitrary sequence of relative integers ay,. .., ay,, put

O(a1,...,an) =LY @ ... @ L.
PROPOSITION 9.2. Denote by
fPV)y—S
the projective bundle of V', by O(1) its twisting sheaf, and
F:F(V)— S
its complete flag scheme. (Note that O(1) = L,,, with the notation above.)
Let m >0 and a = (a1, ...,a,) € Z" be integers. The following holds.

(1) f.(O(m)) = Sym™(V), and R f.(O(m)) =0, fori>1.
(2) R* f.(O(—m)) =0 fori<mn—1.
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(3) R, (O(=m)) =0, for 0 <m <n— 1.

(4) R f.(O(=m)) =T™(VV) @ Det(V)", for m > n.

(5) Computations similar to (1)-(4), but over FI(V') in place of P(V'). Just replace
O(x) by O(0,...,0,%), or dually O(—,0,...,0). When n = 2, one gets a
natural complete flag on the vector bundle

F*(R'F.(O(m,0))).

Its graded pieces are the line bundles O(ny,n3), ni,ne > 1, ny +ns = m.
(6) If a is not an increasing sequence, then

F.(O(ay,...,a,)) =0.
(7) If a is an increasing sequence, then, for alli > 1,
RY(F,)(O(ay,...,a,)) = 0.

Proof. For items (1) to (4), see [SPL Tag 30.8]. Item (5) follows, using Leray’s
spectral sequence and the projection formula, w.r.t. the factorisation

FI(V) — P(V) — S.
For items (6) and (7), see [Bl Proposition 1.4.5]. O

9.2. SOME COMPUTATIONS.

LEMMA 9.3. Consider the projective bundle
f:P(V)— S
with tautological extension
E:0—V1 — V(= (V) — L,(=0(1)) — 0.
The following equalities hold.
(1) R fe(Vi_1) =0, for all i > 0.

(2) Rif(Vn_1(=1)) =0, for all i # 1.

(3) R'f.(Vu_1(—1)) = Os, with generator given by .
(4) f(Vi-1(1)) = End(V)/Os1d.

(5) Rif.(VY_,(1)) =0, for alli > 1.

(6) R f.(End(V,_1)) =0, fori>1.

(7) f(End(V,_1)) = Og, with generator given by Idy,_, .

Proof. Applying f. to the surjection of vector bundles over P(V)
(V) — o),
one gets
Id:V — VW

Item (1) follows, applying f. to &, together with the projection formula, and the
well-known equalities

f«(Opvy) = Os,
and _
R'f.(Opevy) = 0,
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for all 4 > 1.
To get items (2) to (5), consider the extensions
E(-1): 0 —=Vy1(=1) — fF(V)(-1) — Opry — 0
and
EV(1):0 — Oy — f*(VV)(1) — VY (1) — 0.
Apply f«(.) to these, using the projection formula, and the vanishing of

£(O(=1)), R f.(O(1)), R f.(O(-1)),
which holds for all ¢ > 1. Introduce the extension
EY@Vy1:0—Vyq(-1) — f*(VY)®@Vu—1 — End(V,—1) — 0.
Applying the same technique as above, one gets items (6) and (7).

O

One can perform similar computations on Grassmannians and other flag schemes.

If S is an Fj,-scheme, some items above remain valid for Frobenius twists- depending
on the cohomological degree and on the dimension of the tautological bundles.
Positive examples are treated in a systematic manner in the Lemmas below.

LEMMA 9.4. Assume that S is an Fy-scheme.
For 1 <m <n—2, consider the Grassmannian
f:Gr(m,V) — S,
over which there is the tautological extension of vector bundles

E:0—=Vy — (V) — Vyym — 0.

The following is true.

(1) For alli>1, R fi(V), @ Vym) = 0.

(2) For allr >0, Extber("hv)( ,(,:), Sym? (V) = 0.
(3) For alli >0, f.(End(T'*(V,,))) = Osld.

(4) For allr > 1, Homog, ,, v (Vr(rf),FPr(Vm)) =0.

Moreover, items (2), (3) and (4) hold, replacing V,, by Ve, for all s > 1.

Proof. Let us prove item (1). Consider the factorisation
FI(V) & Gr(m,V) — S,

where g is the composite of the complete flag schemes of V,,, and V,,/,,. One has
9+(Or1(v)) = OGr(m,v), and R'g.(Opyy)) = 0 for all i > 1. This is easily derived
from the similar well-known formulas for projective bundles.

Hence, using the projection formula, it suffices to prove (1) after base-change to
FI(V) (that is to say, with F" in place of f). There, the vector bundle Vy, @ V,, /p,
acquires a complete filtration, whose graded pieces are line bundles of the shape
0(0,...,0,-1,0,...,0,1,0,...,0). These have R'F,(.) = 0, for all i > 1. Indeed, for
the line bundle O(—1,0,...,0,1), this is item (7) of Lemma In all other cases,
the sequence of integers inside O(.) contains two consecutive terms, which are either
(0,—1) or (1,0). Say their indices are j,j + 1, so that the corresponding line bundles
on FI(V) are £; and £;41 Consider the factorisation

FI(V) 5 FI(1,...,j—1,j+1,j+2,....,n—1,V) — S.
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Then h is the P'-bundle P(V;1/,_1), with twisting sheaf O(1) := £;41 . Recall that,
for all 7 > 0, one has
R'h.(L;})) = R'h.(O(-1)) =0,
and similarly
RI(L;) = Rihu(Det(Vy1/5-1)(~1)) =0,

by the projection formula. Using Leray’s spectral sequence for the factorisation above,
one indeed concludes that RzF*() = 0, for all graded pieces and for all ¢ > 1. The
claim follows by dévissage on the filtration. Let us prove items (2), (3) and (4) as
stated (i.e. when s = 0). The proof for s > 1 is the same. For (2), arguing as above,
one gets that

Extog, v, (Vi) Sym?” (Vi) = Extoy, Vi), Sym?” (V).

Using the projection formula and item (1) of Proposition one then sees that
EXt%QFl(V) (V’I(T:Lr)7 Symp (Vm)) = EXtép](v) (Vg)a Efn )'
By dévissage along the natural filtration of V,,, it remains to prove vanishing of
Exth,,, (£, £0)) = H\(FU(V), £;7 @ £2),

for e =1,...,m. This is clear if : = m. If ¢ < m, consider the factorisation

FI(V) — FI(1,...,m —1,m,V) % FI(1,...,m —1,V) — 8,
where h is the projective bundle of the vector bundle dual to V,,/V,,—1. Its twisting
sheaf is O(1) := £;,}. Since m < n — 2, one has

R (L) = Rh.(O(=p")) = 0,

for j = 0,1, by item (2) of Proposition Once more, we conclude using Leray

spectral sequence and projection formula. By duality (between Sym and T'), the
equality in item (3) is equivalent to

f«(End(Sym*(Vyn))) = Osld,
which we now prove. As above, this first reduces to
f+(Endpyv)(Sym’ (Vin))) = Os1d,
then to . . '
f*(symz(vm)v ® Ly,) = O™y,
where 7., : Vi — Ly, is the natural surjection. The vector bundle Symi(Vm) has a
natural complete filtration, with graded pieces the line bundles

O(a1,...,am,0,...,0),
one for each partition a1 + ...+ am_1 + a,, = i. By dévissage, it suffices to prove
J«(Omvy) = Os,
for the partition 0+...4+ 044 =1, and
fe(O(=a1, ..y ..y =Qm-1,i — Gm,0...,0)) =0,
for all other partitions. The former is clear. For the latter, observe that ¢ — a,, < 0,
and use item (6) of Proposition
To prove item (4), pick
¢ € Homoy,,, , V&), T (V).
Consider the composite

r
frobvm

b TP (Vi) —2ms YO 1" (), ),
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By item (3), one gets ¢ = AId, where

A€ HY(S,05) = H*(Gr(m, V), Ogr(m,v))-
It suffices to prove A = 0, for then the surjectivity of froby, implies ¢ = 0. To finish,
observe that vanishing of A can be checked over each affine open U C Gr(m, V'), where

the vector bundle V,, is trivial. Over such a U = Spec(R), choosing an R-basis of V,,
identifies the map of R-modules

frob}, TP (V) — V1)

to a projection

pI‘:RM (@15 )= (T4, Tm) R™.

It then becomes obvious that Aldzm factors through pr, if and only if A = 0. (]

LEMMA 9.5. Assume that S is an F,-scheme. Let 1 < m < n — 2 be an integer.
Denote by

F:F(V)— S
the complete flag scheme of V', and by

T 2 Vin — L
the natural surjection of vector bundles over F1(V), with kernel Vy,_1.
Denote by

Emam:0—Vm 1 —Vy - L, — 0

the tautological extension of vector bundles over FI(V).

Let r > 0 be an integer. The following equalities hold.
(1) (VY @ £3)) = Ognly).
(2) RE. (V5 @ i)y =o.
(3) RUE(LGY @V )= 0 .
(4) FL5Y @V ) =o0.
(5) R*F.(End(V$))) = 0.
Proof. Proofs of items (1) and (2), are the same as that of items (2) and (3) of
Lemma [9.4 For m = 2, using Leray’s spectral sequence w.r.t.
FI(V) -5 FI(3,4,...,n— 1,V) — 8,
one deduces (3) and (4) from Lemma here below (applied to the vector bundle
Vs, over F1(3,4,...,n — 1,V)). For m = 3, consider (the long exact sequence in
cohomology obtained by applying f.(.) to) the natural extension
0— LMW — £V eVl — Orivy — 0.
By item (2) of Proposition and the projection formula, one gets, for i = 0,1,
R (LY @ V) = Rif.(L37 ) o W = 0.
Conclude using Leray’s spectral sequence. The proof for m > 4 is similar.

Let us prove item (5). The case m = 1 boils down to vanishing of R'F,(Op(v). The
case m > 2 follows by induction, like this. Consider the exact sequence

0— VIV eV" 5 EndV0) — VIOV e £l 0.

m

Using item (2), it remains to prove vanishing of RF, (V)Y @ V") ).
To do so, consider the natural extension

0— L7 V", —vrvVept s EndW") ) —o.
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Using the induction hypothesis, it remains to prove vanishing of the induced arrow
h:RF(LP @V ) — RIF, VOV oy ),

Using item (3), the left side is a free Og-module of rank one, whose generator 5,(,:)_1”

is tautologically killed by h. The proof is over. O
The next Lemma is a rigorous formulation of the

Motto. A “sufficiently general” extension of line bundles has no non-trivial automor-
phism, and its class generates the cohomology group in which it dwells.

LEMMA 9.6. Assume that n = dim(V) = 3, and that S is an Fy-scheme.
Consider the composite

FFIV) =FI(1,2,V) 25 Fi2, v) = P(V) 2 .
Then
f(O(p",—p",0)) =0,
and
R'f.(O(p",—p",0)) = Os,

with generator given by the class of the tautological extension

El(rz) (0 — ﬁ(f) — VZST) — ﬁg’) — 0.

Proof. The usual computation of cohomology of P'-bundles, applied to fi, gives

(f1)«(O(p", =p",0)) =0,
and
RY(f1).(O(p", —p",0)) =T ~2(V,) ® Det (Vo) 7.
Indeed, the arrow f; is a P'-bundle, the projective bundle of V5, and
O@p", —p",0) = O(~=2p") @ Det(V2)*"",

where O(1) denotes the usual twisting sheaf of a P'-bundle. Over F1(V), the vector
bundle T??"~2(V,) @ Det(V,)' P has a natural filtration, with graded pieces the line
bundles O(—a, a,0), where 1 — p" < a < p” — 1. These have f.(.) = 0, except when
a =0, for then f.(Opiv)) = Os. Using (a tiny portion of) Leray’s spectral sequence
for f = fy 0 f1, we get an injective arrow of coherent Og-modules

R 1. (0", —p",0)) =5 (f2). (T2 2(Vy) @ Det (V) 7") < Og.

It admits the natural arrow

Os — R'(O(p",—p",0))
1 — <€1(f2)> ’

as a splitting, which is hence an isomorphism. O

Remark 9.7. Assumptions and notation being those of Lemma[9.6] one can show that
R'f.(O(a,—a,0)) = 0, for every integer a > 0, which is not a p-th power.
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