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separable field extensions of k with [Kj : k] = m; and [E; : k] =nj. Let Ty = Rx}k(Gm) be the norm one torus
of the étale k-algebra A. We prove that if gcd(m;,n; |1 <i<r,1<j<s)=1and Ty and Tg are stably (resp.
retract) k-rational, then the algebraic k-torus 74 ® T and the norm one torus Tagp are stably (resp. retract)

k-rational. We then give detailed applications to the case of norm one tori of field extensions. In particular, if k
is a global field, then the Hasse norm principle holds for (A ® B)/k.

CONTENTS

Introduction
Notation and recollections
G-sets and G-lattices
Classical terminology for G-lattices, and related basic results
Etale k-algebras
Varieties over k
Algebraic tori
Weil (scalar) restriction

Norm one tori Tg = R

K/k(Gm) of field extensions K /k and T4 = qul/)k(Gm) of étale algebras A/k

2.7.1. Case of field extensions K/k
2.7.2. Case of étale algebras A/k

2.8.
2.9.

3

3.1.
3.2.
3.3.

3.4.

4

4.1.
4.2.

5

o.1.
5.2.
5.3.

6

6.1.
6.2.

7.
8.

8.1.
8.2.
8.3.

Rationality and variants

Some properties of algebraic tori related to rationality
Known results of stably /retract k-rational algebraic k-tori T'

Case of invertible character modules T' = Hom(T xj, L, Gp,1)

Caseof dim T <5
Norm one tori Tx = Rg;k((l}m) of field extensions K/k
Norm one tori T4 = qul/)k((l}m) of étale algebras A/k

Hasse norm principle for field extensions K /k and étale algebras A/k

Case of field extensions K/k

Case of étale algebras A/k
Group cohomology and tensor products of extensions of G-lattices

Recollections from group cohomology

Tensor products of extensions of G-lattices

Tensor products of Chevalley modules Jg, i and an application of Theorem 5.8 and Remark 5.9
Rationality of tensor products 77 ® T» of algebraic k-tori T7 and T5

Permutation order p-ord(M) and invertibility of G-lattices M

Tensor products 77 ® T of algebraic k-tori 77 and T3
Rationality of norm one tori Tagp = qu% Bk (G,n) of tensor products of étale algebras A/k and B/k
Applications to Hasse norm principle for field extensions K/k where K = K1 ® --- ® K

Stably k-rational norm one tori Tx = RY (G,,) of field extensions K/k where K = K1 ® -+ - ® K}

K/k

Retract k-rational norm one tori T = Rg} k

Stably /retract k-rational norm one tori Tx = Rg}k(Gm) of field extensions K/k where K = K; ® - -

2010 Mathematics Subject Classification. Primary 11E72; 12F20, 13A50, 14E08, 20C10, 20G15.
Key words and phrases. Algebraic tori, norm one tori, rationality problem, flabby resolution, stably rational, retract rational.
This work was partially supported by JSPS KAKENHI Grant Numbers 19K03418, 20H00115, 20K03511, 24K00519, 24K06647.

1

© 00 00 00 O O UL UL UL UL = = W N NN

NN DD DD DD = = = = e
N NN 00 ot Otw N

30
31

(Gy) of field extensions K/k where K = K1 ® --- @ Ky 32
-® K; with [K : k]



2 M. FLORENCE, A. HOSHI, AND A. YAMASAKI

References 34

1. INTRODUCTION

Let k be a field and A be an étale k-algebra, i.e. a product of finite separable field extensions of k. The norm
one torus T4 := qul/)k(Gm) is a linear algebraic group over k. Its points are given by the formula

7?4(R) = Ker(NR®kA/R : R®kA — R),

functorial in the commutative k-algebra R where Ngg, a/r is the norm of the finite free R-algebra R @, A/R.
Norm one tori have been intensively studied, especially with regards to rationality questions, as well as to other
interesting invariants and classical arithmetic questions (e.g. R-equivalence and Hasse norm principle). In this
paper, we investigate some meaningful situations, where properties of algebraic tori are preserved upon tensor
product, in two different ways. To formulate this rigorously, consider the following question.

Question. Let P be a property that an algebraic k-variety X may possess (for instance, stable k-rationality).
Assume that P holds for two algebraic k-tori Ty and Ty. Does P hold for the tensor product k-torus Ty ® T ?
If Th = Ta and To = T (for étale algebras A and B), does P hold for Tag,B?

In general, both questions are of course answered in the negative. However, when P is ‘stable rationality’ or
‘retract rationality’, there are interesting situations where answers are positive. Accordingly, our first main result
is Theorem 6.15. It states that 77 ® T, indeed has P, provided the permutation orders of the character lattices
of T1 and 7% are coprime. Our second main result is Theorem 7.4. It gives a sufficient condition on the étale
k-algebras A and B (satisfied if their degrees are coprime), ensuring a positive answer to the second question
above. Proofs are constructive, by explicit and elementary manipulations of flabby resolutions of G-lattices (with
G a finite group). In that process, we introduce a useful invariant of a G-lattice: its permutation order (see
Definition 6.2). To our knowledge, this invariant had not yet been systematically studied.

As an application, we provide new examples of stably k-rational norm one tori 7x where K /k are finite separable
field extensions. If k is a global field, we note that the Hasse norm principle holds for these K/k.

The paper is structured as follows. Section 2 gathers definitions and recollections of well-known concepts and
(cohomological) techniques. These are used later on, to investigate rationality properties of algebraic k-tori. For
the reader’s convenience, most known results on that topic, are recalled in Section 3. Similarly, Section 4 contains
classical material on the Hasse norm principle (for torsors under algebraic k-tori over global fields). In Section 5,
a bunch of new cohomological tools are developed among which explicit results on tensor products of extensions of
G-lattices. We typically perform concrete constructions at the level of such extensions, rather than merely dealing
with their isomorphism classes (living in suitable cohomology groups). This is a computer-friendly approach to
the cohomology theory of finite groups. In Section 6, we apply these constructions to flabby resolutions, in order
to prove our first main result, Theorem 6.15. In Section 7, focus is laid on norm one tori, in order to prove our
second main result, Theorem 7.4. Concrete examples are provided. Finally, Section 8 is an application of this
work, to the Hasse norm principle for composite field extsnsions of coprime degree of global fields.

2. NOTATION AND RECOLLECTIONS

In this paper, k is a field, with fixed separable closure k. Let G = Gal(k/k) be the absolute Galois group of k.

2.1. G-sets and G-lattices. Let G be a profinite group (often a finite group). A G-set is a set X, equipped
with a continuous action of G. Here ‘continuous’ means that the stabiliser of every element of X is open in G.
This condition is empty if G is finite. In this paper, all actions of profinite groups are continuous.

A G-lattice is a free Z-module M, endowed with a (continuous) G-action. [Thus, some open subgroup Gy C G
acts trivially on M.] The lattice dual to M is M° := Homy_mod(M,Z), equipped with its G-action, given by
(gp)(m) = (g~ 'm) (g € G,¢ € M°,m € M). More generally, for another G-lattice N, Homy (M, N) is a
G-lattice, via the G-action

(gu)(m) =g (u(g_lm)) (9 € G,u € Hom(M,N),m € M).

Accordingly, the tensor product G-lattice M ® N (where ® = ®z) is a G-lattice as well, with G-action given by
glm®mn) = (gm) ® (gn). The following basic construction is essential.
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Definition 2.1. Let X be a finite G-set. Denote by Z[X] the G-lattice which is the free Z-module with basis
{[z] | # € X}, on which G acts by permutation. Consider the exact sequence of G-lattices

(Ex):0—=Ix - Z[X] S 7Z -0

where e(3°, oy az[7]) = >, c x ar is the augmentation map and Ix := Ker(e). Take Jx := I, its dual sequence
reads as

(Fx):0 = Z° ~ 7 =5 Z[X]° ~ Z[X] — Jx — 0
with
e 7 — Z[X],
n— niNx

where Ny := ) . y[z] is called the norm (element).
Say that (Ex) (resp. (Fx)) is the augmentation (resp. co-augmentation) sequence, w.r.t. the finite G-set X.

Remark 2.2. For two finite G-sets X and Y, there is an isomorphism

¢ Z[X]® Z[Y] = Z[X x Y,

(D asle) ® (D byly) = D D asbyl(z,y)).

reX yey rzeX yey
Definition 2.3 (The G-lattice Mg of a finite subgroup G of GL(n,Z)). Let G be a finite subgroup of GL(n, Z).
The G-lattice M¢ of rank n is defined to be the G-lattice with Z-basis {u1,...,u,}, on which G acts by uf =
> i1 aijuy for any o = [a; ;] € G.

Definition 2.4. Let G; (resp. G2) be a finite group and M; (resp. Ms) be a Gi-lattice (resp. Ga-lattice). Let
G < G1 x G4 be a subdirect product of G1, G2 with surjections 1 : G — G1 and @2 : G — G5. We define the
G-lattice M1 ® My, tensor product of My, Ma, by g(mi ® ma) = ¢1(g9)(m1) @ wa2(g)(m2) (m1 € My, ma € Ms).
Note that the action of G on M; ® Ms may not be faithful and M; ® My may be regarded as G/N-lattice where
N <1 @G is the action kernel of G.

Definition 2.5. Let G; < GL(m,Z) and G2 < GL(n,Z). Let G < G7 x G2 be such that both projections
p1: G — Gq, p2 : G — G4 are surjective. Such a G is called a subdirect product of Gy, Go. For g1 € G1, g2 € Go,
consider the Kronecker product g1 ® go € GL(mn,Z), i.e.

aii1 g2 - A1m g2
91 ®ge= : : € GL(mn, Z)
am1 92 -+ Qmm g2

where g1 = [a;j]1<ij<m € GL(m,Z) and g» € GL(n,Z) with (g1 ® 92)(¢} ® g5) = (9197) ® (9295) € GL(mn,Z).
Dfine

GioGr={1®92] 91 =¢1(9) € G1,92 = p2(9) € G2} < GL(mn, 7Z).

Let Mg,gc, be as in Definition 2.3. Note that the action of G on Mg, ga, may not be faithful. For example,
when m = n = 1, there is a surjection G — G1 ® G2, whose kernel is contained in {(£1)} < GL(1,Z). As
G-lattices,

MG1 (24 MG2 ~ MG1®G2-
In the sequel, the letter G always denotes a finite group.

2.2. Classical terminology for G-lattices, and related basic results. A G-lattice M is a permutation G-
lattice if it has a Z-basis permuted by G. This means that M ~ ®1<;<mZ[G/H;] for some subgroups H, ..., Hy,
of G. Equivalently, in more concise terms, M ~ Z[X], for a finite G-set X.

The G-lattice M is called stably permutation if M & P ~ P’ for some permutation G-lattices P and P’.

The G-lattice M is called invertible if it is a direct summand of a permutation G-lattice, i.e. P ~ M & M’ for
some permutation G-lattice P and a G-lattice M’.

The G-lattice M is called flabby (or flasque) if H=Y(H, M) = 0 for any subgroup H of G (here H denotes Tate
modified cohomology). It is called coflabby (or coflasque) if H'(H, M) = 0 for any subgroup H of G.

Say that two G-lattices M7 and M> are similar if there exist permutation G-lattices P; and P> such that M, ® P, ~
M5 @ P,. The set of similarity classes is a commutative monoid with respect to the sum [M;]+ [My] := [M1 @ My)]
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and the zero 0 = [P] where P is a permutation G-lattice.
For a G-lattice M, there exists a flabby resolution of M; that is, an exact sequence of G-lattices

O—-M—-P—F—=0

where P is permutation and F is flabby. Flabbly resolutions can be constructed explicitly; see Endo and Miyata
[EM75, Lemma 1.1], Colliot-Thélene and Sansuc [CTS77, Lemma 3], Manin [Man86, Appendix, page 286]. The
similarity class [F] of F is determined uniquely and is called the flabby class of M. We denote the flabby class
[F] of M by [M]f!. We say that [M]f! is invertible if [M]#! = [E] for some invertible G-lattice F. For a G-lattice
M, it is not difficult to see that

permutation = stably permutation = invertible = flabby and coflabby

\ \
(M)T =0 = [M]/"is invertible.

The above implications in each step cannot be reversed (see, for example, [HY17, Section 1]). For basic facts on
flabby G-lattices, see Colliot-Théléne and Sansuc [CTS77], Swan [Swa83], [Swal0], Voskresenskii [Vos98, Chapter
2], Lorenz [Lor05, Chapter 2], Hoshi and Yamasaki [HY17, Chapter 2].

2.3. Etale k-algebras. This notion is an enhancement of Galois correspondence. Let A be a commutative k-
algebra and X (A) := Homg(A, k) be the set of k-algebra homomorphisms from A to k. Then X (A) becomes a
G-set, via the G-action on the target. Conversely, let X be a finite G-set. There is a G-action on = Maps(X, k).
Define the k-algebra k{X} := HO(Q,EX)7 to be the sub-k-algebra of G-fixed points. Then k{X} ~ Ky x--- x K,
where each K;/k is a finite separable field extension. Such a k-algebra is called étale. The associations A — X (A)
and X +— k{X} are mutually inverse anti-equivalences, from the category of étale k-algebras (morphisms being
k-algebra homomorphisms) and that of finite G-sets (morphisms being G-equivariant maps). Furthermore, this
equivalence is compatible to monoidal structures. More precisely, it turns a product (resp. tensor product) of
k-algebras, into a disjoint union (resp. product) of G-sets. This is expressed by the correspondences

X (A x B) < X(A)UX(B),
X(A® B) ¢ X(A) x X(B).

For details (and more) see Bourbaki [Bou81, V. §§6-8], [Bou90, V. §§6-8], Waterhouse [Wat79, Theorem, page
47, page 48], Knus, Merkurjev, Rost and Tignol [KMRT98, Proposition 18.3, Theorem 18.4]. A fundamental
observation (to be used tacitly throughout) is that the G-action on X (A) is transitive if and only if A is a field.
More precisely, for a finite extension L/k, with L C k, one has X (L) = G/H where H = Gal(k/L).

2.4. Varieties over k. In this paper, a k-variety is a k-scheme X that is reduced, separated and of finite-type.
Furthermore, we always assume that X is quasi-projective (= an open subvariety of a projective k-variety).

2.5. Algebraic tori. An algebraic k-torus 7' (of dimension n) is a k-group scheme, such that the base-change
T xp k =T Xgpeck Speck is isomorphic to (G,,7)" as a k-group scheme. Equivalently, it is a k-form of the split
torus (G, x)". Observe that an algebraic k-torus is an affine k-variety.

Let T be an algebraic k-torus. Its character module is T = Hom(T xy k, G,,, %) (homomorphisms of k-group
schemes). It is a G-lattice (note that Hom(G,, 7z, G,, z) ~ Z). By Galois correspbndence, there is a finite Galois

extension L/k, with Galois group the finite group G := Gal(L/k), such that T arises from a G-lattice. This is
equivalent to the fact that T splits over L, i.e. T Xy L >~ (G, 1)". The kernel of the G-action on T yields the
minimal such extension L/ K, called the minimal splitting field of T. The association T+ Tis an anti-equivalence
(duality), between the category of algebraic k-tori which split over L (morphisms are homomorphisms of k-group
schemes), and the category of G-lattices (morphisms are Z[G]-linear maps). In fact, if T is an algebraic k-torus
splits by L/k, then the character module T = Hom(T % L, G, 1) may be regarded as a G-lattice where G ~ G/H
and H = Gal(k/L). Conversely, for a given G-lattice M, T := Spec(L[M]%) becomes an algebraic k-torus which
splits over L, and such that T ~ M as G-lattices. Here L[M]% denotes the invariant ring of the group algebra
L[M], under the action of G. For details, see Ono [Ono61, Section 1.2], Voskresenskii [Vos98, page 27, Example
6] and Knus, Merkurjev, Rost and Tignol [KMRT98, page 333, Proposition 20.17]).

There is a useful interpretation of the preceding equivalence. Namely, isomorphism classes of k-tori of dimension
n correspond bijectively to the elements of the set H'(k, GL,(Z)) := H'(G, GL,(Z)), because Aut((G,, 7)") =
GL,,(Z). Thus, an algebraic k-torus 7' of dimension n is uniquely determined by its associated (continuous)
integral representation h : G — GL,,(Z) (defined up to conjugacy). Here the group G = h(G) is a finite subgroup
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of GL,(Z) (see Voskresenskii [Vos98, page 57, Section 4.9]). The minimal splitting field L of T' corresponds to
H = Ker(h).

2.6. Weil (scalar) restriction. Let K/k be a finite separable extension of k. Let Y be a K-variety (recall that
Y is quasi-projective by convention). Denote by Ry /,(Y') the Weil (scalar) restriction of ¥ (see Ono [Ono61,
Section 1.4], Voskresenskii [Vos98, page 37, Section 3.12]). It is a k-variety, characterised by the formula, for
every k-algebra A:

Ricu(Y)(A) = Y (A 4 K).

In particular, a k-point of Rk /,(Y) is the same thing as a K-point of Y.
The k-variety Ry (Y) X, k is canonically isomorphic the product the k-varieties Y, for all ¢ € X (K). Here Y,
denotes the k-variety obtained from the K-variety Y, upon the base-change K % k.

The functorial nature of the Weil (scalar) restriction, ensures that if Y is a K-group scheme, then Rg/,(Y) is a
k-group scheme. From there, one sees that if T" is an algebraic K-torus, then Rg/(T') is an algebraic k-torus. In
case T = Gy, i, the algebraic k-torus Ry, (G, k) will be of interest to us. It is sometimes called a quasi-trivial
torus, and is simply denoted by Ry /,(G,). Its character module is the permutation G-lattice Z[X], for X =
X (K). Tt is straightforward, that this construction generalises to an étale k-algebra A, in place of K. For example,
if A= Ky x---xK, (for K;/k finite separable field extensions), then R4 /,(Gm) = Ri, /k(Gm) X X R, /1(Gm)-

2.7. Norm one tori Tx = R;;k(Gm) of field extensions K/k and T4 = RS/)k(Gm) of étale algebras A/k.
A reference for this construction is Ono [Ono61, Section 1.4]. Keep notation of the preceding paragraphs. Let A
be an étale k-algebra. Consider the finite G-set X := X (A).

Via the duality between algebraic k-tori which splits L and G-lattices where G = Gal(L/k), the sequence (Fx)
as in Definition 2.1 yields an extension of algebraic k-tori, denoted by

N
1= Ta = RY) (Gn) = Basi(Gm) =25 G — 1.

Here Ny, is the multi-norm (or just norm). It is a homomorphism of algebraic k-tori. Its effect on k-rational
points is the (usual) norm of the finite k-algebra A, also denoted by N, : A* — k*. The algebraic k-torus
Ta = qul/)k(Gm) is the (multi-)norm one torus of the étale algebra A/k. Its character module T is the G-lattice

Jx. The function field k(74) of T4 is isomorpic to the fixed field L(Jx)%.
Similarly, the sequence (Ex) as in Definition 2.1 yields an extension (of algebraic k-tori), that reads as

1— Gm,k i> RA/k(Gm) — RA/k(Gm)/Gm,k —1

where ¢ is the natural embedding. Thus, the character module of the algebraic k-torus R4 /,(Gopm)/Gop i is the
G-lattice Ix and the function field k(R /k(Gm)/Gm k) is isomorphic to the fixed field L(Ix)®.

2.7.1. Case of field extensions K/k. Assume that A = K C k is a field, with Galois closure L C k. Define
G := Gal(L/k), H := Gal(L/K) and Tk := R%}k(Gm). The k-variety T is biregularly isomorphic to the norm
hypersurface

flag,. .. x,) =1

where f(z1,...,2,) € k[z1,...,2y] is the polynomial of total degree n = |G/H| defined as

fl@r,.. zn) = Ngpplorwr + -+ zpwn) =[] Gleiws + - + znwy)
geG/H

with {w1,...,w,} a basis of K/k and N i, : K* — k* is the norm map.

2.7.2. Case of étale algebras A/k. Let A be an étale k-algebra with dimy A = n. Write A = [[;_, K; where
K;/k (1 < i < r) is a finite separable field extension with [K; : k| = n;. One has > ;_,n; = n. Let L;/k
(1 <i < 7) be the Galois closure of K;/k in k, with Galois groups G; = Gal(L;/k), H; = Gal(L;/K;). Then we
have (), ¢, HY = {1} where HY = ¢~'H;o and hence H; contains no non-trivial normal subgroup of G;. Let
L =1L L, Ck be the composite field of Li,..., L,, i.e. the smallest field which contains all L;, with Galois
group G = Gal(L/k). We see that G is a subdirect product of Gi,...,G,, i.e. a subgroup G < G; X -+ X G,
with surjections ¢; : G — G; (1 < i < r). We may regard X(A) = Hom(A, k) as a G-set, i.e. G acts on
X(A) = U;_, X(K;) via the surjections ¢;. We have G ~ G/H where H = Gal(k/L).
When r = 2, the set of all subdirect products G1, G5 can be described explicity, see Lemma 8.2.
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There is also an explicit description of the (multi-)norm one torus T4 = qul/)k(Gm) with 74 ~ Jx as a norm
hypersurface. It is obtained as in the field case. Just replace Ng /. by Nk, /i X --+ x Nk, /. Namely, the norm

one torus Ty = RS/) «(Gm) is biregularly isomorphic to the norm hypersurface

T
H fil@in, . i) =1
i=1
where fi(xi1,...,Tin;) € k[Ti1,...,Tin;] (1 <i<r)is the polynomial of total degree n; defined as

fi(in, o Ting) = Ny p(Tiqwin + - + T, Wip, ) = H g(igwin + -+ Tin, Win,)
9€Gi/H;

with {w;1,...,win,} abasis of K;/k and N, . : K;* = k* is the norm map.

2.8. Rationality and variants. Let K and K’ be finitely generated field extensions of k.

The two fields K and K’ are called stably k-isomorphic if K(y1,...,ym) ~ K'(z1,...,2,) over k, for some
algebraically independent elements y1,...,¥,, over K and z1,..., 2, over K.

The field K is called rational over k (or k-rational for short) if K is purely transcendental over k, i.e. K is
isomorphic to k(z1,...,2,), the rational function field over k with n variables z1, ..., x, for some integer n.
The field K is called stably k-rational if it is stably isomorphic to a k-rational field.

The field K is a direct factor of a k-rational field (or factor k-rational for short) if there exists a field K’ such
that K ®j, K’ is a domain whose quotient field is k-rational (see also Kang [Kanl2, page 23]).

When £k is an infinite field, K is called retract k-rational if there exists a k-algebra R contained in K such that
(i) K is the quotient field of R, and (ii) the identity map 1z : R — R factors through a localized polynomial ring
over k. Condition (ii) means there exists an element f € k[z1,...,x,] (polynomial ring over k) and k-algebra
homomorphisms ¢ : R — k[x1,...,z,][1/f] and ¢ : k[z1,...,2,][1/f] = R satisfying ) o ¢ = 1 (see Saltman
[Sal84, Definition 3.1, page 180]).

The field K is called k-unirational if K C K C k(z1,...,zy) for some integer n. It is well-known that

k-rational = stably k-rational = factor k-rational = retract k-rational =- k-unirational.

For an integral k-variety X, one says that X is k-rational if and only if its function field K = k(X) is k-rational,
and similarly for all variants recalled above. For example, X is stably k-birational to X’ if and only if the function
fields K = k(X) and K’ = k(X') are stably k-isomorphic. We recall that X is k-rational if and only if X is
birational to the projective space IP™ of dimension n for some integer n. X is stably k-rational if and only if
X x PP™ is k-rational for some integer m. X is factor k-rational if and only if there exists an integral k-variety
Y such that X x Y is k-rational. X is retract k-rational if and only if there exists a dominant rational map
f:P™ --» X for some integer n and a rational map g : X --+ PP™ such that fog = Idx. X is k-unirational if and
only if there exists a dominant rational map f : P™ --» X for some integer n. For equivalent definitions in the
language of algebraic geometry, see e.g. Manin [Man74], [Man86], Manin and Tsfasman [MT86], Colliot-Thélene
and Sansuc [CTS07, Section 1], Kang [Kanl2], Beauville [Beal6], Merkurjev [Merl7, Section 3].

2.9. Some properties of algebraic tori related to rationality. Let T be an algebraic k-torus with character
module T = Hom(T Xy L, Gyy,1) ~ M where L is the minimal splitting field of T. It is well-known that T is
k-unirational (see Voskresenskii [Vos98, page 40, Example 21]).

It is known that T is retract k-rational if and only if T is factor k-rational if and only if there exists an algebraic
k-torus T” such that T x T" is k-rational by Colliot-Thélene and Sansuc [CTS87, Proposition 7.4].

The flabby class [M]/! plays a crucial role in the rationality problem for L(M)% ~ k(T') as follows (see Colliot-
Théléne and Sansuc [CTS77, Section 2], [CTS87, Proposition 7.4], Voskresenskii [Vos98, Section 4.6], Kunyavskii
[Kun07, Theorem 1.7], Colliot-Théléene [CT07, Theorem 5.4], Hoshi and Yamasaki [HY17, Section 1], [HY1,
Section 1]).

Theorem 2.6 (Voskresenskii [Vos69, Section 4, page 1213], [Vos70, Section 3, page 7], see also [Vos74], [Vos98,
Section 4.6], Kunyavskii [Kun07, Theorem 1.9] and Colliot-Théléne [CT07, Theorem 5.1, page 19] for any field
k). Let k be a field and G = Gal(k/k). Let T be an algebraic k-torus, X be a smooth k-compactification of T and
X = X xy, k. Then there exists an exact sequence of G-lattices

057 —Q—PicX >0

where CA? is permutation and Pic X is flabby.
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Let L be the minimal splitting field of 7' with Galois group G' = Gal(L/k) ~ G/H where G = Gal(k/k) and
#H = Gal(k/L). By Theorem 2.6, we obtain a flabby resolution of T = Hom(T xy L, G, 1):

07— Q — PicX, =0

as G-lattices with [T)/! = [Pic X] where @ is permutation and X, = X xj L (see also Voskresenskii [Vos74,

inf res

Section 1]). By the inflation-restriction exact sequence 0 — H*(G,Pic X1) — H'(k,Pic X) — H'(L,Pic X),
we get inf : H'(G, Pic X1) = H'(k,Pic X) because H'(L,Pic X) = 0.

Theorem 2.7. Let L/k be a finite Galois extension with Galois group G = Gal(L/k) and M and M’ be G-
lattices. Let T and T’ be algebraic k-tori with T ~ M and T' ~ M, i.e. L(M)C ~ k(T) and L(M")¢ ~ k(T").
(1) (Endo and Miyata [EM73, Theorem 1.6]) [M]/! = 0 if and only if k(T) is stably k-rational.

(2) (Voskresenskii [Vos74, Theorem 2]) [M ! = [M')! if and only if k(T) and k(T") are stably k-isomorphic.
(3) (Saltman [Sal84, Theorem 3.14]) [M]/! is invertible if and only if k(T) is retract k-rational.

Remark 2.8. For algebraic k-tori, retract k-rationality is easier to decide, than stable k-rationality. By Theorem
2.7, retract k-rationality (resp. stable k-rationality) amounts to checking whether some G-lattice F' is invertible
(resp. stably permutation). For G-lattices, invertibility is ‘local’, in the sense that F' is G-invertible if and only
if F' is Gp-invertible for every p-Sylow subgroup G, < G (see Endo and Miyata [EM75, Lemma 1.4]). Assuming
that F is invertible, F' being stably permutation is then a much stronger property, which is not local. Actually,
there is no known general procedure to check it. In specific situations (e.g. for norm one tori in Theorem 3.11),
stable k-rationality can be disproved by computing relevant cohomology groups.

Remark 2.9. There is no known criterion for an algebraic k-torus T to be k-rational. The fact that T is (or not)
stably/retract k-rational, is determined by the G-lattice T. To our knowledge, it is very much unclear, that such
should be the case for k-rationality. Voskresenskii conjectured that stably k-rational tori should be k-rational.
While no counter-examples are known, there is no evidence to support this widely open conjecture.

If My @ My ~ Mj is an exact sequence of G-lattices, then L(M3)¢ ~ L(M; ® M3)%, ie. k(Tz) ~ k(T x T3)
with T} = M, (1 = 1,2, 3), this means that T» and T7 x T3 are birationally k-equivalent. In particular, we have
(M} = My + (M)

In general, it follows from Lenstra [Len74, Proposition 1.5] that if 0 — M; — My — M3 — 0 is an exact
sequence of G-lattices with M3 invertible, then L(M3)® ~ L(M; © M3)¢, i.e. k(Ty) ~ k(T; x T3) with ﬁ = M;
(i =1,2,3) (see also Ono [Ono63, Proposition 1.2.2], Endo and Miyata [EM73, Theorem 1.6, Proposition 1.10],
Swan [Swal0, Lemma 3.1], Hoshi, Kang and Kitayama [HKK14, Proof of Theorem 6.5]). In particular, we have
[Mo)/! = [Mi]I! + [M3] L

Proposition 2.10 (Endo and Miyata [EM73, Proposition 1.1, Corollary 1.3], Lenstra [Len74, Proposition 1.5]).
Let M be a G-lattice and 0 — M — P — F — 0 be a flabby resolution of M with P permutation and F flabby.
Let T and S be algebraic k-tori with T~ M, S~F.

(1) (Endo and Miyata [EMT73]) If F' is stably permutation, then T is stably k-rational;

(2) (Lenstra [Len74]) If F is invertible, then S x T and Tp are birationally k-equivalent where Tp is an algebraic
k-torus which is k-rational with Tp ~ P and [P)/! = 0. In particular, S x T is k-rational with [m]fl =
[T+ (S = [M)! + [F)! = [P! = 0.

Let G be a finite group and M be a G-lattice. We define

L (G, M) = Ker { H'(G, M) “=% @) Hi((g), M) b (i = 1).
geG
Let X be a smooth k-compactification of 7', i.e. smooth projective k-variety X containing 7" as a dense open
subvariety, and set X = X x; k and Xx = X x; K. There exists such a smooth k-compactification of an

algebraic k-torus 1" over any field k, that can be constructed explicitly, without the general theory of resolution
of singularities (see Colliot-Théleéne, Harari and Skorobogatov [CTHSO05, Corollaire 1]).

Theorem 2.11 (Colliot-Théléne and Sansuc [CTS87, Proposition 9.5 (ii)], see also [San81, Proposition 9.8],
[Vos98, page 98], [CTHS05, Corollaire 1], [BP20, Theorem 2.3]). Let k be a field and K/k be a finite Galois
extension with Galois group G = Gal(K/k). Let T be an algebraic k-torus which splits over K and X be a smooth
k-compactification of T. Then we have

% (G, T) ~ H'(G, Pic Xg) ~ Br(X)/Br(k)

where Br(X) is the Brauer group of X (in étale cohomology).
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In other words, we have H'(k,PicX) ~ HY(G,PicXg) ~ HYG,[T|) ~ MI2(G,T) ~ Br(X)/Br(k). Of
interest is also the unramified Brauer group Bry, (k(X)/k) = Br(X) C Br(k(X)) (see Colliot-Thélene and Sko-
robogatov [CTS21, Proposition 6.2.7]). In particular, for an algebraic k-torus T which splits over K, with
character module T = Hom(T xy K, G, i), we have:

T is retract k-rational = TIII2 (G, f) =0.

3. KNOWN RESULTS OF STABLY/RETRACT k-RATIONAL ALGEBRAIC k-TORI T'

3.1. Case of invertible character modules T = Hom(T X L, Gy,,1). Simple examples of rational k-tori T
with dim7T" = n are T' = R4 /1(Gy,), for an n-dimensional étale k-algebra A. Setting X := X(A), one then
has T ~ Z[X] and |X| = n. In other words, T ~ ®!_,Z[G/H;] for various subgroups H; < G < S,,, with
G : H] = n; and n = Y., n;. There exists exactly 1 (resp. 2, 4, 11, 19, 56) such k-tori T = R4 /x(Gyy,) in
dimension 1 (resp. 2, 3, 4, 5, 6) (see Hoshi and Yamasaki [HY17, Theorem 6.3, Table 8]). Hoshi and Yamasaki
[HY17, Theorem 6.3, Table 8] also determine all of the stably permutation G-lattice Mg with ranky Mg < 6 as
in Theorem 3.1.

Let S, (resp. A,, Dy, C,) be the symmetric (resp. the alternating, the dihedral, the cyclic) group of degree
n of order n! (resp. n!/2, 2n, n). Let Q4 be the generalized quaternion group of order 4m (m > 2). Let p be a
prime number and Fj,; ~ C, x C; (2 < 1| p —1) be the Frobenius group of order pl where ! | p— 1 means that !
is a (positive) divisor of p — 1.

Theorem 3.1 (Hoshi and Yamasaki [HY17, Theorem 6.2, Theorem 6.3, Table 8]). Let G be a finite subgroup of
GL(n,Z) and Mg be the G-lattice as in Definition 2.3. For 1 <n < 6, the following conditions are equivalent:
(1) Mg is stably permutation, i.e. [Mg] = 0;

(2) Mg is invertible;

(3) Mg is flabby and coflabby.

Indeed, there exist 1 = 140 (resp. 2 =2+0,4=4+0, 15 =11+4, 23 =19+ 4, 106 = 56 + 50) stably
permutation (resp. invertible, flabby and coflabby) G-lattices of rank n =1 (resp. 2, 3, 4, 5, 6). They consist of
1 (resp. 2, 4, 11, 19, 56) permutation G-lattices Mg ~ @I_,Z|G/H;] where H; < G < S,, with [G : H;] = n; of
rank n = 2221 n; withn =1 (resp. 2, 3, 4, 5, 6) which are given as in Hoshi and Yamasaki [HY17, Example
6.1] and 0 (resp. 0, 0, 4, 4, 50) not permutation but stably permutation (resp. invertible, flabby and coflabby)
G-lattices of rank n =1 (resp. 2, 3, 4, 5, 6) which are given as in Hoshi and Yamasaki [HY17, Table 8].

The corresponding algebraic k-torus 1" with T ~ Mg and dim; T = n as in Theorem 3.1 is k-rational (resp.
stably k-rational) if M¢ is permutation (resp. Mg is stably permutation).

3.2. Case of dim T < 5. It is easy to see that all 1-dimensional algebraic k-tori T are k-rational. These are:
the trivial torus G, ; and the norm one torus 7Tx = Rg;k(Gm,K) of a separable quadratic field extension K/k.
Voskresenskii [Vos67] showed that all 2-dimensional algebraic k-tori T are k-rational. There exist 13 cases
of algebraic k-tori of dimension 2 which corresponds to Z-class of subgroups (up to conjugacy) G < GL(2, 7).
Kunyavskii [Kun90] gave a rational (stably rational, retract rational) classification of 3-dimensional algebraic
k-tori: among 73 cases, there exist 58 (resp. 15) k-rational (resp. not retract k-rational) cases in dimension 3.

Theorem 3.2 (Kunyavskii [Kun90, Theorem 1, Theorem 2], see Kang [Kanl2, page 25, fifth paragraph] and
Hoshi and Yamasaki [HY1, Lemma 7.3] for the last statement). Let L/k be a finite Galois extension with Galois
group G = Gal(L/k) < GL(3,Z) and M¢ be the G-lattice as in Definition 2.3. Let T be an algebraic k-torus with
T ~ Mg and dimy, T = 3. Then k(T) ~ L(Mg)% is not k-rational if and only if G is conjugate to one of the
15 groups which are given as in Table 1. Moreover, if k(T) ~ L(Mg)® is not k-rational, then it is not retract
k-rational, i.e. [Mg)'! is not invertible.

Table 1: L(M)% not retract k-rational, rank M = 3, M: indecomposable (15 cases)

‘G in [Kun90] GAPID G ‘G in [Kun90] GAPID G ‘G in [Kun90] GAPID G
U, (3,3,1,3) C3 Us (3,4,7,2) Dy x Co Un (3,7,5,3) S x Co
Us (3,3,3,3) C3 Uz (3,7,2,2) A4 x Co Uiz (3,7,5,2) S x Co
Us (3,4,4,2) Dy  Us (3,7,3,3) Sa Wi (3,4,3,2) CuxCy
Uy (3,4,6,3) Dy Uy (3,7,3,2) Sa Wa (3,3,3,4) C3
Us (3,7,1,2) A4 Uto (3,7,4,2) Sa Ws (3,7,2,3) A4 x Co
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For the GAP ID, see Hoshi and Yamasaki [HY17, Chapter 3], see also Hoshi and Yamasaki [HY17, Theorem
1.2, Table 1, the second paragraph in page 3, Theorem 13.4, Table 10]. In particular, if we adopt the action of
G as in Definition 2.3, we should take the transpose G of the matrix group G as in Kunyavskii [Kun90].

There exist 710 (resp. 6079) cases of algebraic k-tori of dimension 4 (resp. 5) which corresponds to Z-class
of subgroups (up to conjugacy) G < GL(4,7Z) (resp. GL(5,7))). Hoshi and Yamasaki [HY17, Theorem 1.9 and
Theorem 1.12] gave a stably rational (retract rational) classification of algebraic k-tori of dimension 4 and 5:

Theorem 3.3 (Hoshi and Yamasaki [HY17, Theorem 1.9]). Let L/k be a finite Galois extension with Galois
group G = Gal(L/k) < GL(4,Z) and Mg be the G-lattice as in Definition 2.3. Let T be an algebraic k-torus with
T ~ Mg and dimy, T = 4. Then

(1) k(T) ~ L(Mg)® is stably k-rational, i.e. [Mg)/' =0, if and only if G is conjugate to one of the 487 groups
which are not in [HY17, Tables 2, 3 and 4].

(2) k(T) ~ L(Mg) is not stably but retract k-rational, i.e. [Mg]?! is not zero but invertible, if and only if G is
conjugate to one of the 7 groups which are given as in [HY17, Table 2].

(3) k(T) ~ L(Mg)% is not retract k-rational, i.e. [Mg]’' is not invertible, if and only if G is conjugate to one of
the 216 groups which are given as in [HY17, Tables 3 and 4].

Theorem 3.4 (Hoshi and Yamasaki [HY17, Theorem 1.12]). Let L/k be a finite Galois extension with Galois
group G = Gal(L/k) < GL(5,Z) and Mq be the G-lattice as in Definition 2.3. Let T' be an algebraic k-torus with
T ~ Mg and dimy, T'=5. Then

(1) k(T) ~ L(Mg)% is stably k-rational, i.e. [Mg]/" =0, if and only if G is conjugate to one of the 3051 groups
which are not in [HY17, Tables 11, 12, 13, 14 and 15].

(2) k(T) ~ L(Mg) is not stably but retract k-rational, i.e. [Mg]?! is not zero but invertible, if and only if G is
conjugate to one of the 25 groups which are given as in [HY17, Table 11].

(3) k(T) ~ L(Mg)® is not retract k-rational, i.e. [Mg]'! is not invertible, if and only if G is conjugate to one of
the 3003 groups which are given as in [HY17, Tables 12, 13, 14 and 15].

3.3. Norm one tori Tx = R;;k(Gm) of field extensions K/k. The rationality problem for norm one tori

Tk = R;}k((l}m) with 7\}( ~ Jg/u and dimg T = n — 1 is investigated by Endo and Miyata [EM75], Colliot-
Thélene and Sansuc [CTS77], [CTS87], Hirlimann [Hiir84], Le Bruyn [LeB95], Cortella and Kunyavskii [CK00],
Lemire and Lorenz [LL00], Endo [End11], Hoshi and Yamasaki [HY17], [HY21], [HY24], [HY1], [HY?2], Hasegawa,

Hoshi and Yamasaki [HHY20]. Let us recall some significant results.

Theorem 3.5 (Endo and Miyata [EM75, Theorem 1.5], Saltman [Sal84, Theorem 3.14]). Let K/k be a finite
Galois field extension with Galois group G = Gal(K/k). Then the following conditions are equivalent:

(1) Rg;k((l}m) is retract k-rational;
(2) All Sylow subgroups of G are cyclic.

Remark 3.6. If G is a group whose all the Sylow subgroups are cyclic, then G is metacyclic (see e.g. Gorenstein
[Gor80, Theorem 6.2, page 258]) and can be presented as

G={ab|la™=1,0"=1bab~ ' =a") ~ C,, x C,

where 7 = 1 (mod m), m is odd, 0 < r < m, ged(m,n) = ged(m,r — 1) = 1 (see Zassenhaus [Zas35, Satz 5,
page 198], see also Hall [Hal59, Theorem 9.4.3], Robinson [Rob96, 10.1.10, page 290]).

Let ged(m, n) be the greatest common divisor of integers m, n.

Theorem 3.7 (Endo and Miyata [EM75, Theorem 2.3], Colliot-Thélene and Sansuc [CTS77, Proposition 3]). Let

K/k be a finite Galois field extension with Galois group G = Gal(K/k). The following conditions are equivalent:
(1) Rg}k((]}m) is stably k-rational;

(2) all Sylow subgroups of G are cyclic and H*(G,7Z) ~ H(G,Z) where H denotes Tate cohomology;

(3) G~Cy, or G~ C, x (0,7 | ¥ = 2 =1,r0771 = o~ 1Y where d > 1,k >3, n,k: odd, and ged(n, k) = 1;
4) G={(s,t]|sm™= 2" =1, tst™ = 5" m:odd, r2 =1 (mod m)).

Theorem 3.8 (Endo [End11, Theorem 2.1]). Let K/k be a finite non-Galois, separable field extension and L/k
be the Galois closure of K/k with Galois group G = Gal(L/k). If G is nilpotent, then R%}k (G, is not retract
k-rational.

Theorem 3.9 (Endo [End11, Theorem 3.1]). Let K/k be a finite non-Galois, separable field extension and L/k
be the Galois closure of K/k with Galois groups G = Gal(L/k) and {1} < H = Gal(L/K) < G. If all Sylow



10 M. FLORENCE, A. HOSHI, AND A. YAMASAKI
(1)
K/k
(1) Rg}k((]}m) is stably k-rational;
(2) G ~ D,, withn odd (n > 3) or G ~ Cy, x D,, where m,n are odd, m,n > 3, gcd(m,n) =1, and H < D,, is
of order 2;

(3) H~Cy and G ~C, x H, r > 3 odd, where H acts non-trivially on C,.

subgroups of G are cyclic, then R}, (Gy,) is retract k-rational, and the following conditions are equivalent:

Remark 3.10. Endo [End11, page 84, line 7] explained that the retract k-rationality of R%}k(Gm) in Theorem
3.9 is already obtained in Endo and Miyata [EM75, Theorem 1.5] and Saltman [Sal84, Theorem 3.14]. Indeed,
we can check that ' = [Jg, ]! is invertible by combining the following results:

(1) ([EM75, Lemma 1.4]) F is invertible if and only if F'|g, is invertible for any p | |G| where G, is a p-Sylow
subgroup of G;

(2) ([EM75, Theorem 1.5: (1) < (2)]) F|g, is invertible if and only if F|g, is coflabby because G, is cyclic;

(3) Flg, is coflabby. Indeed, since G, is cyclic, it is standard that H'(H, F) = H='(H, F) for any H < G, (see
e.g. Neukirch, Schmidt and Wingberg [NSWO00, Theorem 1.6.12, page 68]).

When G ~ S, or A, and [G : H] = [K : k] = n, we have:

Theorem 3.11 (Colliot-Thélene and Sansuc [CTS87, Proposition 9.1], [LeB95, Theorem 3.1], [CK00, Proposition
0.2], [LLOO], Endo [End11, Theorem 4.1], see also [End11, Remark 4.2 and Theorem 4.3]). Let K/k be a non-
Galois separable field extension of degree n and L/k be the Galois closure of K/k. Assume that Gal(L/k) = S,
n >3, and Gal(L/K) = S, _1 is the stabilizer of one of the letters in S,,. Then we have:

(1) Rg}k(Gm) is retract k-rational if and only if n is a prime number;

(2) Rg;k(Gm) is (stably) k-rational if and only if n = 3.

Theorem 3.12 (Endo [End11, Theorem 4.4], Hoshi and Yamasaki [HY17, Corollary 1.11]). Let K/k be a non-
Galois separable field extension of degree n and L/k be the Galois closure of K/k. Assume that Gal(L/k) = A,
n >4, and Gal(L/K) = A, _1 is the stabilizer of one of the letters in A,. Then we have:

(1) Rg;k((l}m) is retract k-rational if and only if n is a prime number.

(2) Rg;k((l}m) is stably k-rational if and only if n = 5.
When G < S, with prime [G : H] = [K : k] = p, we have:

Theorem 3.13 (Hoshi and Yamasaki [HY21, Theorem 1.9], see Theorem 3.5 and Theorem 3.9 for (1), see
Theorem 3.12 for (4)). Let p > 3 be a prime number, K/k be a separable field extension of degree p and L/k be
the Galois closure of K/k. Let G = Gal(L/k) be a transitive subgroup of S, and H = Gal(L/K) with |G : H] = p.
Then norm one tori T = R%}k(Gm) with '?K ~ Jo/u and dimy Tk = p— 1 are retract k-rational, and a stably
rational classification of Tk is given as follows:

1) Tx is stably k-rational for G ~ Cp, < S, and G ~ D, < Sp;

2) T is not stably k-rational for G ~ Cp x Cp, < Sp with3 <m |p—1;

3) Tk is not stably k-rational for G ~ S, where p > 5;

Tk 1s stably k-rational for G ~ As < S5 and Tk is not stably k-rational for G ~ A, < S, where p > 7;

Tk is not stably k-rational for G ~ PSLy(IF11) < S11;

Tk is not stably k-rational for G ~ M1; < S11 and G ~ Msz < Sas3;

7) Tk is not stably k-rational for PSLy(IFy) < G < PI'Ly(F,) ~ PGL¢(F,) % C. where d > 3, p = =1 ond

q—1

q = 1° is a prime power;
(8) Tk is not stably k-rational for PSLy(IF2e) < G < PI'Ly(Fge) > PSLy(Foe) X Ce where p = 2°+1 is a Fermat
prime.

Remark 3.14. We do not know whether Tg is stably k-rational in the case (8) in Theorem 3.13 when G =
PSLy(Fae) and p > 17. Note that for Fermat primes p = 3 and 5, Tk is stably k-rational for G = PSLa(IF2.) by
Theorem 3.13 (1), (4) (note that PSLQ(IFQ) >~ D3 ~ Sg, PSLQ(]F4) = PGLQ(]F4) ~ A5)

When G < Sse with [G: H] = [K : k] =2° (e > 1), we have:

Theorem 3.15 (Hasegawa, Hoshi and Yamasaki [HHY20, Theorem 1.1]). Let K/k be a separable field extension
of degree n and L/k be the Galois closure of K/k. Let G = Gal(L/k) be a transitive subgroup of Sy, where n = 2°¢

(e > 1) and H = Gal(L/K) with [G : H] = n. Then R;}k((l}m) is stably k-rational if and only if G ~ C,.

Moreover, if R;}k((l}m) s not stably k-rational, then it is not retract k-rational.
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Some special cases where G < S, are also given in Hasegawa, Hoshi and Yamasaki [HHY20]:

Theorem 3.16 (Hasegawa, Hoshi and Yamasaki [HHY20, Theorem 1.3]). Let K/k be a separable field extension
of degree n and L/k be the Galois closure of K/k. Let G = Gal(L/k) be a transitive subgroup of S, and
H = Gal(L/K) with [G : H] = n. Assume that n = q+ 1 where ¢ =1¢° =1 (mod 4) is an odd prime power and

PSLy(F,) < G < PTLy(F,) ~ PGLy(IF;) x Ce. Then Rg}k((]}m) is not retract k-rational.

Theorem 3.17 (Hasegawa, Hoshi and Yamasaki [HHY20, Theorem 1.4]). Let p be a prime number, K/k be a
separable field extension of degree 2p and L/k be the Galois closure of K/k. Assume that G = Gal(L/k) is a

primitive subgroup of Sap and H = Gal(L/K) with [G : H] = 2p. Then Rg;k((l}m) is not retract k-rational.

More precisely, R%}k((l}m) is not retract k-rational for the following primitive groups G < Sap:
(1) G = SQp or G = AQp S Szp;
(2) G = 55 S SIO or G = A5 S SIO;'
(3) G = Mas < S99 or G = Aut(Mag) =~ Moo X Coy < Sog where Moo is the Mathieu group of degree 22;
(4) PSLy(F,) < G < PTLy(F,) ~ PGLy(IFy) x C, where 2p = g+ 1 and q¢ = 1° is an odd prime power.

Let nT'm be the m-th transitive subgroup of the symmetric group S,, of degree n up to conjugacy (see Butler
and McKay [BM83], [GAP]). The number of transitive subgroups nTm of S,, (2 < n < 16) up to conjugacy
is given as follows (see Butler and McKay [BM83] for n < 11, Royle [Roy87] for n = 12, Butler [But93] for
n = 14,15, Hulpke [Hul96, Tabelle 1], [Hul05, Table 1] for n = 16 and [GAP]):

6 7 8 9 10 11 12 13 14 15 16
16 7 50 34 45 8 301 9 63 104 1954

n|2
1

3 4 5
#ofnTm| 2 5 5

A classification of stably/retract rational norm one tori Tx = Rg;k((l}m) in dimension n — 1 where [K : k] =
n < 16 is given completely as follows:

Theorem 3.18 (Hoshi and Yamasaki [HY17, Theorem 1.10, Theorem 1.14, Theorem 8.5] for n = 5,6,7,11,
[HY21, Theorem 1.9, Theorem 1.11] for n = 8,9,10,13, [HY2, Theorem 1.1] for the stable k-rationality of
G = 9727 ~ PSLy(Fg), Hasegawa, Hoshi and Yamasaki [HHY20, Theorem 1.2] for n = 12,14,15,16 and the
stable k-rationality of G = 10T'11 ~ A5 x C3). Let K/k be a separable field extension of degree n and L/k be
the Galois closure of K/k. Let G = Gal(L/k) = nT'm be a transitive subgroup of S, and H = Gal(L/K) with
[G: H]=n. Let Tk = R;}k(Gm) be norm one tori of K/k with T ~ Jg/g and dimyg T = n — 1. Assume
that 2 <n <16. Then

(1) Tk is stably k-rational if and only if G is given as in Table 2;

(2) Tk is not stably but retract k-rational if and only if G is given as in Table 3;

(3) Tk is not retract k-rational if and only if G is not in Tables 2 and Table 3;

Table 2: Tk = Ry, (Gy) is stably k-rational where G = Gal(L/k) = nT'm < S, (2 < n < 16)

G=nTm (2<n<16): Tx = R;)k(Gm) is stably k-rational
271 ~ CQ

371 ~ Cg, 372 ~ 53

4T1 ~ Cy

5T1~ Oy, 5T2 ~ Ds, 5T4 ~ As

671 ~ Cﬁ, 612 ~ 53, 61'3 ~ D6

TT1~Cr, 7TT2 ~ Dy

8T'1 ~ Og

9T1 ~ Cy, 9T3 ~ Dy, 9T27 ~ PSLy(F5)

1071 ~ ClO; 1072 ~ D5, 1073 ~ D107 10711 ~ A5 X CQ
1171 ~ Cyq, 11T2 >~ Dy,

1271 ~ 012, 12T5 ~ ng ~ C3 X C4, 12711 ~ Sg X C4

1371 ~ 013, 1372 ~ D13

14T1 ~ Chy, 14T2 ~ D7, 14T3 ~ D1y

1571 ~ Cy5, 1572 ~ Dy, 15T3 ~ Dy x Cs, 15T4 ~ S5 x Cs, 15T5 ~ A, 1577 ~ D5 x Ss,
15716 ~ A5 X Cg ~ GL2(]F4), 15723 ~ A5 X 53

1671 ~ 016
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Table 3: Tk = Ryy),(Gyn) is not stably but retract k-rational where G = Gal(L/k) = nTm < S, (2 < n < 16)

G=nTm (2<n<16): Tx = Rg)k((l}m) is not stably but retract k-rational

5T'3 ~ Fgo, 5T'5 ~ 55

T3 ~ F21, T4 ~ F42, 75 ~ PSLQ(]F7), 7176 ~ A7, TT7 ~ 57

1074 ~ Fyg, 1075 ~ Foy x Co, 10712 ~ S5, 10722 ~ S5 x Cs

1173 ~ Fss, 11T4 ~ Fiy9, 11T5 ~ PSLy(Fyy), 1176 ~ My, 1177 ~ Ay, 1178 ~ S1;

1373 ~ F39, 1374 ~ F52, 1375 ~ F78, 1376 ~ F156, 1377 ~ PSLQ(]Flg), 1378 ~ A13, 1379 ~ 513
14T4 ~ Fyp, 14T5 ~ Fy, x Cso, 14T7 ~ Fy x Cy, 14T16 ~ PSLy(F7) x Ca,

14T19 ~ PSLo(IF7) x Cy, 14T46 ~ Sy, 14T47 ~ A7 x Cy, 14T49 ~ S; x Cs

1576 ~ 015 X C4, 1578 ~ F20 X Cg, 15710 ~ 55, 15711 ~ F20 X 53,

15722 ~ (A5 X 03) X 02 ~ GLQ(IF4) X 02, 15724 ~ S5 X Cg, 15729 ~ S5 X Sg

In Table 3, Fj; ~ C, x C; (2 < 1| p—1) is the Frobenius group of order p! where p is a prime number and
M7 is the Mathieu group of degree 11.

For particular groups G, and for general H < GG, we have:

Theorem 3.19 (Hoshi and Yamasaki [HY2, Theorem 1.1]). Let k be a field, K/k be a finite separable field
extension of degree n and L/k be the Galois closure of K/k with G = Gal(L/k) and H = Gal(L/K) < G. Let
Tk = Rg;k((l}m) be the norm one torus of K/k with Ty ~ Jo/m and dimg T =n—1=[K : k]-1=[G: H|-1.
(1) When G ~ A4 ~ PSLQ(]F:;), A5 ~ PSLQ(F5) ~ PSLQ(]F4) ~ PGLQ(]F4) >~ SLQ(]F4), Aﬁ ~ PSLQ(]FQ), TK 18
not retract k-rational except for the two cases (G, H) ~ (A5, V), (As, Ag) with |G| = 60, n = [G : H] = 15, 5.
For the two exceptional cases, Ty is stably k-rational;

(2) When G ~ Sg ~ PSLQ(]FQ) ~ PGLQ(]FQ) ~ SLQ(]FQ) ~ GLQ(]FQ), S4 ~ PGLQ(]Fg), S5 ~ PGLQ(IF5), Sﬁ, TK 18
not retract k-rational except for the six cases (G, H) ~ (S3,{1}), (Ss,C2), (S5, V4) satisfying V4 < D(S5) ~ As,
(S5,D4), (S5,A4), (S5,S4) with |Sg| = 6, n = [Sg : H] = 6, 3, |S5| = 120, n = [S5 : H] = 30, 15, 10, 5. For the
two exceptional cases (S3,{1}), (S3,C2), Tk is stably k-rational. For the four exceptional cases (S5, Vi) satisfying
Vi < D(S5) ~ As, (S5,D4), (S5, A4), (S5,54), Tk is not stably but retract k-rational;

(3) When G ~ GLo(IF3), GLa(F4) = As x C3, GL2(IF5), Tk is not retract k-rational except for the case (G, H) ~
(GLy(Fy), Aq) satisfying Ay < D(G) ~ As with |G| = 180, n = [G : H] = 15. For the exceptional case, Tk s
stably k-rational;

(4) When G ~ SLo(FF3), SLo(IF5), SLo(FF7), Tk is not retract k-rational;

(5) When G ~ PSLy(F7) ~ PSL3(F2), Tk is not retract k-rational except for the two cases H ~ Dy, S4 with
|G| =168, n =[G : H] = 21,7. For the two exceptional cases, Tk is not stably but retract k-rational;

(6) When G ~ PSLy(Fg) >~ PGLy(Fs) =~ SLo(IFg), Tk is not retract k-rational except for the two cases H =
Sy5(GQ) =~ (C2)3, Ng(Sys(G)) = (C2)3 x C7 with |G| = 504, n =[G : H] = 63, 9. For the two exceptional cases,
Tk is stably k-rational.

3.4. Norm one tori 74 = qul/)k((]}m) of étale algebras A/k. Norm one tori qul/)k((]}m) of étale algebras A/k
(multinorm one tori RS/) w(Gm) if r > 2, see Section 2.7) are investigated by Colliot-Thélene and Sansuc [CTS77,
page 208], Endo [End01], [End11].

Theorem 3.20 (Endo [End01, Theorem 2]). Let p be a prime number, P = (Z/pZ)®™ and P; < P (1 <i <)
be distinct subgroup of index p. Let ¢ = (si“, co €Y L @I Z[P/P)®h — 7 be the multiaugmentation map
where ; : Z[PJP;] — Z (1 < i < r) is the augmentation map, I = Ker(e) and J = (I)° = Hom(I,Z). Let L be
a field with Galois group Gal(L/k) ~ P and K; = L¥ with [K; : k] =p (1 <i < ). Let Ta = RS/)k(Gm) be
the norm one torus of an étale algebra A/k where A = H;:1 th and J ~ 7A:4. Let L = Ky---K, C k be the
composite field of Ku, ..., K, with Galois group G = Gal(L/k) ~ P/P’ where P' =(\,_, P;.

(1) When p =2, k(Ta) ~ L(J)¥ ~ L(J)C is stably (retract) k-rational if and only if r = 1,2;

(2) When p >3, k(Ta) ~ L(J)¥ ~ L(J)C is stably (retract) k-rational if and only if r = 1.

Theorem 3.21 (Endo [End11, Proposition 1.3, Corollary 1.4], see also Endo and Miyata [EM73, Proposition
1.1], Hajja and Kang [HK95, Theorem 1], Miyata [Miy71, Lemmal, Saltman [Sal84, Proposition 3.6 (a)]). Let G
be a finite group, Hy,...,Hy < G (t > 2) be subgroups with Hy_y > Hy and ¢ = (e1,...,&) : ®'_|Z|G/H;] — Z,
e = (e1,...,60-1) : ®IZIZ[G/H,) — 7 be the multiaugmentation maps where &; = TG /H;] — 7 (1 <1i < t) is
the augmentation map, I = Ker(e), I' = Ker(¢’), J = I° = Hom(I,7Z) and J' = (I')° = Hom(I',Z). Then we
have I ~ I' ® Z|G/H;| and J ~ J' @® Z|G/H;] and hence L(J)¢ ~ L(J")%(u1,...,us) (L(J)C is rational over
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L(J") where s =[G : Hy] and Gal(L/k) ~ G. In particular, Ta = qul/)k((]}m) and Ty = RS/)/k(Gm) are stably
birationally k-equivalent where A = Hle K;, A = Hf;; K;, Ta~J, Tar ~ J'. For example, if H; = H for any
1<i<t, ie K=K foranyl <i<t, then J ~ Jg,g ® Z[G/H]®'"! and hence Ty = R(Al/)k(@m) is stably
(resp. retract) k-rational if and only if Tk = Rg}k((]}m) is stably (resp. retract) k-rational.

Proposition 3.22 (Endo [End11, Proposition 1.3]). Let Ty = RS/)k(Gm) be the norm one torus of an étale
algebra A/k with dim, A = n where A = [[;_, K; with [K; : k] = n;. Let X = X(A) = Homy (A, k) be the
corresponding G-set with fA ~ Jx and |X| = n where X = [[,_, X; is the disjoint union of G-orbits with
|Xi| =n; andn =3Y_, n;. If there exists 1 < i < r such that n; = 1, i.e. K; =k, that is, X; = {x;} where
x; is a fived point, then Jx ~ Z[X \ X;| is permutation. In particular, k(Ta) ~ L(Jx)¢ is k-rational where
Ta = RY),(Gn).

Proof. This is a special case of Theorem 3.21 (Endo [End11, Proposition 1.3]), see also Endo and Miyata [EM73,
Proposition 1.1}, Hajja and Kang [HK95, Theorem 1|, Miyata [Miy71, Lemma]. We give an alternative proof
here for the reader’s convenience. We have 0 — Ix - Z[X] = Z — 0 where ¢ is the augmentation map and
X = X;UY where Y = X \ X; and X; = {x;}. We see that the restriction map of ¢ to X;, ¢|x, : Z[X;] = 7,
a;[x;] — a; becomes isomorphism. For a,[y] € Z[Y], there exists —ay[x;] € Z[X;] such that a,[y] — ay[zi] € Ix.
Hence we can get the isomorphism ¢ : Z[Y] = Ix, a,[y] — a,[y] — ay[z;] with ¢ o =1Id;,:

This implies that Jx = (Ix)° ~ Z[Y] and hence it follows from Endo and Miyata [EM73, Proposition 1.1] that
k(Ta) ~ L(Jx)€ is k-rational (see also Hajja and Kang [HK95, Theorem 1], Miyata [Miy71, Lemmal). O

4. HASSE NORM PRINCIPLE FOR FIELD EXTENSIONS K/k AND ETALE ALGEBRAS A/k

Let k be a global field, i.e. a number field (a finite extension of Q) or a function field of an algebraic curve
over Iy (a finite extension of IF(¢)). Let v be a place of k and k, be the completion of k at v.

Let X be an algebraic k-variety. We say that Hasse principle holds for X if X has a k,-rational point for
any place v of k, then X has a k-rational point. Hasse-Minkowski theorem says that Hasse principle holds for
X where X is defined as Q(z1,...,2,) = 0 for a quadratic form Q(z1,...,2,) in P"~! (see Hasse [Has23a],
[Has23b], [Has24a], [Has24b] over any number field k). Lind [Lin40] and Reichardt [Reid2] gave a counterexample
to Hasse principle for X where X is a genus 1 curve defined as 2y = 1 — 172 (see also Colliot-Théléne and
Poonen [CTP00], Poonen [Poo01]). Selmer [Sel51] also gave a counterexample to Hasse principle for X where X
is a plane cubic curve of genus 1 in IP? defined as 323 + 493 4 523 = 0.

Definition 4.1. Let T be an algebraic k-torus and T'(k) be the group of k-rational points of T. Then T'(k)
embeds into Hvevk T(k,) by the diagonal map where Vj, is the set of all places of k and k, is the completion of

k at v. Let T'(k) be the closure of T'(k) in the product [] T(ky). The group

veEV)

A(T) = <H T(kn) /T (k)

veVy
is called the kernel of the weak approximation of T. We say that T has the weak approximation property if
A(T) =0.

Definition 4.2. Let E be a principal homogeneous space (= torsor) under T'. Hasse principle holds for E means
that if E has a k,-rational point for all k,, then E has a k-rational point. The set H!(k,T) classifies all such
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torsors F up to (non-unique) isomorphism. We define the Shafarevich-Tate group of T

Hl(T):Ker{ (k,T) == P H' kv,T}

veEV)

Then Hasse principle holds for all torsors F under T if and only if II(T") = 0.

Theorem 4.3 (Voskresenskii [Vos69, Theorem 5, page 1213], [Vos70, Theorem 6, page 9], see also [Vos98, Section
11.5, page 120, Section 11.6, Theorem, page 120]). Let k be a global field, T be an algebraic k-torus and X be a
smooth k-compactification of T'. Then there exists an exact sequence

0— A(T) = H'(k,Pic X)" — III(T) — 0

where MY = Hom(M,Q/7) is the Pontryagin dual of M. In particular, if T is retract k-rational, then
H'(k,PicX) = 0 and hence A(T) = 0 and II(T) = 0. Moreover, if L is the splitting field of T and L/k is
an unramified extension, then A(T) =0 and H'(k,Pic X) ~ II(T).

It follows that H'(k,Pic X) = 0 if and only if A(T) = 0 and III(T) = 0, i.e. T has the weak approximation
property and Hasse principle holds for all torsors F under T'.

Definition 4.4. Let k be a global field, K/k be a finite extension and A} be the idele group of K. Let
A =TI;_, K be an étale algebra where K;/k (1 < i < r) is a finite separable field extension and A’ be the idele
group of A.

(1) We say that the Hasse norm principle holds for K[k if (Ng/i(Ax) Nk*)/Ng(K*) =1 where Nk, is the
norm map.

(2) We say that the Hasse norm principle holds for A/k, also the Hasse multinorm principle holds for Ay if r > 2,
if (ITi—; N, /u(Ax ) NEX)/TTi— Nk, /u(K) =1 where Nk, s, (1 <i <) is the norm map.

Hasse [Has31, Satz, page 64] proved that the Hasse norm principle holds for any cyclic extension K/k but does
not hold for bicyclic extension Q(v/—39,v/—3)/Q. For Galois extensions K/k, Tate [Tat67] gave the following
theorem:

Theorem 4.5 (Tate [Tat67, page 198]). Let k be a global field, K/k be a finite Galois extension with Galois
group G = Gal(K/k). Let Vi, be the set of all places of k and G, be the decomposition group of G at v € V.
Then

(N /r(Aj) NE*) /Ny (K> coker{@ H™3(G,, 7) <= H3(G, Z)}
veEV)

where H is the Tate cohomology. In particular, the Hasse norm principle holds for K/k if and only if the
restriction map H*(G,7) == D.cv, H3(G.,,7Z) is injective. In particular, if H3(G,7Z) ~ M(G) = 0, then the
Hasse norm principle holds for K/k where M(G) = H*(G,C>) is the Schur multiplier of G.

If G ~ C, is cyclic, then I?I_B(G, 7) ~ H*(G,7Z) ~ H'(G,7Z) = 0 and hence the Hasse’s original theorem
follows.

For algebraic k-tori T, we also obtain the group T'(k)/R of R-equivalence classes over a local field k via
T(k)/R ~ H(k,Pic X) ~ HY(G, [T)'") (see Colliot-Thélene and Sansuc [CTS77, Corollary 5, page 201], Voskre-
senskii [Vos98, Section 17.2] and Hoshi, Kanai and Yamasaki [HKY22, Section 7, Application 1]).

Ono [Ono63] established the relationship between the Hasse norm principle for K/k and the Hasse principle for

all torsors F under the norm one torus R;}k((l}m) (see Platonov and Rapinchuk [PR94, Section 6.3] for r > 2):

Theorem 4.6 (Ono [Ono63, page 70], see also Platonov [Pla82, page 44|, Kunyavskii [Kun84, Remark 3],
Platonov and Rapinchuk [PR94, Section 6.3, page 307, page 313]). Let k be a global field and A = [],_, K; be
an étale algebra where K;/k (1 <i <) is a finite separable field extension. Then

TR ) (Gm)) = (] Mooy (A5 0879/ T Vi (B)-

In particular, H_I(RS/),C(Gm)) = 0 if and only if the Hasse norm principle holds for A/k.
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For norm one tori 74 = qul/)k((l}m), recall that the function field k(74) may be regarded as L(M)% for the

character module M = 7A‘ 4 ~ Jx and hence we have:
[Jx]"' =0 = [Jx)/Vis invertible = HY(G,[Jx]'")=0 = A(Ta)=0and I(74) =0
¥ ()

Ta is stably k-rational = T4 is retract k-rational

where the last implication holds over a global field k£ (see Theorem 4.3, see also Colliot-Thélene and Sansuc
[CTST7, page 29]). The last conditions mean that T4 has the weak approximation property, Hasse principle
holds for all torsors E under T4 and the Hasse norm principle holds for A/k as above.

By Poitou-Tate duality (see Milne [Mil86, Theorem 4.20], Platonov and Rapinchuk [PR94, Theorem 6.10],
Neukirch, Schmidt and Wingberg [NSW00, Theorem 8.6.8], Harari [Har20, Theorem 17.13]), we also have

(7)Y ~ I1%(G, T)
where (7)Y = Hom(II(T"), Q/7Z),

I (G, T) = Ker{Hi(G,:F) = P Hi(GU,:F)} (i>1)
veEV)
is the i-th Shafarevich-Tate group of T = Hom(T xy L,Gp,r), G = Gal(L/k) and L is the minimal splitting
field of algebraic k-torus T'. Note that III(T') ~ III*(G,T). In the special case where T = Rg;k((l}m) and K/k
is Galois with G = Gal(K/k), we have Tx ~ Jg and H%(G, Jg) ~ H3(G,Z) and hence we get Tate’s theorem
(Theorem 4.5).
By taking the duals of Voskresenskii’s exact sequence as in Theorem 4.3, we get the following exact sequence

0 — (G, T) — W2 (G, T) — A(T)Y — 0

where the map I11%(G, f) — 112 (G, f) is the natural inclusion arising from the Chebotarev density theorem (see
also Macedo and Newton [MN22, Proposition 2.4]).

4.1. Case of field extensions K/k. The Hasse norm principle for Galois extensions K/k was investigated by
Tate [Tat67], Gerth [Ger77], [Ger78] and Gurak [Gur78a], [Gur78b], [Gur80] (see also [PR94, pages 308-309]).
Gurak [Gur78a] showed that the Hasse norm principle holds for Galois extension K /k if all the Sylow subgroups
of G = Gal(K/k) are cyclic (see also Remark 3.6). Note that this also follows from Theorem 4.6 and the retract
k-rationality of Tx = Rg}k(Gm) due to Endo and Miyata [EM75, Theorem 2.3].

For non-Galois extension K/k of degree n, the Hasse norm principle was investigated by Bartels [Bar81a]
(holds for n = p; prime), [Bar81b| (holds for G ~ D,,), Voskresenskii and Kunyavskii [VK84] (holds for G ~ S,,),
Kunyavskii [Kun84] (n = 4), Drakokhrust and Platonov [DP87] (n = 6), Macedo [Mac20] (holds for G ~ A,
(n # 4)), Macedo and Newton [MN22] (G ~ Ay, Sy, As, S5, As, A7 (general n)), Hoshi, Kanai and Yamasaki
[HKY22] (n < 15 (n # 12)) (holds for G ~ M,, (n = 11,12,22,23,24; 5 Mathieu groups)), [HKY23] (n = 12),
[HKY25] (n = 16), [HKY] (G ~ M, J; (general n)), Hoshi and Yamasaki [HY2] (holds for G ~ PSLy(FF7)
(n = 21), PSLy(Fg) (n = 63)), [HY3] (holds for metacyclic groups G with trivial Schur multiplier M (G) = 0
(general n)), HY4] (G ~ (Cp)? x Cp (n = p?, p > 3; prime)) where G = Gal(L/k) and L/k is the Galois
closure of K/k. Recall that the case where n = p also follows from Theorem 4.6 and the retract k-rationality of
Tk = Rg}k(Gm) due to Colliot-Thélene and Sansuc [CTS87, Proposition 9.1].

4.2. Case of étale algebras A/k. We collect known results about Hasse norm principle for étale algebras A/k:

Theorem 4.7 (Hirlimann [Hiir84, Proposition 3.3], Prasad and Rapinchuk [PR10, Proposition 4.2], Pollio and
Rapinchuk [PR13, Proposition 15, Section 5], Colliot-Thélene [CT14, Théoreme 4.1], Wei [Weil4, Corollary
3.3], Demarche and Wei [DW14, Theorem 1, Theorem 6], Bayer-Fluckiger, Lee and Parimala [BLP19]). Let
A =TI, K; be an étale k-algebra with X = Homg (A, k) and L;/k (1 <i <) be the Galois closure of K;/k with
Galois groups G; = Gal(L;/k), H; = Gal(L;/K;) < G; and X; = Homy(K;,k) (1 <i <7r) with X = J,_, X;.
Let L = Ly---L, C k be the composite field of Li,...,L,, i.e. the smallest field which contains all L;, with
Galois group G = Gal(L/k) and Ta = RS/)k(Gm) be the norm one torus of A/k with Ty ~ Jx. Let G, be the
decomposition group of G at a place v of k. Let p be a prime number.

(1) (Hirlimann [Hur84); r = 2) If K1 = L1, Ko = Lo; Galois, G1 ~ Cy; cyclic and K1 N Ky = k, then
G~ C, x Gy and 112 (G, Jx) = 0;

(2) (Platonov and Rapinchuk [PR94]; r = 2) If k is a global field, the Hasse norm principle holds for K1/k and
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LiNLy =k, then G~ Gy x Gy and I11(T4) =0, i.e. the Hasse norm principle holds for A/k;

(3) (Prasad and Rapinchuk [PR10]; » = 2) If k is a global field, K1 = Li; Galois, Gy = Gal(L1/k); abel, the
Hasse norm principle holds for L1/k and K1 N Ko =k, then G < Gy x Gy is a subdirect product of G1, G2 and
II(74) =0, i.e. the Hasse norm principle holds for A/k;

(4) (Pollio and Rapinchuk [PR13]) If Ly N Ly = k, then G ~ G1 x Gy and 2 (G, Jx) = 0. In particular, if
(Ly---Li1)NLi =k for any 2 <i <r, then G ~ Gy x -~ x G, and 2(G, Jx) =0;

(5) (COHIOt—ThéléHG [CT14], T = 3) If Kl = Ll,KQ = LQ,Kg = Lg, G1 ~ G2 ~ G3 ~ CQ, Ll n L2 = L1 n L3 =
LoNLs =k and L1Ly D L3, then G =~ Cy x Cy and H_IZ,(G, Jx) ~ Z/2Z,‘

(6) (Wei [Weild]; r = 2) If K1N Ly =k, then G < Gy x Gy is a subdirect product of Gy, Go and 112 (G, Jx) = 0;
(7) (Demarche and Wei [DW14]) Assume that {1,...,r} =TUJ (INJ =0,1,J #0) and F := (\,_, K;/k is
Galois. Let F;/K; be a separable field extension with the natural map Auty(F;) — Autg(F) surjective. Let Fy
(resp. Fy) be the composite field of L; (i € I) (resp. j € J), i.e. the smallest field which contains all F; (i € I)
(resp. (i € J)) and L1/F (resp. Lj/F) be the Galois closure of Fi/F (resp. Fy/F) with Gy = Gal(L;/F) (resp.
Gy = Gal(L;/F)). If FrNL; = F, then H = Gal(L/F) < G; x Gy is a subdirect product of Gy, G; and
2 (G, Jx) ~ 112 (G, Tr) where G = G/H and Ty = R;l/)k((]}m) is the norm one torus of F/k. As the special
case, if F =k (G = H), then I12(G, Jx) = 0;

(8) (Bayer-Fluckiger, Lee and Parimala [BLP19]) If K; = L;; Galois, G; ~ C, (1 < i <7r), LyNL; =k
(1<i<j<r), then

{(Z/pZ)@f’—2 if G~ C,xCp,Gy~C, for any place v of k (2<r <p+1)
II(Ta) = :
0 otherwise.

In particular, by Theorem 4.3 (see also Section 2 and Section 4), if k is a global field and 112 (G, Jx) ~
H(k,PicX) ~ HY(G,Pic Xx) ~ HYG,[Jx]'") ~ Br(X)/Br(k) ~ Bry,(k(X))/Br(k) = 0 where X is a smooth
k-compactification of Ta, then A(Ta) = 0, i.e. Ta has the weak approzimation property, and II(Ta) = 0,
i.e. the Hasse morm principle holds for A/k (that is, Hasse principle holds for all torsors E under Ty) where
OI(74)Y < W2(G, Jx) and UI(Ta)Y = Hom(Il(T4), Q/Z). The condition II(T4) = O means that for the
corresponding norm hypersurface

T
Hfi(xi,l7 . -;:Ei,m) = b)
=1

it has a k-rational point if and only if it has a k,-rational point for any place v of k where fi(xi1,...,Tin,) €
kElxi1,...,xin,] (1 <i<r) is the polynomial of total degree n; defined as

fi(Tin, o Ting) = Ny p(Tiqwin + - + T, Wip,) = H g(igwin + -+ Tin, Win,)
9€Gi/H;

where {w;1,. .., win,} is a basis of Ki/k, Ni, /i : K* — kX is the norm map and b € k* (see Voskresenskii
[Vos98, Example 4, page 122]).

Remark 4.8. (1) Theorem 4.7 (6) implies that if 1112 (G, §) = 0 with G = G/H, then 1I2(G, Jx) = 0. For
example, it follows from the retract k-rationality of Tp = R%l/)k (G.,) due to Endo and Miyata [EM75, Theorem 2.3]
(also follows from Gurak [Gur78a]) that the Hasse norm principle holds for Galois extension F/k if all the Sylow
subgroups of Gal(F/k) are cyclic (see also Remark 3.6). Moreover, by Tate’s theorem (Theorem 4.5), if M (G) = 0,
then HI(§ ) = 0, i.e. Hasse norm principle holds for F/k, where M (G) is the Schur multiplier of G. It also follows
from Volskresenskii’s theorem (Theorem 4.3) that if M (G) = 0, then 1112 (G, §) = H*(G, Jg) ~ M(G) = 0. See
Hoshi and Yamasaki [HY3] for further examples.

(2) By considering an unramified extension L/k, it follows from Theorem 4.7 (8) that if K; = L;; Galois, G; ~ C,
1<i<r),L;NnLj=k(1<i<j<r),then

(Z/pZ)®r=2 if G~ CyxCy (2<r<p+1)

0 otherwise

(see also Macedo [Mac25, Theorem 4.9]).
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5. GROUP COHOMOLOGY AND TENSOR PRODUCTS OF EXTENSIONS OF (G-LATTICES

5.1. Recollections from group cohomology. Let M be a G-lattice and N be a G-module. For any ¢ > 0, it
is classical that there exists an isomorphism

Exty (M, N) = H'(G,Homg (M, N)) ~ H (G, M° © N)
where M° := Hom(M, Z) and G acts on Homgz (M, N) by
(gu)(m) = g (u(g~'m)) (g € G,u € Hom(M,N),m € M)

(see Brown [Bro82, Proposition 8.3 (b), page 28, page 56, Proposition 2.2, page 61], see also Colliot-Thélene and
Sansuc [CTS87, Section 0.5, page 155], Voskresenskii [Vos98, page 72]). Let us describe it explicitly.

Lemma 5.1. Let A and C be G-lattices. For 1-cocycle f € Z'(G,Homy(C, A)), we define the G-lattice By =
A x C by the G-action

g(a,c) = (ga+ f(9)(g¢), 9¢) (9 € G,a € A, c € O).

Then we have an exact sequence of G-lattices
(Ef):0—-A5 B 5C—0
where
v(a) = (a,0),
m(a,c) =c.

Then, for 1-cocycles fi, fo € Z'(G,Homz(C, A)), (Ey,) is equivalent to (Ey,) (see Brown [Bro82, Chapter IV,
page 86)) if and only if f1 — f2 € BY(G,Homz(C, A)). In particular, the association

H'(G,Homy(C, A)) — Exty(C, A), [f] — Ef
is bijective.
Proof. See Brown [Bro82, IV.3, pages 91-94] for the similar case where A, By, C are groups and A is C-module
(we can make a proof by using the similar arguments). O

Definition 5.2. Let (F) : 0 - A — B — C — 0 be an exact sequence of G-lattices. The order ord(E) of (E) is
defined to be the order of (E) as an element in the group Ext%[a] (C,A) ~ HY(G,Homg(C, A)).

Lemma 5.3. Let (E):0— A% B C — 0 be an exact sequence of G-lattices with e := ord(E).
(1) Let s € Homz(C, B) be such that w o s € Homgg)(C,C). Define fs € Map(G,Homz(C, A)) by

Fs(9)(e) = (gs)(c) = s(c) = g (s(g7'c) = 5(c)) (g €G,c€C).
Then (i) fs =0 if and only if s € Homy g (C, B), and (ii) we have fs € Z'(G, Homy(C, A)).
(2) Let s, s' € Homgz(C, B), be such that mos, mos’ € Homyg)(C, C). Define fs, fo € Z'(G,Homgz(C, A)) as in
(1). Then mos=mos" if and only if (fs — fs) € BY(G,Homy(C, A)). Conversely, if f € B'(G,Homz(C, A)),
then there exists s € Homz(C, B) such that mos =0 and fs = f.
(3) For s1 € Homz(C, B), we assume that o sy = Idg € Homgg(C,C) and hence we can take the unique
element [fs,] € HY(G,Homz(C, A)) = Z*(G,Homg(C, A))/B(G,Homgz(C, A)) with ord([fs,]) = e as in (1) and
(2). Then there exists 5 € Homgg)(C, B) such that [f5] = [fes;] = €[fs;] = 0 and w05 = eIdc. Moreover, there
exists 5 € Homy g (C, B) such that m o5 = mlIdc if and only if e [ m, i.e. e divides m.

Proof. (1) By 7 (fs(g)(c)) = (mos)(c) — gg~ (o s)(c) = 0, we may regard fs(g)(c) € A ~ 1(A) by the exactness
of (E) and hence f; € Map(G,Homy(C, A)). For any g1,g92 € G, ¢ € C, we have
fs(g192)(c) = 9192 (s 92_191_10)) —s(c)
= 0192 (s(92 91 '¢)) — 91 (s(g1 " 0)) + g1 (s(g1 ') — s(c)
= (911:)(g2)(c) + fs(g1)(c).

Hence f5 becomes a 1-cocyle of G in Homyz(C, A), i.e. fs € Z(G,Homz(C, A)).
(2) We see that mos =mo s’ if and only if (s — s')(c) € t(A) for any ¢ € C. It follows from

(fs = fs)(@)(e) = g ((s = ) (g7"e) = (s = s")(c) = (g(s = 8')) (¢) = (s — 8')(c)

P
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that fs — fs is a 1-coboundary of G' in Homy(C, A), i.e. fs — fo € BY(G,Homz(C, A)). Conversely, if f €
B(G,Homyz(C, A)), then thre exists r € Homy(C, A) such that
f(g)(e) = (gr)(c) —r(c) (g € G,c € C).

We can take s = ior € Homy(C, B) with mos = (mroi)or=00r =0 and fs = fior = f because (A) ~ A.
(3) Because C is free as a Z-module, we can take s; € Homz(C, B) with 7 o s = Ide. It also follows from
7o sy =Ide € Homg g (C, C) and (1) that we can get the unique element [f,,] € H'(G,Homyz(C, A)).

For m € Z, we define ms; € Homy(C, B) by (ms1)(c) = m(s1(c)). Then we have mo (ms1) = m(mros;) =
mlIdc. We also see that

Fmsi (9)(€) = g ((ms1)(g7"¢)) — (ms1)(c) = mfs, (9)(c).

In particular, for m = e, we have [fes,] = €[fs;] = 0 because ord(fs,) = e. Hence it follows from (2) that there
exists s9 € Homgg)(C, A) such that fo, = fes, and 7o sg = 0 with [fs,] = 0. Define 5:= es; — s9. Then we get
fs = fes; — fso =0, m05 = m(es1) — m(sp) = w(es1) = e(wos1) = elde. For the last statement, we see that
mo3s=mlde if and ounly if [f5] = [fms,] = m[fs,] = 0 if and only if e | m. O

Lemma 5.4. Let (E):0 — A5 B C — 0 be an evact sequence of G-lattices.

The following conditions are equivalent:

(1) e=ord(E), i.e. the order of an element (E) € Ext%[c](c, A) ~ HY(G,Homz(C, A)) as in Definition 5.2;
(2) The smallest positive integer e € 7 satisfies that there exists s € Homyq)(C, B) such that wo s = eldc;
(3) The smallest positive integer e € 7 satisfies that there exists t € Homyq) (B, A) such that tor = eld .

Proof. (1) < (2): This follows from Lemma 5.3 (3).

o

(1) & (3): We can take the dual (F) : 0 — C° ™ B° 5 A° — 0 with ord(F) = ord(E) = e. Then by
Lemma 5.3 there exists s° € Homgg(A°, B°) such that (° 0 s° = eldso. By taking the dual again, we have
t = (5°)° € Homgg) (B, A) such that tor =10 ((.°)°) = eld(40)o = elda. O

5.2. Tensor products of extensions of G-lattices.
Proposition 5.5. Consider two ezact sequences of G-lattices
(F1):0—= A %% B 50 -0,
(F):0— Ay 2 By 2 Cy — 0
with e; = ord(E1), e2 = ord(E2). Then there exists an exact sequence of G-lattices
(B8 05 A @45 BioBs L (CLeBy) @ (Bi®Cy) & CL®Cy — 0
where

L(al & az) = Ll(al) b2 LQ(GQ)a
f(bl X bg) = (77'1 (bl) & b27 by ® 7T2(b2))7
m(c1 ® bg, b1 ® ¢2) = €1 @ ma(b2) — 1 (b1) ® ca.

(1) If ged(er, e2) = 1, then the following exact sequence of G-lattices splits:
(BLSY) 20— Image(f) — (C1 @ Ba) @ (B © Ca) = € © Cy — 0,

i.e. Image(f)®(C1@C2) ~ (C1®Ba)®(B1®Cy), that is, there exists s € Homgy g (C1®@Cs, (C1® B2)®(B1®Cs))
such that mo s = Idc,gc, -
(2) If ged(er, e2) = 1, then there exists an exact sequence of G-lattices

(B0 5 Ay @ 4y % (By @ By) @ (C1© Co) L2 (G @ By) @ (B @ C) = 0
with ord(ESQRS)) | eres.
Proof. We first show that (Eg) is exact. We see that fo. =0, 7o f =0 because

foular ®az) = f(u(ar) @ t2(az)) = (mi(e1(a1)) @ 12(az), u(ar1) ® ma(i2(az))) = (0@ ta(az), t1(a1) ® 0) =0,
mTo f(bl & bg) = 7T(7T1(bl) ®bo, b1 ® 7T2(b2)) = 7T1(bl) ® Wz(bg) — 7T1(b1) & 7T2(b2) =0.
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(i) Ker(z) = 0. Because G-lattices are flat (since Z-free), by tensoring As and By, we see that « € Homgg (A1 ®
As, B1 ® Bs) is injective because ¢ is the composition of two injections:

L1®IdA2 IdBl®L2

L: AL Q@ Ay —— By ® As B ® Bs.

(i) Image(:) = Ker(f). We can take a section s; € Homg(C;, B;) (i = 1,2) with m; 0o s; = Ide, because C; is free
as a Z-module and hence we have B; ~ ;(A4;) ® s;(C;) ~ A; ® C; (i = 1,2) as a Z-module. Then

f:B1® By — (C1 ® By) @ (B1 ® C3)
can be written as
[ (A1) @ 51(Ch)) ® (12(A2) @ 52(C2))
= (11(A1) ® 12(A2)) @ (11 (A1) ® 52(C2)) © (51(C1) @ 12(A2)) ® (51(C1) ® 52(C2))
— (C1 ® (12(A2) ® 52(C2))) @ ((L1 (A1) ® 51(Ch)) ® Ca)
= (C1 ®12(A2)) ® (C1 @ 52(Ca)) ® (11(A1) ® C2) @ (51(C1) @ Co).
We find that
flor(an@is(4,) =0,
Flian@ss(cs)  11(A1) ® 52(Ca) = 11 (A1) @ Co,
Flsien@is(as) © 51(C1) @ 12(Az) = C1 @ 12(As),
flsi(cn@ss(0s) 1 51(C1) @ 52(C2) = (C1 ® 52(C2)) @ (51(Ch) ® C2),
T ((7T1 ® Idg, () (), (Ids, () @ Wg)(x))

This implies that Ker(f) = ¢1(A1) ® t2(A2) = Image(s).

(iii) Image(f) = Ker(m) and Image(m) = C; ® Cs. As in (ii), we can take a section s; € Homz(C;, B;) (1 =1,2)
with 7; 0 s; = Idg, because C; is free as a Z-module and hence we have B; ~ ;(4;) ® s;(C;) ~ A; & C; (i =1,2)
as a Z-module. Then

7:(C1 @ Ba) @ (B) ® Ca) = C1 ® Ca
can be written as
7 (C1 ® (12(A2) @ 52(C2))) @ ((11 (A1) © 51(Ch)) ® Ca)
= (C1 ®12(A2)) ® (C1 @ 52(C2)) @ (11(A1) @ C2) & (51(C1) ® Co) — C1 ® Co.
It follows from (ii) and
(+) lde,ec, 1 C1® Cy 222 51(Ch) ® 53(Ca) 722 €1 @ C
that
Tmage(f) & {(21, 22, 23, 24) € (C1 @ 12(A2)) & (C1 @ 52(C)) & (12 (A1) ® Co) & (51(Ch) @ C)

| (51 @ Idgy(c))(22) = (Ids, () @ 52)(24) }
Y (1,29, 05,20) € (C1 ©12(A2)) & (C1 @ 52(C3)) & (11 (A1) @ Cs) @ (1 (C) @ C)

| (Ide, ® mo)(22) = (m1 @ Ide, ) (24) }

Ker(m).

—~

(*:*)

The last equality (*+) and Image(m) = C; ® C5 follow from
Tler@ia(as) = 0,
T|cr@ss(0s) : C1 @ $2(C2) = C1 ® Ca, @ (Ide, @ m2) (),
7oy (anees =0,
sy (cny@e,  51(C1) @ Co 0@ Cyy e —(m @ 1de,)(z).

(1) By Lemma 5.4, we can take s; € Homg(q)(C;, B;) such that m; o s; = e;Idg, (i = 1,2). By the assumption
ged(eq, ea) = 1, there exist integers u, v such that ves — ue; = 1. Then we can define the map

S:Ol®02—>(01®B2)@(B1®02)

€1 ® cg > (vey ® sa(ce),usi(c1) ® c2)
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which becomes a splitting of 7, i.e. mos =1Idg, g0, By Lemma 5.4, this implies that (EFQR)) splits.

(2) It follows from Coker(f) = C; ® Cs and (1) above that (E§12R)) is exact. For the last assertion, by Lemma
5.4, we can take t; € Homgyg)(B;, A;) such that ¢; o 1; = e;Ida, (i = 1,2). Then we see that

A ® Ay % (B1® B2) & (C1 ® Cs)
where (t,0) := (t1 ®t2, 0) satisfies that (¢,0)0(¢,0) = ereaIda,g4,. By Lemma 5.4, we get ord(ESQRS)) | eres. O
We also get the dual version of Proposition 5.5:
Proposition 5.6. Consider two exact sequences of G-lattices
(F1):0—= A %% B ™0 — 0,
(F):0— Ay 2 By 2 Cy — 0
with e; = ord(E7), e2 = ord(E2). Then there exists an exact sequence of G-lattices
(B :0 = A1®A % (A ©B) @ (BioA) L BioB, & G0 Ch = 0
where

a1 ® az) = (a1 ® 12(az2), —t1(a1) ® as),
flar ® b2, b1 ®a2) = t1(a1) ® ba + b1 ® t2(a2),
7(b1 @ by) = m1(b1) @ ma(b2).

(1) If ged(er, e2) = 1, then the following exact sequence of G-lattices splits:
(B2P) 105 Ay @ Ay = (A1 @ Bo) @ (B1 @ As) L5 Tmage(f) — 0,
t

i.e. (A1®Az)®Image(f) ~ (A1®B2)®(B1®A3), that is, there exists t € Homyq)((A1®B2) ®(B1® Az), A1 ® As)
such that tor=1da,g4,-
(2) If ged(er, e2) = 1, then there exists an exact sequence of G-lattices

(BPE9) 10 5 (41 © By) @ (B ® A) 14 (4 @ Ap) @ (By @ By) U ¢y @ € — 0

with ord(EfQLS)) | eres.

Proof. That (E%)) is exact is a straightforward verification. Alternatively, we can get that (E%)) is exact by

taking the dual of (E§12)) as in Proposition 5.5 (see also the proof of Proposition 5.5).
(1) By Lemma 5.4, we can take t; € Homgq(B;, A;) such that t; o ¢; = e;Ida, (i = 1,2). By the assumption
ged(eq, ea) = 1, there exist integers u, v such that ves — ue; = 1. Then we can define the map
t: (A1 ®Bs) ®(B1®As) - A1 ® Ag,
(al (24 bQ, bl (24 (12) — va] ® t2(b2) + utl(bl) X as

which becomes a retraction of ¢, i.e. tot =1Ida, g4,.- By Lemma 5.4, this implies that (E§22L)) splits.

(2) It follows from Ker(f) = Image(:) ~ A1 ® A5 and (1) above that (E%LS)) is exact. For the last assertion, by
Lemma 5.4, we can take s; € Homgyg)(C;, B;) such that m; o s; = e;Id¢, (i =1,2). Then we see that

Bi1®By; = (C;®Cy)
s1®s2

satisfies that 7o (s1 ® s2) = e1e2Ide, gc,- By Lemma 5.4, we get ord(EfQLS)) | eres. O

Definition 5.7. For algebraic k-tori T3, T% with ﬁ ~ My, ﬁ ~ My, we define the tensor product T =T; ® To
of Th, To by T ~ M; ® M where My ® M, is the tensor product of My, My given as above (which is G-lattice
for some subdirect product G of G1, G2 with surjections p; : G — G1, @2 : G — G2).

As an application of the preceding constructions as in Proposition 5.5, we derive the following result.
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Theorem 5.8 (see also Voskresenskii [Vos98, Section 6.3, pages 69-71, Example 6, Example 7, pages 100-102]).
Let k be a field and G be a finite group. Let X; (1 < i <) be a finite G-set with |X;| = n;. Recall the ezact
sequences of G-lattices

(Ex,):0 = Ix, = Z[X;] 5 Z — 0
as in Definition 2.1. Define the permutation G-lattices
Pt = b ZicaXi] (e.g. Pt =7Z[X1 x Xo] ®Z if r = 2)
Ac{1,...,r}, |A|=r(mod 2)
and
P~ = b ZicaXi] (e.g. P~ = Z[X1] ® Z[Xs] if 7= 2).
AcC{1,...,r}, |A|=r+1(mod 2)
If ged(ni,nj) =1 for any 1 <i < j <r, then there exists a natural exact sequence of G-lattices

(EN:0—=Ix,® - ®Ix, - PP~ =0

with ord(E™) | ny -+ -ny. In particular, we have [Ix, ® - ® Ix, ]/ = [P~] = 0.

In other wards, let h : Gal(k/k) — G be a continuous homomorphism, A; (1 < i <) be the étale k-algebra
corresponding to X; via h and T; := RAi/k(Gm)/Gm,k be the algebraic k-torus with character module ﬁ ~ Ix,.
Then the algebraic k-torus T :=T1 ® ... ® T, with character module T ~ Ix, ® - ® Ix, is stably k-rational.

Proof. If r = 2, we have PT = Z[X x X3]| ® Z, P~ = 7Z[X1] ® Z[X>5] and
(E*):0 = Ix, ® Ix, = Z[X1 x Xo]| ® 7 — Z[X1] ® Z[X2] — 0.

This follos from the exact sequence (ESQRS)) as in Proposition 5.5 (2) by applying (E;) = (Ex;) (¢ = 1,2). The
general case is by induction on 7 > 2. For the induction step, observe that ged(ord(E™),ord(E™1)) = 1, so that
one may apply Proposition 5.5 (2) to the extensions (E”) and (E"*!). It is a straightforward verification, that
the resulting extension is the desired (E™+!). In particular, we have [T)/! = [Ix, ® --- ® Ix, ]! = [P~] = 0 and
hence it follows from Theorem 2.7 that T is stably k-rational. O

Remark 5.9. When r = 2, if ged(ny,n2) = 1 where n; = dim (A;) (¢ = 1,2), then the algebraic k-torus
T =T; ® Ty as in Theorem 5.8 is k-rational by a result of Klyachko [Kly88] (see also Florence and van Garrel
[FvG17, Theorem 2.1]). However, it is an open problem whether T'= T} ® ... ® T, is k-rational or not when
r > 3 (see Voskresenskii [Vos98, Section 6.3, page 71]).

The results given in Section 6 and Section 7 will improve on Theorem 5.8, using a similar method based on
Proposition 5.5. Applications shall be given to the case of a tensor product of norm one tori 74, = Ri (Gn),
which is arguably more interesting than the (dual) case of R4, /x(Gm)/Gm k, dealt as in Theorem 5.8.

5.3. Tensor products of Chevalley modules J;,; and an application of Theorem 5.8 and Remark
5.9. We here collect some results which are related to the tensor products of Chevalley modules Jg,y and

by applying Theorem 5.8 and Remark 5.9, we get the k-rationality of norm one tori 7Tx = Rg;k((l}m) with
Gal(L/k) ~ D,, for odd integers n > 3.

Theorem 5.10 (Endo and Miyata [EM82, Lemma 2.3]). Let G be a finite group. We have an exact sequence of
G-lattices

0— Jog — Z[GIPIGI=Y 5 (J5)®%2 =0
and (Jg)®? is flabby and coflabby. In particular, [Jg]'' = [(Jg)®?].

Theorem 5.11 (Lemire [Lem, Proposition 5.11], see also Colliot-Thélene and Sansuc [CTS87, Proposition 9.1],
Bessenrodt and Le Bruyn [BLBI1, page 188]). Let p be a prime number and S, be the symmetric group of degree
p. Then we have an exact sequence of S,-lattices

0— JSP/SP—I - Z[SP/SP—2] - (JSP/SP71)®2 —0

and (Js, s, ,)%* is invertible. In particular, [Js, /s, )" = [(Js, /s, ,)®?] is invertible and hence the norm one
torus T with %K ~Js,/s,_, 18 retract k-rational.
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Theorem 5.12 (Beneish [Ben98, page 3572], Lemire [Lem, Lemma 5.1], see also Bessenrodt and Le Bruyn
[BLB91, page 180], Lorenz [Lor05, page 46, page 146]). Let S, be the symmetric group of degree m. Let u;
(1 <i<n) bea basis of Z[Sy/Sn—1] with o(u;) = us@y for any o € S, Let y; j (1 < 4,5 < n,i# j) be a basis
of ZL[Sn/Sn—2] with 0(yi ;) = Yo(i),o(j) for any o € S,. Then we have an isomorphism

f: Isn/snfl ® Z[Sn/Sn_l] = Z[Sn/Sn_Q], (Uz - Uj) Q@ Ui > Y-

Theorem 5.13 (Beneish [Ben98, Proposition 1.1], see also Lorenz [Lor05, Proposition 2.12.2], Lemire [Lem,
Lemma 5.2]). Let p be a prime number and S, be the symmetric group of degree p. Then

(Jsp/spfl ® ISp/Spfl) D Z[Sp/sp—l] = Z[Sp/sp—2] & Z.

Proposition 5.14 (Lemire [Lem, Proposition 4.5]). Let n > 3 be an odd integer and D,, be the dihedral group
of order 2n. Then Jp, 0, ~Ip,/c, ® Ip, c,, -

By combining Theorem 5.8, Remark 5.9 and Propositon 5.14, we get the k-rationality of Tx = R;}k((l}m)
with Gal(L/k) ~ D,, for odd integers n > 3 (see also Theorem 3.9 for the stable k-rationality):

Proposition 5.15. Let n > 3 be an odd integer and D,, be the dihedral group of order 2n. Let K/k be a separable

field extension of degree n and L/k be the Galois closure of K /k with G = Gal(L/k) ~ D,,. Let Tk = Rg}k((l}m)

be the norm one torus of K/k with Ti ~ Ip,jc, and T' (resp. T") be an algebraic k-torus with T ~ Ip, /c,
(resp. T" ~ Ip, c,). Then Tk = R%}k(Gm) ~T' @T" with Tx ~ Ip,jc. = 1p, c. @ Ip, ¢, is k-rational.

6. RATIONALITY OF TENSOR PRODUCTS T} ® T5 OF ALGEBRAIC k-TORI T7 AND T
In this section, G is a finite group.

6.1. Permutation order p-ord(M) and invertibility of G-lattices M. The following characterisation of
invertible G-lattices is well-known.

Lemma 6.1 (Lenstra [Len74, Proposition 1.2], see also Endo and Miyata [EM75, Lemma 1.2], Colliot-Théléne
and Sansuc [CTS77, Lemme 9, page 182], Swan [Swal0O, Corollary 2.5]). Let E be a G-lattice. Then E is
invertible if and only if any short exact sequence 0 — C' — N — E — 0 of G-lattices with C' coflabby splits, i.e.
Ext%[G] (E,C) =0 for any coflabby G-lattice C.

The following definition appears to be new.

Definition 6.2. Let M be a G-lattice. The permutation order p-ord(M) of M is the smallest integer a > 1 such
that aldy : M — M factors through a permutation G-lattice as a Z[G]-homomorphism where Idy, : M — M

is the identity map of M, i.e. there exists a permutation G-lattice P such that aldy; : M 1P % M with
go f=aldy.

Lemma 6.3. Let M be a G-lattice and M° = Hom(M,Z) be the dual of M. Then p-ord(M) = p-ord(M°®).

Proof. By considering the dual Idpse : M° — P° — M° of Idy; : M — P — M where P is permutation, we see
the assertion because P° is permutation. O

Lemma 6.4. Let G be a finite group, p be a prime number and G, = Syl,(G) be a p-Sylow subgroup of G.
Let M be a G-lattice and M|g, be a Gp-lattice obtained by restricting the action of G on M to G,. Then

SDresp

HY G, M) —= @y H (Gp, M|g,) becomes injective. In particular, if H (G, M|a,) = 0 for any prime
divisor p | |G|, then HY (G, M) = 0.

resy coresy

Proof. We see that the composite map cores, ores, : H'(G, M) —> H*(G,, M|g,) — M(G) is the multipli-
cation by [G : Gp] which is coprime to p (see e.g. Serre [Ser79, Proposition 4, page 130], Neukirch, Schmidt and

Presy

Wingberg [NSW00, Corollary 1.5.7]). If a € Ker{H' (G, M) —= ®,);¢/H"(Gp, M|c,)}, then [G : Gpla = 0 for
all p | |G|. This implies that « = 0 € H'(G, M). We get the injection H*(G, M) < @/ H (Gp, M|g,). g

Proposition 6.5. Let G be a finite group and M, N be G-lattices. Let (E):0 —C % N 5 M — 0 be an ezact
sequence of G-lattices with C coflabby. Let p be a prime number, G, = Sylp(G) be a p-Sylow subgroup of G and
Mg, be a Gp-lattice obtained by restricting the action of G on M to G,. Then

(1) ord(E) | |G|, i-e. ord(E) divides |G|.

(2) ord(E) | p-ord(M).

(3) p-ord(M) = ord(E) if N is permutation, i.e. (E) is a coflabby resolution of M. In particular, if aldp : M —
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M factors through a permutation G-lattice as a Z|G]|-homomorphism, i.e. there exists a permutation G-lattice P

such that aldy : M L P % M with go f=aldy, then p-ord(M) | a.
(4) p-ord(M) | |G].
(5) p-ord(M) = [, p-ord(M|g,) where p-ord(M|g,) | |Gp|.
(6) The following conditions are equivalent:
(i) p-ord(M) = 1;
(ii) p-ord(M|g,) =1 for any prime number p;
(iii) p-ord(M|g,) = 1 for any prime divisor p | |G|;
(iv) (E) splits;
(v) M is invertible.
In particular, M is invertible if and only if M|q, is invertible for any prime number p if and only if M|q, is
invertible for any prime dwisor p | |G| (due to Endo and Miyata [EM75, Lemma 1.4]).

Proof. Define d := p-ord(M) and e := ord(E), i.e. the order of (F) as an element (F) € Ext%[G](M, C) ~
HY(G,Homz(M,C)).

(1) We see e | |G| because Ext%[c] (M,C) ~ H'(G,Homz (M, C)) is killed by |G| (see Neukirch, Schmidt and
Wingberg [NSW00, Proposition 1.6.1]).

(2) We will show e | d. Tt also follows from the definition of d that there exist a permutation G-lattice @,
¢ € Homy) (M, Q), ¥ € Homgg)(Q, M) such that dIdy = Yo : M RN Q — M. Form the pull-back diagram
(see e.g. Hilton and Stammbach [HS71, IL.6, page 59]):

(6o 9)"(E):0 €~ (o) ()~ 0
$*(B) 0 ‘c‘* . w*%m v ciz 0
| o |+
(E):0 c L N ul M 0
where
¥ (N) = {(n, q>eNxQ|w<> w<q>},
dn(n,q) = n, ¥*(m)(n,q) = g, ¥*(1)(e) = (1(c),0),
(0 9)* (V) = {(n, 4, >eNxQxM|w(>=w<q> g = pm)},

pn(n,q,m) = (n,q), (Yo @) (m)(n,q,m)=m, (¥op) ()(c) = (¢(c),0,0).

Because C is coflabby and @ is permutation, by Lemma 6.1, ¥*(E) splits, i.e. Ext%[a] (Q,C) = 0. Hence
there exists t € Homgg)(Q, % (N)) such that ¢*(7) ot = Idg. We can take ¢*(t) € Homg g (M, (1 0 ©)*(N))
as *(t)(m) = (Yn ot op(m),p(m),m). Then we have (¢ o ¢)*(7) o p*(t) = Idps. Now we can take . (t) €
Homg (M, N) defined by . (t)(m) = notop(m) which satisfies mo1).(t) = mo(¢yotop) = (Yoyp*(m))o(toyp) =
(¥ o ) = dIdyps. This implies that (¢ o p)*(E) = d(E). Because d(F) splits, we conclude that e | d.
(3) By (2), we should prove d < e. If N = P is permutation, then it follows from Lemma 5.4 that there exists
s € Homg (M, P) such that 7 o s = eldy;. This implies d < e from the definition of d. The last statement
follows from Lemma 5.3 (3).
(4) it follows from the existence of a coflabby resolution (see Endo and Miyata [EM75, Lemma 1.2]), (1) and (3)
that p-ord(M) | |G|.
(5) By (3), we have p-ord(M) = ord(E) and p-ord(M|g,) = ord(E|g, ). Hence the assertion follows from Lemma
6.4.
(6) By (5), we have (i) < (ii) < (iii). By (3), we have (i) < (iv).
(iv) = (v): By (3), if ord(E) =1, i.e. (E) splits, then C & M ~ P and hence M is invertible.
(v) = (i): If M is invertible, then it follows from Lemma 6.1 that (E) splits. Hence we have Idy; : M = P ~
Ca& M 5 M with mo. =1Idy. By (3), we have p-ord(M) = 1.

The last assertion follows from (6). O

Let p be a prime number. Let Z ) be the localization of Z at a prime ideal (p) and Z, be the completion of Z
at a prime p. It is known that Krull-Schmidt-Azumaya theorem holds for Z,[G]-lattices, i.e. Z,[G]-lattices have
the unique decomposition into indecomposable ones up to isomorphism and numbering (see Curtis and Reiner
[CR81, Theorem 6.12], see also Azumaya [Azu50, Theorem 1], Hoshi and Yamasaki [HY17, Chapter 4], [HY1,
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Section 7]) although it does not hold for G-lattices in general (see Swan [Swa60, Section 10], Curtis and Reiner
[CR81, Section 36], Hoshi and Yamasaki [HY17, page 9 and Chapter 4]). If G is a p-group with p # 2, then
Krull-Schmidt-Azumaya theorem holds for Z,[G]-lattices (see Jones [Jon65, Theorem 2 with ¢ = 1], Curtis and
Reiner [CR81, Theorem 36.1]).

Proposition 6.6. Let G be a finite group, M be a G-lattice and (E) : 0 — C % P 5 M — 0 be a coflabby
resolution of M as G-lattices with P permutation and C coflabby. Let p be a prime number and G, = Sylp(G)
be a p-Sylow subgroup of G. Let M|q, be a Gp-lattice obtained by restricting the action of G on M to G,. Let

(E|Gp) 0 — C|Gp —)Lle P|Gp —)ﬂGF M|Gp —0
be a coflabby resolution of M|q, as Gyp-lattices,

T(p)

L(p)
(E)) : 0= Cpy = C® L) == Py = PO L) — M) := ML) =0
be a coflabby resolution of M)y = M ® Zyy as 7y [G]-lattices and

(Ep):0—=Cp:=C®Q%y -2 Pyi=P Ty~ My:=M®QZ, —0

be a coflabby resolution of M, = M ® Z; as Z,[G]-lattices. Then p-ord(M|g,) = p-ord(M(;,)) = p-ord(M,) =
ord(E|g,) = ord(E,) = ord(E}) which gives the p-part of p-ord(M) = ord(E).

Proof. For p-ord(M|g,) = p-ord(M(;)) = ord(E|g,) = ord(E,), by a similar argument of the proof of Propo-
sition 6.5 (3), we have p-ord(M|g,) = ord(E|g,) and p-ord(M(,)) = ord(E(,)). Because ord(E(,) is the
order as an element (E,) € EXt%(m[G] (M|, Clipy) ~ H'(G,Homg,, (M), Cp)) and ord(E|q,) is the or-
der as an element (E|g,) € Ext%[Gp] (M|g,,Clg,) ~ HY(G,,Homz(M|g,,C|a,)), the assertion follows from
H'(G,Homyz,, (M), C(p))) ~ H'(Gp, Homz(M|a,,Cla,)) via invariant factor theory.

For p-ord(M|g,) = p-ord(M,) = ord(E|g,) = ord(E),), we get the assertion by the similar manner. O

Definition 6.7 (Scavia [Sca20, Definition 2.1]). Let G be a finite group and M be a G-lattice. Let p be a prime
number and M,y = M ®Z ) be a Z,[G]-lattice. A G-lattice M is called p-invertible if there exists permutation
G-lattice P such that M, is a direct summand of P,y = P ® Z,), i.e. there exists Z,)[G]-lattice M’ such that

Mgy ® M' ~ F,.

Scavia [Sca20, Lemma 2.5] showed that M is p-invertible if and only if M|g, is invertible. The concept of

p-invertiblity of a G-lattice M can be well-understood via the permutation order p-ord(M) of M (note that M
is invertible if and only if p-ord(M) = 1 by Proposition 6.5 (6)):

Proposition 6.8 (see also Scavia [Sca20, Definition 2.1]). Let G be a finite group and M be a G-lattice. Let p be
a prime number and G, = Syl,(G) be a p-Sylow subgroup of G. Let M|g, be a Gp-lattice obtained by restricting
the action of G on M to G,. The following conditions are equivalent:

(i) M is p-invertible;

(i) ged(p, p-ord(M)) = 1;

(i) p [ p-ord(M);

(iv) p-ord(M|g,) = 1.

Proof. The assertion follows from Proposition 6.5 (3), (6) and Proposition 6.6. O

Definition 6.9 (Merkurjev [Mer20, Section 2]). Let k be a field. An integral k-variety X is called p-retract
k-rational if there exists a rational dominant morphism f : P --+ X for some n such that for every nonempty
open subset U C P" in the domain of definition of f, there is a morphism g : Y — P™ such that Im(g) C U and
the composition fog:Y — X is dominant of finite degree prime to p:

Y

g
/ lof degree prime to p
f

P*— - > X.
The following result is due to Scavia [Sca20] (see also Proposition 6.5 (5), (6)):

Theorem 6.10 (Scavia [Sca20, Proposition 3.1, Theorem 1.1]). Let T be an algebraic k-torus with the minimal
splitting field L and the G-lattice T = Hom(T xj L, G, 1) where G = Gal(L/k). Then T is p-retract k-rational
if and only if [f]ﬂ 1s p-invertible. In particular, T is retract k-rational if and only if T is p-retract k-rational for
any prime number p if and only if T is p-retract k-rational for any prime divisor p | |G|.
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6.2. Tensor products T) ® Ty of algebraic k-tori 77 and T5.

Lemma 6.11. Let P be a permutation G-lattice.

(1) If P’ is a permutation G-lattice, then P ® P’ is a permutation G-lattice;

(2) If S is a stably permutation G-lattice, then S ® P is a stably permutation G-lattice;

(3) If S, S’ are stably permutation G-lattices, then S ® S’ is a stably permutation G-lattice;
(4) If I is an invertible G-lattice, then I ® P is an invertible G-lattice;

(5) If I, J are invertible G-lattices, then I ® J is an invertible G-lattice;

(6) If C is a coflabby G-lattice, then C ® P is a coflabby G-lattice;

(7) If F is a flabby G-lattice, then F ® P is a flabby G-lattice.

Proof. (1) If P ~ 7[X], P’ ~ Z[Y] are permutation, then there exists an isomorphism ¢ : Z[X] ® Z[Y] —

ZIX x Y], X pex alz]) @ O, ey byly]) = Xpex 2oyey aubyl(z,y)]. Hence P ® P’ ~ Z[X x Y] is permutation.

(2) If S is stably permutation, then there exists a permutation G-lattice @ such that S @ @ is permutation. By

1), (SeQ)®@P~(S®P)d®(Q®P)and Q ® P are permutation. Hence S ® P is stably permutation.

(3) If S, S’ are stably permutation, then there exist permutation G-lattices @, Q' such that S ® @, S’ @ Q’

are permutation. By (1), (S® Q) ® P, (S’ ® Q') ® P are permutation. We have (S & Q) @ (S’ ® Q') ~

(S5 lEQ)e(QeS)®(Q®Q"). By (1), (2), we find that (S®Q)® (S8 Q), S®Q,Q®S, Qe Q'

are permutation. Hence S ® S’ is stably permutation.

(4) If I is invertible, then there exists G-lattice I’ such that I @ I’ is permutation. By (1), (I ® I') ® P is

permutation. Hence I ® P is invertible because (I @ I') @ P~ (I ® P) & (I' ® P).

(5) If I is invertible, then there exists G-lattice I’ such that T¢I’ is permutation. By (4), (I®I')®J is invertible.

Hence I®.J is invertible because (I®I')®J ~ (I®J)®(I'®J). Alternatively, if I, J are invertible, then there exist

G-lattice I', J' such that I&I' ~ P, J®J' ~ Q are permutation. Then PRQ ~ (I®J)d(IJ )e(I'@J)®(I'®J’).

By (1), P ® @ is permutation. Hence I ® J is invertible.

(6) Let H < G be a subgroup. We need to show that H*(H,C ® P) = 0. Restricted to an H-lattice, P =
"_,Z[H/H;] for subgroups H; < H. By Shapiro’s lemma (see Brown [Bro82, Proposition 6.2, page 73], Neukirch,

Schmidt and Wingberg [NSWO00, Proposition 1.6.3]), we have H'(H,C ® P) = H'(H,C ® (&7_,Z[H/H,])) =

HY(H,®"_,(C®ZH/H;)) =o_H (H,C ® Z[H/H,;]) = ®/_H'(H,C[H/H;]) = ®"_, H' (H;,C) = 0 because

C is coflabby.

(7) The proof is the same as for (6), using H ! instead of H!. O

Theorem 6.12. Let My and My be G-lattices with di = p-ord(M;) and do = p-ord(Ms). We take flabby
resolutions of My and Ms respectively:

(E1):0 = M; % P ™5 Fy — 0,
(E2)20—>M2L—2>P27T—2>F2—>0

with F; flabby and P; permutation (i = 1,2). Then there exists an exact sequence of G-lattices

E):0sMeMbSPab,bFek)ePel) S FRak -0

where
t(my1 @ ma) = t1(m1) ® ta(ma),
f(p1 ® p2) = (m1(p1) ® p2,p1 @ m2(p2)),
T(f1 @ p2,p1 ® f2) = f1 @ m2(p2) — 71(p1) @ fo.
Define

F :=Image(f) = Ker(n) < (F1 ®@ P2) ® (P ® Fy).
(1) If ged(dy,d2) = 1, then the exact sequence

EY) 0 F 5 (PeP)e(PioR) B R eF 0

splits, i.e. F @ (F1 @ F3) ~ (F1 @ P5) @ (Py ® Fy). Hence the G-lattices F and Fy @ Fy are flabby and the exact
sequence

(B0 MeM S P oP, b Foo

gives a flabby resolution of My ® My with F flabby and P, ® Py permutation, i.e. [My ® My)'' = F. In particular,
p-ord(M; ® My) = ord(E\y") | dyds.
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(2) If ged(dy,da) =1 and Fy and Fy are stably permutation, then F is stably permutation, i.e. [F] = 0.
(3) If gcd(d1,d2) = 1 and Fy and Fy are invertible, then F' is invertible.

Proof. (1) It follows from Lemma 6.3 an Proposition 6.5 that d; = ord(F;) and do = ord(F3). Then the
assertion follows from Proposition 5.5 with the help of Lemma 6.11 because for G-lattices M, N, we have
Itl_l(H, M®N) ~ Itl_l(H, M)® Itl_l(H, N) for any H < G. In particular, by (the dual version of) Proposition
6.5 (3), we see that p-ord(M; ® M) = ord(E&L)) | dids.

(2) By Lemma 6.11 (3), F} ® F; is stably permutation. By (1), we have F' © (F} ® Fy) ~ (F1 ® P2) @ (P1 ® F3).
Use Lemma 6.11 again. Then we find that F' is stably permutation.

(3) By (1) and Lemma 6.11, we see F' @ (F1 ®@ F3) ~ (F; ® Py) ® (P; ® F) is invertible. O

Remark 6.13. (1) In general, for G-lattice M; (i = 1,2) with d; = p-ord(M;), we see that p-ord(M; ® M3) | d1d2
without the assumption ged(dy,ds) = 1 because if a;idp, @ M; ELN P2 M, (1 = 1,2), then aasidpr, gnm, =

(aridas,) ® (azidag,) : My © Mo 220 P @ Py 2292, My @ M, and (g1 @ g2) o (1 @ f2) = (910 f1) @ (g2 © f).

(2) We will see that there exist stably k-rational algebraic k-tori T7, To such that 77 ® T5 is not retract k-rational
when ged(dy,dz) # 1 (see Example 7.6). This gives an example which (EFQR)) does not split and [F] is not the
flabby class of M7 ® Mo, i.e. the assumption ged(dy,d2) = 1 of Theorem 6.12 is necessary.

We also get the dual version of Theorem 6.12 by the same manner.

Theorem 6.14. Let My and My be G-lattices with di = p-ord(M1) and do = p-ord(Mz). We take coflabby
resolutions of My and Ms:

(E1)10—>Cl L—1>P1£>M1—>O,
(E2)10—>CQL—2>P27T—2>M2—>0
with C; coflabby and P; permutation (i = 1,2). Then there exists an exact sequence of G-lattices

(ED):05 0005 (CoR)oPet) b PaP, S MieM -0

where
c1 ® c2) = (e1 ® 1a(c2), —t1(c1) ® c2),
fle1®p2,p1 @ c2) = 11(c1) @ p2 + p1 ® ta(c2),
7(p1,p2) = m1(p1) ® m2(p2)-
Define

C :=Image(f) = Ker(m) < P ® Ps.
(1) If ged(dy,d2) = 1, then the exact sequence
(ESN): 05000S (CraP)ePet)Lc—o
splits, i.e. (C1 @ C2)®C ~ (C1 ® P2) ® (Py ® C2). Hence the G-lattices C1 @ Cy and C are coflabby and the

exact sequence

(B 050l par, 5 MM, -0

gives a coflabby resolution of My @ My with C coflabby and Py ® Py permutation. In particular, p-ord(M; @ M) =
(2R)

OI‘d(ELQ ) | dldg.

(2) If ged(dy,da) =1 and Cy and Cs are stably permutation, then C is stably permutation, i.e. [C] = 0.

(3) If ged(dy,d2) = 1 and C1 and Cs are invertible, then C' is invertible.

By Theorem 6.12, we get one of the main contribution of this paper (see Section 3 for examples of stably (resp.
retract) k-rational algebraic k-tori T'):

Theorem 6.15. Let Ty and Ts be algebraic k-tori with permutation order dy = p—ord(ﬁ), do = p—ord(@). If
ged(dy,dz) =1 and Th and Ty are stably (resp. retract) k-rational, then Ty ® T is stably (resp. retract) k-rational.

Proof. Define M; := Mg, = T, (1 = 1,2) where G; < GL(n;,Z) as in Definition 2.3, and introduce a flabby
resolution of M; with [M;]! = F; as in Theorem 6.12. Applying Theorem 6.12 yields a flabby resolution
(E;?;)):O—)M1®MQL>P1®P2 i>F—>O.

Again, Theorem 6.12 (2) (resp. (3)) shows that, if F; and F5 are stably permutation (resp. invertible), then so
is F. By Theorem 2.7, the stable (resp. retract) k-rationality of 77 and T5, indeed implies that of T3 @ To. O
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There is a straightforward partial converse to Theorem 6.15 (without the assumption ged(dy,ds) = 1):

Proposition 6.16. Let G; < GL(n;, Z) (i = 1,2) be a finite subgroup and Mg, be the G;-lattice as in Definition
2.3. Define G := Gy x Go. Let h : Gal(k/k) — G be a continuous surjective homomorphism and T; be the
algebraic k-torus with T; = Mg, (via h). If Ty ® Ty is retract k-rational, then Ty and To are retract k-rational.

Proof. Consider a flabby resolution of G-lattices
0— Mg, ® Mg, - P—F —0.

Assume that T is retract k-rational, i.e. (by Theorem 2.7) that [F] is an invertible G-lattice. After restricting
the action of G to G; (= G x {Id}), we get the exact sequence of G;-lattices

0— (Mg,)®" = Plg, = Flg, =0

where P|g, is permutation and F|g, is invertible (as Gp-lattices). Thus, [(Mg,)®"2)/! = na[Mg,]’! is invertible.
Equivalently, [Mg,]/! is invertible. Thus, by Theorem 2.7, the algebraic k-torus 7} is retract k-rational. O

1 .,
7. RATIONALITY OF NORM ONE TORI Tagp = Rfaxe)w/k(@m) OF TENSOR PRODUCTS OF ETALE ALGEBRAS A/k

AND B/k

Let A/k be an étale k-algebra. Write A = [[;_, K; where K;/k (1 <1i < r) are finite separable field extensions
with [K; : k] = n;. Let L C k be the splitting field of A/k. It is the Galois closure of the compositum of the K;’s,
inside % (see Section 2.3 and Section 2.7.2). Then the finite G-set X := X (A) = Homy (A, k) is a disjoint union
of G-orbits X;, with |X;| =n; and n=>"_, n;.

Let M be a G-lattice. Recall that the permutation order p-ord(M) of M is the smallest integer a > 1 such
that aldy : M — M factors through a permutation G-lattice as a Z[G]-homomorphism (see Definition 6.2).

Theorem 7.1. Let T4 = RS/)k(Gm) be the norm one torus of an étale algebra A/k with dimy A = n where
A=1Ti_, K; with [K; : k| = n;. Let X = X(A) = Homy (A, k) be the corresponding G-set with Ta ~ Jx and
|X| =n where X =1]._, X; is the disjoint union of G-orbits with |X;| =n; andn=73_,_ n;. Let
(Ex):0—=Ix S Z[X] S Z -0
be an exact sequence of G-lattices and its dual
(Fx):0 = Z <5 Z[X] 5 Jx =0
given as in Definition 2.1. Then
(1) p-ord(Ix) = p-ord(Jx) = ord(Ex ) = ord(Fx). In particular, p-ord(Ix) | |G|.
(2) If r = 1, then p-ord(Jx) = n. In particular, we have p-ord(Jg,g) = n with Jx ~ Jg/g when G < S,
transitive and |G : H] = n.
(3) If r > 2, then p-ord(Jx) = ged(ny, ..., ny) | n.
(4) If ged(na,...,n.) = 1, e.g. n = p; prime, then Z ® Jx ~ Z[X] and hence Ty x Gy, is k-rational. In
particular, Ty is stably k-rational.
Proof. Define d := p-ord(Jx) and e := ord(Fx), i.e. the order of (Fx) as an element (Fx) € Extlz[G](JX,Z) o
Hl(G, Homz (Jx, Z))
(1) It follows from Proposition 6.5 that d = e. Hence we get the assertion by Lemma 6.3 and ord(Ex) = ord(Fx)

because (Fx) is the dual of (Ex). The last assertion follows from Proposition 6.5.
(2), (3) Define

_n if r=1
" \ged(na, ... ny) if r>2.

We will show that (i) e | g and (ii) g | d. Then the assertion follows from (1) because d = e.
(i) If r > 2, then pick a Bézout relation g = byny + -+ - + b.n, (b; € Z). By the exact sequence (Ex ), we get a
long exact sequence

H(G,Z[X)) = Z[X]% = P < > [x]> ~ 7" 5 HYG,7) =7 ~ 7% HY(G, Ix) —» HY(G, Z[X]) = 0
i=1 \z€X; [y
where the map ¢ : Z" — 7 is given by
()\1,...,)\,«))—>)\1n1+...+)\T’nT.
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This implies that H'(G, Ix) ~ Z/Image(e) ~ Z/gZ. By (1) and the computation
(Fx) € Extye(Jx, Z) ~ H'(G,Homg(Jx, %)) ~ H'(G, (Jx)°) ~ H(G,Ix) ~ Z/gZ,
we infer that e | g.

(ii) From the proof of (i) as above, we have Ext%[G](J x,7Z) ~ 7Z/gZ and hence there exists an exact sequence
of G-lattices

(Gx):0>Z—N—Jx —>0
with ((Gx)) = Ext%[a]((]x, Z) and ord(Gx) = g. By applying Proposition 6.5, we get g | d.
(4) If ged(nq, . .., ny) = 1, then p-ord(Jx ) = 1 and hence it follows from Proposition 6.5 that Jx is invertible. By

Lemma 6.1, (Fx) splits and hence Z ® Jx ~ Z[X]. This implies that Jx @& Z is permutation and k(T4 X G, i) ~
L(Jx ® 7)% ~ L(Jx)%(t) is k-rational. O

Example 7.2. Let p be a prime number and X be a G-set with |X| = p. It follows from Theorem 7.1 (3) that
p-ord(Jx) = p-ord(Ix) = p or 1. We see that p-ord(Jx) = p if and only if X is transitive, i.e. Jx ~ Jg/u
with G < S, transitive and [G : H] = p. When p-ord(Jx) = p, by Theorem 3.11, the norm one torus 74 with
Ta ~ Jx is retract k-rational, i.e. [Jx]/! is invertible (that is, p-ord([Jx]/") = 1, see Proposition 6.5 (6). When
p-ord(Jx) = 1, by Theorem 7.1, Ty is stably k-rational.

By Proposition 5.6 (Proposition 5.5) and Theorem 7.1, we get a relation between Jxxy and Jx ® Jy:

Theorem 7.3. Let X and Y be G-sets with |[X|=m, |[Y|=n and X =[[;_, X;, Y =[[;_, Y; be the disjoint
the unions of G-orbits with | X;| = my, [Yj| =n; and m =371, m;, n=32"_  n;. Let
(Ex):0—Ix X5 7[X] 257 — 0,
(By):0— Iy 5 Z[Y] 25 Z — 0,
(Exxy): 0= Ixxy 57X x Y] 2257 50
be exact sequences of G-lattices as in Definition 2.1. There exist natural inclusions of G-lattices
Ix®Iy CZX]|®Iy Clxxy CZ[X xY] ~Z[X]|® Z]Y],
Ix®Iy CIxQZY] Clxxy CZIX XY] ~7Z[X]® Z[Y]
which we use without further notice. There ezists an exact sequence of G-lattices
(EQ) 05 Ixoly % (Ix0ZY) o (ZX]|0ly) L ZX]|0ZY] ~ ZX x Y] S Z@Z~T7 -0
where
Wt @ ty) = (ta @ Ly (1), —tx (ta) @ ty) = (ta ® Ly, —La O 1y),
flla®@y,2®@1y) = 1x(la) QY+ 2@ Ly (ty) = ta @Y+ T @ 1y,
m(z,y) = ex(x) ®ey (y)-
Then we have
Image(f) = Ker(w) = Ixxy < Z[X]|® Z[Y].
(1) If ged(my,n; |1 <i<r,1<j<s)=1, e.g. gcd(m,n) =1, then the exact sequence of G-lattices

(BED) 05 Ix ® Iy 2 (Ix @ Z[Y]) @ (Z[X] © Iy) L Ixuy =0
’ t

splits, i.e. (Ix ® Iy) @ Ixxy ~ (Ix ® Z[Y]) ® (Z[X] ® Iy), that is, there exists t € Homgq((Ix ® Z[Y]) @
(ZIX|®Iy) = Ix @ Iy) such that tor = Id; g1, . In particular, we also get the dual exact sequence of G-lattices

(FUY 0= Ixy L5 (Ix 0 ZY]) @ (ZIX] @ Jy) 2 Jx © Jy =0
tO

splits, i.e. Jxxy @ (Jx @ Jy) ~ (Jx @ ZY]) ® (Z[X] ® Jy), that is, there exists t° € Homy g (Jx @ Jy, (Jx ®
ZY)) @ (Z[X] ® Jy)) such that 1° ot® =1dj gy -
(2) If ged(my,n; |1 <i<r1<j<s)=1, e.g. ged(m,n) =1, then there exists an exact sequence of G-lattices

(BSY) 10 (Ix 9 2Y) & (Z[X] © Iy) W ve e @x)ezy) Y zez 0.

In particular, we also get the dual exact sequence of G-lattices

(BLE) 05 207 T @X] @ ZY) @ (Jx © Jy) L (Jx @ ZIY]) @ (ZIX] ® Jy) — 0,
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Proof. This is a particular case of Proposition 5.6, applied to (Fy) = (E ) and (E2) = (Ey). Indeed, if A1 = Iy,
Ay = Iy, B = Z[X], By = Z[Y], then we get that (E\3) = (E §§> ) an

Image(f) = Ker(f) = Ix

The assertion follows from Theorem 7.1 because we have ord(E ) = p- ord(IX) = ged(ma,...,m;), ord(Fy) = p-
ord(Iy) = ged(na, . .., ns) and hence ged(ord(Ex ), ord(Ey)) = ged(m;,n; |1 <i <r, 1 <j <s). The dual exact
sequence follows from (M ® N)° ~ M° ® N° and (Ix)° ~ Jx, (Iy)° ~ Jy, (Ixxy)°® =~ Jxxv, Z[X]° ~ Z[X],
Z|Y1]° ~ Z[Y] where M° = Hom(M, 7Z) is the dual of a G-lattice M (see also Proposition 5.5). O

The next Theorem is the main application of our results to the algebraic k-torus T4 ® 7 and the norm one
1)

tori Tagp where Ty = RA/k(Gm) is the norm one torus of the étale algebra A/k.
Theorem 7.4. Let k be a field. Let A = [];_, K; and B = szl E; be étale k-algebras with dimy A = m,
dimy B = n where K; and E; are finite separable field extensions of k with [K; : k| = my, [E; : k] = n;
and m = Y._ m;, n = ijl nj. Let Ta = R(l) «(Gm) be the norm one torus of the étale algebra A/k. If
ged(mi,n; |1 <i<r,1<j<s)=1, eg. gcd(m n) =1, and Ta and Tp are stably (resp. retract) k-rational,
then the algebraic k-torus Ta ® Tg and the norm one torus Tagp are stably (resp. retract) k-rational.

In particular, if r = s =1, i.e. A, B are finite separable field extensions of k, then A ® B is a finite separable
field extension of k with [A ® B : k] = mn and the norm one torus Tagp of a field extension (A ® B)/k of
dimension mn — 1 is stably (resp. retract) k-rational.

Proof. Set X := X(A) and Y := X(B). Recall that the character module of 74 (resp. Tg) is Jx (resp. Jy)
and the permutation order p-ord(Jx) (resp. p-ord(Jy)) has been computed in Theorem 7.1 (3). Define dx := p-
ord(Jx) = ged(m; | 1 < i < r) and dy = p-ord(Jy) = ged(n; | 1 < j < s). Then we see ged(dx,dy) =
ged(mg,n; |1<i<r1<j<s).
By the assumption ged(dx,dy) = 1, it follows from Theorem 6.15 that if T4 and Tp are stably (resp. retract)
k-rational, then T4 ® T is stably (resp. retract) k-rational, i.e. [Jx ® Jy]/! =0 (resp. [Jx ® Jy]/! is invertible).
Next, for the norm one torus Tagp, we consider the extensions of G-lattices

(Fx):0>7Z —7Z[X]—>Jx =0
(Fy):0>Z = Z[Y] = Jy =0

with ged(ord(Fx ), ord(Fy)) = 1 as in Definition 2.1. We apply Theorem 7.4. Then the isomorphism of G-lattices
thereof, can be rewritten here as:

Ixxy ® (Jx @ Jy) =~ (Jx  Z[Y]) ® (Z[X] ® Jy).
In particular, we have
Txxy '+ [Ux © ) = [Ux @ Z[Y))' + [Z[X] ® Jy)!
In geometric wording, this corresponds to an isomorphism of k-tori
Taws % (TAa ®T) =~ (Ta ® Rp/k(Gm)) X (Ra/i(Gm) @ Ta).

By Theorem 6.15 again, because R 4 (G, 4) with character module Z[X ] and p-ord(Z[X]) = 1 and Rp /i(Gm,B)
with character module Z[Y] and p-ord(Z[Y]) = 1 are k-rational, if T4 and Tp are stably (resp. retract) k-
rational, then T4 ® Rp/(Gm,p) and R k(G a) @ Tp are stably (resp. retract) k-rational, i.e. [Jx @ Z[Y]]/! =
[Z[X]® Jy]' = 0 (resp. [Jx ® Z[Y]]! and [Z[X] ® Jy]f! are invertible).

This implies that if ged(dx,dy) = 1 and T4 and Tp are stably (resp. retract) k-rational, then Tagp is stably
(resp. retract) k-rational, i.e. [Jxxy]f' =0 (resp. [Jxxv]?! is invertible).

For the last assertion, if r = s = 1, then A, B are finite separable field extensions of k. If ged(m,n) = 1, then
the surjective map A ® B — AB becomes isomorphic because dimy A ® B = mn and it follows from [A : k] = m,
[B: k] =n, AN B =k that dimy AB = [AB : k| = mn where AB is the composite field of A, B, i.e. the smallest
field which contains A, B. O

There is a partial converse to Theorem 7.4:

Proposition 7.5. Let A and B be étale k-algebras. Denote by k C L1 C k (resp. k C Ly C k) the minimal

Galois splitting field of A (resp. B). Define G; := Gal(L;/k) (i = 1,2). Let Ty = Rf:/)k((]}m) be the norm one
torus of the étale algebra A/k. If Ly and Lo are k-linearly disjoint, i.e. L1 ® Ly = L1Ly is a Galois field extension
of k with Gal(L1La/k) ~ G1 X Gy and Tagp is stably (resp. retract) k-rational, then Ta and Tp are stably (resp.

retract) k-rational.
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Proof. We can apply Theorem 3.21 and use a technique of [End11, The proof of Theorem 2.1, page 89] by Shizuo
Endo. Denote by X := X(A) the Gi-set associated to A and Y := X (B) the Ga-set associated to B with
ny := |X|, ng := |Y]. Define G := G1 x G2. The character module of the algebraic k-torus Ty ® Tp is the
G-lattice Jx xy, fitting into the extension

(FXXy) : O—>Z—>Z[X X Y] — JX><Y — 0.
Restricting the action of G to G1, we get the exact sequence of G-lattices:
0— 7 — Z[X]®" — Jxxyl|a, — 0.

By Theorem 3.21, we get an isomorphism of G;-lattices
Ixxvle, = Jx @ zZ[x) ot

and L(Jxxv)%|a, = L(Jx)% (u1, ..., u), i.e. [Jxxy] t|a, = [Jx]/" as Gi-lattices. Hence if [Jxxy /' = 0 (resp.
[Jxxy]f! is invertible) as a G-lattice, then [Jx]f! = 0 (resp. [Jx]/! is invertible) as a G-lattice. This implies
that Ty is stably (resp. retract) k-rational (via Theorem 2.7). Similarly, we obtain the same result for 7p by
restricting the action of G to Ga. U

Example 7.6. The condition ged(m,n) =1 in Theorem 7.4 is necessary.

(1) m = p-ord(Jx) = | X| = 3, n = p-ord(Jy) = |Y| = 3, ged(m,n) = 3 and k = Q, we see that if A = Q(¥/2),
B = Q(f) with 6> —0 —1 =0 (resp. A = Q(V/2), B = Q(¥/5)), then Gal(L/Q) ~ S3 x S3 (resp. Gal(L/Q) =
Gal(Q(/2,¥/5,v/=3)/Q) ~ (C3 x C3) x Cy) and T4 ® Tp of dimension 2-2 = 4 is not retract k-rational although
Ta = qul/)k(Gm) and Tp = Rg}k(Gm) are stably k-rational.

(2) m = p-ord(Jx) = |X| = 2, n = p-ord(Jy) = |Y| = 2, ged(m,n) = 2 and k = Q, we see that if A = Q(\/2),
B = Q(v/3), then Tagp = Rfaxle)aB/k(Gm) = Rc(leﬁ,\/?,)/Q(Gm) of dimension 2-2 — 1 = 3 is not retract k-rational
(see Kunyavskii [Kun90, Theorem 1], Hoshi and Yamasaki [HY17, Theorem 1.2] for the case U;) although
Ta = qul/)k(Gm) and Tp = Rg}k(Gm) are stably k-rational.

(3) Let A = K1 = Q(0) (resp. B = F; = Q(n)) be the cyclic cubic field with discriminant 72 (resp. 9?) where
03+60%—-20—1=0 (resp. n° —3n—1=0) with [A: k] = [B : k] = 3, Gal(A/k) ~ Gal(B/k) ~ C3 and ANB = k.
Then we find that G = Gal(L/k) ~ C3 x C3 and m = p-ord(Jx) = 3, n = p-ord(Jy) = 3, ged(m,n) = 3. We
see that T4 ® Tp of dimension 2 -2 = 4 and Tagp = RELXIQ)@B/k(Gm) of dimension 3 -3 — 1 = 8 are not retract

k-rational although Ty = RS/)k (G,) and Tp = Rg}k((l}m) are stably k-rational.
We can confirm the claims above by using the GAP ([GAP]) function IsInvertibleF as in Hoshi and Yamasaki
[HY17, Algorithm F2, page 84]. The related GAP functions are also available in [RatProbAlgTori].

Example 7.7. If F; =k (1 <j <s), then B=][[_ k~kx - xkand A®B ~[[[_jA=Ax - xA
It follows from n; = 1 (1 < j < s) that ged(mi,n; | 1 < i <71 < j <s) =1 By Theorem 7.4, we see
that if T4 = RS/)k(Gm) is stably (resp. retract) k-rational, then Tugp = REQ@B)/k(Gm) o~ REH;:l A)/k(Gm) o~

REBX___XA)/k(Gm) is stably (resp. retract) k-rational. This is a special case of a theorem of Endo [Endll,

Proposition 1.3, Corollary 1.4]. We note that the inverse direction of the statement also holds by Endo’s theorem.
For example, if A = Q(v/2) and B=Q x---xQ, then A®@ B ~ Q(v2)®@(Q x---xQ) ~ Q(v2) x---x Q(v/2)

_ p . .

and Tagp = R(Q(ﬂ)x-~~x@(\/§))/Q(Gm) is stably Q-rational.

8. APPLICATIONS TO HASSE NORM PRINCIPLE FOR FIELD EXTENSIONS K/k WHERE K = K1 ® --- ® K,
We treat the case where r = s =1, i.e. A=K, B= K, of Theorem 7.4 but for general K = K1 ® - - - ® K.

Theorem 8.1. Let k be a field, k be a fized separable closure of k, K;/k (1 < i <t) be a finite separable field
extension with [K; : k] = n; and L;/k be the Galois closure of K;/k in k with Galois groups G; = Gal(L;/k) and
H; = Gal(L;/K;) < G; with [G; : Hj] = n;. Let L =Ly---L; C k be the composite field of Ly, ..., Ly, i.e. the
smallest field which contains all L;, with Galois group G = Gal(L/k) which is a subdirect product of G1, ..., G,
i.e. a subgroup G < Gy x -+ X Gy with surjections p; : G — G; (1 <1i <t).

Assume that ged(ni,n;) =1 forany1 <i<j<t. Then K =K, ®---® Ky = K1 --- K is a finite separable
field extension of k with [K : k] =n:=mny---ny, G = Gal(L/k) =nTm < S, transitive and H = Gal(L/K) < G
with H = Nt_yo; Y(H;) and [G : H] = n. Let Tk, = R%_)/k((]}m) (1 <i<t) be the norm one torus of K;/k. If
Tk, is stably (resp. retract) k-rational for any 1 < i < t, then the algebraic k-torus Tk, ® - - - ® Tk, with character
module Jg, /g, ® -+ @ Ja,/u, and the norm one torus Tk with Tk ~ Jam are stably (resp. retract) k-rational.
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In particular, by Theorem 4.3 (see also Section 2 and Section 1), if k is a global field and Tx = R;}k(Gm)
is stably (resp. retract) k-rational, then N2 (G, Jg/i) ~ H(k,PicX) ~ H'(G,Pic Xg) ~ HY(G, [Jg/u]"") ~
Br(X)/Br(k) ~ Bry,(k(X))/Br(k) = 0 where X is a smooth k-compactification of Tk and hence A(Tx) = 0,
i.e. Tx has the weak approzimation property, and III(Tx) = 0, i.e. the Hasse norm principle holds for A/k
(that is, Hasse principle holds for all torsors E under Tx) where II(Tx)Y < WZ(G, Jg/u) and NI(Tx)Y =

Hom(II(7x), Q/Z). The condition ILI(Tx) = 0 means that for the corresponding norm hypersurface
flz1,...,2zn) =10,

it has a k-rational point if and only if it has a k,-rational point for any place v of k where f(x1,...,x,) €
klx1,...,2n] is the polynomial of total degree n defined as
f(Il, L. ,:En) = NK/k(xlwl 4+ 4 Inwn) = H §(x1w1 + -+ In’wn)
geG/H
where {w1,...,wn} is a basis of K/k, Nk, : K* — k* is the norm map and b € k* (see Voskresenskii [Vos98,

Example 4, page 122]).
Proof. By the assumption ged(n;,nj) = 1 for any 1 < ¢ < j < ¢, this follows from Theorem 7.4 repeatedly. O
We wiil use the following lemma which gives the set of all subdirect products of G1, Gs.
Lemma 8.2 (Hoshi and Yamasaki [HY1, Proof of Theorem 8.1 (1)]). Let Gy and G2 be finite groups. For a
subdirect product G < G1 x Ga of G1, Gy with surjections p1 : G — G, pa : G — Ga, define
Ny := p1(Ker(p2)) < Gy, No := pa(Ker(p1)) < Ga,m1 : G1 — G1 /N1, 72 : G2 — G2/Ns.
Then we have By = m 0¢1 : G — G1/N1, By = M0 @2 : G — Go/Na, and ¢ = (95)(P;) "' : G1/N1 = G2/Ns.
We find that a subdirect product G < Gy X Go of G1, Go with surjections @1 : G — G1, p2 : G — G2 is given by
G = {(g1,92) € G1 x G2 | P(m1(91)) = m2(g2), @ = (@) (#1) ™" : G1/N1 =5 Go/No}

and hence there exists a one-to-one correspondence between the set of all subdirect products G of G1, Go with
surjections p1 : G — G1, w2 : G — G5 and

{(N1,N2,5) | N1 < G1, N2 < G2, 5 = (8,) (1) '+ Gi /N1 = G2/N2}.
8.1. Stably k-rational norm one tori 7Tx = Rg;k(Gm) of field extensions K/k where K = K; ® - - ® K.

Theorem 8.3 (Application of Theorem 8.1: Stably k-rational norm one tori Tx = Rg; 4 (Gm) of field extensions
K/k where K = K1 ® --- ® K;). Let the notation be given as in Theorem 8.1. Assume that ged(n;,n;) = 1
foranyl <i<j<t. Then K =K1 ® - K; = Kyi--- K¢ is a finite separable field extension of k with
[K:kl=n:=n1--n, G=Gal(L/k) < G x -+ x Gp,, G =nTm < S, transitive and H = Gal(L/K) < G
with H = Ni_,¢; '(H;) and [G : H] = n. If we choose G; < S, transitive and H; with [G; : H;] =n; (1 <i<t)
and ged(ni,n;) =1 for any 1 <i < j <t from the following table

Gi | Cn, Dn, Dpn, MC,5 As As PSLy(Fg) PSLy(F5)
H; | {1} {1} s {1} Cc: Ay Cs Cs x Cy
n; | m; 2m; my 2y 15 5 63 9

where

MC, 91 = (o, 7| 0" = 72 = Lror ' =071 >~ Cy x Coa (d>1,u>3:0dd).

Then the norm one torus Tk, = R%)/k((l}m) of K;/k is stably k-rational for any 1 < i <t and hence the norm
one torus Tx = Rg;k((l}m) of K/k with T ~ Jg g is stably k-rational. In particular, if k is a global field, then
Hli(Jg/H) = 0 and hence Tk has the weak approzimation property and the Hasse norm principle holds for K/k.

Proof. This follows from Theorem 8.1 with the aid of Theorem 3.5, Theorem 3.7, Theorem 3.9, Theorem 3.12,
Theorem 3.13, Theorem 3.18 and Theorem 3.19. U

Example 8.4 (Example of Theorem 8.3: stably k-rational tori Tx = R%}k(Gm) for G = Gal(L/k) =nTm < S,
(2 <mn < 15) as in Theorem 3.18 (Table 2)).

Assume that n = n; - - -ny with ged(ng,nj) = 1for any 1 <4 < j <t, and that each Tx, = R;i)/k((]}m) (1<i<t)
is stably k-rational. By applying Theorem 8.1, we see that Rg;k(Gm) with K = K1 ®---® Ky is stably k-rational.
Then the Galois group G = Gal(L/K) = nTm < S, is a subdirect product of G; = Gal(L;/k) = n;Tm; < S,
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(1 <4 <t). By Lemma 8.2, all of the subdirect product G = nT'm < S,, (n =6, 10, 12, 14, 15) of G = n1Tmy <
Snyy Ga =noTmg < S, with G < G X G2, n = nine and ged(ni,n2) =1 when Tk, = R%?/k((]}m) (i=1,2)is
stably k-rational as in Theorem 3.18 (Table 2) are given as follows:

(1) (n=6=mn1ny=2-3) G=6Tm < Sy x Ss;

6711 ~ Cg X C3, 6713 ~ CQ X Sg, 612 ~ 53 < Cg X 53 with CQ ~ 53/03.
(2)n=10=n1ny =2-5: G=10Tm < Sy X Sx;

1071 ~ 02 X 05, 1073 ~ CQ X D5 ~ Dlo, 10711 ~ 02 X A5,

1072 ~ D5 < Cg X D5 with CQ ~ D5/C5.

(3) n=12:n1n2=3-4: G:12Tm§5’3 ><S4;

1271 ~ 03 X 04 ~ 012, 12711 ~ Sg X 04,

1275 ~ ng ~ C3 X C4 < 53 X C4 with 53/03 ~ 04/02.

(4)n=14:n1n2=2-7: G:14Tm§5’2 ><S7;

14T1 ~ Cy x C7 =~ Chy, 14T3 ~ Cy X D7 ~ D1y,

14T2 ~ D7 < CQ X D7 with 02 ~ D7/C7.

(5)n=15:n1n2=3-5: G:15Tm§5’3 ><S5;

1571 ~ 03 X 05 ~ 015, 1573 ~ Cg X D5, 1574 ~ Sg X 05, 1577 ~ Sg X D5, 15716 ~ 03 X A5, 15723 ~ Sg X A5,
1572 ~ D15 < Sg X D5 with Sg/Cg ~ D5/C5.

Remark 8.5. In Theorem 3.18, the case where 1575 ~ As as in Table 2 (stably k-rational cases) can not be
obtained as a subdirect product G = nT'm < S, of G = niTmy < Sy, G2 =n2T'my < S, with n = ning and
ged(ng,n2) = 1 as in Example 8.4.

8.2. Retract k-rational norm one tori Tx = R;}k(Gm) of field extensions K/k where K = K1 ®---QK;.
Theorem 8.6 (Application of Theorem 8.1: Retract k-rational norm one tori Tx = R;} «(Gm) of field extensions
K/k where K = K1 ® --- ® K). Let the notation be given as in Theorem 8.1. Assume that gcd(n;,n;) =1 for
any 1 < i < j <t Then K = K1 ® - Ky = Kyi---K;¢ is a finite separable field extension of k with
[K:kl=n:=n1--n, G=Gal(L/k) < Gy x -+ x Gp,, G =nTm < S, transitive and H = Gal(L/K) < G
with H = Ni_,p; '(H;) and [G : H] = n. If we choose G; and H; with [G; : Hj] = n; (1 < i < t) and
ged(ng,nj) =1 for any 1 <i < j <t from the following table

Gi le. Dmi Dmi MCde A5 A5 PSL2 (]Fg) PSL2 (]Fg) G; piTmi 55 55 55 PSL2 (]F7)

Hi {1} {1} Cg {1} 022 A4 023 023 X C7 Hll H{/ HZ{H D4 A4 D4

n; | m; 2m; my 244, 15 5 63 9 n; i 30 15 10 21
where

MCy 90 = (o, 7| 0" = 72 = Lot b =01 ~Cy xCh (d>1,u>3:0dd),

/

G is a group whose all the Sylow subgroups are cyclic (see also Remark 3.6), H! < G} < S, with |G} : H]] = n,,
H," = Staby, 1, (1); the stabilizer of 1 in p; Ty, < Sy, with [piTy, : H]'] = pi; prime and H]" ~ Vi < D(S5) ~
As < S5. Then the norm one torus Tk, = Rg?/k(Gm) of K;/k is retract k-rational for any 1 <1i <t and hence

the norm one torus Tg = Rg}k((l}m) of K/k with T ~ Jaym is retract k-rational. In particular, if k is a global

field, then Hli(Jg/H) = 0 and hence Tx has the weak approximation property and the Hasse morm principle
holds for K/k.

Proof. This follows from Theorem 8.1 with the aid of Theorem 3.5, Theorem 3.7, Theorem 3.9, Theorem 3.12,
Theorem 3.13, Theorem 3.18 and Theorem 3.19. U

Example 8.7 (Example of Theorem 8.6: retract k-rational tori T = R;;k(Gm) for G = Gal(L/k) =nTm < S,
(2 <n < 15) as in Theorem 3.18 (Table 3)).

By Theorem 8.1, when n = ny ---n; with ged(n;,n;) =1forany 1 <i<j <t if Tg, = R%)/k(([}m) (1<i<t)

is retract k-rational, then Tx = R%}k(Gm) with K = K;--- K is retract k-rational. Then the Galois group
G = Gal(L/K) = nTm < S, is a subdirect product of G; = Gal(L;/k) = n;Tm; < S,, (1 <i <t). By Lemma
8.2, all of the subdirect product G = nTm < S,, (n = 10, 14, 15) of G1 = n1Tmy < Sp,, G2 = naTma < S,
with G < G1 x G2, n = ning and ged(ng, ne) = 1 when Tk, = R%)/k(@m) (i = 1,2) is not stably but retract
k-rational as in Theorem 3.18 (Table 3) are given as follows:

(1)n=10:n1n2=2-5: G:10Tm§52 ><S5.

1075 ~ 02 X FQ(), 10722 ~ 02 X S5,
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1074 ~ F20 < Cg X F20 with Cg ~ 1’7‘20/.D57 10712 ~ 55 < CQ X 55 with Cg ~ S5/A5.

(2)n=14:n1n2=2-7: G:14Tm§5’2 ><S7.

14T5 ~ 02 X F21, 14T7 ~ 02 X F42, 14719 ~ CQ X PSLg(]FQ), 14T47 ~ CQ X A7, 14749 ~ 02 X S7,

14T4 ~ F42 S CQ X F42 with CQ ~ F42/F21, 14746 ~ S7 S 02 X S7 with CQ ~ S7/A7.

(3)n=15:n1n2=3-5: G:15Tm§5’3 ><S5.

1578 ~ 03 X FQ(), 15711 ~ Sg X FQQ, 15724 ~ 03 X S5, 15729 ~ Sg X S5,

1576 ~ 015 X Cy < Sg X Fog with Sg/CQ ~ F20/D5, 15722 ~ (A5 X 03) x Oy < Sg X S5 with Sg/cg ~ S5/A5.
It follows from Proposition 7.5 that if G = Gy x Ga, then Tk, k, = R%z&/k(Gm) as in (1), (2), (3) above is

not stably k-rational. For the remaining cases G = 1074, 10712, 14T'4, 14746, 1576, 15722 where G < G1 X G,

Tri K> = R%iKz/k(Gm) as in (1), (2), (3) above is also not stably k-rational, see Theorem 3.18 (Table 3).

Remark 8.8. In Theorem 3.18, two cases 14716 ~ PSLy(IF7) x Cy and 15710 ~ S5 as in Table 3 (not stably

but retract k-rational cases) can not be obtained as a subdirect product G = nTm < S,, of G1 = n;Tm; < Sy,

Go = naTmy < S, with n = nins and ged(ni,n2) = 1 as in Example 7.2.

8.3. Stably/retract k-rational norm one tori Tx = R;;k(Gm) of field extensions K/k where K =

K1 ®- - ® K; with [K : k] =n < 30. By Theorem 8.1, we obtain the following theorem for 18 < n < 30 which
is not a prime power, i.e. n = 18, 20, 21, 22, 24, 26, 28, 30 (see Theorem 3.18 for 2 < n < 16 and Theorem 3.13
for n = p; prime):

Theorem 8.9 (Application of Theorem 8.1: Stably/retract k-rational norm one tori Tx = Rg;k((l}m) of field
extensions K/k where K = K; ® --- ® K; with [K : k] =n < 30). Let the notation be given as in Theorem 8.1.
Assume that 18 < n < 30 and n is not a prime power, i.e. n = 18, 20, 21, 22, 24, 26, 28, 30. Assume also
that ged(ni,n;) =1 forany 1 < i< j <t Then K := K1 ®---® Ky = K1---K; is a finite separable field
extension of k with [K : k] =n :=ny---ny, G = Gal(L/k) < Gy X -+ x Gp,, G = nTm < S, transitive and
H = Gal(L/K) < G with H = Ni_,¢; "(H;) and [G : H] = n. Then all of the subdirect product G = nTm < S,
(n =18, 20, 21, 22, 24, 26, 28, 30) of G1,...,Gt with G < Gy X -+ X Gy, n=n1---ng, G; =n;Tm; < Sy, and
ged(ng,ny) =1 (1 <i<j<t) when Rgg/k
Table 4 (resp. Table 4 and Table 5).

(1) Tx = R;;k(Gm) is stably k-rational if G is given as in Table 4;

(2) Tk = R;;k(Gm) is not stably but retract k-rational if G is given as in Table 5.

In particular, if k is a global field and T = R;}k(Gm) is stably (resp. retract) k-rational, then Hli(Jg/H) =0

and hence Tk has the weak approximation property and the Hasse norm principle holds for K/k.

(Gn) (1 <i<t) is stably (resp. retract) k-rational are given as in

Proof. By Theorem 8.1, when n = nq ---n; with ged(n;,n;) = 1 forany 1 <i < j <t if T, = R%)/k(@rm)
(1 <i<t)isstably (resp. retract) k-rational, then Tx = R%}k(Gm) with K = K --- K is stably (resp. retract)

k-rational. Then the Galois group G = Gal(L/K) = nTm < S, is a subdirect product of G; = Gal(L;/k)
n;Tm; < Sp, (1 <i <t). By Lemma 8.2, all of the subdirect product G = nTm < S, (n = 18, 20, 21, 22,
24, 26, 28, 30) of G1,...,Gy with G < Gy x --- X G, n = n1---ng, G; = nyTm; < Sy, and ged(ng,n;) =1
(1 <i<j<t)when Tk, = R%_)/k((]}m) (1 <4 <t)is stably (resp. retract) k-rational are given as in Table 4
(resp. Table 4 and Table 5).

For (2), we should check that T = R%}k(Gm) is not stably k-rational in the cases as in Table 5. It follows

from Proposition 7.5 that if G = G1 X -+ X Gy, then T = R%}k(Gm) is not stably k-rational. For the cases
with G < G1 X --- x Gy (the bold cases as in Table 5), we split them into two cases:

(i) G = 217710, 21T58, 22T4, 22T45, 2676, 26T8, 26T83, 28712, 28T360. We can find N = (Ker(p; ), Ker(gs)) <
G, N1 = p1(Ker(p2)) < G1, Na = pa(Ker(¢1)) < G with N = Ny X Ny and [G : N] = 2 which satisfy that
eyul|n = [Inyow) 't # 0. This implies that Tic = RY), (Gyn) is not stably k-rational;

(if) G = 2075, 2079, 20766, 2172, 21T4, 2674, 3076, 30723, 30725, 30789, 307'165. We can confirm that Tx =
Rg;k((l}m) is not stably k-rational by using the GAP ([GAP]) function Possibility0fStablyPermutationF asin
Hoshi and Yamasaki [HY17, Algorithm F4, page 90] (see also Hasegawa, Hoshi and Yamasaki [HHY20, Algorithm
4.1, page 930]). The related GAP functions are also available in [RatProbAlgTori]. O
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Table 4: T = R'\Y, (G,,) is stably k-rational where G = Gal(L/k) = nTm < S, (n = 18, 20, 21, 22, 24, 26, 28,

K/k
30)

G =nTm (n =18, 20, 21, 22, 24, 26, 28, 30): Tic = R'}), (Gy,) is stably k-rational

1871 ~ Cyg, 18T5 ~ Dy, 18713 ~ Dy x C ~ D5, 187260 ~ PSLy(Fs) x C5
2071 ~ CQQ, 20T2 ~ QQQ ~ C5 X C4, 2076 ~ D5 X C4, 20763 ~ A5 X C4
2171 ~ 021, 2173 ~ D7 X Cg, 21T5 ~ Dgl, 2176 ~ C7 X Sg, 2178 ~ D7 X 53
22T1 ~ Coo, 22T2 ~ D1y, 22T3 ~ Dy x Ca =~ Doy

24T'1 ~ 024, 24T8 ~ Cg X Cg, 24T'32 ~ Sg X CS

2671 ~ 0267 26T2 ~ D13, 26713 ~ D13 X Cg ~ D26

28T'1 ~ 0287 28T3 ~ QQS ~ 07 X 04, 28T'8 ~ D7 X 04

3071 ~ Cso, 3072 =~ C5 x Sz, 30T3 ~ Dy5, 30T4 ~ Ds x Cs, 3075 ~ Ds x Cg,
3078 ~ D5 X 537 30710 ~ D5 X 53, 30712 ~ C5 X D6, 30T13 ~ D5 X 53,
30714 ~ D30, 30721 ~ D5 X Dﬁ, 30730 ~ A5 X CQ, 30785 ~ A5 X 537

30787 ~ As x Cg, 30T177 ~ As x Dg

Table 5: Ti = R (Gy) is not stably but retract k-rational where G = Gal(L/k) = nTm < S, (n = 18, 20,

K/k
21, 22, 24, 26, 28, 30)

G =nTm (n =18, 20, 21, 22, 24, 26, 28, 30): Tx = Rg)k(Gm) is not stably but retract k-rational

20T5 ~ Fgo, 20T9 ~ F20 X Cg, 20720 ~ F20 X C4, 20T66 ~ A5 X C4, 207123 ~ 55 X C4
21T2 ~ F21, 21T4 ~ F42, 21T7 ~ F21 X C3, 21T9 ~ F42 X C3, 21T10 ~ C7 X (Sg X Cg),
21T11 ~ Fyy x Sz, 21T15 ~ Fyy x Sz, 21722 ~ PSLy(IF7) x Cs, 21727 ~ PSLy(F7) x Ss,
21744 ~ A7 X Cg, 21756 ~ S7 X 03, 21757 ~ A7 X Sg, 21T58 ~ A7 bl Sg, 21774 ~ S7 X Sg
22T4 ~ F1107 22T'5 ~ F55 X Cg, 2276 ~ F110 X CQ, 22713 ~ PSLQ(]FH) X Cg,

22727 ~ My; x Cy, 22T45 ~ S1q, 22T46 ~ A1q x Cy, 22T47 ~ S11 x Cy

26T4 ~ Fso, 26T5 ~ F39 x Oy, 26T6 ~ Fyg, 26T7 ~ Fxo x Co, 26T8 ~ Fisg, 26T9 ~ Frg x O,
26710 ~ F156 X CQ, 267148 ~ GL3(]F3), 26T83 ~ 513, 267184 ~ A13 X Cg, 26185 ~ 513 X Cg
28T12 ~ C7 X 012, 28713 ~ F21 X C4, 287126 ~ F42 X C4, 28T'87 ~ PSLQ(]F7) X C4,

28T360 ~ A7 X 04, 28T'362 ~ A7 X 04, 287429 ~ S7 x Cy

30T6 ~ 015 X C4, 3077 ~ F20 X Cg, 30717 ~ (015 X 04) X CQ, 30T23 ~ F2O X 53,

30724 ~ F20 X 53, 30T25 ~ 55, 307726 ~ F20 X CG; 30732 ~ F20 X 03, 30751 ~ F20 X D6,
30760 ~ S5 x Ca, 30T89 ~ S5 x C3, 307103 ~ S5 x C3, 30T165 ~ S5 x S3, 307'167 ~ S5 x Ss,
307168 ~ (A5 X 53) X CQ, 307170 ~ 55 X Sg, 307180 ~ 55 X Cﬁ, 307263 ~ 55 X Dﬁ

In Table 4 and Table 5, the bold means that the case which can not be obtained as a direct product
G=nTm < S, of G1,...,Gy with G = G1 X --- X G, n = ny---ny, G; = n;Tm; < S, and ged(ni,n;) =1
(1<i<j<t). InTableb, F; ~C,xC; (2 <1!|p—1)is the Frobenius group of order pl where p is a prime
number and M;i; is the Mathieu group of degree 11.
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