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ABSTRACT. In this series of three articles, we study structural properties of
smooth profinite groups, a class designed to extend classical Kummer theory for
fields, with coefficients in p-primary roots of unity. Enhancing coefficients to arbi-
trary G-linearized line bundles in Witt vectors, smooth profinite groups provide a
powerful formalism which sheds light on several conjectures in Galois cohomology,
Galois representations and local systems.

In this first article, we introduce our main protagonists: cyclotomic pairs, smooth
profinite groups, Witt-Frobenius modules and (G, S)-cohomology. With this
robust axiomatic, we prove a first lifting theorem for G-linearized torsors under
line bundles (Theorem A). It leads, in the second article, to the proof of the
existence of mod p? liftings of mod p Galois representations, of all fields and of
all dimensions (Theorem B). With this in hand, we prove in the third article
Theorem D, the smoothness theorem, stating that mod p cohomology of a smooth
profinite group lifts mod p?, in all cohomological degrees. In the particular case
of Galois cohomology, we obtain a new proof of the Norm Residue Isomorphism
Theorem.
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1. INTRODUCTION.

Let m be a positive integer and let F' be a field, of characteristic prime to m. Fix
a separable closure F/F and denote by p,, the Galois module of m-th roots of
unity in F;. Kummer theory, in its most elementary and purest form, states the
following. Consider the Kummer exact sequence

1 — piy — F £>FSX — 1.
Then, the Bockstein homomorphism, i.e. the associated boundary map
Spm + F7 — H'(F, i),
is surjective by Hilbert’s Theorem 90, with kernel F*".

For cohomology groups H™(F, u&™) of degree n > 1, producing a description of
this kind, through tensor products of copies of F'* with appropriate relations, is a
much more difficult problem. For this purpose, inspired by the Steinberg relations
appearing in Matsumoto’s description of the K5 of fields, Milnor introduces in the



3

sixties his K-groups, denoted by K (F). Milnor, Bass and Tate then extend the
Bockstein 4. ,,, above to morphisms

called Galois symbol (or norm residue map). Without stipulating it explicitly,
they then question whether these could yield isomorphisms

KM (F) m > H"(F,u&")
for any field F' of characteristic prime to m, a statement later known as the Bloch-
Kato conjecture.

A major breakthrough towards this conjecture was achieved in 1982 by Merkurjev
and Suslin, who solved it for n = 2 [23]. In 1996, Voevodsky proved the case where
m is a power of 2. He was awarded the Fields Medal in 2002 for this achievement.
After tremendous efforts, a proof of the whole conjecture, then known as the Norm
Residue Isomorphism Theorem, was completed in 2008 by Rost, Suslin, Voevodsky,
and Weibel [18].

In this series of three articles, we are interested in studying structural properties
of smooth profinite groups, leading notably to a proof of the following statement,
known to be equivalent to the Norm Residue Isomorphism Theorem (see [15], [22]).

BrocH-KATO CONJECTURE, AN EQUIVALENT FORMULATION.
Let F be a field and let p be a prime, invertible in F'. Then, the Bockstein
Hn(Fa M?n) — Hn+1(F7 :u';?n)
associated with the exact sequence
1— ™ — " — pg™ — 1
is trivial, for any positive integer n.
FEquivalently, the induced map
H"(Gal(FS/F),u;%”) — H"(Gal(F,/F), p3™)

18 surjective.

A sleek aspect of this statement is that it only involves Galois cohomology: for-
getting K-theoretic considerations, the only characters on stage are the profinite
group Gal(F,/F), together with its module p,2. Moreover, the statement holds
for finite separable extensions E/F as well- replacing Gal(F,/F’) by the open sub-
group Gal(F,/E) C Gal(F,/F). This fact is the initial motivation for introducing
the notion of a cyclotomic pair, that we now discuss.

Let n, e be positive integers and let G be a profinite group. Given a free Z/p®*'Z-

module T of rank 1, endowed with a continuous action of G, we say that the pair

(G, T) is (n, e)-cyclotomic if for any open subgroup H C G, the natural morphism
H"(H,T®") — H"(H,(T/p)*")

is surjective (Definition 6.2).

The analogy with the discussion above is quite direct: Kummer theory readily
implies that, taking
T = Jim e
ks

to be the usual Tate module, the pair (Gal(Fy/F),T) is (1,00)-cyclotomic.
Thenceforward, the above formulation of the Bloch-Kato conjecture can be
rephrased, for cyclotomic pairs, as



(x) “If (G, T)is a (1, 00)-cyclotomic pair, then it is (n, 1)-cyclotomic.”

This statement fleshes out the common belief that the keystone of the Norm
Residue Isomorphism Theorem is Hilbert Theorem 90 for fields.

In this work, we prove statement (%) (Theorem D below), thus settling a new proof
of the Norm Residue Isomorphism Theorem. Not only does this result flesh out the
belief that the Norm Residue Isomorphism Theorem follows from Kummer theory,
but also, Theorem D applies to a much broader context than Galois cohomology.
Indeed, étale fundamental groups of smooth curves over algebraically closed fields
and of semilocal rings also give rise to (1, 00)-cyclotomic pairs [5, §4].

1.1. OUR PATHWAY. In this series of three articles, we provide a self contained
proof of the Norm Residue Isomorphism Theorem by raising a bridge between it
and the conjectural existence of mod p?-liftings of mod p Galois representations.
More precisely, let F' be a field, with separable closure F;. Let

p1: Gal(Fy/F) — GLq(F))

be a Galois representation. One can ask wether p; lifts to p>-torsion, that is to
say, whether there is a mod p? Galois representation ps such that the diagram

Gal(F,/F) —=> GLq(Z/p*Z)

ey

GLd(Fp)
commutes, the vertical arrow being induced by the usual reduction.

This problem also fits very well in the framework of cyclotomic pairs. In the
second article of this series, we prove a very general lifting statement, our so-called
Uplifting Theorem. It implies that, if (G,T) is a (1, 1)-cyclotomic pair, then all
continuous mod p semi-linear representations of G lift, to their mod p? analogue.
This is a decisive step towards (x). The Uplifting Theorem not only applies
to mod p Galois representations as above, but also to mod p representations
of algebraic fundamental groups of many schemes of interest- including smooth
curves, proper or not, over algebraically closed fields.

For the sake of proving our lifting results, a crucial point is, as often, to allow
more flexible objects. Indeed, as stated above, Kummer theory has an obvious
weakness: whereas it holds for any field F' (and actually over a much larger class
of base schemes), its coefficients are forever fixed: for m = p”, they are p,r,
merely an étale sheaf of one-dimensional free Z/p"-modules. A way to have it
gain robustness and versatility, is to extend these coefficients to a G-linearized line
bundle in p-typical Witt vectors of length r, on a G-scheme S of characteristic p.
This should be done in such a way that, replacing j,, by a G-linearized line bundle
L, the analogue of u,~ should be the Teichmiiller lift W,.(L) (up to a twist). The
concepts of Witt vector bundles and of their extensions, whose systematic study
was initiated in [8], will thus play a key role in our approach.

In this first article, we state and prove a lifting theorem, which is thought of as
a generalization of classical Kummer theory— p, being replaced by an arbitrary
G-line bundle, over a G-scheme S of characteristic p. For simplicity, we formulate
it here in the particular case, where S is affine and perfect.
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THEOREM A (89). Let (G,Z/p**¢(1)) be a (n,e)-cyclotomic pair, for numbers
n € N* and e € N* U {o0}.
Pick an integer 1 <r <e. Let S be a perfect affine (G,Fy)-scheme and let L be a
G-linearized line bundle over S. Then, the natural arrow

H"((G,5), Wite(L)(n)) — H"((G,S), W(L)(n))

is onto. Therefore, G is (n,e)-smooth.

A word of explanation is needed, concerning the new notion of a (n,e)-smooth
profinite group G, given in Definition 6.8. At its core lies even more flexibility.
We say that G is (n,e)-smooth if the following holds. Let L; be a G-linearized
line bundle, over a perfect affine (G, Fp)-scheme S. Let

¢ € H'((G,S), L)
be a cohomology class. Then, it lifts to a class
Cet1 € Hn((Gv S): L6+1[Cl])7

for some G-linearized invertible Wy 1(A)-module L.y1[c1], depending on c;.
This notion thus dismisses the cyclotomic module Z/p'*¢(1): it is intrinsic to G.

If (G,Z/p'*¢(1)) is a (n,e)-cyclotomic pair, Theorem A thus shows that G is
(n,e)-smooth. Indeed, assuming for simplicity that F,(1) = F, has the trivial
action of GG, we can then take

Leti[er] == Wige(L1)(n),
which is the same for all ¢;’s.
In particular, if p is invertible in the field F, then G = Gal(Fs/F) is (1, 00)-smooth
and the following lifting result, proved in the second article, implies that mod p
Galois representations of F' lift to p2-torsion.

THEOREM B ([12, §14]). Let G be a (1,1)-smooth profinite group, A be a perfect
(F,, G)-algebra and d > 1 be an integer. Denote by By C GL4 the Borel subgroup
of upper triangular matrices.

Then, the natural arrow

H'(G,Ba(W2(A))) — H' (G, Ba(4)),

giwen by reduction, is surjective.
Moreover, liftings of triangular semi-linear representations of G can be constructed
step-by-step.

In the third article, we derive from Theorem B the following general lifting theo-
rem, for filtered exact sequences of G-linearized vector bundles.

THEOREM C ([7, §4]). Let G be a (1,1)-smooth profinite group and let A be a
perfect (Fp, G)-algebra. Let n > 1 be an integer, and let

E0—FE—F —...—FE,—E,.1 —0

be a filtered exact sequence of G-linearized vector bundles over A.
Then, £ admits a lift to a filtered exact sequence of (G, Wy)-bundles over A.

Casting Theorem C and considering the interplay between (G, .S)-cohomology and
Yoneda extensions of G-linearized Witt vector bundles, we can then settle our
smoothness theorem, from which we derive a new proof of the Norm Residue
Isomorphism Theorem.



THEOREM D ([7, §5]). Let n > 1 be an integer.
Let G be a (1,1)-smooth profinite group. Then, G is (n,1)-smooth.
Let (G,Z,(1)) be a (1,00)-cyclotomic pair. Then it is (n,1)-cyclotomic.

We give a Leitfaden, connecting significant results of our three papers. For simplic-
ity, we stick to Galois cohomology. Note that the same diagram holds, replacing
absolute Galois groups (resp. Galois representations) by mq(X), where X is a
smooth curve over an algebraically closed field, or a semilocal scheme (resp. étale
local systems on X).

Theorem A Absolute Galois groups
~| are (1, 00)-smooth

Theorem B Theorem C Theorem D
mod p Galois reps Norm residue
lift to p?-torsion isomorphism Theorem

In this first article, we introduce the main protagonists of our work and prove
Theorem A. Sections 1 to 5 provide the needed geometrization of the flagbearers
of classical Kummer theory, introducing G-Witt-Frobenius modules and (G, S)-
cohomology, using (G, S)-affine spaces and Yoneda extensions. Smooth profinite
groups, cyclotomic pairs and their Laurent extensions are defined and studied in
Sections 6 and 7. Theorem A is proved in section 9. Among other results of
independent interest, the last sections provide material required for Theorem B,
proved in the second article of this work. Our smoothness theorem (Theorem D)
is proved in the third article.

To ensure a pleasant reading, we took care to add at the end of the third article
an index, which tables the notions introduced in this work.

2. G-EQUIVARIANT CONSTRUCTIONS.

2.1. GENERAL SETTING. Let X be an object of a category C, and G be a profinite
group. In this text, a naive action of G on X is an action of the abstract group
G on X, whose kernel G is an open subgroup of G. We denote by G — C the
category whose objects are objects of C, equipped with a naive action of G, and
whose morphisms are the same as in C. In G — C, Hom-sets are actually enriched
with the structure of G-sets. Thus, G-equivariant morphisms X — Y, between
objects of G — C, are fixed elements of the G-set Hom(X,Y"). In short:

Homg_equ(X,Y) = H°(G,Hom(X,Y)).

An object of G — C will be called a G-object of C.

Remark 2.1. In the sequel, unless specified otherwise, we shall write “action” for
“naive action”.



2.2. G-LINEARIZED MODULES OVER (G-SCHEMES. In this work, all schemes are
assumed to be quasi-compact. By a sheaf over a scheme, we mean a sheaf for the
Zariski topology. We will restrict to “topologically well-behaved” G-actions, in the
sense of Definition below.

DEFINITION 2.2. A G-scheme (or scheme with a G-action) is the data of a scheme
S, equipped with a naive action of G, satisfying the property:

(%) S is covered by affine G-invariant open subschemes.

The collection of all G-schemes form a category G — Sch, with morphisms being
usual morphisms of schemes.

A (G,Fp)-scheme is a G-scheme of characteristic p.

If S is a given G-scheme, a (G, S)-scheme is a G-equivariant morphism

T— S,
in G — Sch.

Remark 2.3. In general, G may act on a scheme S, in such a way that S is not
covered by affine G-invariant open subschemes. See, however, the next Exercise
(a classical result).

Exercise 2.4. Let S be a scheme, separated over Z, such that every finite set
of points of S is contained in an open affine subscheme of S. Show that S has
property (x), for any naive action of G on S.

It is clear that a closed subscheme of a G-scheme, given by a G-invariant Ideal,
is a G-scheme as well. It is perhaps less obvious that this also holds for open
subschemes.

LEMMA 2.5. Let S be a G-scheme. Let U C G be a G-invariant open subscheme.
Then, U is a G-scheme as well.

Proof. We can assume that S = Spec(A) is affine, and G finite. The complement
of U in S is given by a G-invariant ideal I C A. Pick a point u € U. Denote by
Py, ..., P, the distinct prime ideals of A corresponding to the G-orbit of u. For
each i = 1...n, there exists an element a; € I, not belonging to P; but belonging
to all other P;’s. Put a := Y | a;. Then, the principal open set D(a) is contained
in U, and contains the G-orbit of u. Denoting by

f=1J]9a

geG

the norm of a, we see that D(f) C U is an affine G-invariant open, containing u.
Thus, U can be covered by affine G-invariant open subschemes. ([

Conceptually, the next definition is down-to-earth; however, it is sufficient for our
purposes.

DEFINITION 2.6. Let S be a G-scheme. A G-presheaf on S, with values in a
category D, is a contravariant functor, from the category of G-invariant open
subsets of S (where morphisms are inclusions), to D. A G-sheaf is a G-presheaf,
satisfying the usal sheaf axiom.

In most applications, D will actually be G — C, where C is a category.



DEFINITION 2.7. Let S be a G-scheme. A G-linearized Og-Module is the data of
a quasi-coherent Og-Module M, equipped with a continuous semilinear action of
G. In concrete terms, such an action is given by isomorphisms of Og-Modules

¢g : M — (g.)" (M),

one for each g € G, such that the following conditions hold :
i) The mapping g — ¢4 is locally constant on G, i.e. factors through a quotient
G — G/Gy, by a normal open subgroup.
ii) We have

Ggh = (h.)"(dg) © dn,
for each g, h € G.
We will often say (G, Og)-Module, or (G, S)-Module, instead of G-linearized Og-
Module.
The collection of all (G, Og)-Modules form an Abelian category, monoidal through
the tensor product @ = ®p,. We denote it by (G,0g) — Mod.
If M and N are two (G,0Og)-Modules, the internal Hom of Og-modules
Homy, (M, N) is naturally a (G,Os)-Module, which we denote simply by
Hom(M, N). We put

MY = M(Ma OS)

A locally free (G,Og)-Module of finite constant rank as an Og-module, will be
called a G-vector bundle on S.

Remark 2.8. In the previous Definition, the largest open subgroup through which
g — ¢4 factors may be much smaller than the kernel of the action of G on S.

Remark 2.9. In short, a (G,Og)-Module is the data of a quasi-coherent Og-
Module, equipped with a semilinear (naive) action of G.

For G finite, a G-line bundle is a G-linearized line bundle over S, in the sense of
Mumford’s Geometric Invariant Theory.

Remark 2.10. Assume that X = Spec(A) is an affine G-scheme. In other words,
A is a commutative ring, endowed with a naive action of G. We then use the
denomination (G, A)-module (resp. (G, A)-bundle) for a (G, Og)-module (resp. a
(G,Og)-bundle). A (G, A)-module is the data of an A-module M, equipped with
a semilinear (naive) action of G. Formula for the “semi” part of linearity:

g-(am) = g(a).g(m),

forallge G,a € Aand m e M.
In particular, if G is “the” absolute Galois group of a field F', and if A =T, a
(G, A)-Module is then a Galois representation of the field F', with F,, coefficients.

Remark 2.11. Assume that G is a finite group, acting on the commutative ring A.
There are two extreme cases.

e The group G acts trivially on A. Then, a (G, A)-Module M, such that
M = A% as an A-module, is a representation

p:G— GLy(A),
in the usual sense.
e The group G acts freely on Spec(A). Set B := H°(G,A). Then, B/A
is a G-Galois algebra, and by Speiser’s Lemma, the category of (G, A)-
modules is equivalent to that of B-modules, via the assignment



{B—Mod} — {(G,A) — Mod},
Nw— A®p N,
with quasi-inverse
{(G,A) — Mod} — {B — Mod},
M~ H°(G,M).
When trying to prove a “natural” property of (G, A)-modules, for an arbitrary

G-action on A, it is advisable to check first, if it holds true in these two extreme
cases. If it does, it is then likely to hold true in general.

Remark 2.12. Let S be a G-scheme, and let M be a quasi-coherent Og-Module.
A necessary condition for G-linearizing M (that is to say, for the existence of a
structure of (G,Og)-Module on M) is that M be G-invariant. In other words,
M is isomorphic to ¢*(M), for all ¢ € G. Note that G-invariant Modules are
not systematically G-linearizable— except, for instance, when G is a free profinite

group.
3. RECOLLECTIONS ON WITT VECTORS AND WITT-FROBENIUS MODULES.

Let A be a ring of characteristic p. We denote by W (A) the ring of p-typical Witt
vectors built out of A. Set-wise, W(A) is simply AV, and the ring structure on
W (A) is derived from the universal Witt polynomials (see [28]). For a thorough
exposition of Witt-Frobenius modules and Witt vector bundles, see [8], where
an alternative construction of Witt vectors is provided, using divided powers of
abelian groups.

The ring of Witt vectors W(A) is endowed with a Verschiebung (additive) mor-
phism
Ver : W(A) — W(A)
(ag,a1,az,...) — (0,a9,a1,as2,...)
and the Frobenius morphism Frob : (ag, a1, ...) — (af,al, ...).

For any r > 1, denote by W ,.(A) the ring of truncated Witt vectors of length 7.
We have W1 (A) = A, and the ring W(A) is the projective limit of the W,.(A)
through the quotient maps

Trg1r:  Wrp1(4) —  W.,(4)

(agy.cyary1) > (ag,...,ar)
More generally, for any two integers r < s, we denote by 7, the quotient map

W, (4) — W, (4).
We will often use the following fundamental property: the quotient

W(A4) — W (4)=A
has a multiplicative section given by the Teichmiiller representative
T:aw~ (a,0,..),

refered to as the multiplicative (or Teichmiiller) section.

Consider now a scheme S of characteristic p, covered by affine open subschemes
Spec(4;). We denote by W ,.(S) the scheme of Witt vectors of S of length n. It is
defined by gluing the affine schemes Spec(W,.(A4;)) and is a universal thickening
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of S of order n, through the nilpotent closed immersions W,.(S) — W,.11(S).
In particular, the underlying topological space of W,.(S) agrees with that of S.

The following definition is classical (see [29]).
DEFINITION 3.1. Let r > 1 be an integer. The association
U W,.(0s(0))
defines a sheaf of (commutative) rings on S, denoted by W,.(Og).
By definition, W1(Og) is simply the structure sheaf Og of S and following the
previous notations, for s > r, we denote by
st Ws(Og) — W,.(Og)
the natural transformation defined by the
Tsr(U) : Wi (Os(U)) — W, (05(U))
defined above.

Witt-Frobenius modules mimic quasi-coherent Og-modules, in higher p-primary
torsion.

DEFINITION 3.2. Assume that S = Spec(A) is affine. Let r > 1 be a positive
integer. Let M be a W,.(A)-module. The formula

U— M ®WT(A) WT(Os(U))

defines a presheaf (for the Zariski topology) on S. We denote by M the associated
sheaf. It is a sheaf of W,.(Og)-modules.

DEFINITION 3.3 (Witt-Frobenius Modules).

A Witt-Frobenius Module of height v > 1 over S is a sheaf of W,.(Og)-modules,
which is locally isomorphic to a sheaf of the shape M (cf. Definition 3.2).

When no reference to its height is necessary, a Witt-Frobenius Module will simply
be referred to as a WitF-Module.

A WtF-module over S locally isomorphic to W,.(Og)? for some d > 0 is called a
W ,.-bundle of rank d.

3.1. REDUCTION. Let 0 < r < sbe integers. Let F be a sheaf of W (Og)-modules
over S.
The reduction of F to p"-torsion is the sheaf of W, (Og)-modules associated to
the presheaf

U= FU) @w,(0sw) Wr(Os(U)),
which we denote by F ®w, W, or simply F/p".

3.2. FROBENIUS. The absolute Frobenius morphism
Frob: S — S

lifts by functoriality to an endomorphism of W,.(S), the Frobenius endomorphism
of W,.(S), which we still denote by Frob. If F is a W, -module over S, and if m
is a positive integer, we put

Fm) = (Frob™)*(F);
is a W,-module over S. If F is a W, -bundle, then F("™) is a W,-bundle as well,
of the same rank as F. Note that, throughout this paper, the Frobenius pullback

of a WtF-module is always taken with respect to the Frobenius of the base where
the module is defined, thus avoiding confusion.
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4. (G, M)-TORSORS AND YONEDA EXTENSIONS.

Let G be a profinite group G. Let A be a G-group, i.e. a group equipped with
a (naive) action of G. Then, there is a well-known bijection between the set
HY(G, A), and isomorphism classes of G-equivariant principal homogeneous spaces
(torsors) of A. In this section, we provide needed extensions of this fact, especially
to the context of G-equivariant torsors under (G,Og)-modules. Our basic tool
(see Proposition 4.20) is Yoneda’s smart interpretation of torsors, as equivalence
classes of extensions [32].

4.1. YONEDA EXTENSIONS AND OPERATIONS ON THEM. Let S be a G-scheme, let
n € N* be an integer and let A, B be (G, Og)-Modules over S. As in any Abelian
category, we can consider the notion of a Yoneda n-extension of A by B, which we
now recall (see [5, §2]). One could use the langage of derived categories instead,
but we chose to stick to Yoneda extensions: they are concrete, and easy to learn.

As usual, we set
YEXt((JG,Os)—Mod(A’ B) = Hom(G,Os)—Mod(A’ B).
For n > 1, an n-extension of A by B is an exact sequence of (G, Og)-Modules

£E:0—wB—A —...— A, — A—0.

4.2. MORPHISMS. A morphism
51 — 52,

between two n-extensions of A by B, is a morphism of complexes which is the
identity on both A and B. The n-extensions of A by B then form a category
YEXt?GKDs)*MOd(A’ B).

4.3. PUSHFORWARDS AND PULLBACKS. A morphism f : B — B’ induces a push-
forward functor

fo t YEXb{g 06)-nroa(4, B) — YEXt{ 00y n0a(4, B).
Likewise, a morphism g : A” — A induces a pullback functor
9" YEXt(g 04)-110a(A B) — YEXt(g 00)—rroa(4', B).
The two composite functors
feg"  YEXt(G 00 poa(A B) — YEXt(g 00y aroa(A', B')

and
9" fi 1 YEXt{G 05y nmroa(4, B) — YEXt(g o) r0a(A', B)

are canonically isomorphic.
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4.4. BAER SUM. One can add two n-extensions
((:1, ((:2 € YEXt?G,Os)—MOd(A7 B)7

using the Baer sum.
Denoting by
0: A — ADA
a — (a,a)
the diagonal, and by
a: BB — B
(b1,b2) = b1 +bo
the addition, our formula is
E1+&E = . ((5* (51 D 52))
For this operation, the trivial 1-extension is the direct sum

0—B—B®»A—A—0.

If n > 2, the trivial n-extension is

0—B-4%B—0—...—0—4% a0

Baer sum is Og-linear, in the natural fashion.

4.5. CHANGE OF THE BASE. Let
h:T— S
be a G-equivariant morphism of G-schemes. Let
E:0—B—A —...— A, —A—0
be an n-extension, in YExt( 0.)_nr04(A4, B). We would like to define
B () € YExtG o) _yroalh’ (4), 1" (B)).
This can be done in a natural way, in each of the following items.

(1) The morphism h is flat.
(2) When decomposing € as the cup-product of short exact sequences (indexed
byi=1,...,n)
gi:O—>Ei—>Ai—>Ei+1 —)0,
all &;’s are Zariski locally split on S, as exact sequences of Og-modules.
Then, applying usual change of the base indeed yields an exact sequence
of (G, Or)-modules
h*(€):0 — h"(B) — h* (A1) — ... — h*(4,) — A" (A) — 0.
Note that, in many applications, it happens that A, B and the A;’s are vec-
tor bundles, so that the F;’s are also vector bundles, and the assumption
above is fulfilled.
(3) In this last item, we assume there is a morphism of (G, F))-schemes
h1 : T1 — Sl,
and an integer r > 1, such that h is the morphism

h = Wr(hl) T = WT(Tl) — S = Wr<51)

induced on Witt vectors.
We further assume that “€ is schematic, w.r.t. the ring scheme W,”.
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Precisely, this means we are given n + 2 flat, affine and G-linearized com-
mutative S;-group schemes

B A, A — 5,

enjoying the following properties.

e Let V be one of these group schemes. Forgetting the action of G,
there exists an integer s € [1,...,r], and d € N, such that V is,
Zariski locally over S;, isomorphic to the group scheme W¢. Here s
and d depend on V.

e Each of these V’s is endowed with the extra structure of a scheme in
(G, W,.)-modules over S;. Considering W,. as a scheme of commu-
tative rings over S, this means we are given a morphism of (G, S)-
schemes

W, x5, V—V,
satisfying the axioms which are usual for modules over rings.

e The n-extension of (G, Og)-modules £ arises from an exact sequence

of schemes of (G, W,.)-modules over Sy,

E:0—B—>A] —...—A, — A —0.

This means that E is an exact sequence of commutative group
schemes over S; (for the fppf topology), in which all arrows respect
the structures of schemes of (G, W,.)-modules. Using that each of
these group schemes is locally isomorphic to a W%, and the triviality
of W s-torsors over an affine base, we get, for every affine G-invariant
open U C 57, that sections of E over U, reading as

EU):0—BU) — A U)— ... — A, (U)— AU) — 0,

are still exact sequences. Remembering that S = W ,.(S7), they thus
define an n-extension of (G,Og)-modules, which we require to be
isomorphic to £.

If £ comes from an E as above, we can form

hi(E): 0 — hi(B) — hi (A1) — ... — hi(A,) — hi(A) — 0;
an exact sequence of schemes of (G, W,.)-modules over T;. We then define
h*(€) as the n-extension of (G, Or)-modules arising from hj(E) (through
the process explained above). Of course, h*(€) a priori depends on the

choice of E. In applications, this choice will be clear: there will be no
ambiguity, as to which E is used.

Most changes of the base will be performed through the process described in item
(2) above. Note that item (1) is not really suitable for our purposes: our arrows h,
often arising as in item (3), will almost never be flat! Actually, all changes of the
base made in this series of three papers, can be performed following the process
of item (3).

4.6. MORPHISMS OF 1-EXTENSIONS. Morphisms in YExt%G’OS),Mod(A,B) are
isomorphisms. Automorphisms of 1-extensions are easily described, as follows.

LEMMA 4.1. Let .
E:0—B-5E-"S5A—0
be an exact sequence of (G,Og)-Modules. Then, the assignment

Hom(g,05)-mod(A; B) — Autygyx (A,B) (&),

(G,0g)—Mod
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fr (e Ewzti(f(r(r)))
is an isomorphism of abelian groups.

Proof. Exercise, working for 1-extensions in any Abelian category. O

4.7. EQUIVALENCE CLASSES OF YONEDA EXTENSIONS. Let us say that two n-
extensions & and & are linked, if there exists an n-extension &3, together with
morphisms

& &
\ /
Es.

Being linked is an equivalence relation (see [24], end of Section 2), compatible with
Baer sum, pullbacks, pushforwards and change of the base.

DEFINITION 4.2. We denote by YExtig o _noa(A, B) the Abelian group

of equivalence classes of linked Yoneda mn-extensions, in the category
YExt(¢ 04— mod(A, B)-

LEMMA 4.3. Assume that A is a G-vector bundle on S. Then, there is a canonical
isomorphism

YEXt?G,Os)—MOd(A’ B) L) YEXt?G,Os)—MOd(OS’ HOIIl(147 B)).
Proof. Same proof as [5, Lemma 2.5]. O

4.8. G-AFFINE SPACES. In this text, we’d like to lay emphasis on the notion of an
“affine space”. We first define it as a set, equipped with barycentric operations,
with coeflicients in a commutative ring R. This terminology unfortunately collides
with the “affine R-scheme” A%, but we try our best to avoid ambiguities. Note
that an “affine space”, whose R-module of translations is free of rank n, is
isomorphic to an “affine scheme” A%, over R. We decided to allow the empty set
to qualify as an affine space. Our motivation to do so is simple: the intersection
of affine subspaces is then always an affine subspace.

Following tradition, we use the word “torsor” (under a group M) to denote
a nonempty set X, equipped with a simply transitive action of M. Thus, a
nonempty affine space is a torsor under the (abelian) group of its translations.
Conversely, a torsor over an abelian group is canonically endowed with the
structure of a (nonempty) affine space over Z.

We now discuss details. They are routine exercises, taking into account (naive) ac-
tions of a given profinite group G, and transposing the set-theoretic notions above
to algebraic geometry. We hope the interested reader will enjoy reading these lines.

DEFINITION 4.4. Let M be a (not necessarily abelian) G-group.
A (G, M)-torsor is a nonempty left G-set X, equipped with a right action of M,
subject to the following conditions :

i) The action of M on X is simply transitive, i.e. the arrow
XxM-—X xX,
(z,m) — (z,z.m)
is bijective.
it) We have
g(x.m) = g(x).g(m),
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forallge G,z € X andm e M.

Let S = Spec(A) be an affine G-scheme, i.e. the ring A is endowed with an action
of G.

DEFINITION 4.5. Let n > 1 be an integer. We denote by
Ap(A) = {(a1,...,ap) € A”/Zai =1}
i=1

the usal simplez; it is a G-set.

DEFINITION 4.6. A G-affine space over A is the data of a G-set X, equipped with
G-equivariant barycentric operations, with coefficients in A.
Concretely, this means that X is given with G-equivariant functions, one for each
n>2,

B, :Ap(A) x X" — X,

simply denoted by

(01, om), (21, m0)) = Y o,

satisfying the usual associativity relations, together with By = Idx.

If G is trivial, we just say “affine space over A” for “G-affine space over A”.

We denote by X C X the subset consisting of G-fized points. It is an affine space
over A% .

An affine map X N X', between G-affine spaces over A, is the data of a map
f:X—X,
compatible with the barycentric operations of X and X'.
We write Hom(X, X') for the set of such morphisms. It is a G-affine space, in a
natural way.
We put
Homg (X, X') := H(G,Hom(X, X')).
The set Homg (X, X') thus consists of G-equivariant affine maps X — X', also
called affine G-maps.

The collection of G-affine spaces over A form a category, having the G-sets
Hom(-,-) as morphisms.

Ezample 4.7. Tt is clear that (G, A)-modules are G-affine spaces over A, in a
natural way. The G-invariant subset A,(A) C A" is stable under barycentric
operations in the free G-module A™; it is thus also a G-affine space over A.

Exercise 4.8. Let X be a G-affine space over A.
1) Show that all barycentric operations on X can be recovered from the data of

T: X xXxX — X
(z,9,2) — Tt+y—=z
together with the operations

te: XxX —s X
(r,y) = azx+(1—-a)y

)

for all o € A.
2) Assume that there exists an element oy € A, such that ag and 1 — «p are both
invertible. Show that T can be recovered from the t,’s, for well-chosen o’s.
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DEFINITION 4.9. Let X be a nonempty G-affine space. An affine automorphism
of the shape

X — X

r +— T+y—=z
for some y,z € X, will be called a translation, and simply denoted by “y — z”.
We denote by X C Aut(X) the (abelian) subgroup of translations. It comes natu-
rally equipped with the structure of a (G, A)-module.

Remark 4.10. Wehavey—z:y’—z'eiziffy—z+z':y’€X.

LEMMA 4.11. Let X be an nonempty G-affine space over A. Then X is naturally

endowed with the structure of a (G, X )-torsor.
Conversely, let M be a (G, A)-module, and let X be a (G, M)-torsor. Then, X
is naturally endowed with the structure of a (nonempty) G-affine space over A,

having ? =M.

Proof. This is clear. O

The next Lemma is an adaptation of the usual construction, in classical real affine
geometry, which provides a canonical embedding of an n-dimensional affine space,
as an affine hyperplane inside an (n + 1)-dimensional vector space.

LEMMA 4.12 (“Modulification” of a nonempty affine space).
Let
E:0—M-—N-"5A-—0

be an exact sequence of (G, A)-modules. Then
X :=71)
is a nonempty G-affine space over A, with Y =M.

Conversely, given a nonempty G-affine space X over A, there exists a canonical
exact sequence of (G, A)-modules

E(X):0—X 5 EX) "5 A0,
together with a canonical isomorphism of G-affine spaces

X ~ 7 H1).

Proof. The first assertion is clear. The second one is less obvious. We put
E(X):= (X x Ax X)/ ~,
where the equivalence relation ~ is given by
2,0,y —2) ~ (@, y — )
if and only if & = o/ and
ar—ox' +y=vy — 2 +z¢€ X.

The (class of the) element (z, o, y — 2) is then understood as “ax+y—z € E(X)”.
Addition is defined by

(z,o,y —2)+ (2, y —2') = (r,a+d,d/ (@ —x)+y+y —2z—2).
Muliplication by scalars is given by
B.(az,a,y - Z) = (xﬁa,ﬁ(y - Z))

The G-action is defined in the obvious way- as well as the extension £(X). O
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DEFINITION 4.13 (Restriction and Extension of scalars, for affine spaces).
Let S" = Spec(A’) be another affine G-scheme and F : A — A’ a G-equivariant
morphisms of rings.

i) Let X' be a G-affine space over A’. We denote by (X')y the G-affine space
over A obtained from X', using F to restrict scalars.

ii) Let X be a non-empty G-affine space over A. We denote by
X@a A = (r@Ida) (1)
the G-affine space over A’ associated to the exact sequence
£(X)®AA’:O—>X2®AA'—>E(X)®AA’ T3 A —0.
s
We thus have X @4 A’ = 7®AA’. If X =2, weset X @4 A' = @.
Remark 4.14. Extension of scalars is left adjoint to restriction of scalars, for affine
maps.
The previous Definitions can clearly be sheafified, in the usual fashion. We briefly
explain how.

DEFINITION 4.15. Let S = Spec(A) be an affine G-scheme. Let X be a G-affine
space over A. We denote by X the G-sheaf on S

U X®405U).
For each G-invariant open U C X, X(U) is thus a G-affine space over Og(U).

DEFINITION 4.16. Let S be a G-scheme.
A G-affine space over S is the data of a G-sheaf

X:Uw— X(U),
with values in the category of G-affine spaces, such that the following holds.
i) For all G-invariant open U C S, X(U) is a G-affine space over Og(U).
it) For all G-invariant opens V.C U C S, the morphism
X(pvp) : X(U) — X(V)

is a G-equivariant affine morphism, where X (V') is considered as a G-affine space,
via change of rings through the restriction py.y : Os(U) — Og(V).

iii) Each s € S has an open affine G-invariant neighborhood U = Spec(A), such
that Xy is isomorphic to X, for some G-affine space X over A.

The G-affine space X over S is said to be everywhere nonempty, if each point
s € S has a G-invariant open neighborhood U, with X(U) # 0. In this case, there

exists a unique (G, Og)-Module M, such thgt) MU) = X(U;, for all G-invariant
open subsets U C S. We denote this M by X .

DEFINITION 4.17. Let S be a G-scheme, and let M be a (G, Og)-Module over S.
A (G, M)-torsor (over S) is a G-affine space X over S, everywhere nonempty,

= ~
together with an isomorphism of (G, Og)-Modules X — M.
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4.9. TWISTING 1-EXTENSIONS. Recall that S denotes a G-scheme.
DEFINITION 4.18. Let E and M be (G, Og)-Modules. A (left) action of M on E
is a G-equivariant morphism
M — Auty (E),
between G-sheaves with values in G — Grp.
Ezample 4.19. Let M be a (G, Og)-Module over S. Then, M acts on
E:=MEO0s,
by the formula (on functors of points)
2.(y,A) = (y + Az, A),

for all x,y € M, and all A € Og.
This example deserves to be compared to “an exponential series, truncated in
degree 2”, thinking of 1 4 = as e”.

Let m > 1 be an integer. Let E and M be (G, Og)-Modules over S. Assume
given an action of M on E. Let P be a (G, M)-torsor over S. Then, one can form
the twisted (G, Og)-Module ET| through the “usual twisting process”. We briefly
explain how.

Assume first that S = Spec(A) is affine. View M and F as A-modules, equipped
with a semilinear action of G. We put

EF .= (P x E)/M.

Here, the quotient is taken with respect to the natural diagonal action of M,
identifying (x.m,e) and (x,m.e), for alle € E, m € M and © € P. It is a set,
equipped with an action of GG, inherited from the diagonal action of G on P x E.
Temporarily forgetting the action of G, it is easily shown that there is a unique
structure of an A-module on ET such that, for any b € P, the map

E — EF

e +— (bye)

is an isomorphism of A-modules.

We then see that the natural action of G on E* occurs through semilinear au-
tomorphisms. The case S arbitrary follows by gluing, using the fact that affine
G-invariant opens of S form a basis of the G-topology of S.

Twisting is functorial. More precisely, let
f:E—F

be an M-equivariant homomorphism between (G, Og)-Modules, equipped with an
action of M.
Twisting by the (G, M)-torsor P then yields a morphism of (G, Og)-Modules

PEP — BT
The twist E¥ is canonically isomorphic to E, in each of the following cases.
i) The (G, M)-torsor P is equal to M, the trivial torsor.
i1) The action of M on F is trivial.

We can now precisely formulate an equivalence of categories, linking 1-extensions
of Og by M to (G, M)-torsors. It is a “sheafification” of Lemma 4.12.
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PROPOSITION 4.20. Let S be a G-scheme. Let M be a (G,Og)-Module over S.
Let

E:0—M-—E-504—0

be an exact sequence of (G, Og)-Modules. Then, the assignment
U~ '(1) c H(U, E),

for every G-invariant open U C S, defines a (G, M)-torsor over S. We denote it
by X(£).
Conversely, let P be a (G, M)-torsor over S. Consider the trivial extension

E0:0— M- M Os " 05 — 0.

Equip M and Og with the trivial action of M, and M @ Og with the action of
M given in Example 4.19. The arrows i and w are then M -equivariant, and we
denote by E(P) the twisted extension

00— M5 B(P) = (M@ 0s)” = 05 — 0.

The assignments
E— X(&)
and
P~ E(P)
are mutually inverse equivalences of categories, from YExt%G,OS)_MOd((’)S, M) to

the category of (G, M)-torsors over S.

Proof. This is done in Lemma 4.12 if S is affine. The general case follows by
glueing. O

4.10. REPRESENTABILITY OF TORSORS UNDER (GG-VECTOR BUNDLES.
DEFINITION 4.21. Let V' be a vector bundle over a scheme S. We set
A(V) := Spec(Symp (VY)) — S.

It is the affine space associated to V. It represents the functor of points of V': for
each morphism of schemes T — S, we have

A(VY(T) = HYT,V ®04 O7).
DEFINITION 4.22. Let
£:0—V-"S5E 05 —0

be an extension of vector bundles, over a scheme S.
We denote its dual extension by

A\ v
EV:0— 0 S5 EY VY —0.
For n > 1, we then define the n-th symmetric power of £V as

Sym™(EY) : 0 — Sym™ 1 (EY) xmy Sym™(EVY) Sym () Sym™(VY) — 0.
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Remark 4.23. The extension Sym”™(€Y) as above, is the global version of the follow-
ing local construction. For a commutative ring A, denote by A[Xo, X1,..., Xa|n
the space of polynomials with coefficients in A, in d + 1 variables, homogeneous of
degree n. Then, we have an exact sequence of free A-modules

0— A[Xo, X1,.. ., Xalno1 228 A[Xo, X1, .., Xaln 25" A[X1, ..., Xgln — O.

Indeed, this is the particular case where S = Spec(A), E = (’)gﬂ7 and 7 is the
projection on the first factor.

The next Lemma will create no big surprise, but is very important: a key tool,
in the proof of Theorem B, indeed consists in performing changes of the base, to
appropriate G-affine spaces— splitting schemes of extensions of G-vector bundles.

PROPOSITION 4.24. Let V be a G-vector bundle over a G-scheme S. Let X be a
(G, V)-torsor over S. Then, X is represented by a G-scheme, affine over S.
Slightly abusing notation, we still denote this G-scheme by X — S.

If X corresponds to an extension (of G-vector bundles over S)
£:0—V -5 ET05—0,

then this (G, S)-scheme is the scheme of sections of .
It is an affine subspace of A(E), having A(V') as its space of translations. As such,
it is the Spec of the filtered (G, Og)-Algebra

: n \
lim(Sym" (EY)),
where the limit is taken with respect to the injections of the natural exact sequences

Sym™(£Y) : 0 — Sym™ Y(EY) xmy Sym™(EY) Syﬂv) Sym™ T (VY) — 0.

Proof. This follow from the observation that
X CA(E)
is the closed subscheme given by the single affine equation

v =1.

5. RECOLLECTIONS ON G-WTF MODULES, (G, W,.)-AFFINE SPACES AND
(G, S)-COHOMOLOGY.

We shall need the G-equivariant version of the notions of WtF-Modules and,
especially, of Witt vector bundles, as introduced in [8]. Teichmiiller lifts of line
bundles will play a decisive role. For the convenience of the reader, we recall
these notions below. They give rise to a bunch of algebro-geometric structures,
over Witt vectors W,.. We mainly focus in finite depth r < co— actually, r = 2 is
sufficient for our purposes. Most structures, in depth r = co (i.e. over W, = W),
are simply “compatible structures over W,., for all » > 17, through the following
general construction.

For each integer r > 1, let S, be a category, consisting of algebro-geometric struc-
tures over W,.. For intance, S, may be (G, W,.)-affine spaces over a given (G, F,)-
scheme S, or Yoneda n-extensions of (G, W,.)-bundles over S. Assume that there
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are natural reduction arrows (functors) p, : S, — S,_1. This is the case in the
previous examples. Then, we define a category

Soo = T&n&
as follows. An object of Sy is, by definition, the data of an object X,. € S, for all
r > 1, together with compatibility isomorphisms
br: pr(Xr) — X1,
for all » > 2. An arrow
(X, br) — (X7, 61)

is a collection of arrows f, : X,, — X, with the obvious commutation conditions.
A concrete instance of this general construction appears in Definition 5.3, with

S; = {(G, W,) — bundles over S},
where S is a (G,F,)-scheme S.

Keeping in mind that focusing on finite depth is sufficient for our proof of the
Smoothness Theorem provided in [7], we move on to the main definitions.

DEFINITION 5.1 ((G,W,)-Module, (G, W,)-bundle, (G, W, )-affine space and
(G, M)-torsor over S).

Let S be a (G,Fp)-scheme. Pickr € N,U{oo}. Recall that W,.(S) is a G-scheme,
equipped with its Frobenius

Frob : W,.(8) — W ,.(5),

lifting the (absolute) Frobenius of S.

A (G, W,.)-Module M over S is a W,.(Og)-module, equipped with a semi-linear
action of G.

If M is locally free of finite rank as a W,-bundle, we shall say that M is a
(G, W,.)- bundle over S.

In case mentionning r is superfluous, a (G, W,.)-Module over S is simply referred
to as a G-Witt-Frobenius (or G-WitF) Module over S.

Similarly, o (G, W,)-affine space over S is, by definition, a G-affine space over
W..(S). If M is a (G, W,)-module over S, a (G, M)-torsor is defined as in 4.17,
where M is viewed as a (G, Ow, (s))-Module.

If M is a (G, W,)-module over S, Proposition 4.20 implies that the category of
(G, M)-torsors is equivalent to the category

YExt(g w, (0s))-pmod(Wr(Os), M).

DEFINITION 5.2. ((G, S)-cohomology)

Let S be a (G,F,)-scheme, and let r € N, U {oo}.
Let M be a (G, W ,)-Module over S.

Forn >0, we set

H"((G,S5),M) := YEXt?G,WT(Os))—Mod(WT(OS)7 M).

In particular, H((G,S), M) is the abelian group formed by isomorphism classes
of (G, M)-torsors over S.
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DEFINITION 5.3 (Lifting (G, W,.)-bundles).

Let M, be a (G, W,)-bundle over S. Pick an integer s > r.

A lifting of M, to p®-torsion, is the data of a (G, Wy)-bundle M over S, together
with an isomorphism of (G, W,)-bundles

M, Rw, W.. AN M.,

If specifying an isomorphism is not necessary, we simply say that M,. lifts to M.
We say that M., lifts completely if M,. admits a compatible system of liftings, i.e.
for every s > r, a (G, Wy)-bundle My is given, together with isomorphisms

Merl ®WS+1 Ws L> M5~

5.1. SCHEME OF SECTIONS OF AN EXTENSION OF (G, W,.)-BUNDLES.

Given an (F,, G)-scheme S, Proposition 4.24 can be generalized to the context of
(G, W,)-bundles over S, as follows.

DEFINITION 5.4. Let r > 1 be an integer, and let
£ 10—V, 25 B, =5 W, (Og) — 0

be an extension of (G, W,)-bundles over S.
We consider the functor

o.(=2,.(V.): {(G,S)—Sch} — {G — Sets}
t:T—58) = {o: W, (Or)—=t(E), st. m 00, =Idw, (o, }
It is the functor of sections of m,.

PROPOSITION 5.5. The functor ®,. is representable, by a G-scheme
Si(&) 5 5,
the scheme of sections of €. It is naturally presented as a composite
Si(&) = X, Do X, M x g
The morphism gy is the G-scheme of sections of the mod p reduction
£1:0— Vi 5% B ™5 05 — 0,

as constructed in Proposition 4.24. '
The morphism h; : X; — X, is a (G, Vll_l))—torsor.

Proof. The functor @, is represented by the Greenberg transfer
Rw, /w, (S(&) — W,.(S)) — S.

Here S(&,) — W,.(S) denotes the scheme of sections of &, viewed as an extension
of G-vector bundles over W,.(S) (see Proposition 4.24). The rest of the statement
follows from Greenberg’s structure theorem (see [1]). It can be concretely presented
as follows. Over

X1 :=S(&) — S,
the extension &£ acquires a canonical section

o1 € HY(X1, Ey).
We want to lift o; to a section o of the mod p? reduction of &,, reading as

£ 10— Vo -2 B, T2 Wy (Og) — 0.
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The space of such o9’s is naturally a (G, Vl(l))—torsor, which we denote by
h2 X — X5,

Over X5, & acquires a canonical section oo. Then, we iterate, lifting o5 to o3,
and so forth. 0

5.2. TEICHMULLER LIFT OF A LINE BUNDLE. As shown in [8, §3], the multiplica-
tive section for Witt vectors provides a compatible system of liftings, for G-line
bundles over S. Its main properties are gathered in the next Proposition, proved
in loc. cit..

PROPOSITION 5.6. Let S be a (G,Fp)-scheme. Let L be a G-line bundle over S.
For any r > 1, there exists a canonical lift of L to a (G, W,)-line bundle over S.

It is the r-th Teichmdiller lift of L, denoted by W,.(L). Teichmiiller lifts of L are
compatible, in the following sense.

1) We have W1(L) = L.
2) For all s > r > 1, we have a natural exact sequence (of G-WtF-Modules over
S)

0 — (Frob"),(W,_(L%P")) — W (L) =2 W,.(L) — 0.
Furthermore, the surjection ms 1 admits a canonical (non-linear, sheaf-theoretic,
G-equivariant) section- its Teichmiiller section. We denote it by 75,1, or simply

by 7. It is obtained by twisting the “usual” Teichmiiller section, by the G,,-torsor
associated to L.

6. CYCLOTOMIC PAIRS AND SMOOTH PROFINITE GROUPS.

6.1. (n,e)-CYCLOTOMIC PAIRS. We set
Z/p>ZL = ZLy.
We endow Z,-modules of finite-type with the p-adic topology.

DEFINITION 6.1. Let G be a profinite group. Let e € N* U {oco} be a number.
A (Z/p°Z, G)-module M is a Z/p°Z-module of finite type, endowed with a contin-
uous action of G. (In case e < oo, the action is thus naive.)

For an integer 1 < f < e and a (Z/p°Z,G)-module M, we put
M/p' =My, (Z/p'7),
and we denote by
Te,p 1 M — M/p!
the quotient map.
DEFINITION 6.2. Let n > 1 and e € N* U {oo}. Let T be a (Z/p°T'Z,G)-module,
free of rank one as a Z/p°T Z-module. We say that the pair (G,T) is (n,e)-
cyclotomic if, for every open subgroup H € G, the morphism
Hn(Ha 7—®n) — Hn(H7 (T/p)®n)’
induced by Teq1,1, is surjective. The integer e is then called the depth of the

cyclotomic pair.

Remark 6.3. By a limit argument, “open” may be replaced by “closed” in the
preceding definition.
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Remark 6.4. Let T be a (Z/p*t17Z,G)-module, free of rank one as a Z/p**17Z-
module. Let Gy C G be an open subgroup of prime-to-p index. Then, the pair
(G, T) is (n,e)-cyclotomic if, and only if, the pair (G1,T) is (n, e)-cyclotomic, by
a usual restriction/corestriction argument.

In particular, we can take G to be the kernel of the multiplicative character

XliGHF;,

giving the action of G on T /p. By doing so, we can reduce many problems to the
case where T /p ~ F,, is equipped with the trivial action of G.

Remark 6.5. Let (G,T) be an (n,e)-cyclotomic pair. Then, for every integer f,
1< f <e+1, and for every open subgroup H € G, the arrow

H"(H,T®") — H"(H, (T /p")*")
is surjective. The proof is by induction on f, using the exact sequences

00— T/pf RaliN 7'/;0erl — T/p—0.

If (G,T) is a (n, e)-cyclotomic pair, then 7 is given by a continuous character
X : G— (Z/p6+IZ)X7

which is the analogue of the usual cyclotomic character in number theory. Pulling
this analogy further, we set, for any integer i > 1,

LIy L) = T,
and for any Z/p®T!Z-module M, we put
M(i) := M @z, 7./p* L (i),
This is the notation for “cyclotomic twists”.

Ezample 6.6. Let F be a field of characteristic not p. Let G = Gal(F.p/F) be
the Galois group associated to a separable closure F;/F. Let

o= m g

be the Tate module of roots of unity of p-primary order. It is a free Z,-module of
rank one, equipped with a continuous action of G. Kummer theory implies that the
pair (G, ) is (1, 00)-cyclotomic. As explained in the introduction, the statement
of the Bloch-Kato conjecture is equivalent to (G, u) being (n, 1)-cyclotomic, for
every n > 1. Other fundamental examples of cyclotomic pairs are given in [5, §4].

We conclude this section with an instructive exercise.

Ezxercise 6.7. Assume that p = 2. The goal is to present a group-theoretic version
of the famous identity

(z) U (z) = (-1) U (z) € H*(F,Z/2),

valid for every x € F'*, with F' a field of characteristic not 2.
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(1) Let G be a profinite group. Let
xX:G—{1,-1}(=Fs)
be a character of G. Denote by Z/4(x) the group Z/4, on which G act via
x- Let
£1:0—2Z/2— FEy —Z/2—0

be an extension of (Fg, G)-modules, with class e; € H(G,Fa).
Assume that & lifts to an extension of (Z/4, G)-modules

Er:0—Z/A(x) — Ey — Z/4 — 0.
Show that the identity
etUe; = xUe € H*(G,Fy)
holds.

(2) How does (1) generalize the famous identity above, to the context of
cyclotomic pairs?

(3) State and prove the analogue of the identity above when p is odd, for a
(1, 1)-cyclotomic pair (G,Z/p?(1)).

6.2. (n,e)-SMOOTH PROFINITE GROUPS. We now proceed to state our new def-
inition of smooth profinite groups. We provide, in sections 11 and 12, several
equivalent definitions of smoothness, which will be used in the next parts of this
work.

DEFINITION 6.8 (Smooth profinite group).
Letn > 1 and e € N*U{o0}. A profinite group G is said to be (n,e)-smooth if the
following lifting property holds.
Let A be a perfect Fp-algebra equipped with a (naive) action of G. Let Ly be a
locally free A-module of rank one, equipped with a semi-linear (naive) action of G.
Let

ce H"(G, Ly)
be a cohomology class. Then, there exists a lift of L1, to a (Wey1(A), G)-module
L[], locally free of rank one as a W o1(A)-module (and depending on c), such
that ¢ belongs to the image of the natural map

H"(G,Leyalc]) — H™(G, Lq).

The next proposition gives another definition of smoothness, in the case where the
depth e equals 1.

PROPOSITION 6.9. A profinite group G is (1,1)-smooth iff the following holds.

Let A be a perfect Fp-algebra equipped with a (naive) action of G. Let Ly be a
locally free A-module of rank one, equipped with a (naive) semi-linear action of G.
Let c € H™(G, L1) be a cohomology class. Introduce the natural exact sequence of

(W3 (A), G)-modules
0 — Frob,(LY?) — Wy(L;) — L; — 0;

see [8, §3].
Denote by
B HY(G, L) — H" (G, L{7)
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its associated Bockstein morphism. Then, there exists an extension of (G, A)-
modules

E:0—A—F—A—0,
depending on c, with the following property. Consider the twisted extension
0— LY — E®a LY? — LT — 0.
Applying the adjunction X — Frob,(Frob™(X)), we get an extension of (G, A)-
modules
E(Ly) : 0 — Frob, (LY?) — E(Ly) — L1 — 0.

Denote by B’ the Bockstein homomorphism associated to this extension.
Then, we have

B(e) = B'(c) € H" (G, LTP).

Proof. The general case being similar, we give the proof in the case n = 1.
Consider the natural extension

Naty : 0 — Frob,(4) — W3(4A) — A — 0.
The Baer sum Naty — € is an extension of (G, Wz(A))-modules

0 — Frob.(A) — W2 (A)(E) — A — 0,
where Wo(A)(FE) is free of rank one as a Wa(A)-module.
Applying . ®w,a) Wa(L1) yields an extension
Nato(E,L1) : 0 — Frob, (LY?) — Wy(L1)(E) — L; — 0.

Its middle term is a lift of L; to an invertible Wy (A)-module equipped with a
semi-linear action of G. Note that all such lifts occur that way, for a unique £ (see
[8], Proposition 4.3). The Bockstein of Nata(€, L) is

ﬁ” — /8 _ ﬂ/
as Bockstein commutes with the Baer sum of extensions. Hence, 8”(c) = 0, so
that c lifts to H*(G, Wa(L1)(E)), proving the claim. O

7. THE LAURENT EXTENSION OF A CYCLOTOMIC PAIR.

Let F be a field of characteristic zero, with absolute Galois group I'. It is then
standard that the absolute Galois group of the field of Laurent power series F'((t))
is the semi-direct product Z(l) x I'. Extending this construction to cyclotomic
pairs is natural, as residues play an important role in several reductions of the
Bloch-Kato conjecture.

DEFINITION 7.1. Let (G,Z,(1)) be a (1,00)-cyclotomic pair. We put
G((t)) :=Zy(1) x G.

We call G((t)) the Laurent extension of G, w.r.t. Z,(1). We can view Z,(1) as a
G((t))-module, via the natural surjection G((t)) — G. The formula

G((t) — Zp(1)
(x,9) — =

defines a 1-cocycle, whose cohomology class we denote by

(t) € H'(G((1)), Zp(1)).
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The next Proposition follows from [25, Theorem 3.11]. For completeness, we give
a proof.

PROPOSITION 7.2. Let (G,Z,(1)) be a (1,00)-cyclotomic pair. Then,
(G((t)),Z,(1)) is (1, 00)-cyclotomic as well.

Proof. Denote by 7 : G((t)) — G the natural surjection.
Let H C G((t)) be an open subgroup, and let ¢ € H*(H,F,(1)) be a cohomology
class. We want to lift ¢ to H'(H,Z,(1)). Replacing G by n(H), we can assume
that 7(H) = G.
Put

Hy:=HNZy,(1) C Zy(1) C G((t)).
If Hy =1, then 7y : H — G is an isomorphism, and the claim is obvious, using
that (G,Zp(1)) is a (1, 00)-cyclotomic pair.
Otherwise, we have Hy = p/Z,(1) for some f > 0. Consider the factor group

H/Hy C Z/p (1) x G.
The arrow 7 induces an isomorphism H/Hy — G, giving rise to a 1-cocycle
cg: G — Z/p’ (1),

such that the map
G — H/H,
g — (cg9)
is bijective. Since (G, Zy(1)) is (1, 00)-cyclotomic, ¢, lifts to a 1-cocycle
Cy: G — Zy(1),
giving rise to a section of my : H — G. Consequently, H is isomorphic to the

semi-direct product p/Z,(1) x G ~ Z,(1) x G. We are thus reduced to the case
H = G((t)). Then, consider the class

ZP
¢ 1= ReSG(((i)))(C) € H'(Z,(1),Fy(1)) = F,.

If ¢p = 0, then c is inflated from H'(G,F,(1)) via 7, and its liftability follows. If
co # 0, rescaling, we can assume ¢y = 1 € F),. Replacing ¢ by ¢ — (t), we are sent
back to the case ¢y = 0. [l

Remark 7.3. The analogue of the preceding Proposition, in finite depth e € N,
does not hold.

PROPOSITION 7.4. (Residues)
Let (G,Zy(1)) be a (1,00)-cyclotomic pair. Then, for a positive integer n, an
(Fp, G)-module M and an integer k, we have a natural exact sequence

0 — H"(G,M(k)) — H"(G((t)), M (k)) — H" Y(G,M(k — 1)) — 0.
It is split by x — x U (¢).

Proof. The proof is the same as for residues in Galois cohomology (see [16,
Corollary 6.8.8]). O
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8. LIFTING (G, W, (L)(1))-TORSORS.

8.1. WHY COHOMOLOGY WITH W, (L)-COEFFICIENTS? Let S be a (G,F,)-
scheme, let L be a G-line bundle over S, and let » > 1 be an integer. The
(G, W,(L)(1))-torsors on S are suitable for many applications in algebraic and
arithmetic geometry, as follows.

Let X be a (smooth, geometrically integral) variety over a field F', of characteristic
# p. Denote by G = m1(X) “the” étale fundamental group of X, and by Z,(1)
the usual Tate module. Then, the machinery provided by the groups

H'((G,S), W(L)(7)),
for various (G, Fp)-schemes S and G-line bundles L over them, is thought of as
“Hey (X, W (L)(5))"

with L is a system of mod p coefficients of purely multiplicative nature, broadly
extending the notion of rank one [Fj-local system on X. This analogy can be made
very accurate— especially if X is a K(m,1).

Applying our point of view to algebraic geometry amounts to performing sub-
tle geometric operations on the level of the coefficients of the desired cohomology,
instead of doing them on the variety X itself. These present similarities with Steen-
rod operations- except that Steenrod operations apply to cohomology groups, not
to coefficients themselves. As usual, these coefficients have to be (of p-primary)
torsion. This is fine, since torsion coefficients for cohomology theories are com-
monly accepted as the most relevant ones. The variety X then becomes almost
invisible, and only subsists via its algebraic fundamental group- which is indeed,
in many cases of interest, a smooth profinite group- see [5].

8.2. LIFTING GEOMETRICALLY SPLIT EXTENSIONS. In this section, n is a positive
integer, e € N* U {oo} and S denotes a (G,F,)-scheme. We assume that

(G, Z/p' (1))
is a (n, e)-cyclotomic pair.

Recall the notation for cyclotomic twists: if M is a (G, W14.)-Module on S, we
denote by M (n) the sheaf

U— M(U)(n).
It is a (G, W41 )-module, called the n-th cyclotomic twist of M.

The next Definitions are a prerequisite for stating the main Theorems of this
section. They are especially meaningful, when n = 1.

DEFINITION 8.1 (Lifting cohomology). Let S be a (G,F,)-scheme and L be a G-
linearized line bundle over S.
Let 1 <r < e be an integer and

¢, € H((G. ), W,(L)(n))
be a cohomology class.
Ifse{r+1,..,e+1} is an integer and
¢s € H"((G,5), Ws(L)(n))
is a cohomology class, we say that cg lifts ¢, if cs is sent to ¢, by the map

H"((G,5), Ws(L)(n)) — H"((G,S), Wr(L)(n))
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induced by the natural reduction arrow
W, (L)(n) — Wr(L)(n),
between G-WtF-Modules on S.
Accordingly, we say that a (G, W ,.(L)(1))-torsor lifts, if its cohomology class does.

DEFINITION 8.2 (Strongly geometrically trivial classes). Let S be a (G,F,)-scheme,
and let
E:0— My— M; = My —0

be a short exact sequence of (G, W .)-modules on S.
We say that € is geometrically trivial (or geometrically split), if m admits an Og-
linear (non-necessarily G-equivariant) section.

More generally, an n-extension of (G, W,.)-modules over S

fn 1

0 — My 2% a5 g, I v —— 0

is strongly geometrically trivial if the following holds. Split off the extension, as a
cup product of short exact sequences

5i:0—>Ai—1 —>M1—>AZ—)O7

i=1,...,n, given by the kernels and cokernels of the f!s. Then, all the &’s are
geometrically trivial.

Accordingly, for a (G, W,)-module M, we say that a (G, M)-torsor, or more gen-
erally a cohomology class ¢ € H™((G,S), M), is strongly geometrically trivial if
it can be represented by a strongly geometrically trivial n-extension of (G, W,.)-
modules

0— M= Mo—>M1—> f"—%M —>W (Os) — 0
Strongly geometrically trivial classes form a subgroup
Hiu((G,S5), M) € H*((G, 5), M).
Remark 8.3. For n =1, we have
((G,S),M) =Ker(H'((G,S),M) — H'(S, M)).
For n > 2, we have an inclusion

Hy((G,5), M) C Ker(H"((G, S), M) — H"(S, M)),

sgt

which is, in general, far from being an equality.

LEMMA 8.4. Let S be an affine (G,Fy)-scheme. Let M be a (G, W,)-module on
S. Then, all cohomology classes are strongly geometrically trivial: we have

Hi((G,5), M) = H"((G, S), M).

Proof. Adapting the process of [9, Lemma 5.1], we can represent a given coho-
mology class ¢ € H™((G, S), M) by an n-extension of (G, W, )-modules on S

f" 1 fn

C:O—>M—>M1L> — M, — W,(0s) — 0,

where My, ..., M, are GW,-bundles. Such an extension is strongly geometrically
split. Indeed, over an affine base, short exact sequences of quasi-coherent modules,
having a vector bundle as cokernel, are split. ([l
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PROPOSITION 8.5. Let S be a (G,F,)-scheme. Let M be a (G, W,)-bundle on S.
For all n > 1, there is a natural isomorphism

v Hn(GvHO(S’ M)) ‘) H;Lgt((Gas)aM)v

built through a natural algorithm given below.

Proof. Start with a class c € H"(G, H°(S, M)). Using [9, Lemma 5.1], represent
it by an n-extension of (Z/p", G)-modules
C:0— H(S,M)—E, 25 . "3 B, 2 7/p" — 0,

where Es, Fs, ..., E, are free as Z/p"-modules. It is then straighforward to check,
by descending induction on i, that Ker(g;) is also free as a Z/p"-module, for
1=2,...,n

Applying -®z,,- W, (Os) to C thus preserves its exactness, yielding an n-extension
of GW,-modules on S

Cs 10— HO(S, M) ® W,(Og)—M; L5 128 v I W, (05) — 0,

where M; := E; ® W,.(Og). Note that My, ..., M,, are GW ,-bundles. Denote by
a:HY(S,M)®@ W,.(05) — M
the canonical arrow, given by restricting global sections. Form the pushforward

fnl

€= ay(Cs) : 0 — M—M, L5 My 2 158 M, I WL(05) — 0

it is an n-extension of GW,-modules on S. Set y(c) to be the class of £ in

sgt((G S) )
To get an arrow in the reverse direction, start with e € Hy,((G,S), M), repre-
sented by a strongly geometrically trivial n-extension of GW,.-modules on S

fnl

£:0 — M—sMy 25 My 2 5 M, I WL (05) — 0.

Taking global sections yields an n-extension of (Z/p", G)-modules

which we pullback by the arrow

Z/p" — H°(S,W.(05s))
1 — 1

to get an m-extension of (Z/p", G)-modules
C:0— H°(S,M)— - —Z/p" — 0.
Set 9/ (e) to be the class of C in H"(G, H°(S, M)). One then checks that the arrow
H{,((G,S), M) — H"(G,H(S, M))
is the inverse of ~.
(]

Remark 8.6. In Definition 8.2, assume that M is a (G, W,)-bundle. Using (the
proof of) Proposition 8.5, every element of H,((G,S), M) can be represented by
a strongly geometrically trivial n-extension of (G, W ~)-bundles

0— M =M 2% a5 % v, I WL (08) —

— 0,
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9. LIFTING (G, M)-TORSORS.

In this section, we state and prove the first lifting theorem of this arti-
cle, to be thought of as a generalization of classical Kummer theory, for
HY(Gal(Fyep/F), pipr), to the broader context of torsors for (G, W,.)-line bundles,
over a (G,F,)-scheme S. It applies to arbitrary depth e.

THEOREM A. Let (G,Z/p'™¢(1)) be a (n,e)-cyclotomic pair, relatively to some
integer n € N* and e € N* U {o0}.
Pick an integer 1 <r <e. Let S be a (G,F,)-scheme and L be a G-linearized line

bundle over S. Consider a strongly geometrically trivial class

cr € Hy (G, 5), Wr(L)(n)).

Then, there is an integer m > 0 such that the Frobenius pullback c(rm) of ¢, lifts to
a strongly geometrically trivial class, via

H:gt((Gv S)a Wl—i—e(L(m))(n)) — H.

sgt

(G, 8), W(L"™)(n).
In particular, if S is a perfect affine scheme, the natural arrow
H"((G,5), Wite(L)(n)) — H"((G,S), Wr(L)(n))
is onto. Therefore, G is (n,e)-smooth.
Remark 9.1. By the very definition of a cyclotomic pair, Theorem A also clearly

holds if we replace G by an open (or even closed) subgroup H C G. Its proof
actually invokes a tremendous amount of such subgroups.

Remark 9.2. For proving Theorem A, without loss of generality, we can assume
that Fp(1) ~ [, has the trivial G-action. Indeed, the action of G on F,(1) occurs
through a multiplicative character

£:G—TFy

whose kernel Gy has index dividing p — 1, hence prime-to-p. Invoking the usual
restriction-corestriction argument, it is then free to replace G by Gj.

9.1. PERMUTATION MODULES AND FACTORIZING FROBENIUS. In this section, and
only in this section, we will encounter infinite dimensional IF,-vector spaces, en-
dowed with a naive action of G- for instance, (IF,, G)-algebras, which are of finite-
type as Fj-algebras. We thus state the following definition.

DEFINITION 9.3.
If G is a profinite group, an [F,, G]-module is an Fy-vector space, equipped with a
naive F,-linear action of G.

Remark 9.4. For G finite, an [F,, G]-module is simply a module over the group
algebra [F,[G].
The goal of this section is to provide Theorem 9.7, a remarkable algebraic device

and the key ingredient in the proof of Theorem A.

LEMMA 9.5. Let A be an (Fp, G)-algebra, reduced and of finite-type as an F,-
algebra. Set B =: AC.

Then, the following assertions hold.

i) The Fp-algebra B is of finite-type, and A is finite, as a B-module.
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it) There exists a finite G-set X, and an element f € B, which is not a zero
divisor in A, with the following properties:
a) The algebra Ay/By is finite étale.
b) There exists G-equivariant homomorphisms of B-modules
¢: A— BX, and ¢ :BX — A,
such that

Yoo = fId and ¢oy = fId.

iii) The extension of [Fp, G]-modules

E):0—A"L A4/ —0
is split by pullback by the natural quotient map q : A/ f> — A/ f.

Proof. Point i) is classical. Let us prove ii). Denote by H C G the kernel of the
action of G on A; it is an open subgroup.

Assume first that A is a domain. Denote by L (resp. K) the field of fractions of A
(resp. of B). By Artin’s Lemma, the extension L/K is Galois, with Galois group
G/H. Put X := G/H. Then, by the normal basis theorem, there exists a G-
equivariant isomorphism of K-vector spaces L — KX. The existence of f € B,
enjoying the properties required in a) and b), readily follows. This argument
instantly extends to the case where A is a finite product of domains, after noting
that the group G naturally permutes the factors of the finite product in question
(which correspond to the primitive idempotents of A).

Let us deal now with the general case: denote by P, ..., Ps the generic points of
Spec(A). Put
K;:= APiZ
it is a reduced Artinian ring, hence a field. The canonical map
S
1 A—> H K;
i=1

is injective.
For each index ¢ = 1, ..., s, there exists an element

a; € (ﬂj#ipj) — P;.
Equivalently, the element a; is nonzero in Kj;, but vanishes in all K;’s, for j # 1.
Put

a:=a;+...+ as.
We then have

a? —aa; =0€ A
for all 4; indeed, these elements vanish in all K;’s. The element a € A is not a
zero divisor, hence so is

b:= Ng/p(a) | = H g-a| € B.
geG/H
Furthermore, the elements
a;
e, =— €Ay
a

are primitive idempotents, decomposing A; into a finite product of domains. We
are thus reduced to the previous case.
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To prove 4ii), consider first the commutative diagram of [F,, G]-modules

(&) : 0 Ay A/ f? 0
l¢> le lqs/ﬂ

(Fa) : 0 px 2P px (B/f2)X ——>0
lw lw lw/ﬁ

(&) 0 Ay A/ 0.

The middle exact sequence F» is split, since B — B/f? splits as an Fp-linear
map. Since ¢ oy = fId, it follows that

fE =0€Bxti o(A/f? A).

The diagram
xf

(£1):0 A A Alf 0
o ]
(&) :0 ALy AJf2——>0
shows that ¢*(&1) = f€. This completes the proof. O

DEFINITION 9.6 (Permutation modules). An [F,, G]-module is said to be a permu-
tation module if it has an Fy,-basis (possibly infinite) which is permuted by G.

In other words, P is permutation, if it is isomorphic to an [F,, G]-module of the
shape

X
F{O,
where X is a G-set (the action of G being naive).
We say that a morphism of [Fp,, G]-modules
f:M—N

factors through a permutation module if there is a permutation module P and a
factorization

P
2y
M—— N
f
Such morphisms form a subgroup of Homy, (M, N).

Arguably, the next theorem maximizes the product (simplicity x depth), among
all results of this article.

THEOREM 9.7. Let A be an (Fp, G)-algebra, of finite-type as an Fy-algebra. Then,
there exists an integer m > 0 such that, as a morphism of [Fp,, G]-modules,

Frob’} : A — A

factors through a permutation module.
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Proof. Let i > 0 be such that the nilradical N of A satisfies N?* = 0. Then Frobi‘
canonically factors through A — A,..q . We can thus assume that A is reduced,
and proceed by induction on the (Krull) dimension of A. We use the notation and
the results of Lemma 9.5. By induction, there exists an integer m’ > 0, working
for A/f. By point i) of Lemma 9.5, there exist a morphism of [F,, G]-modules
s: A/f? — A, such that 7o s = q. Denote by ¢ : A/f — A/f? the canonical
map, sending a (mod f) to a? (mod f?). Put

P ZZSO@OFI‘ObZ}fOﬂ'ZA—)A;

it is a morphism of [F,, G]-modules, factoring through a permutation module (be-

cause F‘rob% s does). Then, the difference Frob™ ™' — F takes values in the ideal
fA C A. Hence, there exists a morphism of [F,,, G]-modules

FQ:A—>A7

such that
Frob’} ' = Fy + fF.
By point i) of Lemma 9.5, the morphism “ multiplication by f ”: A — A factors

through a permutation module- hence so does fFy. Finally, we thus see that
m :=m’ + 1 does the job. O

Ezxercise 9.8. Adapt the proof of Theorem 9.7, to show the following more precise
statement, under the same assumptions. Consider the product

PA) =[] k@),
z€Max(A)
taken over all closed points z € Spec(A), with residue field the finite field k(x).
Show that it is a permutation [F,,G]-module, and that there exists an integer
m > 0, such that
Frob’y : A — A
a +— a?"
factors through the natural map A — P(A), as a morphism of [F,, G]-modules.

Question 9.9. (Does Theorem 9.7 hold for modules?)
Let M be an A[G]-module, which is finite locally free an an A-module. Is there
an integer m > 0 such that

Froby;: M — Mm)
r — 1®cx

factors through the natural map M — P(A) ®4 M, as a morphism of [F,, G]-
modules? In general, the answer is most likely “no”.

9.2. PROOF OF THEOREM A, FOR S AFFINE AND L = Og.

In order to lighten notations, we write the proof of Theorem A for n = 1, the
general case being the same.

We first assume that S = Spec(A) and L = Og. Note that in this case, any
(G, W,.(L)(1))-torsor is strongly geometrically trivial by Lemma 8.4. By Propo-
sition 8.5, (G, W,.(L)(1))-torsors are then classified by H*(G, W,.(4)(1))- in the
usual setting of the cohomology of a profinite group G, with values in a discrete G-
module. We are then concerned with showing that after some suitable Frobenius
pullback, all such classes admit a compatible system of liftings.
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To prove the Theorem, it is straightforward to reduce to the case where A is
an Fj-algebra of finite-type. To understand why, consider a cohomology class c,
represented by a cocycle
2 € Z1(G, W, (A)(1),

which factors through an open subgroup of G. It thus only takes finitely many
values, each of which can be represented as a finite sum of Teichmiiller representa-
tives of elements of A. The G-orbit of each of these elements is also finite. We may
then indeed replace A by the (G,F,)-algebra generated by this finite G-invariant
collection of elements of A.

In the current setting, Theorem A is then a consequence of the following Proposi-
tion. Note that its content is more precise: the growth of the power of Frobenius
needed to lift classes in H1(G, W,.(4)(1)) is actually linear in r.

PROPOSITION 9.10. Let (G,Z/p'*¢(1)) be a (1,e)-cyclotomic pair with e € N* U
{o0}. Let A be a (G,F),)-algebra, of finite-type over Fy,. Then there is a non-
negative integer m(A) with the following property.
Letr € {1,...,e} be an integer and c € H (G, W,.(A)(1)) be a cohomology class.
Then (Frob™™)*(¢) lifts to H* (G, W o41(A)(1)).
Proof. By Theorem 9.7 there exists m = m(A4) > 0 and a factorization

Frob™ : A -1y F(O 2, 4,
for some G-set X. We are going to show that this m satisfies the conclusion
of the Proposition. We first deal with the case » = 1, showing that classes in
the image of (the map induced on H'(G,-) by the cyclotomic twist of) g lift
to HY(G,W.11(A)(1)). The G-set X is a disjoint union of cosets G'//H;, where
the H;’s are open subgroups of G. It suffices to treat the case of a single orbit
G/H. Using Shapiro’s Lemma, we can then replace G by H, reducing to the case
X = {x}. Put

a:= g([x]) € A.

For all 4 > 1, denote by

aiv1 = Tiy1(a) € Wi (A)
the Teichmiiller representative of a.

Let 0 <4 < e be an integer. We have a commutative diagram

7/ pH—— ... ——7/p* L — L/pZ

| L

Wi+1(A) — ... Wg(A) A

)

where the horizontal maps are the natural surjections, and the i-th vertical map
sends 1 € Z/p'TZ to a;11. After twisting this diagram by Z/p'*¢(1), by definition
of (1,e)-smoothness, all arrows in the upper line induce surjections on H'(K, "),
for any open subgroup K of G. Thus, Im(g.) C H'(G, A(1)) indeed consists of
classes, that lift as required.

The proof of the general case is by induction on r. Assuming the result known for
r, let
¢ € HY(G, Wyan(A)(1))
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be a cohomology class. Denote by b its reduction to a class in H*(G, W,.(4)(1)).
By induction, we know that b, := (Frob™™)*(b) admits a lifting

(bise) € H'(G, Wiy (A)(1)).
Denote by (b,41) € H' (G, W1,,(A)(1)) the reduction of by .. Set
¢’ := (Frob™)"(c) — br41.
Via the maps induced in cohomology from the exact sequence
0 — A(1) = W, (4)(1) — Wo(A)(1) — 0,

¢ reduces to 0 in H'(G, W,.(A)(1)), hence comes from a class b’ € H(G, A(1)).
By the n = 1 case, we get that (Frob™)*(¥) lifts to H'(G, W14.(A)(1)) . Hence,
(Frob™)*(¢) lifts as well. Finally, we see that

(Frob(r+1)77L)*(c) — (Frobm)*(bT_H) + (FI'Obm)*(C/)

lifts as stated- as a sum of classes sharing this property. O

9.3. THE GENERAL CASE. We now prove Theorem A, for S and L arbitrary.
By assumption, there exists a (not necessarily G-equivariant) trivialization

F:P = W,(L)(1)

of the W,.(L)(1)-torsor P over S. Remembering that the automorphism group of
the trivial W ,.(L)(1)-torsor is H°(S, W,.(L)(1)), we see that the assignment

z: G — H°(S,W,.(L)(1))

g — zg:i=FlogoFog!

is a 1-cocycle. The (G, W,(L)(1))-torsor P can be recovered as the twist of the
trivial (G, W,.(L)(1))-torsor by this cocycle. Denote by

ce HY(G,H(S,W,(L)(1)))

the cohomology class of z.
Lifting P as required is then equivalent to lifting ¢ to

Crye € HY (G, HO(S, W14c(L)(1))).
Theorem 9 thus boils down to the following Proposition.

PROPOSITION 9.11. Let e € N, U {oc}. Let (G,Z/p**¢(1)) be a (1,e)-cyclotomic
pair. Let S be a (G,Fy)-scheme. Pick an integer 1 <r <e.

Let
ce H'Y(G, H(S,W,(L))(1))
be a cohomology class. Then, there exists an integer m > 0, such that the class
(Frob™)*(c) € H'(G, HO(S, W,(L®"))(1))

lifts to
Crve € HY(G, HO(S, W o (L57))(1).
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Proof. By Proposition 5.6, we have a commutative diagram, with exact rows

0 —= HO(S, Wy (L®P")) — H(S,W,424:(L)) — H(S, W, 4144(L)) —0

0 —= HO(S, Wy (L®"")) — H(S,W,414:(L)) —>= H(S, W, (L)) —=0

i

0 — HO(S, L®P")

H°(S,W,1(L)) —— H°(S,W,(L)) —=0,

where Frobenius pushforwards are dismissed for clarity.

We work in the cyclotomic twist of this diagram, to which we apply H'(G,.), and
mimic the proof of Proposition 9.10. By induction on r, we assume the result
known for a given r > 1, and for all L. Let

ce HY(G,H°(S,W,41(L))(1))
be a cohomology class. Then, there exists m; > 1 such that

7. ((Frob™)*(¢)) € HY(G, H'(S, W, (L®P

mq

(D)

admits a compatible system of liftings (b;),<;<e+1. Replacing L by Ler™ , We can
assume that m; = 1. Replacing ¢ by ¢ — b,11, we then reduce to the case where
m«(c) = 0. Hence, there exists

ae HY(G,H(S, L% (1)))

such that i,(a) = ¢. If we can show that (a high enough Frobenius twist of) a lifts
to

H' (Ga H’ (S’ We+l—T<L®pr)))
(with respect to the line bundle L"), then we are done, by commutativity of the
diagram above.

Thus, only the case » = 1 remains to be considered. Put
A= @HO(S, L®Y);
i€z
the (F,, G)-algebra of regular functions on the G,,-torsor associated to L. As
usual, the class c € HY(G, H°(S, L)(1)) is defined by a cocycle taking only finitely
many values. Let A" C A be the sub-(F,, G)-algebra generated by these values;
it is an F,-algebra of finite-type. Casting Theorem 9.7 again, we get an integer
m > 0 and a factorization
Frob™ : A’ 4 IF;X) 25 A
where X is a G-set. Consider the composite
¢:F) L A S AT gO(S, L7,

where pr,, is the natural projection. We are now reduced to showing that classes
in the image of

o(1), : HY(G,FO (1)) — HY(G, HO(S, L®%" (1)))
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lift to H*(G, HO(S, W1,.(L)®" (1))).

Note that the stabilizers of elements of X are open subgroups of G. By definition
of a cyclotomic pair, and using Shapiro’s Lemma, we can thus replace G by each
of these stabilizers. In short, we can assume that X = {*} is a one-element set.
Put

m

a = pr,, (9([x])) € H(S,L®"").
For all s > 1, denote by

m

as = 7s(a) € H°(S, W, (L®""))
the Teichmiiller lift of a = a;. We conclude by a chase in the diagram

(Z/p*2)(1) ——— (Z/pZ)(1)

ll’—ﬂlpre \Llaa

H0(57 W6+1(L®pm)(1)) e H0(57 L®pm (1))7

to which we apply the functor H*(G, -)— remembering the definition of a cyclotomic
pair. ([l

10. A VARIATION FOR THEOREM A, IN INFINITE DEPTH.

In this section, we develop a refinement of Theorem A. It is not used in the next
two papers of this series. Readers willing to go straight to the proofs of our The-
orems B, C, and D are thus advised to skip it.

Looking at Theorem A, one may wonder whether the “strongly geometrically triv-
ial” assumption could be removed, to get a broader lifting result. For n = 1,
the following Theorem goes towards this direction, in an optimal way. It asserts
that, if (G,Z,(1)) is a (1, 00)-cyclotomic pair and P, is a (G, W, (L)(1))-torsor, a
(necessary and) sufficient condition for P, to lift to a (G, W(L)(1))-torsor, is to
admit a G-invariant lift (dismissing the action of G, see Remark 2.12). Note that
we don’t have a similar statement in finite depth e.

THEOREM 10.1. Let (G,Zy(1)) be a (1,00)-cyclotomic pair. Let S be a perfect
(G,F,)-scheme and let L be a G-linearized line bundle over S.

Pick an integer r > 1 and consider a (G, W ,(L)(1))-torsor P, over S.

Denote by P, the W,.(L)(1)-torsor given by P., forgetting the action of G.

Assume that P, lifts to a W(L)(1)-torsor P, whose class in H*(S, W (L)(1)) is
G-invariant.

Then, P can be equipped with the structure of a (G, W (L)(1))-torsor, lifting the
(G, WT'(L)(I))'tOTSOT Pr~
Proof. Denote by Gg C G the kernel of the action of G on S and put
s :=v,(|G/Ggl).
Recall the natural exact sequence
0 — Frob” (W(L®?")) — W(L) — W,.(L) — 0.

It has a natural non-linear section- its Teichmiiller section. We thus get an exact
sequence of G-modules

0 — HO(S, Frobl (W (L®"")(1))) — H(S,W(L)(1)) = H°(S,W,(L)(1)) — 0.
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There exists a natural obstruction
Obs € H*(G, H°(S, W(L®?")(1))),

whose vanishing is equivalent to endowing P with the structure of a (G, W (L)(1))-
torsor P, lifting P,.. To build Obs, pick isomorphisms of W (L)(1)-torsors over S,

Pg : P = g.P,
one for each g € G. Consider their reduction, to isomorphisms of W,.(L)(1)-torsors
over S,
bgr: Pr— g.P,.
Denote by

cang ., : P, = g.P,
the canonical isomorphisms, giving the semi-linear action of G on P,. Then,

Og,r 1= ¢;} o cang,,
belongs to the automorphism group of P,., which is H°(S, W,.(L)(1)). We can lift
dg,r through m,, to

5y € H°(S,W(L)(1)) = Autg(P).
Replacing ¢4 by ¢4 0 d,, we are reduced to ¢4, = cang . Then, set
con =y " 0 (.05 ") 0 dgn € H(S,W(L)(1)) = Auts(P).
By what precedes, m(cg,n) = 0, so that ¢, p is a 2-cocycle, living in
Z*(G, HO(S, W(L#P")(1))).

Set Obs to be its cohomology class.
If S is affine, then Obs is simply the obstruction to lifting the geometrically
trivial torsor P,. It thus vanishes by Theorem 9.

Suppose now that G acts trivially on S. Let (U;) be a finite cover of S, by affine
open subschemes. The preceding discussion, the image of Obs by the (arrow
induced by the) injection

0 — HO(S,W(LEP")(1)) — D HO(U;, W(LE"")(1))

vanishes. Using Lemma 10.2, we see that Obs vanishes.

We no longer assume that G acts trivially on S. By restriction-corestriction (from
G to Gg), we get that p*Obs vanishes. Indeed, G acts trivially on S.

Assume first r > s, so that p"Obs = 0.

Consider the (twist by (1) of the) natural commutative diagram of G-Wtf-Modules
on S with exact rows

D: 00— Frob(W(L®" ) ————> W(L) ————— > W, (L) ————0
lf:_Frob:(ad(Idw(L@)prJrs )))lad(IdW(L(ng)) lad(ldwr<L®pr))
0 —— Frob? (W(L®"")) —— Frob’ (W(L®?")) — Frob! (W, (L&")) — 0,

where we write ad for adjunction, between Frob, and Frob®. We have

iof=xp".
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Twisting it by (1) and taking global sections, we get an analoguous diagram
C:= HY(S,D(1)), where each G-Wtf-Module M is replaced by H°(S, M(1)). By
Theorem A, the arrow
H' (G, H(S,W(L®")(1))) — H"(G, H*(S, W (L*"")(1)))
is surjective. Chasing in the diagram induced in cohomology by C, we get
£.(Obs) = 0 € H2(G, H°(S, W(L®""")(1))).

Since S is perfect, Obs itself vanishes, and we are done.
Assume now r < s. Put t := s —r.
Consider the natural commutative diagram of G-Wtf-Modules on S, with exact

(W(
(W(

Twisting by (1) and taking global sections yields a similar diagram, denoted by
C':= H°(S,D'(1)). Since S is perfect, it suffices to show that (Frob"’)*(P) can be
equipped with the structure of a (G, W(L®")(1))-torsor, lifting (Frob®)*(P,). By
chasing in the diagram induced in cohomology by C’, we are reduced to the case
r = s (cohomology of the lower line), which was dealt with above. O

D' : 0 — Frob! /(W (L&) —— Frob’ (W (L®P")) — Frob! (W, (L%")) — 0

Frob? (W (L®P")) W(L) W, (L)

LEMMA 10.2. Let S be a Fp,-scheme, endowed with the trivial action of G, and let
L be a G-line bundle over S. Denote by G, the kernel of the action of G on L.

Let (Ui)i:17.__,N be a finite cover of S, by affine open subschemes. Let r > 1 be an
integer. Consider the exact sequence

N
R:0— H°(S,W,(L)) > @ H (Ui, W,(L)) — B, — 0,
=1

where B, is defined as the cokernel of p. The following holds.

(1) If the index of Gr, in G is prime-to-p (which holds for instance if S is
reduced), then the pushforward of R by the natural injection
Frob” ™' : HO(S,W,.(L)) — H°(S, Frob! " (W, (L&' )))
splits, as an extension of (Z/p"7Z)[G]-modules.
(2) In general, denote by p™t the exponent of the p-primary component of the
finite abelian group G/Gp C G,,(S).
Then, (Frob™"=~1) (R) splits, as an extension of (Z/p"Z)[G]-modules.
(3) Assume now that S is perfect. Then, the natural exact sequence of Z,|G]-
modules

N
0 — H°(S,W(L)(1)) 2 EBHO(UZ»,W(L)(I)) — B(1) — 0
splits. )

Proof. Note that, if items (1) and (2) hold true, then so do the similar properties,
replacing R by the cyclotomic twist R(1).

Item (3) follows from (1), by passing to the limit. We thus content ourselves with
proving (1) and (2).
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Since the group of automorphisms of the line bundle L is G,,(S), and since Frobe-
nius additively kills p-nilpotent elements (and hence multiplicatively kills p-th
roots of unity), we see that G, g, . has index prime-to-p in G. Replacing L by
L®P™" | we see that (2) follows from (1), which we now prove.
By the usual “restriction-corestriction” argument, we can assume that G = G,
acts trivially on L. We then have to show that (Frob”™'),(R) splits, as a mor-
phism of (Z/p"Z)-modules. To do so, it suffices to check the following property.
For every s € H°(S,W,.(L)), and every integer 1 < j < r—1, if (s;) := p(s) is also
divisible by p?, in the group @f\il H°(U;, W,.(L)), then Frob"!(s) is divisible by
p’ in the group HO(S, Frobifl(WT(L‘g’pwl))).
We now prove this. Write s; = p’t;, for t; € H*(U;, W,.(L)). Note that multipli-
cation by p?

W(L) — W,(L)

T — P

factors as the composite of the two natural morphisms (of WtF-Modules over S)
W, (L) -5 (Frob,) (W, (%)) %" W,(L),

where a; is adjoint to the reduction
(Frob?)* (W,(L)) = W, (L®") — W,_;(L*"),

and where @,_;, is the natural injection.

Put u; = (a;)y,(t;), viewed as elements of HO(UZ-,WT,j(L@)pj)). Since Zp_j,r
is injective, the u; glue, to a global section u € HY(S, Wr_j(L®pj)). Through
the Teichmiiller section [8, Section 3.1], u possesses a natural lift to an element
@ € HO(S, W,(L®"")). Observing that the composite

(Frob, ) (W,.(L&?")) — (Frob, ) (W,_; (L") =l W,.(L) — (Frob, ) (W, (L")

is multiplication by p/, we see that the elements Frob’ (s) and p’@ coincide when
restricted to each U;. They hence coincide.
A fortiori, we get Frob” *(s) = p/Frob” ™'~/ (&) as was to be shown. O

11. (n,1)-SMOOTHNESS: AN EQUIVALENT DEFINITION.

Theorems B, C, and D deal with (n, 1)-smoothness. This flexible notion, involving
algebraic geometry in characteristic p, is less elementary than (n,1)-cyclotomic
pairs. Nonetheless, it turns out to be equivalent to a much simpler notion, thought
of as “a profinite group G, with a moving cyclotomic character”. We call these
cyclothymic profinite groups. We warn the reader, not to take this denomination
too seriously. Indeed, in the sequel, we will stick to the name “(n,1)-smooth”,
and use the property below in proofs only, especially for the second statement of
Theorem D.

DEFINITION 11.1. (Cyclothymic profinite group.)
Letn>1, e e N*U{oo} and let G be a profinite group.
We say that G is (n,e)-cyclothymic if the following holds.
Let L be an (Fp,, G)-module, of dimension one as an F,-vector space.
Consider a finite collection
Hy,...,Hy C G
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of open subgroups of G.
For eachi=1,...,N, let
c; € Hn(H“ L)
be a cohomology class. Write C := (c1,...,¢cN).
Then, there exists a lift of L, to a (Z/p'*¢, G)-module Ly, .[C], free of rank one
as a Z/p'T¢-module, such that, for eachi=1,..., N, the class ¢; lifts through

Hn(Hi, L1+C[C]) — Hn(Hi, L)
The integer e is called the depth of the cyclothymic group G.
Remark 11.2. The point, in this definition, is that Lq4.[C] depends on C.

Remark 11.3. In this definition, we can assume without loss of generality that
L =T, has the trivial action of G. Indeed, let G, C G be the kernel of the action
on L. Its index divides p — 1, which is prime-to-p. We are then free to replace
H; by H; N GL— using a restriction-corestriction argument. As a consequence, if
(G,Z/p'T¢(1)) is an (n,e)-cyclotomic pair, then the profinite group G is (n,e)-
cyclothymic. Indeed, as explained above, we can assume w.l.o.g. that L =TF,(1) =
F,, and set

Li4[C] == Z/p*+(n).

Before investigating relations between cyclotomic pairs, cyclothymic groups and
smooth groups, we state the following variant of Theorem A.

THEOREM 11.4 (Cyclothymic version of Theorem A).

Pickn € N and e € N*U {oco}. Let G be a (n,e)-cyclothymic profinite group.

Let S be a (G,Fp)-scheme, and L be a G-linearized line bundle over S. Consider
a strongly geometrically trivial class

ce H"((G,S),L).

Then, there exists m > 0, and a lift of L™ = L®P" to a (G, W,.)-line bundle
over S, which we denote by L[ﬁ]e [c], such that ™) lifts, to a strongly geometrically

trivial class, via the natural arrow

H,((G,S), LV [e]) — HE

sgt

(G, 9), L"),
In particular, taking S to be a perfect affine scheme, we get that G is (n, €)-smooth.

Proof. The proof is the same as for Theorem A. To understand why, the key is
that, in the proof of Theorem A for r = 1, it suffices to lift a finite number
N of classes ¢; € H'(H;,F,), where H; C G are open subgroups. These H;’s
occur as the stabilizers of elements of the G-set X, given by Theorem 9.7. The
coeflicients module used to lift the ¢;’s is of little importance—provided it is a
(Z/p'*¢, G)-module, free of rank one as a Z/p' T¢-module. For this purpose, setting
C :=(c1,...,¢n), the module L1 .[C] of Definition 11.1 does the job— instead of
Z/p**¢(n) in the cyclotomic case.

O

We now can get to an essential point of our work, allowing us, in the sequel, to
take on Definition 11.1 as an alternative way to tackle (1, 1)-smoothness.
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THEOREM 11.5. Pickn > 1 and e € N* U {oo}. Let G be a profinite group.
If G is (n,e)-cyclothymic, then it is (n, e)-smooth.
The group G is (n,1)-smooth if and only if it is (n,1)-cyclothymic.

Proof. The first implication is contained in Theorem 11.4.
We prove the converse implication, when e = 1. We deal with the case n = 1, the
general case being identical. Let Hy,..., Hy C G be open subgroups, and let

k
X = (X17~-~7Xk) € HHl(Hlan)

i=1
be cohomology classes (characters). Introduce

A = Fp[Xi,c]a

the polynomial algebra on d = Zle |G/H;| variables, indexed by i = 1,...,k
and ¢ € G/H;. For each fixed i, the group G naturally permutes the variables
Xic, ¢c € G/H;, allowing to view A as an (F,, G)-algebra.

Using Shapiro’s Lemma, the x;’s give rise to 1-cocycles
&:G— P FpXi.
ceG/H;

depending, up to a coboundary, on the choice of a system of representatives of the
factor set G/H;. We then form the 1-cocycle

k
5::Z§i:G—>A.

i=1

As G is (1, 1)-smooth, there is an integer m and a lift of the (A4, G)-module A, to
a (Wz(A), G)-module

W(4)(E™),

free of rank one as a W(A)-module, such that £0™) lifts to H'(G, W(A)(£(™)).
Consider the extension of (Wz(A), G)-modules

E:0— A— Wy(A) (™) 5 A —o.

Let i = 1,...k be an integer. Let X% € A be a pure monomial, in the variables
X ¢. The inclusion

to tFp X — A,
is then naturally split by the projection
€a i A—FpX°.

Setting H, C G to be the stabilizer of «, it is clear that these arrows are H,-
equivariant.
If X8 € A is another pure monomial, we can form the extension of Z/p?-modules

Fop:=1(eg)s(th(E)) : 0 — IFpXﬁ — Fop — F,X¢ —0.

We are going to describe its middle term F,, g. To do so, consider the commutative
diagram of Z/p?-modules
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(€)1 0 A E, F, 0
iXp"‘. sz(XO‘). lX"'.
(€):0 A E, F,X* —0,

where 75(.) € W3 (A) denotes the multiplicative representative. We infer a natural
isomorphism of extensions Z/p*-modules

Fa,p = (5(XP))s(15(E))-

The arrow eg(XP*.) vanishes if pa does not divide 8. In that case, we deduce
that F, s has a canonical splitting. In particular, it is a trivial extension of
(Fp, Hy N Hg)-modules.

If 8 = pa, the arrow eg(XP*.) factors through €y, yielding a canonical isomorphism

]:a,pa = ]:070-
As a Z/p*-module, Fy is free of rank one. We put
Z/p*[€] == Foo.

If B # pa and pa divides 3, the extension F, g is an extension of (F,, H, N Hp)-
modules, which may be non-trivial.
For ¢ =1,...,k, denote by

m+41
€A — @ F, X7,
ceG/H;

the projection, i.e. the sum of all arrows € - Similarly, consider

L : @ IFpXﬁzL — A
ceG/H;
The arrows ¢; and «; are G-equivariant. Form the extension of (Z/p?, G)-modules
m+

Eij = () (€)): 0 — P FpXJ,
CGG/H]‘ CEG/Hi

' —)Ei’j—> @ FPXZP: — 0.

)

If i # j, from what precedes, we get that &; ; has a (canonical, hence G-equivariant)

splitting. Indeed, no X f? 7: divides a X i Z . Similarly, &; ; is canonically isomorphic
to
G/H;
Foo
Since ¢(™) lifts via (the map induced on H'(G,.) by) the surjection 7 of &, we
deduce that it also lifts via the surjection of the extension of (Z/p?, G)-modules

5/ = @E@j,
2]

10— FS/ M — 7/p?lg ¢/ — FS/H — 0.

reading as
m—+1 m
10— &y F, XY, —E — P F,X?, — 0.
j=1,....k; c€G/H; i=1,....k; c€G/H;

‘We have shown before that
£ = @ Eii
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is “diagonal”. We thus get that each fi(m) lifts via (the surjection of)

52‘71‘: 0,0 -

Equivalently, using Shapiro’s Lemma, we conclude that each x; lifts to
H'(H;, Z/p?[€]). O

Here is a recap of some connections made in this paper.

(G,Z/p*T¢(1)) is a (n, e)-cyclotomic pair

(Remark 11.3) (Theorem A)

(Theorem 11.4)
G is (n, e)-cyclothymic == === @ is (n, €)-smooth
if e=1 (Theorem 11.5)

APPENDIX: VARIATIONS ON (n,1)-SMOOTHNESS

In this appendix, we provide some equivalent definitions of smoothness, which will
be used in the next two articles of this series. First, we observe that the perfectness
assumption on A, appearing in the definition of (n, ¢)-smoothness (Definition 6.8),
can be removed if e < 0o, at the cost of introducing Frobenius twists. This formally
follows from the existence of the perfection

Arerf = lim A,,,

where A,, = A for all n, and the transition morphisms are Frob, for any F,-algebra
A, from the isomorphisms

h_n§W1+e(An) == W1+6(Ap67.f)

for e < 0o, and from the commutation between cohomology and direct limits. We
thus get another equivalent definition, for smooth profinite groups of finite depth.

DEFINITION 11.6. Let n > 1 and e € N. A profinite group G is (n,e)-smooth iff
the following holds.

Let A be an (Fp, G)-algebra and let Ly be a locally free A-module of rank one,
equipped with a (naive) semi-linear action of G. Let

ce H(G, Ly)

be a cohomology class. Then, there exists an integer m > 0 with the following
property.

There exists a lift of Lgm), to a (Wes1(A4), G)-module L[eyi]l [c], invertible as a
W_.i1(A)-module (and depending on c), such that Frob™ (c) belongs to the image

of the natural map
H™(G, L) — H"(G,LY™).

Note that for torsors, there is a very simple reformulation of the definition of
smoothness in finite depth, in terms of liftability of one-dimensional G-affine spaces
(see section 4).
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DEFINITION 11.7 ((1,e)-smooth profinite group, another equivalent definition).
Let e > 1 be an integer. A smooth profinite group G is (1,e)-smooth iff the
following lifting property holds.

Eit A be a perfect (Fp,, G)-algebra and let X1 be a G-affine space over A, such that

X1 s an invertible A-module.
Then, X1 admits a lift to a G-affine space X141 over Wiie(A), such that X4,
is an invertible Wi1.(A)-module.

‘We move on to useful precisions for our main concern: smooth profinite groups of
depth 1.

ProrosiTION 11.8. If e = 1, we can add in Definition 6.8 the extra requirement
that Ly is free of rank one, as an A-module. Hence, Ly[c] is automatically free, as
a Wy (A)-module.

Proof. We use the definition of (n, 1)-smoothness given by Proposition 6.9. For
simplicity, we assume that n = 1; the proof for general n is the same. Assume the
lifting property holds whenever L; is free.

Let L; be arbitrary, ¢ € H(G, L) be a cohomology class and put

B:=PLF*
keZ

This is an (F,, G)-algebra, and Spec(B) — Spec(A) is the G,,-torsor associated
to the invertible module L;. The B-module L1 ® 4 B is free of rank one- it is even
equipped with a canonical trivialization. By assumption, there exists m > 0, and
an extension of (G, B)-modules

F:0— B—F — B —0,

such that
B(c)=pB'(c) € H*(G,L, ®4 B).
Here, 8’ stands for the Bockstein associated to the extension of (G, B)-modules
F(L1) : 0 — Frob, (LY @4 B) — F(Ly) — L1 ®4 B — 0.
Now, the extension F, considered as an extension of (G, A)-modules, reads as
0 —PL* —F —PLF* —o0,
keZ kEZ
and F(L;) reads as
0 — Frob, (P LYP™) — F(L1) — P LT —o0.
keZ kEZ

We can project everything (by pushforward on the left and pullback on the right)
on the direct summands corresponding to £ = 0. By doing so, we respectively get
extensions of (G, A)-modules

E:0—A—F—A—0,

and
E(Ly) : 0 — Frob, (L{Y) — E(Ly) — L, — 0.
These satisfy the requirement of Definition 11.6, as the reader may check. O

We can now provide an equivalent Definition of (1, 1)-smoothness, in the classical
tongue of embedding problems.
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DEFINITION 11.9. ((1,1)-smooth profinite group, equivalent Definition)
Denote by S C GL2 one of the following two algebraic subgroups: the Borel sub-
group Bs, consisting of invertible matrices

x %
0 =)’
or its subgroup Autag(Al) = G, x G,, C Ba, consisting of invertible matrices
1 =x*
0 *x/°
A profinite group G is (1,1)-smooth iff the following lifting property holds.
Let A be a perfect (F,, G)-algebra. Then, the natural map

s onto.

A word is perhaps needed to explain why this definition is equivalent to Definition
6.8- where we can assume that the A-module L; is free of rank one by Proposition
11.8. We do this for S = Bj- the less obvious case. Notice that the datum of
a cohomology class b € H'(G,By(A)) is equivalent to an (isomorphy class of)
extension of (G, A)-modules

&:0— Dy — By — D} — 0,
where Dy and D] are free of rank one as A-modules. The class of the extension
Fi:=56®a (D) 0—Dy®@a (D) — Fi=FE,04 (D) —A—0
is an element of H'(G, L), where
L1 :=D;®, (D)%
Lifting b as requested, amounts to lifting £; to an extension of (G, Wz(A))-modules
E:0— Dy — Ey — Dy — 0,

where Do and D) are free of rank one as Wy (A)-modules. This is equivalent to
lifting F; to an extension

f220—>L2—>F2—>W2(A)—>0,

where the (G, Wz(A))-module Ly(= Dy ®w,a) (Dy)~'), free of rank one as a
W3 (A)-module, of course depends on b. This liftability is equivalent to that of
Definition 6.8.

Remark 11.10. A profinite group is (1,1)-smooth if and only if its pro-p-Sylow
subgroups are (1, 1)-smooth.

In the definition of a (n, e)-cyclotomic profinite group, the lifting property is re-
quired for all open subgroups H C G. This is no longer needed in the definition
of a (1, 1)-smooth profinite group, as we now show.

LEMMA 11.11. Let G be a (1,1)-smooth profinite group. Then, every closed sub-
group H C G is (1,1)-smooth as well.



48

Proof. By a standard limit argument, we can assume that H is open in G. We use
Definition 11.9. Let A be an (F,,, H)-algebra. Consider the induced (F,,, G)-algebra
Ind% (A) := Maps (G, A),

consisting of (left) H-equivariant maps G — A, with ring structure induced by
that of the target A. It is endowed with the natural G-action, given by the formula

(9-F)() == f(zg). We have
W, (Ind% (A)) = Ind§(W,.(A)),
since the formation of Witt vectors commutes to finite products. Thus, we have
B5(Wo(Indj (4))) = Indf; (Bo(Wa(4A))).
Shapiro’s Lemma thus yields a natural bijection
H' (G, By(Wa(Indfj (A4)))) = H' (H, Bo(W2(4))),

which we use to conclude that the arrow of Definition 11.9 is surjective for the
pair (H, A) iff it is for the pair (G,Ind$(A)). O

11.1. LIFTING GEOMETRICALLY SPLIT TORSORS, IN THE (1,1)-SMOOTH CASE.
The following proposition extends the lifting property defining (1,1)-smoothness,
to geometrically split extensions over an arbitrary G-scheme S. This result will
be handy in [12].

PROPOSITION 11.12. Assume that G is (1, 1)-smooth.
Let S be a perfect (G,Fp)-scheme. Consider a geometrically split extension of
G-linearized vector bundles over S,

glioﬂLlﬂEli)OS*)O,

where Ly is a line bundle. Then, there exists a lift of L1, to a (G, W2)-line bundle
Ly over S, such that & lifts to a geometrically split extension of (G, Wa)-vector
bundles over S,

5220—>L2—>E2—>W2(05) — 0.

Proof. Since &; is geometrically split, we can pick s € H°(S, Ey), with ¢(s) = 1.
The formula
G — HY (S, Ll)
g +— gs—s
determines a cohomology class e; € HY(G, H°(S, Ly)). The fact that & lifts to a
geometrically split & is then equivalent to lifting e; to
es € HY(G,H°(S, Ly)).
Put
A= H(S,05)
and
B = @ H(S.LE"):
neN
these are (F,, G)-algebras. Note that B is not perfect. Consider e; as an element
f1 € HY(G, B). Using the definition of (1, 1)-smoothness given in 6.9, there exists
m > 0, and an extension of (G, B)-modules

F:0—B—F—B—0,
corresponding by adjunction to

ep : 0 — Frob,(B) — F' — B — 0,
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enjoying the following property. Consider the natural extension of (G, Wa(B))-
modules

Naty(B) : 0 — Frob,(B) — Wy(B) — B — 0.
Denote by B(Natz(B)) and S(ep) the respective Bockstein arrows. Form the Baer
sum

Naty(B) — eg : 0 — Frob,(B) — By — B — 0;
then B is a lift of B, to a (G, Wa(B))-module, free of rank one as a Wa(B)-
module. Then, f{™ lifts via

HY(G,By) — H*(G,B).
Equivalently,
B(Nats(B)(f{™) = Blen) (™) € H(G. B).
Proceeding as in the proof of Proposition 11.8, we write F as
F:0— @HS, L") — F — P H(S, LF") — 0.
neN neN
Projecting on n = 0 factors gives an extension of (G, A)-modules
0—A—FEy— A—0,
which we view as a geometrically split extension of G-vector bundles over S
£E:0—0g —F— Og —0.

m+1
Lty

Twisting it by , we get a geometrically split extension of G-vector bundles

over S
gLy 0 — L™ — Be L™ — LMY o,
corresponding by adjunction to
e(L{™Y) : 0 — Frob, (L™ — B — L™ — 0.
Taking global sections, we get an extension of (G, A)-modules
HO(e(LS™)) : 0 — Frob, (H°(S, L{™ ™)) — HO(S, E') — H(S, L™) — 0.
Consider the natural extension of (G, Wz)-modules over S
Nats(L{™) : 0 —» Frob, (L™ ™) — Wy (L1)™ — L™ — 0.
Taking global sections yields a natural extension of (G, Wz (A))-modules
H°(Nata(L{™)) : 0 — Frob, (HO(S, L™ ™)) — HO(S, W (Ly)™) — HO(S,L{™) — 0,

where the surjectivity of the last arrow follows from the existence of the Te-
ichmiiller section.

Denote by B(Ho(e(Lgm)))) and ﬁ(HO(Natg(Lgm)))) the Bockstein arrows. From
B(Nats(B)(F{™) = Bles) (™),
we get
(6)  BHLT™NEN™) = BEHO (Naty(LT™)) (™).
Consider the Baer sum
Naty(LS™) = e(L8™) : 0 — Frob, (L™ ™) — b =, pim)
whose middle term L[Qm] is a lift of Lgm), to a (G, W2)-line bundle over S.
Equality (*) above says that egm) lifts, via
o s HY(G, HO(S, L") — HY (G, HO(S, L{™)).
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Since S is perfect, we can undo the Frobenius twist, and we are done.



(z/p°Z, G)-module
[Fp, G]-module
A[G]) — module
A(V) affine space of vector bundles
Baer sum of extensions
Cyclothymic profinite group
Cyclotomic closure
Cyclotomic pair
Cyclotomic twist

for modules

for (G, W;.)-modules
ext?(1, B)

Ext¢ (B, A) n-extensions of GWy-modules

Extg . (B, A)
Filtered n-extensions
Flag scheme
Frobenius
for Witt vectors
pullback of WtF-modules
pullback of (G, M)-torsors
G((t)) (Laurent extension)
Geometrically trivial extensions
(G, M)-torsor
M being a G-group
M being a (G, Og)-module

(G, Og)-module (G-linearized Og-module)

Good filtration
(G, S)-cohomology
(G, S)-scheme
Greenberg transfer
for schemes
for groups
(G, W;)-Module
(G, W,)-affine space
(G, W;)-bundle
G-affine space
over a ring
over a GG-scheme
G-invariant Og-module
Glueing of extensions
G-object
G-scheme
G-sheaf
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