SMOOTH PROFINITE GROUPS, II: THE UPLIFTING THEOREM

MATHIEU FLORENCE

ABSTRACT. Let p be a prime. In this paper, we investigate the existence of liftings
of mod p representations of a profinite group, to mod p? representations. As a
concrete application of general results, we get the following. Let F' be a field, with
separable closure F§, and let d > 1 an integer. Then, every Galois representation

p1 : Gal(F,/F) — GL4(Z/p)

lifts to
p2 : Gal(Fs/F) — GL4(Z/p?).

This is a vast improvement on previously known results- see the Introduction for
details. To achieve it, we work in the framework of cyclotomic pairs and of smooth
profinite groups, developped in [6], and prove a much deeper result. Namely,
complete flags of mod p semi-linear representations of a (1,1)-smooth profinite
group lift, step by step, modulo p?. This is Theorem 14.1, which we refer to as
the Uplifting Theorem. It solves our initial lifting question, in an optimal way. It
can be viewed as a non-commutative generalisation of mod p? Kummer theory-
beyond the usual case of Galois groups of fields, and to higher dimensions.
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1. INTRODUCTION.

Let G be a profinite group. Let p be a prime. In this paper, we deal with the

following task.

(T): Axiomatize properties of G, ensuring the existence of liftings of its mod p rep-
resentations (equipped with a complete filtration), to their mod p? counterparts.

As a concrete result, we obtain:

THEOREM. (Theorem 14.2).

Let F be a field, with separable closure Fs/F. Let d > 1 be an integer.
Denote by G one of the following groups: GLg, or its Borel subgroup Bg.
Then, the natural map

Hom(Gal(Fs/F), G(Z/pQ)) — Hom(Gal(F,/F),G(Z/p))

is surjective. Here Hom(.,.) stands for continuous arrows of profinite groups.

Restatement for G = GLg4: mod p Galois representations of F lift mod p?.

Remarks 1.1.

For d = 1, the statement follows from the existence of the Teichmiiller
(multiplicative) section F)* — (Z/p*)*, given by (p—1)-th roots of unity.
For d = 2, the statement goes back to Serre. In the literature, its first
occurrence is in [20], Theorem 1- stated under the extra assumption that
F = L is a number field, but provided with a proof that actually works
for all fields.

When d = 2 and F = Q, and under mild assumptions, mod p Galois
representations with coefficients in a finite field k lift to representations
over W (k), by [26].

The recent texts [5] and [21] contain lifting results in dimensions d = 3
and d = 4, under extra assumptions.

When F' is a p-adic local field, mod p Galois representations of I’ actually
lift to representations over Z,. This is proved in the recent work [10].
For d > 3 arbitrary, the statement is brand new. Note that the case of GLy
follows from that of By, by a classical restriction/corestriction argument.



e Denote by Uy C By the group of strictly upper triangular matrices. When
p is odd, we construct in section 15 a field F', containing C, such that the
arrow

Hom(Gal(F,/F), Us(Z/p?)) — Hom(Gal(F,/F), Us(F,))

is not surjective. In other words, in the case of fields, the generic mod p
Heisenberg representation does not lift mod p2.

The most evolved result of this paper is Theorem 14.1 -“The Uplifting Theorem”.
It is much more general than the previous Theorem, and completes task (7).
Roughly speaking, it states that complete flags of mod p semi-linear representa-
tions of a (1, 1)-smooth profinite group lift, step by step, modulo p?. To get the
liftability of Galois representations from the Uplifting Theorem, one then has to
apply most of the major results of [6].

Our initial motivation, for considering (T), is the following question.

(Q): Is there a proof of the (surjectivity part of the) Norm Residue Isomorphism
Theorem of Rost, Suslin, Voevodsky and Weibel, that just uses Kummer theory?

We will not establish here the link between (T) and (Q). This is done in [7], where
we apply Theorem 14.1 to provide a positive answer to (Q) (see [7, Theorem 5.1]
for a precise statement).

A common feature of (T) and (Q) is the need for a refined axiomatization of
Kummer theory, with coefficients in pyi+e. Here e € N>; U {oo} is a number,
called depth. When e = oo, it is understood that

fipee = Tim fipr,
the usual Tate module.
Fundations of this refined axiomatization are laid in the recent work [6]. To do so,
three new notions are introduced:

(1) (n,e)-cyclotomic pairs,
(2) (n,e)-cyclothymic profinite groups,
(3) (n,e)-smooth profinite groups.

From now on, in the present paper, we focus on the case n =e = 1.

The first notion then applies to a pair (G, Z/p?(1)), consisting of a profinite group
G, and a free Z/p?>-module of rank one equipped with a continuous action of G.
Note that, up to isomorphism, Z/p?(1) is simply given by a continuous character

G — (Z/p*)",
playing the role of the usual cyclotomic character. The two other notions are
much more flexible: they just depends on p, and on a profinite group G. An
important fact is that they are equivalent: a (1, 1)-cyclothymic profinite group is

the same thing as a (1,1)-smooth profinite group ([6], Theorem 11.4). Precisions
are provided in section 8.

We list the main tools used to prove the Uplifting Theorem (Theorem 14.1).

e The framework of cyclotomic pairs, and of smooth profinite groups, as
introduced in [6].



e (G-linearized Witt vector bundles, over a G-scheme S of characteristic p,
and complete flags of these. See [8], [6] and section 3.5 for definitions.

e Extensions of vector bundles over flag schemes of vector bundles, and their
splitting schemes- see section 5.3. They will be used to create liftings of
embedded Witt line bundles, as explained in section 11.2.

e Good filtrations, on quasi-coherent modules over a scheme. Their purpose
is to facilitate dévissage arguments, to prove vanishing results- see section
4.

To understand these tools, and how they are used, familiarity with [8] and [6] is
advisable.

Section 13 is completely independent. It is an attempt to investigate subtleties of
splitting schemes of tautological extensions of vector bundles. We hope that it is
useful for the future.

Section 14 contains the statement of the main result: Theorem 14.1. We provide
its proof in section 16.

A geometric application is given in section 17: locally for the Zariski topology,
complete flags of F,-étale local systems lift to complete flags of Z/p*-étale local
systems.

Section 18 treats the case of Galois representations- the Theorem in this Intro-
duction.

In the Appendix, we introduce the notions of smooth closure and of cyclo-
tomic closure. They apply, respectively, to a profinite group G, and to a pair
(G,Z/p*(1)). From an arithmetic point of view, they are avatars of the (Galois
group of the) separable closure of a field— with one major difference: they are
perfectly functorial. From a geometric point of view, they can be thought of as
“resolution of singularities” of G and of (G,Z/p*(1)), respectively. It is worth
remembering that the smooth closure makes the Uplifting Theorem 14.1 usable,
to study modular (mod p) representations of arbitrary profinite groups. We will
not venture to do so in this paper.

2. NOTATION, CONVENTIONS AND FUNDAMENTAL CONCEPTS.

The notation A := E means that A is defined as the expression F.

The letter p denotes a prime number.

Oddly enough, the parity of p plays no role. Even better: p can be arbitrary! ;)
The letter G denotes a profinite group. The reader will be notified, when assump-
tions are made on G- e.g. being finite, being a pro-p-group, or being (1, 1)-smooth.



2.1. WITT VECTORS, LIFTING FROBENIUS AND LIFTING LINE BUNDLES.

For an integer r > 1, we denote by W,. the p-typical Witt vectors of length r, seen
as scheme of commutative rings, defined over Z. To begin with, it is sufficient
to know that W, is an endofunctor of the category of commutative rings, such
that W,.(F,) = Z/p"Z. By glueing, it extends to an endofunctor of the category
of schemes. If S is a scheme, there are closed immersions W,.(S) — W,.11(5),
which are nilpotent if S has characteristic p. For details on this contruction (and
much more), we refer to [2].

The functor W,. enjoys two elementary crucial features, which will be ceaselessly
exploited in the sequel.

(1) Let S be a scheme of characteristic p. As would any endomorphism of
S, the (absolute) Frobenius Frob : § — S lifts to an endomorphism
W.,.(S) — W,.(S). It is the (absolute) Frobenius of W,.(S), still denoted
by Frob.

(2) Let S be a scheme, and let L be a line bundle over S. Then, for ev-
ery r > 2, L functorially extends (lifts) to a line bundle over W ,.(5)- its
Teichmiiller lift. We denote it by W,.(L). An introduction to the Te-
ichmiiller lift of line bundles can be found in [8]. This is a fundamental
elementary construction, obtained by applying the formalism of torsors,
to the Teichmiiller section

Wi =G, — W).

2.2. GREENBERG TRANSFER.

Let S be a scheme of characteristic p. Let r > 2 be an integer (in this paper, r = 2
almost everywhere). We shall need the Greenberg transfer Ry, /w, -

It is a functor, from the category of W, (S)-schemes, to that of S-schemes.

It is comparable to Weil restriction of scalars, transposed to the p-adic context.
Let T — W..(S) be a scheme, over W,.(S). Let X — S be a scheme over S.
Then, on the level of functors of points, we have a functorial bijection

Bw,yw, (T)(X) = T(W,(X)).

We will use Greenberg’s structure theorem, in specific situations where we provide
concrete constructions. For details on the general setting, see [17], or [1] for a
recent revisit.

3. G-EQUIVARIANT CONSTRUCTIONS.

In this section, we provide definitions of algebro-geometric objects, and of their
G-equivariant counterparts. Notation-wise, if 7 is a type of algebro-geometric
objects (e.g. a scheme, a vector bundle over a scheme, or a W,-bundle over a
scheme), we often denote by GT the “G-equivariant” version of 7. It consists of
objects of type T, endowed with the extra datum of an action of G. We may ask
that this action satisfies some technical assumption. Let’s get to details.



3.1. G-ACTIONS.

All actions of the profinite group G are continuous, in the following strong sense: a
given action (on some algebro-geometric structure) occurs through a finite quotient
G° := G/Gy, with Gy a normal open subgroup of G. In other words, when we
consider a G-action a, we always assume that its kernel Ker(a) C G is open.

3.2. G-SCHEMES.
Following [6], all schemes are quasi-compact.
In practice, all schemes S needed to prove the main result of this paper (Theorem
14.1) occur as
(#): S L8, g,
where S is affine, f; is projective and f5 is affine.
A G-scheme is a scheme S equipped with an action of G, such that S has a
covering by G-invariant open affines. This condition is guaranteed if, for instance,

S is quasi-projective over a field, or more generally if every finite set of points
of S is contained in a common open affine. This is the case for schemes (x) as above.

3.3. (G, S)-MODULES.

By (Fp, G)-module, we mean a finite dimensional F,-vector space equipped with
an action of G. Assuming G finite, this is a finite module over the group algebra
F,[G]. In general, let A be a commutative ring equipped with an action of a finite
group G. We denote by A[G] the corresponding skew group algebra. It is the free
A-module with basis ey, g € G, with multiplication given by the formula

(aeg).(ben) = ag(b)egh.
If G acts trivially on A, it is the usual group algebra. By “A[G]/-module”, we
mean an A[G]-module, which is finite locally free as an A-module.
More generally, if S is a G-scheme, we can consider the category of quasi-coherent
Og-modules, equipped with a semi-linear action of G. These will be called (G, Og)-

modules, or (G,S)-modules. A (G,S)-module, which is finite locally free as an
Og-module, will be called a G-vector bundle over S, or (G, S)-bundle.

3.4. GW,.-BUNDLES.

Let » > 1 be an integer. A (G, Ow,(s))-module is then the same thing as a
(G, W,.(Og))-module- see [6, §5]. It is called a GW ,-module over S. If it is locally
free as a W,.(Og)-module, it will be called a G-linearized Witt vector bundle of
height r over S, or simply GW .-bundle over S.

If G is finite, and if S = Spec(A) is an affine (IF,, G)-scheme, a GW -bundle over
S is the same thing as a W,.(A4)[G]/-module.

3.5. FLAGs OF (WITT) VECTOR BUNDLES.

The notation V;, stands for a W,-bundle of dimension 4, over an Fj-scheme S.
For a given W, -bundle V; ,., and for an integer 1 < s < r, we denote by

Vi,s = Vi Ow, W,
its reduction to a W,-bundle. If
V0=V, CVi, C...CVy,



is a complete flag of W,-bundles (see Section 9), we use the notation
Li,'r = V;J,r/‘/;lfl,r

for the W .-line bundles forming its graded pieces.
When used, the notation L; stands for L; ;. For relative integers ay,...,aq, set

7® ® ®aq.
O(ai,az,...,aq) = L7 ®@0s Ly1* ®0s - ®og Lg1";

these are usual line bundles over S. This notation extends as follows. If M is a
quasi-coherent S-module, set

M(ay,az,...,aq) := M ®pg O(a1,az,...,aq).
Suppose that
S=F1(V) 5T
is a complete flag scheme (see section 9.2) where V; is a vector bundle over a scheme
T. We then use curly letters V; 1 to denote the i-th piece of the tautological flag

vgen,l 0= V071 C V1,1 Cc...C Vd,l = F*(Vl),

over S. Denote by
Li1=Vi1/Vicia
its graded pieces; these are line bundles.
We will also consider the G-equivariant versions of these objects.

3.6. THE NOTATION *, +,++, —, ——.

In this text, we use the notation x for a relative integer, or more generally an
object, whose name it is superfluous to mention. For instance, on the complete
flag scheme of a 4-dimensional vector bundle, O(a, *, b, ) stands for a line bundle
of the shape O(a, z,b,y), where the relative integers z,y do not matter. Similarly,
the notation + (resp. ++4, —, ——) stands for a non-negative (resp. positive, non-
positive, negative) integer. For instance, O(*, ++, —, ——) denotes a line bundle
of the shape O(aq,as,as,aq), when it suffices to retain the informations as > 0,
a3 < 0 and a4 < 0. The notation * obviously extends to other contexts. For
instance,

0—A—*—*x—B—0

denotes a 2-extension of B by A (in an abelian category), whose middle terms
need not be specified.

3.7. FROBENIUS FUNCTORIALITY.
Let V = V; be a W, -bundle, over an F,-scheme S. Let m > 1 be an integer.
Denote by

Frob™: S — S
the m-th iterate of the (absolute) Frobenius morphism of S.
Write (Frob™)*(V), or preferably V(™ for the pullback of V, with respect to
Frob™. It is a W,-bundle.
Write (Frob™).(V) for the pushforward of V, with respect to Frob™. It is a
quasi-coherent W,.(Og)-module. If r = 1 and if S is regular, then

Frob: S — S

is finite and flat, so that (Frob™),(V) is still a vector bundle. However, in the
present text, there is no need to worry about such issues.
Assume that s > r is an integer, and that W, is a lift of V(™) to a W-bundle.



There may not exist a lift Vs of V to an W-bundle, such that Wy ~ Vs(m).
That being said, it is convenient to denote the lift W, by Vs[m], and to put

vl = wi,

for all n > 0. In other words, the notation Vs[m] stands for a lift of W(m), which
does not need to occur as the Frobenius twist of a lift of V..
Here again, notation may apply to G-equivariant objects.

3.8. EXTENSIONS AND OPERATIONS ON THEM.

Let A, B be GW,-modules, over an (F,, G)-scheme S.

We denote by Extg, (S, B, A), or simply by Extg (B, A) if the dependence on S
is clear, the category of n-extensions of GW,-modules over S. Such an extension
is denoted as

E:0—A—%x—...—x—B—0.

We shall always assume that £ is schematic, i.e. that it arises from an extension
E of schemes in GW,-modules over S— as described in [6], 4.3, item (3). It will
always be clear, from which E the extension £ arises. In fact, we could have
worked with schemes in GW ,.-modules, instead of GW ,-modules. We chose not
to do so, as it would have resulted in introducing unnecessarily mesmerizing new
objects. Our only motivation, for restricting to schematic £’s, is to allow changing
the base by arbitrary morphisms of (F,, G)-schemes— see below.

The extension £ is said to be trivial, if it is trivial in the Yoneda (or, equivalently,
derived category) setting- see, for instance, [6] or [9]. Equivalence classes of n-
extensions are denoted by Ext¢ ,.(S, B, A), or simply by Ext¢, ,.(B, A) if generating
no confusion. We use the notation

HE (S, A) == Exté (S, W (05s), A),

or simply H¢ ,.(A). This group does in fact not depend on r, as it is given by
cohomology of G-equivariant sheaves of abelian groups on S. To see why, use the
local-to-global spectral sequence (see section 3.10) to reduce to the case G = 1. It
then follows from the fact that, for s > r, W,.(S) and W(S) agree as topological
spaces. Thus, we will denote Hg; ,.(A) simply by H¢(A).

Remarks 3.1.

(1) When G = 1, what precedes boils down to cohomology groups Ext"(.,.)
and H"(.), for quasi-coherent W ,.(.S)-modules.

(2) When S = Spec(F,) and r = 1, what precedes boils down to cohomology
of G, with coefficients in p"-torsion discrete G-modules: Extg(.,.) and
H"(G,.).

(3) Let s > r be an integer. Regarding A and B as GW g-modules over S, we
can consider Exté; (B, A). There is a natural arrow

Eth’T(B, A) — Extg’S(B, A).

It fails to be surjective in general. It is injective when n = 1, but it can
fail to be injective when n > 2.

(4) Assume that A and B are GW,-bundles, and that S is quasi-projective
over a field (or more generally, over an affine scheme). Then, each class
c € Exté, (B, A) is represented by a Yoneda extension

E0—A—x—...—%x—B—0,
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where the *’s are GW ,-bundles as well. Equivalently, using dimension
shifting, there exists an extension of GW,-bundles
0— A5 A — A" —0,
such that
te(c) = 0 € Bxtg, (B, A").
If G = 1, this is a classical result, using an ample invertible sheaf on

S. The case GG arbitrary is then an exercise, using induction from open
subgroups of G, and Shapiro’s lemma.

Extensions are subject to four functorial operations, which we briefly recall. For
a more detailled exposition, see [6], section 4.1. Let

E:0—A—*x—...—%x—B—0
be an n-extension of GW ,-modules over S.
e Pushforward. If f: A — A’ is an arrow in {GW,. — Mod}, the pushfor-
ward
[:(€):0—A —%x—...—x—B—0

is defined in the usual fashion.
e Pullback. If g : B’ — B is an arrow in {GW,. — Mod}, the pullback

g(E):0—A—x—...—x—B —0

is defined in the usual fashion.

e Change of the base. Let F : S — S be a morphism of G-schemes.
Following [6], 4.3, item (3), using that & is schematic, we can form the
change of the base

F*(&):0 — F*(A) —*— ... — % — F*(B) — 0.

It is an object of Exts, ,.(S", F*(B), F*(A)). Note that, if £ is an extension
of GW,-bundles, and the schematic structure considered is the natural
one, then F*(&) is the usual change of the base, for extensions of vector
bundles.
We sometimes use the terminology “pullback” also for “change of the
base”.

e Baer sum. If

E:0—mA—+x—...—x—B—0

and
E:0—A—x—...—%x—>B—0

are two extensions (objects of Extg ,.(B, A)), we can form their Baer sum

E1+E:0—A—%x—...—x—B—0.
Note that pushforwards and pullbacks commute, in the sense that there is a natural
isomorphism
fe(g"(€)) — g7 (f+(£)).
Similarly, pushforward, pullback and change of the base commute to Baer sum.
Slightly abusing notation, for

F € Extg ,.(Frob™(B), Frob™(A)),
we use f«(F) to denote Frob(f).(F); similarly for pullbacks.
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3.9. GEOMETRIC TRIVIALITY. Let A and B be GW,-bundles over S.
Say that A is geometrically trivial iff A ~ W,.(Og)? is trivial as a W,-bundle.
Accordingly, a 1-extension of GW,.-bundles is geometrically split (or trivial) if it
splits, as an extension of W,.-bundles. For n > 1, define

ext, (A, B) := Ker(Extg (A, B) — Ext; (A, B)),
and

h™(A) .= Ker(HE(A) — H™(A)).

Elements of the group ext!'(A, B) will be called geometrically trivial cohomology
classes. For m > 2, note that this notion is much weaker, than that of strongly
geometrically trivial n-extensions, introduced in [6]. In the present text, we shall
only need geometrically trivial cohomology classes, in degrees n =1 and n = 2.
In general, “something geometrically trivial over S” means ”something over S,
equipped with an action of GG, which becomes trivial when the action of G is
forgotten”.

Remark 3.2. This definition is inspired by classical ones. For instance, in the
theory of Chow groups of (projective homogeneous) varieties X over a field F', the
groups

ch"(X) := Ker(CH"(X) — CH"(X))

are a major topic of investigation. So does the algebraic Brauer group

Br,(X) := Ker(Br(X) — Br(X)).

Here X stands for the fiber product X x g F', where F/F is an algebraic closure
of F.

3.10. THE “LOCAL-TO-GLOBAL” SPECTRAL SEQUENCE. Let S be an (F,,G)-
scheme. Let A, B be GW,-modules over S. There is the usual local-to-global
spectral sequence

H'(G,Ext](A, B)) = Ext(’(A, B).
We shall exclusively use it in low degree, to compute the obstruction to lifting
extensions of GW,.-bundles. It then has a tangible interpretation, as follows. Let

E 10—V, —x— W, —0

be an extension of GW ,-bundles over S. Let V,;1 (resp. W,.41) be a given lift of
V. (resp. W) to a GW,1-bundle. We would like to lift &,, to an extension of
GW,.;1-bundles

Er+1:0—>m+1—>*—>Wr+1—>O.
The obstruction to do so is a class
c e ExtZ (W, vi").

It belongs to ext%(Wl(T),Vl(r)) if, and only if, &, lifts to an extension of W,;-
bundles (dismissing the action of G). If this is the case, the edge map

ext] (W, Vi) — BN (G, Exti (W, 117))
kills ¢, if and only if &, lifts to an extension of W,.;1-bundles
Fry1:0 —= Vg —x — Wy — 0,

whose cohomology class is G-invariant. More accurately, for all g € G, there
should exist an isomorphism

Pg 9" (Fry1) = Fry,
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lifting the isomorphism ¢*(&,) ~ &, arising from the G-structure on &,. If this is
the case, the obstruction to endowing F,;; with a semi-linear action of G, and
thus turning it into an extension of GW,-bundles, belongs to

H*(G, Hom(W{", V"))

It vanishes if and only if the ¢,’s can be chosen to satisfy the usual compatibility
(cocycle) condition. Writing down computational details is an instructive exercise.

Remark 3.3. What precedes is a technical variation on a simple theme. Consider
some algebro-geometric strucure V, over a G-base S. To G-linearize V (“to
make it G-equivariant”), a necessary condition is that V' be G-invariant, up to
isomorphism. If this holds, one may then proceed to search for a G-structure on
V. Note that, if G is a free profinite group (e.g. G = Z), there is no difference
between “G-invariant” and “G-linearizable”. Thus, we get the equivalence of the
following assertions.

(1) The structure V is G-invariant.
(2) For every homomorphism ¢ : Z — G, the structure V is Z-linearizable
via ¢.

3.11. RECOLLECTIONS ON INDUCTION AND RESTRICTION.

DEFINITION 3.4 (Restriction). Let H C G be an open subgroup. Let S be a G-
scheme. We denote by Res%(S) the scheme S, viewed as an H-scheme.
When this creates no confusion, we may denote the H-scheme Resg(S) simply by

S.

DEFINITION 3.5 (Induction). Let H C G be an open subgroup. Let S be an H-
scheme. We define the induced G-scheme

d%(S) := Homy (G, S)
as follows. On the level of functors of points, it consists of functions
f:G— S
such that
f(hg) = hf(9g),
for allh € H and g € G. Its G-scheme structure is given by
(=.f)(9) = f(g7),
forxz,ge G and f € Indg(S).

Induction is functorial in the H-scheme S.
The functor Indg is Tight adjoint to the forgetful functor

Res% : {G — Sch} —s {H — Sch}.
If S is a G-scheme, we denote by
A: S — Ind% (Res$(9)),
s (g— gs).

the adjunction morphism.
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DEFINITION 3.6 (Induction, relative version).
Let S be a G-scheme. Let H C G be an open subgroup.
Let

f:T — Res$(S)

be an H-scheme, over Res$(S).
We define Indg(T7 f), a G-scheme over S, as the fibered product

Ind§(T, f) S
i A
Ind$
d$ (7) — 2D 1048 (Res%(S)).

We shall denote it simply by
Ind% (f) — S,
if there is no risk of confusing it with the arrow Ind% (f).

The functor
d% : {H — Sch/S} — {G — Sch/S}
is Tight adjoint to the forgetful functor
Res$ : {G — Sch/S} — {H — Sch/S}.
Remark 3.7. Denote by n the index of H in G. Choosing a system
{91,---ygn} CG
of representatives of cosets in H\G yields a (noncanonical) isomorphism

Indg(T)’:TXZTXZ... XzT.

n times

Similarly, we get an isomorphism

d§(f) ~T x;Txs...x;T.

n times

In case f is the restriction of a (G,S)-scheme T — S, there is a canonical
isomorphism

Indf (f) ~ T/H,

where the right-hand side denotes a product of copies of T, fibered over S, and
indexed by the set G/H.

3.12. COHOMOLOGICAL DETOX. This paper follows the guideline “effectiveness of
a proof matters as much as its result”. It is consistent with minimizing the use
of cohomological devices of degree > 2. I do, however, respect these- for without
knowing them, I would not have written a single line of this text.
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4. GOOD FILTRATIONS.

Filtrations are a main tool in this text. They are, in many cases, just geometric
filtrations: they need not respect G-actions.

Filtrations encountered in this text are natural. They enjoy nice properties, which
facilitate dévissage arguments. They will be refered to as good filtrations.

We give a motivated definition.

Let F': S — T be a morphism of schemes. Let M be a quasi-coherent S-module.
As usual in algebraic geometry, and for various reasons, we will need to show the
vanishing of R'F,(M). In the current context, derived functors are taken with
respect to the Zariski topology, and ¢ = 0 or 1. The price to pay, for working in
such a delightfully light cohomological setting, is that the module M is often messy.
Rather than being a low-dimensional object (e.g. a line bundle), it will often be a
direct limit of complicated vector bundles. Such modules M typically arise when
considering compositions of splitting schemes of torsors under vector bundles. The
reader may take a glimpse at section 16, where this is particularly obvious. For
proving the required vanishing of R'F, (M), we use dévissage arguments, relatively
to filtrations of the following shape.

DEFINITION 4.1. (Good filtrations, well-filtered morphisms)
Let S be a scheme, and let M be a quasi-coherent S-module.
A good filtration on M is the data of

o A well-ordered set J. In practice, J is often a subset of N™, with the usual
lexicographic order. In all cases, we use 0 to denote its least element.

o An increasing filtration (M;);es of M, by quasi-coherent sub-modules,
whose graded pieces

Fj = M]/ Z Mi
i<j
are vector bundles, for all j € J. In practice, they are often line bundles.

Let g : 8" — S be an affine morphism. Let (M;);es be a good filtration of the
quasi-coherent S-module g.(Og/), with first step

My = 05 C 4.(0s).
We then say that g is well-filtered, w.r.t. the good filtration (M;);ec;.

By dévissage on the good filtration, to prove the vanishing of R‘F, (M), it suffices
to prove that of R'F.(F}), for all j € J. This follows from the fact that J is
well-ordered. Details are left to the reader.

We now list a few tools, of which we shall make an intensive use. We then conclude
with examples of good filtrations.

4.1. TENSOR PRODUCT OF GOOD FILTRATIONS.
Let M, M’ be quasi-coherent modules over a scheme S, respectively equipped with
good filtrations (M;);e; and (Mj,)jes. Put

M= Y  M®M,.
(1:)<(3.3")
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Then, (M j/);.;esx is a good filtration of M ® M’, for the lexicographic order
on J x J'. Its graded pieces are the vector bundles

Fj g0 = (F; @ Fjr)jjnerxa-
This extends to tensor products of three or more good filtrations of quasi-coherent

modules. Note that the tensor product of good filtrations depends on a chosen
order of the factors.

4.2. COMPOSITION OF WELL-FILTERED MORPHISMS.
Let

g1 S2 — Sl
and

g2 : 53 — SQ
be affine morphisms of schemes.
For i = 1,2, assume that g; is well-filtered w.r.t. the filtration (M; ;,);,cs,, whose
graded pieces we denote by Fj ;,.
Put

J = Jg X Jl,
equipped with the lexicographic order:
for j = (j2,1) and j" = (j3, 1), we have j < j"iff jo < jj or (j2 = j; and j1 < ji).
Consider the composite

g:=gi1092: 53 — S51.

We would like g to be well-filtered in a natural way, using J to label the steps of
the filtration. To ensure the existence of such a filtration, we assume the existence
of the following extra data.

(D): For all js € Ja, a vector bundle V; ;, on S; is given, together with an isomor-
phism

¢j2 : gT(VL]é) — FQ,jZ'
We have V; g = Og,, and ¢ = Id.

Thus, the graded pieces of the filtration (My j,)j,e.7,, which are vector bundles over
Sa, should be defined over S;. In general, this holds (trivially) only for F; g = Og,.
Note that it is important, in (D), to specify the isomorphisms ¢;,.
For j = (j2,71) € J, put

Fj = V15, ®og, F1j,-

Via ¢;,, using the projection formula, the quasi-coherent S;-module
(91)s (F2,55) = V1,3, @ (91)+(Os,)
is then naturally well-filtered, w.r.t. the filtration
(P50 )ires = (Vig, ® M1 )jien,

having (Fj, j, )j,es, as graded pieces.
For j = (j2,41) € J, we then denote by

M; C (g1)+(M2,3,) C 9«(Os,)

the inverse image of ®;, ;,, under the quotient

(91)+(Mz,j,) — (91)x(F2,5,)-
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LEMMA 4.2. The data of (M;);ecs is a good filtration of g.(Og,), with My = Og, .

Proof. Exercise. O

Whenever two composable well-filtered morphisms g; and go are given, together
with the data (D), we will thus consider g := g1 o g2 as a well-filtered morphism,
in the way described above.

This construction clearly extends to compositions of three or more well-filtered
morphisms.

Remark 4.3. Assume that T — S; and ¢; : So — 51 are two well-filtered
(affine) morphisms. Denote by go the projection

S3:= 855 xg, T — Sa;

it is naturally a well-filtered morphism. The preceding construction then applies,
and can be recovered from that of the tensor product of good filtrations.

4.3. CLASSICAL RESULTS IN COHERENT SHEAF COHOMOLOGY. Let V be a vector
bundle over a scheme S. Let F' : FI(V) — S be the structure morphism of its
complete flag scheme. Let L be a line bundle over F1(V).

Proposition 9.4 then gives a simple condition for the vanishing of F,(L). With
the help of Proposition 9.5, it can be used to actually compute R'F,(L).

4.4. EXAMPLES OF GOOD FILTRATIONS.

Ezample 4.4. (A typical good filtration, on symmetric powers.)
Let S be an [F-scheme. Let V' be a vector bundle over S, of rank d > 3. Denote
by F : FI(V) — S its complete flag scheme, and by

Vgen :0C VI C...C Vg =F*(V)

its tautological complete flag. Pick a positive integer n. Consider the vector bundle
(over F1(V))

W = Sym" (V)
Then, W has a natural good filtration (M;);es. Here

J:={(a1,...,aq) € N¢, Zai =n}
is endowed with the lexicographic order,
Ma,,....ay) = Span(vy ... vg, v; € Vy,, (b1,...,bq) < (a1,...,aq)).
We have Fq, . a,) = Olas,...,aq).

Example 4.5. Splitting schemes are archetypes of well-filtered affine morphisms.
Splitting schemes of extensions of vector bundles are introduced later, in Proposi-
tion 5.1, where we emphasize that they are well-filtered morphisms. Using section
4.2, it is even true that splitting schemes of extensions of W, -bundles are well-
filtered- see Proposition 5.2.
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5. GW,-AFFINE SPACES AND SPLITTING SCHEMES.

5.1. AFFINE SPACES OF VECTOR BUNDLES.
Let S be a scheme, and let V' be a vector bundle over S. We denote by

A(V) := Spec(Sym(V"Y)) — S
the affine space of V. Its functor of points is given by
A(V)(T) = HO(T7 V ®os OT)a

for every T — S.
Clearly, if V' is a G-vector bundle over a G-scheme S, then A(V) is a (G, S)-scheme.
It is also the scheme in GW1-modules over S, naturally attached to V.

5.2. GW ,.-AFFINE SPACES.

Let S be a (G,F,)-scheme. We can reinterpret G-equivariant torsors under GW,.-
vector bundles over S, as G-affine spaces over S. This point of view is analoguous
to a well-known fact in real geometry, taught to our second-year students. Namely,
a set with a simply transitive action of R" is a real affine space, in the sense of
barycentric geometry. The general notion of a G-affine space over S is discussed
in [6], from which we follow conventions. In particular, a G-affine space X over
W.,.(S) will be called a GW .-affine space over S. In this text, we will always

assume that X, the GW,-module of translations of X, is a GW,-bundle.

5.3. AFFINE SPACES, AS SPLITTING SCHEMES OF EXTENSIONS OF VECTOR BUN-
DLES. The following notion was introduced in [6, §4], to which we refer for details.

DEFINITION 5.1. Let V be a G-vector bundle over a GG-scheme S. Let X be a
(G, V)-torsor over S- that is to say, a G-affine space directed by V.
Then, X is represented by a G-scheme, affine over S.

If X corresponds to an extension (of G-vector bundles over S)

£:0—V -5 ET 05 —0,
then this (G, S)-scheme is the scheme of sections of w, which we denote by

g:S(E€) — S.

It is a G-affine subspace of A(E), having A(V') as its space of translations.
As such, it is the Spec of the (G, S)-algebra

lm(Sym" (E))

where the limit is taken with respect to the injections of the exact sequences

n+1(i\/)

0 — Sym"(E"Y) e Sym"t(EY) Syml, Sym™t(VY) — 0,

which are the symmetric powers of the dual extension

1-\/

V.0 — 05 "5 BV 2L VY .

This description yields a natural (G-equivariant) filtration on the quasi-coherent
Og-module g.(Og(gy), by the sub-vector bundles Sym™(EY). It is indexed by the
well-ordered set N. Its n-th graded piece is the vector bundle Sym™(VV). It is a
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good filtration, in the sense of section 4. Hence, splitting schemes are well-filtered
in a natural way.

Let S be an (F,, G)-scheme.

The Greenberg transfer allows to consider splitting schemes of extensions of GW,.-
bundles over S, as (G, S)-schemes. How to do so is explained in the next Propo-
sition, borrowed from [6, Proposition 5.5], to which we refer for a proof.

PROPOSITION 5.2. Let
& :0—V,— E, — W, (0g) —0

be an extension of GW ,.-bundles, over an (Fp, G)-scheme S. For1 <1i <r, denote
by
E:0—V,— E;, — W;(0Os) — 0

its reduction, to an extension of GW;-bundles over S.
Viewing &, as an extension of vector bundles over W ,.(S), denote by

S (&) — W,(5)
its splitting scheme. Form its Greenberg transfer
gr S((‘:r) = RWT/Wl (Sr(g»,s)) — 5.

We also refer to g, as the splitting scheme of E.. It is naturally presented as a
composite
. By
S(E) =X, 2o x, o e X I g

The morphism gy is the splitting scheme of &1 .
The h;’s are defined inductively, as follows. Denote by

0 — Frob (V) L5 v, 25 v 5 0

r—i

the natural extension of GW ,.-modules on S, where p; is the reduction arrow.
Over X;, there exists a natural extension of GW,._;- bundles

Firei:0— VYD s W, (0g) — 0,

such that &, over X;, becomes canonically isomorphic to (j;)«(Fir—i)-
Define the arrow hiyq1 : X401 — X; as the splitting scheme

S(]‘—iJ) — Xi
of the mod p reduction of F; r_,
Fin:0— VD s —5 0g — 0.

The arrow g, is well-filtered in a natural (G-equivariant) way, indexed by
(ar,...,a1) € N", well-ordered by the lexicographic order. The graded pieces asso-
ciated to the filtration of (g,)«(Os,)) are the vector bundles

Sym® (V;¥) ® Sym® (V") @ ... @ Sym® (V" DY),

This follows from Proposition 5.1, combined to the composition process 4.2.
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6. PERMUTATION EMBEDDED FLAGS OF GW,.-BUNDLES.

6.1. PERMUTATION GW ,- BUNDLES.

DEFINITION 6.1. Let S be an (F,, G)-scheme. Let X be a finite G-set. To fix
ideas, we write the G-action on S on the left, and the G-action on X on the right.
Let (Lz)zex be a collection of line bundles over S, together with isomorphisms of
line bundles over S

one for each g € G and x € X, satisfying the cocycle condition
¢w,gh = (h)*(d)a:y) o (/j)a:g,h-
We then say that the GW .-bundle (over S)
D w. (L)
zeX

is a permutation GW .-bundle, with (L;).ex as a basis.

A GW ,.-bundle, which is isomorphic to a permutation GW.,.-bundle relative to
some basis, will simply be called a permutation GW .-bundle.

In other words, a permutation GW .-bundle is a direct sum of GW .-bundles which
are induced, from finitely many open subgroups H; C G, from line H; W ,.-bundles.

Clearly, Teichmiiller lifts of G-line bundles over S are permutation GW .-bundles.
Morphisms between permutation GW,.-bundles always lift, as follows.

LEMMA 6.2. Let S be an (Fp, G)-scheme.

1) Let V,. be a permutation GW .-bundle over S. Then, V. admits a system of
compatible liftings, to permutation GW g-bundle over S, s > r.

2) Let V., W,. be two permutation GW .-bundles over S. Consider a G-equivariant
arrow

fr : er — Wr-
Then, f,. admits a system of compatible liftings, to G-equivariant arrows
fs : ‘/s — Ws;

foralls>r.

Proof. The case r = 1 follows from functoriality of the Teichmiiller lift of line
bundles over S, L — W,.(L). The general case is by induction on 7. (]

7. EMBEDDED COMPLETE FLAGS.

In this section, we introduce key tools, for proving the Uplifting Theorem.

Let r > 1 be an integer. Let S be an F,-scheme. The following concept is essential.

DEFINITION 7.1. (Complete flags of W ,.-bundles.)
A complete flag of W,.-bundles over S, of rank d > 1, is the data of a filtration of
W..-bundles over S

V=V4,: 0=V, CVi,C...CVy,
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whose graded pieces L; , =V, ,/Vi_1, are W,-line bundles.
If S is an (F,, G)-scheme, a G-linearized complete flag of W ,.-bundles over S is
called a complete flag of GW .-bundles.

In order to make our future lifting problems representable by schemes, we need an
“embedded” version of these complete flags.

DEFINITION 7.2. (Embedded complete flag of W,.-bundles.)
An embedded complete flag of W ,.-bundles over S is the data of a complete flag of
W.,.-bundles over S

V=Vir:0=VW,CVi,C...C Vg,
together with an embedding of W ,.-bundles over S
Var CVp,r,
where Vp » is a W, -bundle over S, of rank D > d.

By “embedding”, it is understood that Vp ,/Va, is a W-bundle.

DEFINITION 7.3. (Permutation embedded complete flag of GW .-bundles.)
Let S be an (Fp,G)-scheme. A permutation embedded complete flag of GW,-
bundles over S is the data of a complete flag of GW .-bundles over S

V=Vi,r:0=VW,CVi,C...C Vg,
together with an embedding of GW .-bundles over S
Vir C Vb,

where Vp » is a permutation GW .-bundle over S.

7.1. OPERATIONS ON EMBEDDED COMPLETE FLAGS. Let
V:Vdm:O:Vo,r CVl,r C... CVdm CVD,T

be an embedded complete flag of W,-bundles, over an F,-scheme S.

7.1.1. Truncation. For any 1 < d’ < d, the truncation
ta(V)=0=Vy, CVi,C...C Vg, CVp,

is an embedded complete flag of W,.-bundles, of rank d’.

7.1.2. Reduction. For any 1 < 7’ < r, the reduction
P! (V) =0= Vb’w C Vl,r’ c...C Vd,r’ C VD,r’

is an embedded complete flag of W,.-bundles, of rank d.
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8. RECOLLECTIONS ON CYCLOTOMIC PAIRS AND ON SMOOTH PROFINITE
GROUPS.

The notions of cyclotomic pair and of smooth profinite group used here are intro-
duced in [6]. They depend on a pair of integers (n,e), where n > 1 is the degree
of the cohomology groups involved, and where e > 1 is the depth. In the present
work, we retain from [6] just what we need. In particular, we focus on the case
n = e = 1, as mentionned in the Introduction.

DEFINITION 8.1. ((1,1)-smooth profinite group; see [6, Definition 6.7])

A profinite group G is said to be (1,1)-smooth if the following lifting property holds.
Let A be a perfect Fp-algebra equipped with an action of G (factoring through an
open subgroup). Let Ly be a locally free A-module of rank one, equipped with a
semi-linear action of G. Let ¢ € H*(G,L1) be a cohomology class. Then, there
exists a lift of Ly, to a (Wa(A),G)-module Lsy[c], locally free of rank one as a
Wy (A)-module (and depending on c), such that ¢ belongs to the image of the
natural map

HY (G, Ly[c]) — HY(G, Ly).

As explained in [6, §11], (1,1)-smoothness is equivalent to a simple fact: the
liftability of one-dimensional mod p G-affine spaces, to mod p? G-affine spaces.

DEFINITION 8.2. ((1,1)-cyclotomic pair; see [6, §6])

Let G be a profinite group, and let Z/p(1) be a free Z/p?-module of rank one,
equipped with a continuous action of G. We say that the pair (G,Z/p*(1)) is
(1,1)-cyclotomic if the following lifting property holds.

For all open subgroups H C G, the natural map

H'(H,Z/p*(1)) — H'(H,Z/p(1))

s surjective.

We shall need the following result.

THEOREM 8.3. (see [6], Theorem A)

Let (G,Z/p*(1)) be a (1,1)-cyclotomic pair. Let A be a perfect (F,, G)-algebra.
Let Ly be an invertible A-module, equipped with a semi-linear action of G. Then,
for all open subgroups H C G, the natural map

H'(H,W>(L1)(1)) — H'(H,Li(1))

is surjective. In particular, G is (1,1)-smooth.

9. FLAG SCHEMES AND THEIR COHOMOLOGY.

DEFINITION 9.1 (Subbundles).

Let S be a scheme. Let V be a vector bundle over S. A sub-vector bundle W C V
(or subbundle) is a coherent sub-S-module W C V', such that V/W is a vector
bundle.

(Hence, W is automatically a vector bundle.)
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DEFINITION 9.2 (Flag schemes).
Let S be a scheme. Let V' be a vector bundle over S, of rank D > 1. Let

1<mi<...<ng <D
be a strictly increasing sequence of integers. We denote by
F(=F,,, n):Flng,...,n,V) — X
the scheme of flags of subbundles of V', of dimensions ni,...,ns. Its universal

property is the following : for any morphism T N S, the set Fl(ny,...,ng, V)(T)
consists of flags of subbundles over T

0=2yCZyC...CZs CZp:=t*(V)),

with dim(Z;) = n; for alli=1,...,s.
We use the notation

0=V CWV1C...CV, CVp=F"(V)
for the tautological filtration (flag) on the vector bundle F*(V).
We denote the flag scheme F1(1,2,...,d,V), ford € {1,...,D}, by
F(=Fuv):Fl(d,V) — S.

If d = D, we denote F1(d, V') simply by FL(V); it is the scheme of complete flags
of the vector bundle V.. We then denote by

Ei = Vi/Vi_l
the associated quotient line bundles, fori=1,...,D.

Following the notation introduced earlier, for an arbitrary sequence of relative in-
tegers ay,...,ap, we put

O(al,...,aD) = ﬁ?al ®...®L§)GD;
it is a line bundle on F1(V).

Remark 9.3. The scheme F1(V) can be naturally constructed as a composite of
projective bundles; see [14, §3.2].

The following Proposition will serve us well.

PROPOSITION 9.4. Denote by F : FI(V) — S the scheme of complete flags of a
vector bundle V over S, of rank D.

Let a = (ay,...,ap) € ZP be a sequence of D relative integers.

If a is not an increasing sequence, then

F.(O(ay,...,ap)) =0.

Proof. See [3, Proposition 1.4.5]. O

Let F : FI(V) — S be the complete flag scheme of a vector bundle over S, of
rank D. It is an exercise to show that the tautological flag

VgenZOZV()CV1 C...CVp_1 CVDZF*(V)
is not split. More precisely, for all integers 1 < m < n < D the natural extension
Nat:0 —Vp, — Vi — V0 / Vi, — 0

is not split. If S has characteristic p, neither are its Frobenius pullbacks Nat(™.
In the sequel, we will need to split (part of) this tautological flag, using splitting
schemes.
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We now recall fairly classical cohomological material, focusing on cohomology
groups of degree < 1.

PROPOSITION 9.5. (Cohomology of P4~ -bundles).
Let V' be a vector bundle of rank d > 2, over a scheme S. Denote by

F:P(V)— S
its projective bundle, and by O(1) its twisting sheaf. Let n > 0 be an integer.

1) We have F,(O(—n)) = 0.
2) If d > 3, we have R'F,(O(—n)) =
3) If d = 2, we have R'F,(O(-1)) =

R'F,(O(-n)) =I""*(V") ® Det(V)"

for n > 2, where I'* denotes divided powers, dual to symmetric powers Sym”.

, and

The same computations hold over the complete flag scheme F1V'), instead of
the projective bundle P(V'). Just replace O(—n) by O(0,...,0,—n), or dually
O(n,0,...,0).

When d = 2, we get from 3) a natural good filtration for the vector bundle
F*(R'F,(O(n,0))), having as graded pieces line bundles of the shape O(ny,ns),
with nyi,ny positive, and ni + ny = n.

Proof. Stacks project ([31] 30.8) does it well. O

10. S-POLYNOMIAL FUNCTORS.

The purpose of this section is to give a meaning to “a polynomial functor” applied
to a vector bundle V' over a scheme. We do this adopting the trendy language
of stacks. This section is rather informal, and intended to be inspiring. Note
that the only polynomial functors used later in this text are symmetric functors-
defined at the end of this section.

Denote by S a scheme, not necessarily of characteristic p.
DEFINITION 10.1. We define Vectg to be the category whose objects are pairs
(T L5 5,v)

where f is a morphism of schemes, and where V is a vector bundle over T (of
arbitrary constant rank). Morphisms

T L5 5,v) — (1 L5 5,77

exist if and only if f = f', in which case they are morphisms of Or-Modules
V—V.

The category Vectg is fibered over Schg, through the forgetful functor and pull-
backs of vector bundles, giving rise to the stack of vector bundles over S (with
respect, say, to the fpqc topology).

The next Definition, for polynomial functors, mimics that of polynomial laws (see
[27]), in a categorical context.
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DEFINITION 10.2. (S-polynomial functors.)
Let n be a positive integer. An S-polynomial functor, homogeneous of degree n > 0,
is an endofunctor ® of the stack Vectg, together with the data, for every
(T N S,V) € Vectg
and every line bundle L over T, of a functorial isomorphism
¢f,V,L : ‘I)(L ® V) AN P q)(V)
of vector bundles over T'.

Remark 10.3. If S = Spec(k) with k a field, the preceding Definition is most likely
equivalent to the usual definition of a polynomial functor- see, for instance, [13].

FEzamples 10.4. The n-th symmetric power
V = Sym"™(V)
and n-th exterior power
V= A" (V)
both define S-polynomial functors, homogeneous of degree n.
The n-th divided power
V= IT™(V) = Sym™(VY)Y

also defines such a functor. (Warning: this formula for divided powers applies to
vector bundles only.)

If S has characteristic p, the r-th Frobenius pullback
V = V) = (Frob™)*(V)
defines an S-polynomial functor, homogeneous of degree p".

Remark 10.5. Note that '™, Sym"™ and A™ are Z-polynomial functors: they are
defined over S = Spec(Z).

DEFINITION 10.6. Let ® be an S-polynomial functor, homogeneous of degree n.
Then, the association
Vs o(VY)Y
defines another polynomial functor ®V, dual to ®.
We shall say that ® is self-dual if ® and ®V are isomorphic.

Exercise 10.7. Exterior powers A™ are self-dual over any base. Symmetric powers
Sym™ are self-dual over S if and only n! is everywhere invertible on S.

Remark 10.8. (Frobenius and Verschiebung.)
Let S be a scheme of characteristic p. Let V be a vector bundle over S. There is
a natural Frobenius arrow

Froby : Frob®(V) — Sym?(V),
v 1 vP,
identifying Frob™(V) to a subbundle of Sym” (V). It is an isomorphism if, and only

if, V' is a line bundle. It gives rise to a natural transformation of F,-polynomial

functors

Frob*(.) =% Sym”(.).
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The Verschiebung occurs as its dual:
T2(.) Y5 Frob*(.).
Applied to V, it is given by the formula
°(V) Y Frob*(V),
[v]p —~v® L

Note that Frob and Ver actually apply to all quasi-coherent modules, not just to
vector bundles.

10.1. SYMMETRIC FUNCTORS. These are the polynomial functors that we shall
use in practice.

DEFINITION 10.9. (Symmetric functors.)
A symmetric functor over Fp is an Fp-polynomial functor of the shape

n
OV () Sym™ (V)
i=1
where n, the a;’s and the r;’s are non-negative integers, with a;p"™ > 0 for all i.
It is thus homogeneous, of degree Y .| a;p".
It is called pure if n = 1. If n > 2, it is said to be composite.

11. LIFTING EXTENSIONS OF W,.-BUNDLES...

In this section, we investigate how to lift extensions of W,.-bundles. For simplicity,
we restrict to extensions with kernel a line bundle- which is all we shall need later.
The general case can be dealt with along the same lines.

This question is of crucial importance in the proof of the Uplifting Theorem 14.1.
It is clearly equivalent to the problem of lifting line subbundles of Witt vector
bundles- and to its dual counterpart, lifting quotient line bundles of Witt vector
bundles.

Let S be a scheme over F,, let L be a line bundle over S, let » > 1 be an
integer, and let

£ :0—L, V. ™ Q, —0
be an exact sequence of W, -bundles over S. Let s > 1 be an integer. Let V., be
a given lift of V., to a W, s-bundle on S. We want to perform a change of the
base
SrJrs — S,
which solves the moduli problem of lifting &£, to an extension of W,.; s;-bundles

ir+s Tr+s

(c/‘r_;'_s 0 — Lr+s — ‘/7-4_3 — Qr_;,_s — 0.
Note that, if we can lift 7, to a homomorphism of W, ;-bundles
Z‘T'-‘rs : Lr—i—s — er-‘rs:

this lift is then automatically an embedding. Indeed, by Nakayama’s lemma, its
dual arrow 4, : V,Y,, — L), is surjective. Then, simply set Q15 to be the
cokernel of i, .

There are two ways to deal with our lifting problem: either L, is prescribed in
advance, or it is not. We now get to details.

S
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11.1. ...PRESCRIBING THE LIFT OF THEIR KERNEL... In this section, we prescribe
the W, s-bundle L, ,. In other terms, we are given the data of &, L,;, and
V,+s, and our goal is to define the morphism S, — S, which parametrizes
liftings &,y of &,. For instance, if L, is the Teichmiiller lift of its mod p reduction
(L, = W,(Ly)), we can require L,s = W,4s(L1).

Consider the natural exact sequence of W, -modules over S

Frts 10— Frobl ((Frob")* (Vs ® LY)) — Vs @ L}, 5 Vo @ Lt — 0,
where
Vs =V, Qw,. W,
denotes the reduction of V,. to a W -bundle on .S, and where p is given by reduc-
tion. The arrow i, is given by a global section
Sr € HO(Sa Vi ® L;l) = HomWT(OS)—Mod(WT(OS)a Ve ® L;l)
Lifting it to 4,4 : Lyys — V45 amounts to lifting s,., via p, to a global section
ST+S € HO(S’ ‘/TJrS ® L;is) = Homwr+s(os)*M0d(WT+5(OS)’ VYT*FS ® L:J}s)

The space of such liftings is naturally equipped with the structure of a torsor,
under the W -bundle (V; @ L; ). Using adjunction between Frob, and Frob*,
it is given by the extension s} (F, ), corresponding to an extension of W -bundles
over S

Gris: 0 — (Frob")*(V, ® L;1) — ¥+ — Og — 0.
Denote by

Sr+s(: Sr—&-s(ira ‘/7"+37Lr+s)) = S(gr+s) i> S

its splitting scheme; see 5.2. Over S,, G,+s acquires a canonical section, giving
rise to a lifting i, of 4. The affine morphism

g:Srys — S

is then, indeed, the universal change of the base, parametrizing the desired liftings
of &,.

We have just proved a useful representability statement, as follows.

DEFINITION 11.1. Let 0 — L, iy V., — @, — 0 be an extension of W .-
bundles over an Fp-scheme S. Assume given a lift V.15 (resp. Lyys) of V. (resp.
L,) to a W, ys-bundle over S. Consider the functor
qj€7‘7VT+S7LT+S : SCh/S —  Sets
(TL)S) — {5T+s} ’
from the category of S-schemes to that of sets, defined as follows. It sendst to the
set of liftings of t*(€,) to an extension
Erps: 0 —t"(Lpys) — t"(Vigs) — x—0
of W,.s-bundles over T.

ProposITION 11.2. The functor e v. . 1., is represented by the affine mor-
phism g : Sy 4s —> S constructed above.

Proof. As we have seen above, over a given T N S, the data of a lifting of
t*(€,) is equivalent to that of a lifting of t*(i,.) : t*(L,) — t*(V;.); that is to say,
to a splitting of the extension t*(s}(F,+s)). The claim follows from the universal
property of splitting schemes. ([
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Remark 11.3. Assume that s = 1. Then, by Proposition 5.1, the affine morphism
g is well-filtered, in a natural way. The graded pieces of the associated good
filtration of g.(Os,,,)/Os are of the shape

Sym" ((Frob")" (Vi @ L)) = Sym"((Frob")* (1)) ® Li"".
Hence, setting a := np",
®,(.) := Sym" (Frob"(.))
is a pure symmetric functor, homogenenous of degree a > 1, which describes these
graded pieces.

The situation for s arbitrary is similar, replacing ®, by a composite symmetric
functor, and using Proposition 5.2.

11.2. ...OR WITHOUT CONSTRAINT. In this section, we describe the space of lift-
ings &4 of &, without prescribing L, in advance. This space is the fiber of
the reduction morphism

Rw, .. ;w,(Pw, . (s)(Vi'es)) — Rw,yw, (Pw,(s)(V,Y)),

over the S-point given by i,. Recall that Rw, w, denotes Greenberg’s functor,
from the category of W, (S)-schemes to that of S-schemes. This fiber can be
described using Greenberg’s Structure Theorem- see, for instance, [1]. We give a
self-contained exposition, in our particular context.

Assume first that S is affine, in which case :

e all extensions of W ,.-bundles over S are split, and
e every W.,-line bundle over S is (non-canonically) isomorphic to the Te-
ichmiiller lift of its mod p reduction.

Both assertions follows from the vanishing of coherent cohomology over S. Actu-
ally, the second one just uses H'(S,Og) = 0.
Our moduli problem can then be reformulated as follows.
Fix an isomorphism L, ~ W,(L;). Let V.45 be a given lift of V., to a W,.4-
bundle on S. Parametrize equivalence classes of liftings of

W (L1) 5V,
to

Z.rJrs : WrJrs(Ll) ZT_+§ Vr+57
where two liftings i, and i}, ; are identified if there exists an automorphism
o € Ker(Aut(W, 1 5(L1) — Aut(W,(L1)) = Ker(W) , — W),

such that

i;ﬂ»s = ir+5 o 0.
Remark 11.4. The expression

Ker(W) , — W)

defines a linear algebraic group over Z. Its mod p reduction is a split unipotent
linear algebraic group over F,. If p # 2, or if » > 2, it is isomorphic to (Wy, +),
via the p-adic logarithm. See [8, Remark 2.4].
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Keeping the notation of the previous paragraph, these equivalence classes form
a torsor under the vector bundle (Q, ® LY)(™. Concretely, it is given by the
extension of Wg-bundles (75)x(Griys) = (7s)« (85 (Fris)), reading as

Gris:0— (Qs @ LY)") — ¥ — W,(0Og) — 0.

This extension is canonical: it does not depend on the choice of the isomorphism
L, = W,(Ly). By glueing, it is defined over an arbitrary S. Denote by

S’/r‘+S(: S;Jrs(ir» Vigs)) == S(Grts) L

its splitting scheme. We have proved the following useful representability state-
ment.

DEFINITION 11.5. Let
£ :0—L, 5V, —Q,—0

be an extension of W,-bundles over an Fp-scheme S. Assume given a lift V,4s of
V- to a W, s-bundle over S. Consider the functor

D¢ Sch/S  — Sets

(T L> S) L {gr+s}7

7‘7Vr+s :

from the category of S-schemes to that of sets, defined as follows. It sendst to the
set of liftings of t*(&,) to an extension

Erps:0— % —t"(Vgy) — x—0
of W,y s-bundles over T.

PRrROPOSITION 11.6. The functor ®¢, v, . is represented by the affine morphism
g S, , — S constructed above.

Remark 11.7. In the present situation, the analogue of Remark 11.3 goes as fol-
lows. The morphism ¢’ is well-filtered in a natural way. The graded pieces of the
associated good filtration of g’*(Os;H) /Og are of the shape

P, (Vi/L1)" ® L),

where a > 1 is an integer, and where ®/ is a symmetric functor, homogenenous of
degree a, which is pure if s = 1.

Ezxercise 11.8. Give a precise meaning to the following motto:
“Splitting creates functions which are dual to those created for lifting.”
Of course, splitting is a much stronger operation than lifting!

11.3. THE EQUIVARIANT CASE. Assume now that S is an (F,, G)-scheme, that
&, is an exact sequence of GW,-bundles over S, and that V, s is a GW, -
bundle over S. In the situation of subsection 11.1, assume also that L, s is a
GW,.s-line bundle over S. By functoriality of the constructions above, we get
the following. The schemes S, and S|, are (F,, G)-schemes in a natural way,
for which the arrows g and ¢’ are G-equivariant. Furthermore, their G-equivariant
sections correspond to liftings £, of &, that are extensions of GW,.; s-bundles.
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12. GLUEING EXTENSIONS OF GW3-BUNDLES.

Let S be an (F,, G)-scheme. Let My be a GW-bundle over S. Denote by
M, = p(Mz)

its mod p reduction, where p stands for reduction. Recall that we have an exact
sequence of GWy-modules over S

0 —» Frob, (M) L5 My 25 My — 0.

In the rest of the proof, to simplify notation, we will not write Frobenius pushfor-
wards. By section 3.8, we know that

Extg; (S, W2(Os), *) = H5(S, *),
for all i > 0, and for all GWy-modules .
Assume given two extensions of GWa-bundles over 5,
a2 0—Vi1o 23 Vs ™3 Lyy —0
and
Pat1,2:0— Lao — Pyay1,2 — Lag12 — 0,

where V; o (resp. L; 2, Pygat1,2) is of dimension ¢ (resp. 1, 2).

DEFINITION 12.1. (Glueing)
A glueing of Eq2 and Pgi1,2 is a pair (Eqy1,2, 92), consisting of an extension of
G'Wy-bundles over S

Td41,2

qd+1,2
Ear12:0 —Vyo — Vap10 — Lgt12 — 0,
and an isomorphism of extensions of GWa-bundles over S

¢2 : (qa,2)«(Eav1,2) — Pat2-

Isomorphisms of glueings are defined in the obvious way.
This definition clearly extends, to glueing extensions of GW.,.-bundles over S for
any r > 1.
We know that the obstruction to glueing £;2 and Pg41,2 is the cup-product

CQ = S(LQ @] 'Pd_;,_LQ 0 — Vd_LQ — Vd72 — Pd,d+1,2 — Ld+172 — 0.
It is a 2-extension of GWy-bundles over S, whose class

co € Bxty (S, Lat1,2, Va-1.2) = HE(S, L1 0 © Va1,2)

vanishes if, and only if, our two extensions can be glued.

DEFINITION 12.2. (Lifting a glueing)

Let (Eqt1.1,¢1) be a glueing of Eq1 := p(Ea2) and Pas11 := p(Pay1,2), as exten-
sions of GW1-bundles.

A lifting of the glueing (4411, 1), is the data of a glueing (Eq11,2, ¢2) of Ea2 and
Pai+1,2, together with an isomorphism

p(Eat1,2, P2) — (Eax1,1, 1),

as glueings of €41 and Pgi1.1-
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In the remaining part of this section, we are going to show that the obstruction to
lifting a glueing, is a 2-extension of G-bundles

Ci:0— Vd@m —> ok — x —> L511421,2 — 0,
whose class
¢1 € Bxty 1 (S, Ly 1. Vil a) = HE(S, (L1 1 © Va1) W)
satisfies
o = ju(er) € HE(S, Li12®Vi12)
To simplify, we first assume that Lgyq 0 = W2(Og) is trivial.
Consider the natural surjection of GW3-modules
Va1 @ Lap — Lay — 0,
given by
q(v,1) == qa(v) = p(1).
It fits into an extension of GWy-modules
Q:0—>N—L>Vd}1@Ld,2 i)Ld,l — 0,

whose kernel N is presented as

N:0— V& | — Vaa -5 N — 0,
where

5(v) :== (p(v),qa,2(v)) € N C Vg1 ® La,a,
and where the injection is given by the natural inclusions

Vit vl c Vao.

Consider the Baer sum
F = (p*(gd+171) + PdJrLQ) 0 — del ©® Ld,g — k — Ld+1’2 — 0,

where p: Lgy12 — Lg11,1 is the reduction. It is an extension of GWy-modules.
Since Lgt1,2 = W2(Og), we can associate to F the G-affine space of its sections.
It is a (G, S)-torsor X, under the GWa-module V1 @& Lgo (see [6], section 4-
especially Lemma 4.12). We now work with (G, .S)-torsors, instead of extensions.
The data of the patching (£441.1, ¢1) yields a natural trivialization of g.(X'), which
is a (G, S)-torsor under Lg,. Using the extension Q, we get a (G, S)-torsor Y,
under N, together with a natural isomorphism X — ¢,(Y). Lifting the glueing
(€d+1,1,¢1) is then equivalent to lifting Y, to a (G, S)-torsor under Vo via s.
Using the connecting map associated to N, the obstruction to this liftability is an
element
1 € HA(S, VY ).
1 a\2s Va1
An important fact is that
Co = j*(cl) € Hé(S, Vd—1,2)~

Thus, we have constructed a natural reduction of ¢o, to a mod p cohomology class
cy. If S is quasi-projective over a field, by Remark 4 of 3.1, ¢; is represented by
an extension of G-bundles over S

C1:0—>Vd(i)171—>*—>*—>(95—>0.
In the general case, where L4412 is not assumed to be trivial, we apply

\%
-® Ld+1,27
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tensor product of GWy-modules. For instance, we get
Ear12®0 LY 12:0 — Voo ® Ly 10— Vag12® Ly, o — W3(Og) — 0.

Replacing all GWa-modules M by M @ L} 11,2, We are sent back to the case where
Lgy1,2 = W2 (Og). We thus get an element

1 € HE(S, (Vamra ® Ly, )™M,
such that
2 = ju(er) € HE(S, Vic12® L;+1,2)-
If S is quasi-projective over a field, by Remark 4 of 3.1, ¢; is represented by an

extension of G-bundles over S

Ci:0— Vd(i)l,l — ok — ok — L((;sz — 0.

13. COMPUTATIONS OF EXTENSIONS, OVER COMPLETE FLAG SCHEMES.

This section contains results of interest, among which the unicity of the tautolog-
ical section.

None of them are used in the proof of the Uplifting Theorem, so that this section
is logically independent from the main objective of this paper. We advise the
reader to skip it, hoping it is useful for future considerations.

13.1. UNICITY OF THE TAUTOLOGICAL SECTION. Let’s start with a “toy
example”-just to use a bandied around expression;)

Let V be a vector bundle of rank 3, over a base scheme S. Consider its complete
flag scheme f : F := F1(V) — S. Denote by

Nat172:0—>E1—>V2i>£2—>0
the tautological extension, of vector bundles on F. Denote by
qg: SLQ = S(Natl,g) — F

its splitting scheme, and by s := f o g the structure morphism of the S-scheme
S12. Over Sy, the extension Nat; o acquires a canonical (tautological) section
o : Ly — V5. View it as an element of HO(SLQ,Eg’*l ® Vs). It is reasonable
to expect that o is the only section of Nat; 2, over S; . This is indeed the case,
thanks to the next Lemma.

LEMMA 13.1. The following is true.
1) The natural inclusion
Og — 3*(081,2)

is an isomorphism.
2) For alln > 1, we have

$:(0O(n,—n,0)) = 0.
3) The natural arrow
Os — 5. (LY @ V),
l—o

is an isomorphism.
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Proof. By Proposition 5.1, we know that the quasi-coherent Og-module
9+(0s, ,)/Or has a good filtration by the subbundles Sym®(V,) ® £~%, with
O(—a,a,0) as associated graded pieces, a > 1. These have f.(.) = 0, by
Proposition 9.4. Since Og = f«(Or), Claim 1) follows. We prove 2), by
dévissage using the preceding good filtration. We have to check the vanishing of
f«(Sym®(V2)(n — a,—n,0)), for all a > 0. If a < n, then n — a > —n, and we can
apply Proposition 9.4 and the projection formula. For a > n, proceed as follows.
Consider the natural extension Sym®(Nat 2)(n — a,n,0). It is an extension of
vector bundles over F, reading as

0 — Sym® *(WVy)(n —a+ 1,—n,0) — Sym*(Vs)(n — a, —n,0) — O(n — a, —n + a,0) — 0.
Since —n+a > 0, we have s,(O(n—a, —n+a,0)) = 0 by Proposition 9.4. Applying
s, to this exact sequence, we conclude by induction on a.
We prove the third part. Let f be a section of s, (53971 ®Vs). The composite 7o f
is a section of s,(LY ™' ® L3) = Og (use 1)). Thus, there exists A € Og, such that
mo (f —Ao)=0. In other words, f — Ao belongs to s.(O(1,—1,0)) =0 (use 2)). O
We can adapt this Lemma to a more general setting, as follows.

PROPOSITION 13.2. Let V' be a vector bundle of rank D > 4, over a base scheme
S of characteristic p. Let 1 < d < D — 2 be an integer. Consider its complete flag
scheme

F:F:=FI(V) — S.
Denote by

t:Sq:=S(Nat) — F
the splitting scheme of the natural extension

Nat:0 — Vy —>Vd+1 _>»Cd+1 — 0,

over F.
Let v > 0 and m > 1 be integers. Fori=1,...,m, denote by

0i + Lat1 — Vi1,

the m tautological sections of Nat, over the m-fold product t" : ST" — F. They
arise as pullbacks of the tautological section, by the m projections S' — Sg.
Then, the natural arrow

9: 0% — (Fot™). (Ll @ Vi),
(r)

€=~ o,

is an isomorphism.

Proof. We have a natural arrow
h: OB — (Fot™). (L4 @ V),

e; — O’Z(T) — o),
i=1,...,m—1. We first study h. By proposition 5.1, we know that ¢.(Os,)
has a natural good filtration, by vector bundles of the shape Sym®(Vy,; ® Lay1),
with graded pieces Sym®(Vy ® L411), @ > 0. Thus, t7*(Osx) has a natural good
filtration, by vector bundles of the shape ®(Vy, ; ® L441), where ® is a composite
symmetric functor. Consider the inclusion (of the component of total degree p" of

this good filtration)

Wyr = Y BV, ® Lap1) CI(Osm).
deg(®)=p"
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We claim that it induces an isomorphism
FE Wy ® L) @ V) 25 F(t™(Osn) ® £317) @ V) = (L4 o Vi),
To see this, it suffices to show that
F(U (V) @ La1) @ £y @ V) = Ry o V) @ L51)

vanishes, for all symmetric functors ¥, of degree a > p”. To do so, consider the
factorization

F:FI(V) S FI1(1,....d, V) 22 8.

By Proposition 9.5, since d + 1 < D — 1, we know that (Fl)*(ﬁgflf) vanishes.
Conclude using the projection formula.
We infer that the inclusion W, C ¢'(Osr) also yields an isomorphism

F. Wy ® L3 @ V) 5 F.(t7(Osp) @ L1 @ Vi) = (L) @ V).

Indeed, the tautologlcal sections 0' obv1ously lie in the image of ¢, and we can
then use the fact that ¢/ is an 1somorph1sm to conclude.

It remains to show that the natural arrow
9:08 — FWpr ® E;/-E-Tl) ® Vc(l:-)l)V
e; — O'i(r)

is an isomorphism. To do this, we use the natural good filtration of W, with
graded pieces vector bundles of the shape ¥(V) ® L411), where ¥ is a symmetric
functor, of degree a < p”. Note that U(.) can be written as @, Sym® (.), where
a1+ ...+ am=a. If a<p”, then

F((V] ® Lap) © £, © Vi) = W) @ L5 e v))) =0
This is clear if a =0 (i.e ¥ =1). If a > 1, consider the natural exact sequence
0— VY@L @V — v @ L @V, — v(VY)©Lh, — 0.

Its cokernel has a natural good filtration, with graded pieces degree zero line bun-
dles of the shape O(—=by,...,—b4,a,0,...,0), where the non-negative integers b;
satisfy by + ...+ bg = a. These have have F,(.) = 0 thanks to Proposition 9.4.
We are thus reduced to show the vanishing of F.(¥(V)) ® £d+1 ® V((lr)). The

vector bundle ¥(VY) ® E;_?lf ® Vg") has a natural good filtration, with graded
pieces degree zero line bundles of the shape O(cy,...,cq,a — p",0,...,0), where
the relative integers ¢; satisfy ¢y + ... 4+ cq = p” — a > 0. Thanks to Proposition
9.4, again, these have F,(.) = 0. Conclude by dévissage.

If a = p", then F,(¥(V)) ® Vr(l:-)l) =F.(v(V))® V((f)). If ¥ is composite (mean-
ing that at least two of the a;’s are positive), we can apply Lemma 13.3, to get
F (U (V))® V{gr)) = 0. It now remains to consider the graded pieces where W is
pure, i.e. U(.) = Sympr(.). There are m such graded pieces, corresponding to the
“trivial” partitions, where one a; equals p”, and all other vanish. Applying Lemma,
13.3 again, we get F,(¥(V)) ® V(gr)) = g, for each of these graded pieces. Each
of these m copies of Og corresponds to a direct factor of the source of g- showing
that g is, indeed, an isomorphism. a



34

13.2. A RESULT FOR Ext". Let r > 1 be an integer. For a vector bundle W on an
Fp-scheme S, the r-th iterate of the Frobenius

Froby, : W —s SymP (W),

w1 wh

is an injective homomorphism from W) to a pure symmetric functor, applied to
W. The next Lemma states that, for tautological subquotient bundles, every such
homomorphism is collinear to Froby,. It also stipulates that there is no non-zero
homomorphism from W), to a composite symmetric functor of degree p”, applied
to W.

LEMMA 13.3. Let V be a vector bundle of rank d, over an Fp-scheme S. Denote
b
! F:FlI(V)— S
its complete flag scheme. Let m,n be two integers, with 0 < m <n—1<d — 2.
Put
W =V /Vi;
it is a vector bundle defined over FI(V)). Let r > 0 be an integer. Then, the

following is true.
1) One has

E. WY @ Sym” (W) = Os,
with generator given by the Frobenius

Frob™ : W — Sym? (W).

1) Let s > 2 be an integer. Let aq,...,as be positive integers, adding up to p".
Then, one has

H(F1I(V), WV @ Sym™ (W) ® ...Sym® (W)) = 0.

Proof. Let’s prove 1). Consider the natural exact sequence
0 — WOVeW® — WV gSym?" (W) — WOV @ (Sym?” (W) W) — 0.

Its kernel is End(W)(™), which has F.(.) = Og, with generator given by the iden-
tity. Checking this fact is left to the reader, as an exercise. Its cokernel has a natu-
ral good filtration, inherited from that of W, with successive quotients degree zero
line bundles of the shape O(0,...,0,am+t1,.-.,an,0,...,0). Here (amy1,...,a5)
is a non-zero sequence of relative integers, adding up to zero. According to Propo-
sition 9.4, these line bundles have F,(.) = 0 (this uses n < d — 1). By dévissage,
the cokernel in question has F,(.) = 0 as well. The claim is proved.

Let’s deal with 2). Using the projection formula, we see that

HY(FLIV), WY @ Sym™ (W) @ ... ® Sym™ (W)) =
HO(FI(V), WV @ Sym™ (W) ® ... @ Sym® (W) @ L2%).

Using the natural good filtration of WV by dévissage, we reduce to showing the
vanishing of
HO(FI(V)’ Sym* (W) ® ... ®@ Sym* ' (W) @ LZ* ® E?—pr)7

fori =m+1,...,n. The case i = n is straightfoward, using the projection formula
and Proposition 9.4, because 0 > a;—p". Note that this uses dim(W) = n—m > 2.
We now deal with the case m +1 < ¢ < n — 1. The vector bundle Sym* (W) ®
...®Sym“~* (W) has a natural good filtration, with graded pieces line bundles of
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the shape O(0,...,0,bm41,---,bp,0,...,0), where b1 + ...+ b, =a — as, and
0<b; <a—a, for all j. Thus, the vector bundle
Sym“ (W) ®...® Sym®» (W) ® L) @ £
has a natural good filtration, with graded pieces line bundles of the shape
O,...,0,bpma1,---,0i—1,0; —p ", bix1 ..., by +as,0,...,0)
where b; — p” < 0. The sequence
(0,...,0,bm41, -3 bi—1,0; = p" b1 ..., by +as,0,...,0)

is not increasing: it ends by zero, its terms add up to zero, and one of its terms is
non-zero. We conclude by dévissage, using Proposition 9.4.

(]

13.3. A RESULT FOR Ext'.

LEMMA 13.4. Let V be a vector bundle of rank 3, over an F,-scheme S. Denote
by
FFIV) L5 pv) =Fi2,v) 2 5
its complete flag scheme. Recall that we denote by
ocCcwv CVQCV3:F*(V)

the tautological complete flag, over F1(V).
Let b > 0 be an integer. The following is true.

1) There exists a canonical isomorphism of Op(yy-modules

2°(Vy) @ Det°(Vy) =5 RY(f1).(O(b+1,—b—1,0)).

2) If b+ 1 is not a p-th power, we have
£+(T2 (V) @ Det~°(Vy)) = 0.
3) Assume that b = p® — 1. Then, there exists a canonical isomorphism

F(T2(Vy) @ Det ™" (V) ~ Os.

Proof. Point 1) is a reformulation of point 3) of Proposition 9.5, applied to the
2-dimensional vector bundle Vs over P(V'), and to n = 2b + 2. Note that f; is a
Pl-bundle (the projective bundle of Vy).

It remains to prove 2) and 3).

The vector bundle T?*(V,) ® Det ™" (V,) has a good filtration by subbundles, with
quotients line bundles of the shape O(i,—i,0), i = —b,—b+1...,b— 1,b. These
have F,(.) = 0, except for i« = 0. By dévissage, we get a canonical embedding

a: fo(T?(V5) @ Det°(Vy)) — O,

which is a first step towards proving 2) and 3).

Assertions 2) and 3) can be checked Zariski-locally on S, using a gluing argument
for 3). We thus reduce to the case where V = O% is trivial. If desired, we can
further reduce to S = Spec(A), with A an [F,-algebra of finite-type. Consider the
structure morphism g : S — Spec(F,). If we can prove the statements when
S = Spec(F}), then we can pull everything back through g by proper base change,
and get the same statements over S.

Next, we give a proof that 2) holds, working for S = Spec(k), with k any field of
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characteristic p.

The exact sequence of vector bundles
0—>£1—>V2L>£2—>0
induces a natural surjection
sz(VQ) — Fb(VQ)(Oﬂ b, 0)7
[0]2y = [v]p @ 7(v)".
Twisting it by Det™"(Vy) = O(—b, —b,0), we get a surjection of vector bundles
over F1(V)
¢ : T2 (V2) ® Det™"(Va) — (V1) (=b,0,0),
Denote by Ky its kernel; it is a vector bundle of rank b over P(V). It has a natu-
ral good filtration by subbundles, having as successive quotients the line bundles
O(i,—1,0), for i =1,...,b. These have F,(.) = 0, so that F, () = 0 by dévissage.
Taking Fi(¢) thus yields an injection
2 fo(D? (V) @ Det™* (Va)) — £ (TP (Vo) @ Sym®(Ve) @ Det " (Vy)),
given on sections by the formula
[V]ap @ 070 = [v]p @ v° @ 570
Using a good filtration argument analogous to those used before, we prove that
the k-vector space f,(I'’(Vs) @ Sym®(V) ® Det ~°(V,)) has dimension at most one.
Consider the perfect duality pairing
A=< . .>:T°Vy) x Sym®(Vy) — Det®(Vy),
< [v]p,wrwa ... wp >= (v Awy)(VAwg)...Q (v Awp).
It gives a non-zero vector inside f,(I'?(Va) ® Sym®(Vy) @ Det ™" (V,)), which we still
denote by A. The vector space f.(I*(Va) ® Sym®(Vs) ® Det°(Vy)) is therefore
one-dimensional, directed by A. Arguing by contradiction, assume that the k-
vector space f.(I2°(Vy) @ Det~°(Vy)) is one dimensional too, with generator w.
By what precedes, ¢(u) would then be a non-zero multiple of A. Rescaling, we can

assume ((u) = A. Considering a fiber V; of Vs, at a k-rational point of P(V'), we
would then get the following. There exists

U= Zai[ui}gb € Fib(VQ),
1

where a; € k, and u; € V, such that the perfect duality pairing
< .. >:Th (1) x Symz(Vg) — Detb(Vg)
is expressed as
< [v]p, wiws ... wp >= Z ai(v Awy)P(wy Awg)(wa Awg) ... (wy Awg).

1
Write the base-p expansion

b=ag+aip+...+ asp°.

One see that the expression on the right factors, in the first variable v, through
the natural surjective k-linear map

0: T (Va) — QT (13",
0
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[l = []ag @ [0W]a, @ ... © @],
Indeed, this factorisation is given by

() - QT (V3" x Sym}(Va) — Det?(Va),
1=0

([volao[Vilarp - - - [Vs]agpss wrwa .. wp) 1=
ks
Z ai(vo Aug)®™ (g Aug)®P (s Aug)® P (wy Awg)(wa Aug) .. (wp Aug).
1

Since < .,. > is perfect, the surjection 6 has to be an isomorphism. Equating
dimensions of the source and target of 6 yields

b+1=(ao+1)(a1+1)...(as +1),

implying a; = p — 1 for all ¢, so that b = p® — 1.
Let’s just sketch the proof of statement 3), which is much easier because it is
constructive. Consider the extension

0— £ W £l o,

of vector bundles over F1(V'), defined as the s-th Frobenius pullback of the tauto-
logical sequence. Its class yields an injection of Op(y)-modules

Op(v) — Rl(fl)*<0(ps, —p°,0)) = FQb(VQ) & Det_b(VQ),

where we have used the isomorphism of point 1) of our Lemma. Applying f., we
get an injection of Og-modules

B f(Opy) — Os — f(T?(V2) @ Det ™" (W),
which is then checked to be the inverse of «a. O

Remark 13.5. Using the projection formula, Lemma 13.4 can be generalized to
vector bundles of arbitrary rank D > 3. In particular, we get the following result.
Let V be a vector bundle of rank D > 3, over an [Fp-scheme S. Denote by

F:FlI(V) — S
its complete flag scheme. Let 1 < d < D — 1 be an integer. Let a > 0 be an
integer.
e If a is not a p-th power, then R'F. (L ® L;},) = 0.

e If ¢ = p° is a p-th power, then RlF*(EZS ® E;_f;) = Og, with canonical
generator given by (the s-th Frobenius twist of) the natural extension

Na,td’d+1 00— ,Cd — VdJrl/Vd,l — £d+1 — 0.

14. STATEMENT OF THE UPLIFTING THEOREM.

Let S be an (F,, G)-scheme. Let L be a G-line bundle over S. Recall that L lifts
to a GWy-bundle over S; namely, its Teichmiiller lift W (L).

We come to the main result of this paper. It extends the preceding fact to higher
dimensions- under appropriate assumptions.
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THEOREM 14.1. (The Uplifting Theorem)
Let G be a (1,1)-smooth profinite group. Let S be a perfect affine (F,, G)-scheme.
Let

Vit1,1:0C Vi1 C Vo1 C... CVaga

be a complete flag of G-vector bundles, of dimension d+1 > 2 over S.
Assume given a lift of the truncation

Va1 :=7a(Vat1,1):0C Vi1 C Va1 C...C Vyu,
to a complete flag of GWo- bundles over S
Vag2:0CVipClVoo C...CVya.
Then, Va2 can be extended, to a lift
Vit12:0CViaC Voo C...CVyaC Va2
of Vati1,1, to a complete flag of GWo- bundles over S.

We get the following result as a consequence of the Uplifting Theorem.

THEOREM 14.2. (The Uplifting Theorem, weak form)
Let G be a (1,1)-smooth profinite group. Let S be a perfect affine (Fp, G)-scheme.
Let

V1:OCV171 CV271 C... CVdJ

be a complete flag of G-vector bundles over S, of dimension d > 1.
Then, V1 admits a lift, to a complete flag Vo of GW4- bundles over S.

Here is an equivalent reformulation, in the tongue of embedding problems.

Let A be a perfect (Fp, G)-algebra. Let d > 1 be an integer. Denote by By C GL4
the Borel subgroup of upper triangular matrices.

Then, the natural arrow

H'(G,Bq(W2(A))) — H' (G, Ba(A)),

induced by reduction, is surjective.

Proof. Induction on d, using Theorem 14.1. O

Remark 14.3. Note that the statement of the Uplifting Theorem does not provide
information about the graded pieces L; 2 of V.

Assume that G is (1, 1)-cyclotomic, relative to a cyclotomic module Z/p?(1). It is
then (1,1)-smooth by [6, Theorem A]. The Uplifting Theorem thus applies to G.
It is then normal to wonder whether we can prescribe

Lio =Way(Li1)(—1).
The answer is negative in general- see the next section.

Remark 14.4. We can ask whether the Uplifting Theorem extends to depth e > 2.
This could be the subject of future investigation. For many possible applications
though, the degree of generality allowed by the Uplifting Theorem, in depth e = 1,
is arguably sufficient. This belief is materialized in [7], where the Uplifting Theo-
rem is applied, to provide a self-contained proof of the Norm Residue Isomorphism
Theorem.
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15. NON-LIFTABILITY OF THE GENERIC HEISENBERG REPRESENTATION.

In the second part of the statement of Theorem 14.2, it is natural to ask whether
B, can be replaced by its unipotent radical Uy.
In other words, under the assumptions of this Theorem, is the natural arrow

HY(G,Ug(W3(A))) — H' (G, Uy(A))

surjective?
A positive answer would be an improvement, as surjectivity for coefficients in Uy
implies surjectivity for coefficients in B, (exercise for the reader).

In this section, we provide a negative answer to the question above. Precisely, for
p odd, we give an example of a field F', containing C, such that

HY(Gal(F,/F),Us(Z/p*)) — H'(Gal(Fs/F), Us(F,))

is not surjective, using a result of Karpenko as the key ingredient. In other words:
in general, mod p Heisenberg representations fail to lift mod p2.

Remarks 15.1.

e When p = 2, one can show that the preceding arrow is surjective, for
any field F. However, replacing Fy with the finite field Fy4, and Z/4 with
Wy (Fy), surjectivity again fails, in general.

e In the recent work [21], it is proved that the preceding arrow is surjective
for p odd, when F' is a global field or a non-archimedean local field, under
the presence of p?-th roots of unity. Note that the proof provided for F
local, in fact extends to the case of fields F, containing p?-th roots of unity,
and such that the F,-vector space H?(F,F,) is one-dimensional.

Start with a field F', containing the function field in two variables C(z,y). Set G
to be its absolute Galois group. It is (1,1)-smooth by [6, Theorem A]. For each
n > 1, use e’ € F to identify u, to Z/n, as finite G-modules.

Using Kummer theory, we have two classes

(@), (¥)p € H(F, ip),
respectively associated to extensions of (F,, G)-modules
Er: 0 —=F,=p, —F, —F, —0
and
E: 0 —=TF,=pu, —E, —F, —0.
These give rise to arrows
pz 1 G — Uy(F,) =TF,

and
py: G — Uy(F,) =TF,.
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DEFINITION 15.2. Assume there exists a complete flag of (Fp,, G)-modules
Vi:0C Vi1 CVay CVay,
such that the truncated extension of (Fp, G)-modules
0—Vig— Vo1 — Vo 1/Vi1—0
is isomorphic to E;, and such that the quotient extension
0—Vo1/Ving — Va1 /Vi1 — V31/Vo1 — 0

is isomorphic to £,.
We then say that £, and &, glue, to the complete flag V.

The extensions &, and &, glue to a V; as above, if and only if the cup-product
a=(2),U(y), € H*(F, u$?) = H*(F, up) = Br(F)[p]

vanishes.

Assume that this is the case, and let V; be such a gluing. Using the same con-

struction as above, for mod p? coefficients, we get the following.
The complete flag V1 lifts to a complete flag of (Z/p?, G)-bundles

Va:0CVigo CVaa C Vs,

with trivial graded pieces
Lio =7/p%

if and only if (x), and (y), respectively lift to classes

(K)o (V) € H'(Fopye),
such that

(X)pe U (V) = 0 € H2(F, u%2) = H(F, ) = Br(K) .

We now show that the field F' can be chosen, so that this liftability property fails.
Equivalently:

e The extensions &, and &, glue, to a V; as above.
e The flag V; does not admit a lift to a flag of GW5 bundles V5, with trivial
graded pieces.

We can then conclude, that the class of V; in H'(Gal(Fs/F), Us(F,)) cannot be
lifted via
HY(Gal(Fs/F),Us(Z/p*)) — H'(Gal(Fs/F), Us(F,)),

completing the goal of this section.
Start with the generic symbol algebra

A= (.’IJ, y)p27
over the field C(z,y). It is a division algebra of degree p?. Consider the Severi-
Brauer variety SB(A®?), and define F' to be its function field. By [19], Theorem
2.1, the F-algebra A ®c(,,y) F' is an indecomposable division algebra of degree p?
and exponent p. Assume that (z), and (y), lift to classes

(X)va (Y)p2 € Hl(F7 :up"‘)’
such that (X),2 U (Y),2 = 0. Write
(X)p2 = (x);zﬂ —p(U)pz
and
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for u,v € F*. Expanding the equality (X),2 U (Y),2 =0, we get
[A] = (u)p U ()p + (2)p U (v)p € Br(F).

In other words, A decomposes as a tensor product of two symbol algebras of degree
p over F- a contradiction.

16. PROOF OF THE UPLIFTING THEOREM.

Remark 16.1. In this proof, we could have worked over perfect F,-schemes (e.g.
the perfection of flag schemes and of splitting schemes). This would have made
the proof slightly more readable, by dismissing some Frobenius twists. Meanwhile,
it would also have made it less explicit, and would have concealed the possibility
of measuring the growth of these Frobenius twists- a goal that I will not pursue.

Let
Vat1,1:0C Vi1 C Vo1 C... CVaqa

be a complete flag of G-vector bundles, of arbitrary dimension d + 1 > 2, over
S = Spec(A). We think of it as “a complete flag of semi-linear representations of
G over A”. Assume given a lift of the truncation

Vd,l :0C V1’1 C ‘/2’1 cC...C Vd,l»
to a complete flag of GWs-bundles
Vd’Q :0C V1)2 C ‘/272 cC...C deg.

Replacing V42 by
1172 = vd,Q & Ll_,% ® WQ(LLQ),

which is another lift of V41, we are free to assume Vi 5 = Wy (L1 2).

Denote by
GoC G
the kernel of the action of G on S, on V4411 and on V2. Put
G .= G/G.

All G-actions, so far, come from G°-actions.
Choose an embedding of A[G°]-modules

Vd+1’1 — VD,l = A[Go]n,

with

D :=n|G° >d+2.
Note that the existence of such an embedding is equivalent to its dual counterpart:
writing V), ; as a quotient of a free A[GY)-module, whose rank can be chosen to
be arbitrarily large. Set

VD,Q = WQ(A)[GO]n
For r = 1,2, note that Vp ., seen as a GW,-bundle over S, is permutation. We
can now view Vgi1,1 as a permutation embedded flag of GW-bundles

Vd+171 :0C V171 C Vg,l Cc...C Vd+1,1 C VDJ.

Because Vp 1 is a projective A[G°]-module, the embedding

Vai — Vb
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lifts, to an embedding of GWs-bundles
Va2 — Vb2,
yielding an embedded flag of GWs-bundles
0CViaC Voo C...C V42 CVppo,
which we still denote by Vg4 2.

LEMMA 16.2. We can, and will, assume that V1o C Vp o is the Teichmiiller lift
T2(i1,p,1) of the natural inclusion

(i1,p1: Vi1 — Vp) € HY(G, V), ® Vp 1),
provided by Lemma 6.2.

Proof. Denote by
i1.p2:Vip — Vp2 € H(G, V', ® Vp2)
the inclusion appearing in Vg 2. The difference 75 (i1,p,1) — 41,p,2 has trivial mod
p reduction. Using the natural extension of GWa-modules
0— (V10 Vo )W L VY, @ Vps 2 1Y, @Vpy — 0,
it is hence given by an element
e1,p1 € H°(GY, (V1v1 ® VD,l)(l))-

Since Vp is a projective A[G°]-module, and since V;; is locally free as an A-
module, (V}Y; ® Vp.1)® is a projective A[G°]-module. Thus, the extension of
A[G°]-modules

0— (Va1 /Vi1)¥ ® VD,l)(l) — (Vva @Vp1)V — (Vlvl ® VD,1)(1) —0
splits, so that €; p 1 extends (lifts) to an element
ea,p € HY(G, (V), @ Vp1)M) € HY(GY, (Vyy, ® Vo))
The claim follows, replacing the inclusions
15,p2:Vj2 —> Vpo
by
ij,0,2+ (€4,0,1)|V; -

Put Vi := Vp 1. Introduce the flag scheme
F:F:=FI(1,...,d+1,V;) — S.
Denote by
Vgen,d+11:0C Vi1 C...C V41 CVys11 CVp1:=F* (V1)

the tautological flag. The data of V41,1, embedded in Vp i, naturally corresponds
to a G-equivariant arrow s : S — F (a G-equivariant section of F'), together with
an isomorphism of G-flags embedded in Vp 1,

vd—i—l,l = 5*(vgen,d+1)-

We are now going to perform successive changes of the base, from F to suitable
G-schemes. These parametrize liftings (resp. splittings) of some relevant exten-
sions of vector bundles. Let’s get to details.
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Denote by
Vgede :0C V171 C V271 cC...C Vd,1 - VD,1
the truncation of Vgen d41,1-

16.1. STEP 1: GEOMETRIC SPLITTING OF Natqd41.1-

Over F, we have a natural extension of G-bundles
Natggi11:0 — Lg1 — Vag1,1/Va-1,1 — Lay1,1 — 0.
We produce a G-equivariant change of the base
T:T—F

such that, over T, the extension Natq 41,1 splits, as an extension of Gy-bundles.
To do so, simply set
G,F)—Sch 0
T:= IndEGO7%)7§ch(S(Natd’dJrl’l)) = S(Natd’d+1’1)c — Ld+1,

where the product is fibered over F'.

LEMMA 16.3. The following holds.

(1) The G-equivariant sections of T — Lgi1 parametrize splittings of the
extension of (Go, W1)-bundles Natq qy1,1. In particular, over T, the ex-
tension of (Go, W1)-bundles Naty 1.1 splits.

(2) The quasi-coherent Op-Module T,,(OT) has a natural good filtration, with
graded pieces vector bundles of the shape

Lo @ LI L
forb > 0.
(3) Over S, the natural extension of (Go, W1)-bundles
0— Lg1 — Vygr1,1/Va—11 — Lg+110 — 0
splits. The data of such a splitting determines a G-equivariant point
s1:8 — T,
lifting s (formula: T o s1 = s).

In short: s naturally lifts through T, in a G-equivariant fashion.

Proof. Point 1) follows from the universal property of induction, given in 3.11.
Point 2) follows from Proposition 5.1. Since Gy acts trivially on everything, 3)
holds simply because S is affine. (]

16.2. STEP 2: EQUIVARIANT LIFTING OF Natq 41,1
Over T, the extension of G-vector bundles
Natgat11:0— Lg1 — Vay1,1/Va-11 — Lay11 — 0

is geometrically split. Since the profinite group G is (1, 1)-smooth, we can apply
Proposition 11.12 of [6]. There exists m > 0, and a lift of E&T)l 1, to a line

GWy-bundle ﬁgi]m over T, such that N atglr,z)-s—l,l lifts, to a (geometrically split)
extension of GWa-bundles over T

m . (m) m m
Nat{, 50— £55 — Vi — el —o.

Note that the GWy-line bundle Kgi]m need not be isomorphic to W2(‘C¢(irz)1,1)-
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16.3. STEP 3: EQUIVARIANT LIFTING OF Vgep 1.4
We now produce an equivariant lifting of Ve, 1,4, over T. We use induction,
following the process described in section 11.2.
Using Lemma 6.2, we get that the arrow
i1,p1: V11— Vb,

between permutation GW-bundles over T, has a natural lift to

t1,p2 ' =Ta(t1,p,1) : V12 := Wa(L11) — Vp 2,
which is an embedding. To lift the partial G-flag

Vgen,2,1:Viq CVo1 CVpoa,

a change of the base is needed. Using i; p 2, this problem is equivalent to lifting
the G-arrow

Lo1 — Vpi/Via,
to a G-arrow

Lo — Vp2/Vi2,
where L5 is some lift of £5;, which we do not prescribe. By section 11.2, we
know that the space of such liftings naturally bears the structure of an extension
of G-vector bundles over T

E.0:0 — (Vp1/Va)M) — x — 5(213 — 0.

Put
L2 = 8(821[)) — T.

Over Ly, the partial G-flag

Vgen2,1 : V1,1 C V21 CVp1
then acquires a natural lift, to a flag of GWs-bundles

Vgen,2,2 1 Vi2 C Voo C Vp o,
which extends

Vgen,m :0C V172 - VD,Q.
Iterating this process generates a sequence of G-arrows
L:Ly—...— L3 —Ly,—L; =T,

with the following properties.

(1) The arrow L; 1 — L; is the splitting scheme of an extension of G-vector
bundles over L;

51'+1,D 0 — (VD,l/Vi+1,1)(1) — k —> ﬁz(’—li-)l,l — 0.
(2) Over Lg, the embedded flag Vgep 4,1 lifts to a flag of GWa-bundles
vgen,d,Q :0C V172 C VQ,Q cC...C Vd72 C VD72 = F*(VQ)
(3) The arrow L is well-filtered in a natural way. The corresponding filtration
of L.(Or,) is indexed by (ag,...,a2) € N1 ordered lexicographically.
Its graded pieces are vector bundles of the shape
d

®(I)ai((VD,1/Vi,l)v ® Li1),
i=2
where
®,,(.) := Sym" (Frob(.))
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is a pure symmetric functor, homogenenous of degree a; = pb;. To see
why, apply Remark 11.7 to all splitting schemes L;y; — L;, using the
composition process of Section 4.2. Note that the only graded piece of
degree a := > a; = 0 corresponds to O C L.(OL,).

(4) The G-arrow L parametrizes liftings of the embedded flag Vgen a1, to a
flag of Ws-bundles embedded in Vp 2, under the constraint

i1,p,2 = T2(i1,0,1)-
In particular, the data of V42 naturally corresponds to a G-point
$9: S — Ly,
lifting s;. Formula: L o s5 = s7.

In short: s; naturally lifts through L, in a G-equivariant fashion.

16.4. STEP 4: GEOMETRIC LIFTING OF L4411 — Vp1/Va1-

We begin with shrinking Gy: we now denote by Gy C G the intersection of the

kernels of the actions of G on S, on Vg41,1, on Vg2 and on ‘/“‘51]1,2'

In this fourth step, we produce a G-equivariant change of the base
Loy — Ly
such that, over Ly, the m-th Frobenius twist of the embedding
Liy1,1 — Vpi/Vaa

lifts to an embedding
412]1,2 — V(DN:LZ) / V((ifg)»

enjoying the following properties.

(1) The lifting is an arrow of (Gy, W3)-bundles (not of (G, W3)-bundles).
(2) The GWy-line bundle £gi]1’2 is that introduced in Step 2.

To achieve this, we use the process of section 11.2, together with induction from
Go. More precisely, the space of liftings of

e
to an embedding of Ws-bundles
'6511172 — V(Dn,lz) / Vc%)
is governed by a natural extension of vector bundles over Ly
gd+1,D 0 — (VD,l/VdJ)(m-H) — x — ﬁgj:rj) — 0.

Rather than passing to its splitting scheme, we pass to its splitting scheme induced
from Gy: we set

A:Lgy = IndgO (S(€a+1,p)) = S(5d+1,D)GO — Lq

(induction and fiber products taken over Lg).
By the universal property of induction, we get that, over Lg41, the embedding

e
indeed lifts, to an embedding of GoWs-bundles

‘651]1,2 — V](DT?Z)/V((;QL)'
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Denote by

V[+1 2 C V(Dné)

[m]

the inverse image of L, , C VDQ /Vgg), under the quotient arrow

V5

— VE,TQ) /Véfg).

To sum up, the following holds.

(1)

Over Lg11, the m-th Frobenius twist of the tautological embedded flag
Vgen7d+171 :0C V171 C V271 C...C Vd+1)1 C VD71

acquires a lift to a flag

VI e =0 VWY W oV c v, v = ™),

where:

a) The embeddings V; 2 C Vp o, for i = 1,...,d, are the embeddings of
G'Wy-bundles built in Step 3.

b) The embedding V[Jr1 5 C VD 4 is an embeddlng of GOW2 bundles.

¢) As a GoWoy-line bundle, the graded piece Vd 1.2 / Vd)2 is isomorphic to

£gi]172, built in Step 2.
The quasi-coherent Op,,-Module A, (O, ,) has a natural good filtration,
with graded pieces vector bundles of the shape

Doy (V1 /Van)" @ Lagi),

where @, (.) is a composite symmetric functor, homogenenous of degree
ag+1 > 0. Note that, here again, the only graded piece of degree agy; =0
corresponds to O, C A\ (O, ,)-

The set of G-equivariant sections of A\ parametrizes liftings of the G-
equivariant embedding

LYh. — Vel Vi
to a Gy-equivariant embedding

551]1 2 V /Vdn;)'
Over S, the embedding

m) (m)

L51+1,1 — V /Vd 1

lifts to an embedding of GOWQ—bundles
LElnj-]l 2 "= sl(dﬁ-l 2) — V /Vd(g1 .

Since Gy acts trivially on S, L dﬁlﬂ and Vl()?/ Vd(gl), this simply follows

from the vanishing of coherent cohomology, over an affine base. The choice
of such a lifting naturally determines a G- point

s3:8 — Lgy1,

lifting s3. Formula: A\ o s3 = so.
In short: sy naturally lifts through A, in a G-equivariant fashion.
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16.5. STEP 5: A GOOD FILTRATION. Denote by
:=ToLoA:Lyy; —Ls—T —F

the composite of the G-arrows built in Steps 1,3 and 4.

Using the composition process of section 4.2, the combination of the filtrations
numbered (2) in Step 1, (3) in Step 3 and (2) in Step 4 yields the following.

The arrow 6 is well-filtered, in a natural way. The associated filtration of
9*(00Ld+1) is indexed by

(ad+17...,a2,b) S Nd+1,

ordered lexicographically. Its graded pieces are vector bundles of the shape

d
(® Do, (Vp1/Vin)" @ Li1)) @ Pay, (VD1 /Va1)' @ Lat11) @ ﬁgfb ® ﬁ?fl,p

=2
where ®,,(.) is a symmetric functor, homogenenous of degree a;.
Such a vector bundle itself possesses a natural good filtration by sub-vector bun-
dles, having as graded pieces degree zero line bundles, of the shape

O0, 4, %, .oy, — ey —).

Reading from the left, the first — symbol occurs as the (d + 2)-th entry.

16.6. STEP 6: A GLUEING PROBLEM.
Over Lgy1, we want to glue the extensions of GWa-bundles

Natfig) (0 — ngi,z — VC[ZZ] — Lf;g) —0
and
Natmﬂ,g (0 — E%) — Vé’fiz/vtg’fiz — zﬁ;’;’m — 0.
Clearly, this can be done modulo p, using the extension of G-bundles
Nat&”ﬁ’l 10— Vg(l’ff) — VH]1,1 — 55;1)1,1 — 0.
Thanks to the process described in Section 12, we get a natural class

m+1 m+1
ce EXté,l(Ld+17 [’5l+1,1)7 Vé,l’l)),

with the following property.
The vanishing of ¢ is equivalent to the existence of a glueing of N atgg) and

(m)

]\TCLt([Z;]H’2 over Lg1, lifting that given by Nat,.} -

The class ¢ is geometrically trivial: we have

+1 +1
¢ € extg 1 (Lay, Lgl:ll,l)’ Vc(i:nl,l))'

To understand why, note that the extension of GoWs-bundles

0 Vi U, £l o
extracted from the flag V[;;L a+1.2 Of Step 4, yields the sought-for glueing— as
extensions of GoWa-bundles. Thus, the restriction

ResSe (¢) € ExtZ, 4 (Lagr, £7171 V™)

dies, proving the claim.
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16.7. STEP 7: COMPUTATIONS IN Ext GROUPS.
To proceed further, our next task is to compute the group

2 +1 +1
eXtG,l(Ld-Ha 551711,1)’ ngl,l))'

This is done in Lemma 16.8. The reader may take its statement for granted, and
proceed to Step 8.
Consider the exact sequence of G-vector bundles
Nat:0 —Vi-11 — Vp1 — VD71/Vd—1,1 — 0.
In cohomology, it induces connecting arrows
; 1 ; 1 1
EX'EZG,1(Ld+17££lTi1), (Vpi/Va-11)™D) — Eth%(Ld-&-la ﬁfﬁfl%]}éiﬁl))y

and

extiga (L, £ 1 (Vo /Vaora) ™) — et (LG0T, VimD),
for all 7 > 0.

LEMMA 16.4. The arrow

extéyl(LdJrl, ﬁ&i’;ii), (VD’l/Vdfl,l)(m+1)) — eXt2G71(Ld+1, E&Ti?’ Vc(lej))

is an tsomorphism.

Proof. Chasing in the diagrams induced by Nat(™+V) for Exti(ﬁfﬁﬂ), )’s, it
suffices to show that the three groups

eXt%},l (Lay1, Eﬁﬁﬁ)a Vf(:)nﬁﬂ))a EXté,l (La1, E&TH)7 V(Dn,llJrl))

and

EXté:,l (L1, Et(in;ﬁ)v VJ(:TlH))

vanish. Using the local-to-global spectral sequence, we reduce to proving the
vanishing of the groups
; +1 +1
Bt (L, L4011 Vo),

for ¢ = 0,1. Recall that Vp1 = F*(Vi), where F : F — S is the structure
morphism. Since S is affine, using the projection formula, we further reduce to
proving that the (Zariski) cohomology groups

+1 m+1
)

H'(Las1, L2701 ) = Bxty (Las1, L5771, OL,sy) = HI(F,0.(Ov,,,) © L7 )
vanish for ¢ = 0,1. Using the (double) good filtration of Step 5, we see that the
quasi-coherent Op-module 0, (O, ,) ® E;f:jl has a good filtration, with graded
pieces line bundles of total degree —p™*! < 0, and of the shape

OO0, 4, %, ...,k —, ..., —).
These have R'F,(.) = 0, for i = 0,1. Checking this is an exercise, using Proposi-
tions 9.4 and 9.5. Conclude by dévissage.
(]

LEMMA 16.5. Consider the affine morphism Lo X : Lgy; — T.
The natural arrows

(Lo X s ExtQ(T, L1 (Vagra /Vaora) D) — Bxt)(Lasn, £571, Vagra/Vao10) )
and
(Lo A : Bxt{(T, L4171, (V. Vi) ™) — Eth(LdJrl»ﬁ((iTﬁ), (Vp,1/Va1,1)mtD)
are isomorphisms.
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Proof. We give the proof for the second arrow. The proof for the first one is
similar.
Recall that, for vector bundles A and B over F, we have

Ext{(T, A, B) = F.(T.(AY ® B))
and
Ext!(Lgy1, A, B) = F,(6.(AY @ B)).
Using the exact sequence (of quasi-coherent modules over F)
0— T*(OT) — 9*(0Ld+1) — 9*(0Ld+1)/T*(OT) — 0,
we see that it suffices to show
_pym+1
FL30 ) © (Vpa/Var,)™ Y @ (0.(Or,,,)/Te(Or))) = 0.

Using the good filtration of 0.(OL,,,) given in Step 5, we get a good filtration
of the quasi-coherent Op-module 0,(OL,,,)/T.(Ot). Its graded pieces are vector
bundles of the shape

d
W= (® D, ((VDJ/Vi71)v®£i71))®q)ad+l ((VD,l/Vd,l)v®£d+171)®£§1_b®£§_€171.

i=2
Here b > 0 is any integer, and the ®,,(.)’s are symmetric functors, homogenenous
of degrees a; > 0, with at least one non-zero a;. By dévissage, it suffices to prove

the vanishing of
F.(L37)) ® (Vpa/Var,) ™D @ W).
To do so, thanks to the projection formula, we may replace
F:FI1(1,...,d+1,V4) — S
by the complete flag scheme
F:F1(V}) — S,

which we do, in three steps.

(1) At least one of the numbers ay,...,a4—1 does not vanish. Then, the nat-
ural good filtration on W has graded pieces consisting of degree zero line
bundles of the shape

L:=0(c1,...,Cd=1,---,CD),

where the relative numbers cq,...,cq_1 do not all vanish, and where the
first non-zero of these, reading from the left, is positive. Using the natural

good filtration of E;f:jl ® (VDJ/Vd_l,l)(m-‘rl)’ we get that

_p,m+1
Ll ®(Vpa/Var) ™ oW

possesses the same kind of good filtration. For all of its graded pieces
L, we have F, (L) = 0 by Proposition 9.4. Conclude by (double) dévissage.

It remains to treat the case a3 = ... = ag—1 = 0. Hence, a4 and ag41
do not both vanish, and we have

W = ®((Vp1/Var)") ® Ly @ LoF,

where
¢ =9, ® Dy,
is a symmetric functor, of degree ag + ag+1 > 1.
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(2)

We have b+ agy1 — p™*L > 0. Introduce the factorization
F:F=FI(\) 5 FI(1,....d V) > F.
Write
L @ (VpaVar) ™ @w = it " gy,

where ) is a vector bundle, defined over F1(1,...,d,V;). Since d + 1 <
D — 1, using the projection formula and proposition 9.4, we get
+

_pmtl aga1—pmt?
(FO)o(La?r 1 © (Vpa/Vaa )™ @ W) = (F)L(L15 T ey

=0®)Y=0.
Hence -~
FLyfh, © (Vpa/Var)"™ T @ W) =0,

and we conclude by dévissage.
We have b+ agy1 — p™™ < 0. The vector bundle ®((Vp,1/Va1)Y) has a
good filtration, with graded pieces line bundles of the shape

0,...,0,—,...,—),
where the first of the — symbols occurs as the (d 4 1)-th entry, and one of
them at least is ——. By dévissage, it suffices to prove the vanishing of
F*((VD,I/Vd—l,l)(m+1)(07 LERE) 07 aq — b7 Ty T ey _))7
where one at least of the symbols — is ——. If ag—b > 0, then the sequence
(ag —b,—,—,...,—) is not increasing. Using the factorization

F:F=FI(\) = FIQ1,...,d—1,V) 25 F,

we conclude using Proposition 9.4. If ag — b < 0, we have to show

F*((VD,I/Vdfl,l)(m+1)(07 ey 07 R EREE) _)) = 07
where the first of the — symbols occurs as the (d + 1)-th entry, and one of
them, at least, is ——. The vector bundle (Vp1/Va_11)™*V) is equipped
with its natural good filtration, having as graded pieces the line bundles
m—+1
££1+ , for d < i < D. Thus, the vector bundle
(VD,l/Vdfl,l)(m+1)(07 R 07 Ty T ey _)

has a natural good filtration, with graded pieces (degree zero) line bundles,
of the shape

O(0,...,0,%,...,%),
where one at least of the symbols * is negative. These have F,(.) = 0, by
Proposition 9.4. Conclude by dévissage.

(]

Consider the natural extension, of vector bundles over F,

Nat : 0 — Vd+1,1/Vd_171 — VD71/Vd_1,1 — VD,1/Vd+1,1 — 0.

LEMMA 16.6. The inclusion
Ext)(T, L1 1, Vi Vaa) ™) — Ext} (T, LG0T Y, (Vo /Vaora) ™),

induced by Nat, is an isomorphism.
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Proof. Consider the good filtration described in point 2) of Lemma 16.3. Using
the exact sequence Nat, and arguing as in the proof of Lemma 16.5 -whose proof
is actually much more delicate- we reduce to showing

F(L?11 © (Vo Vana) "D @ Lo L 1) =0,
for all b > 0. The vector bundle
ﬁ;f:i? @ (Vp1/Var1,) ™ @ ﬁﬂ ® £Z+1,1
has a natural good filtration, with degree zero line bundles of the shape
00,...,0,=b,b—p™ % ... %)
as graded pieces— where all but one symbols * vanish. The non-zero * equals p™+1!.
Such line bundles have F,(.) = 0 by Proposition 9.4. Conclude by dévissage. [
LEMMA 16.7. The natural map
extg 1 (Lata, Eﬁﬁ), (Vag1,1/Va-1,1)") — extg ) (Laga, 55;1?1)» (Vp,a/Va-1,1)™),

induced by the inclusion Vyy1,1/Va—11 — Vp,1/Va—-1,1, i an isomorphism.

Proof. We have
extly 1 (Lat, ., .) = H' (G, Ext} (Lag1, -,.)).
Thus, it suffices to show that the natural injective arrow
Ext(Lag1, L4717, Va1 Va-1,0) ") — Bxt)(Layr, L5771, Vpa Va-1.) ")
is an isomorphism. This follows from Lemmas 16.5 and 16.6. (]
LEMMA 16.8. The natural arrow
Brexth ) (Larn, L5577, Va1 /Va-1,2) ™) — ext? ) (Lasr, L5777 V)

is an isomorphism.

Proof. Combine Lemmas 16.4 and 16.7.

16.8. STEP 8: AN ADJUSTMENT.

Recall the class

2 (m+1) §,(m+1)
ce eXtLd_,_l(‘CdT—Ll,l >VdT1,1 )s

obtained in Step 6. Thanks to Lemma 16.8, there exists
ecexty, (LYY, (Va1 /Var1) ™),

such that
Ble) = c.

Consider the natural extension of GW-bundles defined over F,
0— [’;-&1,1 & ﬁd’1 — E;-il-l,l & (Vd+1,1/Vd71$1) N O — 0.
Form the pushforward

T (6) € eXtid_H (OLd+1 ’ OLd+1) = hid_H (OLd+1)'
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Recall that the space of lifts of 5571)1,1» to a GWy-bundle over Ly, 1, is pointed by
W2(£d+)1 1), and is equivalent to the space of (G, Oy, )-torsors (see [8], Propo-
sition 4.3). This gives a meaning to

ﬁd[ﬁz = dﬁl,z — ma(€).
Note that [“Elyj—]lﬂ and E;l[rl]gv as lifts of Egl"_l)l)l, are geometrically isomorphic. The
extension € then gives rise to an extension of GWy-bundles over L1

Natg,rgﬂz = Ji(€) : 0 — E(m) — Vd[zl-]kl 2 T EJTE,Q — 0,

denoted by N atld[:ﬂm. We can now perform the same constructions as in Step 6,
replacing ‘Cd+1 5 by 41[T1] 5, and Nozt([;j;hrl’2 by Nat:i[mrl’z. Glueing it with Natgg),

in a way that lifts N at&"_ﬁ)l 1, is then obstructed by a class

2 (m+1) (m+1)
C/EGXtLd+1(£d+1l ’Vd ),

with
d=c—B(e) =0.
(m)

The extensions Natd[ d—]',-l 5 and Nat( ™) thus glue, in a way that lifts Nat;,; ;, to
an extension of GWg bundles
'[m]

(m)
O—>Vd2 —>Vd+12—>£d+1’2—>0,

over Lgq.

16.9. STEP 9: DONE! We have a complete flag of GWa-bundles over Ly, 1,
Vg”gi d12:0C V(m) C...C v;@ C Vd[erl]’Q.

It lifts Vgen d+1,1> i a way that extends vim

Note that it is not embedded in Vgg) .
Specializing via s3, we get that

Vit g = (sa)" (VI o),

a complete flag of GW-bundles over S, lifts vgﬂ,p in a way that extends ng;)
Since S is perfect, V41,1 itself lifts, in a way that extends Vg 2.

gendQ

The following Corollary generalizes [5, Theorem 6.1], in depth 1.

COROLLARY 16.9. (Lifting representations of (1,1)-smooth profinite groups.)
Let G be a (1,1)-smooth profinite group. Let k be a perfect field of characteristic
p. Let
p1: G — GL4(k)
be a continuous mod p representation of G, of arbitrary dimension d. Then, p;
lifts to a representation
p2 1 G — GL4(W2(k)).

Proof. Write Vy 1 = k% seen as a (k, G)-module via p;. Consider the extension
with abelian kernel

0 — My(k) — GLg(Wa(k)) — GLg(k) —> 1.
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the induced action of GL4(k) on the matrix algebra My (k) is given by
g.M = Frob(g) MFrob(g) ™!,
where
Frob : GL; — GL4

is the Frobenius of GL4. Using [30], Chapter 5, proposition 41, we get a class
ce H*(G,End(V,y,) W),

obstructing the existence of ps. By the usual inflation-restriction argument, to
show that it vanishes, it suffices to show that its restriction to H?(G,,, End (V1))
vanishes, where G, C G is a pro-p-Sylow subgroup. By [5], Lemma 11.10, G,, is
(1, 1)-smooth as well. In other words, we can assume that G = G,, is a pro-p-group.
Then, V41 possesses a complete G-invariant flag

Vi:0CcVigC...CVy;.

We can then apply the Uplifting Theorem to this flag, with S = Spec(k). It lifts
to a complete flag of GWa-bundles

V2:0CVipC...CVype
In particular, V4 lifts modulo p?. Equivalently, p; lifts to ps, as desired. O

Ezercise 16.10. In the preceding Corollary, remove the perfectness assumption on
k, using a Frobenius-splitting argument.
Give a constructive proof, using Section 3 of [5].

17. LIFTING F,-ETALE LOCAL SYSTEMS, TO 7,/p*-ETALE LOCAL SYSTEMS...

17.1. ...FOR A SEMI-LOCAL SCHEME.
Let X be a connected scheme, where p is invertible. Denote by

G :=m(X)

the étale fundamental group of X. If X is semi-local, it is known by [5], that the
pair (G,Zp(1)) is (1, c0)-cyclotomic. Therefore, G is (1,1)-smooth by Theorem A
of [6].

Applying the Uplifting Theorem and its corollary, it follows that (completely fil-
tered) Fp-étale local systems on X admit Zariski-local liftings, to (completely
filtered) Z/p2-étale local systems on X.

Equivalently, for all d > 1, the arrows

Hom(71(X), By4(Z/p*)) — Hom(7m(X), By(F),))

and
Hom(7y(X), GL4(Z/p?)) — Hom (7, (X), GL4(F,))

are surjective.
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17.2. ...FOR A SMOOTH CURVE, OVER AN ALGEBRAICALLY CLOSED FIELD.
Let C be a smooth connected curve (not necessarily proper), over an algebraically
closed field F'. Denote by

G .= 7'('1(0)
its étale fundamental group. By [5], Proposition 4.11, combined to Theorem A
of [6], we know that G is (1,1)-smooth. Thus, (completely filtered) F,-étale local
systems on C'lift to (completely filtered) Z/p*-étale local systems on C.
Equivalently, for all d > 1, the arrows

Hom(7,(C), Ba(Z/p?)) — Hom(7(X), Ba(F,))
and
Hom(m (C), GL4(Z/p*)) — Hom(m1(X), GL4(F))

are surjective.

Ezercise 17.1. (Lifting local systems on curves: an elementary approach)
Assume that C is a smooth projective curve C over F' = C. Set G := m1(C).
Let

pP1 G — GLd(FP)

be a mod p local system on C. We have seen that p; lifts to
po 1 G — GL4(Z/p?).

Show that p; actually lifts to
Poo : G — GL4(Z,,),

using the description of G by generators and relations.

In genus g = 1, you have to prove the following. Let a,b € GL4(F,) be two com-
muting invertible matrices. Then, a and b lift, to commuting invertible matrices
A, Be GLd(Zp).

In genus g > 2, I do not have a solution.

18. LIFTING MOD p GALOIS REPRESENTATIONS.

Let F be a field. Then, Spec(F’) is a semi-local scheme, so that section 17.1 applies.
Translating into the tongue of Galois representations, we get the following.

THEOREM 18.1. Let
p1: Gal(F,/F) — GL4(F),)
be a continuous Galois representation of G, of arbitrary dimension d.
Then, p1 lifts to
pa : Gal(F,/F) — GL4(Z/p?).
Similarly, let
p1: Gal(F/F) — By(F,)
be a continuous triangular Galois representation of G, of arbitrary dimension d.
Then, p1 lifts to
pa : Gal(F,/F) — Ba(Z/p?).

Liftability of Galois representations can be formulated in an elementary and joyful
fashion, accessible to anyone familiar with group theory:)
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THEOREM 18.2. (Reformulation of the first part of Theorem 18.1).

Let F be a field. Let E1/F be a Galois extension of F, whose Galois group
Fl = Gal(El/F)

is a subgroup of a matriz group GL4(F)).

Then, there ezists a field extension Eo/E7, enjoying the following properties.

e The extension Eq/F is Galois, and its group
PQ = Gal(Eg/F)

is a subgroup of GL4(Z/p?).
e The natural surjection 'y — T'1, given by Galois correspondence, is in-
duced by the mod p reduction GL4(Z/p*) — GLqg(F)).

19. WHAT’S NEXT?

The Uplifting Theorem is an extremely fruitful statement. It has many possible
applications, especially in algebraic geometry and in modular representation the-
ory. One of these already materialized in [7]: The Smoothness Theorem, providing
a new proof the Norm Residue Isomorphism Theorem of Rost, Suslin, Voevodsky
and Weibel.

The Uplifting Theorem can also be transposed to other contexts.

20. APPENDIX: CYCLOTOMIC CLOSURE AND SMOOTH CLOSURE.

Let G be a profinite group.

Consider a discrete G-module Z/p?(1), which is free of rank one as a Z/p?-module.
We do not assume that the pair (G,Z/p?(1)) is (1, 1)-cyclotomic.

Then, there is a canonical cyclotomic closure

2(G,Z/p*(1)) — G.

It is a surjective homomorphism of profinite groups, whose source is (1,1)-
cyclotomic w.r.t. to Z/p?(1). It can be thought of as a “resolution of singularities”
of G, w.r.t. to Z/p?(1). It is an important construction, applying to all profinite
groups. It can be transposed to other contexts. How to use it is kept for future
considerations.

DEFINITION 20.1. Consider the set of pairs (H,cp), where H C G is an open
subgroup, and where ¢, : H — Z/p(1) is a 1-cocycle. Using Shapiro’s Lemma,
we have a tautological 1-cocycle

Co:G— [ @/,

(H,cn)
Form the (set-theoretic) fibered product

a(G,Z/pQ(l)) G
| e
ey (Z/0?) () H —— T 1.0y (Z/p) (1)

it is naturally a profinite group. Formula for the group law:

(9,2)(g',2") == (99", x + g.a’),
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for g€ G and x € H(H’ch)(Z/p2)(1)G/H.
One can iterate this process.

Set
2(G,2/p*(1)) = 1im o' (G, Z/p*(1)).
It is the inverse limit of the system l
oo —0(0(G,Z/p*(1)), Z/p*(1)) — o (G, Z/p*(1)) — G.
ProposIiTION 20.2. The pair
(2(G,2/p* (1)), Z/p*(1))
is (1,1)-cyclotomic. The natural morphism
2(G.Z/p*(1)) — G

is surjective. It is versal in the category of all continuous morphisms G' — G,
whose source G' is (1,1)-cyclotomic w.r.t. Z/p?(1). In other words, for every such
morphism G' — G, there exists a (non unique) morphism G' — (G, Z/p*(1)),
such that the triangle

GI

| S

2(G,Z/p* (1)) —=G

commutes.

Proof. We check that ¥(G,Z/p*(1)) is (1, 1)-cyclotomic w.r.t. Z/p?(1). Denote

by G; the kernel of the natural quotient

Let H C ¥(G,Z/p?*(1)) be an open subgroup. Let ¢, : H — Z/p(1) be a 1-

cocycle. Pick i such that G; C H, and such that ¢, factors through H — H/G;.

Denote by H; C o(G,Z/p*(1)) the image of H under g;. Then c¢; gives rise to a

1-cocycle @y, : H; — Z/p(1). By definition of o(.,Z/p?(1)), the composite cocycle
Hiy1 — H; = Z/p(1)

lifts to a l-cocycle Zj, : H;y 1 — Z/p*(1). Thus, ¢y, itself lifts to &, : H —
Z/p*(1). The fact that 3(G,Z/p?(1)) — G is surjective is obvious. That it is
versal follows from the definition of a (1, 1)-cyclotomic pair. d

20.1. THE SMOOTH CLOSURE. The cyclotomic closure has a “smooth” version,
which depends only on G and p.

DEFINITION 20.3. For a finite G-set X, put
Gx :=GX x G,
where the semi-direct product is given by the diagonal action
/\'(tw)wEX = ()\tz)zex~
It is an affine algebraic group, defined over Z. Recall that G,y is the group of
automorphisms of the one-dimensional affine space A'.

Consider the set of pairs (X,c), where X is a finite G-set, and where
c: G — Gx(F,) is a 1-cocycle.
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We have a tautological 1-cocycle
Ca:G— [ Gx(Fy).
(ch)
Form the (set-theoretic) fibered product
a(@) G

l .
p
H(X,c) GX(Z/p2) - H(X,c) GX (Fp)a

where p is induced by the reductions Gx (Z/p*) — Gx (Fp).
It is naturally a profinite group. Iterating this process, set

3(G) = T&nai(G).

PROPOSITION 20.4. The profinite group X(G) is (1,1)-smooth. The natural mor-
phism X(G) — G is surjective. It is versal in the category of all continuous
morphisms G' — G, whose source G’ is (1,1)-smooth. In other words, for every
such morphism G' — G, there exists a (non unique) morphism G' — X(G),
such that the triangle

G/
¥(G) —=G
commutes.
Proof. Adapt the proof of Proposition 20.1. (]

Remark 20.5. Using the smooth closure, Theorem 14.1 can be applied to study
modular representations of arbitrary (pro)-finite groups.
This is a worthwhile topic of investigation.

Ezercise 20.6. Compute the smooth closure of Z/p. Good luck!
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INDEX OF NOTATION AND DENOMINATION

(z/p°Z, G)-module [I, Def 6.1]
[Fp, G]-module [I, Def 9.3]
A[G]) — module 11, §3.3]
A(V) affine space of vector bundles [I1, §5.1]
Baer sum of extensions I, §4,4]
Cyclothymic profinite group [I, Def 11.1]
Cyclotomic closure 11, §20]
Cyclotomic pair [I, Def 6.2]
Cyclotomic twist

for modules 1, §6]

for (G, W;.)-modules [I, Def 8.1]
ext? (1, B) 11, §3.9]
Ext¢ (B, A) n-extensions of GWy-modules 11, §3.8]
Extl’ (B, A) 11, 3.8]
Filtered n-extensions [ITI, §4.1]
Flag scheme [II Def 9.2]
Frobenius

for Witt vectors 1, §3]

pullback of WtF-modules I, §3]

pullback of (G, M)-torsors 1, §8]
G((t)) (Laurent extension) [I, Def 7.1]
Geometrically trivial extensions 11, §3.9]
(G, M)-torsor

M being a G-group [I, Def 4.4]

M being a (G, Og)-module [I, Def 4.17]
(G, Og)-module (G-linearized Og-module) [I, Def 2.7]
Good filtration [IT, Def 4.1]
(G, S)-cohomology [I, Def 5.2]
(G, S)-scheme [I, Def 2.2]
Greenberg transfer

for schemes 11, §2.2]

for groups [ITI, §2]
(G, W;)-Module [I, Def 5.1]
(G, W,)-affine space (I, Def 5.1]
(G, W;)-bundle [I, Def 5.1]
G-affine space

over a ring [I, Def 4.15]

over a G-scheme [I, Def 4.16]
G-invariant Og-module [I, Rem 2.11]
Glueing of extensions [IT, Def 12.1]
G-object 1, §2]
G-scheme [I, Def 2.2]
G-sheaf [I, Def 2.6]

G-Witt-Frobenius Module
H"((G, $), M)
I ndg induction on H-schemes
Kummer type
exact sequences
group schemes
Laurent extension
Leyi[c]
Naive action
O(at, ..., aq)
Permutation
module
(G, W;)-bundle
Permutation embedded complete flag
Pullback of extensions
Pushforward of extensions
Resg restriction for G-schemes
Ry, jw, (Greenberg transfer)
Smooth closure of profinite group
Smooth profinite group
Splitting scheme
for torsors for G-vector bundles
for torsors for (G, W,.)-bundles
Split unipotent group scheme
S-polynomial functor
Strongly geometrically trivial
cohomology class
torsor
Symmetric functor
Teichmiiller
section for Witt vectors
lift for line bundles
V1 C .. C Vy (tautological filtration)
Ver (Verschiebung for Witt vectors)
Well-filtered morphism
Witt-Frobenius module
W,.(A) (truncated Witt vectors)
‘W ,-bundle
WT(OS )

W.,.(S) (schemes of Witt vectors of S)

YExtj (A, B) (Yoneda n-extensions)

YExtg (A, B) (linked Yoneda n-extensions)

[I, Def 5.1]
[I, Def 5.2]
[11, Def 3.5)

(111, Def 3.3]
[IT1, Def 3.5]
[T, Def 7.1]
[T, Def 6.8]
[T, §2]
(11, §9]

[T, Def 9.6]

[II, Def 6.1]

[II, Def 7.3]

(11, §3.8]

[T1, §3.8]

[II, Def 3.4]

I, §2.2]

[11, §20]

[I, Def 6.8, §11]

I, Prop 4.21]
I, Prop 5.5]
111 Def 3.1]
11, Def 10.2]

[I, Def 8.2]
[T, Def 8.2]
[I1, Def 10.9]

(L, §3]

[I, Prop 5.7]
(1L, §3.5]

I, 3]

[1L, Def 4.1]
[I, Def 3.3]

(L, §3]

[I, Def 3.3]

[I, Def 3.1]

I, 3]

(L, §4.1]

(I, §4.7]



59

BIBLIOGRAPHY

[1] A. BERTAPELLE, C. D. GONZALEZ-AVILES, The Greenberg functor revisited, European
Journal of Mathematics, Vol. 4, Issue 4, 1340-1389, 2018.

[2] J. BORGER, The basic geometry of Witt vectors. II: Spaces, Math. Annalen 351, 877-933, 2011.

[3] M. BRION, Lectures on the Geometry of Flag Varieties, in Trends in Math.: Topics in
Cohomological Studies of Algebraic Varieties, Birkh&user, 33-85.

[4] C. DE CLERCQ, M. FLORENCE, Lifting Theorems and Smooth Profinite Groups, available on
the arXiv at https://arxiv.org/abs/1710.10631.

[5] C. DE CLERCQ, M. FLORENCE, Lifting low-dimensional local systems, to appear in
Mathematische Zeitschrift.

[6] C. DE CLERCQ, M. FLORENCE, Smooth profinite groups, I: geometrizing Kummer theory,
available on the arXiv at https://arxiv.org/abs/2009.11130.

[7] C. DE CLERCQ, M. FLORENCE, Smooth profinite groups, III: the Smoothness Theorem,
available on the arXiv at https://arxiv.org/abs/2012.11027.

[8] C. DE CLERCQ, M. FLORENCE, G. LUCCHINI-ARTECHE, Lifting vector bundles to Witt vector
bundles, available on the arXiv at https://arxiv.org/abs/1807.04859.

[9] C. DEMARCHE, M. FLORENCE, Splitting families in Galois cohomology, to appear in Ann.
Sci. ENS.

[10] M. EMMERTON, T. GEE, Moduli stacks of étale (¢,I')-modules and the existence of
crystalline lifts, available on the arXiv at https://arxiv.org/abs/1908.07185.

[11] M. FLORENCE, G. LUCCHINI-ARTECHE, On extensions of algebraic groups, L’Enseignement
Mathématique 65, 441-455, 2019.

[12] M. FLORENCE, Smooth profinite groups, II : the Uplifting Theorem, available on the arXiv
at https://arxiv.org/abs/2009.11140

[13] E. M. FRIEDLANDER, A. SUSLIN, Cohomology of finite groups schemes over a field, Inv.
math. 127, 209-270, 1997.

[14] W. FULTON, Intersection theory, Springer, 1996.

[15] P. GILLE, Symbole galoisien l-adique et théoréme de Suslin-Voevodsky, J. Math. Kyoto
Univ. 47, 665-690, 2007.

[16] P. GILLE, T. SzAMUELY, Central Simple Algebras and Galois Cohomology, Cambridge
Studies in Advanced Mathematics, 2006.

[17] M. J. GREENBERG, Schemata over local rings, Ann. of Math. 73, 624-648, 1961.

[18] C. HAESEMEYER, C. WEIBEL The Norm Residue Theorem in Motivic Cohomology, Annals
of Mathematics Studies, Princeton University Press, 2019.

[19] N. KARPENKO, Torsion in CH? of Severi-Brauer varieties and indecomposability of generic
algebras, Manuscripta Math. 88, 109-117, 1995.

[20] C. B. KHARE, Base change, lifting, and Serre’s conjecture, J. of Number Theory 63, no. 2,
387-395, 1997.



60

[21] C. B. KHARE, M. LARSEN, Liftable groups, negligible cohomology and Heisenberg represen-
tations, preprint, available on the Arxiv at https://arxiv.org/pdf/2009.01301.pdf.

[22] A. MERKURJEV, On the norm residue homomorphism for fields, AMS Transl. 174, 49-71,
1996.

[23] A. MERKURJEV, A. SUSLIN, K-cohomology of Severi-Brauer varieties and the norm residue
homomorphism, Mathematics of the USSR - Izvestija 21, no. 2, 307-340, 1983.

[24] Oort, FRANS, Yoneda extensions in abelian categories, Math. Ann. 153, 227-235, 1964.

[25] C. QUADRELLI, T. WEIGEL, Profinite groups with a cyclotomic p-orientation, to appear in
Doc. Math.

[26] R. RAMAKRISHNA, Lifting Galois representations, Inv. Math. 138, 537-562, 1999.

[27] N. RoByY, Lois polynomes et lois formelles en théorie des modules, Ann. Sci. Ecole Norm.
Sup. (3) 80, 213-348, 1963.

[28] J.-P. SERRE, Corps locauz, Hermann, Paris, 1968.

[29] J.-P. SERRE, Sur la topologie des variétés algébriques en caractéristique p, Symposium de
topologie algébrique, Mexico, 24-53, 1956.

[30] J.-P. SERRE, Cohomologie galoisienne, Springer Lecture Notes in Math., 1997.
[31] The Stacks Project, https://stacks.math.columbia.edu/

[32] N. YONEDA, On the homology theory of modules, J. Fac. Univ. Tokyo, Sect 1.7, 193-227, 1954.



