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Abstract. Voskresenskii conjectured that stably rational tori are rational. Klyachko

proved this assertion for a wide class of tori by general principles. We re-prove

Klyachko’s result by providing simple explicit birational isomorphisms, and elaborate

on some links to torus-based cryptography.
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1. Introduction

Let k be an infinite field of any characteristic. We denote by k an algebraic closure

of k. A variety X over k is said to be rational if it is birational to a projective space

Pnk . A strictly weaker notion is that of stable rationality.

Definition 1.1. Let X be a variety over k. X is said to be stably rational if X ×k Pmk
is rational for some m ≥ 0.

Let T be a linear (=affine) algebraic group over k. Then T is said to be an algebraic

torus if, over an algebraic closure of k, it becomes isomorphic to a product of Gm’s.

A conjecture of Voskresenskii (see [5, p. 68]) states that a stably rational torus over k

ought to be rational. This conjecture is widely open. A result of Klyachko ([2], see also
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[5, sec. 6.3]) gives a positive answer for a special type of stably rational tori, which we

describe now (see section 2 for a more detailed description).

Let A and B be étale k-algebras of coprime dimension over k. Denote by GL1(A) the

algebraic group of invertible elements in A. Let T be the quotient of GL1(A⊗k B) by

the subgroup generated by GL1(A) and GL1(B). Then T is a stably rational k-torus

and Klyachko shows that it is in fact rational. However, his proof by general principles

does not provide a simple explicit birational isomorphism from T to a projective space.

We remedy to this by re-proving Klyachko’s result, constructing a simple birational

map from T to a projective space. We expect our construction to generalize to the

situation where A and B are any not necessarily commutative finite-dimensional k-

algebras, of coprime dimension over k (in that case T is not necessarily a torus, or even

an algebraic group).

Finally, in section 4, we explore applications of our explicit birational maps to torus-

based cryptography. Following the methods developed by Rubin-Silverberg in [4], we

propose more general compression algorithms.
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2. Setup and statement of results

Let k be an infinite field of any characteristic and let V be a finite-dimensional k-

vector space. We start by recalling some k-schemes that are associated to V . The

affine space of V , denoted by A(V ), is defined as the functor

X 7→ A(V )(X) := V ⊗k Γ(X,OX),

from k-schemes to sets. It is represented by the affine scheme Spec (SymV ∗).

The projective space of V , denoted P(V ), represents the (functor of) locally free sub-

modules of rank one N ⊂ V , such that the quotient V/N is locally free. It is defined

to be

P(V ) := (A(V )− {0}) /Gm = Proj (SymV ∗) .

Let A be a not necessarily commutative (unital) k-algebra of finite dimension. The

linear algebraic group GL1(A) is defined as the functor

X 7→ GL1(A)(X) := (A⊗k Γ(X,OX))× ,
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from k-schemes to groups. It is represented by the closed subscheme of A(A⊕A) given

by the equation xy = 1. One has a canonical injective homomorphism of algebraic

groups

1 −→ Gm −→ GL1(A).

One can then form the quotient

PGL1(A) := GL1(A)/Gm;

it is a linear algebraic group.

For the remainder, assume that A is commutative.

Then, GL1(A) is canonically isomorphic to the Weil restriction of scalars ResA/k(Gm).

Let M be an A-module, which is locally free of finite rank. Then, we can build the

projective space P(M); it is defined over Spec(A). In this work, it shall be viewed as

a k-variety, by Weil scalar restriction. More explicitly, we set

PA(M) := ResA/k(P(M)).

Consider two finite-dimensional commutative k-algebras A and B. We have an exact

sequence

1 // Gm
i // GL1(A)×GL1(B)

j
// GL1(A⊗k B),

i(x) = (x, x−1), j(a, b) = a⊗ b.
Put H(A,B) = im(j). We will consider the quotient

Q(A,B) := GL1(A⊗k B)/H(A,B).

It follows from [5, section 6.1, theorem 1] that Q(A,B) is stably rational.

Recall that a k-algebra A is said to be étale if one of the two following equivalent

conditions holds:

• A ∼=
∏n

i=1 ki, where the ki are finite separable field extensions of k.

• A⊗k k, as a k-algebra, is isomorphic to a finite product of copies of k.

The main result of this paper is to re-prove, in a constructive fashion, the following

result.

Theorem 2.1 (Klyachko in [2], see also [5], section 6.3). Let k be an infinite field of

any characteristic and let A and B be two étale k-algebras of finite dimension. Assume

that dim(A) and dim(B) are coprime. Then Q(A,B) is k-rational.

Note that the proof of theorem 2.1 that we provide in section 3 is via explicit bira-

tional isomorphisms, whereas Klyachko’s original proof is by general principles.

Recall that an algebraic k-torus of dimension d is a k-group scheme T such that

T ×k k ∼= Gd
m,k
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The following conjecture states that for algebraic tori, stable rationality is equivalent

to rationality.

Conjecture 2.2 (Voskresenskii, see [5], section 6.2). Stably rational k-tori are k-

rational.

Theorem 2.1 thus provides a positive proof of conjecture 2.2, in a particular case.

3. Proof of the theorem

Let A and B be étale k-algebras of coprime dimensions (over k) a and b, respectively.

Being invertible is an open condition, so that GL1(A⊗B) is a nonempty open subvariety

of A(A⊗B). Choose integers 0 < u ≤ b and 0 < v ≤ a such that

ua+ vb = ab+ 1.

This is possible since a and b are chosen to be coprime to each other. For a k-vector

subspace W ⊂ A⊗k B, containing 1, denote by

P1(W ) ⊂ P(W )

the non-empty open subvariety consisting of lines directed by an invertible element of

W .

Proposition 3.1. There exist k-vector subspaces U ∈ Gr(u,B)(k) and V ∈ Gr(v, A)(k),

both containing 1, such that the morphism below is a birational isomorphism:

φ1 : P1(V ⊗k B)× P1(A⊗k U) P1(A⊗k B) = PGL1(A⊗k B),

(x, y) xy−1.
(3.1)

Proof in the case of fields. We first prove the assertion in the case that A and B are

fields. Then A ⊗k B is a field as well, because a and b are coprime. Take arbitrary

U and V as in the statement. We claim that φ1 then is a birational isomorphism.

Consider the fibers of φ1. An invertible k-rational point of PGL1(A⊗k B) is given by

the class of t ∈ (A⊗k B)∗. The fiber of that class consists of (the projectivization of)

{(x, y) ∈ (V ⊗k B)⊕ (A⊗k U) | x = yt} ,

where (V ⊗k B)⊕ (A⊗k U) is a vector k-space of dimension vb+ au = ab+ 1. Hence

the equation x = yt in A ⊗k B breaks down into a homogeneous linear system of ab

equations in ab + 1 variables. It follows that it has a non-trivial solution (x, y) over

k. Since A ⊗k B is a field, both x and y are invertible. This shows that the fiber of

φ1 at t is non-empty, even isomorphic to a non-empty open of a projective space. But

one may base-change from k to the function field K of PGL1(A⊗k B), and reproduce

the previous arguments with K instead of k (note that K/k is purely transcendental,
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hence A⊗k K and B ⊗k K are still fields). We thus get that the generic fiber of φ1 is

K-rational. But the source and target of φ1 have the same dimension ab − 1. Hence,

as asserted, φ1 is a birational isomorphism. �

Proof in the general case. It is a specialization argument as follows. We start by intro-

ducing the polynomial algebra (in a+ b variables)

K := k[x0, . . . , xa−1, y0, . . . yb−1],

and denote by K̃ its field of fractions. Set

A := K[T ]/ < T a + xa−1T
a−1 + . . .+ x1T + x0 >

and

B := K[T ]/ < T b + yb−1T
b−1 + . . .+ y1T + y0 >,

and put

Ã := A⊗K K̃

as well as

B̃ := B ⊗K K̃.

Then Ã (resp. B̃) is an étale K̃-algebra of degree a (resp. b). It is clearly a field.

Pick K̃-subspaces Ũ ∈ Gr(u, B̃)(K̃) and Ṽ ∈ Gr(v, Ã)(K̃), both containing 1. By what

precedes, the K̃-morphism

Φ̃1 : P1(Ṽ ⊗K̃ B̃)× P1(Ã ⊗K̃ Ũ) P1(Ã ⊗K̃ B̃),

(x, y) xy−1

is a birational isomorphism. Since all above schemes are of finite presentation over K̃,

they, as well as Φ1, are actually defined over a nonempty open subscheme of Spec(K).

More precisely, there exists a nonzero element F ∈ K, such that, denoting by K(F ) the

k-algebra obtained by inverting F in K, the following holds:

(a) The K(F )-algebras A(F ) and B(F ) are étale.

(b) The subspaces Ũ and Ṽ are defined over K(F ), i.e., are given by elements U ∈
Gr(u,B)(K(F )) and V ∈ Gr(u,A)(K(F )), respectively.

(c) The K(F )-morphism

Φ1 : P1(V ⊗K(F )
B(F ))× P1(A(F ) ⊗K(F )

U) P1(A(F ) ⊗K(F )
B(F )),

(x, y) xy−1

is a birational isomorphism.
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But the étale K̃-algebras Ã and B̃ are versal, in the sense of [1, Def. 5.1, see also

section 24.6]. Hence, there exists a k-morphism

θ : K(F ) −→ k

such that A(F ) ⊗θ k is isomorphic to A (resp. such that B(F ) ⊗θ k is isomorphic to B).

Put V := V ⊗θ k and U := U ⊗θ k. Then U (resp. V ) belongs to Gr(u,B)(k) (resp. to

Gr(v,A)(k)), and the specialization of Φ1 via θ yields the birational isomorphism φ1.

This finishes the proof of proposition 3.1. �

Note that P1(V ⊗k B) × P1(A ⊗k U) is open in P(V ⊗k B) × P(A ⊗k U), and that

P1(A ⊗k B) is open in P(A ⊗k B). Hence the map φ1 of (3.1) extends to a birational

isomorphism

(3.2) φ : P(V ⊗k B)× P(A⊗k U) P(A⊗k B).

We quotient out both sides of (3.2). Note the following identifications as birational

quotients:

P(V ⊗k B)/GL1(B) ≡ (V ⊗k B/Gm) / (GL1(B)/Gm)

≡ (V ⊗k B) /GL1(B) ≡ PB(V ⊗k B).

Since GL1(B)/Gm acts freely on V ⊗kB/Gm, we conclude that dimPB(V ⊗kB) = vb−b.
Similarly,

P(A⊗k U)/GL1(A) ≡ PA(A⊗k U)

is of dimension au− a.

On the right hand side of the map of (3.2), we take the following birational quotient:

P(A⊗k B) /GL1(A)×GL1(B) ≡ (A⊗k B/Gm) /GL1(A)×GL1(B)

≡ (A⊗k B/Gm) / (GL1(A)/Gm)×(GL1(B)/Gm)

Both GL1(B)/Gm and GL1(A)/Gm act freely on A ⊗k B/Gm, so that the dimension

of the birational quotient is ab− a− b+ 1. For an A-module M , recall from section 2

that we defined PA(M) to be the Weil scalar restriction ResA/k(P(M)).

Lemma 3.2. The map φ of (3.2) induces a birational isomorphism

(3.3) φ : PB(V ⊗k B)× PA(A⊗k U) P(A⊗k B) /GL1(A)×GL1(B).

Proof. The dimensions of both quotients agree. Since the map is a birational isomor-

phism before taking the quotient, we only need to show that it descends to the quotient.

But that is clear since the map is given by taking the inverse and multiplication. �

Finally, note that P(A ⊗k B) /GL1(A)×GL1(B) is birational to Q(A,B). This then

completes the proof of Theorem 2.1, as both PB(V ⊗kB) and PA(A⊗k U) are rational.
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4. An application to cryptography

Our explicit birational maps open up some new examples for torus-based cryptogra-

phy. Using finite cyclic groups for public key encryption is an old idea, cf. [3, chapter

8]. Rubin-Silverberg in [4] suggested using rational algebraic tori defined over finite

fields. The advantage is in term of computational gains. Representing most elements

of the torus as elements of an affine space over a finite field yields efficiency gains in

the transmitted information. Let q be a prime power and choose n ≥ 1. Following [4],

consider

Gq,n := ResFqn/Fq Gm(Fq).

For encryption purpuses, Gq,n is the cryptographically most significant part of F×qn and

Gq,n, albeit smaller, inherits the security of F×qn . See [4] for more details. Gq,n is a torus

over Fq of dimension φ(n), where φ denotes the Euler phi function. Assuming that it

is rational, one then would like to (computationally) compress elements of Gq,n via a

compression map

f : Gq,n Fϕ(n)q

that has an efficiently computable inverse j. Since Gq,n < F×qn , the latter being of

dimension n over Fq, sending f(x) instead of x ∈ Gq,n yields an efficiency gain (in bits)

of n/φ(n). Based on this idea, Rubin-Silverberg introduce two compression algorithms

inducing efficient public key cryptosystems that they call CEILIDH and T2. Note that

they restrict their encryption to the open part of Gq,n where f and j are actual inverse

isomorphisms.

Our methods allow to produce more general compression algorithms. The torus

that we consider is Q(A,B) as above, for any finite-dimensional étale commutative Fq-
algebras A and B of coprime dimension. Recall that we introduced the decompression

map

φ(A,B) : PB(V ⊗Fq B)× PA(A⊗Fq U) Q(A,B),

which is induced as in formula (3.1) by

φ1 : P1(V ⊗Fq B)× P1(A⊗Fq U) P1(A⊗Fq B) = PGL1(A⊗Fq B),

(x, y) xy−1.

We describe the birational inverse to φ1. Both maps then descend to the quotients of

lemma 3.2. Let [z] ∈ PGL1(A⊗Fq B) be a generic element given by z ∈ GL1(A⊗Fq B).

Since z is generic and ua+ vb = ab+ 1,

(V ⊗Fq B) ∩ z(A⊗Fq U) ⊂ V ⊗Fq B
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is a line, hence an element [s] ∈ P1(V ⊗Fq B). Similarly,

z−1
(
(V ⊗Fq B) ∩ z(A⊗Fq U)

)
⊂ A⊗Fq U

is a line [t] ∈ P1(A⊗Fq U). Solving these equations equations amounts to solving linear

equations, hence yielding an efficient computation. Finally, after descending to the

quotients, finding rational parametrizations of PB(V ⊗k B)× PA(A⊗k U) is standard.

Now the torus-based Diffie-Hellman key agreement, the torus-based ElGamal en-

cryption and the torus-based ElGamal signatures can be performed as described in

[4].
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