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1. NOTATION

1.1. SYMMETRIC GROUPS. Let n be a positive integer. In the symmetric group
Sn, we use the standard notation for cycles. For instance, (12) denotes the
transposition exchanging 1 and 2, whereas (123) denotes the 3-cycle sending 1 to
2,2 to 3 and 3 to 1.

1.2. ENDOMORPHISMS. Let (S, ®,1) be a symmetric monoidal category (often de-
noted by S in short), and let E be an object of S. For any positive integer n,
the symmetric group S, acts naturally on E®". For instance, (12) stands for the
canonical exchange involution on E® F. Let f be an endomorphism of EQ E. We
shall denote by f; the endomorphism Idg ® f of E® E ® E. Similarly, we denote
by fo the endomorphism (12)o f10(12) of EQ E®Q E, and by f3 the endomorphism
f ® Idg. This notation obviously extends to the case of an endomorphism g of
E®". It induces n + 1 endomorphisms g; of E®""". For instance, gn4+1 = g ® Idg.
We denote by fi2 the endomorphism f ® Idpgp of E® E ® F ® E. Simarly, we
have endomorphisms f;; of E ® F ® E ® E, for each pair of integers ¢ and j with
1<i<j <4,

An endomorphism h of E will be called constant if it comes from an endomorphism
of 1, i.e. if there exists an endomorphism k of 1 such that f = k ® Idg, via the
natural isomorphism 1 ® £ ~ E.

1.3. PROJECTIVE SPACES. Let k be a field, and V a finite-dimensional k-vector
space. We denote by P (V) the projective space of lines in V.

2. WHY DESCENT THEORY IS A LINEAR THEORY

In this section, we review some facts about Grothendieck’s descent theory and
show that, in a sense to be made precise, this theory is linear. We then explain
the main motivation of this paper.

Let us briefly recall what descent theory is, in its most simple form. The exposition
that follows is not the exact context in which descent theory is generally stated.
Meanwhile, it is very close, and the interested reader may check that it implies
descent theory for nonzero ring homomorphisms & — B, where k is a field.

Let k be a field. Let V denote the category of k-vector spaces. Fix a nonzero
A € V. Consider the functor

V—V,
X— AR X.



We want to find a condition for a vector space B to be in the essential image of
this functor. Imagine that B=A® X, foran X € V. Then A B=AA® X
is endowed with a canonical map sx, the switch, defined by

Pla1 ®az@x) = (a2 ® a1 @ ).

Now, the space A ® A ® B is naturally endowed with two automorphisms: the
switch sp (exchanging the A factors), and the map (sx); = Idg ® sx. Of course,
this last map depends on the decomposition B = A® X, whereas sg does not. We
instantly compute that sg o (sx); has order three, which amounts to say, since
sx and sp are involutions, that (sx)1sp = sp(sx)155(sx)1; in other words, that
(sx)18B = (sx)2(sx)1. Now define a category V4 as follows.

Objects of V4 are couples (B, ¢), where B is a vector space, and ¢ is an automor-
phism of A ® B such that the relation

$188 = P21

holds (both sides being automorphisms of A ® A ® B).
A morphism (B, ¢) — (B’,¢’) is a linear map f : B — B’, such that ¢/ o (Id4 ®
[)=Ida® f)og.

‘We have an obvious functor
UV — Vy,

A (A(X)X,Sx)

The basic result in descent theory (which contains its main ideas) is that ¥ is an
equivalence of categories. This can also be viewed as a generalization of Morita
equivalence, since we do not assume A to be finite-dimensional.

In view of this brief exposition, it appears that descent theory is a categorical way
of solving the equation

B=A®X

by endowing B with a descent data, which turns out to be always effective. It is
in this sense that descent theory is linear. The main purpose of this paper is to
develop a bilinear descent theory. More precisely, we shall consider the equation

B~XQ®Y,

with 'unknowns’ X and Y, and study which descent data is needed on B in order
to solve it. It turns out that, in the category of pointed k-vector spaces over some
field (and more generally in pointed symmetric monoidal categories), the descent
data that occur are always effective. However, in the category of k-vector spaces,
descent data are not always effective. The obstruction to this is the Brauer group
of k. Our construction will be used to give a new simple definition of the Brauer
group of any symmetric monoidal category. It need not be equal to the Brauer
group definied by Vitale in [Vit].

3. PRELIMINARY I: POINTED SYMMETRIC MONOIDAL CATEGORIES

DEFINITION 3.1. Let S be a symmetric monoidal category. We build another sym-
metric monoidal category, the pointed symmetric monoidal category P(S) associ-
ated to S, as follows. An object of P(S) is a morphism 1 — X in S, admitting



a retraction (which is not specified in the data). A morphism from 1 — X to
1— X' is an arrow X — X' in S, such that the obvious diagram

l—X

|

1—X'

commutes. The tensor product of 1 Lo X and1 L x defined to be 1 A XX’

The commutativity constraint (1 % x g X)~( ol x' g X) is given by that

of S.

It is readily checked that P(S) is indeed a symmetric monoidal category.
Note that we have an obvious (strong monoidal) forgetful functor

Fs:P(S) —S.

DEFINITION 3.2. Let S be a symmetric monoidal category. If the functor Fs is an
equivalence of categories, we say that S is a pointed symmetric monoidal category.

PROPOSITION 3.3. Let S be a symmetric monoidal category. Then P(S) is a
pointed symmetric monoidal category. The category S itself is pointed if and only
if the following holds: a unit of S is an initial object, and every object of S admits
at least one morphism to a unit.

Proof. Left to the reader. |
The next lemma will be used in the proof of theorem 6.1.

LEMMA 3.4. Let S be a pointed symmetric monoidal category with equalizers, such
that, for every object X of S, the functor .® X preserves equalizers. Let A, B, A’,
B’ be objects of S. Let f; : A— B and f! : A’ — B’, i = 1,2, be morphisms.
Denote by X (resp X') the equalizer of f1 and fy (resp. fi and f5). Assume the
canonical morphism ix : X — A (resp. ix : X' — A’) admits a retraction rx
(resp. rx/). Let Z be an object of S, and g : Z — AR A’ be a morphism. Then g

ix @ty

factors through X@ X' "— A®A’ if and only if the following two equalities hold:

i) (fi®lda)og=(fz2®Ida)og
it) (Idgo f{)og=(Idao f5) og.
Proof. By the hypothesis of the lemma, i) means that g factors through the

. i Id 4/ . . . .
morphism X @ A’ x@ldar 4 ® A’. Because rx is a retraction of iy, this means
that g equals the composite

Zz-LA0A "N Xoa Y Ag A,

Condition ii) implies the similar statement for X’. Put h = (rx ® rx/) o g. We
compute:

7 xox PO Ag A

:Z&A@A/ (ixOTﬂ?IdA/A®A/ Idx@@)o'fx/)A(gA/:g'



4. PRELIMINARY II: SOME GROUP THEORY

In this section, W is a free group on one generator w € W. Let G be a group,
and X C G be subset. Imagine we want to measure what elements of X have in
common. On way to do this is to look at relations simultaneously satisfied by all
elements of X. Let us be more precise.

DEFINITION 4.1. Let G« W be the amalgamated sum of G and W. The group of
relations of X in G is the group

R(X,G) :=NgexKerf, C G+ W,

where forx € X, fo : GxW — G is the homomorphism which is the identity on
G and which sends w to x.

We shall denote by S(X,G) the quotient (G« W)/R(X,G). We call it the smash
group of X (in G). It comes equipped with a canonical element Tx, which is the
class of w € (G* W) modulo R(X,G). We call it the smash of X.

Ezamples 4.2. When X = @, we have S(X, G) = {e}.

When X is a one element set, S(X,G) is canonically isomorphic to G.

When G is abelian, S(X,G) is canonically isomorphic to G x (Z/nZ), where n
is the smallest positive integer such that the n’th powers of elements of X all
coincide, or zero if no such integer exists.

4.1. SMASHING IN SYMMETRIC GROUPS. Let n > 2 be an integer, and S,, be the
symmetric group on n letters, with the usual notation (cf. section 1).

LEMMA 4.3. The homomorphism
Jia X faz)y 1 Sn* W — 8, x Sy
(notation as in Definition 4.1) induces by passing to the quotient an isomorphism
S({Id, (12)}, Sn) ~ S, x Sp.

Proof. We have to show that fiq X f(12) is surjective. Let 1 <i < n be an integers.
We have (fia % f(12))((24)w(27)) = (Id, (17)). Since the transpositions (1i) generate
S, and since fiq is obviously surjective, this shows the claim.

O

PROPOSITION 4.4. The subgroup R({Id,(12)},S3) C Ss * W is generated
(as a mnormal subgroup of Ss x W) by the elements w?w(12)w(12) and
w(13)w(13)w(23)w(23).

Proof. We will now show that, modulo H, every element of S5 * W is of the form
awb or wawb, for a,b € S3. Since there are at most 18 expressions of each kind
(remember that (12) and w commute modulo H), and since S({Id, (12)},S3) ~
S3 x S3 is of cardinality 36, this proves that H = R({Id, (12)}, S3). Let € Sg*W.
Modulo H, x can be written as ajwasw...a,, with a; € S3. If r = 1, x = wldwa,
modulo H. If r = 2, there is nothing to prove. Assume r > 3. Modulo H, w
commutes with (12). Hence, one easily sees that we can assume a; = Id, (13)
or (23) for i = 1..r — 1. For {a,b} = {(13),(23)}, note that we have awaw =
wbwb and awbw = wawb modulo H. Using this, we can assume a; = Id, and
thus that » > 4. But the same relations then yield waswas = bwcw for some
b,c € {(13),(23)}. Hence z = waswasway .. .a, = bwcwway . ..a, = bwcay . . . a,
modulo H, so that induction applies. O



5. THE CATEGORY OF POTENTIAL DECOMPOSITIONS

Let (S,®,1) be a symmetric monoidal category. Let X,Y be two objects of S.
Put F = X ® Y. In the spirit of Grothendieck’s descent theory, we want to find
some intrinsic data on FE which arises from the decomposition of E as the tensor
product of X and Y. This is done as follows. Denote by sx the automorphism of

EFERE=XQRQYRXQY

given by

Ry Y —2yerey.
Put ¢t := (sx)3, an automorphism of E® E ® E.
Loosely speaking, t is equal to (12) on the X-part of EQ E® E, and to the identity
on the Y-part of F ®@ E ® E. We thus see -and this is essential- that all words in
R({Id,(1,2)},Ss) (cf. definition 4.1) are equal to the identity when evaluated at
t. Thanks to proposition 4.4, it suffices to keep the three relations

> =1d,
(12)t = t(12)

and
(13)¢(13)t = t(23)¢t(23).
We are thus led to defining a new category attached to S.

DEFINITION 5.1. Let S be a symmetric monoidal category. We define a category
PDec(S) (the category of potential decomposition of objects of S) as follows.

An object of PDec(S) is a pair (E,¢), where E is an object of S and ¢ is an
element of Aut(E ® E) such that the following equalities hold:

i) $? is a constant automorphism,

i1) ¢ o (12)=(12) o ¢,

i11) G103 = P32 (as automorphisms of EQ E® E).

A morphism from (E, ) to (E',¢") is a morphism f : E — E’ such that (f ®
flod=¢ o (f®f), up to a constant automorphism.
The identity object 1ppec(s) is equal to (1 ~1®1,51).
The tensor product of (E, @) and (E',¢) is equal to (EQE', ¢®4¢'), via the natural
identification

(E®E)®(E'®E)=(EQE)e(Ee L),

(e1 ®er) ® (e ®eh) — (e1 ®e)) @ (e2 @ €h).

Remark 5.2. Let (E, ¢) be an object of PDec(S). Let 4, j, k be three integers such
that {7,7,k} = {1,2,3}. On EQ E® E, we have the relations (jk)o¢; o (jk) = ¢x.
We thus see that, in the definition of PDec(S), we can replace iii) by any of the
following relations:

¢i © pj=d; © P,

(Jk) 0 @5 0 (jk) 0 b5 = &; o (i) 0 p; o (ij),

(jk) o ¢j o (ij) o ¢j = ¢j 0 (jk) o ¢ o (ij).

For instance, the relation ¢; o ¢3=¢3 o @5 is obtained by conjugating ii) by (23)
(taking into account that (23) and ¢; commute).

There is a functor
Us: S? — PDec(S)
(X, V)= (X®Y,sx).



In the spirit of Grothendieck’s descent theory, we can wonder whether U is an
equivalence of categories.
There are several more or less obvious obstructions to this. We list four of them.

Obstruction 1. Let L be an invertible object of S such that the switch automor-
phism of L ® L is the identity (this always happen, for instance, in the category
of finite locally free sheaves on a scheme). Let X and Y be objects of S. One
readily checks that Us(X ® L,Y) and ¥g(X,L ® Y) are canonically isomorphic
in PDec(S). Nevertheless, (X ® L,Y) and (X, L ®Y) are not isomorphic in S as
soon as L is not isomorphic to 1.

Obstruction 2. Let A € End(1). If A # Id;, then the two arrows (A, 1d;) and
(Idy, A) are different in S? but their images under ¥s are the same.

Obstruction 3. We present it as an exercise for the reader. Take S to be the cate-
gory of finite free modules over the ring A = Cle] (the C-algebra of dual numbers).
Take X, Y in S of rank 2, with basis z1,x2 and y1, Yo, respectively. Show that
the formula 1 — €(x1 ® y1 + x2 ® y2) defines a morphism (A,Id) — (X @ Y, cy)
in PDec(S) and that this morphism does not lie in the image of ¥s.

Obstruction 4. Take S to be the category of finite-dimensional vector spaces
over a commutative field k. Let A be a central simple k-algebra. Assume first
that A = End(V) ~ V ® V* for some (finite-dimensional) vector space V. Then
(V ® V* sy) is an object of PDec(S). Assume now that A is arbitrary. By a
descent argument, we can still define a canonical automorphism ¢4 on A ® A
(which agrees with the one we just defined if A is split), such that (A, ¢4) is an
object of PDec(S). We will show later that (A, ¢4) belongs to the essential image
of U if and only if A is split.

The fourth one is crucial: it reflects the existence of a Brauer group of S, which
we will investigate later.

There is a first trivial case in which g is an equivalence of categories: that of sets.

PROPOSITION 5.3. Let S be the symmetric monoidal category of sets, with units
the singletons and tensor product structure the cartesian product. Then Vg is an
equivalence of categories.

Proof. This is mainly an exercice, which contains nonetheless some of the ideas
of the proof of theorem 6.1. We present the proof here as a consequence of this
theorem. Let (F,¢) € PDec(S). We first show that, for all e € E, we have
¢(e,e) = (e,e). Take e € E. Then there exists a € E such that ¢(e,e) =
(a,a), since ¢ and (12) commute. Write ¢(e,a) = (b,c). Since ¢p1¢a(e,e,e) =
391 (e, e, e), we have (a,b,c) = (b,c,a), whence a = b = ¢. Thus, ¢(e,a) = (a,a),
or equivalently, ¢(a,a) = (e,a). Since ¢ and (12) commute, this implies e = a, qed.
Now take e € F, and consider E to be pointed by e. In the symmetric monoidal
category &’ of pointed sets, the map ¢ induces a map ¢’ : (E x E, (e,e)) — (E X
E, (e, e)), hence an object ((E, ), ¢’) of PDec(S’). But since S’ is pointed, theorem
6.1 applies: ((E,e),¢') comes from a decomposition (E,e) ~ (X,z) x (Y,y) of
(E,e) into a cartesian product of two pointed sets. A fortiori, ¢ comes from the
decomposition F ~ X x Y. O
In the next section, we describe a very important case in which Vs is an equivalence
of category: the case of pointed symmetric monoidal categories.



6. EFFECTIVENESS OF BILINEAR DESCENT DATA IN POINTED SYMMETRIC
MONOIDAL CATEGORIES

THEOREM 6.1. Let S be a pointed symmetric monoidal category with equalizers,
such that, for every object X of S, the functor . @ X preserves equalizers. Then
W is an equivalence of categories.

Proof. Denote by Y (resp. X) the equalizer of the two arrows F — E® F
given by ug ® Idg and ¢ o (ug ® Idg) (resp. (12) o ¢ o (up ® Idg)). Denote by
ix : X — F and iy : Y — F the canonical inclusions.

CLAIM 1. The composite
r@ldg

10E~E"" " pop . EoE @ 1gE~E
(resp.
10E~E"" " pop > Eo "% Fe1~E)

factors through Y (resp. X).
PRrROOF OF CLAIM 1. We check the assertion for Y, the proof for X being similar.
Consider the composite

B poE S EoR @Y E S  Eg E 2 Eg E.
We have to show that it equals
B peor L EoE 2P E N  Ee R

We compute:

EuE®IdEE®ELE®ET®IdEEuE®IdEE®ELE®E
e pe E@E " Eo EoE Y8 g E L EoE
EQEQE S EQEQE P EQEQE ¥ po g
—E EQEQE® Y EQEoE""¥89 po g

Since ¢ oupgr = upgp because S is pointed, this composite equals

=F
upgre®ldE
= F PEEY

UE®E®IdE

UE®E®IdE

—E EQEQE Y EQE@EW2%4s po

=E"" " FoFE - EQE " 2Y¥ B EQE.
This finishes the proof of Claim 1. We thus have two arrows rx : £ — X and ry :
FE — Y, which are readily checked to be retractions of ix and iy, respectively.
It is readily checked that the association (E,¢) — (X,Y) is functorial. It thus
defines a functor
Os : PDec(S) — S%

I claim that ©g is a quasi-inverse of Us. Indeed, let (E,¢) € PDec(S) and let
r: E — 1 be a morphism. Put (X,Y) = Og(E, ¢). Recall that we have at our
disposal the morphisms ix,7x,%y and ry.

CrAM 2. The composite £ ““2%* po B %, E® E factors through ix ® iy :
XY —FEQEFE.

Proor oF CLAIM 2. Thanks to lemma 3.4, it suffices to check the following two
properties.

i) The composite

UE®IdE®E

Er por 2 EQE EQE®E



equals the composite

UE®IdE®E (12)°¢3

s porp 2 peoE EQEQ®E E®RE®E.
ii) The composite
N peE BB P o ER E
equals the composite
BN perE L EoE P o Ee E S EQEQE

We check 1), ii) being similar. We compute:

E“Cr por L EoE " o reoE "2 EQEQE
g popoE P e EeE
=g popo R " EoEe E
—Egr Y o g E DY EoEGQE
(since ¢ o upgE = UERE)
—gu=Mrpop ¢ pgErtEfr po po R B EgEQE

—E“ M poE L Ee RN Y Eo B E.
This finishes the proof of Claim 2.
We have thus built a map f: E — X ® Y, functorial in (E,¢). We now show
that it is invertible by constructing its inverse explicitly. Let G be the composite
XY " peFE -2 E®E. Put g= (r®ldg o G).
CLAM 3. We have G = (ug o Idg)g.
Proor or CLAIM 3. We compute

(upoldp)g=X@Y & per L per ™2 g2 pe |

_X®sz®zyE EuE®IdE®EE®E®Eﬂ)E®E®EIdE®T®Id5E®E
—X®Y -——E®E uE®IdE®E E®3 d>30(12) E®3 b1 E®3 IdE®r®IdE EE

(by definition of X)
- X®Y - E®FE u;‘;%@p: E®3 ¢1O¢3_o)(12) E®3 IdE(X)L(@)IdE E®E

—XQY — E g E 95%ueflde pe’ d10ds pe? de@rglds o o p
—X®Y — E® E 47%usflds pe® #2001 pe® ldserelds p o o
—XQY — EgE 4e8uEplde pe® 92 pe? de@rglde p o, @
(by definition of Y)
- XQY —EQFE - EQE
=G.
This finishes the proof of Claim 3.

In short, we have just proven that G factors through the (split mono
FE ® E. Hence in particular, g is independent of the choice of r.
CLAIM 4. The arrows f and g are mutual inverses.

) E UE&I(}E

ProOOF OF CLAIM 4. We compute:

gof=E"" " porp *. X9y —E9E- > EQE"rE



2
—E“ N EeE S EeE 2 R

But we know that ¢ is a constant automorphism of E ® E, hence the identity
since S is pointed. We thus infer that g o f = Idg. The proof of fog =Idxgy is
similar, and left to the reader. This finishes the proof of Claim 4.

We now have to show that f (and hence g) are indeed arrows in the category
PDec(S). In other words, we have to show that the square

EoE—LXaYoXey

C
fof,

EQFEF—XQRYQRXQY
commutes. Let us call S this square.
CrLAmM 5. The composite X ® X XX P E FE ® E equals
XoX " peop 2, E ® E, and the composite Y @ Y Y2 EgFE

cquals Y @Y ¥ EoE 2 EQE

(12)
—

PRrOOF OF CLAIM 5. We prove the first assertion, the second one being similar.
We compute:

X@X X0 pop rertliser po pe e E S EQ EQ EQE

E®E®E®E¢34¢24¢1—3(>13)(24)E@E@E@E

upge®ldegEr
—

=X®X —FEQFE
by definition of X. Using the computing rules on ¢, we see that
349240013 = P23P34013 = P23P14P34-

Hence the previous composite equals

X®X —EQE "E%5er p o o EQ E YY" Eo EQEQE

ldpeE®uUERE
-—

—X9X —EQE EQEQEQE™ EQEQEQE

(since poupgr = UEwE)

IdE®E®uE®E (23)(14)

=XX —FQF EQFRQFRF — EQFQFRFE

(by definition of X)

EQREQRERECY EQEQE®E

upee®ldepgE
—

=X®X —FEQF
We thus have proven that

upepe®ldegEe
—

EQEQEQEY EQEQEQE

uE®E®IdE®E (34)
—

=X®X —FQF EFEQFRQFRF -—FEQFERF®F,

and the assertion follows by composing by r ® » ® Idgg . This finishes the proof
of claim 5.

XX —FEQFE

We now check that the square S commutes. Consider the map

EoE->EgE L xeovexaey.
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Composing it with the canonical inclusion X Y @ X @ Y ix @iy Qix @iy E®" and
using the definition of f, we get the map

E®E up®RldpQuEp®Ildg E®4 P12¢34P24 E®4

On the other hand, we compute

ERE XoveXey 25 XY @ X @Y XOr8xer pe!

—EQE up®ldp@uE®ldg E®4 $13¢34012 E®4

using the definition of f and Claim 5 (concerning X). What thus remains to be
checked is the equality ¢13¢34012 = P12¢34¢24. This is done as follows:

D34P12P24 = P34P14012 = P13034P12.

This finishes the proof of the construction of a natural isomorphism between
Us 0 0Og and the identity functor of PDec(S).

It remains to produce, for (X,Y) € &2, a natural isomorphism between
Os(Vs(X,Y)) = 0s5(X ®Y,sx) and (X,Y) (in the category S§?). This is rather
formal. Put (X',Y’) = ©s(X ®Y,sx). Then Y’ is defined as the equalizer of the

arrows
uxey Qldxgy
—

XoV XeY®X®Y
and
X®YUX®YEI(}X®YX®Y®X®YLX®Y®X®Y

One readily checks that this equilizer is nothing but the arrow Y WOy ¥ &

Y, hence a canonical isomorphism between Y and Y’. Similarly, we produce a
canonical isomorphism between X and X’. Everything is perfectly functorial, so
that we get a natural isomorphism between the functors ©g o ¥g and the identity
functor of S2. O

DEFINITION 6.2. Let S be a symmetric monoidal category. Let E be an object of
S. We define a category Dec'(E) as follows. An element of Dec'(E) is a pair

(X,Y) of objects of S, together with an isomorphism E T x ®Y. A morphism
ELxey) —(EL X oy

is a pair of isomorphisms g : X — X' and h: Y — Y’ such that (g®@h)o f = f'.
Whenever the isomorphism classes of objects of Dec'(E) form a set, we denote it
by Dec(E).

PROPOSITION 6.3. Let S be a symmetric monoidal category. Assume that Vg is
an equivalence of categories. Then Dec(E) exists. More precisely, the association

Dec'(E) — PDec(E),

(L X@Y) e (Eey)
(where we identify E and X ® Y wvia f) induces a bijection
Dec(FE) ~ PDec(E).
Proof. Everything is obvious, except perhaps that, if

E-Lxev)EL x oy



11
is an (iso)morphism in Dec’(E), then (E,sx) = (E, sx/). In the diagram
—1o g1
EeoE—xevexey —2>xovexeY L ~EsE,

ild lg®h®g®h lg®h®g®h \le
fl® f/—1®f/—1

EoE—5%svex ey >XeoyeX oyl —sEoE

the three small squares obviously commute, so that the big square commutes,
too. ]

We now investigate some precise examples.

7. ALGEBRAS AND AZUMAYA ALGEBRAS

Let A be a commutative ring. Denote by Mod(A) the category of A-modules,
by Mods(A) the category of finite locally free A-modules, by P(A) the category
P(Mod(A)), and by ALG(A) the category whose objects are A-algebras R such
that the canonical map A — R is a split monomorphism of A-modules. All these
categories are symmetric monoidal for the tensor product of A-modules.

Recall that an Azumaya algebra over A is an A-algebra R which is finite and
locally free as an A-module, and such that the canonical map

R®a R — Ends(R),
r@r — (x—ror')

is an isomorphism. Denote by AZ(A) the symmetric monoidal category of Azu-
maya algebras over A. It is a full subcategory of ALG(A). Let E € Mods(A).
Then one easily sees that the functor

B — PDecp(F ®4 B),

from the category of A-algebras to that of sets, is representable by an affine scheme
over Spec(A), which we denote by PDEC(E).

PROPOSITION 7.1. The functors W 4rg(ay and ¥ 4z(4) are equivalences of (sym-
metric monoidal) categories.

Proof. Let us first prove the statement for W 4,g(4). There is an obvious (strongly
monoidal) functor

F: ALG(A) — P(A),
R (R,A“=%'R).

Thus, we have a functor PDec(F') : PDec(ALG(A)) — PDec(P(A)), such that
the diagram

ALG(A)? P(A)?

i l

PDec(ALG(A)) — PDec(P(A))

commutes. Examining the definition of the quasi-inverse Op(4) of ¥p(4) built
in the proof of Theorem 6.1, we see that the composite ©p(4) o PDec(F) fac-
torizes canonically through F2. Indeed, let (R, ¢) be in PDec(ALG(A)). Write
Opa)(R,1,¢) = ((X,20),(Y,10)). One immediately sees that X (resp. Y) is
canonically an A-algebra with unit element xo (resp. o), as it is defined as an
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equalizer of two A-algebra morphisms. One readily checks that the canonical iso-
morphism X ®Y — R is then an A-algebra isomorphism. This yields the asserted
factorization. In other words, we have built a functor © 42£g(a) which is a quasi-
inverse to W 4,6 (4)-

Now, let (R, $) € PDec(AZ(A)). Write © 42g(a)(R,¢) = (S,T). By construction,
S (resp. T) is a direct factor of R as an A-module, hence is a finite and locally
free A-module. Since the A-algebra S ® T is isomorphic to R, we see that S and
T are Azumaya algebras as well. This yields a quasi-inverse for ¥ 4z (4.

Denote by SB(A) the category of Severi-Brauer schemes over Spec(A), with mor-
phisms being isomorphisms. It is well-known that this category is equivalent to
the (symmetric monoidal) category AZ’(A) of Azumaya algebras over A, with
isomorphisms as morphisms. This endows SB(A) with a canonical structure of a
symmetric monoidal category.

PROPOSITION 7.2. Let E € Mods(A). For any (E,¢) € PDec(E), there exists
Severi-Brauer schemes X andY over Spec(A) and an isomorphism f : P(E) —
X ®Y, such that (P(F ® E) = P(E) ® P(F),sx) (where we identifiy P(E) and
X QY wia f) is equal to P(¢).

Proof. Put R = End(F); it is an Azumaya algebra. The data of (F,¢) €
PDec(E) gives rise to the data of (R,v) € PDec(AZ(A)) the following way: ¢ €
R® R = End(F ® E) is given by conjugation by 1. One readily checks that
this v indeed satisfies the required equations. Thanks to proposition 7.1, we get
Azumaya algebras S and T, plus an isomorphism R ~ S ® T, such that (R,v) =
(R, ss) € PDec(AZ(A)). Thanks to the equivalence of categories between Severi-
Brauer schemes and Azumaya algebras, the assertion follows by taking X (resp.
Y’) to be the Severi-Brauer scheme corresponding to S (resp. T'). O

Remark 7.3. The previous proposition shows that, in the category Mod(A), al-
though a potential decomposition of a module E might not correspond to an
effective one, it always comes from a decomposition of P(E) as the tensor product
of two Severi-Brauer schemes.

DEFINITION 7.4. Let E be an object of Mod;(A), of constant dimension e. For any
pair of positive integers x and y such that xy = e, denote by PDec, ,(E) the subset
of PDec(E) defined as follows. By proposition 7.2, for any (E,¢) € PDec(E),
there exists Severi-Brauer schemes X and Y over Spec(A) and an isomorphism
[ P(E) — X ®Y which is mapped to (P(E),P(¢)) under Uppy. Then (E, )
belongs to PDec, (E) if and only if X (resp. Y ) has constant dimension x — 1
(resp. y—1).

DEFINITION 7.5. Let E € Mody(A). Then one easily sees that the functor

B +— PDecp(E ®4 B),

from the category of A-algebras to that of sets, is representable by an affine scheme
over Spec(A), which we denote by PDEC(E). For any pair of positive integers x
and y such that xy = e, we define an affine scheme PDEC, ,(E) similarly.

Remark 7.6. If Spec(A) is connected, then PDEC(E) is the disjoint union of the
PDEC, 4(E) , where z, y range through the positive integers such that zy = e.

Remark 7.7. There is a amusing corollary of what we have done so far. Let n > 0
be an integer, and let k be a field. Put F = k™, and X,, = PDEC(E); it is an



13

affine variety over k, defined by rather simple equations ( i), ii), iii) of 5.1; one
may even prove in this context that i) is implied by ii) and iii) ). Remove from
X, its 2 isolated points corresponding to the trivial decompositions F = 1® FE
and E = F® 1. We obtained a variety X, naturally attached to n, whose
connected components correspond exactly to the nontrivial decompositions of n
into a product of two positive integers. In particular, X/ is empty if and only
if n is prime. One may wonder whether, given a point of X/, there exists a fast
algorithm for computing the corresponding decomposition.

For simplicity, assume now that A = k is a field. Let Xg and Yy be finite-
dimensional nonzero k-vector spaces of dimensions x and y, respectively. We have
an exact sequence of algebraic k-groups

1— Gm — GL(X()) Xk GL(Yo) — GL(X() ® Yo),
where the first arrow is given by
= (z,270),

and the second by

(f.9)— f®g.
Denote by G(Xy,Yy) = GL(Xo ® Y5)/((GL(Xy) ® GL(Y))/Gy) the cokernel of
this exact sequence.

PROPOSITION 7.8. The variety PDEC, ,(Xo,Yy) is canonically isomorphic to
G(Xo,Y)).

Proof. Consider the morphism
F : GL(X, ®Yy) — PDEC(Xy,Yp)
given, on the level of points in a k-algebra B by

fe(f@f)osxempo(fT@fh).

One immediately sees that this morphism factors through G(Xo,Yp), yielding a
morphism
® : G(Xy,Yy) — PDEC(Xy, Yp).

I claim that ® is an isomorphism. It suffices to exhibit its inverse. To that
purpose, let B be a k-algebra and s € PDEC, ,(X, ®k Y5)(B). By proposition
7.2, there exists Severi-Brauer schemes X and Y over B, of constant dimension
x — 1 and y — 1, respectively, and an isomorphism (of projective schemes over B)
h:Pp(Xo®% Yo ®; B) — X ® Y, such that s = s,. Choose a faithfully flat B-
algebra C', and isomorphisms f : X¢ — P(X(®;C) (resp. ¢ : Yo — P(Yo®:()).
Changing C if necessary, we may assume that the automorphism (f ® g) o h of
Po(Xo ®k Yo ® C) is induced by an automorphism 7’ € GL(Xy ® Y5)(C). The
class of 7’ in G(Xy, Yp)(C) is independent of the choice of f and g, hence descends
(by classical faithfully flat descent theory) to an element r € G(Xy, Yo)(B). It is
readily checked that the associaton s — r yield the inverse of F'. ]

Remark 7.9. The interested reader may notice the following fact. Let n, m be
two positive integers. The variety G(k™, k™) is stably birational to the classifying
space of the k-group (GL,, X3 GL,,)/Gy,. One may then prove as an exercise that
the stable rationality of this classifying space is equivalent to that of PGL,., where
r is the ged of n and m. Hence, stable rationality of every connected component
of PDEC(E) for every nonzero FE is equivalent to stable rationality of PGL,, for
every positive integer n.
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8. THE BRAUER GROUP OF A SYMMETRIC MONOIDAL CATEGORY
Let S be a symmetric monoidal category.

LEMMA 8.1. Let (E,$) be an object of PDec(S). The isomorphism ¢ : E® E —
FE ® E induces a canonical isomorphism

(E,(12) 0 ¢) ® (E,¢) — (E® E, sp)

in PDec(S).
Proof. We have to check that the diagram
EQEQEQEX ' EQEQEQE
l¢24¢13(13) i(lg’)
P34¢12

EFEQERXEQFE—FEQFRXFEQFE

commutes. We compute:

(13)3ap12 = $14(13) P12 = P1a23(13),

so that we have to show that

034012924013 = P14023

. This is done as follows:

$34012024013 = $34024P14013 = P31024P34P14 = P31034023P14 = D143,

up to a constant automorphism.

DEFINITION 8.2. Let S be a symmetric monoidal category.

i) An object of PDec(S) is called trivial if it is in the essential image of Us.

it) Two objects E, E' of PDec(S) are said to be stably isomorphic (we then write
E ~ E') if there exists trivial objects T and T" such that E ® T is isomorphic (in
PDec(S)) to B’ @ T".

i11) If the isomorphism classes of objects of PDec(S) modulo ~ form a set, we
denote it by Br(S). It is a group with neutral element the class of (1 ® 1,s71),
for the group structure induced by the tensor product in PDec(S). More precisely,
lemma 8.1 implies that the inverse of (E,¢) is (E,(12)¢). The group Br(S) is
called the Brauer group of S.

We now study some examples. Let A be a (commutative) base ring, and Mod’; (A)
be the symmetric monoidal category of locally free A-modules of finite and
everywhere nonzero rank.

ProrosiTION 8.3. There is a canonical isomorphism between the usual Brauer-
Azumaya group Br(A) and Br(Mod(A)).

Proof. Let (E,¢) € PDec(Mod/f(A)). By proposition 7.1, we have a canonical
decomposition End(F) ~ R ® T, where R and T are Azumaya algebras. One
readily checks that R does not depend on the choice of (F,¢) modulo ~ up to
Brauer equivalence. Indeed, if (E, ¢) = (X ®Y, sx) is trivial, then the decomposi-
tion given by 7.1 is nothing but End(F) ~ End(X) ® End(Y). We thus get a map
f : Br(Mod/;(A)) — Br(A), which is easily seen to be a group homomorphism. In
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the opposite direction, let R be an Azumaya algebra (over A). There exists a faith-
fully flat ring extension B/A, together with a free B-module M, and an isomor-
phism (of Azumaya algebras over B) R®4 B ~ Endp(M) = M ®p M*. Denote by
s = sps the switch on the M-factorsin RQq R®4B ~ M@ M*QRp Mg M*. We
see that s is independent of the choice of M and of the isomorphim ~~; hence it de-
scends (by faithfully flat descent theory) to an involution of R® 4 R, which we still
denote by s. The image of (R, s) in Br(Mod’;(A)) does not depend on the choice
of R modulo Brauer equivalence. We thus get a map g : Br(A) — Br(Mod’;(A)).
It is the inverse of f (verification left to the reader). O
We now concentrate on the case of a field k. Denote by Mod'(k) the symmetric
monoidal category of nonzero k-vector spaces.

LEMMA 8.4. Let (E,¢) € PDec(Mod'(k)). Then (E,¢) is trivial if and only if
there exists a nonzero e € E such that ¢(e,e) and (e, e) are collinear.

Proof. The ’if’ part is easy: if (E, ¢) is isomorphic to (X ® Y, sx ), take a nonzero
x € X (respy € Y) and put e := 2 ®y. Assume there exists a nonzero e € E such
that ¢(e,e) and (e, e) are collinear. Up to scaling ¢ by a nonzero scalar (which
does not change the isomorphism class of (E,¢)), we may as well assume that
d(e,e) = (e,e). Then ((E,e),¢) belongs to PDec(P(Mod'(k))), hence is trivial in
this category by theorem 5. A fortiori, (E, ¢) is trivial in PDec(Mod'(k)). |

LEMMA 8.5. Let (E,¢),(E',¢') € PDec(Mod'(k)). Then (E,¢) and (E',¢') are
stably isomorphic if and only if there exists a nonzero morphism (E,¢) — (E', ¢')
in PDec(Mod'(k)).

Proof. Assume given a nonzero f : (F,¢) — (E',¢’). tensoring by (E, ¢)°P :=
(E, (12)¢), we get a nonzero g : T — (E,¢)? ® (E',¢’), where T = (X ® Y, sx)
is a trivial object. Thus, there exists a nonzero x € X (resp. y € Y) such that
e:= g(zx®y) € F is nonzero. But ¢(e, e) and (e, e) are collinear (easy verification),
so that by lemma 8.4, we infer that (E,¢)°? @ (E’,¢') = S is trivial. Tensoring
by (E, ¢), we get that T ® (E',¢') = S® (E, ¢), ged. The converse implication is
easy and left to the reader. O

Remark 8.6. Lemmas 8.4 and 8.5 imply that, in PDec(Mod'(k)), an object is
stably trivial if and only if it is trivial.

PROPOSITION 8.7. The canonical homomorphism Br(k) = Br(Mod(k)) —
Br(Mod'(k)) is an isomorphism.

Proof. Thanks to the previous remark, only surjectivity remains to be checked.
Take (E, ) € PDec(Mod’(k)). Thanks to lemma 8.5, it is enough to find a nonzero
finite-dimensional subspace F' C E such that FF ® F C F ® E is stable by ¢, since
the inclusion (F, ¢ ) — (E,¢) is then a nonzero homomorphism. Such an F
can be built as follows. Choose a nonzero e € E, and put z := ¢(e ® e). It is
a symmetric vector in E ® FE, since ¢ and (12) commute. As such, there exists
a finite dimensional vector space F' C E such that x belongs to F ® F' and F is
minimal for this property. The space F' can be alternatively defined as follows.
First, we introduce some notation. Let 1 < i < n be positive integers. For f € E*,
denote by f; the linear map

n

E® E®n71

)

e1R...Q0e, — fle;)e1®...06®...RQey,.
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Then F' is nothing but the image of the morphism
E* — FE,
f= fiz).
I claim that F'® F is stable by ¢. For f, f € E*, denote by A(f, f’) the composite
o fdu pet 1y p o p

. Then the A(f, f')(e® e ® e ®e), for f, f' ranging through E*, span the space
F ® F. Thus, it suffices to check that (¢ o A(f, f'))(e ® e ® e ® e) always belongs
to F ® F. We compute the composite ¢ o A(f, f). It is readily seen to equal

et dutn pet B p

But

$24012031 = Q12014034 = P12013P14 = P13P23P14,
so that

(o A(f,['))e®@e®e®e)=(fiofsopizodsopid)(eReReRe).

Since (pa3014)(e ® e ® e ® €) belongs to F®47 its image by ¢13 belongs to E® F ®
E ® F, so that its image by f1 o f} o ¢13 belongs to F' ® F, qed.
O
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