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Introduction

Roughly speaking, a (regular) holomorphic foliation of rank r on a complex mani-
fold M of dimension n is a partition of M in disjoint submanifolds of dimension r,
with the same local structure of parallel r-dimensional planes in C™. A typical way
(but not the unique one) to get a holomorphic foliation is via an integrable distri-
bution of rank r, that is a complex subbundle F' of rank r of the (holomorphic)
tangent bundle T'M satisfying the Frobenius condition [F, F'| C F'; the foliation is
given by the integral manifolds of F'. Given an integrable distribution F' of rank r,
we can find an open cover {U,} of M such that F' is generated over each U, by r
linearly independent holomorphic vector fields X7, ..., X such that

F, = Span{X{(p),..., X;"(p)}

for every p € U,, and satisfying

r

[Xi?le?] = ZCZLk,ana (1)

J=1

for suitable local holomorphic functions CZL,W € O(U,). Furthermore, on U, N Us
we can find an invertible matrix ((aas)l) € GL(r,O(U, N Us)) of holomorphic
functions such that

X = 3 (aap)i X7 2)

h=1"

for all £ = 1,...,r. If we drop the condition that X{,..., X~ are everywhere
linearly independent, we get a possible definition of singular holomorphic foliation
of rank r: it is given by an open covering {U,} of M and, for each «, a family
{X?,..., X} } of holomorphic vector fields on U, satisfying (1) and (2) and linearly
independent off a singular set ¥ of codimension at least 2. For instance, a rank 1
singular holomorphic foliation is given by a family {(U,, X,)}, where {U,} is an
open cover of M, each X, is a not identically zero vector field on U,, and Xz =
aq3Xa on U, N Ug for a suitable never vanishing holomorphic function a.g €
O*(U,NUp). The singular set is then the set of zeroes of the local vector fields X,.

5



6 Introduction

The local structure of a regular holomorphic foliation is quite easy to study:
as mentioned above, a regular foliation locally is like parallel r-dimensional planes
in C". For this reason, when studying a regular holomorphic foliation one is mostly
interested in global phenomena. On the other hand, even the local structure of a
singular holomorphic foliation around the singular set ¥ can be quite interesting.
Off the singular set we have a regular holomorphic foliation, and thus a partition
of M\ ¥ in r-dimensional complex submanifolds; but the way these submanifolds
fit together nearby the singular set can be quite complicated (and intriguing). The
study of the (local or global) structure of (singular or regular) holomorphic folia-
tions is the aim of the subject known as (local or global) continuous holomorphic
dynamics, which has been a very active field of research in the last forty years,
particularly thanks to the Latino American and French schools. However, while it
is relatively easy to find books on the theory of real foliations (see, e.g., [CCO0],
[CCO3], |[CLNS85|, [Ton88]), the results on holomorphic foliations are still mostly
scattered in the research literature.

In the year 2007-08, I organized a reading course on Local continuous holo-
morphic dynamics, attended by Ph.D. students and post-docs of the Universities
of Pisa and Firenze and of the Scuola Normale Superiore, where (relying on some
notes written by Frank Leray a few years ago and on the original literature) they
presented the basis of the local theory of singular holomorphic foliations, at least in
dimension 2, starting from scratch and arriving up to Yoccoz-Perez-Marco’s con-
struction of foliations with prescribed holonomy. This booklet is the result of that
course; we hope it will be useful as a starting reference for whoever would like to
begin studying this beautiful subject.

As mentioned above, the content of this booklet is mostly limited to the case
of rank 1 singular holomorphic foliations in 2-dimensional manifolds, for a couple
of reasons: definitions and proofs are clearer in this setting than in the general
case, and yet the main features of the subject are already evident here; and some
important results are not known (or simply false) in higher rank or dimension.
There is no claim of completeness here; but possibly after reading this booklet
tackling important papers like [MR82], [MRS83], [Str02] or [SZa02] would be easier.
Chapter 1 contains several equivalent definitions of regular and singular holomor-
phic foliations, and presents several basic concepts needed later. In particular,
the fundamental notion of holonomy of a foliation is introduced here. Chapter 2
contains a proof of the Reduction of singularities Theorem, showing that (for rank
1 foliations in a complex surface) after a finite number of blow-ups one can reduce
the local study of a singular holomorphic foliation to the study of elementary sin-
gularities, where an elementary singularity is the zero of a vector field with a not
nilpotent linear part. Chapter 3 introduces the Poincaré-Dulac (formal and, when
it exists, holomorphic) normal form of a singular vector field with an elementary
singularity. Furthermore, it contains the holomorphic classification of foliations



Introduction 7

with an elementary singularity in the Poincaré domain (if o denotes the ratio of
the two eigenvalues of the linear part of the vector field X with an elementary
singularity at the origin, to be in the Poincaré domain is equivalent to having
a € C*\R™), and the description of the topology of the leaves in this case. Finally,
Chapter 4 studies the elementary singularities in the Siegel domain (that is, with
a < 0), describing the formal classification and the topology of the leaves in this
case, and proving Mattei-Moussu Theorem giving their holomorphic classification
in terms of the holonomy, and Yoccoz-Perez-Marco Theorem constructing singular
foliations with prescribed holonomy.

Each chapter is attributed to whoever originally presented the material in the
reading course; but the actual writing of this booklet has been a collective affair,
and the final version is both merit and responsability of all four of them. Matteo
Ruggiero coordinated the merging of four separate drafts in an unitary ensem-
ble, and I just did what you are going to do now: I read it all, and enjoyed the
mathematics.

Pisa, February 17, 2009 Marco Abate

The authors would like to thank Marco Abate for his confidence and support, King-
shook Biswas for many suggestions and useful discussions, David Sauzin for many

useful remarks and references, and Fabrizio Broglia for giving us the possibility to
publish this booklet.

Tiziano Casavecchia, Isaia Nisoli, Jasmin Raissy, Matteo Ruggiero






Chapter 1

Holomorphic foliations and
holonomy

Isaia Nisolil

1.1 Regular foliations

Definition 1.1.1. Let M be a complex manifold of dimension m. A (regular)
holomorphic foliation F of M of complex codimension k, or complex dimension
m — k, is a maximal holomorphic atlas

{(U;,¢)) | 65: Uy — 6;(U;) € C™7F x CM,
such that the transition maps
¢j0 07 ¢i(U;NU) — 6;(U; N ;)
are of the form
(z,y) — (gij(x,y),hij(y)), reUCC™* yeV CCk, (1.1)
with g;;, h;; holomorphic maps.
We shall call (U, ¢;) a chart of the foliation F. We shall often denote a

chart of a foliation simply by U; if we are interested only on the open set U; and
not on the map ¢;.

I Dipartimento di Matematica, Universita degli Studi di Pisa, Largo Pontecorvo 5, 56127, Pisa,
Italy. e-mail: nisoli@mail.dm.unipi.it



10 1 Holomorphic foliations and holonomy

Definition 1.1.2. Let F be a codimension k holomorphic foliation of the m-
dimensional complex manifold M. Let (U, ¢) be a chart of the foliation. A plaque
of the foliation is a set of the form ¢~!(V x {c}) where V is an open set in C™*
and c is in CF.

Let F be a foliation on a complex manifold M, let U and U be two charts of
F, such that U N U is not empty, and let P be a plaque in U and P a plaque in
U. Either these two plaques coincide on the intersection of U and U or they have
empty intersection. We define an equivalence relation saying that two points are
equivalent under F if there exists a finite sequence Fy, ..., P, of plaques of F such
that pe Py, g€ P, and BN Py #Dfori=0,...,n— 1.

Definition 1.1.3. Let F be a codimension k holomorphic foliation of the m-
dimensional complex manifold M. The leaves of F are the equivalence classes of
the points of M with respect to the equivalence relation above.

In this section we restrict ourselves to the case of complex dimension 2, so when
we write foliation we mean a holomorphic foliation of complex dimension 1 of M.

Intuitively, a foliation is a partition of a manifold into submanifolds of con-
stant dimension. This is a known phenomenon in geometry; let us introduce some
standard results and definitions, and describe several examples.

Suppose that on an open set U we have a holomorphic submersion f: U — C.
Then we have the following result, whose proof can be found in [FG02, Chapter
IV, Section 1, Theorem 1.16].

Theorem 1.1.4 (Holomorphic submersion theorem). Let M be a complex
manifold of complex dimension 2, U C M a domain in M, and f: U — C a holo-
morphic submersion. Then for every point p € U there exist an open neighborhood
U, of p, an open neighborhood W of f(p), an open domain V" C C and a holomor-
phic map g: U, — V such that ¢ — (9(q), f(q)) defines a biholomorphism from U,
to an open subset of V- x W.

Example 1.1.5. Let U be an open set of a complex 2-manifold M, and f: U — C
a holomorphic submersion; then thanks to Theorem [I.1.4] for every point p € U we
have a biholomorphism ¢ := (g, f), with inverse h, between a suitable neighborhood
U, of p and the product of two open subsets V' x W C C x C (up to shrinking
neighborhoods in Theorem , we can suppose that the image of (g, f) is a
product of two suitable open sets in C). We have then that if ¢ is different from ¢’
the images of h(V x {c}) and h(V x {c'}) are disjoint. So, the level sets of f are
a partition of U into subsets of codimension 1.

We state now the theorem on the existence and uniqueness of the solution of
holomorphic differential equations (see [IY08, Theorem 1.1]).
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Theorem 1.1.6. Let U C C x C™ be an open domain, and F(t,z): U — C" a
holomorphic map. Let us consider the holomorphic differential equation

dx
i F(t,z), (1.2)

and a given point (to,xo) € U. Then there exists a sufficiently small polydisk
D2 = {|t —to| < &, |z; — x| <&, =1,...,n} C U, such that solution of (1.2)),
with initial value x(ty) = o, exists and is unique in this polydisk.

This solution depends holomorphically on the initial value xo € C™ and on any
additional parameters, provided that the vector function F depends holomorphically
on these parameters.

Example 1.1.7. Suppose we have a non-vanishing holomorphic 1-form w defined
on an open subset U of a complex surface M. We say that a (complex) curve =
defined from a subset V' of C in U is tangent to w if v*w = 0. If w is defined in
coordinates by w = f(z,y)dx + g(x,y)dy these curves can be found by solving the
differential equation

d2(2)

f(1(2),72(2)) dv;iz) + g(’yl(z),ny(z))T = 0.

Theorem implies that, since w is non-vanishing, the images of two tangent
curves either are disjoint or coincide. Thus w defines a partition of U in subsets of
codimension 1.

Definition 1.1.8. Let M be a complex manifold, U C M an open domain of M,
and X a holomorphic vector field on U. A complex integral curve for X is a
holomorphic curve 6: D — U, with 0 € D C C an open domain, such that

0'(t) = db, <d%) = X0 (1.3)

for every t € D.

A complex flow associated to X is a holomorphic map ©: D — M, where
D C C x U is an open neighborhood of {0} x U and 6,(t) := O(t, p) is a complex
integral curve for X, with 6,(0) = p for every p € U. We shall also denote by
0'(p) := O(t, p) the flow map at time ¢.

Remark 1.1.9. Complex flows exist, thanks to Theorem [I.1.6] and the “maxi-
mal” complex flow associated to a holomorphic vector field is essentially unique.
Moreover, directly from (L.3)), it follows that 6°(6"(p)) = 6"7*(p) (whenever both
members are defined), and hence (6")7!(p) = 6~%(p). In particular, up to shrink-
ing U, we can suppose that the complex flow associated to X is defined on a
neighborhood of D, x U, with D, C C the disk of radius ¢ > 0, and hence 6
are biholomorphisms from U to 6*(U) for every ¢t € D.. See [[Y0S8, Section 1] for
further details.
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Example 1.1.10. Suppose we have a non-vanishing holomorphic vector field X
defined on an open subset U of a complex surface M. Let © be the complex flow
associated to X. Then we can consider the integral curves 6, for every p € U. Since
X is non-vanishing, the integral curves ¢, are embeddings; moreover if two integral
curves 6, and 6, have non-empty intersection for two points p,q € U, then there
exist points s, ¢ in C such that 6'(p) = 6°(q), or equivalently ¢ = (6°)~(0*(p)) =
0'=#(p). It follows that we have a partition of U into subsets of dimension 1.

In some way all these partitions seem related. Is there any connection with
foliations? Is there any connection between them? We shall now prove some
lemmas that show how they are related to each other. The first one connects
holomorphic submersions with foliations.

Lemma 1.1.11. Let F be a foliation of the complex surface M given by an atlas
{(U;, #:)}, and let mo: C* — C be the projection on the second coordinate. Set f; =
mao@;; then the f;: U; — C are holomorphic submersions, and for every non-empty
intersection U; N U; there exists a biholomorphism hij: f;(U; N U;) — f;(U; NU;)
such that

fi(p) = hi (fz(p)) (1.4)

on U; NU;.

Conversely, given an open covering {U;} of M, a family of holomorphic sub-
mersions f;: Uy — C, and biholomorphisms hyj: fi(U;NU;) — f;(U;NU;) satisfying
whenever U; NU; # 0, then up to refining the covering it exists a foliation F
with atlas {(U;, ¢;)} such that f; = w50 ¢;.

Proof. Assume we have a foliation F given by an atlas {(U;, ¢;)}. Since ¢; is a
chart, then obviously f; is a submersion. Moreover the holomorphic map h;; of
equation satisfies .

Conversely, we have by Theorem that for each p € U, there exists a
neighborhood U; , € U; such that ¢;, := (gip, filv,,) is a biholomorphism between
U;, and an open subset V' x W of C2. Refining our cover {U;} to the cover {U;,}
we have an atlas {(U;p, ¢ip)} of M. We want to show that this atlas defines a
holomorphic foliation; we only have to show that holds for every couple of
charts.

Let us consider two charts (U; p, ¢ip) and (U 4, ¢j.q), with U;, N U, , # 0; let us

take z € U;, NUjq, and (z,y) = ¢; 1 (2), i.e., © = g;4(2) and y = fi(z). Then

¢j,q © ¢;;($, y> - ¢j7(1(2) = (gj,q(z), f]('z)) = <gj,q(2)> hij (fl(Z)))
= (970 © Gin(®, 1), hij(v)),

and we are done. O
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Now we shall prove a lemma that connects non-vanishing holomorphic 1-forms
and holomorphic submersions.

Lemma 1.1.12. Let M be a complex surface, {U;} an open covering of M, f;: U; —
C holomorphic submersions, and h;;: f;(U;NU;) — f;(U; N U;) biholomorphisms
satisfying whenever U; NU; # (. Then up to refining the covering there exist
a collection of non-vanishing holomorphic 1-forms w; € QY(U;) such that the level
sets of f; are tangent curves to w;, and for every non-empty intersection U; N Uj;,
then w; and w; differ on U; NU; by multiplication by a non-vanishing holomorphic
function.

Proof. The necessity of a refinement comes, as in Lemma [[.1.11], from Theorem
[1.1.4l Asshowed in Lemmal[Il.1.11] without loss of generality we can assume to have
an atlas {U;} such that on each U; Theorem gives rise to a biholomorphism
(gi, [3) between U; and V; x W; in C%. If we call h the inverse of (g;, f;) we have
that the level sets of f; are given by maps h.(z) := h(z,¢) from V; to M. So
fi(he(z))) = c. Differentiating both sides of this equation we get

Ohe(z)
) = ar (o)
Since f; is a submersion, the differential df; is of maximal rank, and then it defines
a non-vanishing holomorphic 1-form. So, on each U; there exists a non-vanishing
holomorphic 1-form w; = df; whose tangent curves are the level sets of f;. By
assumption, we have that f; = h;; o f; on U; N U;. So

Ohij Oh;;
wj = dfj = ( 8; °© fi) dfi = < a; ° fi) Wi,

and w; and w; differ by multiplication by the holomorphic function 8;; o f; on

U; NUj;, that is non-vanishing since h;; is a biholomorphism. O

Now we shall see the correspondence between non-vanishing holomorphic 1-
forms and non-vanishing holomorphic vector fields.

Lemma 1.1.13. Let M be a complex surface and {U;} an atlas for M. Let us
consider collections {w;} and {X;}, with w; a non-vanishing holomorphic 1-form,
and X; a non-vanishing holomorphic vector field, both defined on U;, and such that
if U; NUj is not empty then w; and w; (X; and X; respectively) differ on U; N U;
by multiplication by a non-vanishing holomorphic function.

Then, given such a collection of one of those two kinds, there exists a collection
of the other kind such that the tangent curves to w; coincide with the integral curves
of X; for every i.



14 1 Holomorphic foliations and holonomy

Proof. Let us fix the index ¢, and set U = U;. Let w and X be respectively a
non-vanishing holomorphic 1-form and a non-vanishing holomorphic vector field
on U; we can write them in coordinates as

0 0

If v = (71,72) is a tangent curve to w, then

f(r(2) dﬁgiz) +9(7(2)) dv;iz) =0.

This happens if and only if, up to a reparametrization of ~,

dy(z) [ —g(v(2))
e _< e ) (1.5)

On the other hand, ~ is a integral curve of X if and only if

le—(;) _ ( a(7(2)) ) . (1.6)

Equations ([1.5) and (1.6 are holomorphic differential equations, as in (1.2,

with F(z,7) = (—g(%), f(7)) and F(z,v) = (a(v),b(y)) respectively: thanks to
Theorem there exists local solutions, that coincide for uniqueness if (—g, f) =
(a,b).

This correspondence shows also that if we have two open sets of the covering
U; and U; with non-empty intersection, and two holomorphic 1-forms w; and w;
that differ by multiplication by a non-vanishing holomorphic function, then the
corresponding holomorphic vector fields X; and X; differ by multiplication by the
same non-vanishing holomorphic funtion, and viceversa. O

Finally, let us see how holomophic vector fields give rise to foliations.

Lemma 1.1.14. Let M be a complex surface, {U;} a covering of M and {X;}
a collection of non-vanishing holomorphic vector fields defined on U;, such that
if U; N U; is not empty then X; and X; differ on U; NU; by multiplication by a
non-vanishing holomorphic function. Then, up to refining the covering of M, there
exist holomorphic charts ¢;: U; — C? such that {(U;, ¢;)} defines a foliation F on
M and the leaves of F restricted to every U; are the integral curves for X;.

Proof. Let {U;} and {X;} be as in the hypotheses (we can suppose that U; are
charts for M, up to refining the covering). Then for every i, let us consider the
complex flow ©; associated to X;; furthermore, for every p € U;, let us consider a
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holomorphic embedding 7: Ds — U; such that 7(0) = p and 7 is transverse to X,

ie., dr, (d%) and X, are linearly independent (here Ds denotes the open disk of
radius § in C). Set

Gi,p,75 D, x Dy — Ui’pﬂ— cM
(t,2) = ©i(t, 7(2)),

where U, . simply denotes the image of ©,,,. Up to choosing ¢ and § small
enough, we can suppose that U;,  C U;.
First of all, let us see that ©; ), - is a biholomorphism. Since

(d@i,p,f) = (d©;), o (id; xdr,)

t,z) (t,7(2))

we get
0 0
(dOipr) s (a) = (dO:)(1.+(2) (a) = Xo,(t,7(2))> (1.7)

0O (2) = 6 (i () = @0, (2 (£)) 9

where 0%(q) := ©;(t,q). Then and are linearly independent because 6! is
a biholomorphism (see Remark [1.1.9)), and thanks to the transversality condition.
Then define ¢;,: U;p . — ]D) X ]D)(; as the inverse of ©,,,. Let us now show
that {(U .+, ¢ipr)} defines a foliation; then the leaves of this foliation would be
integral curves for X; in every U; for construction.
So let us consider a general transition map ¢; g, © ¢! on the intersection of

’Lp’T

the two domains U4, NU;,, =: U. Let us first suppose ¢ = j. If x € U then
u=0jpr(t 2) = Oigq(s,w).

If we set
(Tr0(2), Aro(2)) = bigo © Bip, (0, 2),

then we have

(s,w) = ¢igo© ¢7,p7(t z) = (t + 110 (2), Am(z)),

that is of the form (1.1J).

Let us now suppose that ¢ # j, but p = ¢ and 7 = ¢. Since X, and X differ by
multiplication by a non-vanishing holomorphic function, the images of the integral
curves of X; and X; starting at the same point coincide; it follows that the second
coordinate of the transition map in this case is the identity (in the z coordinate),
and hence of the form ([1.1)).

The general case is obtained by composing the previous two cases, and we are
done. O]
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Summing up we have obtained the following

Theorem 1.1.15. A (regular) holomorphic foliation on a complex surface can be
equivalently be described by:

(a) a collection of pairs (U;,w;) where w; is a non-vanishing holomorphic 1-form
on U;, and such that of U; N U; is not empty then w; and w; differ on U; N U;
by multiplication by a non-vanishing holomorphic function;

(b) a collection of pairs (U;, X;) where X; is a non-vanishing holomorphic vector
field on U;, and such that if U; NU; is not empty then X; and X; differ on
U; N U; by multiplication by a non-vanishing holomorphic function;

(¢) a collection of pairs (U;, f;) where f;: U; — C is a holomorphic submersion
and there exists a collection of biholomorphisms hj: f;(U;NU;) — f;(U;NU;)
such that on U; N U; we have f; = h;j o f;.

We conclude this section with a small digression on the tangent bundle of a
foliation, and the Cech cohomology.

Definition 1.1.16. Let M be a complex surface and F the regular holomorphic
foliation on M. Let {(U;,w;)} and {U;, X;} collections of holomorphic 1-forms and
holomorphic vector fields respectively, associated to F as in Theorem [I.1.15] Then
the tangent bundle of the foliation F is the sub-bundle of the tangent bundle
TM given by Kerw; (or equivalently by Span(X;)).

Remark 1.1.17. Suppose we are in the same setting as in the latter definition,
and denote by g¢;;: U;NU; — C the non-vanishing holomorphic functions such that

wj = gijwi-
Suppose now we have the intersection of three of such open sets U;NU;NU; # 0,
and we look at the function v;;; = ¢;;9;19i; defined on this intersection. It is

an easy computation to prove that v,z = 1 on U; N U; N U;. So the collection
{Uij, gi;} is what is called a representative of a cocycle in Cech cohomology.
Cech cohomology is an important tool in geometry, for an exposition we refer to
[GHTS8, Chapter 0, Section 3]. In particular {U;;, g;;} is an element of H'(M, O*).
Each cocycle in this cohomology group is a complex line bundle on M. It is an
easy check that this cocycle is the tangent bundle of the foliation F we defined
above.

1.2 Singular foliations

Definition 1.2.1. Let M be a complex manifold of dimension m. A singular
holomorphic foliation of dimension &k (codimension m — k) is a pair F = (F', %)



1.2 Singular foliations 17

where ¥ is a proper analytic (non-empty) subset of M and F' is a regular holomor-
phic foliation on M \ ¥. The set X is called the singular set of F. The foliation
is called saturated if it cannot be extended to any point of the singular locus. A
leaf (resp., a plaque) for F is a leaf (resp., a plaque) of the regular foliation F.

The main question of this section is to understand whether there exist equiva-
lent definitions of singular foliations, like the ones we found for regular foliations.

From now on, in this section, we shall focus on complex dimension 2.

The natural way to extend Example [1.1.7] and Example [1.1.10] is to toss the
non-vanishing request for the holomorphic 1-form or for the holomorphic vector
field respectively.

Definition 1.2.2. Let U be an open domain in a complex surface M. A point
p € U is a singular point of a holomorphic 1-form w if w, = 0. We shall call
singular set, or singular locus, of w the set of all singular points of w.

Analogously, p € U is a singular point of a holomorphic vector field X if
X, = 0. We shall call singular set, or singular locus, of X the set of all singular
points of X.

Let us show how a collection of holomorphic 1-forms (with singularities) gives
rise to a singular holomorphic foliation.

Lemma 1.2.3. Let M be a complex surface, and {U;} an atlas for M. Let {w;} be
a collection of not identically zero holomorphic 1-forms, with w; defined on U;, and
such that if U;NU; is not empty then w; and w; differ on U;NU; by multiplication by
a non-vanishing holomorphic function. Then there ezists a (singular) holomorphic

foliation F such that the tangent curves to w; outside the singular locus are (subsets
of ) leaves for F.

Proof. Let ¥ be the union of the singular sets of the w;: since two such 1-forms w;
and w; differ by multiplication by a non-vanishing function on U;NUj, their singular
sets coincide in this intersection. Outside ¥ Theorem holds, so we obtain a
holomorphic foliation outside 3, and hence a singular holomorphic foliation. [

Let us see now how the correspondence we saw in Lemmal|l.1.13|can be extended
to the non-vanishing case.

Lemma 1.2.4. Let M be a complex surface and {U;} an atlas for M. Let us
consider collections {w;} and {X;}, with w; a not identically zero holomorphic 1-
form, and X; a not identically zero holomorphic vector field, both defined on Uj,
and such that if U;NU; is not empty then w; and w; (X; and X; respectively) differ
on U; NU; by multiplication by a non-vanishing holomorphic function.
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Then, given such a collection of one of those two kinds, there exists a collection
of the other kind such that the tangent curves to w; coincide with the integral curves
of X; for every 1.

Proof. The proof of this lemma is perfectly analogous to the proof of Lemma

INNE] O

Thanks to the correspondence in Lemma |1.2.4] and to Lemma |[1.2.3] we obtain
the next corollary (it can be also proved directly as in Lemma [1.2.3)).

Corollary 1.2.5. Let M be a complex surface, and {U;} an atlas for M. Let {X;}
be a collection of not identically zero holomorphic vector fields, with X; defined
on U, and such that iof U; NU; is not empty then X, and X; differ on U; N U;
by multiplication by a non-vanishing holomorphic function. Then there exists a
(singular) holomorphic foliation F such that the integral curves for X; outside the
singular locus are (subsets of ) leaves for F.

Remark 1.2.6. The correspondence stated in Lemmal|l.2.4| gives a correspondence
between singular sets of a collection of holomorphic 1-forms and a collection of
holomorphic vector fields.

In particular, pick a coordinate neighborhood U of M, a holomorphic 1-form w
and the corrisponding holomorphic vector field X, locally defined as

0 0
w:f(l‘vy)dx+g(mvy)dy7 X:a(x7y)%+b(xay)a_ya
with the correspondence (a,b) = (—g, f). Then the singular loci for X and for w

coincide.

The main difference from the regular case is that not every singular foliation
is given by a collection of (singular) holomorphic vector fields (or holomorphic
1-forms), as the following example shows.

Example 1.2.7. Let us consider the holomorphic 1-form on M’ = C?\ {z = 0}

defined by

0 1 0

X =—+er—.

ox dy
Since X is a non-vanishing holomorphic vector field in M’ it defines a regular holo-
morphic foliation F” in M’ (see Theorem|[1.1.15)), and hence a singular holomorphic
foliation on C?, with singular set 3 = {z = 0}. Since z = 0 is a essencial singular-
ity for e'/®, for almost every ¢ € C the vector field X assumes the value % + ca%
infinitely many times in every open neighborhood of a point (0,y). In particular
F' cannot be locally defined by a holomorphic vector field in a neighborhood of a

point (0, y).
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Remark 1.2.8. The foliation defined on Example has another peculiarity:
it is saturated, and in particular it cannot be extended to another foliation with
singular set of codimension greater than or equal to 2 (i.e. in this case, made by
isolated points).

This is not a coincidence: we shall see that if a singular holomorphic foliation is
defined by a collection of singular holomorphic vector fields (as in Corollary ,
then it can be extended to a saturated foliation with singular set of codimension
2 (Theorem , and conversely, if F is a singular holomorphic foliation with
singular set of codimension 2, then it arises from a collection of holomorphic vector
fields with (isolated) singularities (Theorem [1.2.12).

Theorem 1.2.9. Let M be a complex surface, U a coordinate neighborhood in M,
and X a holomorphic vector field on U, with singular set X. Let F be the singular
holomorphic foliation that arises from X as in Corollary[1.2.5. Then we can find
a singular holomorphic foliation F', with singular set X' C X of codimension at
least 2, whose leaves coincide with those of F outside 3.

Proof. The thesis is trivial if ¥ has already codimension greater than or equal to
2. Let us suppose then that > has codimension 1. Up to composing by charts, we
can suppose U to be an open domain in C2. Let us now consider a smooth point
p € 3 (singular points in 3 are already an analitic subset of codimension greater
than or equal to 2). Then in a sufficiently small neighborhood U, of p, the singular
set X is given by the zero locus of a suitable holomorphic function h: U, — C,
ie., XNU, ={h = 0}. Since p is a smooth point for ¥, h is irreducible. In U,
choosing local coordinates (z,y) in p, we can write the vector field as

0 0

X =h"A — +h"B —

(z,y) (@,9) 5+ (ar,y)ay,

with b JA,B. Set k := min{m,n}. Then X(z,y) = h*X'(z,y), and X’ is a
holomorphic vector field in U with only isolated zeros, such that the integral curves
for X’ coincide with those of X in U, \ {h = 0} (since there X and X’ differ by
multiplication by k¥, a non-vanishing holomorphic function). O

To prove Theorem [1.2.12] we need Hartogs’ Theorem and Cartan’s Theorem,
whose proofs can be found on [GHT78, Chapter 0, Section 1, Hartog’s Theorem]
and [GR65, Theorem VIII.A.13] respectively.

Theorem 1.2.10 (Hartogs’ Theorem). Let U be a polydisk in C* of radius r:
U =D2 Let VCCU be a polydisk of radius r' < r. Then any holomorphic function
in a neighborhood of U\ 'V extends to a holomorphic function on U.

As a easy corollary we get that in C? a holomorphic function defined on the
complement of a point in an open subset extends to a holomorphic function on all
the subset.
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Theorem 1.2.11 (Cartan’s Theorem). In a neighborhood of a ball in C™ with
n > 2 any meromorphic function is the quotient of two holomorphic functions A
and B such that the intersection of their zero loci has no component of positive
dimension.

Theorem 1.2.12. Let U be an open neighborhood of 0 in C2. Let F be a satu-
rated singular holomorphic foliation on U with singular set ¥ = {0}. Then, up to
shrinking U, there exists a holomorphic vector field X in U, singular at 0, such
that the integral curves of X outside {0} coincide with the leaves of F.

Proof. Let f: U\ {0} — CP! be the function that to each point p in U \ {0} asso-
ciates the tangent line to the leaf of the foliation passing through p. This function is
holomorphic, due to the holomorphicity of the foliation outside the singular point.
This function cannot be constant, since being it constant the foliation would be
trivially extended to 0. Using the representation of CP!' as C U {oco} we can think
of f as a meromorphic function on U \ {0}. By Theorem [L.2.11] restricting the
neighborhood, we can represent f(z,y) as the ratio of two holomorphic functions
p(z,y) and g(z,y), relatively prime. By Theorem we can extend p and ¢ to
the whole of U. The holomorphic vector field

0 0
X(z,y) = Q(x,y)% + p(, y)a—y

is such that its integral curves are leaves of the given foliation. If it was non-
vanishing in 0 then we could extend the foliation in 0 by Theorem [1.1.15| contra-
dicting the hypothesis. O

Then, for singular holomorphic foliations with singular set of codimension 2,
we obtain this result, an analogue of Theorem [1.1.15]

Theorem 1.2.13. A singular holomorphic foliation on a complex surface, with
singular set of codimension 2 (i.e., made by isolated points) can be equivalently be
described by:

(a) a collection of pairs (Us;,w;) where w; is a holomorphic 1-form on U; with sin-
gular locus made by isolated points, so that there exists a collection of non-
vanishing functions g;; such that we have w; = g;;w; on U; N Uj;

(b) a collection of pairs (U;, X;) where X; is a holomorphic vector field on U; with
singular locus made by isolated points, so that there exists a collection of non-
vanishing functions g;; such that we have X; = g;; X; on U; N Uj.

In the following chapters, by a (singular) holomorphic foliation we shall
mean a singular holomorphic foliation on a complex surface, of complex dimension
(and codimension) 1, and with isolated singular points.



1.3 Holonomy of a foliation 21

1.3 Holonomy of a foliation

Let M be a complex manifold of complex dimension m and let F be a codimension
k holomorphic foliation (possibly with singularities). If F is a leaf of F, and v C F
a path in this leaf, we shall introduce in this section the holonomy of F along the
path v. When the foliation is given by a holomorphic vector field X, we shall see
that the holonomy will be striclty correlated to the flow of X; as a matter of fact
the holonomy is a sort of replacement for the flow of a vector field, when considered
as the foliation it defines, that is when the parametrization is ignored.

Definition 1.3.1. Let M be a complex manifold of complex dimension m, F a
regular holomorphic foliation of codimension k£ on an open set U C M, F a leaf
of F and p € F a point. A (parametrized) transverse section of the leaf
F at p is a holomorphic map 7: (C*,0) — (U, p) transverse to F, i.e., such that
T,U = dro(TyCF) & T, F. We shall call the image of 7 a transverse section of F
at p.

With an abuse of notation, we shall often denote by T, or by (7,p), the trans-
verse section associated to a parametrized transverse section T at p.

Remark 1.3.2. Let us consider a chart (U, ¢) of the foliation F. Then in these
local coordinates, the plaques are of the form F, = ¢~(V x {c}), with V a suitable
open set in C™*. Let 7, be a transverse section at a point p = ¢~*(z¢,c). Then
we have that

¢o1y(w) = (gp(w), hp(“’))’
with det d(hy)o # 0 (and (g,(0), h,(0)) = (20, ¢)); in particular h, is invertible near
h,(0) = c.

Suppose now we have two points p = ¢~1(zg,c), ¢ = ¢ (yo,c) on the same
plaque F., and two transverse sections 7, = ¢~ o (g,, h,) and 7, = ¢~ 0 (g,, hy) at
p and ¢ respectively.

Since h, and h, are invertible at h,(0) = hy(0) = ¢, the map A, . : (7,,p) —
(74, q) given by

A (w) =140 h;l o hyo TP_I(U)) (1.9)
is a well-defined biholomorphism (near p).
This germ does not depend on the parametrizations chosen. Suppose we have

another transverse section 7, such that 7, = 7, o ¢, with 1, a biholomorphism of
(C*,0). Then, if we set )
¢ o7 = (Gp: hp),
we have ¢ o7, = ¢ 0 7, 0 9,, and hence h, = ilp o1y, and h, 07;1 = ﬁp o %p*l,
Moreover A, - does not depend on the chart of the foliation chosen. Indeed,
let (Uy, ¢1) and (Us, ¢2) be two charts of F, and p, ¢ two points in the same leaf of
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F, and in the same connected component of the intersection of domains Uy N Uj.
If we write the transverse sections using (Uj, ¢,) as local coordinates, we have

¢j o Tp(w) = (gm(w)a hyp.j (w))> ¢j o Te(w) = (gq,j (w), hy,; (w))

Denote by 7, the canonical projection C™~* x C* — CF; then thanks to (1.1)), we
have that there exists a biholomorphism A such that

7T20¢2o¢1_1:ho7r2.
Then
hpa =Ta0¢p0T, =m0 gpod; opiom, =homod o, =hohy,
and the same for the point ¢. It follows that

9 1 -1 _ -1 -1 1 _ Al
AL . =Tg0hgs0hpso0T, =T40h, ;oh” ohohy 107, =AL .

If we have another point r € F,., and a transverse section 7, at r, then we have
A=A oA L. (1.10)

Indeed, write 7, in local coordinates: ¢ o 7. = (g,, h,). Then we have

1 1

oTroh;lohpoT_

— -1 -1 _
, =Tgoh, ohyor, " =A, .

_ -1 -
A 0Ar  =T40h, oh,oT, P

Definition 1.3.3. Let M be a complex manifold of complex dimension m, F a
regular holomorphic foliation of codimension k on M, (U, ¢) a chart of the foliation
F, and I a plaque. Given two points p and ¢ in F', and two transverse sections 7,
7, in p and ¢ respectively, the map A, - : (7,,p) — (74, ¢) defined as in Remark
by is called the correspondence map between 7, and 7.

Remark 1.3.4. We have already seen transverse sections and correspondence
maps on the proof of Lemma (the notations in that proof are coherent with
the one we are using here): you can see there the connection between correspon-
dence maps of a foliation given by a holomorphic vector field and its holomorphic
flow.

Let us consider now a fixed leaf F' of our foliation JF, two points p,q € F', and
choose a path ~: [0,1] — F with 4(0) = p and (1) = ¢. Since the image of
in F'is compact we can find a finite cover {Uy}r=1, . of ([0, 1]) by charts of F.
Choose 0 =ty < t; < --- < t;_; < t; = 1 such that y([t;,t;+1]) C Uy for some k,
for every j =0,...,1 — 1, and set p; = y(¢;).

Let 7; be a transverse section at p; for every j = 0,...,l. Since p; and pj;4
belongs to some chart U, of the foliation, and the correspondence map does not
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depend on the chart chosen (see Remark [1.3.2)), the correspondence maps A
are well-defined for each j = 0,...,] — 1. Their composition

Tj+1

l
= O A7’l—jaTl—j+1 = ATl—laTl ©---0 A’Fo,ﬁ (1‘11)

is a biholomorphism between (79, p) and (7, q).

Remark 1.3.5. The map A, defined as in does not depend either on the
covering {U,}, or on the intermediate points p; and transverse sections 7; (with
j=1,--,1—1).

It does not depend on the covering since we have already seen that correspon-
dence maps do not. Suppose then that we have another partition 0 = sq < 51 <

- < 8y, = 1 such that y([s;, s;+1]) C Uy for some k, for every j = 0,...m — 1,
set ¢j = (s;), and let oy, ..., 0, be transverse sections at qo, ..., g, respectively
(with 09 =10 =7, and 0, = 7, = 7).

Up to refining these partitions (taking all ¢; and s; for both of them), we can
suppose that m = [ and s; = ¢; for all j = 0,...,[; the composition A, does not
change up to refining, thanks to (1.10)).

Moreover, thanks to again, if we set A, , = 0; (and hence A, -, = 9;1),
we have that

A

1
TjsTj+1 =0 j+1© AO%UJ-H © 93"

It follows that

l
q ATl—jle*j+1 O el ]+1 Uz 50141 © el*j
J:

l

I
—

I
=

(A 00— 00,

) o AO’O,O‘1 o 00

O1—5,01—j+1

I
—_

J

0" o (A o t. (1.12)

Ul*j’gl*jJrl)

O-

Il
—

J

Since 19 = 0 and 7; = oy, then 6y = id and ¢; = id, and A, does not depend
on the choices we made.

Definition 1.3.6. Let M be a complex manifold of complex dimension m, F a
holomorphic foliation of codimension k, F' a leaf of F, and ~v: [0,1] — F a path.
Consider two transverse sections 7, and 7, at p = v(0) and ¢ = (1) respectively.
The map A, defined by , computed with respect to 7, and 7, is called the
holonomy map associated to v (with respect to 7, and 7).

Remark 1.3.7. If we allow the transverse sections at the endpoints p and ¢ to
change, say from 7, 7, to 0,, 0,4, then, denoting by A’ the holonomy of v computed
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with respect to 7, and 7, and by AZ the one computed with respect to o, and oy,
with computations as in (|1.12]), we get

Al = 9;1 o A7 o0,

with 0, = A, , and 0, = A, ;. .

When 7 is a loop, i.e., p = ¢, it is natural to choose the same transverse section
at 7o and 7y;; in this case ¢, = 0, and the two holonomies are conjugated.

Theorem 1.3.8. Let M be a complex manifold of complex dimension m, F a
holomorphic foliation of codimension k and F' a leaf of F. Let us consider two
points p,q € F and two transverse sections 1, and 7, at p and q respectively. If
Yo and vy, are two homotopic paths from p to q in F, then A,y = A,,, where the
holonomies are computed with respect to 7, and 7,.

Proof. Set I = [0,1], and let I': I x I — F be an homotopy from ~, to 71, i.e.,
[(s,) = v for s = 0,1, and, if we denote ~,(t) = I'(s,t), then v4(0) = p and
vs(1) = ¢ for every s € I. Let {Uy} with k =1,...,1 be a finite cover of I'({ x I),
made by charts of the foliation. Pick 0 =55 < s1 < -+ < 5,1 <s,=1and 0 =
to <t1 <--+ <ty_1 <t, =1 partitions of I such that I'([s;, s;41] X [t;,t;11]) C Uy

for some k, for every i =0,...,u—1and j=0,...,v— 1.

For every ¢ = 0,...,u and j = 0,...,v, fix transverse sections 7;; at p;; =
['(si,t;), such that 7,0 = 7, and 7, = 7, for every i. Then we can compute the
holonomy along ~y,, with respect to the transverse sections 7;; with j = 0,...,v,
ie.,

v
A'Ysi - qéi,’v—j7
j=

where 0;; = Ar, 70
For our choices of s; and ¢;, we also have that the correspondence map 0; ; :=
igmip1,; 18 well-defined for every ¢ = 0,...u — 1 and for every j = 0,...,v, with

tio=A, , =idand 0;, = A, ; =id for every : =0,...,u — 1, and

-1

Oit1,j = bijy1 0055 00;;
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forevery i =0,...,u—1and 7 =0,...,v— 1. Then
A'Ysz‘ﬂ - O 5”1’“*]'
7=1

v
— —1
= Obivjr100i0-5 00,

<

S
|
—

I
S

-1 -1
i © O (0i0-5 007,50 050-5) ©ip 0074
1

<.
Il

O-

Il
—

= Hi,v o

(0i,0—5) © ;0

J

=A

Vsi?
fori=0,...,u—1, and we are done. ]
Thanks to Theorem [1.3.8] we can give the next definitions.

Definition 1.3.9. Let M be a complex manifold of complex dimension m, F
a holomorphic foliation of codimension k, F' a leaf of F, p a point in F and
v:[0,1] = F aloop. Then the conjugacy class of the holonomy A, is called the
holonomy of the class [y] € m(F,p), and denoted by Ap,;. The set

Hol(F,p) = {Ap | [y] € m(F,p)}

is called the holonomy group of F' based at p.

If 7 is a transverse section at p, then the set Hol(F, p, 7) of the holonomy maps
associated with the loops in F' based at p, computed with respect to 7, is called
the holonomy group of F' based at p with respect to 7.

Corollary 1.3.10. Let F be a holomorphic foliation on a complex manifold M, F
a leaf of F, and p a point in F. Let m(F,p) be the fundamental group of F with
base point p. The map which associates to [y] € m(F,p) the conjugacy class of its
holonomy map A, is an antthomomorphism of groups (i.e., is an homomorphism,
but with the multiplication reversed,).

Proof. Suppose we have v, € m(F,p). By Theorem [1.3.8, the holonomy map
depends only on the homotopy class of the curve, and by definition A,.53 = AgoA,,
where with - we denoted the operation in the homotopy group m (F,p). O

Remark 1.3.11. In the same setting as Corollary[1.3.10] given a transverse section
7 at p, then the map which associates to [y] € m(F,p) the holonomy map A, €
Hol(F, p, 7), computed with respect to a transverse section 7 in p, is well-defined,

thanks to Theorem and Remark [1.3.5) and an antihomomorphism (it can be
proved exactly as Corollary [1.3.10)).
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Corollary 1.3.12. Let F be a holomorphic foliation on a complex manifold M
and F a leaf of F. Then for any py,p1 € F' the holonomy groups Hol(F, py) and
Hol(F, py) are conjugated.

Proof. Let v be a path connecting py and p; in F' (leaves of a foliation are pathwise-
connected), and let A, be the corresponding holonomy map. Consider the isomor-
phism v*: m(F,p1) — 7 (F,po) induced by v on the fundamental groups, i.e.,

given by v*[o| = [y - 0 - v7!]. Thanks to Corollary [1.3.10, we have
Do) = Bpron1) = A 0 A 0 Apy),

voyT
Hence Ap, defines the conjugation between Hol(F,py) and Hol(F, p;). ]

Since the holonomy group of a leaf F' based at a point p is a set of conjugacy
classes, thanks to Corollary [1.3.12| Hol(F, p) does not depend on the base point p.

Thus we can give the next definition.

Definition 1.3.13. Let F be a holomorphic foliation on a complex manifold M,
and F' a leaf of . Then we call holonomy group of F' the group Hol ' =
Hol(F, p), where p is an arbitrary point in F'.

Remark 1.3.14. Let F be a foliation of a manifold M, F a leaf of F and p a
point of F. The holonomy group Hol(F,p) defines a local action of 71 (F,p) on 7,
a transverse section in p, by setting

] -w = Ay (w).

1.4 Conjugated holonomies and consequences

In the previous sections we have studied foliations in complex manifolds, but foli-
ations can be studied even in a less regular contest. In particular we can give an
analogous definition for a (regular) C" foliation F on a smooth (real) manifold
M as in Definition [I.1.1], just replacing “complex manifold” with “smooth mani-
fold”, “holomorhic” with “C"”, “biholomorphism” with “C" diffeomorphism” and
C with R when you deal with local coordinates and transition maps. All we have
seen in the last section for regular holomorphic foliations can be generalized to
C" foliations: we shall not give explicit definitions since they are analogous to the
holomorphic case.

Definition 1.4.1. Let (M, F),(M’, F') be two codimension k& C" foliations (resp.,
holomorphic foliations) of two smooth manifolds (resp., complex manifolds) M
and M’ respectively. Let F' and F’ be leaves of F and F’ respectively, p € I’ and
p' € F' two points. We say that the holonomy groups Hol(F') and Hol(F") of F



1.4 Conjugated holonomies and consequences 27

and F’ are C" conjugated (resp., holomorphically conjugated) if there exist
transverse sections 7 at p and 7’ at p’ and a homeomorphism ¢: FU7T — F' U7’
such that ¢(p) = p/, ¢|r and ¢, are C” diffeomorphisms (resp., biholomorphisms)
and for each [y] € m(F,po) one has

$o A, 007 () = Dger (s,
for every ' € 7/ sufficiently near p'.

Remark 1.4.2. In the setting of the latter definition, if there exists 7, 7" and ¢
that defines a conjugacy, then for every transverse sections o at p and o’ at p’ there
exists a homeomorphism ¢: FUo — F'Uo’ that also defines a conjugacy between
holonomy groups (with respect to o and o’).

Indeed, if we denote by A correspondence maps and holonomies with respect
to F and by A’ correspondence maps and holonomies with respect to F’, setting

’QZ) = A/T’a’ © gbo AO’T
on o, and Y|p = ¢|r, we have

-1
YolATop™ =A, ,0opoA;;0A;0A 0N 0N ,0p0 AL,
! !

== A;/U/ (o] AT (@) A;'/T/ = AU

¢oy oy
where we used the notation AT for the holonomy associated to v, computed using
T as the transverse section at the base point.

Whilst in the C" case, conjugated holonomies imply conjugated foliations, this
is not true in the holomorphic case. For the sake of completeness we prove this
result in the C” case here; in the following chapters we shall see what can be said
in the holomorphic case (see Theorem m, Remark and Counterexample
4.4.0)).

As a matter of fact the construction fails due to the fact that in the holomor-
phic case we lack the following lemma, which relies on the existence of tubular
neighborhoods, whereas in general holomorphic tubular neighborhoods of complex
submanifolds do not exist.

Lemma 1.4.3. Let M be a C"-manifold of dimension m let F be a codimension
k foliation of M and let F' be a leaf of F and K a compact set in F'. Then there
exist an open neighborhood U of K in M, an open neighborhood W of K in F', and
a C" retraction w: U — W such that 7=*(z) is transverse to F|y for any x € W.

Proof. Since K is compact in ' we can cover it by a finite number of plaques W;
of F, whose union we shall call W. Since W is a C" submanifold of M there exists
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a C" tubular neighborhood 7: W — W of W. Since each fiber 7~!(y) meets W
transversally and at y only, and since transversality is an open condition, if we
take z € 71(y) sufficiently near y then 7~1(y) meets the leaf of F through x
transversally at z. We can then obtain a neighborhood U C W of W such that
7~ (y) meets F|y trasversally for all y € U N F. O

Lemma 1.4.4. Let M and M’ be complex manifolds (resp., smooth manifolds)
of dimension m, and F and F' codimension k holomorphic foliations (resp., C"
foliations) of M and M’ respectively. Let F be a leaf of F and let F' be a leaf
of F'. If there exist V neighborhood of F, V' neighborhood of F' and a biholo-
morphism (resp., C" diffeomorphism) ®: V — V' such that ®(F) = F’ and leaves
of F are mapped by ® to leaves of F' then the holonomy groups of F' and F' are
holomorphically (resp., C") conjugated.

Proof. The proof is formally the same in the C” and in the holomorphic case. Let
p be a point in F, and set p’ = ®(p). Let v be a loop in F with base point p,
and 7 a transverse section in p contained in V. Then ®(v) is a curve in F’ and
® o7 is a transverse section in p’ to the leaves of F’, since & maps leaves in leaves.
Choose intermediate points py, ..., p, in 7y and transverse sections o, ..., 7, (with
Po = pn = pand 19 = 7, = 7). Let now A, .. be the correspondence map
between 7; and 7,41: since ® maps leaves into leaves and since A, ..., (¢), for ¢ in
7; is the point of intersection of the only leaf passing through ¢ with 7;,; and since
®or; and ® o7,y are transverse sections to ' we have that Ag(r,) a(r.,)(P(q)) =
O(A+, ., (q)). From the construction of the holonomy map for ®(7) we get that

P 1o Ayod=A,
Thanks to the arbitrariness of v we obtain the assertion. O]

Theorem 1.4.5. Let F and F' be two foliations of codimension k in C" manifolds
M and M’ of dimension m, and let I and F' be compact leaves of F, F' respec-
tively. The holonomy groups of F' and F' are C" conjugated if and only if there
exist neighborhoods V' of F, V' of F' and a C" diffeomorphism ®:V — V' with
O(F) = F" and sending leaves of F|y into leaves of F'|y

Proof. One direction follows directly from Lemma [I.4.4 Conversely, assume that
the holonomy groups of F' and F’ are conjugated, i.e., there exists a C" diffeo-
morphism : F — F’  a point py € F, two transverse sections 7y at py and 7 at
Py = ¥(po), and a C” diffeomorphism ¢: (79, p0) — (75, py) such that

poA0pt=Al (1.13)

for every loop v in F' with base point pg; we denoted the holonomy with respect
to F by A and the holonomy with respect to F' by A’
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Since F and F’ are compact there exist, using Lemma [1.4.3] neighborhoods
V of F and V' of F" and retractions 7: V' — F with fibers transverse to F and
n': V' — F' with fibers transverse to F’. Pick two transverse sections 7y and 7
Thanks to Remark [1.4.2] we can suppose 7 = 771(po) and 75 = (7')~(p}). Let
p € F, p # po; choose a path v joining py to p in F', and let A, and A, be the
holonomy maps associated to v and ¢ o~y. Let us denote by 7, the transverse section
in p defined by 77! (p); if € 7,, then A -1 (z) is well-defined for = sufficiently close
to p. Thus we define

¢( ) Aipoyo¢oA7_1<$)'
Suppose now we have another path u connecting py and p and note that [p -y~
is in 7 (F, po). Thanks to ([1.13]), we have

¢ O Dyqym 1/10/w b 2

Now, the map that associates to a path its holonomy map is an antihomomorphism
of groups (see Corollary [1.3.10]), so we have

¢OA7 oAy ( wov) 0 Ny © &,

and hence
qpoyOCbOA 1(z) = wouoqboA 1(z) = ®(x);

thus our definition of ® does not depend on the path v we choose.

We only have to show that ® is a C" diffeomorphism.

It is invertible (up to shrinking the tubular neighborhoods V' and V'), since 1
is a homeomorphism itself; let us show that ® is a C” map. Let p be a point in
F, and v a path in F' that connects py to p. Choose a coordinate neighborhood
U C V for the foliation F, and a coordinate neighborhood U" C V"’ for the foliation
F',with pe U and p/ € U'.

Since ® does not depend on the path chosen, and the holonomy along a path
in a plaque is simply the correspondence map between the transverse sections, we
have

¢(y) = A’/Tw(p)ﬂ'w(q) o ’:Z)O’y o ¢ o A771 o ATq,Tp (y)7

where ¢ = 7(y), for every y € U N ®~1(U’). Thus @ is a composition of C" maps,
(that correspondence maps have the same regularity as the foliation follows directly
from the definition (1.9)) and hence it is a C" map (near p). For arbitrariness of
p, we obtain the assertion. Since ®~! has the same form of ¢, it is a C™ map too,
and we are done. O






Chapter 2

Reduction of singularities of
foliations

Tiziano Casavecchiall

In this chapter we are going to present some classical results about desingularization
of the germ of a given holomorphic foliation around a singular point. We shall start
by giving some basic definitions of blow-up in the first section, inspired by algebraic
geometry. Then we shall define the multiplicity of a foliation and its properties in
the second section. Finally we shall prove the reduction of singularities Theorem
2.3.3 in the last section. We shall confine ourselves to the two dimensional case.
We follow the presentation given in [[YO0S], [Zol06] and [MMS0].

2.1 Desingularization of analytic subsets and of
foliations

Our idea is to proceed as follows: we shall first introduce the blow-up of C? at
the origin, then the blow-up of a complex surface around a point and then for a
foliation around a singularity. We refer to the books [IY08], [Zol06] for a quick and
straightforward exposition, particularly useful for our purpose; in [GLS07] there is
a deeper study of blow-ups. B

Let 0 be the origin of C?, and CP! the projective space. Let C? be the following
subset of C? x CP:

C? = {(z,w,[u:t]) € C* x CP" | 2t = uw}. (2.1)

I Dipartimento di Matematica, Universita degli Studi di Pisa, Largo Pontecorvo 5, 56127, Pisa,
Italy. e-mail: casavecc@mail.dm.unipi.it
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32 2 Reduction of singularities of foliations

For every point [u : t] € CP!, this set contains all the points (z,w,[u : t]) €
C? x {[u : t]} such that (z,w) lies inside the line determined by [u : t] in C?. We
note that C? is a complex surface; indeed consider the set

V={(z,w,[u:t)€C*|u#0} (2.2)
and _
W ={(z,w,[u:t]) € C*|t#0}; (2.3)
they are open in C? because intersections of it with open sets. Furthermore set
0: C*3 (z,t) = (2, 2t,[1: 1) €V (2.4)
and
Y: C* 3 (w,u) = (uw,w, [u:1]) € W. (2.5)

The maps ¢ and 1) are holomorphic, invertible, with continuous inverse as can be
easily checked; furthermore the composition ¢ o 1~ is a biholomorphism; so they
give C? a structure of complex 2-manifold.

We remark that ¢ sends the set {(z,w) € C? | z = 0} one-to-one onto the set
{(z,w,[u:1 € C*| z=0,w=0,u# 0}, that is one of the standard coordinate
chart of the projective space CP'. Analogously ¢ sends {(z,w) € C* | w = 0}
one-to-one onto the set {(z,w, [u:t] € C2|z=0,w =0,t # 0}.

Set

o:C?3 (z,w,[u:t]) = (z,w) € C% (2.6)
then o is a biholomorphism between €2\ ¢~1(0) and C2\ {0} and
S :=o"'(0) 2 CP. (2.7)

In particular, S is a compact complex submanifold of C2.
In the coordinate chart ¢ the map o has the form

gop: C? > (2,w) = (z,2w) € C?, (2.8)
while in the coordinate chart 4 it has the form
ocot: C*3 (z,w) — (2w, w) € C2. (2.9)

Definition 2.1.1. Let C2 given by (2-1). We call the map o C2? — C2 defined by
the (elementary) blow-down; the set S in is called the exceptional
divisor of C2, and o~*: C2\ {0} — C2\ S is the (elementary) blow-up. We shall
refer to (C2,5,0), or simply to C2, as the blow-up of C2 at the origin. We shall
refer to the open subset V and W of , as the standard coordinate

domains of ((NTQ, and to ¢ and ¢ in (2.4) and (2.5) as standard coordinate
charts.
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The exceptional divisor is really “exceptional”. First it cannot be defined by a
single holomorphic function near S; indeed if S were the zero locus of a holomorphic
function f, defined in a open set around S, the function ¢ = f o 0~! would be
holomorphic and non vanishing in a open subset of C?\ {0}; by Riemann extension
theorem, since {0} has codimension 2, we could extend ¢ in 0 but then its zero
locus should be of codimension 1. Second, C2 does not contain any other positive-
dimensional compact complex submanifold. Indeed if S* were such a manifold,
O’(S/) should be a compact, connected analytic subset of C? and hence a single
point; but ¢ is one-to-one outside S.

As an example, let v = {(z,w) € C? | az + bw = 0} be the equation of a
straight line through the origin. We want to find the representation of o~!(~) in
coordinate charts. Performing the substitution given by we get

e (o' () =(cop) ' (v) ={(z,w) € C*| z(a+ bw) = 0}.

It is the union of S and of the image of the complex line {(z,w) € C? | a+bw = 0}.
If we apply (2.9) we obtain the same result when b # 0. We are substantially finding
homogeneous coordinate to reppresent a complex line.

Remark 2.1.2. It can be shown (see [Sha94l Chapter II, Section 4.2]) that if
X is a complex surface such that there exists a map p: X — C?, which sends
biholomorphically X \ 7" onto C?\ {0}, where T" = p~'{0} = CP', then X is
biholomorphic to C? via a biholomorphism G such that o o G = p.

Since the automorphism group of C2 is transitive, we can use a similar procedure
to blow-up C? at any point, or any open subset U C C? at any point p € U.

Consider now a complex surface M and a finite set > of points of M. Let
Uic; Wi be an open covering of M by domains of coordinate charts such that no W;
contains more than one point of ¥. Then M is biholomorphic to | |,., W;,/~, where
~ is the relation that identifies identical points of M in different W;. Performing
the blow-up construction only on the W, containing points of > we prove the
following:

Theorem 2.1.3. Let M be a complex surface and ¥ C M a finite set of points.

Then there exist a complexr surface M and a holomorphic map ©: M — M such
that

(i) for each p € ¥, we have S, := 7~ *(p) = CP*;
(i) ]T/[/\ U,ex Sp = M\ X is a biholomorphism;

(i1i) around each S, there is an open neighborhood such that 7, restricted to it, in
local coordinates is the elementary blow down defined above.
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Definition 2.1.4. Given a complex surface M and a finite set of its points X, we
call M the blow-up of M at points of ¥ and 7 the projection; if ¥ = {a}, we

shall refer to M like the blow-up of M at a.

Remark 2.1.5. Since a connected open subset of a complex surface is trivially a
complex surface, we can perform the blow-up construction around any point in a
complex surface and reiterate it since at every step we get a complex surface.

Example 2.1.6. Consider the complex curve in C? defined by v = {(z,w) € C? |
z* —w = 0}. After a first blow-up (in 0), using (2.8)), we get for the inverse image
of 7y the equation z(z — w) = 0; after a second one (in [1: 0] € S, where S denotes
the exceptional divisor of the first blow-up), we get 2?(1 —w) = 0.

After having defined the blow-up of a complex surface at a given point we are
now going to define the blow-up of a complex analytic subset of dimension one and
then of a foliation at a given point. We will start with analytic subsets. Note that
dimension one analytic subsets of a complex surfaces is the only interesting case
because the blow-ups of dimension zero and two subsets are trivial.

Definition 2.1.7. Let v be an analytic subset of dimension one of C? containing 0.
We define the blow-up or strict transform of 7 to be the subset 7 = o=1( \ {0})
of C2. Using the projection 7 given in Theorem instead of the elementary
blow-up we get the analogous definition in a complex surface.

Example 2.1.8. The intersection of the strict transform of a line [ through 0 with
the exceptional divisor is the point of CP! corresponding to the line /.

We have to observe that for any analytic subset of dimension one vy containing
0, the set 0~!(y) always contains the exceptional divisor, so the previous definition
aims to cut off this set from blow-up. As the following theorem is going to show,
what really happens is that we are dividing by the largest power of z, the equation
that locally defines the blow-up of a given curve.

Theorem 2.1.9. Let M be a complex surface, v an analytic subset of dimension
one, containing the point a € M, and defined near a by a holomorphic function f;
let (M,S,,m), and 7 be, respectively, their blow-up at the point a. Then 7 is an
analytic subset of dimension one of M.

Proof. Clearly, since 7 is a biholomorphism outside S,, there the statement is
obvious. So let p be any fixed point in S,, and U, an open subset of M, where S,
is defined as zero locus of a holomorphic function g,, whose germ at p is irreducible.
Let fbe the result of the division of f o7 by the maximal power of g, dividing
it (both f o7 and ]? are defined in U,), and finally let V7 be the zero locus of f
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Outside S,, 7 and 77 coincide. Furthermore fv‘sa # 0 and hence (S, NU,) € V5

Now if f(p) # 0, then p lies neither in 4 nor in V7. Otherwise if f(p) = 0 then
pEfyfﬂ% Hence*y;;z?ﬂUp. m

Remark 2.1.10. If 7 is an irreducible analytic subset of dimension 1, then 7 in-
tersects the exceptional divisor only at one point. The proof, not difficult, depends
upon Weierstrall Preparation Theorem and Hansel Lemma (see [GLS07, Lemma
3.19]). A straightforward argument using power expansion at (0,0) in coordinate
charts shows that, if v is a smooth complex curve, then also 7 is smooth. More
precisely, 7 is biholomorphic to « and intersects the exceptional divisor in the point
corresponding to the tangent line of v at the origin.

Example 2.1.11. Let « be the zero locus of a homogeneous polynomial P, (z,w)
of degree n. Since P,(z,w) is reducible, + is a star of complex lines. Then, counted
with their multiplicity, the blow-up 7 of 7 is a finite set of n lines; furthermore
they intersect the exceptional divisor in points all contained in the set V' defined
by if and only if z does not divide P,(z,w), that is if and only if it contains
the term in w". A similar assertion holds for the domain W.

The following example will clarify Remark [2.1.10]

Example 2.1.12. Let v = {(z,w) € C* | f(z,w) = 0}, with f(z,w) = 2F —
w?, p,q € N* coprime (we already seen the case p = ¢ = 1 in Example 2.1.11]
suppose we are not in this case). In particular « is an irreducible analytic subset
of dimension 1. Let us suppose, up to switch z and w, that p > ¢, and set

r=p—q > 1. Then, using (2.8) and (2.9) we get respectively

(foogop)(z,w) = 2(z" —w?),
(fooo)(zw) =w(zPw" - 1),

where ¢ and 1) are the standard coordinate charts.

After dividing by 2? and w? respectively we have in the first case that the zero
locus of fopin SNV = {z = 0} is made by a unique point (w = 0), while the
zero locus of fo 1 does not intersect SNW = {w = 0}. In particular, the blow-up
of v is contained in V| where it has equation 2" — w? = 0.

Remark 2.1.13. Example [2.1.12] shows that generally the blow-up of an irre-
ducible curve is not a smooth curve. You can however obtain a smooth curve by
performing a finite sequence of blow-ups: this result is known as the resolution of
singularities theorem (for curves), see [Sha94, Chapter IV, Section 4.1, Theorem
1].

Let us recall a definition.
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Definition 2.1.14. Let f be a holomorphic function defined on an open subset U
of a complex surface M, and a a point in U. Let (z,w) be local coordinates at a,
and write

oo
[z w) = Z figz'w?,
i,j=0

the Taylor series of f at a. Then the order of f at a is
Vo(f) =min{i+j : fi; #0}

Remark 2.1.15. Clearly the definition of order of a holomorphic function f at
a point a does not depend on the local coordinates (z,w) at a chosen (it is a
straightforward computation).

From the proof of Theorem [2.1.9] recalling that ¢ ~1(S) and ¢~*(S) are defined,
in C?, respectively by the equation {z = 0} and {w = 0}, we can extract a proof
of the following corollary, that summarizes the situation.

Corollary 2.1.16. Let v be an analytic subset of dimension one of C* containing
0, defined near 0 by the equation f(z,w) =0, where f is a holomorphic function,
and set n = vy(f), the order of f at 0; furthermore let f,(z,w) be the homogeneous
polynomial of degree n of the terms of order n in the Taylor expansion of f. Let

be the blow-up of v at 0 and o, ¥ like in (2.4), [2.5)) respectively. Then p=(7) is

given by the zero locus of the holomorphic function

fo(z,w) = M; (2.10)

zn

while =1 () is given by the zero locus of

fw(z,w) = — (2.11)

The intersections of ¥ with S are the (finitely many) solutions in CP! of the equa-
tion

fn(za U}) = Oa

and are given in local coordinates by
e 'ANS) ={(z,w) € C*|z=0, f,,(1,w) = 0}

and
VA NS) ={(z,w) € C* | w =0, fu(2,1) = 0}.
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Definition 2.1.17. Given a holomorphic function defined in a neighborhood of 0
in C?, we shall call the holomorphic function f defined in ([2.10) the blow-up of f

in the z-direction, while fvin 2.11)) is the blow-up of f in the w-direction.

The proof of Theorem is substantially a theorem about the extendibility
of a holomorphic function around any given point of the exceptional divisor. Using
that proof we can easily prove the following corollary.

Corollary 2.1.18. Let M be a complex surface, (M, Sa, ) its blow-up at a; let f
be a holomorphic function defined near a and of order v,(f). Then for any given
point ¢ in Sy, if g is an irreducible holomorphic function that defines S, as its zero
locus near c, there exists a holomorphic function f. such that

(i) fo#0 in Sy;
(i) g~ f. = for.

Furthermore two such fc differs by multiplication by a unit in the ring of germs at
¢ of holomorphic functions.

In virtue of this corollary we can give the following definition.

Definition 2.1.19. Let M be a complex surface, f a holomorphic function defined
in M near a and let ¢ be any given point in S,; we call any of the holomorphic
function f. in M whose existence is stated in Corollary a blow-up at a of
the function f near c.

Remark 2.1.20. The link between Definition 2.1.79/ and Definition 2.1.17is clear.
Indeed let M be a complex surface, f a holomorphic function defined near the
point a in M and 6 a local chart around a such that 6(0) = a; consider the blow-up

(]/\\4/ ,Sa,m) of M at a. Then around any given point ¢ of S,, there are a local chart
0 with mo 6 = 0 o 0, and a blow-up f. of f near ¢ such that

(fob),=fcol

or

—_——

(fo),=f.0b

depending in which standard coordinate domain 6-!(c) lies.

After having defined blow-up of analytic subsets, we are going to extend this
definition to holomorphic foliations around a singular point.
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Remark 2.1.21. Recall (see Theorem and the equivalence between foliations
and vector fields as stated in Theorem that each foliation can be extended
to a saturated foliation whose singular set is an analytic subset of codimension two,
that is, in dimension two, a discrete set. So we can state the following definition.

Definition 2.1.22. Let M be a complex surface, with a saturated foliation F
which has a finite set of singular points 3. Then the blow-up_of the foliation
is the foliation JF obtained by extending, as stated in Remark M, the foliation
o '(F) defined in M\ U, 5 Sp-

Remark 2.1.23. In particular the blow-up of a saturated holomorphic foliation F
defined by a holomorphic form w around a singular point works like this: first we
calculate o' (F) computing the pull-back o*(w); then we divide the coefficient of
0*(w) by their maximum common divisor in order to get the form @, that locally

defines the saturation F (see Theorem [1.2.9)).

Example 2.1.24. Let F be defined by the form w = —wdz + zdw; applying (£2.8)),
we get 0% (w) = —2wdz + z(wdz + zdw) = 2%dw; then we divide by 2% and we get
W = dw. If we instead apply (2.9), we get w = —dz.

Before going further we recall the following definition.

Definition 2.1.25. Let w be a holomorphic 1-form defined in an open subset of a
complex surface M, given in local coordinates by w = f(z,w)dz + g(z, w)dw. The
order v,(w) of w in a is min{v,(f),v.(9)}, where v,(f), v.(g) are the orders of
zero in a of the holomorphic functions f and g respectively.

Remark 2.1.26. Let us consider F a holomorphic foliation in an open subset U of
a complex surface M, and a point a € U. Up to shrinking U, we can suppose that
the foliation there is given by a holomorphic 1-form w, and hence we can associate
the order of a foliation at a point. This order does not depend on the holomorphic
1-form or on the local coordinates chosen; indeed if we change coordinates, the
holomorphic 1-form that defines the foliations change by multiplication by a non-
vanishing function (see Theorem , that does not change the order or the
1-form. So we can give the next definition.

Definition 2.1.27. Let F be a holomorphic foliation in an open subset U of a
complex surface M. We define the order of F in a as v,(F) = v,(w), where w, is
a holomorphic 1-form that defines F locally near a.

The following proposition summarizes the situation. If f is a holomorphic
function, we shall denote by f,, the homogeneous component of order n in the
Taylor expansion of f.



2.1 Desingularization of analytic subsets and of foliations 39

Proposition 2.1.28. Let F be a saturated holomorphic foliation in a open subset
U of C?, singular at 0; let w = f(z,w)dz+g(z,w)dw be a form that defines F near
0, and let F be the blow-up foliation at 0. We set h(z,w) = zf(z,w) + wg(z, w)
and let n = vo(w), n+1+m = vy(h), n+r =v(f) and n+s = vy(g), withr =0
or s =0. Finally let jz, ﬁu , G2s Jw, L. and hy, be defined as in Definition .

Then

(i)

(i)

(iii)

(iv)

if hpi1 2 0, then F is defined around any point of S \ {[0: 1]} by

@0 = h.(z,w)dz + 2°'g, (2, w)dw;

its singular locus in S\ {[0 : 1]} = {z = 0} is given by the equation
hn-l—l(l?w) = 07'

if hny1 Z 0, then F is defined around any point of S \ {[1:0]} by
& =w fo (2, w)dz + hy(z, w)dw;

its singular locus in S \ {[1 : 0]} = {w = 0} is given by the equation
h'n+1(27 1) = O;

if hpyr =0, then Fis defined around any point of S\ {[0: 1]} by
&= 2"""h.(z,w)dz + §.(z, w)dw;

its singular locus in S\{[0 : 1]} = {z = 0} is given by the equations g, (1, w) =
0 and 2™ Yh,1.m(1,w) = 0 (the latter equation gives no restrictions if m >

2);
if b1 = 0, then F is defined around any point of S \ {[1:0]} by
G = fulz,w)dz + W™ hy (2, w)dw;

its singular locus in S\{[1 : 0]} = {w = 0} is given by the equations f,(z,1) =
0 and w™ hyy14m(2,1) = 0 (the latter equation gives no restrictions if m >

2).

Proof. We shall work the details only performing a blow-up in the z-direction (cases
(i) and (iii) of the proposition); the computation in the other chart is perfectly
analogous. So let us start by applying (2.8]) and get, in these local coordinates,

o*(w) = [f(2, 2w) + wg(z, zw)]dz + 29(2, zw)dw = 2z h(z, zw)dz + 2g(z, 2w)dw.
Thanks to (2.10]) then we have

o* (W) = 2" h, (2, w)dz + 2" TG (2, w)dw.
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By Remark [2.1.23] to obtain @, we only have to divide o*(w) by the greatest
common factor of the form z* (for a suitable k). If h,,; # 0, then m = 0 and
k = n, and we have (i). If h,.; = 0, then m > 0, that implies r = s = 0; then
k =n+1 and we have (iii).

For the description of the singular set, let us split the proof in cases (i) and
(iii). In the first case, in {z = 0} a singular point (0, w) has to satisfy h.(0,w) = 0.
Being h.(z, w) = 27" h(z, zw), we have that h.(0,w) = hn1(1,w). In the second
case, in {z = 0} a singular point (0, w) has to satisfy §,(0,w) = 0, and h.(0,w) = 0
if m = 1. As before, we have that EZ(O,w) = hpimy1(1,w) and g,(0,w) = g, (1, w)
(since s = 0). O

Proposition [2.1.28| can obviously be reformulated in a complex surface (M, a)
instead of in (C%,0). It proves the usefulness of the following definition.

Definition 2.1.29. Let F be a holomorphic foliation in a complex surface M,
singular at a, defined near a, in a local chart, by the form w = f(z, w)dz+g¢(z, w)dw.
We set h(z,w) = zf(z,w) + wg(z,w) and let n = yy(w); let fn(z,w), g.(z,w) be
the terms of degree n in the Taylor expansion of f, g, respectively, at a. Then the
form
hni1(z,w) = zfn(z,w) + wg,(z,w)
is called the tangent form of w at its singularity a.
Before going further we need a couple of definitions.

Definition 2.1.30. A (complex) separatrix of a saturated foliation F singular
at a is a leaf whose closure in a neighborhood of a is an analytic subset of dimension
one containing a.

Definition 2.1.31. A singularity a of a saturated holomorphic foliation F of M
is called non-dicritical if the exceptional divisor S, at a is a separatrix of the
blow-up of the foliation F. It is called dicritical otherwise.

Next proposition will give us a necessary and sufficient condition under which
a singularity in a foliation is non-dicritical or dicritical; it is a trivial consequence

of Proposition [2.1.28

Proposition 2.1.32. Let a be a singularity of a saturated holomorphic foliation
F in a complex surface M; let w = f(z,w)dz + g(z,w)dw be a 1-form that defines
F near a, in a local chart. Then a is a non-dicritical singularity iof and only

if hyywy+1 Z 0, if and only if
Va(2f(z,w0) + wg(z,w)) =1+ ve(w) = 1+ min {v,(f), va(9) }; (2.12)
while a is a dicritical singularity if and only if hy,(w)+1 = 0, if and only if

Vo (2f(z,w) + wg(z,w)) > 14 v,(w).
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Proof. By Theorem we can work in (C2, o) instead of (M, ), with a = (0,0).
By Proposition [2.1.28] recalling that the equation of the exceptional divisoris z = 0
or w = 0, we see that a is non-dicritical if and only if h,,; #Z 0 and hence if and

only if (2.12) holds. O

Remark 2.1.33. It follows by Proposition [2.1.28| (and by Proposition [2.1.32)) that
if 0 is a non-dicritical singularity of a foliation given by a holomorphic 1-form w,

and if we set n = yy(w), then the singularities of the blow-up foliation in the
exceptional divisor S = CP! are the zeros of the tangent form /1.

Before stating the next proposition, we give the definition of elementary singu-
larity. We first deal with holomorphic vector fields.

Definition 2.1.34. Let X(z,w) = f(z, w)% +9(z, w)% be a holomorphic vector
field, defined in an open subset of a complex surface M and singular at a point
a. The elementary matrix of X at a is the Jacobian matrix of F(z,w) =
(f(2,w), g(z,w)) at a.

We say that a is an elementary singularity for X if the elementary matrix
of X at a has at least one eigenvalue different from 0; we say that a is a nilpotent
singularity for X if the elementary matrix of X at a is nilpotent but not zero.

We give now equivalent definitions when the foliation is given by a holomorphic
1-form (see Lemma [1.1.13| and Lemma for the connection between holomor-
phic 1-forms and holomorphic vector fields).

Definition 2.1.35. Let w(z,w) = f(z,w)dz+ g(z, w)dw be a holomorphic 1-form,
defined in an open subset of a complex surface M and singular at a point a. The el-
ementary matrix of w at a is the Jacobian matrix of F'(z,w) = (—g(z,w), f(z,w))
at a.

We say that a is an elementary singularity for w if the elementary matrix of
X at a has at least one eigenvalue different from 0; we say that a is a nilpotent
singularity for w if the elementary matrix of X at a is nilpotent but not zero.

These definitions can be extended from holomorphic vector fields (or from holo-
morphic 1-forms) to foliations, thanks to Theorem . Indeed, changing the
holomorphic vector field (or the holomorphic 1-form respectively) by multiplication
by a non-vanishing holomorphic function, the elementary matrix changes by multi-
plication by a non-zero constant, and hence the number of its non-zero eigenvalues
does not change.

Definition 2.1.36. Let F be a holomorphic foliation in an complex surface M
and singular at a, given by a holomorphic vector field X (resp., a holomorphic
1-form w) near a. The elementary matrix of F at a is [L] € P(Mat(2 x 2,C)),
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where L is the elementary matrix of X (resp., of w) at a. Moreover a is called
an elementary singularity (resp., a nilpotent singularity) for F if it is an
elementary singularity (resp., a nilpotent singularity) for X (resp., for w).

The following result states a sufficient condition for a singularity in the blow-up
foliation to be elementary.

Proposition 2.1.37. Let F be a saturated holomorphic foliation in U singular
at 0, where U is an open subset of C?; let w = f(z,w)dz + g(z,w)dw be a form
that defines F in U, and h,y1 = 2 f, + wg, its tangent form; finally let F be the
blow-up of F' at 0. Then each simple linear factor az + bw of hy,11 corresponds to
an elementary singularity (0,0, [a : b]) of F.

Proof. Let us suppose that the tangent form h,,; has a single linear factor: up
to a linear change of coordinates, we can suppose that this factor is w. Then for
the tangent form we have hy41(1,w) = wk(w), with a,, := k(0) # 0. Thanks to
Proposition [2.1.28 (i), the blow-up foliation has a singularity at [0 : 1], and it is
given by

W = (a,z + z,w + h.o.t.)dz + (b,z + h.o.t.)dw,

with suitable a,,b, € C. Then the elementary matrix at [0 : 1] is

b, a,
0 ap )’

that has —b, and a,, # 0 as eigevalues, and we are done. O]

2.2 Intersection multiplicity

The main tool needed in the proof of the reduction of singularities theorem is the
intersection multiplicity of two analytic subset of dimension one. This notion will
be used to define the multiplicity of a foliation.

Definition 2.2.1. Let M be a complex surface, v an analytic subset of dimension
one of M and a one of its point; furthermore let f be a holomorphic map that locally
defines v near a as its zero locus. Then a holomorphic injective map 7: (U,0) —
(M, a) such that f o7 =0 is called a parametrization of v at a.

The existence of parametrizations at a given point is not trivial. In the case of
complex surface, a theorem of Puiseaux, whose first ideas come from Newton, gives
us an algorithm to find a special kind of parametrization. We do not present its
proof here, but we refer to [GLS0T7], [Fis01], [dJP00] and [Chi89]; for a presentation
more oriented to a historical perspective see [BK86]. We want only to recall the
following theorem, that is a version of Puiseaux, more suited to our purposes (for
a proof see [GLS07, Theorem 3.3]).
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Theorem 2.2.2. Let v be an irreducible analytic subset of dimension one of C?
containing 0, f an wrreducible holomorphic function that defines v near 0 as its
zero locus, and let n = vo(f) be its order at 0. Then, up to a linear change of
coordinates, there ezists one and only one injective holomorphic map (71,T2) =
7: (U,0) — (C2,0), from a domain U of C, such that

(i) for=0inU;
(ii) T1(t) =t" and vo(T2) > n.

Example 2.2.3. Let v = {(z,w) € C* | 22 + w? — 2z — 2w = 0}. Then 7 is
irreducible in 0 (y NR? is the circumference with center (1,1) passing through 0).
After the linear change of coordinates

z\_ 1 /1 -1 z
y ) 2\l 1 w
we have v = {z% + y? — 2y = 0}. Here the parametrization of v will be given by
7(t) = (t,1 — V1 —t2) (note that vy(m) =2 > 1).
Another classical example is v = {(z,w) € C? | 22 — w® = 0}; the natural

parametrization then would be 7(t) = (£3,?), but here vy(72) = 2 < 3: we have to
switch z and w.

Remark 2.2.4. Given an irreducible analytic curve 7, there is an easy (and ge-
ometric) way to find out the right change of coordinates that makes Theorem
2.2.2] work. As a matter of fact, if « is irreducible, then by Remark there
exists a unique point ¢ in the exceptional divisor that belongs to the blow-up 7
of 7. Then the linear change of coordinate is such that, in the new coordinates,
c=1[1:0] € CP".

Definition 2.2.5. Let v be an analytic subset of dimension one of C? containing
0, and f an irreducible holomorphic function that defines v near 0 as its zero locus.
Then we call the map 7 whose existence is stated in Theorem a primitive
parametrization of f (or of v) at 0.

The existence of primitive parametrizations and algebraic proprieties of the ring
of germs of holomorphic functions in a point allows us to define the intersection
multiplicity of two holomorphic functions. This notion was first introduced in the
algebraic setting leading to intersection theory, and then revealed its usefulness
also to study singularities of holomorphic functions. The reader can consult the
books [AGZVSS|, [AGZVSS] and especially [GLS07]. In [Zol06, Chapter 2] and
[IY08], Section 8] the reader can find a summary of the main statements and some
proofs. The proper setting to define the intersection multiplicity is analytic subsets
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of dimension one, or the ring of germs of holomorphic maps at given point after
having identified germs that are obtained from each other by multiplication by
unit. In order to avoid introducing divisors, or a heavier algebraic notation, we
decided to follow this second less elegant approach.

Definition 2.2.6. Let U be a domain in a complex surface M, a a point of U
and f, g germs in a of holomorphic functions. Then we define the intersection
multiplicity between f and g at a by:

e u.(f,9) =+ if f and g have a common factor;
o to(hf, kg) = u.(f,g)if h and k are units in the ring of germs at a;
o uy(f,9) :==w(for)if g is irreducible and 7 is a parametrization of g;

o uo(f,g9) == > mipa(f, ) if g = [[=; 9" is the representation of g in
irreducible factors.

We state, without proof, some proprieties of intersection multiplicity that will
be used later. For proofs we refer to the books cited above.

Proposition 2.2.7. Let U be a domain in a complex surface M, a € U a point
and f, g and h germs in a of holomorphic functions. Then:

(i) wa(f,g) =0 if and only if the zero loci of f and g do not intersect in a;
(11) po(f,g9) =1 if and only if their zero loci meet transversally at a;
(1i1) pra(f,9) = pra(g, f);

() pa(f +hg,9) = pa(f,9).

The most important property for us will be the following Proposition [2.2.§]
relating intersection multiplicity of functions and of their blow-ups, as defined in

Definition 2.1.191

Proposition 2.2.8. Let M be a complex surface, f, g two holomorphic functions
defined near a point a in M, and for any c in Sy, let f., g. be their blow-ups near
¢; let v (f) and v,(g) be the order of zero of f and g respectively at a. Then we
have

ta(f9) = va(F)valg) + D pre(fer Ge)-

cES,
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Proof. First observe that by Theorem we can work in (C2, 5, 0) and in the
local coordinates there. Note that, by Definition and Corollary 2.1.18] the
choice of f., g., that is not unique, does not change the intersection multiplicities.
Furthermore by Corollary the summatory in the second member contains
only a finite number of terms since only for finitely many ¢ € S the intersection
of the zero loci of f. and g. is not empty. So let us begin by assuming ¢ to be a
irreducible germ at 0, and set n = vy(f), m = v9(g). Up to composing by a biholo-
morphism, that again does not affect intersection multiplicities, we can suppose
that z does not divide f,(z, w), nor g,,(z,w) (which denote the homogeneous parts
of degree n and m of f and g respectively); hence all the points ¢ in S that have
non-zero multiplicity, lie inside S\ {[0 : 1]} and it suffices to work only applying

(2.8). By Remark [2.1.20| and Corollary [2.1.16[ we have

2"f(z,w) = f(z,zw) and z"g(z,w) = g(z, zw) (2.13)

in local coordinates; by Remark there is only one ¢ in S such that g(c) = 0.
Let 7(t) = (™, 0(t)) be a primitive parametrization of g at 0 defined in (U, 0) (we
know it exists from Theorem . Then the map 7 = 0! o7 is holomorphic and
injective in U \ {0}; setting 7(0) = ¢ it can be extended continuously and hence
holomorphically in U, preserving injectivity. Furthermore, by , we have

- (.20,

Since again by (12.8) in local coordinates (f o 0)(z,w) = f(z, zw) we have
to(f,9) =w(for)=w(foooT).
But by equation ([2.13))
(feoo)(t) =t"(foT)(t)
and thus

po(f.g) = vo(t™) + vo((f o D)(1) = vo(f)ro(g) + pe(f.3).

To remove the assumption on g to be irreducible and get the general case, we have
to apply Proposition m(iii) and sum up every irreducible factor of g. O

2.3 Reduction of singularities theorem

The main goal of this section is to prove the reduction of singularities theorem for
holomorphic foliations. We follow the exposition in [Zol06, Section 2 of Chapter
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9], IMMS80] and [IY08, Section 8 of Chapter 1]. The first modern proof was given
by Seidenberg in [Sei68], in the formal category. The proof we present here uses
intersection multiplicity and was given by van den Essen in [vdET79]. The link
between foliations and intersection multiplicity is given by the following definition.

Definition 2.3.1. Let F be a saturated holomorphic foliation in a complex surface
M, singular at a, and let w = f(z,w)dz + g(z, w)dw be a holomorphic 1-form that
defines F near a. Then the multiplicity of F at a is

ta(F) = pa(f, 9)-

So computing multiplicity of a foliation at a given singular point, is a matter of
computing intersection multiplicity of two holomorphic functions. Since the inter-
section multiplicity of two holomorphic functions is invariant under multiplication
by units, the multiplicity of a foliation does not depend on the 1 form we choose.
Even more, we can replace f and g by any couple of holomorphic functions having
the same intersection multiplicity at a.

Before stating the main theorem we shall prove a proposition, interesting on
its own. For a given holomorphic function f, we use the notation f,, to denote the
homogeneous polynomial of terms of degree n in the Taylor series of f at any given
point (when otherwise not stated, at 0).

Proposition 2.3.2. Let F be a saturated holomorphic foliation in a complex sur-
face M, singular at a, and of order n = v,(F). Furthermore let F be the blow-up
of F at a. Then the following relations hold:

(i) if a is a non-dicritical singularity of F, then

pa(F)=n"—n =1+ po(F); (2.14)

CESa
(i) if a is a dicritical singularity of F, then

pa(F)=n*+n—1+Y  p(F). (2.15)

cES,

Proof. By Theorem we can work in a domain around 0. So let F be a
holomorphic foliation singular in 0, of a domain U, there defined by a form w =
f(z,w)dz+g(z, w)dw of order n = vy(w); we put h(z,w) = zf(z,w)+wg(z, w). We
know by Proposition that 0 is a non-dicritical (resp., dicritical) singularity
if hyp1 # 0 (resp., hy,q1 = 0).

Suppose first that 0 is a non-dicritical singularity; then we can perform a linear
change of coordinate in such a way that vo(f) = v(g) = n, and z does not divide
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gn: this by Proposition implies that all the singularities of F lie inside
S\ {[0: 1]}, and thus it is sufficient to perform a blow-up in the z-direction. So
let f: f; and g = g. be respectively the blow-ups of f and g in the z-direction;
we shall also consider them as germs f., g. in ¢ € S\ {[0 : 1]}, using a suitable
translation of the standard projection given by as a chart centered in ¢ for

Definition [2.1.19} Recall that, again by Proposition [2.1.28/ and Remark [2.1.20, and
arguing similarly, F can be defined near any given ¢ in S\ {[0 : 1]} by the 1-form

we = (f(z,w) + wg(z,w))dz + 2g(z, w)dw.

We have by Proposition [2.2.8

po(F) = po(f, ) = vo(f)ro(g) + Zﬂc(ﬁﬁc) =n’+ Zﬂc(ﬁ 9)-
ceS ceS
Next N N N N
pe(F) = pe(f +wg, 29) = pe(f +wg, 2) + pe(f, 9)-

But ,uc(]?—k wyg, z) is the order of zero of f—i— wg at ¢; so summing up over S we get

> nelF5) = D0 (1e@) = el F + w5, 2)) = 3 pe@) = n =1,

ceS ceS ceS

Hence
Ho(F) = po(w) = n* —=n =1+ ue(F),

ceS

and ([2.14) is proved.

Let us now suppose 0 is a dicritical singularity; then h,.; = 0 by Proposition
2.1.32] Since h,41 = 0, necessarily f,, g, #Z 0. By Proposition [2.2.§]

po(F) = po(f, g) = n* + ZMC(.E;?C)- (2.16)

ceS

We shall first analyze the contributions to the multiplicity given by singularities in
S\ {[0: 1]} in equation (2.16)) and then the contribution of the point [0 : 1] to the
total multiplicity. Set p :=[0: 1] and vy(h) := n+ 1+ m. Computing the blow-up
in the z-direction (dropping the index z in computations) we have

2"f(z,w) = f(z, 2w), 2"g(z,w) = g(z, zw) (2.17)

and _
2R (2 w) = h(z, 2w). (2.18)
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Again by Proposition 2.1.28 F is defined in S\ {[0 : 1]} by the form

&= 2"""h(z, w)dz + §(z, w)dw. (2.19)

Note that by equation (2.17) and (2.18)), we have

2"h(z,w) = flz,w) + wilz, w), (2.20)
and by and Theorem m
ST neF) =30 (pe(z" ) + pe(h,9)

ceS\{p} ceS\{p}
ceS\{p} ceS\{p}
= Y (m=Due(ga(lw) + > pe(h,9)
ceS\{p} ceS\{p}
ceS\{p}
=m-Dk+ > nl(h,3),

ceS\{p}

where k := deg,,(g,(1,w)). Computing the intersection multiplicity with g of both
sides of equation ([2.20) and summing over S\ {p} we get

Z ,UC(J?::CD: Z HC(ZmZ?m

ceS\{p} ceS\{p}

= > (mwe(30.0) + e, 9))

ceS\{p}

=mdeg, (ga(1,w)) + > pe(h,7)
ceS\{p}

=mk + Z 1e(h, ).

ceS\{p}
Confronting the two previous equations leads to

Y wlF = Y nlF) 4k (2.21)

ceS\{p} ceS\{p}

Now we are going to compute ,up(f;, gp). Blowing-up in w-direction we get

w" f(z,w) = f(zw,w), w"g(z,w) = g(zw, w), (2.22)
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and _
WM h (2, w) = h(zw, w). (2.23)

Again by Proposition 2.1.28 F is defined in S\ {[1 : 0]} by the 1-form

Wy = Flz,w)dz +w™ bz, w)dw.

Note that by (2.22)) and (2.23), we have

wh(z,w) = zf(z,w) + §(z,w). (2.24)

Now we have, putting r := vy(f.(2,1))

fip(F) = /Lp(]?a wmﬂ?L) = (m— 1):“10(]?7 w) + :up(faﬁ) =(m—1)r+ ,up(f’ %)

Then computing the intersection multiplicity with f of both sides of equation
(2.24)), we have

,Up(g, f) = mp“p(wv f) + :up(h’ f) =mr+ :up(h’ f)

Confronting the last two equations gives

,Up(g, f) =7+ p’p(f)
This last equation with (2.21]) gives

no(F) = pmo(f.9) =n*+ > pelf.3) =n*+k+r+ > pe(F).

ceS ceS

We are left to prove k +r =n — 1 to get (2.15)). By zf, = —wg, it follows

fulz,w) = apz" w4+ a1 2" 2w + - A @y w"

and
gn(z,w) = —ag2"™ — a12" w4 - — Aoy 2w
thus
fulz, 1) =apz" P a1 2" 2 an
and
gn(17w) = —Qqp — a1w + = an—lwn_1~
Hence vy(fn(z,1)) = r, then deg, (gn(1,w)) =n —1 —r, and we are done. ]

So we can state and prove the following:
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Theorem 2.3.3. Let F be a saturated holomorphic foliation with finite many sin-
gular points in a complex surface M and let 33 be the finite set of its singularities.
Then there exists a complex surface M, a map p: M — M, and a foliations F
such that:

(i) F has only a finite number of elementary singularity;
(ii) p is the composition of finitely many elementary blow-ups.

Proof. 1t is clear that since F has only finite singular points it is sufficient to prove
the theorem only for one of them, that we can assume to be 0 € C2. We argue
by induction on the multiplicity juo(F). If po(F) = 1 then, by Proposition [2.2.8]
0 is an elementary singularity, and we are done. Assume the assertion is true for
singularities of multiplicity at most ¢ — 1, and take a foliation F singular in 0 with
multiplicity ¢ and order n > 1. If 0 is dicritical, or 0 is non-dicritical and n > 1,
then by Proposition the multiplicity of the blow-up foliation at each singular
point is strictly less than p and the assertion follows by induction. If instead 0
is a non elementary singularity of order 1 (i.e., a nilpotent singularity), then F is
defined by a form w = A(z,w)dz + (w + B(z,w))dw, with A and B holomorphic
functions such that vo(A), w(B) > 2. We shall write A = 7, - a;;2"w’ and
B =}, bi;jz"w the Taylor series of A and B respectively. The tangent form is
w?, hence 0 is a non-dicritical singularity, and the only singularity of the blow-
up foliation in the exceptional divisor is [1 : 0] (see Remark . Applying a
blow-up in the z-direction ([2.8)),

Z =2z,

w = zZ1Wwy,

we see that the form w; := @ that defines the blow-up foliation (see Proposition

2.1.29) is
W = (21A1<Zl, U)1> + w%)dzl + 21 (w1 + ZlBl(Zl, wl))dwl, (225)
where

Al(zl, U}l) = 2;2 (A(Zl, lel) + wlB(zl, lel)),
Bl<21, wl) = 21_23(21, lel),
are such that vy(Ay),v9(B1) > 0. Clearly w; has only one singular point 0 since

the tangent form of w is w?; moreover jg(w;) = p + 1, thanks to (2.14)).
There are two possible cases:

. A1(070) 7& 0;
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[ ] Al(0,0) = 0.

Let us first consider the situation A;(0,0) = aso # 0. In this case, vo(wy) = 1,
and we have already seen that po(w;) = p+1. The tangent form of w; is 22 A;(0,0)
and so 0 is again a non-dicritical singularity (but still nilpotent). Moreover, thanks
to Remark [2.1.33], the unique singularity of the blow-up foliation on the exceptional
divisor is [0 : 1]; so we apply a second blow-up in the w;-direction,

21 = 22W3,
W, = way,
and we obtain wsy := w; in these coordinates as

Wy = [ZQU)QAQ(ZQ, U)Q) + wg]dzz —+ [Z%BQ(ZQ, U)Q) + 222w2]dU}2,

where As(2q,wy) = Aj(20we, wy) and Ba(ze, we) = Aj(2ews, we) + wo By (z2ws, ws).
In particular,
A2(07 0) = B2(07 0) = A1<07 O) % 0.

We have pig(w2) = po(wi) +1 = p+ 2 by (2.14), v9(ws) = 2, while the tangent
form of w, is
2ows(2as,022 + 3ws),

which has three different roots, and hence its blow-up foliation in [0 : 1] has three
singular points (let us say pi, pa2, p3) on the exceptional divisor (by Remark [2.1.33)).
Applying (2.14]) at the blow-up of ws in [0 : 1], we have

3
pA2=14) (@),

Jj=1

with i, (w2) > 1 for j = 1,2,3; therefore p, (wz) < p—1 for j =1,2,3, and we
are done by induction.

We are left with the last possibility, A,(0,0) = as¢ = 0. Observing the equation
(2.25) we see that vg(w;) = 2, while we have already seen that po(wi) = p+ 1;
moreover, the tangent form of w, is

z1 (CL3702% + (al,l + 2[)2,0)2111)1 + 211)%) .

It has at least two distint roots, and hence its blow-up foliation in [1 : 0] has at
least two singular points on the exceptional divisor (by Remark . Let us call
these singular points p; (j = 1,...,k, with k = 2 or k = 3). As before, applying
at the blow-up of wy in [1 : 0], we have

k
#‘f‘l: 1+Z#pj<(:)1)a

j=1
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with 1, (@W2) > 1 for every j. Then we have again that y, (0;) < p — 1, and we
are done. O]

The blow-up process can be used to simplify some elementary singularities: we
shall obtain the so called final forms.

Proposition 2.3.4. Let F be a saturated holomorphic foliation in a complex sur-
face M, with an elementary singularity at a. Then, up to perform a blow-up at a,
we can suppose that the elementary matriz of F at a is diagonalizable.

Proof. The assertion is not trivial only if the Jordan form of the elementary matrix

L is
1 1Y
(01)
up to a linear change of coordinates, we can suppose that L coincide with its Jordan
form.
Without loss of generality, we can suppose that F is given by the holomorphic

1-form
w=(z+w+hot.)dz+ (—z + h.o.t.)dw.

The tangent form of w is hy = 2%, so, thanks to Proposition [2.1.28] the blow-up
foliation F has only one singularity ¢ = [0 : 1] on the exceptional divisor; moreover,

near ¢, F is given by
w=w(l+ f(z,w))dz + (z* + wg(z,w))dw,

for suitable holomorphic functions f and g, such that f(0,0) = 0 and ¢(0,0) € C.
Then the elementary matrix L. of w at ¢ is

Lc:(g((?,O) (1))

that has 0 and 1 as eigenvalues, and hence it is diagonalizable. O

Remark 2.3.5. Thanks to Theorem [2.3.3]and Proposition [2.3.4] if we have a holo-
morphic foliation in a complex surface, with finitely many singular points, we can
suppose, up to performing first a finite number of blow-ups and then linear changes
of coordinates near the singularities, that all this singular points are elementary
singularities with diagonal elementary matrix. In particular we can suppose that
the blow-up foliation is given by

w = zdw — awdz + h.o.t.

at every singular point a, where a = :\\—f € C, and A\; and Ay are the eigenvalues of
the elementary matrix at a. Moreover, the parameter « is almost uniquely defined:
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if o # 0, then it can be replaced by ! performing the linear change of coordinates
(z,w) = (w, 2).

So, for having a complete description of the behavior of a holomorphic foliation,
up to considering local coordinates, we have to study the local behavior of foliations
in open neighborhoods of 0 € C?, with an elementary singularity at 0, and with
diagonal elementary matrix at 0.

Definition 2.3.6. Let F be a holomorphic foliation in a open subset U of C2, such
that 0 is an elementary singularity. Thanks to Remark [2.3.5] we can suppose that
F is given by the holomorphic 1-form

w = zdw — awdz + h.o.t.,

where v := Ay /\; is the ratios of the eigenvalues of the elementary matrix of F at
0. We shall call « the index of F at 0 (up to the identification a ~ a™!). Then
we call the point 0

e a focus if a is in C\ R;
e a saddle if o < 0;

e a node if a > 0;

e a saddle-node if a = 0.

In each of the previous cases we call 0 resonant if « is in Q.

An elementary singularity whose elementary matrix is non-diagonalizable is
called a Jordan node: in this case we shall say that the elementary singularity
has index 1 (since it is the ratio of the eigenvalues of its elementary matrix).

Proposition 2.3.7. Let F be a holomorphic foliation in a open subset U of C?,
such that 0 is an elementary singularity, given by the holomorphic 1-form

w = zdw — awdz + h.o.t.,

with o € C. Let F the blow-up foliation of F at 0. If a # 1 then F has two
singular points in the exceptional dwisor, whose inderes are o — 1 and %-. If

a =1 then F has no singular points in the exceptional divisor.

Proof. The tangent form for w is hy = (1 — a)zw. If a # 1, then hy # 0 and 0
is a non-dicritical singularity. Thanks to Proposition [2.1.28 F has two singular
points, p :=[1:0] and ¢ := [0 : 1]. In the first case, the blow-up foliation is given
by

@y = ((1 — )w + b.2)dz + zdw + h.o.t.,
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for a suitable b, € C. Hence the elementary matrix at p is of the form

-1 b,
0 1—«
and the index is o — 1.

In the second case, the blow-up foliation is given by

Wy = —awdz + ((1 — @)z + ayw)dw + h.o.t.,

for a suitable a,, € C. Hence the elementary matrix at ¢ is of the form
and the index is %=

a—1 0
—ay —Q
l-a”
If o =1, then hy = 0, thus 0 is a dicritical singularity. We have

w= f(z,w)dz + g(z,w)dw, with f(z,w) = —w + h.o.t., ¢g(z,w) = z+ h.o.t.

Thanks to Proposition [2.1.28 and since §.(z,w) = 1 + h.o.t. and fw(z,w) =
—1 4+ h.o.t. (we are using notations of Proposition [2.1.28]), there are no singular
points in the exceptional divisor, and we are done. O

Proposition 2.3.8. Let F be a holomorphic foliation in a open subset U of C2,
such that 0 is an elementary singularity. Then, up to performing finitely many
blow-ups, we can suppose that the index o of the blow-up foliation at every singu-
larity (and its inverse a~') does not belong to N\ {0}.

Proof. We shall use an induction argument. If o = 1, then if the elementary
matrix is non-diagonalizable, thanks to Proposition there is only one singular
point for the blow-up foliation in the exceptional divisor, whose index is 0, while
if the elementary matrix is diagonalizable, then there are no singularities in the
exceptional divisor, thanks to Proposition [2.3.7

So suppose that the assertion is proved for any singularity with index less
than or equal to n — 1, and consider an elementary singularity whit index a = n.
Thanks to Proposition [2.3.7], after a blow-up we have two elementary singularities,
with indexes n — 1 and *-. For the first singularity, we can apply the induction
hypothesis, while the second index does not belong to N. O]

Definition 2.3.9. Let F be a holomorphic foliation in a open subset U of C?,
such that 0 is an elementary singularity with index «. Then 0 is in final form if

a,a”t ¢ N\ {0}.
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In this chapter we have proved that a holomorphic foliation with a finite number
of singularities in a complex surface, up to blow-ups, can be reduced to a foliation
with only elementary singularities (in final form).

The next chapter is devoted to the study of focus and node singularities (the so
called Poincaré domain), while the last chapter is devoted to saddle singularities
(the strict Siegel domain).

We shall not deal with the saddle-node case: we refer to [Dul04] for the formal
classification, to [MR82] and [Mou93] for the analytic classification, and to [Sau06]
and [Sau09] for an interesting approach to the saddle-node case using Ecalle’s
mould calculus and resurgent functions.






Chapter 3

Dynamics of foliations in the
Poincaré domain

Jasmin Raissy]

3.1 Basic definitions

In this chapter and in the next one we shall deal with the local behavior of foli-
ations with an elementary singularity. We start introducing some notations and
definitions.

Let O,, be the ring of the germs at the origin 0 € C™ of holomorphic functions
in n complex variables, and let m,, be the unique maximal ideal of O,,, i.e., the set

of germs of O,, vanishing at the origin; if we fix z = (21,. .., 2,,) local coordinates in
0 € C", then m,, = (21,..., z,) is the ideal generated by 21, ..., z,. We shall denote
by C[z1, ..., z,] = C[z] the ring of formal power series in n complex variables, and
we set M, = (21,..., z,) the maximal ideal of C[z1, ..., 2,].

We shall also denote by X,, the module of germs of holomorphic vector fields
at (C",0) with a singularity at the origin.

Since we can identify with C" the tangent space of C™ in each of its points
using the canonical basis 01, ..., 0,, where 0; = 8%7_, we can always locally write a
holomorphic vector field X € X,, in the form .

X = zn:Xjaj
j=1

I Dipartimento di Matematica, Universita degli Studi di Pisa, Largo Pontecorvo 5, 56127, Pisa,
Italy. e-mail: raissy@mail.dm.unipi.it

o7
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where X; € m,, for every j =1,...,n.
An expression of the form

j=1
where X; € m,, for j = 1,...,n, shall be called a formal vector field singular

at the origin of C”, and we shall denote by %n the module of germs of formal
vector fields at (C",0) with a singularity at the origin.

We can always locally write X € f%n as

where X (™ is a homogeneous vector field of degree m (i.e., all its monomials are
homogeneous of degree m).

Definition 3.1.1. Let @ = (q1,...,¢,) € N" be a multi-index, A = (A,...,\,) €
C", and z = (21,...,2,) be local coordinates in 0 € C"; then we shall define

J

n
q
Zj.

J

|Q| = Zij <Q7>‘> = ZQj)‘ja and ZQ -
=1 =1

1

Definition 3.1.2. The space X" of the polynomial vector fields of X,, of degree
less than or equal to m is called the space of m-jets of vector fields. We shall
denote by m,,: X,, = X' the obvious truncation map.

Then if X € X7, locally we have

X = ixjaj,
j=1

where X; € Clzy,...,2,], X;(0) =0 and deg(X;) < m for every j =1,...,n.
It is obvious that X" is a finite dimensional complex vector space, and a basis
of X7 is
Bl = {290, | Q e N",1<|Q| <m,ke{l,...,n}}. (3.2)
It is also easy to verify that R
X, = Jim X7
where Jim is the inverse limit (see [Bou68, p. 191}).

Definition 3.1.3. A formal vector field X € %n is called k:—ﬂatA if it dges not
contain terms of order less than or equal to k, or equivalently, if X € m*X,,, i.e.,

~

writing X as in (3.1)), if X; € (m,)** for every j =1,...,n.
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Definition 3.1.4. Two holomorphic vector fields X, Y € X,, are holomorphically
conjugated (resp., formally conjugated) if there exists a holomorphic (resp.,
formal) change of variables ® of (C",0) such that

X =dboXod =Y. (3.3)

They are holomorphically equivalent (resp., formally equivalent) if there ex-
ist a holomorphic (resp., formal) change of variables ® of (C",0) and a holomorphic
non-vanishing function (resp., formal non-vanishing power series) ¥ such that

DX =dPoXod ! =TY. (3.4)

3.2 Formal normalization

Definition 3.2.1. A n-tuple A = (A,...,\,) € C" is said to be resonant if
there exists a multi-index @ = (q¢1,...,¢,) € N" such that |Q| > 2 and there
exists j € {1,...,n} such that

A= (@A) =D aid (3.5)

Equation is said a resonance relation for A and the number |Q] is the order
of the resonance.

Let X be a holomorphic vector field, singular at 0 € C2, and let A\, ..., \, be the
eigenvalues of its linear part X, Then X is called resonant if A = (A\y,..., \,)
is a resonant n-tuple. Then the monomial vector field ZQ8j is called a resonant
term for A (or for X) if A\; = (@, \) is a resonance relation for .

Remark 3.2.2. Given X € X,,, up to a linear change of coordinates we can assume
that its linear term X is in Jordan normal form, that is

X(l) = Z()\ij + Eijfl)aj = S + N

j=1
where

S = Z /\ijaj, N = Zngj_laj
j=1 j=1

and ¢; € {0,1} can be non-zero only if \; = A\;_; and 7 > 1. Note that the Lie
bracket [S, N| vanishes.
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Lemma 3.2.3. Let S = 3 7 | \jz;0; € X,,. Then for every multi-index Q € N"
and for every k € {1,...,n}, we have

[S, ZQak] = (<Q, )\> — )\k)ZQak.

Proof. We have

[S, zQ(?k] = [ )\ijaj, zQﬁk]
j=1
= > [\iz0;, 290
=1
= (Z )\ij — Ak) ZQak,
j=1
that is the thesis. O

Remark 3.2.4. It follows from Lemma that each monomial vector field 220,
with Q@ € N", |Q| > 1 and k € {1,...,n}, is an eigenvector with eigenvalue oy =
(Q,\) — X\ of the Lie operator Lg = adg: X, — X, (recall that adg = [S,]). In
particular a monomial vector field 299, with Q@ € N*, |Q| > 2 and k € {1,...,n}
belongs to ker(Lg) if and only if (@, A) — Ay = 0, and hence if and only if it is
a resonant term for A\, while z,0; belongs to ker(Lg) if and only if A\, = Ap. It
follows that Lg has non-trivial kernel (i.e., a kernel with not only linear terms) if
and only if X is resonant.

The space of m-jets X" is a finite dimensional complex vector space, with
canonical basis B)" defined by ; furthermore for every linear vector field A € X1
it is easy to verify that £, is a linear operator on X" and L4(X") C X for
every m > 1. Therefore, if we consider Lg: X' — X" where S = Z?Zl A;zj0;, by
Lemma [3.2.3] for every m > 1 we have

xm = @ EL .

akaEN"”

where

Nm:{aQ,kGC:QQ,k:<Qa)‘>_>‘k7QGNn7 1< |Q| Sm,kE{l,...,n}}
(3.6)

and Eng . 1s the eigenspace corresponding to the eigenvalue ag .
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Lemma 3.2.5. Let S = )" | \;z;0; € X,,. Then

%”:@ @ E;nQ,k

aQ,kENm
where N™ is defined by and E;TQ . € X} 15 the eigenspace corresponding to the
etgenvalue ag .

m

g REN™ EaQ,w and

Proof. 1t is obvious since, for each m > 1, we have X" =

X, = Jim X",
O

Corollary 3.2.6. Let S = 2?21 A;zj0; € X,,. Then the point spectrum of the Lie
operator Lg: %n — .’%n 18

S={agr €C:agr=(Q, N =\, QEN"|Q| > 1,k e {l,...,n}}.

Proof. Thanks to Lemma|3.2.3|and to Lemma|3.2.5} each element of the eigenspace
E, C X, corresponding to the eigenvalue « is the projective limit of finite linear
combinations of monomial vector fields 299, with a = (Q, \) — M. [

Remark 3.2.7. In particular, every Y €— f%n can be uniquely written in the form
Y=Y+ W
with Yy € Ey and W € @aes\ (o) Pa-

Definition 3.2.8. We shall say that a vector field N € %n is nilpotent, if for
every k > 1 there is m = m(k) > 0 so that 7, o L|xx = 0.

Remark 3.2.9. Every 1-flat vector field is nilpotent, because if N is h-flat and X
is k-flat then Ly (X) is (h+ k)-flat. More generally, if Ny € X! is nilpotent and N,
is 1-flat, then Ny + Np is nilpotent even when [Ny, N7] # 0.

Proposition 3.2.10. Let X =S+ N € %n, where S = Z?:1 Ajzj0; and N is a
nilpotent vector field such that [S, N] = 0. For every « in the point spectrum of Lg
let £, C %n be the corresponding eigenspace. Then the Lie operator Lx : %n — %n
restricted to @, 40 B is invertible with inverse

o0

L' =) (=D(L5H) Vo (Ln).
1=0
In particular, if W & .’%n is k-flat, then L3'(W) is also k-flat. Moreover, if we
restrict ourselves to the space X* of k-jets, it suffices to take the sum up to m
where m = m(k) is such that m, o LT restricted to X¥ is zero.
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Proof. Thanks to Lemma 3, if (Q,\) — M\ #£0, ie., if 290, € Ey, we have
1

Moreover, note that Ly = Lg+ Ly and Lg commute with £y; hence Lg, ﬁgl, Ly
pairwise commute.
Let us consider

£§1(2Q8k) = ZQak.

r— Z YD 6 (L)

Notice that £ is well defined because N is nilpotent. We have

[e.e]

LLx = (-1 Vel (Ls + L)

=0

(—1 zﬁz +Z l+1 (l+1)

I
Mg

N
I
o

I
WE

(-1)'cg'cly + Z(—l)l“ﬁglﬁév

—1)"Le Ly
d;

I
HAF
o

and analogously we verify that Lx£ = Id. It follows that £ is the inverse opera-
tor E}l of Lx.
Note that, if we project to the space X¥ of k-jets and we consider

m

Limy =Y (DL o (Ly),

=0

where m = m(k) is such that L7 restricted to X is zero, we have

Tk (,C(m)ﬁx) = Tk ( (—1)lﬁ_(l+1)£§vﬁx>

< lﬁl + Z l+1£sl£§\/'>

= (Id +(—1 )mﬂﬁsmﬁﬁ)
=mp + (=)™ L™ o7y 0 LT

= Tk,

Ms [

and we are done. O
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Proposition 3.2.11. Let X = S+ N € 3%”, where S = Z?Zl A;z;0; and N is a
nilpotent vector field sucht that [S, N] = 0. Let S be the point spectrum of Ls and,

Jor every a € S, let E, C X, be the corresponding eigenspace. Then for every
given Y € X, there exist a unique Yy € Ey and a unique Z € ®a7é0 E,, such that

Y=Y+ [X, 2]
Moreover, if Y is k-flat then Yy and Z are k-flat.

Proof. Let Yy be the projection of Y on Ej; thus we have Y = Yo+ W, where W &
@D...0 Eo- Then it is sufficient to take Z = L' (W), and the last assertion follows
from the proof of Proposition [3.2.10] O]

Theorem 3.2.12 (Poincaré-Dulac, 1904). Let X € X, and let {\1,... Ay} be
the spectrum of its linear term. The X is formally conjugated to

X5 X e &,

where S = 370 | Njz05, X' € X, and [S, X' = 0. In particular, if X =
(A1, ... \y) is non-resonant, then X is formally linearizable.

Proof. Up to a linear change of coordinates, we can assume that the linear term X
of X is in Jordan normal form, i.e., X®) = S+ N, where S = Z?Zl \;jzj0;, N € X}
and [S, N] = 0 (see Remark [3.2.2)). Notice that NNV is nilpotent.

Assume that, for £ > 1, we can write
X =89+ X;® + R,

where X} € XF is nilpotent, [S, Xi*] = 0, and R*+V ¢ X, is k-flat. Then, by
Proposition 3.2.11} there exist a unique X ; € FEy and a unique Uy € @a;ﬁo E,

(where E, C X, is the eigenspace corresponding to the eigenvalue o of Lg), such
that X; and Uy, are k-flat and

R¥Y = X7 )+ [S + X5, Upaa. (3.7)
Let o*+Y) = exp(Uyy1) be the time-1 flow of Uyyi. Then
PN = S+ Xp® o+ Xpyy + RO,

where R2*+1) is 2k-flat. Indeed

o0 n

1
(exp tUks1)o X = n! Ui (X)) = X+ U, X] + §t2 [Uss1s [Upsr, X]] + -+
n=0
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hence the coefficient of ¢ is k-flat, the coefficient of ¢? is 2k-flat, ..., the coefficient
of 7 is pk-flat, and so on. It follows that oYX = X + [U,,1, X] modulo 2k-flat
vector fields. Using then equation (3.7]), we have

§0£k+1)X =9 _i_X]zes + R(kJrl) + [Uk+1,S+ X]zes + R(k+1)]
= 5+ X;® + RMY — [§ + X;, Up 1]
=5+ X"+ Xy
modulo 2k-flat vector fields. Notice that we obtain the same result if we use
the (2k)-jet of o**1); therefore X is holomorphically conjugated to S+ X[+ X}
up to (2k)-flat vector fields. Iterating this process, we get the assertion.

Notice that if A is non-resonant, then X' does not have non-linear terms (see
Remark [3.2.4] so X is formally conjugated to X = S + N. n

Definition 3.2.13. Let X € %n, let {A1, ...\, } be the spectrum of its linear term,
and let S =" A;2;0;. We say that

e X is in Poincaré-Dulac normal form up to order k, with k£ > 1, if it is
of the form
X=5S+X"+W

where X7® € X% is nilpotent, [S, X;*] =0, and W € X, is k-flat;
e X is in Poincaré-Dulac formal normal form if it is of the form
X=5+X"
where X™ ¢ ¥,, and [S, XT*| = 0;
e X is in Poincaré-Dulac normal form if it can be written as
X=95+X"
where X' € X, and [S, X"] = 0.

Remark 3.2.14. Given X € %n, its Poincaré-Dulac normal forms are not unique.
Moreover the proof Theorem implies that, for any fixed £ > 1, we can
always conjugate X € X,, to a holomorphic vector field in Poincaré-Dulac normal
form up to order k, but in general X is only formally conjugated to one of its
Poincaré-Dulac formal normal forms.

In the next section we shall see that under certain hypotheses on the eigen-
values of the linear term of X € X,,, the vector field X is indeed holomorphically
equivalent to a holomorphic vector field in Poincaré-Dulac normal form.
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3.3 Holomorphic normalization in Poincaré do-
main

We saw in the previous section that to linearize a given non-resonant vector field
singular at the origin X € X,, at each step of the Poincaré-Dulac process we
had to compute the inverse of Lg = adg on the space of homogeneous vector
fields. To do that, we had to divide the Taylor coefficients by expression of the
form \; — (Q, \) € C where @ € N, |Q] > 2 and 1 < j < n; these denominators
may be small even when Lg is invertible. There are two different cases.

Definition 3.3.1. A n-tuple A = (A,...,\,) € C" belongs to the Poincaré
domain, and we write A € B, if the convex hull of the set of points {\1,..., A\, } C
C does not contain the origin inside or on its boundary. The large Siegel domain
G is the complement of B in C"; we say that A\ belongs to the strict Siegel
domain if the convex hull of {Aq,...,\,} C C contains the origin strictly inside.
Let X € X%, be a holomorphic vector field germ, X its linear part, and
A= (A1,...,A\n) € C" the n-tuple of its eigenvalues. Then X belongs to the
Poincaré domain (resp., to the large or strict Siegel domain) if A does.

Proposition 3.3.2. If a n-tuple A € C" belongs to the Poincaré domain, then \; —
(Q,\) =0 only for a finite number of multi-indices Q € N™ with |Q| > 2 and 1 <
j < n. Moreover, every non-zero denominator \j — (Q, ), where Q@ € N, |Q| > 2
and 1 < j < n, is bounded away from the origin, that is the origin is an isolated
point of the set N'={\; — (Q,\) | Q e N",|Q| > 2,1 < j <n}.

On the contrary, if \ belongs to the large Siegel domain, then either there are
infinitely many vanishing denominators \; — (Q, \), or the origin of C is an accu-
mulation point of the set N.

Proof. If the convex hull of {A,...,\,} in C does not contain the origin, by the
convex separability theorem there exists a real linear functional [: C — R such
that [(\;) < —r < 0 for all j = 1,...,n, and hence I((Q,\)) < —r|Q)| for every
multi-index @ with |@] > 2. Then we have

LA —(Q,A) > 1(\j) +7|Q| = +oo  for |Q = +o0.

Since [ is bounded on any small neighbourhood of the origin of C, the first two
assertions are proved.

To prove the last assertion, notice that in the large Siegel domain, 0 lies on the
relative interior of the convex hull of one, two or three eigenvalues.

The first case is the simpler one: if one of the eigenvalues is zero, say A\; = 0,
then g\; = 0 for every ¢ € N, and hence we have infinitely many resonance relations
A1 = g\ for every g > 2.
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If the origin lies on the line segment between two non-zero eigenvalues A1, Ao,
then there exists m € (0, 1) such that

m/\1 + (1 — m>/\2 = O,

that is
)\2 m

N 1—m
Now, if :\\—f € Q7, then there are infinitely many vanishing denominators; if :\\—f €
R~ \ Q, then if we consider its continued fraction expansion (see [Mar03, p. 22
and p. 75]), then, for every n > 1, its n-th convergent p,, /¢, satisfies

1

>\2 Pn < —
22

>\1 dn

and hence, the origin is an accumulation point of the set N.

If the origin is inside a triangle formed by three eigenvalues, then up to rename
them and up to (non-conformal) affine transformation of the complex plane R? ~
C, we may assume without loss of generality that Ay = 1, Ay = ¢ and —\3 €
R? = R" +iR*. In this case, all “fractional parts” —NXs(mod Z + iZ) of natural
multiples of —\3 either form a finite subset of the 2-torus R?/Z? (in which case
all points of this set correspond to infinitely many vanishing denominators), or
are uniformly distributed along some 1-torus, or dense. In both latter cases the
point (0,0) € R?/Z? is the accumulation point of the “fractional parts” which are
affine images of the denominators. O

Corollary 3.3.3. Let X € X, be in the Poincaré domain. Then any formal
Poincaré-Dulac normal form of X is polynomial.

Remark 3.3.4. Resonant n-tuples A € C" are dense in the large Siegel domain
and not dense in the Poincaré domain. For a proof of this see [Arn88| p. 188].

Now we shall prove that if the vector field X € X, belongs to the Poincaré
domain, then X always admits a holomorphic normalization.

Theorem 3.3.5. (Poincaré normalization theorem) Let X € X,, be in the Poincaré
domain. Then X s holomorphically conjugated to a polynomial Poincaré-Dulac
normal form.

In particular, if X is non-resonant, then it is holomorphically conjugated to its
linear part.

We shall first prove this result for holomorphic vector fields with a diagonal
non-resonant linear part S = >°7 | A;z;0;. The classical proof of Poincaré was
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achieved by the so-called majorant method. In the modern language, it takes the
more convenient form of the contracting map principle in an appropriate functional
space, the majorant space.

Definition 3.3.6. The majorant operator is the non-linear operator acting on
formal power series M: C[z,...,2,] — R[z1,...,2,], obtained by replacing all
Taylor coefficients by their absolute values

M (Z cQzQ> = Z |col2@.
QeN" QeNm

If f € C[zy,..., 2,) is a formal series, then we shall call M(f) the majorant series
for f.

The action of the majorant operator naturally extends to all formal objects
(formal vector fields, formal transformations, etc.)

Definition 3.3.7. The majorant p-norm is the functional acting on the space
of formal power series C[zy, ..., z,] by

[|f|]p:|81‘1p\Mf(z)]:Mf(p,...,p)§+OO. (3.8)
z|<p
For a formal map F' = (F},..., F,) the majorant p-norm is

1FN, =1F10, + -+ 1 Full,- (3.9)

The majorant space is the subspace of formal power series (resp., maps) having
finite majorant p-norm

B,={fe€Clz,...,z] | [ f], < +o0}.
Proposition 3.3.8. The space B, with the majorant p-norm [ - ||, is complete.

Proof. 1f p =1 this is obvious since Bj is the space of infinite absolutely converg-
ing sequences {cq}, that is isomorphic to the standard Lebesgue space [' which
is complete. The general case of an arbitrary p follows from the fact that the
correspondence f(pz) — f(z) is an isomorphism between B, and B;. O

Remark 3.3.9. The space B, is closely related but not coinciding with the space A,
of functions that are holomorphic in the polydisk {|z| < p} and continuous on its
closure, equipped with the usual sup-norm || f{|, = max.<, [ f(2)].

It is obvious that B, C A,, since a series belonging to B, is absolutely con-
vergent on the closed polydisk {|z| < p} . On the contrary, if f is holomorphic
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in {|z| < p} and continuous on its boundary, then by the Cauchy estimates, the
Taylor coefficients cg of f satisfy

leal < IIf1l,- P9, QeN™.

The series [ £, = 3 |cq|p/?! may still diverge, but any other norm [ f]» with p' < p
shall be finite:

/

1£1y <1f0,- Y 09 < Cf],, C=C@m), =L <1
Qenn P

To construct a counterexample showing that indeed B, C A,, but B, # A,
consider a convergent but not absolutely convergent Fourier series ), _, cpe*t in
one real variable t and let f(z) = Y cxz¥. Then f converges at all points of the
boundary |z| = 1 and represents an element of A;, but by construction its 1-norm
is infinite. For other details see [IY0S8, p. 63] and references therein.

The important properties of the majorant spaces and norms concern operations
on functions.

Lemma 3.3.10. Let p > 0. Then:

(1) for any two series f,g € Clz1,. .., 2,] we have

provided that all norms are finite;
(i1) for any F,G € (C[z1,...,z,])" with F(0) = G(0) = 0, we have
IFoGl, < [Flo, o =[G, (3.11)

Proof.

(i) All Taylor coefficients of the product are obtained from the coefficients of the
factors by addition and multiplication only, so the assertion is obvious.

(ii) Since all binomial coefficients are non-negative, each component of M (FoG) has
coefficients less than or equal to the corresponding coefficient of the corresponding
component of M(F') o M(G). Evaluating at p = (p,...,p) yields M(G)(p) =y <
o= (o,...,0) where 0 = |G[, (and y < ¢ means that each component of y is less
than or equal to ). By monotonicity,

[ oG, < (M(F)o M(G))(p) < M(F)(y) < M(F)(o) = [Fl,,

and we are done. O
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Lemma 3.3.11. Let S = Y77 | Njz;0; € X, with A = (A,...,\,) a n-tuple
of non-resonant complex numbers belonging to the Poincaré domain. Then the
adjoint operator Ls = adg has a bounded inverse in the space of formal vector
fields equipped with the majorant norm.

Proof. The formal inverse of Lg is

D ID SINEINES ) PR e

k=1 |Q|>2 k=1 |Q|>2

In the Poincaré domain the absolute values of all denominators are bounded from
below by a positive constant € > (. Therefore any majorant p-norm is increased
by no more than £ !:

—1
151 < (- @ 1) <=7 < 4o

and this proves that L‘gl is bounded. O

Definition 3.3.12. Let X be a germ of holomorphic self-map of (C",0) fixing the
origin. The operator of argument shift is the operator Sx: O] — O] defined
by

Sx: h(z) = X(z 4 h(z2)),

Consider the one-parameter family of majorant Banach spaces B, as in Defini-
tion , indexed by the real parameter p € RT. We consider B, as a subspace
in B, for all 0 < p < p’ (the natural embedding Id, ,: B, — B, is continuous).

Let S be an operator defined on all of these spaces for all sufficiently small
values of p, considered as a family of operators S,: B, — B, which commutes with
the restriction operators Id, , for any p < p’ (but we shall always omit the index p
in the notation).

Definition 3.3.13. The operator S = {S,} is strongly contracting if
(1) [18(0)], = O(p*) and

(ii) S is Lipschitz on the ball B, = {[h[, < p} C B, of the majorant p-norm
(with the same p), with Lipschitz constant O(p) as p — 0.

Note that any strongly contracting operator takes, for p small enough, the
balls B, strictly into themselves, since the center is shifted by O(p?) and the
diameter of the image S(B,) does not exceed 2p0(p) = O(p?).
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Lemma 3.3.14. Let X be a germ of holomorphic self-map of (C",0) fixing the
origin and with no linear part. Then the operator of argument shift Sx is strongly
contracting.

Proof. First note that Sx(0) = X, which has p-norm O(p?) for all sufficiently
small p, since X has no linear part.

Let us now compute the Lipschitz constant for S = Sx restricted to the
ball B, C B,. If hy, hy € (C[z1,...,2,])", then the difference

g=S(h1) — S(he) = X(Id4+hy) — X(Id +hs)
can be represented as the integral

g(z) = /0 (%—)Z() (z +7hi(2) 4+ (1 — T)hQ(Z)) . (hl(z) — hg(Z))dT.

By Lemma [3.3.10] since 7 € [0, 1], we have

lgl, < |] 68_)2( |] b1 = hall,, o(T) = Hz +7hi(2)+ (1 — T)hg(Z)Hp.
o(r)

If hi, hy € B,, we have

o(r) < 120, + max [l Dhall, } = (0 + Dp.

On the other hand since X is without constant and linear terms, its Jacobian
matrix is holomorphic and has no constant term, and hence its o(7)-norm is no
greater than C'o(7) for all sufficiently small positive o (7). Therefore Sy is Lipschitz
on the p-ball B,, with Lipschitz constant not exceeding (n + 1)C)p, and hence Sx
is strongly contracting. O]

Proof (of Theorem[3.3.5 in the non-resonant case). Now we can prove that a holo-
morphic vector field X with diagonal non-resonant linear part S with spectrum in
the Poincaré domain is holomorphically linearizable in a sufficiently small neigh-
bourhood of the origin.

The map H = Id +h is a holomorphic change of coordinates in a neighbourhood
of the origin linearizing X = S + X, i.e.,

dHoS=XoH,

where S =377 | A;2;0;, if and only if

(%) S — S(h) = X(Id+h),
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that is,
Ls(h) = Sx(h) (3.12)

where L5 = adg and Sg(h) = X(Id+h), up to considering h = hy0; + - - - + h,0,
as a vector field instead of the map h = (hy, ..., h,). We shall show that £3' oS¢
restricted to B, has a fixed point h for p > 0 sufficiently small, implying the thesis.

Consider this operator £§1 o S in the space B, with sufficiently small p > 0.
The operator Egl is bounded by Lemma , and its norm is the reciprocal of
the minimum of the small divisors and is independent of p. On the other hand,
the argument shift operator S; is strongly contracting by Lemma with
contraction rate going to zero with p as O(p). Thus the composition shall be
contracting on the p-ball B, in the p-majorant norm with contraction rate going
to zero with p as O(1) - O(p) = O(p). By the contracting map principle, there
exists a unique fixed point of the operator equation in the space B,, for p
small enough, as desired. O

Now we deal with the resonant case.

Theorem 3.3.15 (Lyapunov-Dulac). Let X € X,, be in the Poincaré domain.
Then X s locally holomorphically conjugated to any holomorphic vector field with
the same (r — 1)-jet.

Proof. Since the spectrum Aq, ..., A, of the linear part of X belongs to the Poincaré
domain, there exist # € R and 0 < a < A such that

0<a<Re(e\)<A Vji=1,...,n. (3.13)

-2

where |z] denotes the integer part of x.

A holomorphic conjugacy H = Id +h between the vector fields X = X® 4+ X
and X + Z, where the holomorphic vector field Z € X,, is (r — 1)-flat, has to satisfy
the functional equation dH o X = (X + Z) o H, which can be expanded as

We take

(%) X0 xWp = (X o (Id+h) — X) + Z o (Id+h) — (%) X. (3.14)

Using the three operators

Ti:he Xo(ld+h) — X, Sz:hw— Zo(Id+h), V:hw— (?) X,
z
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we can write equation (3.14]) in the form
L (k) = T () + Sz() — W(), (3.15)

where, as before, Ly1) = adyxa). The key differences with the non-resonant case
are: first, due to the presence of resonances, the operator Lya) is not invertible
anymore, and second, since the field X is non-linear, we have the additional oper-
ator ¥ in the right hand side. Note that this operator is a derivation of h, thus is
unbounded in any majorant norm [ - [|,.

Let, for any m € N and p > 0,

B, ={f € (Clz,...,2,])" | f has no terms of order <m —1} N B,

equipped with the same majorant norm [ - . Since X has no linear term, all the
operators Ty, Sz, ¥ map the subspace B,, , into itself for any m € N. Moreover,
by Lemma [3.3.14] the argument shift operator Sy is strongly contracting, regard-
less of the choice of m. Since T4(h) = Sg(h) — S¢(0), the operator Ty differs
from the argument shift S by the constant operator X = S (0), which does not
affect the Lipschitz constant; since | X[, = O(p?), the operator T is also strongly
contracting.

The operator Lya) preserves the order of all monomial terms, hence it also

maps B,, , into itself for all m and all p, and it is invertible on these spaces if m > r.
Indeed, if |Q| > r, then by (3.13)), we have

A = (Q, )| = €A — (Q, € N)]

> " QRe(e");) — Re(e'\y)

> al@| —

>a1 Ai) QL

Lyt ‘Bmp Z Z CkaQa’“HZ Z k_CQgQ N 220,

k=1 |Q|>m k=1 |Q|>m

So, since

the restriction of £} (1 on By, is bounded and

m

1£50 (M), <O <i> 12[,, (3.16)

uniformly over all h € B,, , of order m > r.
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Thus the two compositions, E‘%U oSz and /j_l(l) oTy are strongly contracting.
To prove the theorem, it remains to show that the linear operator £} ~wov: By, —
B, is strongly contracting for m > r. Let us consider the [ - [],-normalized

monomial vector fields
hpr = pP12P o,

for all k =1,...,n and |P| > m, spanning the entire space B,, ,. We prove that
1£50 0 ¥(hek)], =O(p) asp—0 (3.17)

uniformly over |P| > m and all k. Since £_{,, o ¥ is linear, this would imply

X 1)
that L;l) o W is strongly contracting. The direct computation yields

U th Zp—|P|p] PX a

j=1 %

Since X is non-linear, [X;[, = O(p?); substituting this into the definition of the
majorant norm, we obtain

U(hpi)], < ZPJP = [P[O(p),

where O(p) is uniform over P and k. Since the order of the products zz—f( is at
least |P| + 1, by (3.16]) we have

17

”‘CX%U ° \Ij(hpk)l:l |P|

510(p) = O(p)

uniformly over k£ and P with |P| > m > r. Thus the last remaining composi-
tion L’;(}l) oW is also strongly contracting, which implies the existence of a solution
for the fixed point equation

h = EX(l) (T + Sz —¥)(h)

equivalent to (3.15]), in a sufficiently small polydisk {|z| < p}. O

Now we can easily complete the proof of the holomorphic normalization theorem
in the Poincaré domain in the resonant case.

Proof (of Theorem in the resonant case). By the proof of Poincaré-Dulac for-
mal normalization Theorem (see Remark [3.2.14), we can eliminate all non-
resonant terms up to any finite order m by a polynomial transformation. Therefore,
if m > r+ 1, by Theorem [3.3.15] we can eliminate all the terms of order greater
than m with a holomorphic transformation, and we are done. O
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If n = 2 the Poincaré domain 3 coincides with
{(A,A2) €C? | M2 #0and a = A\y/N\ € C*\ R},

and (A1, Ay) € P is resonant if and only if there exists n € N\{0} such that Ay = n)\
or Ay = %)\1. Theorem m gives then the following classification.

Corollary 3.3.16. Let X € X5 be in the Poincaré domain, and let A1, Ay € C* be
the eigenvalues of the linear part of X. Let o« = A\y/ Ny € C*\ R~ be the index of
X at 0. Then

(i) if a,1/a € N then X is holomorphically conjugated to
/\12181 + /\22282, (318)
i.€., it is holomorphically equivalent to

2181 + 042282;

(i) if o =n for some integer n > 2 then X is holomorphically conjugated to
A2101 + (Nazo + azt) s,
i.€., it is holomorphically equivalent to
2101 + (nz2 + azy)0a,

where a € C is a holomorphic invariant; analogously, if a = % for some
integer n > 2 then X 1is holomorphically conjugated to

()\121 + CLZ;L)al + /\22282,
i.€., it is holomorphically equivalent to

(nz1 + azy)0y + 22045 (3.19)

(iii) if « =1 then, if the linear part of X is diagonalizable then X is holomorphi-
cally conjugated to (3.18)), otherwise, it is holomorphically conjugated to

)\(Zl + 22)61 + )\2282,
i.€., it is holomorphically equivalent to

(21 + 22)81 + 2’282.
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Proof. Cases (i) and (iii) follow directly from the proof of Theorem in the
non-resonant case. Case (ii) follows from Theorem in the resonant case as
soon as we prove that the complex number a is a holomorphic invariant. It suffices
to prove that if X = (Au+ av™)d; + Avd; is holomorphically conjugated to Y =
(AMx + by™)01 + Aayda, then a = b (we make computations for o = 1/n, the case
a = n is perrfectly analogous). In fact, let (u,v) = (x,y)+&(x, y) be a holomorphic
change of coordinates of (C?,0) tangent to the identity conjugating X to Y, i.e.,
such that

Xo(I+&=dI+¢)oY. (3.20)

Then the first coordinate of (3.20)) is

Mz +&(zy) +aly + &(x,y)" = iz +by™) (1 + %) + )\an_y’

that is, writing & (2, y) = 3, 40 §,€?a:hyk, we have

Mz Y e +a(y + &l y)”
h+k>2

=Nz Hby" N Y Rty b Y gty 0 Y g Rty

ht-k>2 h+k>2 htk>2

The coefficient of 3™ in the left hand side is /\15&) + a while the coefficient of y"
in the right hand side is b + )\Qné&). Since A\; = n\y, then a = b, that is a is a
holomorphic invariant. O

3.4 Topology of the leaves in the 2-dimensional
Poincaré case

In this section we shall describe the topology of the leaves for vector fields in the
Poincaré domain. It shall be sufficient to study the normal forms given by Corollary
3.3.106]

Foliation induced by X = \1210; + A2200; € X5 with (A, \y) € B.

Proposition 3.4.1. Let X = A\2101 + Aa2002 € Xo with (A, A2) € B and let F be
the induced foliation in a neighbourhood of the origin. Then

(i) the leaves of F are locally transverse to the spheres Sg = {|z1|> + |22|* = R?}
for R > 0;
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(i) there exists a real linear flow having leaves included in the leaves of F and
for which the origin is an attractor.

Proof. Let a = ’A\—f be the index of F at 0. We can parametrize a leaf of F passing
through (zg,0) € C? by

o(T, (w0, 0)) = (woe™", yoe?")

with 7' € C. Since o € C* \ R, there exists fy € C* such that

Re(fpA1) < —c¢ <0
Re(for2) < —c <0

for some ¢ € RT. Let us consider the real flow

BoA1t 50)\215)

©s0 (t, (w0, 90)) = (woe™™, yoe

for t € R. Then we have
2 _
‘80,80(157 (xo,yo))’ _ ‘x0|2e2Re(ﬁo>\1)t + |y0|262Re(ﬂo/\2)t < (|:1c0|2 + |y0|2)e 2ct7
and hence the assertion follows. O

Then in this case every leaf of F is topologically a cone over its intersection
with Sy and vertex the origin. To describe the base of this cone let us first note
that the flow ¢g, allows us to define a diffeomorphism between the solid torus Ty =
{|z1] = 1} and Sy \ (S; N {2 = 0}) mapping every point (xg, yo) having |z¢| = 1 to
the unique point in which @g, (¢, (o, yo)) intersects the sphere S;.

We shall now describe the intersections of F with T;. Let us choose ; = /\il
and consider the real flow

¥B1 (ta (:C07 yO)) = (ﬂﬂoeit, yoeait)a teR
for which T, is invariant. The axis of Ty, i.e., {|z1] = 1, 25 = 0}, is a leaf.

Theorem 3.4.2. Let X = )\12181 + )\22262 S %2 with ()\1,)\2) € 513 and let F be
the induced foliation in a neighbourhood of the origin. Denote by o = i—f € C*\R~
the index of F at 0. Then

(1) if a € C\R then the induced foliation on Sy has only two closed leaves, {|z1] =
1,29 =0} and {z1 =0, |20| = 1}, and the other leaves accumulate spiralizing
on the closed ones;

(ii) if a =1 then the leaves of F are of the form {xoze =yoz1} \ {0}, with
(z0,y0) € C*\ {0}, and they intersect circles on Sy;
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(1) if o« € QT then all the leaves of the foliation induced by F on Sy are closed;

() if « € RT\ QT then S; is decomposed into invariant tori on which the leaves
of the foliation induced by F on Sy are dense, and the unique closed leaves of
such foliation on Sy are {|z1| = 1,20 = 0} and {z; =0, |2| = 1}.

Proof. Recall that

P61 (t7 (’IO: ?JO)) = ('roeit) yoeait)a le Rv

where ) = {-.

(i) We have
lim [e*| =0 and lim [e*|=+o0 if Im(a)>0
t—+o0 ) t——o0 ]
lim || =400 and lim [¢*| =0 if Im(a)<O0.
t—+o0 t——o00

Then we have leaves spiralizing around the axis of Ty in one direction and going
away indefinitely in the other direction.

(ii) It is obvious, since in this case the real flow is
¥ (ta ("'UOJ ?JO)) = (x(]eit7 Z/Oeit)a teR.

(iii) It is obvious, since in this case we have

m
a=—
n

with m,n € N\ {0,1} and (m,n) = 1, and hence
¥p1 (tv (x())yO)) = (Ioeita yoe%it) ) teR.

(iv) In this case, we have
|1 (£, (0. 90)| = lzol* + lyol”
for every t € R, and hence g, (t, (2o, y0) € Sy if and only if |zq|” + [yo|* = 1.

If xzg = 0 (resp., yo = 0), then the corresponding leaf is the vertical (resp.,
horizontal) complex separatrix, that intersect S; on the circle {z; = 0, |z2| = 1}
(resp., {|1] = 1,2 = 0}).

Now pick a point (xg,y0) € Sy such that zoyo # 0, and take the sequence
{pp, 27k, (z0,Y0)) kez: it is dense in {z1 = ¢, |22| = |yo|}; it follows that the
intersection of the leaf of F passing through (x¢,yo) and S; is dense in the (real)
invariant tori {|z1| = |zo|, |22| = |yo|}- O
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Remark 3.4.3. In the linear case, there is a simpler way to study the leaves, simply
solving the differential equation given by the associated holomorphic 1-form

w = z1dze — azedzy,

where as always « denotes the index of w at 0. Here the solution of w = 0 is
29 = kz{', where k € Cis a constant value, or z; = 0 the vertical complex separatrix.
In particular, if &« = 2 € Q*, then the leaves are of the form {z] — k%20 = 0}, and
hence they are all complex separatrices.

Foliation induced by X = (nz;+az3)0;1+2205 € X5 with n € N\{0} and a # 0.

Theorem 3.4.4. Let X = (nz; + az)0) + 2002 € X9 withn € N\ {0} and a # 0
and let F be the induced foliation in a neighbourhood of the origin. Then

(i) the leaves of F are locally transverse to the spheres S = {|z1|> + |22|? = R?}
for R > 0 small enough;

(i) the foliation induced by F on Sg has only one closed leaf, corresponding
to zo = 0, while the other leaves accumulate on the closed one spiralizing in
both directions.

Proof.
(i) If (wo,y0) € Sg, the tangent space Tz, ,)Sk to Sk in (0, yo) is given by

N(zo,y0) = QRe(ZL‘_Ole + %dZQ) = 0.
If |(zo,yo)| > 0 is small enough, then (recall that for n = 1 we have a = 1)

Newo.o) (N0 + aygy, yo) = 2Re(n|zo|” + aZoyy + |yol?)
> 2 (n|zol® + |vol* — |al|zo|lyo|™)
>0

and we are done.

(ii) We can parametrize the leaves of X by

{ 21(T) = (az3T + z)e""
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Now let {7},,} be a sequence with |7,,,|] — +oo0 as m — +oo and such that
(z1(Th), 22(T1)) € Sy for all m. Then

AT _ o lagT )
— = lim — =
| Ty |— 00 |22(Tm)”| | Tim|—+00 ’22|
implies, since |22(T},)| = +/1 — |21(Tn) |2,

lim |z(T7,)|=1 and lim |2(T},)] =0,
| T | =00 | T | =00

and we are done. O

Holonomy

We end this chapter by computing the holonomy of some complex separatrices of
foliations in the Poincaré domain. We first need a remark and a definition.

Remark 3.4.5. Let us consider a holomorphic foliation F in a neighborhood U
of the unique singular point 0 € C2. A complex separatrix L is biholomorphic to a
punctured disk D*, so m1(L) = Z. Moreover there is an induced orientation in L,
that gives us the notion of “sign” of a loop.

Definition 3.4.6. Let L be a complex separatrix of a singular foliation F. Then
the holonomy of L is (the conjugacy class of) the holonomy along a loop v C L
such that [y] =1 € m(L).

If X = M\z101 + Aaz00y € Xy with (A1, \2) € B, we know that the induced
foliation F has a singularity at the origin and the coordinate axes are complex
separatrices. We would like to compute the holonomy of the horizontal separa-
trix L = {2z = 0}. Fix a point py = (2?,0) € L; the generator of 7;(L) is repre-
sented by the loop v(t) = (29¢%,0). A transverse section over ¥(t) is parametrized
by 7:(¢) = (2", (), and the leaf passing through 74(¢) is parametrized by ¢¢(T) =
(29eMT (e, So the leaf through 74(¢) intersects the transverse section over (t)
at the point

)t ) )
SDC (Z_) — (Z?@Zt, Cezat)'
M
The holonomy is then given by the second coordinate of ¢¢(2mi/A;), that is
h(C) — GQWWQ
Analogously, the holonomy of the vertical separatrix is
h(¢) = el

In particular, if & € Q%, the holonomy maps corresponding to {z; = 0}
and {z; = 0} are periodic.
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Theorem 3.4.7. Let X = (nz; + azl)0y + 2202 € X9 withn € N\ {0} and a # 0
and let F be the induced foliation in a neighbourhood of the origin. Then the

holonomy h of the unique separatric L = {zo = 0}, computed with respect to
the standard transverse section 7 = {z; = 1}, is tangent to a rotation by the
2

rational angle =& and ils n-th iterate has an isolated fived point at the origin of

multiplicity n + 1.

Proof. The generator of 7 (L) is represented by the loop 7(t) = (e',0). As trans-
verse section over (t) we take 7(¢) = (€%, (); so the leaf passing through 74(¢) is
parametrized by

p(T) = ((1+a¢")e™, Ce™),
with 7' € C. The leaf through 79(¢) intersects the transverse section over (t) at
the point

e (Te(t) = (e, ¢e™e)
where T¢(t) is a solution of the equation

(1+a¢"T)e"" = e™.

In particular, since yo(Tp(t)) must be v(t), we get To(t) = it/n. The holonomy
map is then given by

h(¢) = e,
where T¢(27) solves the equation
1+al"T =™,
with To(2m) = 2mi/n. Write T;(2m) = 22 + §(¢); then §(¢) solves the equation

1+ al" (? + 5({)) = "0, (3.21)

By the implicit function theorem, this equation for ¢ small has a unique holo-

morphic solution with §(0) = 0. Expanding ¢ in Taylor series and comparing
coefficients in both sides of (3.21]) we get

2mia

5(0) = = 55" + 0l

hence

2w 2mia

() = ¢ oxp (228 = ZEen o)

2mia

gy (B )

n2

— 627ri/n€ (1 . QWiacn + 0(4—71)) )

n2
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In particular,
2ma

10 = ¢ (1- 2%+ olen )

and we are done.
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Chapter 4

Dynamics of foliations in the
Siegel domain

Matteo Ruggiemﬂ

4.1 Basic definitions

In the previous chapter we have studied singular foliations with a (elementary)
singularity in 0 € C", through their equivalent description as integral flow of a
holomorphic vector field.

Here we shall focus on dimension n = 2, and on holomorphic vector fields X in
the strict Siegel domain (see Definition [3.3.1)). We shall present some results that
can be found on [MMS80] and [PMY94], while we refer to [MR&3] for further details
on the resonant case (i.e., a negative rational index).

Remark 4.1.1. For our purposes it shall be more convenient to work with holo-
morphic 1-forms instead of holomorphic vector fields, so we recall here the connec-
tion already seen in the first chapter (Theorem between them, and give the
equivalent concepts of the ones we gave in Definition (of holomorphic and
formal conjugation and equivalence).
So a holomorphic foliation F shall be given by a vector field of the form
0 0

X=X — 4+ Xo—r
18$1+ 281‘2’

with X7, Xy € msy, or equivalently, by the 1-form

w = widr1 + wodws,

!Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa, Italy. e-mail: m.ruggiero@sns.it

33



84 4 Dynamics of foliations in the Siegel domain
where w; = — X5 and wy = X].

Definition 4.1.2. Let w,w’ be two holomorphic 1-forms with an isolated singular
point 0 € C?. We shall say that they are holomorphically conjugated (resp.,

for
formally conjugated), and we shall denote it by w = w’ (resp., w = ') if there

exists a biholomorphism (resp. an invertible formal map) ® such that
W = w. (4.1)

We shall say that they are holomorphically equivalent (resp., formally

equivalent), and we shall denote this by w ~ w’ (resp., w A ) if there exist
a biholomorphism (resp., an invertible formal map) ¢ and a holomorphic non-
vanishing function (resp., formal non-vanishing power series) W such that

P*w = Yw. (4.2)

Remark 4.1.3. Equations (4.1) and (4.2)) correspond respectively to (3.3) and
(3-4) of Definition [3.1.4]

Definition 4.1.4. Let X a holomorphic vector field, or w a holomorphic 1-form,
with an isolated singular point in 0 € C2, as in Remark [4.1.1l Let X® be the
linear part of X, and denote by A = (A1, A2) the eigenvalues of X1,

Then we say that A\, or X, or w, belongs to the Siegel domain, if \;, Ay # 0
and the index a 1= Ay/A\; € (—00,0) =R™.

Remark 4.1.5. This definition of the Siegel domain is equivalent to the Definition
of strict Siegel domain (in dimension 2).

Remark 4.1.6. In particular, if X belongs to the Siegel domain, the two eigen-
values A\, Ay as in Definition are distinct. Therefore X is diagonalizable;
up to a (linear) change of coordinates, we can suppose

X; = Nz + fi(2), (4.3)

or equivalently

wi = — (w2 + fo(z))
wy = Mz + fi(z),

with f; € m3 for j =1,2.



4.2 Formal normalization 85

4.2 Formal normalization

Let us recall the formal classification for vector fields in the Siegel domain. This
result follows directly from the formal classification we have already seen in the
previous chapter (see Theorem and Proposition , but here we present
a more direct proof, that shall be useful for proving results in the next section.

Proposition 4.2.1. Let X be a holomorphic vector field in the Siegel domain, i.e.,

of the form

0 0
X=X1—+Xo—
13x1+ 26%’27

with X; = Njz; + f;(x), fj € m3, for j = 1,2, and let « = i—f € R~ be the index at
0. fa e R\ Q, then

for 0 0
X Z MNoi— + Nxo—.
1 (91‘1 + 21;26132

If a = =5 € Q7, with p1,p2 € N coprime, then

for
X = Nz (1+ al(x’flx’f))i + Aoza (1 + ag(xflx’f))i, (4.4)
(%1 81'2

with suitable ay,as € my.

Proof. We want to perform a (formal) change of coordinates tangent to the identity,
i.e., of the form

r; =y; + ;)

with ¢; € m3, for j = 1,2. In these new coordinates, we obtain

0 0
X=YI—+Yo—,
layl 2692

with Y; = A\jy; + g;(y), g; € m3, for j =1,2.
We can compute X; with respect to the z coordinates, and then perform the
change of coordinates, obtaining

X;=XNaxi+ fi(z) =\ (yj + ¢j(y)> + f; (y + ¢(?/)>v (4.5)

or we can compute X with respect to the y coordinates, and then consider the
component along %, obtaining
J

Xj=> 0Ly, = > (% + %) (Mewr + 9 (y)), (4.6)
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where ¢ denotes the Kronecker’s delta function. Comparing (4.5)) and (4.6) we get

0
_AJ¢J +gj +Z>\k_yk fj y+¢ Z ¢]

8yk
Expliciting coefficients, we obtain
99
Z(]l¢jl+gjl)y = fi(y +oly Za— =: X;(¥), (4.7)
1[>2 k=1

where d; 1 1= Aid; + Aada — Ay, and x;(y) = D775 X;.1y" is such that x;; depends
only on ¢y i and gy y with |H| < |I|.
Hence we can solve (4.7) by recursion, by setting

5 0 if 6, 40
Gj1 = . g = .
O Xj,I lf 5]',[ = 0
If a € R_ \ Q7, then 0,7 # 0 for every j = 1,2, [I| > 2, and X is linearizable. If

o = p € Q7, then 6;; = 0 if and only if pg(zl — 1) = pyis, i.e., if and only if
11 — 1 = kp1, 12 = kpy, with & € N*, and analogously with 09 ; it follows that we
can reduce the vector field to the form (4.4). O]

4.3 Holomorphic conjugation and complex sepa-
ratrices

The main result of this section is Theorem [4.3.3] that shall imply the existence of
(at least) two complex separatrices for a foliation that belongs to the Siegel domain

(see Remark [4.3.5)).

Definition 4.3.1. Let f = > fiz! € C[ay,...,,], and denote by M(f) :=
ST If1l 2" the majorant series for f (see Definition [3.3.6). We shall call

)= 1fil M= M(f)(z,. ... 2) € R[]

the norm series for f. In particular N(f)(p) = [ f],, see Definition [3.3.7]
If g=> gia! € Clay,...,x,], we shall say that g is a majorant for f, and
denote this by f < g, if | f1| < |gs| for every I.

Lemma 4.3.2. Let f be in m{ C C{z}, with k € N. Then there exist M,a > 0

such that
M2k

1—az’

f=
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Proof. From the hypothesis, f/z* € C{z}. Set 1/p = limsup {/|a,| < oo, where
f/2¥ = > a,z". For every € > 0 there exists N € N such that for every n > N
we have {/|a,| < 1/p+e. Fix e (for example € = 1), and set a := 1/p + . Then
(1—az)"t =3 . a"z"is such that |a,| < a" for every n > N. On the other hand,
for n < N the finite sequence |a,| /a" admits a maximum M. Up to replacing M
by max{M, 1}, we obtain |a,| < Ma" for all n € N, that is the assertion. O

Theorem 4.3.3. Let X = X0, + X320, be a holomorphic vector field, with X; of
the form (4.3), and let o = i—f € C* be the index at 0.

If a,a™t & N\ {1}, then, up to holomorphic conjugacy, we can suppose that
rixex; | f; for j =1,2.

Proof.

(Step 1). Let us show first that, up to holomorphic conjugacy, we can suppose
that z1xy | fj for j = 1,2, For I € N* and j = 1,2 put ;1 = i1\ + i2d0 — Aj,
and notice that if y* & (yiy2), i.e., if i1iy = 0, then §;; # 0. Indeed, if i; = 0
then 011 = Agia — Ay = 0 for some iy > 2 if and only if o' € N\ {0,1}, while
02,1 = Aate — Ay = 0 for some 75 > 2 if and only if Ay = 0 = «; the case iy = 0 is
perfectly analogous. So we can set

5 0 it y' & (y192)
i1 = gi1 =
0 X1 if y' € (y12)

With this definition holds, so we have the (for now only formal) conjugation
we wanted; let us prove that this conjugation is holomorphic.

First of all, we can easily see that there exists 6 > 0 such that |0,,;| > § for
every |I| > 2,5 =1,2, y' & (y192).

From , taking majorant series, we obtain

OM (
oM (o Z 165,195, ily" = M(g;)+M(f;) y+M +Z (9ny (gx)- (4.8)
[7]>2 k=1

If y* € (y1y2), then ¢;; = 0 and these terms do not enter the estimates; if
y' & (y1y2), then g;; = 0 for j = 1,2. So we can omit M(g;) and M(gs) in (4.7)),
obtaining

M(¢;) = M(f;)(y + M(9)). (4.9)
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Taking norm series, and summing for j = 1,2, we have

IN(¢) = 6(N(d1) + N(¢a)) = > M(fi) (2 + N($1), 2+ N(¢2))

2

<D M) (e + N(gn) + N(ga), =+ N(62) + N(6)),

k=1

and then
N(¢) <6 'N(f)(z+ N(¢)).

Now we apply Lemma at "IN (f) € m%: there exist M, a > 0 such that

NG) | M2
) 41—a2'

Now set u := N(¢)/z € my. If we show that u is holomorphic, then ¢ (and g)
will be holomorphic too, finishing the proof of the first step. Putting together the
estimates, we obtain

N(¢)

< N+ NO)

z
M(z+N(@)"  M2(1+N(¢)/2)"
(1_mz+N@m)_zu—adr+NdeY
and hence ( .
Mz(1+u
= 1—az(l+u) (4.10)
Let us compare u with the solution v € m; of
_ Mz(1+v)?

First of all, let us see that v is holomorphic: directly from (4.11]) we obtain
(M 4 a)zv® + ((2M +a)z — 1)v+ Mz = 0,

and then

1—(2M +a)z — /1 —2(2M + a)z + a?22
v = ;
2(M +a)z ’

so v € my is holomorphic.
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Set 1+u =73 gu,z" and 1 +v = > - v,2" (in particular up = vo = 1).
Then we have

00 n+1
Mz(1 + u)? i
—:M Zn ak_2 (T T
1—az(1+wu) Z Z 7 I
n=1 k=2 JENF
|J|=n—k+1
and hence the coefficient of 2" is of the form P, (uo, ..., u,_1) for every n > 1, with

P, a suitable polynomial with striclty positive coefficients (analogous deductions
can be made for v).

Then from (4.10)) and (4.11)) we get

Up < Pn(u()v-"un—l)u vn:Pn(U07-"7vn—1)-

Now, using and induction argument, we shall show that u, < v, for every n.
For the basis of the induction, uy = vop = 1. Let us suppose that u; < v; for every
j=1,...n—1; then

Uy < P’n(ula cee aun—l) < Pn('Ul, v ’vn_l) = Un;

where the last inequality arises from the positivity of coefficents of P,, and from
the induction hypothesis. Hence © < v, and u is holomorphic.

(Step 2). Thanks to the first step, we can suppose that z1x, | f; for j =1,2. As
before, if [I| > 2 e y* & (y1y2y;), then §;; # 0. We have to show it only for i; = 1:
if j = 1then 0 = 017 = A\ + Aotz — A if and only if Ay = 0, and the same for j = 2
(for simmetry).

So we can define

if y' & (y1y2;)

& 5
<[
=}

bjr = NS
0 X1 if y' € (y1929;)

We can as before estimate d;; from below for y/ & (y1y2y;) with a § > 0,
obtaining again an estimate as in (4.8). We want to obtain an estimate as in (4.9)),
omitting the terms M(g;) and aM d’J M (gy,) for k =1,2.

As before, only terms with [ such that y! & (y1y2y;) are involved in the esti-
mates, while M(gk) (Y192yk); so we can surely omit M (g;) and oM( ¢J)M(gj).

Concermng (¢7) M (g;) Wlth 1 # 7, thanks to our hypothesis on f, we know
that the right- hand side of (4.7)) is a multiple of y1ys, so the same should be true for
the left-hand side; but g; is also a multiple of y192, and then ¢; for j = 1,2 should
be too. It follows also that M;(bj ) is a multiple of y;, so Mgg’j \M(g:) € (yryay;) as
desired.

So holds for this change of coordinates too, and the argument used in the
first step implies that ¢ is holomorphic, as claimed.
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Directly from Theorem [4.3.3] we have

Corollary 4.3.4. Let w = X dxy — Xodx, be a holomorphic 1-form, with X; of
the form (4.3), and let o = i—f € C* be the index at 0.

If a,a™' € N\ {1}, then
w ~ z1dry — azs (14 f(z))dzy, (4.12)
with xyxo | f.
Proof. Thanks to Theorem we have
w )\1901(1 + fl(x))dazg — )\ng(l + fg(a:))dxl,

with z129 | f;, for j = 1,2. Since A\i(1 + fi(z)) is invertible (in C{z}), up to
holomorphic equivalence we can divide by that factor. Being x;xs | f1, the inverse
of this factor is of the form A\{'(1 +zy229(2)), with g € C{z}. Multiplying this by
Xa(1 + fa(x)), we obtain the assertion. O

Remark 4.3.5. It follows directly from Corollary that every foliation in the
Siegel domain admits at least two complex separatrices (of the form {z; = 0} for
j=1,2).

4.4 Holomorphic equivalence and holonomy

In this section we shall prove Mattei-Moussu’s Theorem [4.4.4] (see [MMS0]), a sort
of converse of Lemma for a foliation in the Siegel domain. For the proof, the
computations in the next remark shall be useful.

Remark 4.4.1. Now we try to compute first terms of the holonomy of the hor-
izontal complex separatrix of a foliation given by a 1-form w as in ([£.12)). Let
Ly = {z2 =0} \ {0} be the horizontal complex separatrix. We can suppose, up to
conjugating by a suitable linear map, that f is holomorphic in a neighborhood U
of the closed polydisk P, := D x D, and that 0 is the unique singular point of F in
U. Consider an analytic curve v: [0,1] = Lo. For every a € D, we shall consider
the vertical transverse section {z; = a}. For every y small enough, there is a lift -,
of v such that ,(0) = (v(0),y) and (¢, y) := ~,(t) € L, for a suitable leaf L,. By
analiticity, we can write y(t,y) = (y(t), h(t,y)) for a suitable analytic map h (such
that h(0,y) = y). Directly from definitions, we have then that h.(y) = h(1,y).
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The condition v(¢,y) € L, is equivalent to

(Ziw) o

We can write

| 1 ifk=1
h(t,y) = Z hi(t)y", with fiy(0) = dg1 = { 0  otherwise.

k>0
Then putting all together, we obtain

Dy o  oh

! a .
E(t’y) =7 (t)a—xl + E(t’y)(‘)—mz’

0=w (Lt y)) =v(t)2(t,y) — ah(t,y) (1 + (¢, y)))v’(t)
|3
9 (t,y) = ahl(t,y) (1 + f((t, y))) 4. (4.13)

Example 4.4.2. Let us compute the holonomy for (t) = ¢*™  and hence of the
horizontal complex separatrix Lo (we still suppose that x5 | f). Expanding in
power series (in y) both sides in (4.13]), and comparing terms of the same degree,

we have hy = 0, and
Ry (t) = 2michy (t),
h1(0) =1,

and then hi(t) = e?™* In particular we obtain h(y) = h(l,y) = e*™y +
> ko hi(1)y; it follows that h has rotation number equal to o, and hence h™'
has rotation number equal to —a.

Example 4.4.3. Let us make the same computation but for ~v: [0,1 — ¢] — Ly,
defined by v(t) = (1 — t)e* (and suppose as before that z, | f). Arguing as
before from (4.13)) we obtain (hg = 0 and)

hi(t) = =325 ha (1),
{ (1) =1

then hy(t) = (1 —1t)°.

In particular we obtain h,(y) = h(1 —&,y) = ey + >0 hi(1 —€)y". If we are
in the Siegel domain, the main problem we have to deal with is that e* — oo as
e — 0.
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Theorem 4.4.4 (Mattei-Moussu, 1980). Let w and @ be two 1-forms in the
Siegel domain:

w = x1dre — axg(l + f(x))dml,
W = zdry — cmg(l + f(z))dasl,

with « € R™. Then w ~ w if and only if h = h, where h and h are the holonomies
of the horizontal complex separatrices of w and w respectively.

Proof. The direct implication is Lemma Let us prove the other implication.

Thanks to Corollary , we can suppose that zyzy | f, f . In particular we
can write f = 219, f = 21g; up to conjugacy by a linear map, we can suppose ¢, §
to be holomorphic in neighborhoods U, U of the closed polydisk P, = D of radius
1, with |g],[g| < 1/2 in P, and that 0 is the unique singular point of w,® in U, U

respectively. Now suppose that h = h, with h, h calculated on t s > with base
point z; = 1. Then there exists ¢: (C,0) — (C,0) such that
h=¢ 'ohod. (4.14)

For x # 0, let us define
D(z,y) = (. 0607 (1),

where 7 is a curve from 1 to z with support in Ly := D x {0}, and h., and iL,y are
the holonomies along v (of F,, and F; respectively).

We first notice that this definition does not depend on the choice of v. We
already know that holonomies depend only on homotopy classes (see Theorem
. Let 1,72 be two curves from 1 to x; then we want to prove that

hoyogohsl =N, 0¢0h,

which is equivalent to

hlo ﬁ% o¢o h;ll © hy, = @. (4.15)

72

If we denote by 7; - 75 ' the loop obtained following 7; and v, (on the opposite
direction), then (4.15]) is equivalent to

7 -1

hoynz1 0 @0 h%%,1 = ¢. (4.16)
Being 71 -7, ' a loop, we have h'yw;l = h*, with k = [y, - 75 ']; the same is true for
izvmgl — h*. Then (4.16)) is equivalent to

W ogpoh™ =9,
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which follows directly from (4.14)).

So @ is well defined and holomorphic on {z; # 0}; moreover it defines an
holomorphic equivalence between the two foliations outside {z; # 0}, sending
leaves into leaves. We would like to extend ® on {z; = 0} too, in order to have the
equivalence on the whole neighborhood of 0, and hence the thesis. We shall then
prove that ® is bounded in {z; # 0}, implying that & is analitically extendable
and concluding the proof.

To estimate ®(z,y), we compute it using the curve 7 = 7 - 72, where, if
x = |z| €™ then ~;: [0,0] — Lo is given by t — e?™ (a curve along the unit
circle), and ys: [0, —log |x|] — Ly is given by t — é—‘e_t (a curve along a radius of
the unit circle).

Since ®(z,y) is bounded in {|x| = 1} x D (by compactness), there exists M > 0
independent of # such that

how 0 60 ) (y)] < M yl.

Now we have to estimate holonomies along 7».
From (4.13), applied to h,, =: hy, we get

E@’ y) = —Oéilg(t,y)(l + f<72<t7y)))’

solving this equation and taking the real part we have

h2(t7 y)
Yy

log + at < k(t,y),

where

k(t,y) = a/otf(
< |a|/0te—5

then, since |g| < 1/2, we have

| =

‘.Z"e 7h2(8ay)) dS

(2o iie)

- o (1 —e™)
k(t,y) < —

ds;

It follows that
ot leld=eh
€ 2 .

ﬁg(t,y)( <lyle
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Analogously for hy := h}

ze', and we obtain from (4.13))

%(t, y) = ahQ(t,y)@ + fn(t, y)))-

Solving this equation and taking the real part we have

ho(t
IOg 2( 7y)

' —at < k(t,y),
where

k(t7 y) =

a/o f(xes, ha(s, y))ds

t
< Ja / 2] ¢* [g(we”, hals, )| ds:
0

then, since |g| < 1/2, we have

|af [z] (e' — 1)
k(t,y) < —

It follows that
|a\|z|(2et—1)

|ha(t, y)| < ly| e'e
Putting together all the estimates, with t = — log |z|, we get

. - B - o o lalG-le])
hoyohy 0poh loh 1(y)‘ < |hyodohyloh i (y) x| e 2

Y2

lo|(A—|z])

< |3 W) M 2| e

ol (2]~ 1) la|(1=]z])
2

Syl Mlz[e 2 |zl
< |y| Mell0—le)

which is uniformly bounded for x € D*.

-1, we consider 751 [0, —log|z|] — Lo given by t

]

Remark 4.4.5. Thanks to Corollary we know that there is only one con-
jugacy class of holomorphic foliations with a,a™ ¢ R~ UN \ {0} (they are all
linearizable), and hence Theorem holds generally for a, ™' € N\ {0}. The
next example will show that this result holds also for a« = 1, but it cannot be

extended to the case o or ot € N\ {0,1}.
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Counterexample 4.4.6. Let n € N\ {0}, a € C* and consider the foliations given
by
(7121 + azg)ﬁl + 2’282,

as in . We have seen in Corollary that two such foliations associ-
ated to different a are not holomorphically equivalent if n > 2, while they are all
equivalent if n = 1. We have also computed the first terms of the Taylor series of
the holonomy of the unique complex separatrix (the horizontal one, see Theorem
in Theorem let us repeat that computation, and focus our attention
on the dependence on the parameter a. Recalling the proof of Theorem [3.4.7] the
holonomy h,(s) is such that

h'a(s) = :useéa(S)?
with pu = e’ and 0, € my such that

1+ as” (? + (5a(s)> = e M(s) = i (—La(s)y (4.17)

2mi

Let us write d,(s) = ?L bis', where b; depends on a, and set by = =%, Then

(4.17) is equivalent to
s = (& Y
n 1) _ -n vy
o (L) =S S ()
1=0 j=1 =1

if we rearrange terms in order to have power series (in s) in both members, we
obtain

oS b =S [ S E S | )
m=n m=1 J=1 J: Le(N*)J
|L|=m
From (4.18) we obtain the recursion
nb,, = —aby,_
J=2 Le(N*)J
|L|=m
form >n, and by =---b,_1 = 0.

We can see by induction that by, ; = 0for j =1,...n—1 and every [ € N, while
by, = d'c; for a suitable ¢; that does not depend on a. Then d,(s) := Z;; bjst =
>, aals™, and for the holonomy we have

ha(s) = psed <1+Zdal ”l>,
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with suitable d; that does not depend on a.

By performing the linear change of coordinate s — a~'s, we obtain that hg(s)
is holomorphically conjugated to hi(s), so the holonomies are conjugated even
though the foliations are not when n > 2.

Besides for n = 1, we see that this holonomy is not linearizable, and hence
Theorem [4£.4.4] holds also in this case.

For having a complete answer for the holomorphic classification of foliations in
the Siegel domain, we have to discover how many germs can be holonomies of the
horizontal complex separatrix. The answer (all germs with rotation number a can
be obtained as holonomies), given by Yoccoz and Perez-Marco, is a little hard to
prove, and we shall present it in the last section (see Theorem (4.6.1]).

4.5 Topology of leaves

We have seen in Example that the holonomy of the horizontal complex sepa-
ratrix given by a 1-form as in , with index o € R, has « as rotation number.
As a references for local dynamics in this case, see [Mil06, Section 10] or [BHO9,
Chapter 4] for the parabolic case (v € Q), and [Mil06, Section 11], [Mar(03] or
[BHO9, Chapter 5] for the irrational case (aw € R\ Q). Here we give a list of results
that will be useful for drawing our conclusions on the topology of the leaves of
Siegel foliations.
Let us denote by

Soi={f€C{z} : f/(0) = e2mio)

the set of germs with rotation number a.

First suppose that a = p/q € Q; then f € S,/ is linearizable if and only if
f? = id. Moreover, if f? # id, then we have Leau-Fatou’s theorem (see [Mil06),
Theorem 10.7]): there exist attracting and repelling petals that cover a pointed
neighborhood of the origin. In particular, the orbit of a point can accumulate
the origin forward, backward, or both, depending whether the point lies in an
attracting petal, in a repelling one, or in the intersection of two consecutive petals.

If « € R™\ Q, we consider its continuous fractions expansion, and we denote
by pn/q. the n-th convergent (see [Mar03], or [BHO9, Section 3 of Chapter 5]).
Then we say that

log gn+1

e « satisfies the Brjuno condition if ) < 00;

loglog gn+1
an

e « satisties the Perez-Marco condition if ) < 00.



4.5 Topology of leaves 97

Then « satisfies the Brjuno condition if and only if every f € S, is linearizable; if
« satisfies the Perez-Marco condition, then for every non-linearizable germ f € S,
there exist periodic orbits arbitrarily close to the origin. If o does not satisfies the
Perez-Marco condition, then there exists a germ f € S, without periodic orbits
arbitrarily close to the origin.

Let us study now the topology of the leaves.

Example 4.5.1. We study the linear case, and hence the leaves of the foliation
given by
w = 21dTy — axodxy.

In this case we can explicitly solve the equation w = 0, obtaining y = kx*. In
particular, if « € Q7, then every leaf is closed, while if « € R~ \ Q~, then the
only closed leaves are the horizontal and vertical complex separatrices, and the
other leaves are bounded away from the complex separatrices (they are dense in

{lyl = k| 1z]"}).

For the general case we have to use another approach. Set C;(R) := {|z;| = R}
for j = 1,2. The idea is to consider the intersections of the leaves with C(R), and
then to describe leaves by gluing these intersections along radial curves, through
holonomies. Moreover, to study intersections with C (R), we will use the holonomy
h of the horizontal complex separatrix L.

Let us denote by hr the holonomy along the circle {|z1| = R}, with vertical
transverse sections, for every R > 0. These holonomies are conjugated to one
another.

The idea is the following: start from the point (R,y), and then follow the
holonomy along the circle {|z;| = R}. We will come back to the point R, but
generally on a different height: (R, hg(y)). We can follow the circle once again,
obtaining (R, h%(y)), and so on. Checking the behavior of the orbit of hg, we can
find properties for the intersection of the leaves with C1(R): for example, if y has
a periodic orbit, then this intersection is a closed curve, while if the orbit is not
periodic, this intersection is an open curve (homeomorphic to R).

We can also repeat this study inverting the role of 1 and x5, using the holonomy
of the vertical complex separatrix with rotation number a*.

Example 4.5.2. We already treated the linear (and hence linearizable) case; here
we deal with the non linearizable case. Let us suppose:

e a =p/q € Q, and the holonomy h (of the horizontal complex separatrix)
not linearizable. Then we can have attracting orbits, repelling orbits (that
escapes from the given neighborhood of the origin), and orbits that are for-
ward and backward attracted by the origin (when we take a point on the
intersection of two petals). It follows that we can have open leaves tending



98 4 Dynamics of foliations in the Siegel domain

to both horizontal and vertical complex separatrices, or, in the last case,
leaves tending to the horizontal (or the vertical) complex separatrix, while
being bounded away from the vertical one (the horizontal one respectively).

e o € R™\ Q, and suppose that h is not linearizable. If « satisfies the
Perez-Marco condition, then there are periodic orbits arbitrarily close to
the origin, and hence there are closed leaves arbitrarily near the horizontal
(respectively, the vertical) complex separatrix. If the Perez-Marco condition
is not satisfied, and h is without periodic orbits near the origin, then we do
not have closed leaves near the origin (besides the horizontal and the vertical
complex separatrices).

4.6 Construction of foliations with prescribed ho-
lonomy

This last section will be dedicated to the following important result (see [PMY94]),
that gives us a complete answer to the holomorphic classification of foliations in
the Siegel domain.

Theorem 4.6.1 (Perez-Marco-Yoccoz, (1994)). Let h € S, be a holomorphic
germ, with rotation number o« € R™. Then there exists f € my so that h is the
holonomy of the horizontal complex separatriz of the foliation given by the 1-form

w = widwy — aw2(1 + f(w))dwl.

We shall first describe the main idea of the proof, then we shall introduce some
technical tools, and finally we shall give the detailed proof.

Idea of the proof. We know that every foliation on the Siegel domain has at least 2
complex separatrices (see Remark[4.3.5)). So in order to study such foliations (let us
say generated by the 1-form w as in Theorem , we can consider D \ {wjwy =
0}, where D C C? is a neighborhood of the origin, take its universal covering given
by w = E(y) = (™ e2™¥2) and consider the pull-back Qy = E*w.

In the linear case, we have

w = widwy — awydwy,
Qy = 2mie?™ W) (dy, — adyy) ~ dys — adyy;

thus we have a foliation made by parallel (complex) lines. In the general case we
will have a foliation with leaves “near to” the linear case.
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Projecting through E is equivalent to taking the quotient under the action of

Ti(y) = (y1 + 1, 92),
To(y) = (y1,92 + 1).

The idea is to consider the foliation arising from the linear case on the universal
covering space, and quotienting for a different action, let us say one generated by
suitable I}, F5, in order to obtain a different foliation on the base space. It will
be very important to connect this point of view and the original one, through a
diffeomorphism y = v(z) that allows us to switch from the linear foliation to the
original (lifted) foliation, such that Tjov =wv o Fj for j =1, 2.

It is not so difficult to obtain a C*° foliation with the prescribed holonomy; but
to obtain a holomorphic foliation we shall have to solve a d-equation, with a bound
for the norm of the solution: in this way we will manage to deform the C* foliation
and to transform it into a holomorphic one, without changing the holonomy.

For computations, it will be easier to find a foliation with a prescribed inverse
of the holonomy of the horizontal complex separatrix, and to set § = —a € R™.

We set here some definitions and notations.

Definition 4.6.2. Let M be a complex manifold of complex dimension n. Let
Wi, ..., wy, be C (1,0)-forms on M, forming a basis for the holomorphic cotangent
space on M.

For any g € C*(M), we shall denote by 0;g the j-th coordinate of dg with
respect to the basis {wy, ...,w,}, and by 8_jg the j-th coordinate of dg with respect
to the basis {w1, ...,w,}, i.e.,

dg = 0g + 0g = Z ((959)w; + (9;9)w;).

We shall also denote by g, 5 the coordinates of 00g with respect to those bases, so
that

00g = Z 9; 5w N Wk
gk

If f=3, f;005 is a (0,1)-form, we set P = O {f3|2-

Remark 4.6.3. Not every 0-equation can be solved in a generic complex manifold.
During the proof, we shall show that, up to shrinking the neighborhood D, we can
work on a Stein manifold, where d-equations can be solved.

Definition 4.6.4. Let X be a complex manifold. Denote by O(X) the set of
holomorphic functions f: X — C. We say that X is a Stein manifold if:
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(i) O(X) separates points, i.c., for every x # y € X there exists f € O(X)
such that f(z) # f(y):

(ii) X is holomorphically convex, i.e., for every compact set K C X, the
holomorphic envelope K = {z € X : |f(z)| < maxg |f| Vf € O(X)} is
compact.

Stein manifolds are strictly related to plurisubharmonic functions, as Theorem

[4.6.771 shows.

Definition 4.6.5. Let X be a complex manifold, and ¢: X — R a C? function.
The Levi form of ¢ is the hermitian form L(¢,z) on T, X defined in local coordi-
nates by
8%
8238_

Cj Ck

Definition 4.6.6. Let X be a complex manifold. A C? function ¢: X — R is
strictly plurisubharmonic if the Levi form L(¢, z) is positive-definite for every
r € X. It is called an exaustion if ¢~'((—o0,a]) is relatively compact in X for
every a € R.

We shall see now a classical charaterization of Stein manifold, whose proof can
be found in [H6r73, Theorem 5.2.10].

Theorem 4.6.7 (Grauert, 1958). A complex manifold X is a Stein manifold if
and only if there exists a strictly plurisubharmonic function ¢: X — R which is an
exhaustion.

We shall need to solve the 0-equation with bounds, in order to control the
deformation. The following theorem will be fundamental: for the proof, see [Hor73,
Chapters IV and V], or [PMY94| Section III].

Theorem 4.6.8 (Hormander, 1965-1973). Let M be a Stein manifold of complex
dimension n, endowed with a Hermitian metric. Let wy,...,w, be C* (1,0)-forms
on M, formmg a basis for the holomorphic cotangent space on M. Set dV =
(%) wl/\wl/\ A wy A Wy,

Let d’, cj.,E € C®(M) be such that

! o Ly,
Ow; = E a; Wi A Wi (with a;, = —ay ;);

_— z o
Ow; = E ¢ w5 N W
J.k
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Suppose that there exist continuous functions 6y, 01: M — R such that

l l
|aj,k‘ < bo, ijg‘ < b,
l l
}8eaj,k;‘ S 91; aecjg) S 91;
l l
}aeaj,k‘ S 91; aecjﬁ < 917

for every e = 1,...,n. Then there exists A > 0 (depending only on n) with
the following property: given a function 0: M — R*, a strictly plurisubharmonic
function x € C*(M), and a d-closed C* (0,1)-form f on M such that

D XaGG = 0+ A(65 +61)) |¢) (4.19)
7.k

for some A >0, and
/ O~ f|?e™XdV < oo, (4.20)
M
then there exists u € C(M) such that
ou=f,

/ ul” e ™XdV g/ O |f|P eXdV .
M M
Now we can prove Theorem [£.6.1}

Proof (of Theorem[4.6.1). Fix a C* function n: R — [0,1] such that n = 1 in
(—00,1/3] and n =0 in [2/3,400), and denote § = —a > 0.

We have h~! of the form h=1(z) = ¥z + O(z?) by assumption. Up to
homotheties, we can suppose that h~! is holomorphic in the unitary disk DD, and
that h~1(D*) C C*. Let z — H(z) = 2z + 8 + ¢(z) be the lift of h~! through
7: H — D* given by z — e*™*, with H holomorphic in H, where ¢ is Z-periodic,
and limpy, 0 ¢(2) = 0. Again up to homotheties in D*, we may assume that

|D'¢(2)| < Cre ™™ Vi=0,...,4,Vz € H. (4.21)
We split the proof into seven steps.
(Step 1). Let us construct the C* 1-form €. Set
U= {ze€C*|Im(xy + Bz;) > 0},
and define F}, Fy: U — C? by

Fl(LL’) = (Il —+ 1,I2 + (b(l’g + ﬁl’l)),
Fy(x) = (z1,29 + 1).
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We can easily see that

F10F2 FQOFl

<

(w1 + 1,20 + 1+ ¢(z2 + 1+ By1)) (x1 4+ 1,29 + 1 4+ ¢(22 + Ba1)),

and the last equation holds since ¢ is Z-periodic.
Then we can quotient (a subset of) U by Fj, Fy. Define vg,v: U — C by
setting

(Rex1)¢(za + fz1),
(Rex1) log (1 + De(x2 + Bx1)).

vo(x)

n
vi(z) =1

Remark 4.6.9. Both vy and v, are Z-periodic on the second coordinate, thanks
to the Z-periodicity of ¢.

Now let us define v: U — C? by
y=uv(zr)= (xl,mg + Uo(x)),

and set
QD = 6”1(’”) (dilfQ + ﬁdﬂfl),

so that Qg is a C* (1,0)-form.

Lemma 4.6.10. Let 0" be a partial derivative of order | < 3. There exists Cy > 0
such that
’811)]-(1')} < Cye2rim(eztha) VeeU, j=0,1.

Proof. 1t follows from definitions and (|4.21]) ]

Let T}.Ty: C? — C? be given by

Ti(y) = (p1 + 1, 92),
Tr(y) = (y1,92 + 1).

Lemma 4.6.11. We have
(i) vo Fy =Tyov and F;Qy = Qy in U;
(i1) vo Fy =Ty ov and FiQo = Qy for x € UN F7HU) and |Rex,| < 1/3.

Proof.
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(i) We have

voFy(z) =v(xy, 20+ 1) = (xl,:vg + 1+ vo(xy, 0 + 1))
Tyov(z) = To(x1, 32 + vo(x)) = (21,22 + 1 + vo(x)).

They are equal thanks to the Z-periodicity of vy(z1, ).
For the pull back of 0y we have

(FQ*QO)x _ evl(m1,x2+1)(dm2 + ﬂdxl) — (Qﬂ)m

again thanks to the Z-periodicity of vy(z1, ).
(ii) Let us write Fy(z) =: (fi(z), fo(z)); then we have

vo Fi(z) = v(:icl + 1,20+ ¢(z2 + 51’1))
= (21 + 1,20 4 ¢(x2 + Ba1) + n(Rexy + 1)d(f2 + Bf1))
Tyov(x) =T (1‘1,3:2 + vo(x)) = (1‘1 + 1,29 + n(Rexy) (2 + ﬁxl)).
The condition x € U N F~1(U) is necessary to have all members well defined;
moreover if |Rex;| < 1/3 then n(Rex;) = 1 and n(Rezx; + 1) = 0, and hence the

two members coincide.
For the pull back of 2y we have

(Fl*Qo)gc = (Q(])Fl(ac) © d<F1)907
But

1 0
W= ( 3gar + i) 1+ Do+ o) )

it follows

(FF ), = erofn@ <(1 + Do(xs + Px1))dus + BD(x2 + Bay)dwy + ﬁdﬂh)
— N(Rezi+1)log(1+Dé(f2+511)) (1 + D¢($2 +6x1)><dx2 +ﬁdl’1>
= (1 + D(b(xg -+ ﬁxl))(d@ -+ 5d$1),

since n(Rex; + 1) = 0 when |Rex;| < 1/3. On the other hand,
0, = en(Rem)10g(1+D¢(m2+5m1))(dm2 + del) — (1 + D¢(I2 + ﬁl’l))(dl‘g + ﬁdx1)7

since n(Rex;) = 1 when |Rex;| < 1/3. O
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Fix ¢ € (0,1), and set 8; = (1 +¢) and S = B(1 —¢) (both in RT). Set
I(y) = Im(y2 + By1), and I;(y) = Im(ys + By1) for j = 1,2. For every R > 0, we
define

1 5
Ve = {y eC? . ~1 < Rey; < 2 for j =1,2;1(y) > 0,11 (y)I2(y) > R},
Up = v (Vg) CU.

Note that I; and Iy are invariant under the action of T} and T5.

Remark 4.6.12. If y € Vg, we have

41(y)? = (L(y) + L(y))* = L) + L(y)? + 2L (y) I(y) > 46 (y) I(y) > 4R,

and hence

I(y) > VR.

Lemma 4.6.13. There exists Ry > 0 such that for every R > R;:
(1) v|u, is a C* diffeomorphism on Vg;

(i1) Ur/(F, )y =: MR is a complex manifold, and v induces a C™ diffeomorphism
U: Mp — VR[22 = VR/(T\Tv);

(iii) Qo induces a C* (1,0)-form Qy on Mg.

Proof. Suppose 2’, 2" € Ug such that v(2') = v(2”). Then 2} = 2 and 2y4vy(2") =
xl + vo(2"), and thanks to Lemma [4.6.10] we get

[y — @3] < Juo(a’) — wo(a")| < Coe™ ™) |2ty — a3, (4.22)

with z a suitable point on the segment between zf, and z7.
If y € Ug, thanks to Remark [4.6.12 we have that I(y) = I(v(z)) > VR.
For I(x) we have

I(z) = I(y) — Im(vg(x)) > I(y) — Coe™2™@

thanks to Lemma [4.6.10; it follows that, up to choose R large enought, we can
suppose that I(z) > v/R/2. From (#.22) we obtain

[y — 23] < Coe™™ R |a — a]

and hence x}, = 2 as soon as Che ™R < 1, and v is injective. The first point
easily follows.
For the second one, Mg is a complex manifold, since F} and F5 are holomorphic.
To take the quotient by the action of Fj in Ur means that = ~ 2’ if and only
if 2/ = Fi(z) (or the symmetric relation); in particular, |[Rez;| = [Rey| < 1 < 3,
and from Lemma [4.6.11] we obtain the well-definiteness and the regularity for v,
and the third result. O
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(Step 2). From now on, we have to focus on the hypotheses on Theorem [4.6.8]
and on Theorem In particular now we shall discuss properties of a specific
basis (wq,ws) for the holomorphic cotangent space on M.

Denote by mr: Ur — Mg the canonical projection, and define on Mg (or Ug)

hj(z) = Im(zg + vo(z) + Bja1) = Im(ye + Bjy1) = I;(y) for j = 1,2,

o () = hi(x) + ha(x)

) = Im (22 + vo(z) + Ba1) = Im(yz + By1) = 1(y);

finally set w; = Oh; for j =1,2.
Lemma 4.6.14. For every R > R;y:

(i) the (1,0)-forms wy,ws form a basis of the holomorphic cotangent space to Mg;

(i) if AV = (£)° i AWT A ws AT, and dVy = (1) dwy A dT7 A day A dT5, then
there exists C's > 0 such that

CyldVy < mhdV < CadVy
m UR.

(71i) Owy = 0wy = 0, and there exists Cy > 0 such that

Owy = Ows = 00Tmuy = Z ¢;7wWj N Wk,
jk

with ¢, € C*°(Mg) and

}Cjﬁg 3103',@{ ; |5le7§‘ < Cye >, (4.23)

for every j, k, 1.
Proof.

(i) Since v is a diffeomorphism for R > R;, we can compute derivatives in the y
coordinates. Then

1
w; = 8hj = 2—Z(dy2 + ﬁjdyl),
thus w; and wy are not proportional and never zero.

(ii) For j = 1,2, we have
1
w; = 8;7,] = Z(dx2 + Bjdxl) + 8Imvo(x); (424)

_ 1 =
Oh; = —z—i(daj_Q + 5;d7y) + Olmug(x);



106 4 Dynamics of foliations in the Siegel domain

so we have to show only that |0Imuv,| and ‘51mv0| are bounded in Ur. But
1 —27Im(z2+Bz1) 1
[vol < [é(x2 + fr1)| < ge <

and similar estimates hold for dv, and dvy.

(iii) We obviously have 0% = 9’ =0, while from ([4.24) we have
Ow; = 00(Imuy).

Thanks to point (i), we can consider {w;,ws} as a basis of the holomorphic cotan-
gent space. The estimates for the coefficients follow then from Lemma [4.6.10} We
note that we can estimate e 2™/(®) < Ce=2™m(®) by the same argument we used

in the proof of Lemma {4.6.13}(i). O

(Step 3). Here we shall prove that, up to choosing R large enough, Mg, is a Stein
manifold.

Thanks to Theorem [4.6.7,, we have to construct an exhaustive striclty plurisub-
harmonic function on Mg.

Now we shall describe a procedure to obtain functions on Mg, for which we
can easily estimate the Levi form with respect to the basis {wy, w2} (see Lemma

4.6.141(1)).
Set Bg :={h € R? | hy,hy > 0,h1hy > R}. Let ¢: Bp — R be a C* function.
Let us suppose R > R;. We can associate to ¢ a function ¢: Ur — R defined by

Y(z) = @(hl(z)a hz(z))-

Since R > Ry, we can use the basis {wy,ws} (see Lemma [4.6.14}(i)):

00 = 1, pw; Ay (4.25)
gk
Lemma 4.6.15. We have

| 0% fod | oY
YiE = [ahjahk Tk (8_hl - 8_hz>] © (fn, o). (4.26)
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Proof. Let us compute all coefficients in the standard basis:

where s = 1,2, thanks to Lemma [4.6.14] (iii).
Moreover

It follows that

00 => TV oy nde
N . 00T, : "

aw oh, Oh,
_g <8h o, i e Z@xm axldf””dxm>

00 Oh;  Ohy
+ ( 8h <h17h2> 'Z(gkzaxl Edl‘l/\dl’m>

i,k
62%2 _
=2 5 (s h)wa AT + Zah (hasho) | { D esmes A |
o pYlq J.k

Comparing (4.25) with the latter equation we get (4.26)). O
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Now apply this construction three times:
Q;(O)(hl, hsy) = —log(h1he — R) = —log p, where p := hihy — R;
D W (hy, he) =h? + h;
VB (hy, hy) = — w(hy + hy) = —2h,,.
We want to estimate Levi forms in this three cases, but first we need a lemma:
Lemma 4.6.16. For (hy, he) € Br we have that

2 2 9 2 — — h%h% — R?
Mo |GI™ + Py G + R(GG + GG) 2—5—5
hi + h;

R
ZQph—?n (‘C1‘2 + ’Cz’Q) ; (4.27)

(1611 + 1l

for every (1, € C.
Proof. For the first inequality, we equivalently have to show that
hy |G + ki 1Gal” + 2R Re (GiG2) (A + h3) + B2 (|G +[GI7) > 0.
If (1 = 0 then the latter inequality is simply
WG + R* |G >0,

which is obviously true.
If ¢; #0, set u= (/¢ € C; in this case we obtain

Wy |G” + i |l (Gl + 2R Rep G (T + h3) + R |G (1+ |uf®) > 0,
and we can simplify |¢;|*. Then
hy + bt ul> + 2R Rep (B3 + h3) + R? (1 + |uf*)
> hy + hi(Rep)? + 2R Rep (hf + h3) + R? (1 + (Rep)?)
= (h3 + R Rep)* + (Rep hi + R)* > 0.
For the second inequality, we only have to show that
h2h3 — R? < pR
h?+hZ — 2Rn2]

that is
(1213 — R2) (hy + ho)® > 2 (12 + 1) pR.
Using that hihs > R in By and the definition of p, we obtain
2R(hy + hy)® > 2R (h} + h3)
which holds since h1hy > 0. ]
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Lemma 4.6.17. There exists C5 > 0 such that

S 06T = 7 ((202) TR = Cole ) [

7.k

S G > (2= Cshpe ™) ¢
7.k

S UGG > —Cre |

7.k

Proof. We want to apply Lemma [4.6.15| to (), ¢)() and 4.
In the first case we have

- —h - h: R
o_ -1 2 290 =2 2 .
hence

Yo WGG = (W11 + BTG + R(GG + GG)) = 20 hun Y €56
Jik ik

But then, using (4.27) from Lemma [4.6.16| and (4.23]) from Lemma 4.6.14}] we get

_ /R Y
21/)](%)@'@: >p! (W — 4hypCye™? hm) ¢

j?k

In the second case we have

- oh - 20
D¢1:<2h;>’ Dzd’l:(o 2);

so from Lemma [4.6.15 we have
> wfgcj@ = 2[C* + 4P Y ¢ 56iCk
Jsk gk

Thanks to (4.23)) from Lemma |4.6.14] we obtain
> wj(}ggj@ > (2 = 8hy,Cue 2™ ) ¢
gk

In the last case we have
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hence from Lemma [4.6.15 we have

> %(':%)Cj@ = -1y ¢ = (—2mChe> ) |7,
jik gk

using (4.23) from Lemma [4.6.14] again, and we are done. ]

Lemma 4.6.18. There exists Ry > Ry such that Mg is a Stein manifold for every
R > Rs.

Proof. Set 1 = ¢¥© + () € C°(Mgz). We want to show that ¢ is an exhaus-
tive plurisubharmonic function for My (for R large enough). To show that 1 is
plurisubharmonic, thanks to Lemma , we only have to ask for h,,e~2™" (for
Y1) and k2, e=2 ™ (for 1)(?) to be small enough. So we only have to ask for an R
large enough (since h,, > /R in Mg).

Now we want to prove that ¢~!(—o0, a] is relatively compact in Mg for every
a € R. We have 1y = —logp + h? + h3; we have hiho = p + R, and hence
h?+h% > 2hihy = 2(p+ R). Now if we suppose that ¥ (hy, hy) < a, then we obtain

a > p(hy, hy) = hi+h3 —logp > 2R+ 2p — logp,

and hence p has to be bounded. Then ||(hy, ho)||> = h2+h2 < a+log p is bounded.
[

(Step 4). Here we solve the problem du; = —dv; =: f;, for i = 0,1, using twice
Theorem [£.6.8

Remark 4.6.19. We could obviously take u; = —v;, but we want a “small” solu-
tion, for which we can control the norm, as in Hormander’s estimates.

We must show that the hypotheses of Theorem holds for certain 6, Yy,
while we have fixed f;, and we showed that {w;,ws} is a basis for the holomorphic
cotangent space in Mg (for R > Ry, see Lemma [4.6.14}(i)). Moreover, a’, = 0 and

le-,E = C?,E =%
Thanks to Lemma [4.6.14](iii), if R > R; then we can choose 0y = 0, =
046_27rhm.

Now we want to apply Hormander’s estimates for the plurisubharmonic weight
x =@ 4@,

Lemma 4.6.20. There exists R3 > Ry such that for R > R3 we have that x is a
plurisubharmonic function on Mg and (4.19) holds.
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Proof. From Lemma |4.6.17| we have
~ R —27hm hm 2,
%;Xj,ijgk > (Qph?n — Cse <7 + 1)> (Sl

in particular, y is plurisubharmonic for R large enough.

Set 0 = ﬁ; we have
R h R h
—C —27hp, [ "M 1) =9 - C —27hm, [ 'm 1) .
2pm2, ~ (p i ) Topnz, o
We want to choose R large enough to have
R h
— Cse [ 4 1) > A6 + 6
6pnz, (p+>_<°+1)’

or equivalently

R P

i Cg,phfne’%hm (— + 1> > AC’4ph72ne’2’rhm (1 + C46’27rhm) ) (4.28)

p

Studying the behavior of both members as h,, tends to oo, since p(x)e ™ — 0
when r — oo for every polynomial p, and remembering that 0 < p < h2 — R,
we have the first member in tends to R/6 while the second one tends to 0
(whatever is the value of A), and hence holds for R large enough. [

Lemma 4.6.21. There exists Ry > 0 such that for R > Ry the integral estimate
(4.20) holds. In particular we have

O~ fIPeXdV < 1.
Mg
Proof. Directly from definitions we have that
3hi.p
R

Thanks to Lemma [4.6.10} and arguing as in Lemma [4.6.14] we find that there
exists C' > 0 such that

Ole x| fy] =

pe*™m | il

|f]’ S C«efQWhm.

Then we obtain oo o
3C*h:.p
9_1 —X 2 < m —2mhm,
which decays exponentially to 0 when R — oo. Then for R large enough we have
the thesis. N
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Corollary 4.6.22. Set Rs = max{R3, Ry}. Then for every R > Rs there exists
u; such that Ou; = f; = —0v;, and

/M lu;|? pe>™mdV <1, (4.29)
R

for 3 =0,1.

Proof. We only have to apply Theorem |4.6.8| recalling Lemma [4.6.20] and Lemma
4.6.21] O

(Step 5). Now we construct a holomorphic 1-form Q5 from €2y, using the distorsion
u1, and connecting it with the linear case (where we quotient by the action of F, F5)
through the biholomorphism v.

For R > Rj5, we set

2
Ve = {y€C2|OSRengl,I(y)>O,Ij(y)>1+ﬁj+\/}_%},
UR = U_l(VR).

A .
e {y€@2'OSReijLI<y>>o,Ij<y>> Wwﬁ},

For + = 0,1, we set v; = v; + u; o g, defined on Ur. We obviously have that
the v; are holomorphic in Ug, by construction.

Lemma 4.6.23. There exists Rg > Ry such that for every R > Rg and i = 0,1,
= 1,2 we have

ov;
Oarj

< Cﬁe_ﬂ'hmf in UR7

|5;] < Cge™™m,

for a suitable constant Cg > 0.

Proof. Let 2° € U r, and consider the ball
B; = {|z —2°| <}

We claim that B2 C Uy for R large enough.
Indeed from Lemma |vg(z)] < Coe 2™ tends to 0 as R tends to oo, so
v is uniformly close to the identity when R is large enough, and the claim follows
from definitions of Ui and U R
Moreover, for x € B? and R large enough, then there exists C (independent of
2%) such that
| () = B (27)| < C.
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Since

hj(x) > +ﬁ] +VRfor j=1,2,

it follows

p(z) = hy(x)ha(x) — R > R+ VR(1 + ) + L+ ﬂllﬂ +5) R> VR

Since v; is holomorphic, |171|2 is plurisubharmoinic and hence the submean inequal-
ity holds:

1 2

36 < g L8P % < g [ (@ @ )ave

)

From the integral estimate (4.29)), also using Lemma |4.6.14] we get

1> / |u|? pe™mdV > / |ui)? VR @)= o1 gy
Mg B2

and hence

2 2 203 2 ~_ 0
— wi(z)|? dVy < ——=——e¥"(Chm(@),
vol(BB?) /Bg fui(@)"dVo < vol(B2)vVR
Moreover, from Lemma we have

2 — — _ _ S 0
‘U’L'| S 0226 Amhp, S C22€ 271'\/E€ 2mhm S 0226 27r\/EeQ7rC€ 2mhm (2V)

Y

and hence

2 2 ~ 0
s dVe < 202 —27vV R 27C  —2mhm (z )
vol(B2) /JBg o dVo < 2C3e ©

Putting together all the estimates, we obtain the assertion.
For the derivatives, we use a Cauchy estimate

dv; ( ) max{|1~;z($)| | x e Bg} < 5—16—w(hm(r0)—é)
oz; - ) - ’
and we are done. O

Set:
o(x) :(:cl,xQ + 170(:(;));
Qo =@ (day + Bdzy);
UR :17_1<‘~/R) N 03;
Mp =n(Ug).



114 4 Dynamics of foliations in the Siegel domain

Lemma 4.6.24. There exists R; > Rg such that for every R > Ry

(i) |z, is a biholomorphism on Vi, and it induces a biholomorphism between
Mpg and Ve/z2 = Wpg;

" ~0 induces a holomorphic (1,0)-form 2y = (0~ *~0 on NR, and we have
(ii) Q d hol hic (1,0)-f Q (7H*Q %% d h
Qo ~ Ay (y)Bdyy + As(y)dys,
with A; such that
|[Aj(y) — 1] < Cre ™m0, (4.30)
Proof.

(i) Thanks to Lemma we have that ¢; is close to the identity as R grows to
oo; arguing as in the proof of Lemma [4.6.13, we have that ¢ is a biholomorphism
on Vg for R large enough. Moreover, it induces a well defined biholomorphism on
MpE, since 0y = v + up, where vy induces a map on Mg, while g is already defined
as a map in Mr O Mpg.

(ii) Using the same argument as in point (i), but with 0; instead of ¥y, we see that
(), is well defined.
If we set z = 0~1(y), then

(1 0 P 060\~ [1+92 0
o= (g0l ) = e (ogn) (08 1)

and hence

(Q2>y = (QO):E © d((f’)_l)y

079
_ o 1
_ (=) __ p—1_ Oz
=% [ﬂdyl (1 g T 5 > + dy2—1 o

Oxa Ox2

-1 o1 Oxo
Nﬁd%(l—ﬁ 1—1——3@>+dy2<1_1+%>’

Oxa Ox2

Applying Lemma [4.6.23, we obtain

3] -1 - -7
4 1= fgrom | G Gee T
1+ g—;g ~ 1—Cgem™m = B(1 — CseVE)’
8/5 —T —T
Ay — 1| = o Coe T < Coe ™
T+ 05| S T= Goe = 1= Coomn/P

because h,,, > \/}_2, and we are done. O
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(Step 6). We finally define our candidate € for the 1-form whose foliation has
the prescribed holonomy (for the horizontal complex separatrix).

We simply take €2, project it through F outside the horizontal and vertical
complex separatrices, and extend it to the whole neighborhood of the origin. Let
us describe the details.

Since the A; are Z*-periodic and thanks to (4.30]), we can write

Aj(y) = 1+ B;(y),

with B; a suitable bounded Z?-periodic holomorphic function (for j = 1,2). We
also notice that B;(y) — 0 when h,,(07'(y)) — oo (see (#.30), or, equivalently,
when I(y) — oo (since ¢ tends to the identity when R grows to o). Set

Drp = {weC® : | |w1|? < e HUA VR,
Dy = {we€ Dgr : wywy # 0},
and denote
w = E(y) — (6271'11/1’ 627rzy2>‘

Notice that D = E (Vg), and E: Wg — D3, is a biholomorphism.
If we set B; = Bjo E and Q = (E~1)*Q, then

3 _ 1
1+ By)d
271'2"(1]1 ( * 1) WLt 27T’iw2

~ Bwsy(1 + By)dw; + wy (1 + By)duws.

0 ~ (1 +§2)dw2

This foliation on D} can be extended to a holomorphic foliation on Dp.

(Step 7). Now we only have to check that € has holonomy of the horizontal
complex separatrix equal to h.

Let Fy be the foliation defined by Qo on U r, and F the foliation defined by (2
on Dg. Leaves of Fy are defined by points with a costant value for x4 4+ Sz, and
F is the image of Fy through F o .

Set:

Y ={w € Dg : wy =1} (the vertical section on 1);

£ = S\ {(LO)} = £ D,

Yo={x € Ug : x; = 0} (the corresponding vertical section on Ug);
Yi={xeUr : x1 =1} = Fi(X).

The map E o]y, is an universal covering of X*, while z — €™ is a coordinate
on X*.
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We have that the images of (0, x2) and Fy(0,z) = (1, 22 + ¢(22)) through E oo
coincide; but (1,z9 + ¢(x3)) and (0,25 + S + ¢(x2)) = (0, H(z2)) belong to the
same leaf of Fy.

It follows that the holonomy with respect to ¥ for F along [0,1] 3 ¢ + (e72™ 0)
on the horizontal complex separatrix is h~!, and hence h is the holonomy of the
horizontal complex separatrix for F.

]
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