CLASSIFICATION OF ONE-DIMENSIONAL SUPERATTRACTING GERMS
IN POSITIVE CHARACTERISTIC

MATTEO RUGGIERO

Abstract

We give a classification of superattracting germs in dimension 1 over a
complete normed algebraically closed field K of positive characteristic up
to conjugacy. In particular we show that formal and analytic classifications
coincide for these germs. We also give a higher dimensional version of some
of these results.

INTRODUCTION

Recent interest arose in understanding the local dynamics of analytic germs f : (KV,0) —
(K¥,0) over a (complete normed) field K of positive characteristic. One of the first works in this
direction is given by [HYS83], where the authors deal with some problems of small divisors and
resonances in the non-archimedean setting, in particular for analytic germs f : (K,0) — (K,0)
with |f/(0)| = 1. If the characteristic of K is zero, the authors show that f is always analytically
linearizable, as long as A := f’(0) is not a root of unity. This result does not hold in positive
characteristic, the problem due to the presence of small divisors, that gives an obstruction to the
convergence of the formal conjugacy between f and its linear part = — Az (see [Lin04]).

In this paper, we are concerned with superattracting germs, characterized by the property
that the differential df at 0 is nilpotent.

In dimension one, any superattracting germ can be written under the form f(z) = Cx%(1 +
e(z)) with C # 0, d > 2 and £(0) = 0. When K is the field of complex numbers endowed with
the standard euclidean norm, a classical result by Bottcher [Bot04] states that f is analytically
conjugate to the map = + x%. This result still holds for superattracting germs f : (K, 0) — (K, 0)
over any field K of characteristic zero, endowed with any (archimedean or non-archimedean)
complete norm, provided that “vC € K.

Bottcher theorem also holds over (not necessarily algebraically closed) fields K of characteristic
p > 0 (endowed with a complete norm) when d and p are coprime. However it does not hold
when p divides d.

Consider for example the germs F(z) = zP (called the Frobenius automorphism) and f(x) =
a2P(1 4 x). Since F'(x) = 0 while f'(x) = 2P, these two germs cannot be conjugate one to the
other.

Since any germ f whose derivative is identically zero can be factorized through the Frobenius
automorphism, there exists a unique m € N for which f = g o F™, where g : (K,0) — (K, 0)
satisfies ¢’ Z 0. Set d = ordg(g) and 19 = 1 4 ordo(g’) — d, where ordy denotes the order of
vanishing at 0. The numbers m, d and r( are invariants of (formal) conjugacy. Notice that either
ro = 0 (when p and d are coprime), or ro > 0 is coprime to p (and p divides d).

In this paper, we provide the formal and analytic classification of superattracting germs in
dimension one, over any algebraically closed field K of positive characteristic.
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Theorem A. Let K be an algebraically closed field of characteristic p > 0. Let f : (K,0) —

(K,0) be a (formal) superattracting germ. Then f is formally conjugate to a map f: (K,0) —
(K,0) of the form

M Flo) =" (@) + b)),

where:

m €N, d e N* and dp™ > 2,

if p and d are coprimes then ro = 0, if p divides d then either ro = 0 or rq is coprime to
p,

b#0, and a € K[z] is a polynomial of degree < rq/(p —1),

when rg =0, then a =0 and b = 1,

when ro > 0, then a(0) = 1 and b is uniquely determined up to the multiplication by a
root of unity ¢ such that (%" = ¢.

Theorem [A] does not provide a complete classification of superattracting germs in positive
characteristic, since the polynomial @ is not uniquely determined. In Theorem we shall
describe normal forms with the property that for any f there exists a finite number of such
normal forms conjugate to it.

Special cases of Theorem [A] were known to the experts. The case when d and p are coprime
can be proved as in the classical case of Bottcher’s theorem (see Theorem , and Gardner
Spencer in his thesis [GS11] gave a formal classification of superattracting germs when m = 0
and d = p (see Remark [3.8).

While Theorem [A] deals with the formal classification of formal superattracting germs f :
(K,0) — (K,0), the next result studies the convergence of the formal conjugacy when K is
endowed with a (complete) norm, and f is an analytic germ. In particular, we show that analytic
and formal conjugacy of superattracting germs in dimension one coincide.

Theorem B. Let K be an algebraically closed field of positive characteristic, endowed with a

(complete) norm. Suppose two analytic superattracting germs f, f : (K,0) — (K,0) are formally
conjugate. Then they are analytically conjugate.

Ecalle conjectured that formal and analytic classifications coincide for superattracting germs
f:(CY,0) — (CY,0) over the complex numbers (with standard euclidean norm), in any dimen-
sion N > 1. The conjecture trivially follows from Boéttcher’s theorem when N = 1. For N = 2,
the conjecture has been proven in [Fav00] when f is a superattracting rigid germ (namely, the
union of the critical set of all iterates has simple normal crossings and is f-invariant). For a
partial classification of rigid germs in all dimensions, see also [Rug]. Here, Theorem [B| gives a
positive answer to Ecalle’s conjecture in our setting.

As an example of result that holds for superattracting germs over fields of positive characteristic
in higher dimensions, we give a sufficient condition for a superattracting germ to be conjugate to
a monomial map.

Theorem C. Let K be a complete normed (possibly non algebraically closed) field of characteristic
p>0. Let f: (KN,0) = (KV,0) be a (analytic) superattracting germ of the form
(2) flz) = CxP (1+¢e(x)),
where z € KN, C € (K*)V, D € My(N) and € : (KV,0) — (KV,0) with £(0) = 0.
Suppose det D is coprime to p.
Then f is analytically conjugate to its leading monomial part

(3) flz) = CxP.

Notice that in general a map of the form will not be conjugate to a map of the form
with C = (1,...,1) =: 1, not even when K is algebraically closed. Indeed, it is possible only
when 1 is not an eigenvalue for D (see Remark .
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In equations and of the statement of Theorem we used the following notation. Write
z=(z',...,2") and D = (d]). Then we set P = ((zP)*,..., (zP)"), with

The product between two vectors in KV is the product coordinate by coordinate: if C' =
(C1,...,CN), then Cx € KV is defined by Cx = (Ctat,...,CNa).

We now indicate how we prove our stated results. The proof of Theorem@ has a combinatorial
flavour. Indeed, we need to solve the conjugacy relation ®o f = fo®, where f is the given germ,
f is the candidate normal form, and @ is the unknown change of coordinates. We write f, f and
® in formal power series. The conjugacy relation induces an infinite number of relations between
the coefficients of such formal power series, where the unknowns are the coefficients of ® and f.
We solve these equations by induction, that is at some points quite intricate.

To prove Theorem |B [B] we estimate the growth of the coefficients of a conjugacy ® between f
and f in the normal form given by Theorem |Al . The case when d and p are coprime is easy, and
can be dealt with classical arguments (similar to the classical proof of Béttcher’s theorem). When
p divides d, the combinatorics is much more delicate to deal with. In this case, we estimate the
growth rate of the coefficients of ® by majorant series techniques, using the recursion formulae
derived in the proof of Theorem [A]

For both these results, the main difficulties arise from the delicate combinatorics of the equa-
tions to solve, given by the positive characteristic setting.

The proof of Theorem [C]is analogous to the one working in the complex setting. We use part
of the techniques developed in [Rug] to prove the result.

The paper is organized as follows. In the first section we fix some notations and recall a few
properties of non-archimedean norms over fields of positive characteristic. In the second section
we introduce the discrete invariants for superattracting germs in dimension one, and study their
behavior under composition and iteration. In the third section we state the formal classification
Theorem of superattracting germs in dimension one. We also give some remarks, deduce
Theorem [A] and give some restrictions on the invariants of superattracting germs given by the
action at infinity of a polynomial in K. In the fourth section we give the analytic classification
of superattracting germs when d and p are coprime. In the fifth section we prove Theorem
and in the sixth section we prove Theorem [B| In the seventh (and last) section, we conclude by
proving Theorem [C] and by giving some remarks and open questions on the local classification
of superattracting germs in higher dimensions over fields of positive characteristic.

1. BAsics

In this section we recall a few properties for non-archimedean norms. For the whole paper, all
norms will be complete.

Proposition 1.1. Let (a,), be a sequence in a any field K endowed with a non-archimedean
norm. Then
H(l + ay) converges < Z an converges <= a, — 0.

n n

We introduce here the p-adic valuation on integers, that will be very useful throughout the
whole paper.

Definition 1.2. Let p be a prime number, and n € Z. The p-adic valuation v, is defined by
vp(n) = sup{k € N | p* divides n} € NU {+oc}.

From now on, p will be always denote a prime number, equal to the characteristic of K.
3



Remark 1.3. Let b € N be such that v,(b) = 0, i.e., p and b are coprime. Then (1 + 2)/? is a
well-defined analytic germ. Indeed, we can define

() =y (M)

n=0

where

n n! - nlbn
Set by = 1 — bk. Notice that if v,(by) = v, then v, (bg1n) < v for 0 < h < p?, and v, (bg4pr) > v

It follows that a

(1/b> I U R (At e ) (1—b)~--(1—(n—1)b).

Card{k | 0 <k < n,vp(by) > v} > LZJ =Card{k | 0 <k <n,y(k+1) > v}

Hence vp(bg - - bp—1) > vp(n!) and 17{:) ) is a well defined element in K, of norm either 0 or 1.

Therefore defines an analytic germ over K.
It follows that if e : (K%,0) — (K,0) is an analytic germ with £(0) = 0, we can define
(1 +&(z))/® as an analytic germ (K9,0) — K, as long as v,(a) > v,(b).

We shall need the next proposition to study the convergence of formal power series.

Proposition 1.4. Let K be a normed field of characteristic p > 0. Let (e,,), be a sequence of r-
uples of formal power series in N variables. Let (Dy,), be a sequence of matrices in M(r x s,Q)
(with s € N*), with entries that are of the form a/b € Q with vy(a) > vp(b). Suppose

len(2)Dnll — 0

forn — 400 and ||z|| small enough. Then

oo

(5) I (a+ en())"" < 400

n=0

converges for x| small enough.

Proof. First, notice that is a vector expression. We can estimate each entry, and suppose

s=1. Write D,, = (d}, ..., d3), where dJ, are the columns of D,,, and &, = (g},...,e"). Then
(L4en)” = [T+
j=1
Since dJ, = a/b with v,(a) > v,(b), then (1 + &3 )% is well defined for any j (see Remark .
The statement then follows by Proposition O

A special role among superattracting germs in dimension one is played by the Frobenius au-
tomorphism F(x) = xP. The next proposition shows what happens if we conjugate a germ ¥ by
F.

Proposition 1.5. Let ¥ € K[[z]] be any formal power series. Then there exists a formal power
series TW € K][z]] such that
FoU=TUoF,

where F' denotes the Frobenius automorphism.
Suppose ® = TV and there exists M > 0 such that |®(x)| < M |z|. Then |¥(z)| < M/? |z].

Proof. The operator T : K[[z]] — K[[z]] is defined by

(6) T (Z wnx"> = Zi/}ﬁx”

All stated properties can be easily verified. O



2. DISCRETE INVARIANTS

In this section we shall describe all the discrete invariants for the classification of one dimen-
sional superattracting germs up to (formal) conjugacy, over an algebraically closed field K of
characteristic p > 0.

Definition 2.1. Let f(z) =), foa™ € K[[z]] a (non-constant) formal power series. We set
m(f) :=min{r,(n) | n €N, f, #0} e N.
Notice that m = m(f) if and only if there exists g € K][[y]] such that ¢'(y) £ 0 and f = go F™.

The number m is an invariant of conjugacy. It can be proved by direct computation, or noticing
that p™ is the inseparable degree of K[[z]]/(f) over K.

Proposition 2.2. Let f: (K,0) — (K,0) be a superattracting germ. Let m(f) € N be defined as
i Definition . If f is formally conjugate to f, then m(f) =m(f).
Proof. Write
f=goF™", [f=goFm,
with ¢, g Z 0.
Let ® € K][z]] be the conjugacy between f and f, and denote by U € K[[z]] its inverse. Hence
]7: do foW. It follows that

f:‘I)ogoFmo\I/:q)ogon\I/oFm.

Hence m > m. By switching the role of f and f, we get the opposite inequality m > m, and
hence m = m is an invariant of conjugacy. O

Definition 2.3. Let g(y) = Y, gny™ € K[[y]] be a formal power series with ¢’ # 0. We set
d(g) = ordo(g) := min{n | g, # 0} €N
the order of vanishing of g at 0. If f = go F™, we set d(f) := d(g).
Notice that ordg(f) = dp™, hence d is an invariant of conjugacy.

Definition 2.4. Let g(y) = y?Y", e,y™ € K][[y]] be a formal power series with g’ # 0 and ¢ # 0.
We define recursively the sequence r(g) = (ry)uen as following.
ro := min{n € N| v,(d +n) = 0 and ¢,, # 0},
ry :=min{n € N| v,(d +n) = v and &, # 0} Ary_1, forue N,
where A denotes the minimum between two (sets of ) numbers. If f = go F™, we set r(f) := r(g).
Notice that rqg+d—1 = ordo(¢’), and r, is by definition a non-increasing sequence. Moreover,

ry = 0 for all u > v,(d).
We shall show that the sequence r = r(f) is an invariant of conjugacy (see Lemma .

We conclude this section by studying how these discrete invariants behave under composition.

Theorem 2.5. Let f/, " : (K,0) — (K,0) be two superattracting germs over an algebraically
closed field K of characteristic p > 0, and denote by f = f" o f' their composition. Set m =

m(f),d =d(f),r =r(f), m' =m(f),d =d(f"), =r(f) and m" = m(f"),d" =d(f"),r" =
r(f") given by Definitions [2.1] 2.4 Sete=vy(d), & =vp(d), € =vp(d"). Then

m:m/_'_m//,

d:d/d//
e=¢ +eé,
(7) ro > min{d'r} +pFr, |0<h<e,0<k<e h+k=u} forO<u<e.

In the last relation, the equality holds in any of the following cases:

e the minimum is attained only for a unique choice of (h,k) with h + k = u;
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o foru=0,u=c¢e;
e for a generic choice of f', f".

Proof. Write f' = ¢/oF™ and f” = ¢" o F™" where the derivatives of ¢’ and ¢” are not identically
zero, and F' is the Frobenius automorphism. Then

f// ° f/ _ g// o Fm” og’ ° Fm’ _ g// o Tm”g/ o Fm’+m”,
where T is the operator defined by @ By direct computation, the derivative of ¢’ o T™ ¢’ is
not identically 0, and m = m’ +m”.

Now, since p™d = ordy(f) is the order of vanishing of f at 0, and analogously for f’ and f”,
we infer p™d = p™ d'p™” d”, and hence d = d’d”. The relation e = ¢’ + ¢” directly follows.

We now prove the relation (7). Notice that if r) = r//_; for some k > 1, then d'r} + p*r}, >
d'ry_y+p* ey > d'r)l_ 4+ p* ), for any h < €/, and the minimum in is not attained by
the values (k, h). Analogously if 7}, =} _, for some h > 1.

It follows that without loss of generality, we can suppose that r’ and r” are strictly decreasing
sequences, or equivalently that v, (r, ) Ae’ = h, and v, (1)) Ae” = k. Indeed, directly by Definition
ry, < rj,_, implies vp,(d’ +r},) = h, and hence v, (r},) A €’ = h. Analogously for r”. Set

a(y)
——
m’ 1 _ n 1z . d’ n
™ g'(y) =y Zany, g'(2) =z anz.
n n

Set h = vp(n). Directly by definition of " and r”, we have the following properties.

e For any n such that 0 < h < ¢’ and n < r}, then a,, = 0. Analogously, b, = 0 for any n
satisfying n < rj and 0 < h < €’
e a,; #0forany 0 < h <€, and analogously b, # 0 for any 0 < k <e”.

We now want to study g” o ™" g’ (y) and its formal power series expansion. We get
" 1o d"’+j
g" o T™ g'(y) = by (a(y))” .
J

For any k=0,...,€", set

;. d//+ .

e®y):= D by (aly)

Jwp(j)ne” =k
The key of the proof of is given by the next lemma.
Lemma 2.6. Let 0 < k < e€”. Then we have
7 d// —|—7"” e/ k k_.1 k.1
) ) = b (TR ) X (),
p h—o = "
where 0k+h(ypk¢) denotes a suitable formal power series in ypk+h whose order of vanishing at 0
(with respect to y) is > pry,.
Proof. We need to compute (a(y))? 7 for any j with vp(j) Ne' = k. If j < r, then b; = 0.
Consider now j = . Notice that we also have v,(d” 4+ r}/) = k. By Proposition we have
7 r k (d//-‘r //) k

(9) (aly) ¥ = (Tra(y))
Notice that up(d”;fg) = 0. The smallest degree that appear @ of the form y"pk with v,(n)Ae’ =
h is given by

d// Jr 7,,// & ks
k a‘n, P Th'

Hence we get an equation on the form when we consider j < 7}/ in the sum defining ek,
We conclude by noticing that if j > 7}/, then d’j > d'r}/, and the orders that appear for j >}/
are higher than the one got for j = . O
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We now conclude the proof of Theorem
First, notice that ¢’ o T™" ¢ (y) = y? S r—0e® (y). Hence, by Lemma [2.6{ we get

(10) > ord d” + T;c/b p*, d'r) +pFr; > in {dr" k..
ry > ordg Z b an y v > hinknzlu{ r, + 07}
k+h=u

that gives us . Notice that the coefficients in the sum of are all different from zero. For
the properties of valuations, we have equalities in when there is only one (h, k) for which
the minimum is attained. In particular, this is always verified for u = 0 (in this case h = k = 0),
or u = e (in this case h =¢’,k = ¢€’, and r. = 0).

More generally, suppose the minimum is attained for (h,k) € E for a suitable set of choices
E. Then we have equalities when

k
Z bryay, #0.

(h,k)eE
J

Remark 2.7. In the notations of Theorem suppose that ' = r(f’) is a strictly decreasing
sequence. Then we have that r = r(f” o f') is (generically) a strictly decreasing sequence. Indeed,
since 7, < r,_,, we have d'r{ + pFr} < d'ri! + p*r},_,. It follows that for generic f’ and f” we
have

ru(f7o f) = min {dr+ptri} < min {d7{ 4+ ptrh} = rea(f7o )
for any u=0,...,e.

Applying Theorem to the iterates of a superattracting germ, we get by induction the
following corollary.

Corollary 2.8. Let f : (K,0) — (K,0) be a superattracting germ over an algebraically closed
field K of characteristic p > 0. Let m = m(f),d = d(f),r = r(f) be given by Definitions
and set e = v,(d). Then

roe=l ife>1,

ny __ 0 g—
7‘O(f)_{o o ife=0.

In the next section we will show how the discrete invariants introduced in this sectoin do not
form in general a complete set of invariants. The detailed study of all germs f having assigned
values for m(f),d(f) and r(f) allows us to find new invariants (with values in K) and prove
Theorem [3.6

3. NORMAL FORMS

In this section we describe the normal forms obtained, and state Theorem from which we
deduce Theorem [Al
We first need a few definitions and preparatory lemmas.

Definition 3.1. Let e € N, and let r = (rg,...,7.) (given by Definition as r = r(f) for a
suitable f) be a non-increasing sequence with r. = 0. For any n € N and 0 < k < e, we set

{”p[k if k <wvp(n) and n > ry,

0 otherwise;

]k(n) =

J(n) :=max{Jx(n),0 < k < e}.
7



Remark 3.2. Notice that if 7, < 7,_1 (for k < e), by construction v,(ry) = k, and Jx(n) € N
for any n. If r, = rip_1, then we could have Jx(n) € @\ N. Nevertheless, in this case we have
n—rg n—7Te—1 n—"Tr—-1
Tk(n) = = < = Jk-1(n).
(n) P Pk ph—1 1(n)
It follows that J(n) is always an integer.

Lemma 3.3. The set {n | J(n) = j} is non-empty for any j € N.
Proof. 1t is straightforward to show that
N'(j) = min{rs + p*j}
satisfies J(N'(j)) = j. O

Lemma 3.4. The map J defined in Definition[3.1] satisfies the following properties.
(1)) {n]| TJn)=0t={neN|yn)=u<en<r,}U{0}.
(i1) If T(n) <ro/(p—1), thenn < pro/(p —1).

(i11) For any j > ro/(p—1), we have {n | J(n) =3} ={ro+ 7}

Proof. The first property is straightforward.
Suppose n > pro/(p—1), or equivalently n/p < n—rq. For any k > 1, either Jx(n) = 0 < Jp(n),
or we have
n—r n
Ti(n) = o . » <n-—ro=Jo(n).
Hence J(n) = Jo(n) =n—rg >19/(p— 1), and (7) holds.
Suppose now n < pro/(p — 1). For any k > 1, either Jx(n) =0 < ro/(p — 1), or we have

<

n—rL _n To
Jk n)= < - .
)= = 1
It follows that if j > ro/(p — 1), then J(n) = j if and only if Jo(n) = j, if and only if n = r¢ + 7,
and (%) holds. O

Remark 3.5. Lemma ( i11) can be easily improved. Indeed one can show that the property
stated in (ii1) holds for any j so that

o — Tk

| > ma .
J = kzi(pk—l

We are now able to state the classification result, which implies Theorem |A| (see Remark [3.11)).

Theorem 3.6. Let K be an algebraically closed field of characteristic p > 0. Let f : (K,0) —
(K,0) be a (formal) superattracting germ. Set m = m(f),d = d(f),r = r(f) as in Definitions
. Set e = v,(d), and denote by J the map introduced in Definition .

For any 0 < j <ro/(p—1), pick N(j) such that J(N(j)) = j.

Then f is formally conjugate to a germ of the form:

~ m d m
() Fla) = (") a (™),
where either e =0 and a = 1, or a € K[y] 4s a polynomial of degree < pro/(p — 1). In the latter
case, write a under the form
a(y) = Z anyn-

0<n<pro/(p—1)

Then a also satisfies the following conditions.

(i) We have a,, = ag = 1.

(i1) For any 0 <u <e, n <r, with vy(n) =u, then a, = 0.
(#ii) For any 0 <wu < e, then a,, # 0.

(iv) For any 0 < j <ro/(p—1), an¢y = 0.

Finally, there exist only finitely many germs of the form satisfying all conditions (i—iv)
that are conjugate to f.
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Remark 3.7. Let f: (K,0) — (K,0) be a superattracting germ written as in the statement of
Theorem When v,(d) = 0, we get the classical Bottcher normal forms f(z) = 2" (see
[StebT, [RR8YL Ber06]). This case was already known by experts, see Theorem for a direct
proof.

Remark 3.8. The normal forms provided by Theorem depend on the choice of N(j) for
0 <j<ro/(p—1). Suppose we pick N(j) = N'(j) defined in Lemma In the case when
vp(d) = 1, we get normal forms with

aly) =1+ Z any”, a, # 0.

r<n<pro/(p—1)
vp(n)=0

When m = 0 and d = p, these normal forms are the ones proposed in [GSTI].

To get Theorem we need to consider another choice for N (j), defined by used a non-standard
total order on N.

Definition 3.9. We denote by =< the total order on N given by the lexicographic order on
(vp(n) Ae,n).

Example 3.10. Suppose p = 3 and e = 2. Then the order < is given by

vp(n) =0: 1<2<4<5<7<8<---
vp(n) =1: <3<6<12<15<21<24<---
vp(n) > 2: <0<9<18<27<36<45<54<63<---

Remark 3.11. Let J be given by Definition [3.1] and set
N"(j) = minz{n | J(n) = j}.
Notice that if v, (j + 7o) = 0, then N”(j) = j + ro.
By picking N(j) = N”(j) in Theorem we get a normal form with a(y) = >, any”
satisfying the condition a,, = 0 for any n # ro, v,(n) = 0. Hence we can rewrite

a(y) = ary™ + Y anp(y?)"-

In particular, we get the normal form stated in Theorem by setting b= ar, and a(z) =

Yo Gnp2™.
In the special case when v,(d) = 1, we get normal forms with

a(y) = ary"° + Z apsyP?, ap =1,a,, #0.

0<s<ro/(p—1)
vp(s+79)=0

Example 3.12. As an example of what one can get in general, let us consider the following
situation: p = 3,v,(d) = 2,r = (19,12,0). The following table summarizes the values of J(n)
for n < 30.

n |01 23456 7 8 9 1011121314 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
To(n) x1 23456 7 8 9 10
Ji(n) x 1 2 3 4 5
Jo(n) | x 1 2 3
T(n) | x 1 x 1 2 x1 334567 8 9 10

The x are associated to numbers n so that r, = n for some u. Here we get
{9,15,20} ifj=1,

{18} if j =2,
{21,22}  ifj =3,
{j+19} ifj>4

9
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The case j > 4 follows directly by Remark since

max { T; : 71n1 J ;02:? } = max{3.5,2.375} = 3.5.

Here by taking for example m =0, d = 3%-2 = 18, N(1) = 15 and N(3) = 21, for m = 0 we get
normal forms

(12) f(fﬂ) = xlg(l + agz? + a122'? + a192" + ag2®® + a229322),

where ag, a2, azs € K and a2, a19 € K*. Notice that not all these germs are in different conjugacy
classes (see Example [5.8)).

We conclude this section by noticing that (unlike the case of characteristic zero) not all normal
forms can be obtained as the action at infinity of polynomial mappings.

Corollary 3.13. Let P € K[z] be a polynomial of degree > 2. Denote by f the superattracting
germ obtained by considering the action of P at oo € Pk. Set d = d(f) and r = r(f) given as in

Definitions[2.3 and[2.} Then ro < d.

Proof. Write P = Q o F™, where Q € K|w] is such that Q' # 0, and F is the Frobenius
automorphism. Write Q(w) = w? — byw?™! — ... — bg. Then in the local coordinates x = 1/z,
the germ f is equal to

d
(13) P(z) = a?"¢ <1 -3 bnx”pm>
n=1

From this formula, it can be easily verified that
ro =min{0 <n <d | b, #0,v,(d+n) =0}.
In particular ro < d. (|

-1

In view of Corollary [3.13] one can ask the following question.

Question 3.14. Let f : (K,0) — (K,0) be a superattracting germ in normal form . Set
d = d(f) and r = 7(f) given as in Definitions [2.3] and Suppose 79 < d. Can f be obtained
as the action at infinity of a polynomial mapping P € K[z]?

It can be easily shown that the answer to this question is positive at least when dega < d in
(TT), so in particular when ro < d(1 —1/p).

4. ANALYTIC NORMAL FORMS WHEN d AND P ARE COPRIME
In this section, we prove Theorem and its analytic counterpart when v,(d) = 0.

Theorem 4.1. Let K be a complete normed algebraically closed field of characteristic p > 0. Let
[+ (K,0) = (K,0) be a superattracting germ. Set m = m(f) and d = d(f) as in Definitions[2.]]
and [2-3, and assume that d and p are coprime.

Then f is analytically conjugate to the germ

(14) x (:Epm)d.
Proof. Set y = 2", and

(15) f(x) = g(y) = Cy* (1 +(y)),
with C'# 0 and ¢ : (K,0) — (K, 0) an analytic germ with £(0) = 0.
We want to find a conjugacy between f and f(z) = C(zP™)? = Cy.
Up to linear conjugacy, we can suppose:
e |C| < 1, and there exists 0 < a < 1 such that |g(y)| < a|y| for |y| < 1;

. E(O)’ < 1, and there exists 0 < 8 < 1 such that |e(y)| < 8y| for |y| < 1.

dy

10



Let us consider a local diffeomorphism of the form
P(z) = zg(x),
with ¢(0) = 1.
Considering the conjugacy relation ® o f = f o &, we get
®o f(z) = Cy'(1+e(y))dog(y)
~ d m m
Fod(x) =Cy(o(x)™ = Cy"(T™6(y))",
where T is the operator defined by (@ In particular we have to solve
(16) (1+e()dogly) = (T"6(y))".

A solution to this equation is given by the formal product

oo

(17) o) = [T (1 +em )",

n=0
where (™) : (K, 0) — (K, 0) are analytic germs satisfying the relations
(18) T = ¢, T+ — ¢ 6 g for n > 0.

Indeed, we have

o0

(1+e@)dogly) = (1+e) [] @+ og)

n=0

—n—1

d—n—l

2

_ (1 —‘rT"LE(O)(y)) (1 +Tm5(n+1) (y))

I
o

n

a-"

2

= ([1+17 ) [T @ +17e™(y))

I
—

n

00 d
. (Tm [T+ <y>)“l>

n=0
m d
= (T"¢(y))".
Notice that the single factor (1 + e (y))d_n_ is well defined, since the equations in

always have solutions, and d and p are coprime (see Remark [1.3)).

Let us now show that the formal product converges, thus defining an analytic change of
coordinates.

Suppose m = 0. Then for any y with |y| < 1, we get

)| = leo @)l < pa” .

Suppose m > 0, set ¢ = p~™ < 1. We show by induction on n that for all y with |y| < 1, we get

n n+1 a(1-¢™)
(19) )| < (81"
In particular,
1 N\4
la(n)(y)} < M~y"yl, with M = (Oz(lfq) 1ﬂ) and v = g% < 1.

For n = 0, by Proposition |[1.5| we have

)l < Blyl, and |0 ()] < 57Jyl.
Suppose that holds for n — 1. Then we have

g(1—g"~ 1 1—q"

£V o g(y)] < (870 T alyl = (59)"a ' 1y,
11




and again by Proposition |1.5
n n 1=a"\4 n+l al=a™
)| < ((87) ™)yl = (8" a T Jy.

In conclusion, we have d~" ‘5(”)(y)‘ — 0 when n — +o00 and |y| < 1. By Proposition the
product in converges for |y| small.

Hence f and f: x + CzP"? are analytically conjugate. Up to a linear change of coordinates,
we can now get C' = 1. O

5. PROOF OF THEOREM

This section is completely devoted to the proof of Theorem [3.6
Write f as go F™, where

g) =y (1+e(), 1+ely) =D enr”
n=0

with

(i) eo=1
(ii) for any 0 < u < e, n < 1, with v,(n) = u, then ¢, = 0;
(iii) for any 0 < w < e, then &, # 0.

directly from the Definition [2.4] of r = r(f).
Let f be another superattracting germ of the form f = go F™, with

gw) =y (1+&y), 1+&y)=> &y", =1
n=0
Consider a change of coordinates ® € K][z]] of the form
®(z) = z¢(x), o(z) = qu)nxnu ¢o = 1.
n=0

Considering the conjugacy relation ® o f = fo P, we get
Do f(z) = y*(1+e)o(y" (1+2(1)),
Foo() = (z0()™ (1+2(x6(2) ) =y (T"6(y)" (1 + EWT™6w)) ),

where the operator T is defined by @ In particular we have to solve

(20) (1+2w)o (v (1+2)) = (T"6(y)" (1 +ET" () ).

We recall that the unknowns of this equation are ¢ and &, while ¢ is the datum. We now expand
both sides of in formal power series.

Denote by I(y) = >, I,y™ and Il(y) = >, II,y™ the left hand side and right hand side of
. We first need a few elementary lemmas that will help the needed computations.

Lemma 5.1. Let ¢(y) = > 0" o ny™ € K[[y]] be a formal power series, and h € N. Then
h = n
) = X v =33
JeNh n=0 \ JeNh, |J|=n

where if J = (j1,...,7n), we set Yy =1;, -+, and |J| = j1 + -+ Jn.
12



Lemma 5.2. Let (y) = Y .o ¥ny™ € K[[y]] be a formal power series, h,n € N such that
vp(h) > vp(n). Then

(21) Z Yy =0.

JeENM

|J|=n
Proof of Lemmas and[5.2 The proof of the first lemma is trivial. To prove the second lemma,
it suffices to notice that the sum in gives the term of degree n of ¥"(y). Set k = v,(h).
Then " (y) = (Tkw(ypk))h/pk depends only on ypk, hence any term of degree n with v,(n) < k
is zero. (I

We can now come back to the proof of Theorem By expressing the left and right hand
sides of in formal power series, and using Lemma and Proposition we get

I(y) = (L+e)o(y’(1 +ely Z@ydj (1+ely Zaﬁ v > el

JeNI+1

M(y) = (T™(y)) (1+6(yT’” ) Zezy T () = _ & ST oyl

IeNd+i

Again by Lemma [5.] we infer

_ E : _} :~ "
(22) Hn = (bjEJ, H]In = EZ‘¢I .

j>0,JeN 1 i>0,IeNT?

dj+|J|=n i+|I|=n

To analyze the combinatorics of the equations I, = Il,, we need a few preliminary lemmas.

Lemma 5.3. The equations II,, = L, for J(n) = 0 admit a unique solution &, = &,. In
particular, we infer €., = e, for 0 < u < e, &, = 0 otherwise, and the sequence r = (14,)y
introduced in Definition[2.]] is an invariant of conjugacy.

Proof. We proceed by induction on n such that J(n) = 0, with respect to the order <. Recall
that by Lemma we have

{n|IJmn)=0={mneN|yh) =u<en<r,}U{0}.

For n = 0, the statement is trivial.

Suppose we proved the statement for any n’ < n with J(n') = 0. Consider the equation
I, = 1I,.

We first show I,, = &,,. In the sum defining I,, in , we have the condition dj + |J| = n. In
particular |J| < n < ry for any v’ < u.

Write J = (Jo, ..., J;). If there exists h such that v,(J,) < u, then by induction hypothesis
€g, = 0, hence €5 = 0.

Suppose now vp(J,) > u for any h. Since v,p(d) = e > u = vp(n), we infer v,(n — dj) =
It follows that there exists h such that v,(Jy) = u. If J), < n, by induction hypothesis 5, = 0,
hence e; = 0. If J, = n, then j =0, and we get I, = ¢pe,, = €p.

We now show that II,, = €, and conclude the proof.

Suppose (i) > u. Since vp(n) = u, by Lemma we infer Z gf)?m =0.

TENd+i |T|=n—i

Suppose (i) < u. We can suppose ¢ < n. If i < n, by induction hypothesis we get £; = 0. If

i = n, then |I| =0, and we get II,, = Engbgmd =&,. O

Lemma 5.4. For any n € N, we have

eAu eNu

d+ 71 Ptk - . .
]I]In = €n + Z (p) rk¢(n ™)/ Pk + ];)Qk(gbh,Ei | h < (71 — rk)/pk;up(z) Ne = k,’L < Tl),
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where u = vp(n), and Qi denotes a suitable polynomial that depends on ¢ and € as indicated.
Here we set ¢; = 0 whenever j € N.

Proof. Set k = v,(i). For any k < e and i < ry, by Lemmawe get g; = 0.
If u < e and k > u, then by Lemma [5.2] we get

and II,, does not depend on &;.
Suppose k < u A e. Notice that

m m+k
4 _ D

E ¢y = E &g -
(ﬁlei\ldtf Hen(d+/p"
Mi=n=t |H|=(n—i)/p"*

It follows that the highest order term that can appear in I, depending on &; with v, (i) = k < uAe
is obtained when ¢ = 7, and given by

d+rg\ - prtE
(23) <pk> ErkPnri) o
Notice that d;’,:’“ &, #0forany 0 <k <wuAe, and d/p* = 0 as an element of K.
If u < e we are done. If u > e, then r, = 0. It follows that the highest order term that appear
in II,, depending on &; for &; > e is still given by with k = e, and we are done. O

Lemma 5.5. For any n € N, we have

L, = §5E¢n/pe +P(¢] | J< (’I’L—Tu)/pu, U= V;D(n) /\6),

where § denotes the Kronecker delta function, and P denotes a suitable polynomial that depends
on ¢ as indicated. Again, we set ¢; = 0 whenever j ¢ N.

Proof. Consider the sum defining I, in (22). The indices j and J have to satisfy dj + |J| = n,
hence

=]

J= d
Set u = v,(n), and suppose u < e. Then v,(|J|) = vp(n — dj) = u. Write J = (Jp,...,J;). Then
from v, (|J|) = w we infer that there exists h such that v,(J,) < u. It follows that either e; =0,
or |J| > ry, and hence

L oM =Ty  N—Ty
S

since d > p". Suppose now u > e. We have

..on _n—re
J< 5 <
d pe
The last inequality is strict unless d = p®. In this case the only non-zero term with j = n/p®
arises when J = (0,...,0), and is given by sg/p +1¢n/pe = G /pe- a

We are now ready to prove Theorem [3.6] by solving the equation I,, = II,, for any n. We recall
that the unknowns are given by ¢; and &;.
We proceed by recursion on j = J(n), as follows.

Lemma [5.3| provides the basis of the induction: for any n with J(n) = 0, we solve I,, = II,,
and infer g,, = ¢,,.
Suppose now that ¢, and &; are defined for any h < j and J(i) < j. We shall solve the
equation I,, = II,, for all n such that J(n) = j, fixing the value of &, for all such n and of ¢;.
14



We now claim that the equation I,, = II,, can be written under the form

_ d+ Tk _ mtk e . _ . .
(24) Y (Ttan ) =0 6o, = Q(on.E | h < jii < N(G)),
0<k<e Pt
Ji(n)=j
where @ is a suitable polynomial depending on ¢, and &; as indicated.
Indeed, by Lemma we have

eAvp(n) eAvp(n)

I, =&, + Z d—|—7‘k~ k(tf)-q- Z Qk(¢h,€1|h<\7k )up(i)/\ezk,z’<n).

Notice that if J,(n) < J(n) = 4, then < €7k¢j (n) . depends on ¢, with h < j. We now show

that if 4 is such that Vp(i)/\efkandz<n then J (i) < J(n). Notice that v, (i) Ae < vp(n) Ae.

It follows that )
11— Tk n—rTg
— < max —— =J(n).

J(i) < max
k<vp(n)he D

k<vp(n)Ae P

By Lemma
I, = 65 ¢n/pe +P(¢h | h < ju/\e(”) < j(n) :.7)7
hence holds.
We now come back to the resolution of I,, = II,, for any n with J(n) = j. The value of @ in
is determined by induction hypothesis (for any such n).

For n = N(j) we solve the equation Iy = Iy, as follows. Set €x(;) = 0. The left hand
side of (24) is a polynomial R(¢;), of the form

(25) R(z) =Y Rz — o1 81z,

0<k<e

Jr(n)=j
with Ry # 0 for any k. We need to check that if {k | Ji(n) = j} = {0}, then 65€5£f = 0.
Suppose by contradiction that d = p¢ and n = jp®. Then Je.(n) = j. If e > 0 we have a
contradiction. If e = 0, then d = p°® = 1, in contradiction with the fact that f is superattracting
and dp™ > 2. Hence the polynomial R is non-null, and we can find ¢; € K that solves the
equation Iy ;) = M-

For all n # N(j) with J(n) = j, from equation we infer that there exists a (unique) &,
solving the equation.

With this procedure, by Lemma we get that €, = 0 for:

e n=N(j)forall0 < j <ro/(p—1);

o n <71y, vpn)=u 0<u<e;

e n>pro/(p—1).
Hence the map f(m) = y¥&(y) provides a normal form satisfying all conditions (i-iv), and
we are done.

Notice that the values of &, for any n depend on the value of ¢; only for j < r9/(p—1). These
coefficients are uniquely determined up to a finite number of choices. The last assertion of the
statement follows. This completes the proof of Theorem [3.6] and consequently, of Theorem [A]
(see also Remark [3.11)).

Remark 5.6. One can be more precise on the number of germs in the normal form which
are conjugate one to the other.

As usual, let f: (nK,0) — (K,0) be a (formal) superattracting germ over an algebraically
closed field of characteristic p > 0. Denote by m,d,r the discrete invariants of f introduced
in Definitions and set e = v,(d). Apply Theorem (for any given choice of
N = N(j)), so we can assume that f is in its normal form (TI)).

Let ®(z) = xzjo-io $;x? be a formal change of coordinates with ¢9 = 1, conjugating f to
another germ f still in the normal form (with respect to the same choice of N(j)).

15



We now follow the recursion described in the proof of Theorem At the step 7 = 0 we just
set €., =&, € K* for all h =0,...,e, which hence are uniquely determined.
By ([24), for any 0 < j < ro/(p — 1) the equation I,, = II,, for n = N(j) is of the form

(26) R;(65) = Qs (on.5i | h < jii <n),

with R; a suitable polynomial given as in , and (); is a polynomial that vanishes when
$r=--=0¢;—1=0.

Then, for any n # N(j) with J(n) = j, the possible values for £, are uniquely determined by
the values of ¢1,...,¢;_1.

As a very rough bound for the number of normal forms f conjugated to a given f, we can
consider the product of the degrees of such R;, which are bounded by p™*¢.

With the next Proposition, we give a sufficient condition on the discrete invariants to have
(essentially) uniqueness of the normal form given by Theorem

Proposition 5.7. Let K be an algebraically closed field of characteristic p > 0. Let f : (K,0) —
(K,0) be a (formal) superattracting germ. Set m = m(f),d = d(f),r = r(f) as in Definitions
. Set e = vp(d), and denote by J the map introduced in Definition . Take N(j)
as in the statement of Theorem , Suppose that d # p°, and that for any 0 < j < ro/(p — 1)
there exists a unique 0 < k; < e such that j = Jy,(N(j)). Then the normal form provided by
is unique up to linear change of coordinates of the form x — Cx, where ¢ is a (dp™ — 1)-th
root of unity.

Proof. As noticed in Remark 5.6 while following the algorithm provided by Theorem[3.6] we have
to solve for n = N(j) the equation I,, = II,, which is of the form , with R; the polynomial on
¢; given by . By our hypothesis, for any 0 < j < ro/(p — 1) we have that R; is a monomial.
By induction on j, and the fact that (); vanishes when ¢ = --- = ¢;_1 = 0, we deduce that
¢; =0for any 0 < j <ro/(p—1). Since (see Remark the normal form depends only on ¢y,
with A < ro/(p — 1), we deduce that such normal forms is unique if we consider only changes of
coordinates which are tangent to the identity.

If we consider the general case, we have to allow linear changes of coordinates x — (z. Since
the leading term of all normal forms provided is 1, we need to impose (%" = ¢, and we are
done. O

With the following Example, we study the relations between the normal forms for the germs
considered in Example |3.12

Example 5.8. Let us consider two superattracting germs f, f : (K,0) — (K,0), where p =
char K = 3. Suppose that the discrete invariants of f and fcoincide: m = m(f) = m(f) eN,
d = d(f) = d(f) = 18, and hence e = v,(d) = 2, and r = r(f) = 7(f) = (19,12,0). Set as in
Example 3.12] N(1) = 15, N(2) = 18, N(3) = 21. Thanks to Theorem [3.6] we can assume f is in

the normal form of Example [3.12
f(@) =y (1 +eoy® + €12y + €10y + €20y + €229,

where y = x?’m, while eg,€90,€92 € K, and €19,e19 € K*. Assume the same holds for ]7 (with
¢; replaced by €;). We want to determine for which values of ¢; and &; the germs f and f are
formally conjugate. N

Let us consider a conjugacy ® o f = f o ®. Suppose first that ® is tangent to the identity.
We now follow the computations in the proof of Theorem in this specific case, by considering
all equations I,, = II,, for J(n) = j € {0,1,2,3}. When J(n) = 0, then by Lemma we get
I, =¢, and I, = &, for n = 0,12,19, and €0 = €0 = 1, €12 = €12 € K* and €19 = €19 € K*.
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Let us consider all n € J~1(1) = {9, 15,20} (see Example [3.12)). For n = N(1) = 15, we get
(by and Lemma

~ m - m+1 . m+1
Lis =0, Ths=212Y ¢f =&Y ¢F =109}
IeN®? JEN'?
|7]=3 [7]=1
from which we deduce ¢; = 0.
For n =9 or n = 20, we then get
Hn = €n, H]In :gru

from which we infer €9 = £9 and 39 = e99.
For j = 2, the only number n with J(n) = 2 is n = N(2) = 18. In this case we get

—~ m —_ m —~ m—+42 —~ m—+1 m—+42 —~ m—+41
Ig =0, I = €o Z ¢7 +E12 Z o7 = €OZ¢?] +212 Z ¢3 =205 +Eads .
IEN'® IeN?® JeN? JEN'?
[1]=18 |1]=6 [1=2 |J|=2
We deduce that either ¢o = 0, or ¢%'3m+1 =12 #0.
For j = 3, we get J ~1(3) = {21,22}. For n = N(3) = 21, we get

. m m _ m1l m . m4l m
Ipp =0, Iy =212 &7 +E10 Y &7 =Z12 ) &7 +Ei0 7 =125  +E10d5

TeN®0 TeN?" IeN'O TeN?”
|T]=9 |I|=2 |I)=3 |I|=2
. m+1 ~ m
We deduce that either ¢3 = ¢ = 0, or ¢3 = —%qb% . For n = 22, we get

oo = €22, M2 = €19 Z ¢7" + 220 Z @7 + 8o = E1988 — 2005 + 2.
TeN3? TEN38
|I|=3 |I|=2
Denote 9o = qbg’ and 3 = qﬁ% Then by the previous computations, we deduce that f and f

are conjugate (by a tangent to the identity change of coordinates) if and only if f = f, or there
exists 19, Y3 € K* so that

€n =&, forn=29,12,19,20,
¢S - g127
E121§ = E1972,

€22 = €22 + E19Y3 — E20¥2.

Notice that this condition is symmetric with respect to f and f, since if ¥y, 13 satisfy these
conditions, the same holds for —5, —1)3.

In the general case of a change of coordinates that is not tangent to the identity, it suffices to
consider linear change of coordinates of the form = — (z, with ¢'® = (.

Remark 5.9. Theorem [3.6] or similar results, hold over fields K with milder hypotheses than
being algebraically closed.

Let K be any field of characteristic p > 0. It can be shown that if f : (K,0) — (K,0) is a
superattracting germ with f’ # 0 (or analogously m := m(f) = 0), then f admits a polynomial
normal form of degree < d + rop/(p — 1). More generally, if m > 0, and K is closed by taking
p™-th roots, f admits again a polynomial normal form of degree < p™(d + rop/(p — 1)).

Indeed, by Lemma [3.4] (iii) when n is strictly bigger than rop/(p — 1) we have that Jo(n) >
Jk(n) for any k > 0. Hence by the equation I,, = I, is of the form

En + T0Er Py = Q((bh,gi ’ h<n-—ryi< n)

This equation can be solved setting £, = 0 as long as we can take the p™-th root of elements in
K.
17



6. FORMAL AND ANALYTIC CLASSIFICATIONS COINCIDE

This section is devoted to proving Theorem [B]

Let f: (K,0) — (K,0) be a superattracting germ, and set m = m(f), d = d(f), ro = ro(f)
given by Definitions

Suppose f: (K,0) — (K,0) is a superattracting germ formally conjugate to f, and let ®(z) =
x Y, ¢nx™ be the formal conjugacy between f and f We may assume ¢y = 1.

We want to show that ® converges. When v,(d) = 0, the assertion follows by Theorem

Suppose v,(d) > 0, or equivalently 79 > 0. By Theorem we can suppose that f is of the
form

f(x)=gly) = Cy*(1+e(y)),

where ¢ : (K,0) — (K,0) is a convergent power series with £(0) = 0, and f is given by the
truncation of f at a suitable order < p™ (d + L%J + 1).

Write C(1+¢(y)) = Y, eny". Up to linear conjugacy, we can suppose |e,| < 1 for any n.
Recall that by definition, e, # 0.

By the proof of Theorem E (see also Lemma7 the conjugacy relation ®o f = fo ® implies
T0Er Qsﬁm =Tnyry — ]I]I;kL—i-rO?

is defined as

for any n big enough (n > LfiolJ —19). Here IT, |
(27) I, =Y _&Gdh

i>0,]eNT?

i+|I|=n+ro

(4,1)¢T
where Z = {(ro,I) | I = (0,...,0,n,0,...,0)}. Notice that for such big n, we have that I,
and I, , . depend on ¢; only for j < n.
We now show that the sequence ¢,, grows at most exponentially fast, which implies the result.

Set

To

,
S0 1= {pp—olJ +1—-r92>1, Sh+1 1= PSp — T0-

Notice that the value of sg we picked has the property that if n = pl —rg > sg, thenn > 1 > sq.
By solving the recurrence, we get

-1

p—1°

h
Shp=3S0p —To
The difference ky, := sp4+1 — sy, is given by

kn = p"(so(p — 1) — ro).
Notice that so(p — 1) > rop — ro(p — 1) = 7o, hence kj, > p > 1 for any h. Let v > 1 be such
that |¢,| <A™ for n < sq.
Set 7 := —p~ " log,, |er,| > 0, and
th+1 := ptp + 1, to := So.
We shall show that

so(p—1
|pn| < ysoten=s0) for any n > so, c:= M > 1.
so(p—1) —ro
Up to increasing vy, we assume 7 < ¢ — 1.
More precisely, we show the following estimates.

Proposition 6.1. Let n > sg, and h € N,0 < k < kj, be such that n = sy, + k. Set

_1_
oy = u, Cp = Cpk = tp + k(c —p)-
kn

18



Then for any n > sg we have

(28) |]I’ﬂ+7“0| < ,ycn,17
(29) |HZ+TO| < ,ypm(cn—n)’
(30) |¢n| <o

Proof. We prove these estimates by induction on n.

Set ¢, = n when n < sy. Notice that the sequence (c,), is (strictly) increasing. Possibly
increasing y, we can suppose that the estimates hold for n < sy, and get the basis of the
induction.

Suppose the estimates , and hold for any n’ < n, we want to prove them for n.

Since n > sg, we have that I,;,, depends only on ¢;, j < n. Since the sequence (cp)y is
increasing, by induction hypothesis we get |L,,4r,| < max;j<, |¢;| < ~y°*~1, and holds.

To obtain the remaining two estimates, we need the following properties for the sequence (¢, ).

Lemma 6.2. For anyn =sp, +k > so with 0 <k < kp — 1, we have
(31) en = So + ¢(n — sg) — ko,
Proof. Let us prove when k = 0, by induction on h. For h = 0 the equality trivially
holds. Suppose the equality holds for h, and let us prove it for h 4 1. It suffices to show that
th1 — th = Copyy — Cs = Chp. But tpy — b, = p"(so(p — 1) +n) = p"c(so(p — 1) — r0) = ck.
Suppose now n = s, + k with 0 < k <k, — 1. Then

cn =th +k(c—0n) = so+ c(sp — so) + ck — kdp, = so + c(n — sg) — ko

Lemma 6.3. The sequence (c,,) satisfies the following properties.

(a) If n=n" +n" < s, then cp + cpr = cp.

(b) Suppose n = n' +n” > so, n'n” # 0, and set n = s, + k such that 0 < k < k. Then
Cnt + Cnr +0p < — 1.

(¢) Suppose n = pl —rog with 1 > sg. Then pc; < ¢, — 1.

Proof. The property (a) trivially holds. From Lemma forany n = s, + k> sg with 0 < k <

kyn — 1 we infer

(32) so+c(n—sgp) — (kn — 1)0p < en < 50+ ¢(n— sp).
If 1 <n < sq, then we get
(33) ecn=n<cn—1)+1=s9+c(n—s9)+ (c—1)(sg—1).

Suppose we are in case (b), and let h, k be such that n =sp +k, 0 < k < kp — 1.
First, suppose n’,n” < sg. Then we have
e+ Cpr + 0+ =n+0p+n=30+cn—s9)— (kn—1)0n+ (c—1)(so —n) + kndp + 1
<cpt+ (C_ 1)(50 - n) + Ekpdn +n < cp,
where the first inequality is given by , and the last inequality holds since sg —n < —1 and
kpdp, = ¢ — 1 —n by definition.
Now suppose that n’'n” # 0 and either n’ or n” is > s9. We have
Cnt + o+ 0 +1 < 250 +c(n” +n" —2s0) + (c—1)(so— 1) + 6 + 7
=(1—c)+so+c(n—=s0)+0h+n<cp+ (1+n—c)+kndn = cy,
where the first inequality is given by and , and the last inequality again by .
We now prove (c). Write I = sp, + &, with 0 < k < kj, — 1. Then n = pl —r¢ = psp, +pk —ro =
Sp+1 + pk. Notice that 0 < pk < kp41. Hence
per = p(th+k(c—0r)) = ptn + 1 +pk(c—06nt1) =1+pk(ns1—0n) = cn—n—pk(6r—0ht1) < cn—n.
N——

=th+t1
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]

We come back to the proof of Proposition Consider the sum in . If i > rg, then for
any dummy variable I in the sum we have |I| = n + rg — i < n. Recalling that if ¢ = ry then
I+#(0,...,0,n,0,...,0), by Lemma(a,b) and the induction hypothesis we infer |¢;| < ¢,

Suppose 0 < i < ro be such that ¢; # 0. By definition of ry, we infer v, (i) > 1. If v,(n+r9) =0,
by Lemma [5.2] we have

S e =0,

JENdti
i+|J|=n+rg

and we get in this case.

Suppose now n +ro = pl with [ € N*. Thanks to our choice of sy, we have that n > sy implies
n > 1> sg. Suppose we have I € N(@+)/P with |I| = I. By Lemma (c) and the induction
hypothesis, we get |} < AP < 7. The estimate easily follows.

We now prove . Since n > sg, ¢, satisfies

m 1

oh = E(Hnwo -1 .,,)-

By we have |I,,4,,| <~y°-1. Notice that ¢,—1 < ¢, —n if we pick n small enough (i.e., v big
enough). Hence

8" < AP ([T | + [Ty ) < 42" (enmmbm) = 42" en,

n—+ro

from which follows. |
By it follows that there exists v > 1 such that

|fal <7 <0 ()",
where the last equality follows from Lemma Hence the power series ¢(z) converges when

|| <~y7°

Remark 6.4. Theorem [B] hold over fields K with milder hypotheses than being algebraically
closed. In fact, it holds over a field K as long as the superattracting germs admit polynomial
normal forms (of degree < p™ (d + {%J + 1)) It hold for example for any field K closed under

taking p™-th roots (see Remark .

7. SUPERATTRACTING GERMS IN HIGHER DIMENSIONS

In this section we prove Theorem [C] and give a few remarks on the local dynamics of su-
perattracting germs in higher dimensions. The notations used for the combinatorics in higher
dimensions are the same explained in detail in the introduction and in the first section.

Proof of Theorem [, Let f: (KV,0) — (K,0) be a superattracting germ of the form

(2) f(x) = CaP (1 +e(x)).

Let f: (KV,0) — (KV,0) be our candidate normal form

(3) flz) = Ca®,

Let us consider a formal automorphism of the form

(34) O(z) = 2¢(x) = (2'¢' (2),...,2"¢" (2)),

where x = (x!,...,2") and ¢’(0) = 1 for any j = 1,..., N. We want to find a ® satisfying the
conjugacy relation ® o f = f o ®. The conjugacy relation is equivalent to

(1+ (@) (do f(2) = (6())".
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For any n € N, set

bn(x) = H (1+eo fF 1 (z))

k=1
Notice that ¢,, is well defined for any n € N. Indeed, since det D and p are coprime, for any k we
have that the entries of D~* are of the form a/b, with a,b € Z and v,(a) > v,(b). By Remark

—k
(I+eo fk_l(x))D is a vector of well defined analytic germs for any k.

We want now to show that the sequence ¢,, converges to a suitable analytic germ ¢, that will
define the conjugacy we are looking for. By Proposition it suffices to show that ||e o f"(x)||
tends to 0.

Since ¢ is analytic with (0) = 0, there exists M > 0 such that ||e(z)|] < M ||z| for ||z|| < 1.
Since f is contracting, there exists 0 < A < 1 such that ||f™(z)|| < A™||z| for ||z| < 1 and any
k. It follows that

D—k

lleo f* (@)l < MA™ [lz]| =0

for n — oo and ||z|| small enough. O

Remark 7.1. In the previous theorem, the vector C' is invariant by change of coordinates of the
form . This is clearly not the case for linear change of coordinates. Since we want the change
of coordinates to preserve the monomial normal form , we reduce ourselves to consider change
of coordinates of the form z — Az, where A is a diagonal matrix. It is then easy to show that if
1 is not an eigenvalue for D, then there exists A such that the associated linear map conjugates
f to a germ of the form with C' = 1. This is not the case in general if 1 is an eigenvalue
for D. Indeed it can be easily shown that the moduli space up to conjugacy of such germs has
dimension equal to the rank of D — Id.

Remark 7.2. Using similar techniques, it is possible to extend some of the results in [Rug] over
(normed) fields K of characteristic p > 0. In particular, [Rug, Theorem 2.7] still holds if we
replace C by any such K. Moreover, [Rug] Theorem 3.7] holds again if we replace C by K, as
long as det D is coprime to p.

When p divides det D, Theorem |C| and [Rug, Theorem 3.7] do not hold in general. Indeed,
the proof of these theorems uses the fact that the matrix D is invertible in K. The study of this
problem when p divides det D is much more complicated in higher dimensions, since we lose the
natural total order on the coefficients of the map f developed in formal power series.

Notice that for the values r = p = 0 and s = d in [Rug, Theorem 2.7], we get the classification
of contracting automorphisms. Such a classification is well known under the name of Poincaré-
Dulac normal forms (see [HY83], and [Ste57, RR88|, [Ber06] for the analogous problem in the
complex setting). This is in sharp contrast with the Poincaré-Dulac theorem for vector fields,
where the study of resonances is much more intricate. See [[Y08| Chapter 1] for an extensive
presentation of Poincaré-Dulac normal forms and resonances for vector fields in the complex
setting, and [HY83|, Part I] for some results and remarks in the non-archimedean setting.

The results in [Rug] cited in Remark are partial extensions in higher dimensions of the
classification of contracting rigid germs given by Favre [Fav00] in dimension 2.

A rigid germ is an analytic germ f : (C2,0) — (C2,0) whose generalized critical set C'(f>°) :=
U,~, C(f™) has simple normal crossings and is forward f-invariant.

Favre and Jonsson ([FJ07]) showed that any superattracting germ f : (C2,0) — (C20) is
birationally conjugate to a rigid germ (the condition of f being superattracting is not necessary,
see [Rugl2]). Moreover, rigid germs and their normal forms have many applications for the study
of a special class of non-Kéhler compact complex surfaces, called Kato surfaces (see for example
[Dlo84l Nak84l [DO99, DOTO1] [Tom08]), and the study of the basin for attraction at infinity of
suitable polynomial automorphisms, called Hénon maps (see [HOV94|, and [FM89] for a precise
description of the group of polynomial automorphisms in C2).

Favre’s classification provides polynomial normal forms for contracting rigid germs. Moreover,
formal and analytic classifications coincide for superattracting rigid germs.
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These properties remain valid over any field K of characteristic zero. When K has characteristic
p > 0, Favre’s classification is still valid whenever p and det D are coprime, where D represents
the action induced by f on the fundamental group 1 (A?\ C(f°)), where A? is a small polydisc
centered at the origin (see [Fav00] for details). The case when p divides det D still needs to be
understood. It is natural then to formulate the following questions.

Question 7.3. Do there exist polynomial normal forms for contracting rigid germs f : (K2,0) —
(K2,0), where K is a (algebraically closed) field of positive characteristic?

Question 7.4. Do the formal and analytic classifications of superattracting rigid germs f :
(K2,0) — (K2,0) coincide, when K is a complete normed (algebraically closed) field of positive

characteristic?
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