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Abstract

Let� be a countable discrete group. We prove that if the usual Baum–Connes conjecture is valid
for �, then the real form of Baum–Connes is also valid for�. This is relevant to proving that
Baum–Connes implies the stable Gromov–Lawson–Rosenberg conjecture about Riemannian
metrics of positive scalar curvature.

0. Introduction

The classical Baum–Connes conjecture (for a given discrete countable group�) states that the index
map [1]

µ(�) : K �
j (E�) −→ K j (C

∗
r (�))

is an isomorphism (wherej = 0, 1 mod 2).
In this statement,K j (C∗

r (�)) is the K -theory of the reducedC∗-algebraC∗
r (�) (also denoted

C∗
r (�; C) in [9]) and K �

j (E�) is thecomplexequivariant KasparovK -homology (with�-compact
supports) of the spaceE�. This index map may also be defined in thereal context, by using real
Kasparov theory. In other words, there is an index map

µR(�) : K O�
j (E�) −→ K j (C

∗
r (�; R)),

where j takes its values inZ mod 8. We may now ask whetherµR(�) is also an isomorphism.
One source of interest in this question (for a given group�) is the result of S. Stolz (with

contributions from J. Rosenberg, P. Gilkey and others): the injectivity ofµR(�) implies the stable
Gromov–Lawson–Rosenberg conjecture [2] about the existence of a Riemannian metric of positive
scalar curvature on compact connected spin manifolds with� as fundamental group [10].

The purpose of this paper is to show that the Baum–Connes conjecture in the real case follows
from the usual (that is, complex) case. More precisely, our theorem is the following.

THEOREM Let� be a discrete countable group. Ifµ(�) is an isomorphism thenµR(�) is also an
isomorphism.
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The proof relies on an interpretation of the index mapsµ(�) andµR(�) asK -theory connecting
homomorphisms associated with exact sequences of (real or complex)C∗-algebras [3, 8] and also
on a general theorem for Banach algebras which follows directly from a ‘descent theorem’ in
topologicalK -theory.

THEOREM [4] Let A be a Banach algebra over the real numbers and let A′ = A ⊗R C be its
complexification. If Ki (A′) = 0 for all i ∈ Z mod 2, then Kj (A) = 0 for all j ∈ Z mod 8.

1. Definition of µ(�) and µR(�)

1.1 In this section, we recall the basic definitions of [1] and observe that these definitions extend
immediately to the real case.

The universal proper�-space is denoted byE� andK �
j (E�) denotes the following colimit:

colim
�

K K j
�(C0(�), C),

where� runs over all�-compact subspaces ofE� (by definition, a�-subspace� is called�-
compact if the quotient space�/� is compact). The composition of the two homomorphisms

K K j
�(C0(�), C) −→ K K j

�(C0(�) � �, C∗
r (�)) −→ K K j (C, C∗

r (�))

induces (by taking the colimit) the mapµ referred to in the Introduction. Here the first
homomorphism is Kasparov’s descent map [5] and the second one is induced by the Kasparov
product with

1 ∈ K K 0(C, C0(�) � �) = K0(C0(�) � �).

REMARK 1.1 In this definition ofµ, the specific spaceE� does not play a particular role. In other
words, if X is anyproper�-space, we could define in the same way an ‘index map’

µ(X, �) : K �
j (X) −→ K j (C

∗
r (�)).

REMARK 1.2 These definitions extend immediately to the real case. Hence, there is a real index
map

µR(X, �) : K O�
j (X) −→ K j (C

∗
r (�; R)).

The real Baum–Connes conjecture for the group states thatµR(E�, �) = µR(�) is an
isomorphism for allj ∈ Z mod 8.

2. Index maps and connecting homomorphisms in K -theory

2.1 The strategy for proving our theorem is as follows. We will describe (in this section) aC∗-
algebra whoseK -theory (real or complex) vanishes precisely when the corresponding version of
the Baum–Connes conjecture is true.

†
In the next section we will apply to thisC∗-algebra the result

of [4], according to which theK -theory of a realC∗-algebra vanishes if and only if theK -theory of
its complexification vanishes.

†
In the analogous context of surgery theory, theK -theory of thisC∗-algebra would be the ‘fibre of assembly’ or ‘structure

set’ term in the surgery exact sequence.
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2.2 To construct the requiredC∗-algebra we have chosen to use the method of [3, 7, 8]. Let X be a
locally compact space

‡
X and let� be a countable discrete group� acting properly onX. Choose

a separable Hilbert spaceH with a representation ofC∗-algebrasψ : C0(X) −→ B(H) and a
unitary group representationτ : � −→ U(H) which are compatible in the sense thatψ(γ. f ) =
τ(γ ).ψ( f ).τ (γ )∗, whereγ. f is the functionx �→ f (γ −1x). (Note that these conditions imply
that we have in fact a representation of the crossed productC∗-algebraC0(X) � � in B(H).) It is
also required thatH be a ‘large’ representation in a certain technical sense; it is sufficient to take
H = L2(X; µ) ⊗ �2(�) ⊗ H ′, whereH ′ is an auxiliary infinite-dimensional Hilbert space andµ is
aBorel measure onX whose support is all ofX.

Within this setting, we define the support inX × X of an operatorT , denoted by Supp(T), asthe
complement of the points(x, y) such that there exists a neighborhoodU × V of (x, y) such that
ψ( f )Tψ(g) = 0, for f supported inU andg supported inV .

2.3 Following [3, 7], we now define theC∗-algebraD∗
�(X) and a closed idealC∗

�(X). Thus there
is an exact sequence ofC∗-algebras

0 −→ C∗
�(X) −→ D∗

�(X) −→ D∗
�(X)/C∗

�(X) −→ 0. (E)

By definition,D∗
�(X) is the closure of the algebra inB(H) consisting of all the (bounded) operators

T such that

(1) T is �-invariant, that is,T.τ (γ ) = τ(γ )T for all γ in �.

(2) Supp(T) is �-compact, that is, its quotient
§

by � is compact in(X × X)/�.

(3) For all f in C0(X), Tψ( f ) − ψ( f )T is a compact operator onH .

The idealC∗
�(X) is the closure of the algebra inB(H) consisting of the (bounded) operatorsT

which satisfy (1), (2), and a stronger condition.

(3′) For all f in C0(X), Tψ( f ) andψ( f )T are compact operators onH .

EXAMPLE 2.4 If � is a finite group andX is compact, it is well known that theK -theory of theC∗-
algebraD∗

�(X)/C∗
�(X) is theK -homology, with a shift of dimension, of the cross-product algebra

C(X) � � (this is ‘Paschke duality’ [6]). In the simplest case whenX is a point, the exact sequence
above is essentially equivalent to a direct sum of exact sequences of the form

0 −→ K −→ B(H) −→ B(H)/K −→ 0

as many as the number of conjugacy classes in�.

THEOREM 2.5 [8] For any proper cocompact�-space X, there is a canonical Morita equivalence
between the C∗-algebra C∗

�(X) and C∗
r (�), the reduced C∗-algebra of the group�.

THEOREM 2.6 [3, 6] For any proper�-space X, there is a natural isomorphism

K �
j (X) := colim

�
K K j

�(C0(�), C)
∼=−→ K j +1(D∗

�(X)/C∗
�(X)),

where� runs over all the�-compact subspaces of X.

‡
WeassumeX to be also second countable in order to get separable Hilbert spaces.

§
Here� is acting onX × X by the diagonal action.
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THEOREM 2.7 [8] For any proper�-space X, we have a commutative diagram

K �
j (X)

µ−→ K j (C∗
r (�))

∼=↓ ∼=↓
K j +1(D∗

�(X)/C∗
�(X))

δ−→ K j (C∗
�(X))

where µ is the Baum–Connes map and whereδ is the K-theory connecting homomorphism
associated to the exact sequence(E) above.

REMARK 2.8 It is important to notice that the three theorems above are also true in the real case
(see [9] for a detailed account of this ‘real Paschke duality’). In this case,C∗

r (�) has to be replaced
by C∗

r (�; R). The real analogues of theC∗-algebrasD∗
�(X) andC∗

�(X) will be denotedD∗
�(X; R)

andC∗
�(X; R).

COROLLARY 2.9 The Baum–Connes mapµ : K �
j (X) −→ K j (C∗

r (�)) is an isomorphism for all
j ∈ Z mod 2 if and only if the K -groups Kj (D∗

�(X)) = 0 for all j . In the same way, the real
Baum–Connes mapµR : K O�

j (X) −→ K j (C∗
�(X; R)) is an isomorphism for all j∈ Z mod 8if

and only if the K -groups Kj (D∗
�(X; R)) = 0 for all j .

3. Proof of the Baum–Connes conjecture in the real case for a given group � (assuming its
validity for � in the complex case)

3.1 As we have shown in section 2, the complex (resp. real) Baum–Connes conjecture is equivalent
to the vanishing of theK -groupsK j (D∗

�(X)) (resp. K j (D∗
�(X; R))) for X = E�. If we put

A = D∗
�(X; R), its complexificationA′ = A ⊗R C is isomorphic toD∗

�(X). The scheme of
the argument is then the following, whereBC(�) (resp. BCR(�)) stands for the Baum–Connes
conjecture (resp. the real Baum–Connes conjecture) for a given discrete group�:

BC(�) ⇐⇒ K∗(A′) = 0 �⇒ K∗(A) = 0 ⇐⇒ BCR(�).

3.2 The only point to show is the implicationK∗(A′) = 0 �⇒ K∗(A) = 0, which follows from
the descent theorem stated in [4] in the general framework of Banach algebras. More precisely,
let A be any Banach algebra over the real numbers andA′ denote its complexificationA ⊗R C.
There is then a cohomology spectral sequence withEpq

2 = H p(RP2; K−q(A′)) converging to
K−q−p(A)⊕ K−q−p+4(A), whereRP2 is the real projective plane andH p means the usual singular

cohomology with local coefficients.
¶

The hypothesisK∗(A′) = 0 implies that theE2 term of the
spectral sequence is 0. Therefore theE∞ term is also 0. Since moreover the filtration is finite
(becauseRP2 is finite dimensional),K∗(A) must be also 0.

References

1. P. Baum, A. Connes, and N. Higson, Classifying space for proper actions andK -theory of
group C∗-algebras, C∗-Algebras: 1943–1993A Fifty Year Celebration, Contemporary
Mathematics 167 (Ed. R. Doran), American Mathematical Society, Providence, 1994, 241–
291.

2. M. Gromov and H. B. Lawson, Positive scalar curvature and the Dirac operator,Publ. Math. de
l’IHES 58 (1983), 83–196.

¶
In fact, there is at most one non-zero differential, thereforeE3 = E∞.



THE BAUM–CONNES CONJECTURE 235

3. N. Higson and J. Roe,Analytic K -homology, Oxford Mathematical Monographs, Oxford
University Press, 2000.

4. M. Karoubi, A descent theorem in topologicalK -theory,K-theory24 (2001), 109–114.
5. G. Kasparov, EquivariantK K -theory and the Novikov conjecture,Invent. Math.91 (1988),

147–201.
6. W. Paschke,K -theory for commutants in the Calkin algebra,Pacific J. Math.95 (1981), 427–

437.
7. J. Roe, Index Theory, Coarse Geometry, and Topology of Manifolds, CBMS 90, American

Mathematical Society, Providence, 1996.
8. J. Roe, Comparing analytic assembly maps,Quart. J. Math.53 (2002), 201–208.
9. J. Roe, Paschke duality for real and gradedC∗-algebras,Quart. J. Math.55 (2004), 325–331.

10. H. Schroder,K-Theory for Real C∗-Algebras and Applications, Pitman Research Notes in
Mathematics 290, Longman Scientific and Technical, Harlow, 1993.

11. S. Stolz (to appear)


