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ABSTRACT. We study the asymptotic behavior of solutions of an equation of the form
G(z, Dyu, Au(z)) = co in M *)

on a closed Riemannian manifold M, where G € C(T*M x R) is convex and superlinear
in the gradient variable, is globally Lipschitz but not monotone in the last argument, and
¢o is the critical constant associated with the Hamiltonian H := G(-,-,0). By assuming
that 9,G(,-,0) satisfies a positivity condition of integral type on the Mather set of
H, we prove that any equi-bounded family of solutions of @ uniformly converges to a
distinguished critical solution ug as A — 0. We furthermore show that any other possible
family of solutions uniformly diverges to 400 or —oo. We then look into the linear case
G(z,p,u) := a(r)u+ H(z,p) and prove that the family (ux)xe(0,,) of maximal solutions
to @ is well defined and equi-bounded for Ag > 0 small enough. When a changes sign
and enjoys a stronger localized positivity assumption, we show that equation @) does
admit other solutions too, and that they all uniformly diverge to —oco as A — 0. This
is the first time that converging and diverging families of solutions are shown to coexist
in such a generality.

INTRODUCTION

In this paper we are concerned with the asymptotic behavior of solutions of an equation
of the form

G(z, Dyu, Mu(z)) =co  in M (Ex)

posed on a closed Riemannian manifold M, where G € C(T*M x R) is convex and
superlinear in the gradient variable, is globally Lipschitz in the last argument, and ¢y is
the critical constant associated with the Hamiltonian H := G(-,-,0). We refer the reader
to Section for the definition of ¢y and of the other related objects coming from weak
KAM Theory that will be mentioned in this introduction. The monotonicity condition on
G in the last argument, that is standard for these kind of equations, is dropped here in
favor of the following much weaker integral condition
(L5) / aﬁ(z, v,0)dj(z,v) <0  for all fi € MM,
v Ou

where Lg is the convex conjugate function of G, M denotes the set of Mather measures
for Lg(+,+,0), and G (and hence L) satisfies a C'-type regularity condition near u = 0,
see conditions (G4) and (L4) in Section [2} Under these assumptions, we prove that any
equi-bounded family of solutions of uniformly converges to a distinguished critical
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solution ug as A — 0. We furthermore show that any family consisting of other possible
solutions uniformly diverges to +o00 or —oo.

We underline that the conditions presented above on G are not sufficient to guarantee
the existence and uniqueness of viscosity solutions to . This is due to the fact that,
without global strict monotonicity of G' with respect to u, there is no comparison princi-
ple. This also makes unenforceable Perron’s method, which is the technique customarily
employed to prove existence of solutions.

The general issue of existence and uniqueness of such solutions is subsequently ad-
dressed in the paper in the linear case G(z,p,u) := a(z)u + H(x,p) under the minimal
hypotheses on a € C(M) and H € C(T*M) that guarantee that the conditions on G
and Lg mentioned above are in force. We prove that the family (ux)ae(o,5,) of maximal
solutions to is well defined and equi-bounded for Ay > 0 small enough. When a
changes sign and a > 0 in a neighborhood of the projected Aubry set A, we show that
equation does admit other solutions too that uniformly diverge to —oo as A — 07.
If we additionally assume a > 0 on A, we furthermore show that any family made up of
solutions to that differ from the maximal ones uniformly diverge to —oco. Inciden-
tally, this completely solves the vanishing discount problem for this model case under the
sole assumption that a > 0 on A in view of the results established in [41], where a was
additionally assumed nonnegative on M.

Condition (L5) was introduced in [7] and therein employed to solve the vanishing
discount problem for an equation of the form under the same set of assumptions
considered herein, plus the additional requirement that G is globally non-decreasing in u.
Condition (L5) can be read as a strict monotonicity condition on G with respect to u, and
this is transparent in the linear case G(z,p,u) := a(z)u + H(x,p). What we find striking
about the output of our study is the fact that (L5) is a very weak requirement: it implies
that a has to be strictly positive only on some portions of the projected Mather set M,
where the latter is the minimal closed set that contains the projection of the supports of all
Mather measures. This set M can be very small, such as a finite set of points, see Remark
[1.10] Furthermore, it has been conjectured by Mané [33] that for generic Hamiltonians
H both A and M coincide with the support of a closed curve. Many results have been
obtained in this direction, see for example [8] and the references therein, showing that
condition (L5) generically leaves a lot of space for a to take negative values.

The main results proved in this paper keep holding when the superlinearity condition
on G is relaxed in favor of a simple coercivity. We have decided not to pursue this gener-
alization here since that would add additional technicalities with the drawback of hiding
the ideas at the base of our work, see Remark for further details.

History of the problem. The so-called ergodic approzimation is a technique introduced
in [32] to study the existence of solutions of the Hamilton-Jacobi equation[]

H(z,D,u) =c in M (1)

on the flat d-dimensional torus M := T¢ ~ R¢/Z? where the Hamiltonian H is a continu-

ous function on T* M, coercive in the gradient variable, uniformly with respect to x € M,

LAll solutions in the paper are meant in the viscosity sense. The definition will be provided later.
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and c is a real number. Let A > 0 and u), be the unique solution of
Au(z)+ H(z,D,u) =0  in M.

According to [32], the functions —Auy uniformly converge on M, as A\ — 0T, to a constant
¢o. Furthermore, the solutions (uy)xso are equi-Lipschitz, yielding, by the Arzela-Ascoli
Theorem, that the functions uy — min,cp; uy uniformly converge, along subsequences as
A — 0T, to a solution of with ¢ equaling ¢y. The constant ¢ is called critical value of
H and is characterized by the property of being the unique constant ¢ € R such that
admits solutions. At that time, it was not clear if different converging sequences yield the
same limit. Some constraints on the possible limit solutions were subsequently found in
[22, 29], but the breakthrough came with the work [12], where the authors proved that
the unique solution u, of

Au(z) + H(z, Dyu) = ¢ in M (HJ,)
converges to a distinguished solution of
H(z,D,u) = ¢ in M, (HJo)

as A — 07 under the sole additional assumption that H is convex in the gradient variable.
The proof relies on techniques and tools issued from weak KAM Theory, in particular on
the concept of Mather measure, and it works whenever M is a closed Riemannian manifold.
This kind of problem is also known as the vanishing discount problem. When the convexity
condition on H is dropped, the functions u, may not converge, as it was pointed out in
[44] through a counterexample posed on the 1-dimensional torus.

As a nonlinear generalization (see [0, [5, 23] and [39]), one can study the uniform
convergence of the unique solution of

H(z, Dyu, u(z)) = ¢ in M,

as A — 0%, where H)(z, p, u) is strictly increasing in u, and uniformly converges to H (x, p)
on compact sets as A\ — 0F. This kind of problem is called the vanishing contact structure
problem. The vanishing discount problem falls in this framework as a particular case by
choosing Hy(z,p,u) := Au+ H(z,p).

The asymptotic convergence result has been subsequently established in many different
situations. For the second order case, one can refer to [26], 27, B34, 43]. For the discrete
case, one can refer to [I1], 38 [42] and also [2] in the context of twist maps. For the similar
problem in the mean field game theory, one can refer to [4]. For the weakly coupled
Hamilton-Jacobi systems, one can refer to [17, 4], 24, 25]. For the non-compact setting,
one can refer to [18] 2§].

A natural and challenging question is to weaken the hypothesis on the monotonicity of
the Hamiltonian. A first degenerate case was studied in [41], where the author considered
the convergence of the solution of

Aa(z)u(z) + H(x, Dyu) = ¢ in M
as A\ = 07, where a(z) > 0 on M, and a(z) > 0 on the projected Aubry set of H. Inspired

by the works [5] [41], the authors studied in [7] the vanishing discount problem for contact
Hamilton-Jacobi equations of the form (E,|), where the positivity hypothesis on a assumed
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in [41] is weakened and generalized by introducing the non-degeneracy integral condition
(L5). This work highlights once more that the concept of Mather measure plays a central
role in the convergence result.

It is worth pointing out that all works mentioned above required a global non-decreasing
hypothesis of the Hamiltonians in u. If the discounted equation is not increasing in the
unknown function wu, solutions may even not exist, and, if they exist, they may be not
unique. In [15, 40], the authors discussed the uniform convergence of the minimal solu-
tion of as A — 07. For the non-monotone vanishing discount problem, the second
author provided the first example in [35] of nonconvergence. In this example, there exist a
convergent family of solutions and a divergent family of solutions at the same time. This
phenomenon is new comparing with all the previous works in this direction. In the present
paper, we show that the example in [35] is in fact a very general phenomenon when the
Hamiltonian is continuous, convex and superlinear in the fibres.

Let us conclude by mentioning that the type of problems we study are also closely
linked to optimization problems in economics. The discount factor then models the effect
of time through interest rates or inflation. Negative interest rates or deflation have been
studied by economists (see for instance [31]). Our results then give possible asymptotics
in the presence of coexisting inflation and deflation.

Presentation of our results. We present here our main results. Section [2| contains our
analysis on the asymptotic behavior of possible solutions of a general contact Hamilton-
Jacobi equation of the form ([E,)) when the discount factor A goes to 0. The Hamiltonian
G(z,p,u) is assumed convex and superlinear in p, and globally Lipschitz in u, see condi-
tions (G1-3) in Section . It is also assumed to satisfy a C'-type regularity condition in u
near u = 0, see condition (G4) in Section 2| The latter is for instance satisfied when the
map u — G(x,p,u) is C' in a neighborhood of u = 0 in the following sense:

(G4') there exists € > 0 such that 4% (z,p, u) exists for all (z,p,u) € T*M x (—¢,€) and

is continuous in T*M x (—¢,¢).

Let us consider

G(SL’, D,u, )\u(x)) = ¢ in M, (Ey)
and the limit equation

G(z, Dyu,0) = ¢ in M, (Eo)

where ¢ is the critical value associated with H := G(-,-,0). We will furthermore assume
the non-degeneracy integral condition (L5), where M denotes the set of Mather measures
for L := Lg(+,-,0).

The main results contained in Section [2[ can be summarized as follows, see Theorems

2.2 and 2.5

THEOREM 1. Under the previous assumptions, there exist a viscosity solution ug of
and functions ¢ : (0,1) = ( — 0o, +0o0], ¥ : (0,1) = [ — 00, +00) and 0 : (0,1) — R with

limy(A) = —co,  lmp(d) =+4oo,  lmd(A) =0
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such that, if vy is a solution of for some A > 0, then either one of the following
alternatives occurs:

(i) Uy < w()‘>;
(11) vy = ©(N);
(i13) |lox — uollos < O(A).

We stress that all these three behaviors can happen at the same time for a properly
chosen Hamiltonian G. Indeed, consider G(z, p,u) := sin(u) + ||p||2. It is easlily seen that
G verifies all of the above conditions. The limit Hamiltonian is H(z,p) := G(z,p,0) =
lpl|2, its critical constant is ¢g = 0 and the constant functions are the only solutions to
H(x,D,u) = 0 in M. Moreover, for all A > 0, the three constant functions u, = 0, and
uy = +1 are solutions to the discounted equation.

Theorem [1| shows in great generality that the only possible asymptotic behavior of
families of solutions (vx)xe(o,n) i, up to subsequences, either to uniformly diverge to
400, or to uniformly converge to a specific solution ug of . We also provide two
characterizations of ug, see Theorems and [2.3]

The general problem of existence and uniqueness of such solutions is addressed in
Section 3] Here we consider the linear case G(z, p,u) := a(z)u+H (z, p) under the minimal
hypotheses on a € C(M) and H € C(T*M) that guarantee that the conditions on G and
L presented above are in force. The discounted equation is then

Aa(z)u(x) + H(x, Dyu) = ¢ in M, (HJy)
with limit equation
H(z,Dyu) = ¢ in M. (HJop)
We prove the following existence and convergence result:

THEOREM 2. Under the previous hypotheses, there is \g > 0 such that, for all X € (0, o),
the equation (HJ,|) admits a maximal viscosity solution uy € C'(M). Moreover, the family
(ux)re(0,00) @5 equi-bounded, hence it uniformly converges to ug as A — 0F.

The previous theorem excludes the possibility of families of solutions that uniformly
diverge to +o00, but leaves open the possibility of families uniformly diverging to —oo.
By strengthening the non-degeneracy integral condition (L5) with a pointwise positivity
condition on a on the projected Aubry set A, we are able to improve the statement of
Theorem [I] as follows.

THEOREM 3. Let us additionally assume that a > 0 in a neighborhood of A and that there
exist xy € M such that a(zo) < 0. Then there exists a family of solutions (vx)yc( s to

for some X € (0,1) uniformly diverging to —oo as A — 0*.
When the previous hypothesis is reinforced, we obtain a stronger conclusion:

THEOREM 4. Let us additionally assume that a > 0 on A. Then any family (va)reon)
of solutions to (HJ,)) satisfying vy # wuy for all X € (0,X), with ' € (0,1), uniformly

diverges to —o0.
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Namely, in this last case, (uy), is the only converging family of solutions.

Let us conclude this presentation by stressing that, combining this analysis with the
results of [41], we fully understand the asymptotic behavior of solutions to (HJ,)) when
a > 0 on A. The output is the following:

(a) if @ > 0 on the whole M, (this situation was considered in [41]) then, for all A > 0,
there is a unique solution uy to (HJ,)), and the family (u,), converges as A — 0%,

(b) if there exist a point zyp € M such that a(zy) < 0, (this situation is discussed in
the present paper), then we can find a Ay > 0 small enough such that equation
admits at least two solutions for every A € (0, Ag). The family (ux)xec(o,r)
of maximal solutions uniformly converges to ug as A — 07. Any family of other
solutions (vy), uniformly diverges to —oo as A — 0.

1. PRELIMINARIES

1.1. Notation.

o Throughout this paper, we assume that M is a closed, connected and smooth
Riemannian manifold.

o We fix g an auxiliary Riemannian metric on M. Let d(z, y) be the distance between
x and y in M induced by g. By compactness of M our results are independent on
the choice of g.

o Let diam(M) be the diameter of M.

o We denote by T'"M and T*M the tangent and cotangent bundle over M respec-
tively. We denote by (z,p) and (z,v) points of T*M and T'M respectively.

o Let m: TM, T*M — M denote both canonical projections, the context will make
it clear which one is considered.

o We denote by || - ||z the norm on both T, M and T M induced by g.

o If N is a smooth manifold, we will denote by C'(IV) the Polish space of continuous
functions from N to R endowed with the metric of local uniform convergence on
N. We will denote by C.(N) (resp. CY(N )) the set of compactly supported (resp.,
C") functions from N to R.

o We denote by Z(TM) the space of Borel probability measures on T'M endowed
with the weak-* topology coming from the dual (C’C(TM ))I

o We denote Cy(T'M) the set of continuous functions g : TM — R with at most
linear growth meaning that

x,v
sup Jot v} < +00.
(xv)eTM 1+ HUHI
This last quantity defines a norm ||g||, on the vector space Cy,(TM).
o N denotes the set of positive integers.
1.2. Viscosity solutions. We start by recalling the notion of viscosity solution.

DEFINITION 1.1. Let G : T*M x R — R be a continuous function, ¢ € R, and consider
the equation

G(z, Dyu,u(z)) =c  in M, (1.1)
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(a) We say that u € C(M) is a viscosity subsolution of (1.1)), denoted by
G(z, Dyu,u(z)) <c  in M,
if, for all ¢ € C'(M) and xy € M such that u — ¢ has a local maximum at zg, we

have G(xo, D, e, u(a:o)) < ¢. Such a function ¢ is termed supertangent to u at xg.
(b) We say that u € C(M) is a viscosity supersolution of (L.1]), denoted by

G(x,Dxu,u(x)) >c in M,

if, for all p € C*(M) and zg € M such that u — ¢ has a local minimum at z,

then G(azo, D, e, u(xo)) > c. Such a function ¢ is termed subtangent to u at x.

(c) We say that u € C(M) is a viscosity solution of (1.1 if it is both a viscosity sub
and supersolution.

In this paper, solutions, subsolutions, supersolutions will be always meant in the vis-
cosity sense and implicitly assumed continuous. We recall that, if u is C! on an open set
U, then it is a viscosity solution (resp. subsolution, supersolution) in U if and only if it is
a pointwise solution (resp. subsolution, supersolution) in U.

The following stability result is well known, see for instance [3].

PROPOSITION 1.2. Let (G), and (uy), be two sequences of functions in C(T*M x R)
and C(M), respectively, such that w, is a subsolution (resp. supersolution, solution) of
with G = G, for each n € N. If u,, — w in C(M) and G,, — G in C(T*M x R) as
n — 400, then u is a subsolution (resp. supersolution, solution) of .

1.3. Weak KAM solutions and Aubry-Mather theory. We assume H : T"M — R
is a continuous Hamiltonian satisfying

(H1) (Convexity) H(x,p) is convex in p for all z € M.
(H2) (Superlinearity) lim H(x,p)/||pl|l. = +oo.

Ipllz—+
Let L : TM — R be the convex conjugate function of H, i.e.,
L(z,v) := sup (p(v)— H(z,p)), (x,v)€TM.
pETF M
It is well known that the Lagrangian L is a continuous function on 7'M and it is convex
and superlinear in v. The Fenchel inequality is a direct consequence of this definition:

L(z,v)+ H(z,p) = p(v), forall (z,v,p) € M x T, M x TrM. (1.2)
Moreover, it can be proven that H is itself the convex conjugate of L, i.e.,
H(z,p) = sup (p(v) — L(z,v)) for all (z,p) € T*M. (1.3)
vET M

Let ¢y € R denote the critical constant defined as follows:
co=min{c € R: H(z,D,u) =c in M admits subsolutions}. (1.4)
We present here some facts that we will need about the critical equation, i.e.,
H(x,D,u) = ¢ in M. (HJo)

Solutions, subsolutions and supersolutions of (HJg|) will be termed critical in the sequel.
Due to the convex character of H, the following holds, see for instance [3], [19].
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PROPOSITION 1.3. Let uw € C(M). The following properties hold:
(i) if u is the pointwise supremum (respectively, infimum) of a family of subsolutions
(resp., supersolutions) to (HJd), then u is a subsolution (resp., supersolution) of
(HT);
(i1) if u is the pointwise infimum of a family of equi-Lipschitz subsolutions to ,
then u is a Lipschitz subsolution of ;

(111) if w is a convex combination of a family of equi-Lipschitz subsolutions to (HJy),
then u is a Lipschitz subsolution of (HJo|).

More precisely, items (ii) and (iii) above require the convexity of H in the momentum,
while item (i) is a general fact.

Since we are assuming H to be superlinear (hence coercive, which is enough), we also
have the following characterization of critical subsolutions, see for instance [3, 19].

PROPOSITION 1.4. The following are equivalent facts:

(i) v is a viscosity subsolution of (HJq|);

(i1) v is Lipschitz continuous and an almost everywhere subsolution of (HJol), i.e.,
H(z,D,v) < ¢ for a.e. x € M.

Moreover, the set of viscosity subsolutions of (HJo|) is equi-Lipschitz, with k., := sup{||p||. :
H(z,p) <o} as a common Lipschitz constant.

For every t > 0, we define the minimal action function h; : M x M — R as

(o) =inf [ [L(3(93(9) + s,

TSt

where v : [—t,0] — M is taken among all absolutely continuous curvefﬂ satisfying v(—t) =
x and y(0) = y. The Peierls barrier is the function h : M x M — R defined by

h(z,y) = liminf oy (2, ). (1.5)
It satisfies the following properties, see for instance [16]:

PROPOSITION 1.5.
(i) The Peierls barrier h is finite valued and Lipschitz continuous.

(i1) If v is a critical subsolution, then
v(x) —v(y) < h(y,x), o) —v(y) <y, ) for every x,y € M and t > 0.

(i1i) For every fixed y € M, the function h(y,-) is a critical solution.
(iv) For every fixred y € M, the function —h(-,y) is a critical subsolution.

The projected Aubry set A is the closed set defined by
A={yeM : h(y,y) =0}
The following holds, see [19], 21]:

°In the paper, even if not explicitly stated, all curves considered are at least absolutely continuous.
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THEOREM 1.6. There ezists a critical subsolution v which is both strict and of class C>
in M\ A, meaning that

H(z,D,v) <cy for everyxz € M\ A.
In particular, the projected Aubry set A is nonempty.

The last assertion directly follows from the definition of ¢g, see ((1.4)).

PROPOSITION 1.7. If u and v are respectively a sub and supersolution such that u < v on
A, then u < v on the whole of M. In particular, A is a uniqueness set for , meaning
that if two solutions coincide on A, then they are equal.

We will say that a Borel probability measure i on T'M is closed if it satisfies the
following conditions:

(a) / ol dia,o) < oo

(b) for all function f € C*(M), we have D, f(v)dj(z,v) = 0.
™

We will denote by &, the set of such measures.
We will furthermore denote by &, the family of probability measures ji that satisfy
condition (a) above. The inclusions %y C &, C (Co(TM )), hold. We will endow &, with

the weak-* topology coming from the dual (Cy(T M )), We refer the reader to [9] for more
details on these families of measures.

THEOREM 1.8. The following holds

min L(x,v)di = —cp.
min [ L) di = —co

__ Measures realizing the above minimum are called Mather measures for L. We denote by
I the set of all Mather measures. This set is compact. The Mather set and the projected
Mather set are defined as follows:

M = U supp(ft), M :=7(M).
pem
These sets are also compact, see [19] for a proof in the regular caseﬂ Furthermore, the
following holds, see [41, Proposition 3.13] for a proof in the nonregular case.

THEOREM 1.9. The following inclusion holds: M C A.

REMARK 1.10. In the example of a mechanical Hamiltonian, i.e., H(x,p) = ||p||?/2+V (z),
it is well known that cp = maxy V, A= {y € M : V(y) = maxy V} and the Mather
measures are convex combinations of delta Diracs concentrated at points (y,0) with y € A,
so that M is also equal to {y € M : V(y) = maxy V'}.

We conclude this paragraph by a technical lemma that will be of crucial use (see [9]
Theorem 2-4.1.3.]).

3For the present nonregular case, a proof of this can be found in Appendix A in the ArXiv version of
[12].
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LEMMA 1.11. Let a € R. The set {fi € P : [;,; L(x,v)di(x,v) < a} is compact in P.

Note that, as L is bounded below, the quantity [, L(z,v)di(z,v) € RU{+oco} is well
defined for any Borel probability measure. We also remark that in [9, Theorem 2-4.1.3.]
the result is proved for a particular subclass of measures, however the proof makes no use
of this fact and proves the above result.

1.4. Hamiltonians depending on the unknown function. We recall here known
results that can be found in [36, 37] and the references therein. In this section, we consider
a continuous Hamiltonian G : T*M x R — R which satisfies the following conditions

(G1) (Lipschitz in u) u — G(z,p,u) is K-Lipschitz continuous for some K > 0, uni-
formly in (z,p) € T*M;

(G2) (Convexity in p) p — G(x,p,u) is convex for each (z,u) € M x R;

(G3) (Superlinearity in p) p — G(z, p,u) is superlinear for each (z,u) € M x R.

REMARK 1.12. The results of this paper keep holding even when the superlinearity condi-
tion (G3) is weakened in favor of a simple coercivity. For instance, Theorems and
can be easily generalized to this setting. Indeed, since we are dealing there with a family
of equi-bounded, and hence equi-Lipschitz, solutions, see Lemma 2.6, we could employ the
usual trick of modifying GG outside a compact subset of T*M x R to make it superlinear.
This cannot be done in other parts of the paper since we are dealing with families of so-
lutions that are neither equi-bounded nor equi-Lipschitz in general. And even when they
are, as in Section [3.1] this needs to be proved. In fact, this is the core of the analysis per-
formed in Section [3.1 which takes advantage of the fact that the Lagrangian associated
with the Hamiltonian via the Fenchel duality is finite-valued. This is no longer true in
the purely coercive case, even though the difficulties arising could be handled by showing
that all the minimizing curves that come into play in our analysis are indeed supported
on the set where the Lagrangian is finite. Yet, we believe that treating this more general
case would bring additional technicalities that would have the effect of hiding the ideas
at the base of this work. We prefer to leave the coercive case to a possible future work.

Let Lg : TM x R — R be the convex conjugate function of G, i.e.,
Le(z,v,u) :== sup (p(v) — G(z,p,u)).
pETM

Then it can be proven that L verifies similar properties (see [B, Lemma 4.1] with easy
adaptations):

(L1) u+ Lg(z,v,u) is K-Lipschitz continuous uniformly in (x,v) € T'M;

(L2) v — Lg(x,v,u) is convex for each (z,u) € M x R;

(L3) v — Lg(x,v,u) is superlinear for each (z,u) € M x R;

DEFINITION 1.13. Let G : T*M x R — R be a Hamiltonian satisfying (G1-3) and let
Lg : TM x R — R be the associated Lagrangian. Let ¢ € R. A function u € C(M)
satisfying the following two properties is called a backward (resp. forward) weak KAM
solution of

G(z, Dyu,u(z)) =c in M. (1.6)
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(1) For each absolutely continuous curve v : [t',t] — M, we have

ur(0) ~u(2(0) < [ [Le(2. 451 ur()) + ] ds.

The above condition reads as u s dominated by Lg + ¢ and will be denoted by
u < Lg+c.

(2) For each x € M, there exists an absolutely continuous curve v_ : (—o00,0] — M
(resp. v+ : [0, +00) — M) with v_(0) = z (resp. 7+ (0) = z) such that

w(z) —u(v-(t) = /tO [LG <’y,(s),f'y,(s),u('y,(s))) + c} ds, Vt<0
(vesp. u(r4(1)) - u(w) = / t Lo (74(5), 4 () u(y:(9)) ) + ¢ ds, vt >0).

The curves satisfying the above equality are called (u, Lg, ¢)-calibrated curves.
By [37, Appendix D] and [36, Appendix A] we have

LEMMA 1.14.
(i) If u € C(M) is a backward weak KAM solution of (1.6), it is a viscosity solution

of (@

(i) The function w € C(M) is a viscosity subsolution of (1.6]) if and only if w <
Lg + c. The latter is also equivalent to w being Lipschitz continuous and verifying
G(as, D,w, w(x)) < ¢ for almost every x € M.

We then give an approximation result in this setting. It is an easy consequence of [20],
Theorem 8.5].

THEOREM 1.15. Assume G : T*M x R — R is a continuous Hamiltonian verifying (G2).
Let w: M — R be a Lipschitz function verifying G(x,me,w(x)) < ¢ for almost every
x € M. Then, for every e > 0, there is a w. € C*°(M) such that ||w — w.||o < € and

G(x, was,w(x)) < c+e, G(m, wag,wg(x)) <c+e forall z € M.

Let a € C(M). Assume there are two points z; and w5 such that a(z;) > 0 and
a(zy) < 0. Let ¢ € R and consider the equation

a(x)u(z) + H(z,Dyu) =¢  in M. (1.7)
This is a particular case of the previous setting for G(z,p,u) = a(z)u + H(x,p). In this
case, the associated Lagrangian is Lg(x,v,u) = L(z,v) — a(z)u. The following implicit

Lax-Oleinik semigroup (7; ):>o is a well defined semigroup of operators 7, : C(M) —
C(M) that verify, for all p € C(M),

1ot =t {o00)+ [ [L60)56) ~ b Tro) +|ar . a9

where the infimum is taken among absolutely continuous curves v : [0,t] — M with
y(t) = x. A similar property defines and characterizes the forward semigroup (7)o,
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where, for all p € C'(M),
t
T p(x) = S {@(v(t)) —/ {L(V(T),V(T)) —a(y(7)) T (v(7) + C} dT} - (1.9)
v(0)==x 0
LEMMA 1.16. [36, Appendix A] If ug is a subsolution of (1.7), then
E_‘_UO < Ug < Tt_UO-

If ug is a strict subsolutz’orﬁ of , then

,_Z?_Uo < Uy < ,I;_’LL().

LEMMA 1.17. [36, Proposition 2.9, Proposition 3.5, Lemma 5.4] If ug is a subsolution of
, then the limait

u_ = lim T uy (resp. v, := lim T, u
t——+o0 t 0 ( p + t——4o0 t 0>

exists, and is a viscosity solution (resp. forward weak KAM solution) of . In addition,

v_ = lim T, v
t——+o0 t ot

is also a viscosity solution of (1.7), and there is a point xg € M such that v_(zy) = v ().
If ug is a strict subsolution of , then u_ 1is the mazximal solution of , and v_
1s the minimal solution of .

2. GENERAL CONVERGENCE/DIVERGENCE RESULTS

In this section, we consider a continuous Hamiltonian G : T*M xR — R which satisfies
the following conditions:

(G1) (Lipschitz in u) u — G(z,p,u) is K-Lipschitz continuous uniformly in (x,p) €
T*M for some K > 0;

(G2) (Convexity in p) v — G(z,p,u) is convex for each (x,u) € M x R;

(G3) (Superlinearity in p) p — G(z, p,u) is superlinear for each (z,u) € M x R;

(G4) (Modulus continuity near u = 0) The partial derivative 2¢(z, p, 0) exists. For every
compact subset S C T'M, we can find a modulus of continuityﬂ ns such that

oG
G(I‘,p, U) - G(l‘,p, O) - %(l‘,p, O)'LL < ‘u’nsqu’)? v<$?p) € S.

The dependence of G in the u-variable is nonlinear, in general, as in [7], but we do not
make any global monotonicity assumption. As established in [5, Lemma 4.1] the associated
Lagrangian function Lg : TM x R — R defined by
Le(z,v,u) == sup (p(v) — G(z,p, u)),
peT M
has similar properties:
(L1) (Lipschitz in ) u — Lg(x,v,u) is K-Lipschitz continuous uniformly in (z,v) €
TM;

4Meaning that ¢ can be replaced with ¢ — € for some £ > 0.
A modulus of continuity is a nondecreasing function 7 : (0, +oc) — (0, 400) such that n(s) — 0 as
s — 0.
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(L2) (Convexity in v) v — Lg(z,v,u) is convex for each (x,u) € M x R;

(L3) (Superlinearity in v) v +— Lg(x,v,u) is superlinear for each (z,u) € M x R;

(L4) (Modulus continuity near u = 0) The partial derivative 254 (z,v,0) exists. For

every compact subset S C T'M, we can find a modulus of continuity ng such that

Lg(z,v,u) — Lg(x,v,0) — aa%(a:,v,())u < |ulns(|u]),  Y(z,v) € S.

The last condition is easier to state with the Lagrangian function as it involves Mather
measures defined on T'M:

(L5) (Non-degeneracy condition) For all Mather measures fi of (z,v) — Lg(z,v,0), we
have
oL
/ —G(x,v,(]) dii < 0.
TM au
REMARK 2.1. (1) It is classical in convex analysis that for all (z,v) € T'M there is
(x,p) € T*M veritying Lg(x,v,0) + G(x,p,0) = p(v). It is proved in [5, Lemma 4.1]

that if (z,p) € T*M and (x,v) € TM verify the previous formula then 2 (z v,0) =

ou
_g_f($7 p,0). Therefore, an equivalent formulation of (L5) is

(G5) (Non-degeneracy condition) For all Mather measures fi of (z,v) — Lg(x,v,0),

0G
_xapx,vao dla>0
™ 8u( ) )

where p(, ) is chosen so to satisfy Lg(z,v,0) + G(2, pz0),0) = Diaw) () .
(2) A result of Mané ([33]) asserts that a generic Hamiltonian H has a unique Mather

measure.ﬁ Hence our condition of integral type is quite loose for such a generic H. We
also refer the reader to Remark for an explicit example.

Consider
G(z, Dyu, Mu(z)) = co in M, (Ey)
and the limit equation
G(z, Dyu,0) = ¢ in M. (Eo)

Here we denote by ¢y the critical value of H(x,p) := G(x,p,0). We denote by m (resp.
M) the set of all Mather measures (resp. the Mather set) corresponding to H. In the
sequel, we will always assume that A belongs to the interval (0, 1).

The main theorems of this section are the following.

THEOREM 2.2. Let conditions (L1-5) be in force. Let us assume that there exist an equi-
bounded family (ux)re(o,ny) 0f solutions to , for some \g € (0,1). Then the functions
uy uniformly converge in M, as X — 07, to a solution ug of the critical equation .
Moreover, ug is the largest subsolution w of satisfying

/ w<x)%(x,v, 0)dji(z,v) >0, VjiieM. (S)
™ ou

6Tt has been conjectured by Mafé that for generic Hamiltonians H this unique Mather measure is
supported on a closed curve.



14 A. DAVINI, P. NI, J. YAN AND M. ZAVIDOVIQUE

Under an additional pointwise condition on Lg(+,-,0) on the Mather set, the limit
critical solution ug can be characterized as follows.

THEOREM 2.3. Let conditions (L1-5) be in force, and let us furthermore assume that

‘%—uc(:v,v, 0) <0 for all (z,v) € M. Then the function uy = )\lim+ uy obtained in Theorem
—0

above can be characterized as follows:

g dr )2k (y. v, 0)dji(y, v)

aem [ 2S(y,v,0)dfiy, v)
where h(y, ) is the Peierls barrier defined in (1.5)).

uo () x €M,

REMARK 2.4. Let us stress that the previous theorems hold with same proofs even if
(ux)re(0,00) 15 Teplaced by any family (uy)iea of solutions to , where A is a subset
of (0,1) having 0 as accumulation point. In particular, this holds for A := (\,), with
A — 0T as n — +oo0.

Concerning the asymptotic behavior of other possible families of solutions to (E,|), we
have the following trichotomy result.

THEOREM 2.5. Let conditions (L1-5) be in force, and let uy = )\lim+ uy be the critical
—0
solution obtained in Theorem [2.9. There exist ¢ : (0,1) — (— o0, +o0], ¢ : (0,1) —
[ — 00, +00) and 0 : (0,1) — R with
lim ¢(A) = —co,  limp(d) =400, lim6(A) =0
such that, if vy is a solution of for some A > 0, then either one of the following
alternatives occurs:

(i) vy < ¢(>\)’
(i1) vy = @(N);
(i1i) |[ux — uolloo < O(A).

We start our analysis by remarking that the solutions (ux)xe(,5,) are equi-Lipschitz
continuous. In the remainder of the section, we will denote by C' > 0 the following constant

C:= sup [lusloo-
A€(0,20)

LEMMA 2.6. The bounded family (ux)xe(ony) 5 equi-Lipschitz continuous.

Proof. For each x,y € M, we denote by d := d(z,y) the distance between them. Take a
geodesic ¢ : [0,d] — M satisfying ((0) = = and ((d) = y with constant speed ||(||c = 1.
Denote Ly(z,v) := Lg(z,v, Auy). Since uy < Ly + ¢y, we have

i) ~u(@ < [ d 26(CE9 A (€(0)) + s

€M, |lv]l.<1

< ( max  |Lg(x,v,0)] + XNKC + co) d(z,y).

The assertion follows by exchanging the role of x and y. 0



CONVERGENCE/DIVERGENCE OF DISCOUNTED SOLUTIONS 15

From the fact that w, is Lipschitz for every fixed A € (0, Ag) we deduce the following
fact.

LEMMA 2.7. Let A € (0, \g). Then
/ L (z,v, Aup(z))dii(z, v) > —cg for all i € P.
™

Proof. Pick i € &y and choose € > 0. By applying Theorem to the Hamiltonian
(x,p) — G(x,p, )\uA(x)) and by choosing w := uy, we infer that there exists w. € C*°(M)
such that G(w, D,w., )\u,\(x)) < ¢o + ¢ for all z € M. By definition of Lg we have that

G(z, Dyw:, Aup(2)) + La(z, v, luy () = Dyw.(v) for all (z,v) € TM.
By integrating this inequality with respect to & we get

0= /TM D,w.(v) dfi(z,v)
< /TM (Lg(:l:,v,)\u,\(x)) + G(IE,waa,)\U/\(fF))>dﬂ(x>U)

< /TM <Lg(x,v,)\u,\(x))+co+6)dﬂ(x,v) = /TM Lg(l‘,U,)\U,\(l’))dﬂ(.%,U)‘FCo—i—é‘.

The result follows letting € — 0%. O

By the Arzeld-Ascoli Theorem and Lemma any sequence (uy, ), with A, — 0F
admits a subsequence which uniformly converges to a continuous function u*. By the sta-
bility of viscosity solution, see Proposition u* is a solution of . In the following,
we are going to show the uniqueness of the possible limit u*, thus establishing the con-
vergence result. Define S the set of all subsolutions w of satisfying condition . We
define

up(z) := supw(x). (2.1)
weS

A priori, § may be empty, and, even if & is not empty, ug might be +o00. Both these
circumstances will be excluded under the hypotheses of Theorem

LEMMA 2.8. Any accumulation point u* of the family (ux)aco,x) as A — 07 satisfies

0L N

/ Z2C (2,0, 0)u (x)dp(z,v) =0, Vi e M.
TM au

In particular, S # @ and u* < ug.

Proof. Recall that C' is the uniform bound of (ux)e(0,x,)- Let fi € M. For \ € (0, Ng) we

have

—CO</ L (z,v, \uy(x))dfi
™

< [ [zote. 00+ ATE o 0n) + ACag ) d
™ ou

=—co+ / [)\(()L—G(:c, v, 0)ux(z) + ACnM()\C)] dji,
TM u
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which implies

oL
| v 0une)dn > ~Cag(OC).
v Ou
The conclusion follows by sending A — 0. 0

In what follows, we will use the notation Ly(z,v) := Lg(x, v, Auy).

LEMMA 2.9. For x € M and X € (0, ), let 7§ : (—00,0] — M be a (uy, Ly, co)-calibrated
curve with v$(0) = x. Then there exists &k > 0, independent of X\ € (0, \g) and of x € M,
such that +3 is k-Lipschitz continuous for every X € (0, \g) and x € M.

Proof. By Lemma [2.6] there is x > 0 independent of A such that w, is k-Lipschitz contin-
uous. By superlinearity of L¢, for each T' > 0, there is Cp € R such that

Lg(x,v,0) = Tjvl|. + Cr. (2.2)

Thus, we have for 0 >t > s
(E0.5509) > 0(050) ~ s 0300) = [ L6 (150 50 A (50) + o] ar

t
> [ (0 DIROlbge) + Cunr)dr + (ca = MKt =)
> (5 + 1D)d(73(1):73(5)) + (Crgr +co — MK CO)(t — 5),
which implies
d(73 (1), 75(5)) < (MKC — ¢y — Cpr)(t = 3).
The proof is now complete. O

From now on, we denote by 7§ the calibrated curve considered in Lemma [2.9 By the

compactness of ﬁ, there are two constants €; > 0 and 5 > 0 with
oL oL
—g9 < inf/ —G(x,v,O)dﬂ < sup/ —G(a:,v,())dﬂ < —eq, (2.3)
pemJry OU pem JTM Ou
We derive from this the following asymptotic informations on the calibrated curves ~7,
cf. [7, Corollary 7.4].

LEMMA 2.10. There exist A € (0, ) and Ty > 0 such that, for all X € (0,)\) and for all
r € M, we have

1 (*0Lg, ,, . ..
b—a W(%(S),%(S)ao)ds < —ey, (2.4)

foralla <b< 0 withb—a>T1T.

—E9 <

Proof. Let us prove the left-hand inequality in (2.4). We argue by contradiction. Assume
there is a sequence A\, — 0 and a sequence b, — a,, — +0o0 such that

1 ““OLg, , Y
e [ SEOR (9 ,(5). 00 < = (25)

n
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Define for all n € N a probability measure ,, on T'M by

_ I ”
/ g(z,v)d, == ; / g(7% (s),%% (s))ds, Vg e C.(TM).
TM n — Un Ja,

Here C.(T'M) is the set of all continuous functions defined on "M with compact supports.
By Lemma [2.9] all the measures fi,, have support in the compact set

{(z,v) € TM : ||v]|ls < NKC —co— Cpri1}.

Up to extracting a subsequence if necessary, we can assume that fi,, converges to i in the
weak-* topology on C.(T'M). Note that fi is also compactly supported. For f € C1(M),
we have

/TM D, f(v)dfi,(z,v) =

bn
Do (o (3%, (s))ds

bn_an

— (PR, 00) ~ TR (w)) =0

n

an

as n — +00, which implies that f is closed. Since 75 is a calibrated curve, we have

/TM [Lc(a:,v, Antin, (1)) + CO} djin (1, 0)

1 /: {LG <7§n(5),7§n(s),)\nmn (an(s))) +CO} s

b, —ay
= (1, (5, (00)) — 0, (5, (0)):

bn_ n

Since uy is bounded, letting n — 400, we find that

/ Le(z,v,0)di = —co.
™

Therefore, the limit /i is a Mather measure of H. By (2.5)), we get
0L¢
—(LE, v, 0)(1/1(1‘, U) S —¢€2,
/TLM au
which contradicts (2.3). The right-hand side inequality in (2.4]) can be proved similarly. [
In the following, we will denote by A > 0 and Ty > 0 the constants given by Lemma
2100
LEMMA 2.11. Let A € (0,)) and x € M. The following holds:

(i) for any t € (—oo, —Tp], we have

"0Lc, ., \ ..
ot < [ GEO5(s). 7 (6),0)ds < et
t u

0 OLg . = LT
As a consequence, M=o Tt (R (5)AR().0) ds —

(ii) For any T > Ty, we have

—XeaTo —XeaT 0
e — e 0 8LG T LT 1

< €>\ft u ('7)\(5)='7)\(5)70)d5dt < — + -
)\82 = /T = )\61 MK

e)xKTO -1
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In particular,

- 0 AKT,
e e2To g / )\fto aaLuG )"Yf(s)’o)dsdt g L + ﬁ (26)
/\82 )\51 MK

—00

Proof. Ttem (i) is a direct consequence of Lemma It remains to prove Item (ii). By
Item (i) and (L1) we have

_ 0
/ AL OEG (32 ()55 (5).0)ds gy _ / A S PG (33 (5) 33 (5).0)ds gy / AL LG (32 (3,55 (5).0)ds gy
=T =T

To

—To 0 —Xe1To —de1T AK Ty M ETo

e —e e — 1 1 —1
< gt 4+ / e Mt = + 4 —_—
/_T 7 A&y S MK

For the other side, we have
0 _
/ /\ft L (3(9)55(9),0) )ds > / /\fto ez (5),7%(5),0)ds g4
-T _T

—To 6*)\€2TO _ efz\ng
> / et dt = .
_T )\62

Let T — 400, we then get (12.6]). O

We proceed by associating to each calibrated curve a probability measure on TM.
These probability measures will play a key role in the proof of the convergence result
stated in Theorem [2.2] They can be regarded as a generalization to the case at issue of
the analogous measures first introduced in [I1}, formula (3.5)]. They already appeared in
this exact form in [5, [41], [7].

DEFINITION 2.12. We define probability measures ji5 on T'M by

f f(’YA (t)) ’\ft 61? (% ()3 (s dsd
fy.v)dis(y,v) = -
™ fioo ft Bu (A/)\ (8), 'Y)\ dsdt

, VfeC(TM).

By (2.6), the measure fi§ is well-defined for A € (0, \).

The following holds, cf. [11, Proposition 3.6], [5, Proposition 4.5], [41l Proposition 5.8],
[7, Proposition 7.5].

LeEMMA 2.13. The family (ji5)xe,x) has support contained in a common compact subset
of TM, in particular it is relatively compact in P (TM). Furthermore, if i X in
P(TM) for A\, — 0T, then i is a Mather measure.

Proof. The first part is a direct consequence of Lemma 2.9, It remains to prove that the
limit /i is a Mather measure. We first prove that i is closed. For f € C'(M), we have, by
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integrating by parts,

1. & (1) ) B2 s

Dy f(v)dii5(y, v) =

TM fi) AL G (45 ()45 (5),0)ds gy
f f(f}/)\ ) < )\ft Bu fyk( )"yi(s),o)d,s)dt

0 8LG

fi) )\ft 5 (V3 (5),75(s) O)dsdt

By (L1) and i CORHOIOLEN 0, we have

‘/ (e dt( WAl WA(S)df(S),O)ds>dt'

‘/ A (v (w() 35 (1), 0)eM T OO )dsdt‘

G (~T LT 1 eAKTO - 1
< )\Hf”ooK/ Y W(’YA(S)v'YA(S)vO)det < K(— + —) 1 £lsos
PN €1

where, for the last inequality, we have used ([2.6)). By (2.6) again, we have

AEs ( 1 Mo

D, f()dit (y,v) < —2_ K[ =
| puason < SR (2

)nfuoo =0,

as A — 0.
We then prove that ji is minimizing. Since ¢ — wuy (’yf (t)) is Lipschitz continuous, and
7% is a (uy, Ly, ¢g)-calibrated curve, for a.e. t < 0 we have

Zu(30) = Lo (FOL DM 030)) +

Then
/ (La(z,v,0) + co)dii3 (z, v)
™

_ fi)oo (LG(Fyi(t) '.Yf(t) 0) +CQ) )‘ft 6u 'Y,\( s), dsdt
[0 N FECROA)0ds gy

12 (6 (50,350, s (3 00)) + o — A1) ) M FEORD 301 gy
fi) oA oaLG
S (5 (1 (3(0)) = An(@)) X TR0y

aLG
et

T (s), Vs Z(s) O)dsdt

)

()95 (5),0)ds ¢
where

An(8) = Lo (75050 dua (350)) ) = La(15(8),33(0),0).
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Similarly to the first part of the proof, we have
0 X S S S
S Fun (3 (1))e M GE ORI 0dsgy Agy ( 1 e

< —+
fi) MY L (45(5),45 (5).0)ds gy N o xexTh £1

>0—>0,

as A — 01, where C' is a uniform bound on the ||u |-
Finally, to bound the error term we use (L1) to find

A0 = [Ze (50,450, Aun (3(8) ) = L350, 55(8),0)| < AKC.

Therefore, as A — 01 along the sequence (\,), we conclude that i is a Mather measure.

O

The following lemma will be crucial for the proof of the convergence result, cf. [11
Lemma 3.7], [5, Lemma 4.7], [7, Lemma 7.7].

LEMMA 2.14. Let w be any subsolution of . For every x € M and X € (0, )\), we have

8LG
(y,v,0)dps(y, v
U)\(Q?) 2 U)(.T) fTM aLG ) /\< )
TM Ou (y,v,O)du,\(y, )

+ R)\(.%'),

where lim Ry(x) = 0.

A—0t

Proof. For ¢ > 0, using Theorem we take w. € C*°(M) such that [|[w. — w||s < €
and

G(z,D,w.,0) < cog+e, Voe M.
Using the Fenchel inequality we have for all (z,v) € TM,
Lg(x,v,0) > Lg(z,v,0) + G(x, Dyw,,0) — ¢y — €
> Dyw.(v) — ¢y — €.

Since t — uy (fy/\ ) is Lipschitz continuous, and ~§ is a (uy, Ly, ¢p)-calibrated curve, for
a.e. t < 0 we have

Caun(50) = La (450, 350, dr (5(0) ) + o (2.7)
> Lo (0350 M (50)) — Lo (50 35(0).0) + DogwaG5(1)) — ¢
= L (5(00) + AT (33(s), 4505, 0)ua (1)) — & + (),

where

Qua(t) i=La (0, 550 Nua (55(1) )

— Lo (R0, 450),0) ~ AT2C (33(5), 47(5), 0)ux (1)

Let us estimate the error term Q, ,.(¢). Let us set S := {(z,v) € TM : ||v||. < &}, where
% > 0 is the Lipschitz constant of the curves {7§ : A € (0, Ag) }, according to Lemma[2.9]
By (L4) we have

03.(t)] < ACns(AC)  for all t < 0 and A € (0, Ao), (2.8)
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where C' is a uniform bound on the |uy]/s. By multiplying both sides of (2.7) by

o v T . .
M FEOXAR6).0ds 5 by rearranging terms, we obtain, for a.e. t < 0,

d
dt

d 2
(uA(’yA(t)) ML %58 (35 ()35 (),0)ds ) > (dtwg(%(t)) —5+Qm<t)> A ZFE (5 ()75 (5),0)ds

Integrating the above inequality over the interval (—7,0] where T" > Tj as stated in
Lemma [2.11, and using an integration by parts, we have

<) 2T
us(@) — uy (Y2(=T) ) e} r T O3 ()33(:).0)ds

> we(z) — we (75 (=T)) e 2r T O A3 (0.00ds

0 d 0
_/ wg(’}/f(t))dt( Afto aaLf (8):%5(s), )dt—i—/ (Q)\,z(t)—g) )\fo 38Lu (73 (8)33(s),0)ds

—-T =T

Letting ¢ — 07 it follows that,

us(2) > w(e) - (o + c>e*f9T B ORE R0 00

0 d \ [0 2La 0 \ o0
—/ w(vi(t))dt( JoBE OR () A3 (2.0 )dt—i—/TQm() J7 %5 (5.(5) A5 (5).0)ds.

=T

From Lemma [2.11] we infer that the maps

0 OLg

T (v5(5),7%(),0)ds and s & < ALY 2LG (he(s) 52 (s )0)ds>
dt

tr—>e’\f

are in Ll((—oo,O]) and converge to 0 as t — —oo. By taking also into account (2.7)),
we can send T — 400 in the above inequality, to get, by the Dominated Convergence
Theorem,

w
0
/ w( (Aff S CHORNO )dt+ / Qo (£)eM T 0R(6):33().0)ds
w I)\—FR)\( )

By Definition [2.12] we have

9Lg
) ou ('YA 3)77)\ dsdt

I = —)\/ w(fyf(t))aaG(’h( ), 45 (s),0) M

—00

0
:_A< / eAfto%—f(vA(s)m(S):O)dst / w(y)aa—a(y,v,O)dﬁf\(y,v).

TM



22 A. DAVINI, P. NI, J. YAN AND M. ZAVIDOVIQUE

According to Lemma (i), for A € (0, \g), we derive that

o aLG

( )7’y§(5)70)dsdt

0
/\/ e”to%(7§(8)7&§(s),0)dsdt _ )‘f
- fooo dt( Af Bu ’y)\(s)ﬂ/)\(S) )dt
fO )\fo 6LG £(5)/72(s) det
0 S : -
1
L

TM W(yv v, O)d/l§ (y7 U) '

By (2.7) we also have

0 1 AKTo _

Ba(2)] < ACns(AC) / A0 GO0 370)00s (5— i T) Cis(AC).
1

—00

The assertion follows by sending A — 0F. U
We are now in position to prove the first two main theorems of this section.

Proof of Theorem[2.2. Let u* be an accumulation point of the (uy)reo,r) as A — 07. By
Lemma we know that u* € §, so u* < ug in M. Let us prove that u* > ug. Fix x € M
and pick w € S. From Lemmas and we infer that

Sy 0 () %4 (y, v, 0)dfi

o aaLf (y, v,0)dji

u*(z) = w(zr) —

for some Mather measure fi. Since w satisfies the constraint , we get from this that
u*(z) > w(x), hence u*(z) > sup w(z) =: up(z). By the arbitrariness of the choice of
s

x € M, we get that ug is finite- Valued and that u* > ug in M. We conclude that ug is the
unique accumulation point of the family of functions (ux)ae(o,x) as A — 0F. The proof is
complete. O

Proof of Theorem [2.5. We denote

oy e doa M D) (v, 0)diy, v)
Uo(x) = 6LG

xr € M.
,LLGQ?T TM “ou (y,U,O)d,U(y, )

Note that g is finite-valued, as 4y > J‘I}HE/[ h > —oo. We start by remarking that g is
X

a subsolution of . Indeed, for every fixed i € M, the function h; : M — R, = —
Jrar My, ) dfi(y) is a convex combination of the family of critical solutions (hy)yen,
where h,(x) = h(y, z). By the convexity of H in the momentum and the equi-Lipschitz
character of the critical subsolutions, see Propositions and , it follows that each hj
is a critical subsolution. By Proposition again, we infer that a finite valued infimum of
critical subsolutions is itself a critical subsolution. Therefore 1 is a critical subsolution.
Let us now prove that uy < . By Proposition[l.4] we know that ug(z) < uo(y)+h(y, )
for all x,y € M. Let us integrate this inequality with respect to a Mather measure
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e M. By assumption and by definition of Mather set, we have {’L—G(x v,0) < 0 for all

(x,v) € supp(ft). We infer

wla) [ 0.0 dity. 0

> /TMUO(y)aaLG(y,v 0) dii(y, v )+/TM h(y, )aaLG(y,v 0) dir(y,v)

>/TMh(y7 )%LG(%U 0) dii(y, v),

where, for the last inequality, we used that ug satisfies (S). From this we get

fTM 8LG (y, v,0) dfi(y, v)

uo () aLG

for all z € M.
TM Ou (y7U 0) dlu’(y7 )

By taking the inf with respect to p € M of the right-hand side term in the above
inequality, we get ug < .
Last, we prove that ug > 1. For every fixed z € A, set

U.(x) := —h(x, 2) + Go(2), x e M.

Then U, is a subsolution of , by Proposition Furthermore, for every x € M and
i€ M, we have

Jar Us(2) G (2, v, 0)dfi(w, v) fTM G2 (,0,0)dp(x, v)

™ 88L—uc(x,v,0)du(x,v) B ™ aaLuG (x v,0)dfi(z,v)

which implies that U, € S. Then uy(z) > U,(z) for all z € M. In particular, by taking
x=z¢€ A we get

’&0<Z) < 07

up(z) = U,(2) = —h(z, 2) + Gp(z) = tp(2).

We have thus shown that uy > 49 on A, hence ug > 4y on M according according to

Proposition [L.7] O

We proceed by proving the third main theorem of this section, namely the trichotomy
result stated in Theorem [2.5] We start by establishing a sort of Harnack-type inequality
for subsolutions of (E,)).

LEMMA 2.15. There exists a constant Ay > 0 such that, if A € (0,1) and wy : M — R is
a subsolution to (E,)), then

iréiﬁw,\(x) < géa]u\}cw,\(x) < ar;rélﬁw,\(a:) + Ay <1 + )\xrrélj\r} |w,\(3:)|> (2.9)
Proof. The left hand side inequality is obvious. Let us prove the right hand side inequality.
Let x5 € M such that M, = wy(x)) = maxw,. Let yy € M such that my = wy(y») =
min wy. Denote dy := d(yx,xy). Let ¢ : [0,d\] — M be a geodesic satisfying ((0) = yx
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and ((dy) = @ with constant speed 1. By wy < Ly + co and (L1), we get
w(¢) <wrm)+ [ [La(6). 8 run (¢(0) + o] a7

<ma+ /0 [LG(g(T), (), Ama) =+ ¢o + MK (wy (C(7)) — m,\)] dr

< my A+ /0 {LG(g(T), (), 0) + co + /\K|mA|] dr + \K /0 [w,\ (¢(r)) - mA} dr

<my+ (Crg + AK|my|)dy + AK /S [w,\(C(T)) - m)\] dr
0

where Cf, 1= xez\?l”%}”( . |La(z,v,0) 4 ¢o|. By the Gronwall inequality we infer

w(¢(s)) —=my < (Crg+AK|my|)dre® < (Crg +AK|my|)dye™ ™, Vs € (0,d,].
Taking s = d,, and recalling that A € (0, 1),we have

My = wx(z5) < mx + (Crp, + AK|mp|)dae™ ™ < my + (Cpy, + MK |my|)DeXP,
where D :=diam(M). The result follows taking A, = max(Cy,,, K)De*P. O

As a consequence, we derive the following key proposition. It will be also used in
Section |3 to show the existence of diverging families of solutions.

PROPOSITION 2.16. Let A be a subset of (0,1) having 0 as accumulation point. Let (wy)ea
be a family of subsolutions of .
(1) If, for each X € A, there is a point x5 € M such that wy(x)) — —o0 as A — 0T,
A € A, then wy uniformly converges to —oo as A — 07, X € A.
(i1) If, for each \ € A, there is a point x) € M such that wy(xy) — +00 as A — 0T,
A € A, then wy uniformly converges to +00 as A — 0%, A € A.

Proof. As in the previous proof, we denote My = max w, and m, = min w.

Let us prove assertion (i). The hypothesis wy(z,) — —oc is equivalent to m, — —oo
as A — 07, A € A. Then restricting to A € AN (0, 1), implies that m, ~ M, hence
My — —ocoas A — 0", A e A.

Let us prove item (ii). The hypothesis wy(x)) — 400 is equivalent to My — 400 as
A — 07, A € A. Then restricting to A € AN (0,1), implies that my ~ M, hence
my — +oo as A — 07, A € A. O

We are now in position to prove Theorem [2.5] We recall that, in what follows, uq still
denotes the critical solution provided by Theorem

Proof of Theorem[2.5. Let us denote by Sy the set of solutions to . Define
Sy = {v, is a solution of with vy < wug — 1}

and
P(A) :=sup{ur(z) : vy €S, v € M}.

If Sy =9, we set (\) = —oc.
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We claim that iin% (\) = —oo. Otherwise, there is A > 0, sequences \, — 0T,
—
vy, € S, and y, € M such that
un, (yn) > —A, VneN. (2.10)

We claim that vy, is uniformly bounded from below. If not, there is z, € M such that
Uy, (2n) = —00 as n — +00.

By Proposition vy, uniformly converges to —oo, which contradicts . Then,
according to Theorem and Remark [2.4] the sequence vy, uniformly converges. to the
only possible limit ug, which contradicts the fact that vy, € Sy, for all n € N.

In a similar manner, define

SY :={v, is a solution of with vy > ug + 1}
and
o(\) == inf{uy(z): vy €S, x € M}.
If S} = @, we set p(A\) = +00. The same proof yields that /1\12% ©(A) = +o0.
Define
O(N\) = sup{|ua(z) — up(z)|, vy € Sy \ (Sy USY), z € M}.
We claim that }\ILI(I) 6(\) = 0. Otherwise, there is ¢ > 0, a sequence of discount factors
An — 0% and of solutions vy, € Sy, \ (S5, USY ) and y, € M such that
lon, (Un) — wo(yn)| >, Vn. (2.11)
Since vy, € Sy, \ (S, U S;“n), there is also a point x,, such that
lua, () — uo(zy,)] < 1.

Similarly to the first step, we infer from Proposition that v, is uniformly bounded.
Then, according to Theorem and Remark the sequence vy, uniformly converges
to the only possible limit ug. But again this yields a contradiction as ||vy, — ug||e > € for
all n € N. This concludes the proof. O

3. THE LINEAR CASE

In this section we continue our analysis on the vanishing discount problem in the case
when G depends linearly on u. Hence we will consider a Hamilton-Jacobi equation with
discount factor A > 0 of the form

Aa(z)u(x) + H(x, Dyu) = ¢ in M, (HJ,)

where we assume that H : 7*M — R is a continuous function satisfying (H1)-(H2) (con-
vexity and superlinearity) and the coefficient a is a continuous function on M satisfying
the following condition:

/ a(z)dp >0 for all /i € M, (al)
™

where 90T denotes the compact and convex subset of Z(T'M) made up by Mather measures
associated with H. Without any loss of generality, we shall restrict to the case A € (0,1).
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Equations of the form can be regarded as a model example for the more general
Hamilton-Jacobi equations of contact type considered in Section , cf. equation . The
full Hamiltonian is then given by G(xz,p,u) = a(z)u + H(x,p). The Hamiltonian G then
fulfills all the hypotheses of the previous section. In particular, it is Lipschitz with respect
to u with Lipschitz constant ||a|s-

We will be concerned with the issue of existence of solutions to equation , at
least for small values of A € (0,1), and their asymptotic behavior as A — 01. In Section
3.1| we show the existence of the maximal solution to for values of A € (0, 1) small
enough. These solutions are shown to be equi-bounded and equi-Lispchitz, therefore, in
view of the results established in Section [2 they converge to a solution of the limit critical
equation

H(xz,Du)=¢y in M. (HJo)

In Section [3.2] under further natural conditions on the coefficient a, we investigate the
existence of possible other families of solutions of (HJ,)) and we describe their asymptotic
behavior as A — 0.

3.1. A converging family of solutions. We recall that L : M — R is the Lagrangian
associated with H via the Legendre transform, namely

L(z,v) := S;}PM (p(v) — H(z,p)) for all (xz,v) € TM.

The constant ¢y € R is the critical value of H. We define the following value function, for
reM,

0
Vi(z) := inf lim sup/ g2 at(m)dr (L(v(s),ﬁ(s)) + Co>ds,
Y t—o4oo J—t

where the infimum is taken among absolutely continuous curves «y : (—oo,0] — M with
7(0) = x. This definition is inspired by the formula given in [41, Theorem 4.8] to represent
the unique solution of in thecase a > 0in M and a > 0 on A.

The following holds.

THEOREM 3.1. There ezists \g € (0,1) such that for every X € (0, \g) the following holds:
(i) the value function Vy : M — R is finite-valued;
(i) the functions {V\ : X € (0, \g) } are equi-bounded and equi-Lipschitz;
(iii) the value function V) is the mazimal subsolution of [(HJy]). In particular, it is the
mazimal solution of ;

(i) for every x € M, there exists a curve 73 : (—00,0] — M such that

0
V)\<x) = / e—)\fsoa(Vf(T))dT <L("}/§(S),'yf\c(8)) + Co>d8.
Furthermore, the curve +} is k-Lipschitz, for some & > 0 independent of X € (0, Ao)

and x € M.

REMARK 3.2. For every A > 0, define

cy:= inf sup {H(x, Du) + da(z)u}.
Vil sup {H D) + dalz)u)
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According to [30, B6], if has solutions, then ¢y > c¢y. Theorem implies that
co = cy for every A > 0 small enough if holds. We also point out that the value
provided by the above inf-sup with A = 0 agrees with the critical constant ¢y, as it is well
known, see for instance [21], 10].

According to Theorem [2.2] the functions V) uniformly converge to a critical solution
up as A — 07, where ug is the maximal subsolution w of (HJg|) satisfying

/TM w(x)a(x)di(x,v) <0, Vpe M.

We can furthermore strengthen the conclusion of Theorem on the asymptotic be-
havior, as A\ — 0%, of all possible families of solutions to equation . Theorem
in fact rules out the possibility that there exist families of solutions that diverge to +oo.
The precise statement is the following.

THEOREM 3.3. There exist 1 : (0,1) — [ — 00, 4+00) and 6 : (0,1) — R with

lim /(A) = —oo,  lim f(X) =0
such that, if vy is a solution of (HJ,]), then either vy < Y(X) or |lux — ugllew < O(A) for all
A€ (0,1).

The remainder of this subsection is devoted to prove the statement of Theorem
This will be obtained via a series of intermediate results.

A key step in order to establish that the value function is a (Lispchitz) viscosity
subsolution to is to prove that it satisfies the Dynamic Programming Principle.
Please note that the next proposition is valid even when V) is not finite-valued.

PROPOSITION 3.4. (Dynamic Programming Principle). Let A € (0,1). For each absolutely
continuous curve 7y : [by, ba] — M, we have

b
¢~ iy ATy, (v(b2)) < e~ oy alrm)ary, (v(by)) + / T oA ay(r)ar ( Ly(s),4(s)) + CO) ds.

by

Proof. We start by claiming that we can reduce to the case by = 0, without any loss of

7))dr

0
generality. Indeed, by multiplying the above inequality for e* /e *( e oot

- b2a T))dT b2 b .
V,\(’}’<b2)) g e )\fbl (y(m))d V)\(’}/(bl)) +/ e*)\fsz a(’Y(T))dT<L(fY(8),7<8)) +Co>d$.
by
The claim follows by making the change of variables 7" := 7 — by, s := s — by and by
replacing v with v_p,(+) := (- + ba).
Let us then prove the assertion with by = 0. For each € : (—o00,0] — M with £(0) =
v(b1), we define

I B0 it ¢ € [by, 0]
) = {g(t “ b)) ifte (—oo,b)
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Then, by definition of the value function, we have

0
VA(7(0)) < limsup / e el (L(ﬂs), A(s)) + Co>d8
t

t——+o00

-/ AN (1 (3(5),5(5)) + e ) ds

b1

0
n 6_)\ fbol a(’y(T))dT hm Sup/ e*)\fso a(f(‘r))d‘r (L(5(5>7 6(3)) + C(])ds.
—t

t——+o0

Taking the infimum among all £, we get the assertion. 0

We now proceed to show V) is a bounded function on M, at least for A € (0,1) small
enough. We start by proving the following upper bound.

LEMMA 3.5. There is a constant df > 0 such that Vy(x) < 6;“//\ for all z € M and
A e (0,1).

Proof. By condition (al]), there is a point zo € M such that a(zy) > 0. We denote
d := d(z¢,7), D := diam(M). We take a geodesic ¢ : [~d,0] — M with ((—d) = zo and
¢(0) = . Define

(1) = {g@), ~d<t<0,

Zo, t<—d
and set C := max |L(x,v) 4 ¢|. Then
zeM,||vfls<1

0
Va(2) < limsup / ez e (L('v(s),f'y(s)) + co)ds
t

t—+o00

0 . '
- / e s alC(r))dr (L(C(s),((s)) + co>d3
—d

—d
+ e_AfEd ()7 Jim sup/ e M s *a(wo)dr (L(xg, 0) + co)ds

t——+o0 t

0 —d
<0, ( / e Nalloes gg | Alallsod / exa<x0><d+s)ds)
—d —00

(eA”aOOd — 1 eAllaood> 2CL e”a”ooﬁ
= + <
"\ Malls Aa(o) Aa(xo)

Now we know that the infimum in V) (x) is taken among curves in

0 o 64_
[y = {7 : (—00,0] = M : limsup/ e~ s aby(r)dr (L(y(s),#(s)) + co>ds < }
¢

t—+00

For v : (—00,0] = M and t > 0, we define

0
a(A7.1) == / L i g
—t
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and
B\, 7, 1) = e M ZeatrioNds,

Since %a()\,’y, t) = B(A,7y,t) >0, t — a(\ v,t) is increasing. Then tliin a(A,v,t) exists
—+o0

for each A\ and ~, and may equal +o00. We will also need the following auxiliary remark.

LEMMA 3.6. For every A > 0 and for all curves ~, we have

1 B, 7, 1) 1
< < AMa|loo + ——, Vit .
a(X,7,t) T a(A,t) lallo + =0

_)‘HQHOO + oz(/\ v t)?

Proof. A direct calculation shows that
#BA Y
a7, )

By the Cauchy mean value theorem, there is £ € (0,¢) such that

BN = BAY,0) B -1 BN o
Oé()‘)’%t) —040\,%0) B Oé(/\,’}/,t) N %a()\77,€) =—A (7( g))7

which implies the conclusion. 0

= —Xa(y(—t)).

We distill in the next lemma an argument that we will repeatedly use in the sequel.

LEMMA 3.7. Assume there are sequences A, — 07, 7, : (—00,0] = M, t, € (0,+00) and
0,, — 07 such that

0
a(Any Yoy tn) 1= / e [ almEdr gg 4 oo, as n — 400, (3.1)

—tn

1 0o,
SOy ) e (L ‘ ds <0, WneN. (3.2
(A, Yoy tn) /_tne ( CACENO) +CO> s <0, Vne (3.2)

Define a probability measure fi, € P(TM) by
[0, e e (3, (5), A (5)) ds
fd,un = = )

T™M (A, Yns )

Then the set (fiy), is relatively compact in Py (for the weak-x topology coming from
Cy(TM)) and any of its accumulation points is a Mather measure associated with L.

Yf € Cy(TM). (%)

Proof. Note that, due to (3.1), we have t,, — 400 as n — +o0o. Since L is uniformly
superlinear in the fibers, there exists a constant C; > 0 such that

max 0,, > / (L(z,v) + co) dfin(z,v) = / (|lv]|z — C1)dfin for all n € N,
™

neN T™

which readily implies that the sequence (fi,), is a well defined sequence in Z. The
asserted precompactness of (i), in (T M) follows from Lemma

Let fi be a limit point of a subsequence of (fi,),, that we will not relabel to ease
notations. We are going to show that i is a Mather measure.
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The measure [i is closed: we pick ¢ € C'(M). An integration by parts shows that

Day¢(v) dfin(,v)

TM
b n{S 6_>‘” feo a(yn(T))dr ds
_ f—tn dt ('Y ( )) N
a()\m%"mtn)
0
¢(%(0)) S a(vn(r))dr(b(%(_tn)) / ~

— _)\n ax(bxdnx"zv_

Oé()\n;’)/mtn) M ( ) ( ) 1% ( )

We infer
0
||¢||oo 67)‘” f—tn a(yn(T))dr

Da(v)dfiy| <

~

@]l + Anllalloo|#lloo

a<)‘n77n;tn) Ck()\n,fymtn)
1 B(Ans Yo tn)
(04(/\n77n,tn)+oz(/\n,7n7tn)+ lalle | [l

By sending n — +o0 and by using Lemma [3.6] hypothesis (3.1)) and again Lemma
we derive

/TM D.¢(v)di(z,v) = lim D¢ (v) dfiy (2, v) = 0.

n—-+o0o TM

TM

The measure ji is minimizing: by (3.2)) we get

0= lim 6, >lim inf/ (L(z,v) + co) dfin(x,v) > / (L(z,v) + co) dinfz, v),
T™

n—+400 n—+400 TM

where the last inequality follows from the fact that L is continuous and bounded from be-
low and the measures fi,, are weakly-* converging to ji in &, (hence, narrowly converging),
see for instance [I, Section 5.1.1].

In view of Theorem [I.8 we conclude that fi is a Mather measure. 0
Let C' > 0 be a fixed constant and define, for any fixed integer p > 0,
0
C
Da(p) = {7 (00,0 = M+ lisup [ e MO (L(5(5),4(5)) + o)ds < r}
t—+o0 —t

The information provided by the next lemma will be crucial for our upcoming analysis.

LEMMA 3.8. Let p > 0 be a fized integer and assume that U'\(p) # @ for every A € (0,1)
small enough. Then there ezists A(p) € (0,1) such that

A(p) := sup {)\pﬂa(/\,%t) A€ (0, /\(p)), v €Ta(p), t> 0} < +00.

REMARK 3.9. Note that I'x(p + 1) D I'x(p) for every integer p > 0 and A € (0,1). In

particular, when p > 1 and C := C;f, we have I')(p) # @ for every A € (0,1) in view of
Lemma, [3.5]

Proof. Let p > 0 be a fixed integer. We argue by contradiction. Assume there exist
sequences A\, — 07, v, € T'y, (p) and t,, — 400 such that

Mo\, Yoy tn) — 400 as n — 400,
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with
0 B o ‘ C
[ (3,9, 50(9) + o) s < g 1.

In particular, conditions (3.1) and (3.2]) in Lemma E 3.7| are satisfied with
C/A +1
a(An, Yns tn)

Let ji,, be the probability measure defined in @ According to Lemma , up to extraction
of a subsequence (not relabeled), the measures fi,, weakly converge to a Mather measure

ji.

n T

Now we choose a subsolution ¢ < —1 of (HJg)). For every € > 0, there exists, in view
of Theorem a function ¢. € C*°(M) satisfying

loe — @lloo < € and H(z,Dyp.) <co+e forallze M. (3.4)

For £ > 0 small, we have p. < 0. We get
00> [ (Do) + o) (e v)
™

> / (ngpa( ) — H(a: Dacgpg) +co dfin(z,v) / Dy (v) — 5) dfin(z,v)
™ ™

0
_ Pe (/Yn(O)) — 6—)\n f_t" (l(’)/n(ﬂ'))dq—goe(
] @O o) — /TM x) dfin(z,v) — €
e (m(0)

a(Any Yoy tn) - A\n /TM a(x)p.(z) djiy(x,v) — €.

The equality appearing above is obtained via an integration by parts (cf. proof of Lemma
equation (3.3), when we prove that i is closed), while for the last inequality we have
used that fact that ¢. < 0. Now we send ¢ — 07 and divide the above inequality by A,,.
We get

C 1 @ (7(0)) / i
+ > — dily,.
VAR E W S WY Wy Kl WS Wy Sl A bl

Since A\, a( A, Vo, tn) = N (N, Yy t) — +00 as n — +00, we get
| a@eta)datz.) > 0.
™

Since for all m > 0 the function ¢ — m < —1 is also a negative subsolution of (HJg m by
replacing ¢ with ¢ — m in the inequality above we obtain

[ plloollalloo = / a(z)p(z)di(e,v) Zm [ a(z)di(z,v),  forallm >0,
TM

TM

which implies that fTM x)dfi < 0. This contradicts assumption (ja 0

We now proceed to show that the value function V) is bounded from below, for every
fixed A € (0,A(1)), where A(1) > 0 is the value obtained according to Lemma with

p=1and C = C, where C;" is the constant provided by Lemma
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LEMMA 3.10. There exists a constant aj > 0 independent of \ such that
Va(@) > -CoA2 forallz € M and X € (0,(1)).

Proof. Let us fix v € I'y. For every t > 0 we have

0
/ eM S atm)dr (L(’y(s),"y(s)) + co)ds > —CL_/ e M atm)dr g
—t —t

where €[ := —min { ming s (L(x v) + co) 0} 0. We are now going to apply Lemma
with p = 1 and by choosing C' := C; in the definition of I'y(1), so that Iy(1) = T'y:
from the above inequality we infer

/ _)‘f )dT (L(W(S),V(S)) —|— Co)ds 2 —%;(1) fOl“ all t > 0
—t

The assertion readily follows from the definition of V). U

From the information gathered so far, we know that the value function V) is finite-
valued on M for every A € (0,A(1)). We now proceed to get bounds for Vj from above
and from below on M independent of \.

LEMMA 3.11. There is a constant U:}r > 0 such that

Va(z) <O, forallze Aand ) e (0,\(1)).

v

Proof. According to [13] Theorem 4.14 and Proposition 4.4], see also [16], Theorem 3.3],
for every © € A there exists a curve n : R — A with n(0) = x such that, for every
subsolution ¢ of (HJy),

L(n(s),7(s)) + co = %(gpon)(s) for ac. s € R. (3.5)

Let us denote by K the family of curves n : R — A satisfying (3.5). We remark for further
use that these curves are equi-Lipschitz, see for instance [13, Lemma 4.9].
Pick a subsolution ¢ < 0 of m and fix x € A. From the definition of V) we get

0
Va(e) < limsup / e M (L ((s), (s)) + co ) ds
ft

t——+o0

_ A0 aln(ry) dr 9

= limsup —(pon)(s) ds (3.6)
t—+oo J_t dS

_ nmsup{@(n(o» DL (-0) = e [ Ma(w)so(x)dﬁ?},

t—+o00

where fi € (T M) is defined by
SO, e £ (5y(5) () ) ds
f(@,v) di(z, v) := T
T™ [, e s amdrqg

The second equality in (3.6]) is derived via an integration by parts as for (3.3). By as-
sumption and compactness of the family of Mather measures 91, there exists ¢ > 0

. YfeC.(TM).
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such that
/ a(z)dfi(z,v) > ¢ for all i € M. (3.7)
TM

We show that there is Ty > 0 such that, for all curves n € K, we have
0
/ a(n(s)) ds > et for all t > Ty,.
-t
We argue by contradiction. Assume there exist sequences 7, € K and t, — 0 such that
0
/ a(n(s)) ds < et (3.8)
_tn

Define fi, € Z(T'M) by

flaco)dinn = - [ Fm(o)in(s)) s, S € C(TAM),

TM n J—tn

Due to the fact that the curves (n,), are equi-Lipschitz, the measures (fi,), have equi-
compact support. In particular, up to extracting a subsequence (not relabeled), they
weakly converge to a probability measure i € Z(T'M). Furthermore

lim f(z,v) dfi,(x,v) = f(z,v)di(x,v) Vfe C(TM).

noJTM TM

We claim that fi is closed. Indeed, for every ¢ € C*(M) we have

D,¢(v)dp(z,v) = lim D,o(v) dji,(z,v)

TM noJrMm
1 /% d 2[| ¢ o
= lién E N £(¢onn)(s) ds < lign Hi” =0.

We proceed to show that g is minimizing, namely, a Mather measure. Pick a subsolution

v to (HJo|). By exploiting (3.5)), we get

/TM (L(z,v) + co)dfi = liTan (L(z,v) + co)dfin, = li;ni/_ifL(nn(s), (s)) + co> ds

™
I n(0)) — (1 (—tn
= lim — i(gponn)(s) ds = lim # (1 (0)) = (1 (~tn)) = 0.
noty )y, ds n tn

By (3.8), we also have [, a(x)dfi(z,v) < e, which leads to a contradiction with (3.7).
Then for t > T we have

efAfEta(n(T))dT < e—)\st
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and

0
0 < AXa(A,n,t) = )\/ e~ ML aln(m)dr g
—t

0 o —To o
— / e ALl gy 4y / oA 2 aln(r)dr g

—Ty —t

0 Ty
)\/ e Malloos g 1 )\/ 5 ds
—To —t

6)\Ha||ooT0 -1 e—/\aTo €||aHooT0 1
+ < +-=C,.
ol € [ —
By using these inequalities in (3.6) and recalling that ¢ < 0, we finally get
Va(z) < Cyllallso]lllse

which gives the upper bound of V) on A independent of . O

N

By exploiting the fact that V) satisfies the Dynamic Programming Principle, we show
that the partial upper bound obtained in Lemma [3.11| actually entails a uniform upper
bound on the whole M.

PROPOSITION 3.12. There is Cf > 0 independent of \ such that

Vi(z) < CF for all z € M and X € (0,A(1)).

Proof. Fix x € M and pick a point y € A. Set d := d(z,y), D :=diam(M) and Cp, :=
max  |L(z,v) + ¢o| . Take a geodesic ¢ : [—d,0] - M with {(—d) =y, ((0) = = and

zeM,||v]|l+<1

||C||< = 1. By Proposition we have

0 0 0 .
Va(z) < e Moan€ory, () 4 / e MO (L(¢(5), E(5) + o ) ds
—d

< e/\||a||ood€2‘ + OpdeMall=d eIIaHOOE@U+ +C.D),
which gives the sought uniform upper bound of Vj. OJ

Now that we know that V) is uniformly bounded from above, we can prove that V) is
also uniformly bounded from below.

PROPOSITION 3.13. There exist A € (O,)\(l)) and a constant C; > 0 independent of A
such that

W) > -C;/ for all x € M and X € (0, )).

In particular, |Vy(z)] < C, := max{C;,C}} for allz € M and \ € (0, )).
Proof. By Proposition [3.12 we know that, for A\ < A(1), the infimum in V), is taken among
the set

0 0
[.= {7 : (—00,0] = M : limsup/ e~ el (m)dr (L(’V(S),W(S)) + Co>d8 < C;r}
—1

t—+00
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By Lemma [3.8] there exists A(0) € (0,1) (depending on C;) such that
A(0) :=sup {)\a()\,%t) : A€ (0,X(0), veT, t> O} < +o00.

Let us set A := min{\(0), }ﬂLet ¢ < —1 be a subsolution of (HJy|). For each € > 0,

we can take p. € C®°(M ) satlsfymg o= — ¢lloo < € and H(z,Dyp.) < co + ¢ for all
x € M, given by Theorem [1.15| For € > 0 small, we have ¢. < 0. For each v € I, we have

/i OO (L (3(5), 5(5)) + o) ds

0 o ‘
2/ 6_)\[5 a(vy(7))dr <D'y(s)(;0a<’y(3)) o H(’Y(S),DW(S)SOE) + Co>d8
—t

0
> / oM} aly(m)dr (d% (v(s)) — 5) ds
L dt

= 0. (Y(0)) — e MO 5 (y(—1)) — a(A, 7, ) /T ; (Aa(z)pe(z) + €)dji]
>¢4wm)—aunw[LM@w@%u»+@wm

where

SO, e MO £ (), 4(s)) ds
. f (@, v)di (x, v) := ) :

We recall that a(A, 7, t) := fft e~ g Now let e — 0% to get

/_t —\ [ aly(r))dr (L(’y(s),”')/(s)) —|—co>ds > gp(’y(())) — (A, 7, t) /TM a(x)p(z)dp; .

Sending ¢t — +o0o0 we get

0
limsup [ MO0 (L(3(5),3(5)) + o) ds > = (14 AO) ) el
—t

t—4o0

Vf e C(TM).

The bound from below readily follows from this by definition of V). The last assertion is
a consequence of Proposition [3.12] and of what we have just shown above. 0

We now proceed to show that the value function is Lipschitz continuous. This is indeed
a consequence of this more general result.

PROPOSITION 3.14. Let w : M — R be a bounded function. Assume that w satisfies the

Dynamic Programming Principle, i.e., for each absolutely continuous curve v : [—t,0] —
M, we have

w(y(0)) — e 2eatrm)d Tw(y(—t)) < /_t e 2 atrtr)dr (L(y(s),ﬁ(s)) —i—co)ds. (DPP)

Then w is Lipschitz continuous, with a Lipschitz constant that only depends on L, diam(M)
and || w]]so-

"We recall that A(1) € (0,1) is the value obtained according to Lemma withp =1and C = 6;,
where C;f is the constant provided by Lemma
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Proof. Pick z,y € M. Let ¢ : [-d,0] = M be a geodesic with ((—d) = y and ((0) = =,
where d := d(x,y). By (DPP)) we have

w(r) —wly) < -—wly) (1 - e-”‘)da@wdf) [ €N N (L), {(5)) + co ) .

There is 79 € (—d, 0) such that ffda(C(T))dT = a(¢(m0))d. If a(¢ (7)) = 0, we have
0<1— e—Aa(¢(m0))d < erall(ro))d _ < eMallesd 1

If a(¢(m0)) < 0, we have
0>1— e alC0)d 5 1 _ pAllallod,

Then

AMallood _

A

Alallsod _

w(z) — wly) < Mwl|w Mallw

1 0
#0012 < (lalllwlc + o)
—d

Since A € (0,1) and d < D, there is C5 > 0 such that eMel~? — 1 < C5Ad. Exchanging
the role of x and y, we get the conclusion. 0

As a consequence of the previous proposition and Proposition [3.13] we derive the
following information.

COROLLARY 3.15. There is k > 0 independent of A such that the functions {Vi : A€
(0, \)} are k-Lipschitz continuous.

Next, we show that the value function is a viscosity subsolution of the equation (HJ,)).
Indeed, the following result holds.

PROPOSITION 3.16. Let w € C(M). Then w is a subsolution of if and only if
holds for every absolutely curve ~y : [—t,0] = M and every t > 0.

Proof. Let us first assume that w is a viscosity subsolution of (HJg). By Proposition
1.4 we derive that w is Lipschitz continuous. Using Theorem [1.15] we take a sequence
w, € C*(M) such that ||w, — wl|/. < 1/n and

1
Aa(z)wy () + H(x, wan) <cy+ — for all x € M.
n
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For v : [—t,0] — M, we have, performing the now usual integration by parts and the
Fenchel inequality (1.2]),

o (7(0)) — =M ry, () _/i js( “A[la wn(V(S))>d5

= /_75 e} atr(m)dr <)\a(fy(s))wn (7(5)) + Doysywn (ﬁ(s)))ds
< /_t _Af a(v(r)d (Aa( ( ))wn(7(8>) + H(V(S)apﬂ/(s)wn) + L(’V(S%;V(S)))ds

0 1
< / oM D aly(r))dr (CO + -+ L(y(s), 7(8)))“
—t

1[0 O i
< —/ e Alalloos g +/ e s ey <L(7(s),"y(s)) + co> ds
—t —t

n
Alalloot

:—_1+/t e MO (L (5(5),4(s) + o )ds.

nlaflscA

The assertion follows by sending n — +o0.

Conversely, let us assume that w satisfies . According to Proposition , w is
Lipschitz continuous. We only need to check if w is a subsolution where w is differentiable,
thanks to Proposition[l.4 Let w be differentiable at z. We take a C* curve ~y : [—t,0] — M
with v(0) = z and 4(0) = v. Then

w(y(o)) —Af a(y(r w(v(—t)) < 1/0 efkfsoa(v(r))dr <L(’y(8),"y(8)) +co)ds.

t t
Letting ¢t — 07, we get
Aa(z)w(x) + Dyw(v) — Lz, v) < .
Taking the supremum with respect to v, we get, thanks to (1.3),
Aa(z)w(x) + H(z, D,w) < ¢,
which implies that w is a subsolution. O

We proceed to show that the value function is the maximal viscosity subsolution of
(HJ,), and hence a solution by maximality. We need an auxiliary lemma first.

LEMMA 3.17. Let A > 0 and let v : (—00,0] — M be an absolutely continuous curve. Let
us assume that

sup a(A, v, t) < +o00. (3.9)
>0

Then e_’\f—ot“('Y(T))dT — 0 ast — +oo.

Proof. We argue by contradiction. Assume there exist an increasing sequence t, — +00
and a 6 € (0,1) small enough such that

oM 24, a(r(m) >4 for all n € N.
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In(6— ")

b
Mal= ) we have

Then, for all t € (t,,t, +

—tn
—/\/ a(y(7))dr = =A||a|so|t — t,] = Ind,

t

hence
e M 2ualdr =X [T aly(M)dr =M 2, aly(dT 5 52 for gll € N
Let us pick » > 0 with r < f\lﬁaH . Up to extracting a subsequence, we can assume that
< |tha1 — t,| for all n € N. Let us set t5 := 0. We have

0
/ e—Afsoa NES Z/ _)‘f (M7 45 > r%n — +oo
—tn —ti—

as n — +00, which contradicts . O

Let us prove the result announced above. We recall that the A appearing in the next
two statements is the real number in (0, 1) provided by Proposition [3.13]

PROPOSITION 3.18. For every fized A € (0,)), the value function Vy is the mazimal
subsolution of . In particular, it is a viscosity solution of .

Proof. Let w be a subsolution of (HJ,)). Let us fix x € M. By definition, for all € > 0,
there is v € I' such that

0
Va(z) + ¢ > lim sup/ e M < altr(m)dr (L(y(s), Y(s)) + co> ds
-

T—+oco

0
= [ e (1 (5(5).4(5)) + ) ds
—t

0 . :
T CTCL T sup/ e s aler)dr (L(f(S), §(s)) + CO) ds,
-

T—4o00

where £(s) := (s — t) for s < 0. By Proposition we have

/_ t A )dT<L(7(8),7(S)) +co)ds>w(x)—e‘”ft"”“”dfw(v(—w)-

By the definition of V), we have

o= 2, ala(r))dr hmsup/o e—Affa(w))dr(L(g(S) £(s)) +co>d5 > e MRy, ().
-T

T—~+o00
Combining all the above inequalities, we conclude
Va(@) + & > w(x) + e M ea0@)dr (VA (v(=1)) — w(w(—t))).
We know that sup a(A,7,t) < +oo, cf. proof of Proposition [3.13] By Lemma [3.17, we
>0
derive that e M2ee0OT 0 a5 ¢ 5 1oo. By finally sending ¢ — 0" we conclude
that Vy(xz) > w(x). This, together with Propositions and [3.16, proves the asserted
maximality of V.
Now we show that V) is a viscosity solution of (HJ,|). Since V) is the maximal sub-
solution, we only need to show that it is a supersolution. The argument is standard and
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depends on the bump construction. We give it below for the reader’s convenience. Assume,
by contradiction, that the supersolution test fails at some point z € M. This means that
there is a strict subtangent ¢ € C*(M) of Vj, at z[f| such that
Aa(z)Vi(z) + H(z,D.¢) < c.

Up to adding a constant to ¢, we can assume that V)(z) = ¢(z). Let B,(z) be the open
ball centered at z with the radius r. Let us choose r > 0 and £ > 0 small enough so that

¢p+e<VyondB,(z) and Na(z)(¢(z)+¢e)+ H(x,Dy0) < co Yz € By(z). (3.10)
Set

~ o Jmax{W\(z),¢(x) + e} if x € B,(2).
W(z) := {V)\(a:) e M\ Be)

Due to (3.10), the function Vj is a subsolution of (HJ,)) in B,(z) as the maximum of
two subsolutions in that open ball, and it agrees with V) in an open neighborhood of
M\ B,(z). This readily implies that V) is a subsolution of (HJ,|) on the whole M. Yet, we

have Vi (2) = ¢(z) +& > Vi(z), contradicting the fact that Vj is the maximal subsolution
of (HJ,)). This shows that V) is indeed a solution to (HJ,) in M. O

From now on, we denote by u,(z) the value function Vy(x), since it is the maximal
solution.

PROPOSITION 3.19. There exists Ao € (0,\) such that, for every fived v € M and \ €
(0, \o), we can find a curve 75 : (—o0,0] — M with v§(0) = x such that

0
up(z) = / 6—/\fso a(v3(r))dr (L (yf(s), fyi(s)) + CO> ds.

— 0o
Furthermore, the curve vy s k-Lipschitz continuous, for some constant & > 0 independent

of A€ (0,\) and x € M.

Proof. Let us fix A € (0, \). According to Proposition [3.18] uy is a viscosity, hence a weak
KAM, solution of

Aa(z)uy(x) + H(z,Dyu) = ¢y in M.
By Lemma 2.9, we know that, for every fixed x € M, there is a Lipschitz curve 7} :
(—00,0] — M with 7§(0) = 2 such that

ux (73 (b2)) —ur (33 (b1)) = / 2 [L(WK(S)WX”(S)) +co — Aa(3(s))ua (13 (s)) [ds (3.11)

by
for all by < by < 0. The above equality with by = —t and b, = 0 can be restated as

u(t) = u(0) + /t h(s)u(s)ds + /té(s)ds for all ¢ > 0, (3.12)
where
u(s) == —ur(73(=s)),  h(s) = Aa(33(=5)), L(s) = L(33(=5),%3(=5)) + co.

8Meaning that Vi — ¢ has a strict local minimum at z.
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Note that the function u and h are in L>([0,¢]). Since ¢ is uniformly bounded from below,
this implies, in view of ([3.12)), that ¢ is in L! ([0, t]) The operator T defined by

Tf(t) :u(0)+/0 h(s)f(s)ds—i—/o ((s)ds

is a contraction when A||a||wt < 1, in particular there is a unique fixed point of 7. This
gives the existence of the local unique solution of , which is defined, for example,
on [0,to] with ¢ty = m Since the time of local existence is independent of the initial
data, the maximal solution is defined for all t > 0, and is given by

t
u(t) = u(O)efo h(s)ds / K(s)efs h(T)deS,
0

as an explicit computation shows. This gives directly

0
0 x
ur(x) = e M= ROy, (47(=T)) + /

—t

PR (L3 (5),43(5)) + o) s (3.13)

for all £ > 0. Due to the fact that the functions (uy),¢(x) are equi-bounded and equi-
Lipschitz, this implies that the curve +{ is A-Lipschitz, with a Lipschitz constant & that
is independent of A € (0, \) and € M, see Lemma

We want to show that there exists \g € (0, \] such that e M2at3 A 0 ast — +o0
whenever A € (0, A). According to Lemma .17, it suffices to show that there exists a
Ao € (0, A] such that

sup {)\Oé()\,’}/,t) cANE(0, M),y EGY, zEM, t> O} < 400, (3.14)

where we have denoted by 67 the family of absolutely continuous curves 7 : (—oo, 0] — M
with 7(0) = x that satisfy (3.11]). Notice in fact that implies in particular that, for
every fixed A € (0, \g), condition in Lemma is met. We argue by contradiction.
Let us assume the claim false. Then there exist sequences \,, — 07, ¢, € (0, 4+00), x, € M
and v, € ‘5/\””: such that \,a(An, Y, tn) — +00 as n — +oo. Notice that the latter implies
that t, — 400 and «, = a(Ay, Y, tn) = +00 as n — +oo. Let i, be the probability
measure defined in (ED Then (3.13) can be restated as

1 <UM(%(0>)— [P, et u/\n(fyn(—tn)))(?).l’f))

n

/TM (L(m, v) + CO) dfi,(x,v) =

for all n € N. With the aid of Lemma it is easy to check that the right-hand side
of goes to 0 as n — +o0o. We can therefore apply Lemma to infer that, up to
extracting a subsequence, fi,, weakly converges to a Mather measure /.

Now we choose a subsolution ¢ < —1 of (HJg). For £ > 0, we take p. € C>(M)
satisfying ||¢: — ¢|loo < € and H(x, Dwgog) < co+e¢ forall z € M, given by Theoremm
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For £ small enough, we have ¢. < 0. By (3.15)) we get
1 — O a T))dT ~
- (U/\n (%1(0)) —€ An fit" (rm(m))d U, (P)/n(_tn») = / (L(xa U) + CO) d,un
On TM
= / (ngOa('U) - H(:L’, Dx@a) + CO) dﬂn > / (Dﬁ%(”) - 5) dﬂn
™ T

M
_ 2e(mal0) = e e 0n O (3, (1))
a(/\n7 Tn tn)

[ alo)pula) i ==

[ alw)ela) i~

0 (7(0))

Qn

2

where for the first inequality we have used Fenchel’s inequality (|1.2)) and for the subsequent
equality an integration by parts. Let ¢ — 07 to get

L <u (1a(0)) — e 20n a0y, <%<—tn>)) S #n@) /T ala)o(e) di

n an

Now we divide by \,, we use the fact that \,c, — +00 and Lemma to get

/TM“(W@ dji(,v) = —|lallso |t o-

Since for, all m > 0, ¢ — m < 0 is also a subsolution of (HJy|), we get, by applying the
previous inequality to ¢ —m, that

1lloo >/ a(z)e(x) di(z,v) Zm [ alz)di(z,v) = |laflcllurllee,  ¥m =0,
TM TM

which implies that fTM a(x)df < 0. This leads to a contradiction with being i1 a
Mather measure, as we recalled above.

Let us fix A € (0, \p) and = € M. By sending t — +o00 in and by exploiting the
information just gathered, we derive that

0
up(xz) = lim e i a0R(m)dr (L(vf\”(s), 3(s)) + co> ds.

t—+o00 ¢
We conclude that
: 0 — Oa T(1))dr T s T
uy(z) = tLu;noo _te Ay a0 (m))d (L(v/\(s),'y)\(s)) + co>ds (3.16)

0
= / e ORI (1 (33(s),45(5) + o ) ds.

—00

Indeed means that the positive function s — e~ Atk (M) g iy L' ((—00,0]).
Furthermore, the fact that the curve ~<{ is Lipschitz implies that the function s +—
L(75(s),4%(s)) is in L*((—00,0]). Equality follows from this by making use of
the Dominated Convergence Theorem. 0
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3.2. Diverging families of solutions. We have seen in Theorem that, under the
assumption (1)), the maximal solution uy of (HJ,)) uniformly converges as A — 07 to a
critical solution ug. In this section, we will show that if we furthermore assume

(a2) there is a point xy € M such that a(zy) < 0;

(a3) a(z) > 0 in an open neighborhood U of the projected Aubry set A,
then there exists a family of solutions to that uniformly diverges to —oo. Further-
more, when condition (a3) is reinforced in favor of the following one

(a3) a(z) >0 on A,
then all solutions to different from the maximal ones uniformly diverge to —oo as
A — 0%. We summarize all this in the following statement. We refer the reader to Section
for the definition of the projected Aubry set. We underline that, in view of Theorem

, condition (a3) is stronger than the integral condition . Throughout this section,
we will denote by ) the maximal solution of (HJ,]).

THEOREM 3.20. Let us assume (a2).
(i) If (a3) holds, there is a family of solutions (vx)\c(5) of (HJN) for some Ae(0,1)
uniformly diverging to —oo as A — 0.
(ii) If (a3') holds, then any family of solutions (vx)xeony of with X' € (0,1)
satisfying vy # uy for all A € (0, \') uniformly diverges to —oo as A — 07.

Proof. By Theorem there is a subsolution ¢ of (HJo|) which is C* and strict in M \ A.
Therefore, for every open neighborhood U of A there is a 6 = 6(U) > 0 depending on U
such that

H(I,Dxcp) <c—0<c forallze M\U.

Let us prove (i). Let U be the open neighborhood of A given by condition (a3). Define
1

SDA:‘P—W-

For A > 0 small enough, we have ¢, < 0 for all A € (0, ;\) Up to choosing a smaller A>0
if necessary, we have

Aa(z)pn + H(x, Dypy) < Aa(z)pr(x) + o < ¢ ae. in U,
and
Aa(z)ox + H(z, Dapy) < Mlallooll@llse + |alla VA +co — 8 < o in M\U,

for all A € (0, 5\) Therefore, ¢, is a subsolution of 1' Now we denote by 77"~ (resp.
T, t’\’+) the Lax-Oleinik semigroup defined in {D (resp. the forward semigroup defined in
(1.9)) associated to L(z,v) — Aa(x)u. Define

+ +

. A+ . A —
vy ;= lim T "y, ovy:= lim 17" v
A t——+00 t ©x; t——+00 t A?

By Lemma [1.16] vy < ¢, in particular v} uniformly diverges to —oo as A — 0T. By

Lemma [1.17] v, is a solution of (HJ,)), and there is a point z), € M such that vy(x)) =
vy (zy) for each A € (0, \). We derive that vy(z)) — —oo as A = 07. By Proposition [2.16
we conclude that vy uniformly diverges to —oo as A — 0F.

U



CONVERGENCE/DIVERGENCE OF DISCOUNTED SOLUTIONS 43

Let us prove (7). From assumption (a3’) we infer that there is an open neighborhood
U of A and 6 > 0 such that a(z) > 0 for all x € U. One can easily check that there exist
X € (0,1) small enough and £ > 0 such that

Aa(@)px + H(z, Dapr) < Aa(z)px(@) + co < Mlallooll@llc — VAO+ o < cg—e ae.inU
and

Aa(@)pr + H(z, Dapr) < Mllalloclllloe + llalloa VA +co =6 < g — e in MU,
for all A € (0, X'). Therefore, ¢, is a strict subsolution of (ELJ,)).

Cram: Let A € (0,\). There is no solution vy # uy of satisfying o < vy < uy in
M.

We argue by contradiction. Assume there is such a solution vy. We have
th)\’i(p)\ < jjt/\’i?))\ < jjt/\’iU)\ = Uy Yt > 0.
Since ¢, is a strict subsolution of (HJ,]), by Lemma[1.17

. P
lim 77\ = uy.
t——+o0

We get

. A—
lim 777 vy = uy,
t——+o0

which contradicts the fact that vy is a fixed point of Tt)"_.
Therefore, for each solution vy of (HJ,|), there is a point z, € M such that

ua(xy) < oa(zy) = —00 as A — 07.
By Proposition [2.16, vy uniformly converges to —oo as A — 0. O

REMARK 3.21. We note that the proof above also shows that the solutions vy diverge to
—o00 with speed (at least) of order —1/v/\.
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