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A. DEFINITION AND FIRST PROPERTIES

A1l. Central forms and traces on projective modules

Central forms.
Let A be an R-algebra. A form t defined on A is said to be central if it satisfies
the property
t(aad') =t(a'a) (Ya,d’ € A).
Thus a central form can be identified to a form on the R—module A/[A, A].

Whenever X is an A-module, we denote by X* := Hompg (X, R) its R—dual,
viewed as an F 4 X-—module—A.
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We denote by CF(A4, R) the R—submodule of A* consisting of all central forms
on A. Then CF(A, R) is the orthogonal of the submodule [A, A] of A, hence is
canonically identified with the R—module (A/[A, A])*.

If t: A — R is a central form on A, we shall still denote by ¢t: A/[A,A] — R
the form on A/[A, A] which corresponds to t.

More generally, let M be an A-module-A. A central form on M is a linear form
t: M — R such that t(am) = t(ma) for all a € A and m € M. In other words, the
central forms on M are the forms defined by the R dual of H*(A, M) = M/[A, M].

Note that the multiplication by elements of the center ZA of A gives the R—
module A/[A, A] a natural structure of ZA-module. Thus CF(A, R) inherits a
structure of ZA-module, defined by zt := ¢(z+) for all z € ZA and t € CF(A, R).

Traces on projective modules, characters.

Let X be an A-module. Then the R-module XV ® 4 X is naturally equipped

with a linear form
{XV ®a X — A/[A, A]

y®x— xy mod [A, A].
In particular, if P is a finitely generated projective A-module, since PY ® 4 P ~
E4P, we get an R-linear map (the trace on a projective module)

tI‘p/AZ EAP — A/[A,A]

2.0. LEMMA. Whenever P is a finitely generated projective A—module, the
trace

tI‘p/AZ EAP — A/[A,A]

is central.

PRrooF oF 2.0. In what follows, we identify PV ® 4 P with E4P. Let x,2’ € P
and y,7" € PV. Then we have

(y@az)(y @az’) =y(ry) ®aaz’ =y@a (zy)a,
from which is follows that
trp/a((y ®a2)(y ®aa’)) = (zy')(2'y) mod [A, A],

which shows indeed that tr,,p is central. O

Now if t: A — R is a central form, we deduce by composition a central form
tp: EaAP — R (p»—)t(tl”p((p)).

In particular, whenever X is a finitely generated projective R—module, we have
the trace form

trx/p: ErRX — R defined by (y®ux)—zy ,Vye X" o€ X.

2.1. DEFINITION. Let X be an A-module which is a finitely generated pro-
jective R—module and let \x: A — ErX denote the structural morphism. The
character of the A—module X (or of the representation of A defined by \x ) is the
central form

xx:A—R , aw—trx/r(Ax(a)).
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A2. Symmetric algebras

A central form ¢t: A — R defines a morphism ¢ of A-modules—A4 as follows :
t: A— A*

a v t(a): a’ — t(aa’)
Indeed, for a,a’,z € A, we have

Haxd') = t(azad'*) = t(xa'*a) = at(z)a’ .

Note that the restriction of £ to ZA defines a ZA-morphism : ZA — CF(A, R).

2.2. DEFINITION. Let A be an R-algebra. We say that A is a symmetric
algebra if the following conditions are fulfilled :
(S1) A is a finitely generated projective R—module,
(S2) There exists a central form t: A — R such that t is an isomorphism.
If A is a symmetric algebra and if t is a form like in (52), we call t a symmetrizing

form for A.

EXAMPLES.
1. The trace is a symmetrizing form on the algebra Mat,, (R).
2. If G is a finite group, its group algebra RG is a symmetric algebra. The
form
t:RG—R , > Ngr M
geG
is called the canonical symmetrizing form on RG.

3. If k is a field, we shall see later that the algebra A := (lg Z) is not a
symmetric algebra.
The following example is singled out as a lemma.

2.3. LEMMA. Let D be a finite dimensional division k—algebra. Then D is a
symmetric algebra.

PrROOF OF 2.3.

First we prove that [D, D] # D. It is enough to prove it in the case where D is
central (indeed, the ZD-vector space generated by {ab —ba | (a,b € A)} contains
the k—vector space generated by that set). In this case, we know by 1.53 that k®j D
is a matrix algebra Mat,, (k) over k. If [D, D] = D, then every element of Mat,,, (k)
has trace zero, a contradiction.

Now choose a nonzero k-linear form ¢ on D whose kernel contains [D, D]. Thus
t is central. Let us check that ¢ is symmetrizing. To do that, it is enough to prove
that ¢ is injective. But if x is a nonzero element of D, the map y — zy is a
permutation of D, hence there exists y € D such that t(zy) # 0, proving that
t(z) # 0. 0

2.4. LEMMA. Let A be a symmetric algebra, with symmetrizing form t.
(1) The restriction of t to ZA

ZA— CF(A,R) , =z t(z)
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is an isomorphism of ZA-modules. In particular, CF(A, R) is a free ZA-module
of rank 1.

(2) A central form t(z) corresponding to an element z € ZA is a symmetrizing
form if and only if z is invertible.

PROOF OF 2.4. Let u be a form on A. By hypothesis, we have u = t(a*) for
some a € A, and u is central if and only if ais central. This shows the surjectivity
of the map t: ZA — CF(A,R). The injectivity results from the injectivity of t.
Finally, this proves that symmetrizing forms are the elements ¢ of CF(A, R) such
that {t} is a basis of CF(A, R) as a ZA-module. O

REMARK. If ¢ is a symmetrizing form on A, its kernel ker(t) contains no left
(or right) non trivial ideal of A.

Annihilators and orthogonals.
Let a be a subset of the algebra A. The right annihilator of a is defined as
Ann(a)s :={z € A | (axz=0)}.
It is immediate to check that the right annihilator of a subset is a right ideal, and
that the right annihilator of a right ideal is a twosided ideal.

Suppose now that A is a symmetric algebra, and choose a symmetrizing form ¢
on A. Whenever a is a subset of A, we denote by a' its orthogonal for the bilinear
form defined by ¢, i.e.,

at:={xec A | t(ax)=0}.

Note that if a is stable by multiplication by (ZA)*, then at does not depend on
the choice of the symmetrizing form ¢.

2.5. PROPOSITION. Assume that A is symmetric.
(1) We have [A, At = ZA.
(2) If a is a left ideal of A, we have a* = Ann(a)a .

PRrROOF OF 2.5.

(1) We have

t(zab) = t(zba) < t(bza) = t(zba),

which shows that z € [4, A]* if and only if 2 € ZA.

(2) We have

axr =0« (Vy € A) t(yaxr) =0 < t(ax) =0,
which proves (2). O

A3. Characterizations in terms of module categories

Assume that A is an R-algebra which is a finitely generated projective R—
module.

Let us first notice a few elementary properties.

1. Any finitely generated projective A—module is also a finitely generated pro-
jective R—module.

Indeed, if A is a summand of R™, any summand of A™ is also a summand of R™".
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2. If X is a finitely generated projective A—module and if Y is a module-A,
then Y ®4 X is isomorphic to a summand of Y for some positive integer n. It
follows that if moreover Y is a finitely generated projective R—module, then Y ® 4 X
is also a finitely generated projective R—module.

Let us denote by aproj the full subcategory of 4Mod whose objects are the
finitely generated projective A-modules. We define similarly the notation proj,
and pproj.

2.6. PROPOSITION. Let A be an R-algebra, assumed to be a finitely generated
projective R—module. The following conditions are equivalent.
(i) A is symmetric.
(ii) A and A* are isomorphic as A—modules—A.
(iil) As (contravariant) functors 4,Mod — Mod 4, we have

Hompg(+, R) ~ Homx(*, A).
(iii’) As (contravariant) functors Mods — sMod, we have
Hompg(+, R) ~ Hom(-, A) 4 .
(iv) For P € gproj and X € sMod N gproj we have natural isomorphisms
Homy (P, X) ~ Homu (X, P)*.
(iv’) For P € proj, and X € Mod 4 N gproj we have natural isomorphisms

Hom(P, X)4 ~ Hom(X, P)% .

PROOF OF 2.6. It is enough to prove (i)<(ii), and (ii)=-(iii)=(iv)=-(ii).

(i)=(ii) results from the fact, noticed above, that if ¢ is a central form, then ¢
is a morphism of bimodules from A to A*.

(ii)=>(i). Assume that §: A > A* is a bimodule isomorphism. Set t := 6(1).
Then for a € A we have

t(aad’) = 6(1)(aa’) = (a'0(1))(a) = 6(a’)(a) = (0(1)a)(a) = 6(1)(d’a) = t(d"a),

which shows both that ¢ is central and that ¢ = 6.

(ii)=-(iii). Let X be an A-module. Since A ~ A*, we have Homu (X, A) ~
Homy (X, Homp(A, R)). By the “isomorphisme cher & Cartan”, it follows that
Homyu (X, A) ~ Homp(A ®4 X, R) hence Homa (X, A) ~ Hompg(X, R).

(iii)=-(iv). Let P be a finitely generated projective A-module and let X
be a finitely generated A—module. Since P is a finitely generated projective R—
module, we have P ~ Hompg(P*, R), and it results from the “isomorphisme cher
a Cartan” that Homa (X, P) ~ Homg(P* ®4 X, R), and since P* ~ PV, we get
HOHIA(X, P) ~ HomR(PV ®Ra X, R) .

Since the module—A PV is finitely generated projective and since X is a finitely
generated projective R—module, we see that P ®4 X is also a finitely generated
projective R—module, hence we have Hom 4 (X, P)* ~ PV ®4 X . Since P is a finitely
generated projective A—module, we know that P ®4 X ~ Hom (P, X). Hence we
have proved that Hom4 (X, P)* ~ Homa (P, X).

(iv)=(ii). Choose P = X = A (viewed as an A-module). Then the natural
isomorphism Hom4 (A, A)* ~ Hom (A, A) is a bimodule isomorphism A* ~ A. O



6 SYMMETRIC ALGEBRAS

Symmetric algebras and projective modules.

2.7. PROPOSITION. Let A be a symmetric R—algebra, and let P be a finitely
generated projective A—module. Then E4P is a symmetric R—algebra.

ProOF OF 2.7. Recall that we have an isomorphism of F 4 P—-modules—F 4P
PV @aP-5EAP.

Since P is a finitely generated projective A-module and since PV is a finitely
generated R—module, this shows that EF4 P is a finitely generated projective R—
module.

Moreover, by 2.6, condition (iii), we see that we have a natural isomorphism

Hom (P, P)* ~ Homu (P, P),
i.e., a bimodule isomorphism
EAP* ~ EAP 5
which shows that E4 P is symmetric. O

2.8. COROLLARY. An algebra which is Morita equivalent to a symmetric alge-
bra is a symmetric algebra.

PROOF OF 2.8. Indeed, we know that an algebra which is Morita equivalent to
A is isomorphic to the algebra of endomorphisms of a finitely generated projective
A-module. O

Explicit isomorphisms.
We give here explicit formulas for the isomorphisms stated in 2.6. The reader
is invited to check the details.

2.9. PROPOSITION.
(1) Whenever X is an A-module, the morphisms t% and ux defined by

uyx: Hompg(X, R) — Homu (X, A)

ux: ¢ such that ¥(az) = t(aux (¥)(x))

" {HomA(X7 A) — Homp(X, R)
X
(Va € A,z € X,y € Homg(X, R))

$t-o

are inverse isomorphisms in Modg, x.
(2) Whenever X is an A-module which is a finitely generated projective R—
module and P is a finitely generated projective A—module, the pairing

{HomA(P,X) x Homu (X, P) - R
is an R—duality.

Let us in particular exhibit a symmetrizing form on F4 P from a symmetrizing
form on A.

Recall that the isomorphism PV ® 4 P — E4 P allows us to define the trace of
the finitely generated projective A—module P)

trpia: EaAP — AJ[AJA] |, y®ax—2xy mod [A, A],
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and that composing this morphism with a central form ¢ on A, we get a central
form

tp: EAP — R
on EAP.

2.10. PrROPOSITION. If P is a finitely generated projective A—module and if t
is a symmetrizing form on A, then the form tp is a symmetrizing form on EAP.

EXAMPLE. The identity from R onto R is a symmetrizing form for R. It follows
that the trace is a symmetrizing form for the matrix algebra Mat,, (R).

REMARK. A particular case of projective A—module is given by P := Ai where 7
is an idempotent of A. We have (see 1.12) E4 P ~ iAi. Through that isomorphism,
the form ¢p becomes the form

iai — t(iai) .

Products of symmetric algebras.

The proof of following result is an immediate consequence of the characteriza-
tions in 2.6, and its proof is left to the reader.

2.11. PROPOSITION. Let Ay, Ao, ..., A, be R-algebras which are finitely
generated projective R—modules, and let A be an algebra isomorphic to a product
Ay X Ag X -+ x A,,. Then A is symmetric if and only if each A; (i =1,2,...,n)
is symmetric.

More concretely, we know that an isomorphism A ~ A; x Ay x --- x A,, deter-
mines a decomposition of the unit element 1 of A into a sum of mutually orthogonal
central idempotents :

l=e1ter+ - +epn,

corresponding to a decomposition of A into a direct sum of twosided ideals :
A=a1€9a269---69an with ai:Aei.

o If (t1,tq,...,t,) is a family of symmetrizing forms on Ay, As, ..., A, respec-
tively, then the form defined on A by ¢; +t2 + - - - + ¢, is symmetrizing.

e If ¢t is a symmetrizing form on A, its restriction to each a; = Ae; defines a
symmetrizing form in the algebra A;.

Strongly symmetric algebras.

2.12. PROPOSITION—DEFINITION. Let A be a symmetric R—algebra, and let t
be a symmetrizing form. The following conditions are equivalent.
(i) The formt: A — R is onto.
(ii) R is isomorphic to a summand of A in pMod.
(iii) As an R-module, A is a progenerator.
If the preceding conditions are satisfied, we say that the algebra A is strongly sym-
metric.

ProOF oOF 2.12.

(i)=(ii) : Since t: A — R is onto and since R is a projective R-module, ¢ splits
and R is indeed isomorphic to a direct summand of A as an R—module.

(if)=>(iii) : obvious.
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(iii)=(i) : By 1.18, we see that the ideal of R consisting of all the (a,b) (for
a € Aand be A*) is equal to R. But since ¢ is symmetrizing, this ideal is equal to
t(A), which shows that ¢ is onto. O

EXAMPLES.

1. If A is strongly symmetric, and if B is an algebra which is Morita equivalent
to A, then B is strongly symmetric.

In particular, the algebra Mat,, (R) is strongly symmetric, and more generally,
if X is a progenerator for R, the algebra ErX is strictly symmetric.

2. If all projective R—modules are free, then all symmetric R-algebras are
strongly symmetric.

3. The algebra RG (G a finite group) is strictly symmetric.

4. If R = R; X Ry (a product of two non zero rings), and if A := Ry, then A
is a symmetric R-algebra which is not strongly symmetric.

B. SYMMETRIC ALGEBRAS OVER A FIELD

We shall apply what preceds to finite dimensional algebras over a (commuta-
tive) field k.

B1. Dualities for symmetric algebras over a field

Symmetric and semi—simple algebras.
2.13. PROPOSITION. Let A be a semi—simple k—algebra. Then A is symmetric.

PROOF OF 2.13. Since a semi—simple algebra is isomorphic to a direct product
of simple algebras, it is enough to prove that a simple algebra is symmetric. Since
a simple algebra is Morita equivalent to a division algebra, it is enough to prove
that a division algebra is symmetric : this is lemma 2.3. (]

2.14. PROPOSITION. Let k be a commutative field, and let A be a symmetric
finite dimensional k—algebra.
(1) We have

Soca(A) = Soc(A)a = Soca(A)4 = Rad(A)* .
We denote by Soc(A) and call the socle of A the ideal described above.
(2) We have
A/Rad(A) ~ Soc(A4) in smody, .
ProOF OF 2.14.
(1) We know by 1.39 that Soca(A) = Ann(Rad(A))4 . It follows then from 2.5

that Soca(A) = Rad(A4)*, and so we have Soca(A) = Soc(A)4 = Rad(A4)*. Now
by 1.36, we know that

Soca(A)a = Ann(Rad(A ®f A°P))a
={recA| (V;a; ®b; € Rad(4A @k AP))(>;a:2b; =0)} .
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Let us make the description of Soc4(A)4 even more complicated. Let ¢ be a sym-
metrizing from on A. We have
SOCA (A)A
={xeA| Vae€ A)(Vs;a; @ b; € Rad(A @ A°P))(t(Z;aa:xb;) =0)}
={zeA| VaeA)(V;a; @b; € Rad(A @k AP))(t(;xbiaa;) = 0)}
= {s;biaa; | (a € A)(S,a; © b; € Rad(A @ A°P))}T .

We need now the following general property of algebras, whose proof is left to
the reader.

2.15. LEMMA. Let A be an R-algebra.
(1) As R-submodules of A, we have Rad(A) = Rad(A°P).
(2) We have (A ®g A°P)°P = A°P @ A, and the map

1: AQRA—A®RrA , a®b—b®a

is an isomorphism of algebras from A ®gr A°P onto A°P Qi A.
(8) The map ¢ induces an antiautomorphism of Rad(A ® g A°P).

Then we see that
0, @b; € Rad(A @y AP) <=  ¥,b; ® a; € Rad(A ®; A°P)
and it follows from the formula preceding lemma 2.15 that
Soca(A)4 = Rad(A)*,

which proves (1).
(2) Since (by assertion (1)) we have Soc(A) = Rad(A)*, the map ¢ (whenever
t is a symmetrizing form on A) induces an isomorphism of A-modules—A :

Soc(A4) = (A/Rad(A))*.
Since A/Rad(A) is symmetric, we have
A/Rad(A) ~ (A/Rad(A4))* in  (a/Rad(a))Mod(4/Rad(A))

hence
A/Rad(A) ~ (A/Rad(A))* in sMod,.
Thus we have
Soc(A) ~ A/Rad(4) in sMody.
O

REMARK. The preceding proposition shows that the algebra (lg IZ) is not
symmetric, since its left socle does not coincide with its right socle.
Projective modules for symmetric algebras.

2.16. PROPOSITION. Let P be a finitely generated projective A—module. We
have

Soc(P) ~ P/Rad(P).
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PRrROOF OF 2.16. We know that

Soc(P)~ @ S®@m,sHoma(S,P)
Selrr(A)

and also that
P/Rad(P)~ P S®g,sHoma(S, P/Rad(P))

Selrr(A)

Since Hom (S, P/Rad(P)) = Hom 4,Rrad(4)(S, P/Rad(P)) and since A/Rad(A) is
semi—simple, hence symmetric, we see that

Hom 4 /Rad(a) (S, P/Rad(P)) ~ Hom 4 /rad(a)(P/Rad(P), S)" .
Now we have
HomA/Rad(A) (P/Ra'd(P)a S) = HOIHA(P, S)
and since A is symmetric we have

Hom 4 (P, S) ~ Homu4 (S, P)*.
Putting together the preceding isomorphisms, we get

P/Rad(P)~ (P S@p,sHoma(S,P),
Selrr(A)

and we remark that the right handside of the preceding formula is isomorphic to
Soc(P). O

(D Attention (1)

Notice that along the way we proved the isomorphism
Hom 4 (S, P) — Hom(S, P/Rad(P).

Such an isomorphism is not, in general, given by the composition of a mor-
phism from S to P by the natural epimorphism from P onto P/Rad(P) :
we shall see below that, if P is indecomposable, this composition is nonzero
if and only if P is irreducible.

The following property will be generalized in §D below.

2.17. PROPOSITION. Let A be a symmetric k—algebra. A finitely generated
A-module is projective if and only if it is injective.

PROOF OF 2.17. Since the k—duality is a contravariant isomorphism from
amod onto mod,, an A-module P is injective if and only if its k—dual P* is
a projective module-A, i.e., if and only if P* is isomorphic to a direct summand
of A™ (A viewed as an element of mod4) for some integer n, hence if and only if
P is isomorphic to a direct summand of (A*)"™ as an A-module. Since A ~ A* in
amod, it follows that this last condition is satisfied if and only if P is isomorphic
to a direct summand of A™. O

For X a finitely generated A-module, let us denote by Soc’"(X) the sum if
all irreducible A—submodules of X which are also projective A—modules. Since
SocP"(X) is injective (by 2.17 above), we see that Soc?” (X) is a direct summand of
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X. We denote by Soc"”(X) the sum of all non projective irreducible submodules
of X, and we have

Soc(X) = SocP'(X) @ Soc"P* (P).

2.18. Let P be a finitely generated projective A—module.
(1) Let S be an irreducible A—module. Then the composition

Homy (S, P) ® Homa (P, S) — EaS

is nonzero if and only if S is projective and isomorphic to a summand of SocP"(P).
(2) If P’ is a submodule of P such that P = P’ & SocP"(P),
we have

Rad(P) = Rad(P') and Soc(P') = Soc™(P) C Rad(P’)

SocP"(P)

[P =P & Soc”(P), Soc(P) = Soc(P') & Soc”" (P)]

PRrROOF OF 2.18. Assume that the composition
Hom 4 (S, P) ® Hom 4 (P, S) — EaS

is non zero. Since its image is an ideal and E4S is a division algebra, this is
surjective and S is projective. The converse is obvious. O

2.19. COROLLARY. If P is an indecomposable non irreducible finitely generated
projective A—module, we have

Soc(P) C Rad(P).

B2. Projective covers and lifting idempotents

B3. Blocks
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C. THE CASIMIR ELEMENT AND ITS APPLICATIONS

Actions on A®pr A.

e Let A be an R-algebra. The module A ®p A is naturally endowed with the
following structure of (A @ g A°P)-module—(A @ A°P) :

(a®d)(z@y)(baV) = arb®byd .
REMARK. That structure should be understood as a particular case of the

structure of (A ® g A°?)-module—(B ®g B°?)-module which is defined on M ®p N
(for M € sModp and N € gpMod,) by

(a®@ad)(men)(beb) :=amb®bnd .
We define (cf. chap. 1, §A1) the left and right centralizers of A in A ®g A :

Ca(A®R A) := {Zai@)ag €EA®RA | (Va)Zaai(@a; :Zai@)aga}

C(A®g A)as = {Z(M@a; € A®rA | (Va)Zam@aé :Zai@)aa;}

7

We set
Ca(A®p A)a :=Ca(ARRr A)NC(A®R A)a.

Notice that (cf. chap. 1, §A1 for the notation)
CalA®n A) = (Adp AV = (£ € ADp A | (Ya) (a® 1)é = (1@ a)¢}
CAgpA)a="(A®rA)={6€A0rA| (Va)éa®1)=¢((1®a)}.

e The algebra ErA of R-endomorphisms of A has a structure of (A ®p A°P)—
module—(A ® g A°P) inherited from the structure of (A ® g A°P)—module on each of
the two factors A as follows :

(Va € ERA, a,d’ bt/ € A) ((a®d).a.(b® ) := [ — aald' €V)D]).
REMARK. That structure should be understood as a particular case of the
structure of (A ®x A°P)-module—(B ® g B°?)-module defined on Hompg(M, M) (for
M e AMOdB) by

(a®ad).a.(b@b):=[&— aa(a’&b)b] .

Case where A is symmetric : the Casimir element.

Now assume that A is symmetric, and let ¢ be a symmetrizing form. Since A
is a finitely generated projective R—module, we have an isomorphism

A®r A" Er(4) , 2@¢— [ p@z].
Composing this isomorphism with the isomorphism

AR A"SARA | 20y—1ily),
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we get the isomorphism
(x A®r A" Er(A)
a @b [€ o H(bE)a] |

It is immediate to check that this isomorphism is an isomorphism of (4 ®p A°P)—
modules—(A @r A°P).

2.20. DEFINITION. We denote by c% , (or simply ¢})') and we call Casimir
element of (A,t) the element of A ® A corresponding to the identity Ida of A
through the preceding isomorphism.

e Notice that, by the formulas above, we have
(a®a)Ids.(b@b) =& ad €0'D]

or, in other words,

(a®a)Ida. (b b) = X aa)p(t'd),
where A(a) is the endomorphism of left multiplication by a and p(a) is the endo-
morphism of right multiplication by a. In particular, we see that

(a®1)Ids =(1®a)lds =A(a) and Ids.(a®1) =1ds.(1®a) = p(a).
(D Attention (1)

Notice that the structure of A®g A°P-module on A® g A defined here does
not provides a structure of A ® g A°°’—module on A : the morphism

A®p AP - ErA |, a®ad — A ad)

is not an algebra morphism.

e Moreover, we know that the commutant of \(A) (resp. of p(A)) in ErA is
p(A) (resp. A(4).

Through the isomorphism A ®4 A — ErA described above, the preceding
properties translate as follows.

2.21. PROPOSITION. Assume ¢l =3 . e; ®¢}.
(1) For all a,a’ € A, we have

Zaeia’ ®e; = Zei ®dea.
(2) The map
A—>CA<A®RA) s aHZaeiQ@eQ:Zei@ega

is an isomorphism of A-modules—A.
(2°) The map

A—CARrA)a aHZeiagge’i:Zei@ae;

is an isomorphism of A-modules—A.

The following lemma is an immediate consequence of the definition of the
Casimir element.
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2.22. LEMMA. Let I be a finite set, and let (e;);cr and (€)1 be two families
of elements of A indexed by I. The folllowing properties are equivalent :

(1> Cir = Zze] 7 ®e;.

(i) For all a € A, we have a =), t(ae])e;

EXAMPLES.

o If A= RG (G a finite group), we have cjyo = 3° gl®g.

o If A = Mat,(R) (and ¢ is the ordinary trace), then ¢y = >>,  E;; ® Ej;
(where E; ; denotes the usual elementary matrix whose all entries are zero except
on the i-the row and j-th column where the entry is 1).

o Assume that A is free over R. Let (e;);e; be an R-basis of A, and let (€});er
be the dual basis (defined by t(e;e,) = d;;), then ¢ =3, ef @ e;.

We also define the central Casimir element as the 1mage 25 of ¢ by the
multiplication morphism A ® A — A. Thus, if ¢f = Y icr € ® e, we have

ZA—E eie;.

REMARKS.
e For A = RG, the central Casimir element is the scalar |G|.
e For A = Mat,,(R), the central Casimir element is the scalar m.

The existence of an element such as ¥ is a necessary and sufficient condition
for a central form ¢ to be centralizing, as shown by the following lemma (whose
proof is left to the reader).

2.23. LEMMA. Let u be a central form on A. Assume that there exists an
element f = Zj f;®f; € A®r A such that Zj u(afj)f;j =a for alla € A. Then

u is symmetrizing, and f is its central element.

From now on, we assume that I is a finite set and (e;);er, (€})icr are two
families of elements of A indexed by I, such that

= Z e, @e;.
i€l
Let us denote by x +— z* the involutive automorphism of A ® A defined by
(a®ad) :=d ®a.
2.24. PROPOSITION.
(1) We have
() =, ie., Zeg ®e; = Zei R e .

i€l i€l
(2) For all a € A, we have

a= Zt(ae;)ei = Zt(aei)e; = Zt(eg)eia = Zt(ei)ega.

% 4 i i

PROOF OF 2.24. Indeed, by 2.22, we have e; =} t(e;e;)ej , hence

Ze ®ez—2( e; ®e; = Zej®z
—Zej®z ee Zej®e
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The assertion (2) is an immediate consequence of (1) and of 2.22. O
We define three maps :
Bilr': AQA—A |, a®d — Zeiae’ia’,
i
T4 A—A | am Zeiae; =BiTr'(a®1),
i

Trp: A— A a'»—>a'z£’lr:Za’eie;:BiTrA(1®a')7

7

and we have

e Tr* is a central morphism of ZA modules :
Tr(zad') = 2Tr*(d'a) (Vz € ZA and a,d’ € A),
and its image is contained in ZA (hence is an ideal of ZA),
e BiTr'(a ® a) = Tr(a)d’ = o' Tr(a).
e Tr, is a morphism of A-modules—A.
Separably symmetric algebras.
2.25. PROPOSITION. If 25" is invertible in Z A, the multiplication morphism
ARrA—A |, a®ad — ad,
is split as a morphism of A—-modules—A.

PROOF OF 2.25. Indeed, the composition of the morphism of A-modules—A
defined by
A—A®rA , avrac)

by the multiplication A ® g A — A is equal to the morphism
A— A

pr
, ar>azy .

In other words, if we view ¢} as an element of the algebra A ®g A°P, then (cf))? =
25N . Thus we see that if 21 is invertible in ZA, the element (25 )¢ is a central
idempotent in the algebra A ® 4 A°P, and the morphism

A— A@gr A% | aw a(2ZY)7

is a section of the multiplication morphism, identifying A with a direct summand
of A®p A as an A—module—A.

O

REMARK. If ¢ is replaced by another symmetrizing form, i.e., by a form t(z+)
where z is an invertible element of ZA, then 24 is replaced by zz%}’. Hence the
inversibility of 2} depends only on the algebra A and not on the choice of ¢.

An algebra A such that the the multiplication morphism
ARrA— A , a®d — ad,

is split as a morphism of A-modules—A is called separable.
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A symmetric algebra A such that 25" is invertible in Z A is called symmetrically
separable.

@ Attention @

A symmetrically separable algebra is indeed separable, but the converse
is not true. For example, a matrix algebra Mat,, (R) is separable, but it
is symmetrically separable if and only if m is invertible in R.

Note that the previous example shows as well that the property of
being symmetrically separable is not stable under a Morita equivalence.

The following fondamental example justifies the notation and the name chosen
for the map Tr*.

2.26. EXAMPLE. Let us consider the particular case where A := Eg X, for X
a finitely generated projective R—module. Let us identify A with X* ®pg X, and let
us set

IdX:Zfi®€i~

We know that A is symmetric, and that ¢ := trx,p is a symmetrizing form.
We leave as an exercise to the reader to check the following properties.

Loy = ,(fivwe)o(fioe).
2. The map Tr4: A — ZA coincides with trx/r: ErX — R.

C2. Casimir element, trace and characters

For 7: A — R a linear form, we denote by 70 the element of A defined by the
condition

t(t°h) =7(h) forallac A.
We know that 7 is central if and only if 7° is central in A.
It is easy to check the following property.

2.27. LEMMA. We have 70 = Y, 7(e))e; = >, 7(ei)el,
for all a € A, we have 7% =Y, T(eja)e; = >, T(e;a)e]

i

and more generally,

The biregular representation of A is by definition the morphism
A®rA® - ErRA |, a®d — (z— axd).

defining the structure of A—-module-A of A.

Composing this morphism the trace tr,,r, we then get a linear form on A ®g

A°P . called the biregular character of A, and denoted by Xzimg.

2.28. PROPOSITION. We have
bireg N _ s A /
X350 @ ') = H(BITr (a ® '),
or, in other words

X:ireg(a ®a) = Zt(a'eiaei) _ t(TrA(a)a’) = t(aTrA(a/)) )

%
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PROOF OF 2.28. We know by 2.24, (3), that
ara = Z t(axad'e})e;,
i
which shows that the endomorphism of A defined by a ® a’ correspond to the
element
Zt(a’eia) Re, € A*®A

i

whose trace is

Z t(d'e;ae;) = t(Tr(a)d’) .

O

Let xreg denote the character of the (left) regular representation of A, i.e., the
linear form on A defined by

Yres(@) = tra/r(Aa(a)
where Ag(a): A — A, x> az, is the left multiplication by a.
2.29. COROLLARY. For all a € A, we have
Xreg(@) = t(azly’), or, in other words, XJ, =2 .
2.30. COROLLARY. Let i be an idempotent of A. Let x a; denote the character
of the (finitely generated projective) A-module Ai. Then we have
X = TTA(i) ‘
Indeed, we have

tra;/r(a) =tra/prla®i) = t(aTrA(i)) )

C3. Projective center, Higman’s criterion

The projective center of an algebra.

Let A be an R-algebra, and let M be an A-module-A. We know (see chapter
1) that the morphism

Homa(A, M)y — M* | o ¢(1)
is an isomorphism. In particular, we have
Homy (A, A®p A°P)4 = (A® A)A.

The module Hom"' (4, M) 4 consisting of projective morphisms from A to M is the
image of the map

Homy (A, A®g AP) 4 @ M — Homa (A, M)a , p@m+— (a— (ap)m).
Through the previous isomorphism, this translates to

(A@r AP QM — M4 | z@m— zm,
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i.e., we have a natural isomorphism
(A®g AP)AM = Hom" (A, M), .
2.31. DEFINITION—PROPOSITION. The module
(A®g AP)A A = {Ziaiaag | (a € A)(s,a;i®a, € (AR A)A)}

is called the projective center of A and is denoted by ZP*A. This is an ideal in ZA
and the map

ZP"A — Homgy (A, A)a , z+ (a+ az)

induces an isomorphism of ZA-modules from ZP*A onto Homb (A, A) 4.

When A is symmetric.

If A is symmetric, and if ¢f =Y, €] ® e;, it results from 2.21 that
(Aor A = {siclae; | (ac A)}.
Thus we have

(A@r VM = {Sicime; | (m € M)},

which makes the next result obvious.

2.32. PROPOSITION. The module Hom% (A, M) is naturally isomorphic to
the image of the map

™4 M — M4 chirm:E eime; .
i

In particular, ZY' is the image of the map 44— A.

Notice that since ¢ € C(A ®pg A)a, the map Tr# factorizes through [A, M)
and so defines a map

Tv4: Ho(A, M) — H°(A, M).
ExAaMPLE. If A= RG (G a finite group), then ZP*RG is the image of

T8¢ RG — ZRG , T nggil.
geG

Let us denote by C1(G) the set of conjugacy classes of G, and for C' € CI(G), let us
define a central element by
SC = Z g.

geC
Then it is immediate to check that
G
7RG = P %sc.
CeCl(@) C]
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Higman’s criterion.
If X and X’ are A—modules, applying what preceds to the case where M :=
Hompg (X, X'), we get a map

Tr?: Hompg(X, X') — Homu (X, X') |, a— [z~ Z(eia(egx))].
i

For an A-module X, let us describe in terms of the Casimir element the inverse
of the isomorphism (see 2.9)
. Hom4 (X, A) — Hompg(X, R)
T lemt-g.

By the formula given in 2.9, (1), we see that, for all z € X and ¢ € Hompg (X, R),
we have

ux (¢)(x) = (- z).
By 2.27, we then get the following property.

2.33. LEMMA. For any A-module X, the morphism
Homp(X, R) — Homx (X, A)
i la e Y W) =) v(ew)e; ]

is the inverse of the isomorphism t% .

Let X and X’ be A-modules such that X or X’ is a finitely generated projective
R-module. It results from 2.33 that the natural morphism Hom4 (X, A) @ g X' —
Homy4 (X, X') factorizes as follows :

Hom (X, A) ®r X' Homp(X, R) @ X' > Homp(X, X") 5 Hom A (X, X') .

The following proposition is known, in the case where A = RG, as the “Higman’s
criterion”. It is an immediate consequence of the characterization of finitely gener-
ated projective modules.

2.34. PROPOSITION. Let X and X' be A-modules such that X is a finitely
generated projective R—module.

(1) The submodule Hom") (X, X") of Homa (X, X') consisting of maps factor-
izing through a finitely generated projective A—module coincides with the image of
the map

Hompg (X, X') — Homu (X, X')
A
T ou—»[xHZe;oz(eim)]
iel
(2) The image of the map
Trd: ErX — EaX

is a twosided ideal of EoX, and X is a finitely generated projective A—module if
and only if Idx belongs to this ideal.
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C4. Schur elements

Quotients of symmetric algebras.

Let A and B be two symmetric algebras, and let A: A — B be a surjective
algebra morphism. The morphism A defines a morphism

A®Rr A® - BRr B® |, a®ad — \a)®@ \d'),
hence defines a structure of A—module—A on B.

REMARK. We shall apply what follows, for example, to the following context.
Let A be a finite dimensional algebra over a (commutative) field k, let X be an
irreducible A-module, let D := E4 X (a division algebra), and let B := EXp. We
know that B is a symmetric algebra, and (by 1.49) that the structural morphism
Ax: A — B is onto.

Let ¢ be a symmetrizing form on A and let u be a symmetrizing form on B.

Let ¢y = >, e;®ej and iy = >~ f;® f] be the corresponding Casimir elements
for respectively A and B.

The form u - X is a central form on A, so there exists an element (u-\)°? € ZA

whose image under 7 is u - A. Since X is onto, the element sy := A((u - \)°) belongs
to ZB.

2.35. DEFINITION. The element sy is called the Schur element of the (surjec-
tive) morphism .

2.36. PROPOSITION. We have

AR N)()) =sacy  and AZY) = sazly .

PROOF OF 2.36. Let us set ¢y =", e/ ®e;. We have, foralla e A :
(M) =Y t((w))ae))e;, hence (u.))a= > u(A(a)A(e}))e; ,

from which we deduce
saM(a) =) u(A(ae)))A(e:) -
Since A is surjective, it follows that for all b € B we have

sxb=3" ul(bA(E)Aer)

7

which shows that, through the isomorphism B ®z B —— ErB defined by u, the
element . A(e;) ® A(e;) corresponds to syIdp. This implies that

Z Aeh) @ Ae;) = sacly
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REMARK. Choose A = B and A := Id4. Now if ¢ and u are two symmetrizing
forms on A, we have u = t(u’+). The formula of the preceding proposition can be
written (with obvious notation) :

0 _pr

CAtiu CAu'

The structure of A—module-A on B defined by A allows us to define, for N any
B-—module-B, the trace map

T*: N - N4 | n—&An= Z)\(ei)n)\(e;) :

The following property is an imediate consequence of 2.36.

2.37. COROLLARY. Whenever N is a B—-module-B, we have
Trt(n) = sxTrB(n).

We give now a characterisation of the situation where the Schur element is
invertible.

2.38. PROPOSITION. The following properties are equivalent.
(i) The Schur element sy, is invertible in ZB.
(ii) The morphism A: A — B is split as a morphism of A-modules—A.
(ii) B is a projective A—module.
(iv) Any projective B—module is a projective A—module.
If the above properties are fullfilled, then the map

B— A
71 b Y u(sy bA(e)))es

is a section of A as a morphism of A-modules—A.

PrROOF OF 2.38.
(i)=(ii) : Since
Z/\ @ A(ei) = sxcy

and since sy is invertible, we have
=5t Aler) @ Ae;)
B A i)

It follows that

which proves that o is a section of .



22 SYMMETRIC ALGEBRAS

Let us set 5 := (u.\)?, and let us choose a primage § of s;* in A. If we choose
a preimage b of b through A\, we have

Zu(sglb)\(e’i))ei = Zu()\(é'i)e’i))ei = Zt(é?geg)ei = 53'b
— Zu(bs;u(e;))ei = Zu()\(i)é’e;))ei = Zt(égg'z}eg)ei
= bs§,

which makes it obvious that o commute with the twosided action of A.

(ii)=-(iii) : Since A is split as a morphism of A-modules, we see that B is
projective as an A—module.

(iii)=-(iv) : obvious.

(iv)=(i) : Since B is a finitely generated projective A—module, Higman’s cri-
terion (see 2.34) shows that there is 3 € ErB such that Tr* () = Idp. By 2.37,
we then see that

sxTr?(3) =1dp .

Since Tr? (8) € Homp(B, B) = B, that last equality shows that s, is invertible in
B, hence is invertible in ZB. O

REMARK. Since o is a morphism of A-modules—A4, it follows that, for
ex=0o(1)=> ulsy bA(e}))e;,
we have
a(bb') = aed

whenever A(a) = b and A(a’) = ¥, hence in particular e is a central idempotent of
A. Thus we may view (B, \,0) as :

B :AeA
A A— Aey , ar— aey
o:Aey — A |, aey+— aey.

Schur elements of split irreducible modules.

In the case where R = k, a (commutative) field, the next definition coincides
with the definition of a split irreducible module. The reader may keep this example
in mind.

2.39. DEFINITION. An A-module X is called split quasi irreducible if
(1) X is a generator and a finitely generated projective R—module (a “progene-
rator” for RMod),
(2) the morphism Ax: A — ErX is onto.

Note that if X is split quasi irreducible, then X is a Morita module for R and
ErX, and so in particular the map

R— EpX , M Ady
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is an isomorphism from R onto the center Z(ErX) of ErX. Thus the restriction
of Ax to ZA induces an algebra morphism

wx: ZA— R.
We denote by xx the character of the A—module X, i.e., the central form on
A defined by
xx(a) = trx/r(Ax(a)).

The next result is an immediate application of the definition.

2.40. LEMMA. Let X be a split quasi irreducible A-module. The Schur element
of X is the element sx € R defined by

Sx = wX(Xg() .

ExXAMPLE. Assume R = C and A = CG (G a finite group). Let x be the
character of an irreducible CG—module. Then the Schur element of this module is
the scalar s, := |G|/x(1).

2.41. PROPOSITION. For X a split quasi irreducible A—module, with character
X = Xx, we have

(1) sxx(1) =325 x(ei)x(ei) ,

(2) sxx(1)* = x (32 ejes) -

ProoF oOF 2.41.

The trace of the central element sx = wx(x%) is x(1)sx = x(1)x(x%), and

since X = 3", x(€})e;, we see that x(1)sx = >, x(€})x(e;) -
The second assertion is a consequence of the following lemma.

2.42. LEMMA. Whenever o € ErX, the central element TrA(a) is the scalar
multiplication by sxtrx, ().

Indeed, this is an immediate application of the results of example 2.26 and of
2.37.

Let us give a “direct” proof as an exercise.
Since for all a € A we have ax’ = . x(a€})e; , it follows that

Ax(ax’) =Y x(ae)Ax(e)

and if & = Ax(a), we get

arx(x’) = sxa = ZtrX/R(a)\X(eg))/\X(ei).

[

Hence, through the isomorphism EFrX — X* ® X , the action of sxa on X corre-
sponds to the element

Dt (€)alr)) ® Ax(e;)

and its trace is

oxtrx/r(@) = Y trx/a(Ax(€)a(Ax(e))
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Proposition 2.38 has the following important consequence.

2.43. PROPOSITION. Let X be a split quasi irreducible A—module. The follow-
ing properties are equivalent.
(i) Its Schur element sx is invertible in R.
(ii) The structural morphism Ax: A — ErX is split as morphism of A-
modules—A.
(iii) X s a projective A—module.
If the above properties are satisfied, then the map

EpX — A

a— ZtrX/R(s}lae;)ei

K2

is a section of A as a morphism of A—-modules—A.

Case of a symmetric algebra over a field.

Let k be a field, and let A be a finite dimensional symmetric k—algebra.

If X is an irreducible A—module, we recall that the algebra Dy := E2 X is a
division algebra, that the algebra B := EXp, is symmetric, and that the structural
morphism \: A — B is onto. Thus each irreducible A-module has a Schur element
sx € ZDx, and since ZDx is a field, the Schur element sy is invertible if and only
if it is nonzero.

2.44. PROPOSITION. Let k be a field, and let A be a finite dimensional sym-
metric k—algebra. The following assertions are equivalent.
(i) A is semi—simple.
(ii) Whenever X € Irr(A), then sx # 0.

PROOF OF 2.44. This follows from the fact that a finite dimensional k—algebra
is semi—simple if and only if all its irreducible modules are projective. O

Now assume that the algebra A := A/Rad(A) is split, i.e., that

(VS €Tir(A)) , Enda(S) = kldg, hence A" [ Endi(S).
Selrr(A)

Let us denote by a — @ the canonical epimorphism from A onto A.
Let S € Irr(A). By a slight abuse of notation, we consider that the structural
morphism defining the structure of A—module of S is defined by the composition :

A— ZgEndk(S) .

Let us denote by eg the corresponding central idempotent of A, and let us choose
an element eg € A whose image modulo Rad(A4) is eg.
We have

xs(a) = t(x%a) = trg;p(As(@)) .
For all S,T € Irr(A), it follows that
t(x%era) = trg/p(As(era)) = ds,rxs(a),

and so
0~ 0
X3€T = 05,7Xg -
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The above formula allows us to prove the following orthogonality relation between
characters of absolutely irreducible modules.

2.45. PROPOSITION. Let A be a symmetric algebra such that A/Rad(A) is
split. Let cP* = )", e; ® e; be the Casimir element of A. For all S,T € Irr(A), we
have

1) ifS=T,
S stehrten = {37907

Symmetric split semi—simple algebras.

2.46. PROPOSITION. Let k be a field, and let A be a finite dimensional symmet-
ric k—algebra. Assume that A is split semi—simple. For each irreducible character
x of A, let ey be the primitive idempotent of the center ZA associated with x, and
let s, denote its Schur element.

(1) We have
s, #0 and X" =s.e,.
(2) We have

t= Z ix.

S
x€Irr(A) X

PROOF OF 2.46.

(1) Since, for all a € A, we have x(eyh) = x(h) , we see that t(x%e, h) = t(x"h),
which proves that x° = xe, . The desired equality results from the fact that, for
all z € ZA, we have z =3, 1, (pa)wy(2)ey -

(2) Through the isomorphism between A and its dual, the equality

t:ZiX

S
x€EIrr(FA) X

is equivalent to
1
1= Y =X
5 X
x€Irr(FA)

which is obvious by (1) above. O

C5. Parabolic subalgebras

Definition and first properties.

The following definition covers the case of subalgebras such as RH (H a sub-
group of G) of a group algebra RG, as well as the case of the socalled parabolic
subalgebras of Hecke algebras.

2.47. DEFINITION. Let A be a symmetric R—algebra, and let t be a symmetriz-
ing form on A. A subalgebra B of A is called parabolic (relative to t) if the following
two conditions are satisfied

(Pal) Viewed as a B—module through left multiplication, A is projective.

(Pa2) The restriction of t to B is a symmetrizing form for B.
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REMARKS.

1. Condition (Pal) is equivalent to :

(Pal’) Viewed as a module-B through right multiplication, A is projective.
Indeed, A is a projective B-module if and only if A* is a projective module-B,

hence (since A* is isomorphic to A) if and only if A is a projective module-B.

2. Condition (Pa2) is equivalent to :

(Pal’) We have BN B+ =0.

2.48. PROPOSITION. Let A be a symmetric algebra with a symmetrizing form
t and let B be a subalgebra of A such that A is a projective B—module.
(1) The subalgebra B is parabolic if and only if B ® B+ = A, and then the corre-
sponding projection of A onto B is the morphism of B-modules—B

Briy: A— B such that t(Bra(a)b) =t(ab) foralla € A andbe B.

(2) If (1) is satisfied, then Bt is the B-submodule-B of A characterized by the
following two properties :

(a) We have A = B @ Bt (as B-modules-B),

(b) Bt Cker(t).

EXAMPLE. Assume A = RG and B = RH (G a finite group, H a subgroup of
G). Then the map Bri% is defined as follows :

g ifge H,

miio = {0 05,

@ Attention @

The subalgebra R.1 is not necessarily a parabolic subalgebra.

Indeed, the symmetrizing form on R are the forms 7 such that 7(1) € R*.
Thus R.1 is parabolic if and only if ¢(1) is invertible in R.

This is not always the case, since for A := Mat,,(R) and ¢ := tr, we have
t(1) = m. This example shows as well that the property of R.1 to be parabolic is
not stable under Morita equivalence.

REMARKS.

e If R.1 is parabolic, we may wish to normalize the form ¢ by assuming that
t(1) =1.

e If R.1 is parabolic, then A is strongly symmetric (see 2.12).

But an algebra may be strongly symmetric without R.1 being parabolic, as
shown by the example A := Mat,,,(R) when m is not invertible in R.

D. EXACT BIMODULES AND ASSOCIATED FUNCTORS

D1. Selfdual pairs of exact bimodules

In what follows, we denote by A and B two symmetric R—algebras. We assume
chosen two symmetrizing forms ¢ and u on respectively A and B.
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2.49. DEFINITION. An A-module—-B M is called exact if M is finitely gener-
ated projective both as an A-module and as a module-B.

If M is exact, the functors
M ®p+: pMod — yMod and +*®4 M: Mody — Modp
defined by M are exact.

DEFINITION. A selfdual pair of exact bimodules for A and B is a pair (M, N)
where M is an exact A-module-B, and N is an exact B-module-A endowed with
an R—duality of bimodules

MxN-—-R , (m,n)— (m,n),
i.e., an R-bilinear map such that
(amb,n) = (m,bna) (Mac€ A, be B,meM,neN),
which induces (bimodules) isomorphisms

M= N* and N M*.

EXAMPLES.

1. Take B =R, M =4 AR (i.e., A viewed as an object in smodg), N =r A4
(i.e., A viewed as an object in pmody, and (a,b) := ¢(ab) . Then (4Ar,r Aa) is
an exact pair of bimodules for A and R, called the trivial pair for A.

2. Let G be a finite group, and let U be a subgroup of G whose order is invertible
in R. Let Ng(U) denote the normalizer of U in G, and let us set H := Ng(U)/U.
Then the set G/U is naturally endowed with a left action of G and a right action
of H, and the set U\G is naturally endowed with a left action of H and a right
action of G.

Take A := RG, B := RH (both induced with the canonical symmetrizing
forms of group algebras), M := R[G/U] (the R—free module with basis G/U),
N = R[U\G], and
1 ifUg = (gU)7!

U,Ug) =
(g g {O if not.

Then the pair (R[G/U], R[U\G]) is an exact pair of bimodules for RG and RH.
The functor defined by M is the so—called “Harish-Chandra induction” : take
an RH-module Y, view it as an RNg(U)—module, and induce it up to RG.
The adjoint functor defined by N is the “Harish—Chandra restriction (or trun-
cation)” : take an RG-module X, and view its fixed points under U as an RH—
module.

3. The following example is a generalization of the previous two examples.
Let B be a parabolic subalgebra of A, let e be a central idempotent of A and
let f be a central idempotent of B. Let us choose

M:=eAf , N:=fAe , (m,n):=t(mn).
Then the functor induced by M is the induction truncated by e :
Y — e.Ind4Y,
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while the functor induced by N is the restriction truncated by f :
X — fResgpX .

Let (M, N) be a self dual pair of exact bimodules.

1. The isomorphism N — M*, composed with the isomorphism M* ~» MY =
Hom (M, A) given by 2.9, gives an isomorphism N —— MY of B-modules-A ,
which is described as follows :

2.50. the element n € N defines the A-linear form m +— mn on M such that

t(mn) = (m,n).

Similarly, we have an isomorphism M —— NV of A-modules-B , which is de-
scribed as follows :

2.51. the element m € M defines the B-linear form n +— nm on N such that

u(nm) = (m,n).

2. The isomorphism M — NV described above induces isomorphisms
MegN-"5NY®g N—SEN.

We know (see 2.10) that there is a symmetrizing form uy on the algebra EpN.
Transporting the algebra structure and the form uy through the preceding isomor-
phisms gives the following property.

2.52. PROPOSITION.
(1) The rule
(m®@pn)(m @pn'):=meg (nm')n
provides M ®@pg N with a structure of algebra isomorphic to EgN.
(2) The form
tun: M@ N —-R , m®gn— (m,n)

is a symmetrizing form on the algebra M ®p N.
Similarly, we have an algebra structure on N ® 4 M and a symmetrizing form
INM: NQsM—>R |, n®ame— (m,n).

We denote by cpr,n the unity of M ®@p N (i.e., the “(M, N)— Casimir element”).
Thus, if caprv = ZZ m; @p n;, for all m € M and n € N we have

Zm ®p (nmi)n; = Zmi ®p (nim)n =nm g n.

Similarly, we denote by cxy, s the unity of the algebra N ®4 M.

The case of the trivial pair.

Let us consider the trivial pair (4 Ar,gr A4) for A. Then
e The algebra A ®4 A is isomorphic to A and its symmetrizing form is
the form t.
e The algebra A ® g A is isomorphic to FrA and its symmetrizing form
is defined by a ® o’ — t(aa’).
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(D Attention (1)
The algebra A ® g A mentioned above is not, in general, isomorphic to
A® A°P,
Notice also that the multiplication in the algebra A ®pg A is defined by the rule

(ad)bxb):=axtdb),
and that by its very definition, ¢}’ is the unity of this algebra.

Adjunctions.

Let (M, N) be a selfdual pair of exact bimodules for A and B. Since M ~ NV
and N ~ MV the pair (M ®p+, N ®4+) is a pair of biadjoint functors, i.e., a pair
of functors left and right adjoint to each other.

The isomorphisms N -~ MY and M —~ NV described in 2.50 and 2.51, to-
gether with the adjunctions defined by the “isomorphisme cher a Cartan”, define
the following set of four adjunctions (described in terms of morphisms of bimod-
ules) :

Mg N — A B—-N®s M
EM,N -

mXpn— mn

and NM,N
b— bCN7M

N®sa M — B A—- M®gN
EN,M -

and NN, M :
nQpm— nm

a — acy,N
2.53. PROPOSITION. The morphisms
EM’NZM(X)BN—)A and ’I’]N’MZA—>M®BN

are adjoint one to the other relatively to the bilinear forms defined on A and Mg N
by respectively t and ty N, i.e.,

tlearn(@)a) =ty n(znn(a)) (Ve e M@p N, a€ A).

D2. Relative projectivity, relative injectivity

Let us generalize the preceding situation, by replacing 4Mod and pMod by
two arbitrary R-linear categories, and by considering M : 8 — 24 and N : A — B
two functors such that (M, N) is a biadjoint pair.

In addition, like in the “concrete” situation considered above, let (ear,n, 7as,n)
(resp. (en,m,nN,a) ) be a counit and a unit associated with an adjunction for the
pair (M, N) (resp. (N, M)).

CONVENTION. For our own purposes, we make the following convention.
We say that an object X’ of a category 2 is isomorphic to a direct summand
of an object X if there exist two morphisms

X' — X

, suchthat mo.=Idx.
X —-X

If the category 2 is abelian, this is indeed equivalent to the existence of an object

X' and an isomorphism
X=X aoXx".
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2.54. DEFINITION. For X and X' in 2, we denote by Tr\ (X, X"), and call
relative trace, the map

Trd (X, X'): Homg (NX, NX') — Homg (X, X")
defined by
TeM (X, X)(3) := enrn(X') o M(B) o ny.ar(X) - X X’

nN,Ml TEM‘N
M

MNX 2% yNx

If it is clear from the context what the domain and the codomain of 3 are,
we will write Trjj\\/,f(ﬁ) instead of Tr]A\/,I(X, X")(B). Furthermore, TrJ\N4(X) stands for
Tri (X, X). Notice that the map Tr}; is defined, as well.

The following example is fundamental.

EXAMPLE : INDUCTION AND RESTRICTION FROM R. Let A be a symmetric
R-algebra with symmetrizing form ¢ and Casimir element ¢} = ", e; ® ;. We take
A = 4Mod, B = gpMod and consider the pair of biadjoint functors defined by the
module A, considered as an object of sModgp, and as an object of pMod,4. In
other words, the functors are the induction Ind’é and the restriction Resé. Let us
set

Ind‘g R ._ Resﬁ
Resid and Try := TrIndg .

The verification of the following two statements is left to the reader.
1. For X, X’ € 41Mod, the map

A
Try :=Tr

Try - Homp(X, X') — Homa (X, X')
is defined by
Trp(B)(z) = > eif(ejr) = i (a)

thus in other words we have
Trp = Tr? .
2. For Y, Y’ € gkMod, the map
Tr% : Homuy (A®r Y, A®RY’') — Homg(Y,Y")

is defined in the following way. Let a be an element of Homs(A ®g Y, A ®r Y")
andy €Y. Ifa(1®y) =), a; ® y;, then the relative trace is given by the formula

Trh(e)(y) = tla)y:
2.55. PROPOSITION. Whenever we have three morphisms
B: NX - NX" | a:X3—X , o: X — X7,

we have
o/ o e (B) 0 a = Trl (N(o) o Bo N(a))

In particular, the image if Tr is a two-sided ideal in Homg(+,+).
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PRrOOF OF 2.55. Since 7y, is a natural transformation, the diagram

X1
X, ) MN(X1)

la lMN((x)
X
AL MN(X)

commutes, i.e.,
MN () o ny,m(X1) = nv,m(X) oo
Similarly, we get
EM,N(XD o MN(CY,) =d o 5M,N(X/) .
Using these equations, we obtain

’

Xl X X/%Xll

nN,M(Xl)l 77N,M(X)l €M,N(X')T EM,N(X{)T

MNX; 2% vy 25 v xr MY N X

o oTrM (B)oa =o' oep n(X') o M(B) oy (X) o
emN(X]) o M(N(a')oBoN(a))onnm(X1)
T (N(o) 0 B o N(0).

O
2.56. THEOREM. For an object X in U, the following statements are equiva-
X is isomorphic to a direct summand of MN(X).

)

) X is isomorphic to a direct summand of M(Y'), for some object Y in B.
(iii) The morphism Idx is in the image of Tril (X).
(iv)

)

)

iv) The morphism ny p(X) : X — MN(X) has a left inverse.
(v) The morphism ep n(X) : MN(X) — X has a right inverse.
(vi) Relative projectivity of X :
X
I
a g o
N(m) g l
N(X") —= N(X") PO

B

Given morphisms o : X — X' and 7 : X" — X' such that there exists
a morphism (3 : N(X') — N(X") with N(m) o 8 = Idn(xr), then there
exists a morphism & : X — X" with mo & = a.

(vil) Relative injectivity of X :

X
A .
(07 NG
N () T RN
N(X') —= N(X") Nt e
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Given morphisms o : X' — X and v : X' — X" such that there exists a
morphism 3 : N(X") — N(X') with 3o N(¢) = Idn(x-y, then there exists
a morphism & : X" — X with &o1 = a.

To prove the above theorem we need the following lemma.
2.57. LEMMA. We have Try (M(Y))(na,n (Y) o en,nr (V) = Idar(y

PROOF OF 2.57. By definition, we have

MY MY
"]N,MM\L TEM,NM
MNMY MNMY
Mm %N
MY

Tey (M(Y)) (v (Y) o en e (Y)) =

emn(M(Y)) o M(nu,n(Y)) o M(enar(Y)) o nnar(M(Y)) .
It follows from proposition 0.1 that the morphisms epr,n (M (Y'))o M (nar,n(Y)) and
M(enm(Y)) onn m(M(Y)) are the identity on M(Y). O

PROOF OF 2.56. We prove the implications
. . (iv) = (@)
1) = (11) = (1) = .
== ={ ") T 0
and

(ii):>{(v.i.) z (.M.

(i)=(ii) : trivial.

(ii)=-(iii) : We may assume that X = M(Y). For if X is a direct summand
of M(Y'), we have to morphisms p : M(Y) — X and ¢ : X — M(Y) such that
poi=Idx. Hence, if Trd (M (Y))(f) is the identity morphism on M (Y), then the
identity morphism on X is given by poTri! (M (Y))(3)oi and using proposition 2.55,
we get

Idx = TrX¥ (N(p) o fo N(i)) .
For X = M(Y") the assertion follows from lemma 2.57.

(iii)=-(iv) and (iii)=-(v) : These implications follow from the definition of the

relative trace, since we have

Idy = Tri (X)(B) = emn(X) o M(B) oy (X)

(iv)=(i) and (v)=-(i) : clear.

(ii)=>(vi) : We may assume that X = M(Y). Let ¢ be an adjunction for the

palr (M,N). Given a morphism « : M(Y) — X', we must construct a morphism
: M(Y) — X" such that m o & = a. Using the adjunction, we get a morphism

vy.x (@) : Y — N(X'), which we compose with 3 to obtain a morphism from Y to

N(X'"). We claim that if we set

&= oy (Bopyxi(a)),
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then & has the desired property. Since the adjunction is natural, we have
T o 0y xu(Bopyx (@) = oyl (N(m) o o gy xi(a)).

By assumption, N(7) o 8 = Idy(x), from which it follows that 7o & = a.
The proof of the implication (ii)=-(vii) is analogous to the previous one.
(vi)=(v) : Let us choose a :=Idx and 7 := &), n(X). We have to check that
the morphism N (e, n (X)) splits : this follows from the properties of an adjunction,
since N (e, v (X)) o nar,n (N (X)) is the identity on N(X) (see proposition 0.1).
The proof of the implication (vii)=-(iv) is similar to the previous one. O

2.58. DEFINITION. An object X of the category U, satisfying one of the con-
ditions in theorem 2.56, is called M -split (or relatively M -projective, or relatively
M -injective).

Notice that any object isomorphic to M (Y) (for Y € 8B) is M—split.

EXAMPLE : INDUCTION—RESTRICTION WITH R. Let A be a symmetric algebra
over R, and consider the categories

A= ,Mod and B = prMod.

We have already seen that the functors M := Ind% and N := Resf build a biadjoint
pair. We shall prove and generalize below the following set of properties.
e The relative trace Trﬁ is the trace Tr” defined in the previous paragraph,
i.e., the multiplication by the Casimir element.
The split modules are the relatively R—projective modules.
For X a finitely generated A—module, the following condition are equiv-
alent.
(i) X is a projective A-module,
(ii) X is a projective R—module and a split module (relatively projective
R-module).
If R =k, a field, the A-split modules are exactly the projective modules and
the projective modules coincide with the injective modules.

Relatively projective modules and projective modules.
Consider the following particular situation :

e B is a symmetric subalgebra of A such that A is a projective B—module
(hence, as we have already noted, A is a projective module-B). We choose a
symmetrizing form ¢ on A and a symmetrizing form u on B.

e We choose M := A (viewed as an object of s\Modpg), N := A (viewed as an
object of pMod,), and the pairing A x A — R is defined by (a,a’) — t(aa’).

Thus the functor M ®p * coincides with the induction
Ind‘g: sMod — sMod,
while the functor N ® 4 = coincides with the restriction
Resp: sMod — pMod .

We then say that an A—module X is relatively B—projective when it is split for the
pair (M, N) just defined.

We construct in this context the analog of the Casimir element.
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Since A is a (finitely generated) projective B-module, the natural morphism
HOIDB(A, B) KRB A— EBA

is an isomorphism. Since B is symmetric, it chosen symmetrizing form w induces a
natural isomorphism

Homp (A, B) — A*

and since A is symmetric, its chosen symmetrizing form ¢ induces an isomorphism
A5 A*. So we get an isomorphism (of (A ® A°P)-modules—(EpA @ EpA°P))

A®p A" EgA.

We call relative Casimir element and we denote by ¢4 the element of A®p A which
corresponds to Id 4 through the preceding isomorphism.
Let X be an A—module. The relative trace may be viewed as a morphism

Tr4: Homp(X, X') — Hom (X, X').

This morphism is nothing but the multiplication by the relative Casimir element
cpif ey =3, a;®pa;, and if Y is any A-module-A, we have

yE L vy4

A,
Ty cpy = aal.

?

EXAMPLE. Assume A = RG and B = RH (G a finite group, H a subgroup of
G). Then we have
Chf = Z 9OrH g,
9€[G/H]

where [G/H| denote a complete set of representatives of the left cosets of G modulo
H. Thus, whenever Y is an RG-module-RG and y € Y, we have

TRGy) = > gvg '
g€[G/H]

In such a situation, projectivity and relative projectivity are connected by the
following property.

2.59. PROPOSITION. Let B be a symmetric subalgebra of A such that A is
a projective B—module. Let X be a finitely generated A-module. The following
conditions are equivalent.

(i) X is a projective A—module.

(ii) X is relatively B—projective and Res‘éX is a projective B—module.

PRrROOF OF 2.59.
(i)=-(ii) Since A is a projective B—module, any projective A—module is also (by
restriction) a projective B-module. Moreover, if a morphism X" — X’ gets a right
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inverse after restriction to B, it is onto, and so every morphism X — X’ can be
lifted to a suitable morphism X — X”.

X
s
[e 2% «
N Resp () N a /71— l
Resz(X") <B_3 Resiz(X') X" —= X'

(ii)=(i) Since X is relatively projective, we may choose an endomorphism
t: Resp(X) — Resp(X) such that Tra(:) = Idy .

Suppose given a surjective morphism X”—-X’ and a morphism X —-X’. Since
Resﬁ,X is projective, there exists a morphism -y: Reng — Reng " such that the
following triangle commutes :

Reng e, TY=aQt.

-
Yy -
- (677
-
pa

Resp X" ——> Resp X'
Applying Trjé to this last equality, we get
m.Trg(y) = aTrp() = a,

and this shows that the morphism « has been indeed lifted to a suitable morphism
X — X", O

D3. The M-Stable Category

Generalities.

Let 2 and B be two categories. We denote by Homy! (X, X’) the image of
Try (X, X') in Homg (X, X’) and call these morphisms the “M-split morphisms”.

By definition, the M—split objects are those objects whose identity is M—split
(i.e., such that all endomorphisms are M-split).

Since the M-split morphism functor Homy! (+, ) is an ideal (see 2.55), we have
the following property.

2.60. LEMMA. A morphism X — X' in 2 is M-split if and only if it factorizes
through an M —split object of 2.

2.61. DEFINITION. Let 2 be an abelian category. The category Stab(2l), is
defined as follows:
1. the objects of Stab(2l) are the objects of 2,
2. the morphisms in Stab(2l), which we denote by HomSQ'f’M(., .), are the mor-
phisms in A modulo the M -split morphisms, i.e.,

Homstg (X, X') := Homg (X, X')/Homd/ (X, X') .
Let A be an R-algebra. In the situation where 2 = 4Mod, 6 = pMod and

the biadjoint pair of functors is given by (Indé, Resﬁ), we denote the corresponding
stable category by 4Stab.
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REMARKS.

1. If R =k, a field, then the category 4Stab coincides with the ususal notion
of the stable category, i.e., the module category “modulo the projectives”. But in
general, our category 4Stab is not the quotient of 4Mod modulo the projective
A-modules.

2. Stab(2l) is an R-linear category.

(D Attention (1)

In general, the category Stab(2l) is not an abelian category.

EXERCICES. Let A be a symmetric algebra over a field. Prove that

(1) if X is a non-projective indecomposable A-module, then St(M) is an in-
decomposable object in 4Stab.

(2) Show that every monomorphism and every epimorphism splits in 4Stab.

(3) Give an example of an algebra A, for which 4Stab is not an abelian
category. (Hint: Use (1) and (2) to prove that there exist morphisms in
AStab, which do not have a kernel in 4Stab).

From the way we defined the M-stable category, it is clear that there is a
natural functor St : 2 — Stab(2l).

2.62. PROPOSITION. If X is an object in A, then St(X) ~ 0 if and only if X
is M -split.

PROOF OF 2.62. If St(X) ~ 0, then the identity on X is in the image of the
relative trace ’H%I (X), which is equivalent to say that X is M-split.

If X is M-split, then the identity on X is an M-split homomorphism and
therefore it is zero in Stab(2). Thus, we have St(X) ~ 0. O

The Heller Functor on Stab(%().
Whenever o € Homg (X, X'), we denote by ot its image in HomgtM(X, X').

2.63. PROPOSITION. (Schanuel’s lemma) Let A and B be two abelian cate-
gories and let (M, N) be a biadjoint pair of functors on A and B. Assume that

0— X;-%P "X -0 and 0— X,-2P, "X, — 0

are short exact sequences in 2 such that
1. Their images through N are split,
2. Py and Py are M -split objects.
Then there exists an isomorphism
Homif,M(Xl,Xz) - Homgf,M(X{aXé)

" st
abt Ck/

determined, for a € Homg(X1,X2) and o/ € Homy (X7, X%), by the following
condition : there exists u € Homgy (P, Py) such that the diagram

L1 ™1
X{ — P —— X,

4

X§L>P2—>X2

commutes.
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PROOF OF 2.63. We may assume that « is given. Then, since N(m3) splits
and P; is a M-split object, there exists a map v and a map o’ such that the above
diagram commutes. It suffices to verify that ot is zero if and only if o/ is zero.

If o®t is zero, then o factorizes through the object P;. Let us say o = my o h,
where h: X1 — P;. The map u — h o7 is a map from P; to the kernel of ms.
Therefore, if we set h' = u — h o my, then o/ = I/ o1y, i.e., the map o' factorizes
through an M-split object. The converse implication can be verified similarly. [

REMARK. It follows from the proof of Schanuel’s lemma that (o, u, «) defines
a single homotopy class of morphisms from

0— X 5P "5X, -0 to 0— X0-25P"2X, — 0
This is a particular case of a more general lemma which we will prove later on.
2.64. COROLLARY. Assume that
0—-X-PL—-X—>0 and 0> X,—>P,—X—0

are short exact sequences in A such that
1. their images through N are split,
2. Py and Py are M -split objects.
Then there exists an isomorphism

©*': X1 X, in Stab(2)

characterized by the following condition : there exists u € Homgy (P, Py) such that

the diagram

L1 T
X{ — P —— X

Wl ul IdX l
Xé g P, . X
commautes.
This corollary allows us to define a functor Qs : Stab(A) — Stab(2), the
Heller functor. It is given by Qu(X) := X7.

Similarly, we have a functor Q;; : Stab(2l) — Stab(2). It can be check that
the functors Qy and Q; induce reciprocal equivalences of Stab(2l).

EXERCICE. Prove that under the assumptions of corollary 2.64, there exists an
isomorphism from X| & P, to X, & P;.
The case of 4Stab : the Heller bimodules.

From now on, we assume that 2 = sMod, B = pMod and the modules
inducing the biadjoint pair of functors are M € sModp and N € oMod4. We
proceed to give another definition of the Heller functors 24 and Q;ll.

We call Heller bimodule and we denote by {24 the kernel of the multiplication
morphism
AQrA— A.

Oy = {Zai(@bi | Zazbzz()} .

Thus we have
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e Viewing Q4 as a left ideal in A @ AP, we see that if Y, a; ® b; € Qqa, we
have

% A

Zai®bi:Z(ai®bi_l®aibi):Z(1®bi)(ai®1_l®ai)>

hence Q4 is the left ideal of A @ A°P generated by {a®1—-1®a | (a € A)}.

e Since A®pr A)4 is by definition the right annihilator in A ®z A°P of the set
{a®1-1®a | (a € A)}, it follows that

(A®g A)A = Ann(QA)(A®RAop) .
e If A is symmetric and ¢ is a symmetrizing form, then the form

R
" la®d — tla)t(a)

is a symmetrizing form on A ® g A°P. Then it follows from what preceds that
(Aer A)* =y,

where the orthogonal is relative to the form ¢°".

The inverse Heller bimodule Q" is defined as the quotient
Q' = (A®r A)/(A®g A4,
Thus we see that the form t°" induces an isomorphism of A-modules—A :
Q7 =0y,

Taking the dual (relative to the forms ¢ and ¢ of the short exact sequence
0> Q4 —>AQr AP - A—0,

we get the short exact sequence
0—-A— A®Rgr AP —>QZI — 0.

2.65. PROPOSITION.
(1) The A-modules—A Qa4 and Q;l are ezact.
(2) The bimodules Q4 @4 Qzl and Qzl ®4 Q4 are both isomorphic to A in the
category aStab 4.

2.66. COROLLARY. The functors
Qa, Q' AMod — 4Mod

induce reciprocal selfequivalences on 5Stab.
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PROOF OF 2.65.
(1) Since A is projective on both sides, we see that

004 — Ar ALSA 0

is a split short exact sequence in 4Mod, as well as in Mod 4. In particular, it is
R-split. Taking the dual with respect to the bilinear forms defined above yields
the R—split short exact sequence

OHALA(@RAHQ;GHO.

The relative injectivity of A implies that this sequence splits in 4Mod and in
Mod 4. Thus, we have shown that Q4 and Qzl are in A4proj N projy.

(2) Since we want the isomorphism from Q4 ® 4 Qzl to A to be in 4Staby,
the symmetric algebra to consider here is (A ® g A°P). We shall apply Schanuel’s
lemma to the short exact sequences

p®Id, -1
0——> 04040 ——= AR 0} X% 0

0— AX5A®R A — Q7 —0

These sequences split as sequences in 4 Mod, since Q;l is an A-projective module.
In particular, they split when restricted to R. Thus, by Schanuel’s lemma, it is
enough to check that AQr A and A®RQzl are both relatively (A® r A°P)-projective,
hence it is enough to remark that they are projective (A ® g A°P)-modules.
Similarly, one shows that Q;‘l ®4 Q4 is isomorphic to A in the category
aStab 4. O

2.67. DEFINITION. For X, X' € y)Mod and n € N, we set
Ext’} (X, X') := Hom , s¢ab (2% (X), X').
Note that we have also
Ext’; (X, X') = Hom ,stab (X, Q7" (X")).
2.68. PROPOSITION. Let M € sModpg be an exact bimodule. Then the func-
tor M ®p = commutes with €, i.e.,

Qa4 M-S MepQp maStabg.

PROOF OF 2.68. The module M induces a functor on the stable category.
Consider the following two short exact sequences

004 > ARr AX5A 50 and 0—Qp > B®r BESB 0.

If we tensor the first one over A with M and the second one over B with M, we
get the two short exact sequences

0->QAAM > AQQrM - M —0and 0 > MRppQg —> MR B — M —0.
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Both sequences split as sequences over R. Since M is in projg, A ®r M is a
projective A ® g B°P—module. Similarly, on shows that M ®g B is a projective
A ®pg B°?—module. Thus, we can apply Schanuel’s lemma and get an isomorphism

Q4 ®AM;>M®B Qg in 2Stabg.
O

As an application of the previous proposition, we get the following corollary.

2.69. COROLLARY. (Schapiro’s lemma) Let (M, N) be a self dual pair of exact
bimodules for the algebras A and B. Then (24 ® 4 M, le ®a N) is also a self dual
pair of exact bimodules for the algebras A and B.

In particular, for all n € N, we have

Ext?(M(Y), X) ~ Ext’(Y, N(X)) .

PROOF OF 2.69. We will only show that QM is left adjoint to Q5'N. We
know that both, (M,N) and (QA,Qzl), are biadjoint pairs. Thus the functor
QM is left adjoint to the functor NQZl. By proposition 2.68, NQZ1 is naturally
equivalent to the functor Q;N . O

D4. Stable Equivalences of Morita Type

Let (M,N) be a selfdual exact pair of bimodules for A and B. Since the
functors M ®p . and N ® 4 . factorize through the functors

St4 : sAMod — 4Stab and Stp: gMod — gStab,
the bimodules M and N induce two functors
M ®p.: gStab — 2,Stab and N ®4.: 4Stab — gStab.

Since the functors M ®p+ and N® 4+ are biadjoint, the induced functors on the
stable categories are biadjoint, as well. The associated adjunctions are the images
in the stable categories of the adjunctions of M and N on the module category
level.

These preliminaries suggest the following definition of a stable equivalence of
Morita type.

2.70. DEFINITION. Let M and N be bimodules as above. We say that M and
N induce a stable equivalence of Morita type between A and B if

M®g N~ Ain sStaby and N ®4 M ~ B in gStabpg,
through the counits and the units of the adjunctions.
REMARK. Notice that by theorem 0.5, we do not need to specify which

counits and units provide the above isomorphisms. If one appropriate pair of them
are isomorphisms, then all of them will be isomorphisms.

2.71. DEFINITION. The stable center of the symmetric algebra A, denoted by
Z5YA, is the quotient ZA/ZPTA.
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REMARK. If we view A as an object in the category (agp4or)Mod, then the
center of A is isomorphic to End(ag,00)(4). It follows from the definition of the
stable category (4gy,a-r)Stab and the definition of projective endomorphisms of A
considered as an (A ®p A°P)-module, that the stable center of A is isomorphic to
End<A®RAop>Stab(A)'
2.72. PROPOSITION. A stable equivalence of Morita type between the symmet-
ric algebras A and B induces and algebra isomorphism

ZA~ 7%B.

PROOF OF 2.72. Let astab’) denote the full subcategory of sstab, whose
objects are the exact A—modules—A. Assume that (M, N) induces a stable equiva-
lence of Morita type between A and B. Then the pair (M ® g N, N ® g M) (where
M®pgN is viewed as an (A® g A°P)-module-(B®p B°P) and N®@p M is viewed as a
(B®pg B°P)-module-(A®p A°P) as previously) induce inverse equivalences between
astab’)” and pstably which exchange A and B. The assertion follows from the fact
that Z5%(A) is the algebra of endomorphisms of A in sstably. O

D5. (M, N)—split algebras

We keep the notation introduced in §D1 above. Let us consider the objects (see
chapter 1, §A1)
F:=M®RrN € (A®RAop)M0d(B®RBop)
G:=N®rM € (B®RBop)M0d(A®RAop) .
Then the pair (F,G) with the pairing defined by
{ FxG— R
(m&n, n'@m') — (m,n)(m',n),

is an exact pair for the algebras A ® g A°? and B ®p B°P.
We have

F®@pggrpor) G — (M ®p N) ®r (M @p N)
(m®n) ® (nl ®ml) = (m ®B nl) QR (m’ ®pB n),
and through that isomorphism the counits are given by

{(M®BN)®R (M ®pN)— A®p AP
(men)®nmeom')— (mn) g (m'n),

2.73. PROPOSITION.
(1) We have

Homp(N @4 M, N @4 M)p = (M @p N @4 M ©p N)*,
and the relative trace for the pair Trgg(A) s given by
(M ®p N@&s Mo N — ZA

FG .
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(2) We also have
Homp(N ®4 M,N &4 M)p = (N @4 M @ N @4 M)? |
and the relative trace for the pair TrE%(A) is given by
(N®s Mo N®s M) — ZA
Trgg(A): 1 / A 1 l
Y mem)emem)—T5) (nm)(n'm))

2.74. PROPOSITION-DEFINITION. The following assertions are equivalent.
(i) A is isomorphic to a direct summand of M ®p N in sMod,4.

(ii) em,n is a split epimorphism in sMod 4.

(iii) na,am ts a split monomorphism in 4Mod 4.

(iv) The trace map

Trog(A): (N®@a M ®p N @a M)? — ZA

18 onto.
(v) Every A-module is M —split.
If the preceding conditions are satisfied, we say that the algebra A is B-split (through
(M,N)).

EXAMPLE : INDUCTION—RESTRICTION WITH R. Choose B := R, M :=4 AR,
N =g A4 and (a,ad’) := t(ad’).
1. The following conditions are equivalent.
(i) A is strongly symmetric.
(ii) R is A-split.
2. The following conditions are equivalent.
(i) A is separable.
(ii) A is R-split.

EXAMPLE : INDUCTION-RESTRICTION WITH A PARABOLIC SUBALGEBRA. Let
B be a parabolic subalgebra for A. Choose

M :=4Ap, N:=pAa, (a,d):=t(ad).
Then B is always A-split, while A is B-split if and only if A is a summand of
A®p Ain sMod,4.
If cff =Y, e, ®p e; is the relative Casimir element, the “double relative trace”
is
(A®p A)B — ZA

Tr: Yooy =y el) wyses
j i

Notice that the element 1 ®p 1 belongs to (A ®p A)B. Its image by Trj is the
relative projective central element zg. Thus if z§ is invertible in Z A, the algebra
A is B—split.
For example if A = RG and B = RH, the relative trace is
TrR% a; @p a'i — Z gazalg™t,
9€(G/H]

and the relative projective central element is |G : H|. It follows that if the index
|G : H| is invertible in R, then RG is RH-split.
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EXAMPLE : INDUCTION—RESTRICTION WITH IDEMPOTENTS. Let B be a par-
abolic subalgebra for A. Let e be a central idempotent in A and let f be a central
idempotent in B. Choose

M :=cAf , N := fAe, (a,d’) :=t(ad’).



