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Abstract

We present an implementation of an incremental al-
gorithm to enumerate simple projective arrangements
of pseudolines and double pseudolines.

1 Introduction

Pseudoline arrangements (or in higher dimension,
pseudohyperplane arrangements) have been exten-
sively studied in the last decades as a useful combina-
torial abstraction of configurations of points [2, 3, 7].
Recently, Habert and Pocchiola [6] introduced dou-
ble pseudoline arrangements as a combinatorial ab-
straction of projective configurations of disjoint con-
vex bodies. The main structural properties of pseudo-
line arrangements (embedability in a geometric pro-
jective plane, connectivity of the mutation graph, ax-
iomatic characterization) extend to double pseudoline
arrangements. We recall some definitions and results
of [6] in Section 2.

To help our understanding of double pseudoline ar-
rangements, and in order to carry out computer ex-
periments, it is interesting to develop algorithms to
enumerate arrangements with few double pseudolines.
For pseudolines arrangements, different enumeration
algorithms have been implemented [4, 5, 1]. The num-
ber pn of isomorphism classes of pseudoline arrange-
ments in the projective plane is 1 for n ≤ 5 and then
follows the table:

n 6 7 8 9 10 11
pn 4 11 135 4 382 312 356 41 848 591

In this paper, we present the implementation of an
incremental algorithm to enumerate “mixed” arrange-
ments, that is, with both pseudolines and double pseu-
dolines.

2 Preliminaries

Mixed arrangements We denote the projective
plane by P and represent it as a disk with antipo-
dal boundary points identified.

A simple closed curve of P is a (simple) pseudoline
if it is not contractible, and a double pseudoline other-
wise (Fig. 1). The complement of a double pseudoline
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ℓ has two connected components: a Möbius strip Mℓ

and a topological disk Dℓ.

An arrangement of simple and double pseudolines
is a finite set of pseudolines and double pseudolines
such that (1) any two pseudolines have a unique in-
tersection point; (2) a pseudoline and a double pseu-
doline have exactly two intersection points and cross
transversally at these points; and (3) any two dou-
ble pseudolines have exactly four intersection points,
cross transversally at these points, and induce a cell
decomposition of P (Fig. 1). Throughout this paper,
we only consider simple arrangements, that is, where
no three curves meet at the same point.

Figure 1: An arrangement of three double pseudolines
(left) and an arrangement of two pseudolines and one
double pseudoline (right).

Two arrangements A and B are isomorphic if there
is an homeomorphism of the projective plane that
sends A on B (or equivalently, if there is an isotopy
joining A to B). In this paper, we are interested in
enumerating isomorphism classes of simple arrange-
ments.

Duality The line space of a geometric projective
plane P (i.e., a projective plane endowed with a topo-
logical point-line incidence geometry) is a projective
plane P∗. The set of lines passing through a point
p ∈ P (resp. tangent to a convex body C ⊂ P) forms
a pseudoline p∗ ⊂ P∗ (resp. a double pseudoline C∗ ⊂
P∗). Given a finite disjoint set S of points and convex
bodies of P , its dual S∗ = {p∗ | p ∈ S}∪{C∗ | C ∈ S}
is an arrangement of simple and double pseudolines.
The arrangement S∗ is simple if and only if no line is
tangent to three objects of S.

Moreover, as for pseudoline arrangements, it turns
out that any mixed arrangement is the dual of a finite
disjoint set of points and convex bodies of a geometric
projective plane [6].
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Chirotopes The chirotope of an indexed oriented
arrangement is the application that assigns to each
triple J of indices the isomorphism class of the sub-
arrangement indexed by J .

As for pseudoline arrangements, an isomorphism
class of indexed oriented arrangements only depends
on its chirotope. Furthermore, given an application
χ that assigns to each triple J of indices an isomor-
phism class of an oriented arrangement indexed by J ,
the following properties are equivalent [6]:

1. χ is the chirotope of an indexed oriented arrange-
ment,

2. the restriction of χ to the set of triples of any
subset of at most five indices is the chirotope of
an indexed oriented arrangement.

This result provides a motivation for enumerating
arrangements of at most five simple and double pseu-
dolines.

Mutations A mutation is a local transformation of
an arrangement L that only inverts a triangular face of
L. More precisely, it is a homotopy of arrangements
in which only one curve ℓ moves, sweeping a single
vertex of the remaining arrangement Lr{ℓ} (Fig. 2).

Figure 2: A mutation.

The graph of mutations on arrangements is known
to be connected [6]: any two arrangements (with the
same numbers of simple and double pseudolines) are
homotopic via a finite sequence of mutations followed
by an isotopy.

From this result we may derive a simple enumer-
ation algorithm consisting of exploring the graph of
mutations. This first algorithm is sufficient for the
enumeration of small cases but already fails (because
of RAM memory limitations) for arrangements of five
double pseudolines. In order to go a little bit further
(and particularly, to enumerate arrangements of five
double pseudolines), we use the incremental version
of this algorithm, developed in [8], based on the fol-
lowing result:

Theorem 1 ([8]) Any two arrangements containing
a subarrangement L (and with the same numbers of
simple and double pseudolines) are homotopic via a
finite sequence of mutations where L remains fixed,
followed by an isotopy.

3 The incremental algorithm

Description A pointed arrangement is an arrange-
ment with a distinguished simple or double pseudo-
line. For any integers n and m, let A•

n,m denote the
set of isomorphism classes of pointed arrangements of
n pseudolines and m double pseudolines. We always
use the notation A• for a pointed arrangement and
A for its non-pointed version (and similarly for sets
of pointed arrangements). We also use the notation
Sub(A) for the set of subarrangements of an arrange-
ment A.

Let An,m denote the set of isomorphism classes of
arrangements of n pseudolines and m double pseudo-
lines, and pn,m be its cardinality. Our algorithm enu-
merates An,m from An,m−1, by mutating an added
distinguished double pseudoline.

Algorithm 1 Incremental enumeration

Require: An,m−1 = {a1, . . . , apn,m−1
}.

Ensure: An,m.

for i from 1 to pn,m−1 do
A• ← add a pointed double pseudoline to ai.
if Sub(A) ∩ {a1, . . . , ai−1} = ∅ then

write A.
end if
Q• ← [A•]. S• ← {A•}.
while Q• 6= ∅ do

A• ← pop Q•.
T ← list the triangles of A• adjacent to its
pointed double pseudoline.
for t ∈ T do

B• ← mutate the triangle t in A•.
if B• /∈ S• then

if Sub(B)∩ {a1, . . . , ai−1} = ∅ and B /∈ S
then

write B.
end if
push(B•, Q•). S• ← S• ∪ {B•}.

end if
end for

end while
end for

For each i ∈ {1, . . . , pn,m−1}, the algorithm enu-
merates the set S•

i of arrangements of A•
n,m contain-

ing ai as a subarrangement, by mutations of a distin-
guished added double pseudoline. From the set Si,
it selects the subset Ri of arrangements with no sub-
arrangements in {a1, . . . , ai−1}. In other words, Ri

is the set of arrangements of An,m whose first sub-
arrangement, among {a1, . . . , apn,m−1

}, is ai. Thus,
An,m is the disjoint union of the sets Ri.

An alternative approach1 for counting mixed ar-
rangements is to enumerate the subsets S•

i and to

1We thank Luc Habert for this suggestion.
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compute, for each arrangement A• of S•
i , the num-

ber σ(A•) of double pseudolines α of A such that A
pointed at α is isomorphic to A•. Then

pn,m =
1

m

pn,m−1∑

i=1

∑

A•∈S•

i

σ(A•).

The main disadvantage of this version is that it only
counts pn,m and can not provide a data base for An,m.

Similar algorithms (for both versions) enumerate
An,m from An−1,m by mutating an added pseudoline.

Adding a simple or double pseudoline One of the
important steps of the incremental method is to add a
simple or double pseudoline to an initial arrangement.
It is easy to achieve when the initial arrangement con-
tains a pseudoline, but turns out to be harder when
we have only double pseudolines (and we really need
it to enumerate arrangements of five double pseudo-
lines). Our method uses three steps (see Fig. 3):

1. duplicate a double pseudoline: we choose one
arbitrary double pseudoline ℓ and duplicate it,
drawing a new double pseudoline ℓ′ completely
included in the Möbius strip Mℓ. If Mℓ contains
a vertex of the arrangement, we choose a trian-
gle inside Mℓ and adjacent to ℓ and denote R the
rectangle delimited by ℓ′ and the three sides of
our triangle. Otherwise, we denote R any rect-
angle delimited by ℓ and ℓ′.

2. flatten: we pump the double pseudoline ℓ′ (using
an enhanced version [8] of the Pumping Lemma
of Habert and Pocchiola [6]) such that no ver-
tex of the arrangement lies in the Möbius strip
Mℓ′ . During this process, we do not touch the
rectangle R.

3. add four crossings: we replace the rectangle R by
four crossings between ℓ and ℓ′.

(a) (b) (c)

Figure 3: Three steps to insert a double pseudoline
in a double pseudoline arrangement: duplicate a dou-
ble pseudoline (a), flatten it (b) and add four cross-
ings (c).

If we think of our double pseudoline arrangement
as the dual of a configuration of convex bodies, this

method corresponds to: (1) choosing one convex C
and drawing a new convex C′ inside C; (2) flattening
the convex C′ until it becomes almost a single point,
maintaining it almost in contact with the boundary
of C; and (3) moving C′ outside C.

Encoding an arrangement In order to manipulate
arrangements, one can encode it in several different
ways. We used two different encodings (one for an
easy manipulation of it and one for short storage):

1. flag representation: We call a flag of an arrange-
ment A any triple (v, e, f) consisting of one vertex
v, one edge e and one face f (of the cell complex
defined by A), such that v ∈ e ⊂ f . The three
involutions σ0, σ1, σ2, that change the vertex, the
edge and the face of a flag (Fig. 4), completely
determine A.

2

0
1

Figure 4: The three involutions σ0, σ1 and σ2.

2. encoding : We associate to each flag φ = (v, e, f)
of the arrangement A a word wφ constructed as
follows. Let ℓ1 be the simple or double pseudoline
containing e, and, for all 2 ≤ p ≤ n+m, let ℓp be
the pth simple or double pseudoline crossed by ℓ1

on a walk starting at φ and oriented by σ0σ1σ2σ1.
This walk also defines a starting flag φi for each
ℓi. We walk successively on ℓ1, . . . , ℓn+m, starting
from φi and in the direction given by σ0σ1σ2σ1,
and index the vertices by 1, 2, . . . , V in the order
of appearance. For all i, let wi denote the word
formed by reading the indices of the vertices of ℓi

starting from φi. The word wφ is the concatena-
tion of w1, w2, . . . , wn+m. Finally, we associate to
the arrangement A the lexicographically smallest
word among the wφ where φ ranges over all the
flags of A.

4 Results

A C++ implementation of this algorithm is available
at http://www.di.ens.fr/~pilaud/recherche/dpl/.

This implementation provided us with the following
complete enumeration of all arrangements of n pseu-
dolines and m double pseudolines with n + m ≤ 5:
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m
n\ 0 1 2 3 4 5
0 1 13 6 570 181 403 533
1 1 4 626 4 822 394
2 1 2 48 86 715
3 1 5 1 329
4 1 25
5 1

In particular, the number of arrangements of
at most five simple and double pseudolines is
186 321 270.

Let us briefly comment on running time and work-
ing space. Observe that our algorithm can be paral-
lelized very easily (separating each enumeration of Si

and Ri, for i ∈ {1, . . . , pn,m−1}). In order to obtain
the last column, we used four processors of 2GHz for
almost 3 weeks. The working space is bounded by
max |S•

i | = 279 882 (times the space of the encoding
of a single configuration, i.e., about 80 characters).

Finally, Fig. 5 shows the evolution of the ratio be-
tween the sizes of the sets Ri and S•

i (during the enu-
meration of arrangements of five double pseudolines).
We have also observed that

∑
|S•

i |/
∑
|Ri| ≃ 5, which

confirms that hardly any configurations of five convex
bodies have symmetries.
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Figure 5: Percentage of new configurations.

5 Further developments

The following questions and developments may be
treated in a subsequent paper:

1. Developing further implementation: we will soon
extend the implementation to the enumeration
of arrangements in the Möbius strip, to indexed
arrangements, and to non-simple arrangements.

2. Drawing an arrangement: we have seen a method
to add a pseudoline in an arrangement. Com-
bined with a planar-graph-drawing algorithm,
this provides an algorithm to draw an arrange-
ment in the unit disk. For example, p1,m can
be interpreted as the number of drawings of the
arrangements of A0,m.

Another interesting drawing that one can obtain
algorithmically is the drawing of a primal of an
arrangement A, that is, a drawing of points and
convex bodies in a geometric projective plane
with their joining bitangents whose dual arrange-
ment is A.

3. Axiomatization: pseudoline arrangements admit
simple axiomatizations [2, 7], with few axioms
dealing with configurations of at most five pseu-
dolines. The Axiomatization Theorem of [6] af-
firms that the complete list of arrangements of
at most five simple and double pseudolines is an
axiomatization of mixed arrangements. Is there
any simpler axiomatization? Is it possible to al-
gorithmically reduce this axiomatization?

4. Realizability : it is well-known that certain pseu-
doline arrangements are not realizable in the Eu-
clidean plane. Inflating pseudolines into thin
double pseudolines in such an arrangement give
rise to non-realizable double pseudoline arrange-
ments. Are there smaller examples? Are all ar-
rangements of at most five curves realizable?
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