CHAPTER 14

Algebraic Independence in Algebraic Groups.
Part II: Large Transcendence Degrees

1. Introduction

This chapter is a continuation of chapter 13 on small transcendence degrees.

Our first goal is to introduce conjectures. We are not looking for the most
general ones (see [And2]): we only propose some open problems which might be
easier to prove, given the currently available methods.

Our next purpose is to present a proof of a result of algebraic independence
which shows that some fields have a “large transcendence degree”: these fields are
generated by numbers of the form o, aﬁz, ..., when o and [ are algebraic. We do
not give the proof of the best known result on this topic (due to G. Diaz [Dia2]),
-but only of a weaker statement for which the arguments may look more transparent.
We shall explain how to use the transcendence criterion (chapter 8) and the zero
estimate (chapter 11) together with an auxiliary function.

2. Conjectures

2.1. Commutative Algebraic Groups. We keep the following notation al-
ready introduced in chapter 13. Let K be a subfield of C of transcendence degree
t over Q and G a commutative connected algebraic group of dimension d defined
over K. Assume G = Gy x G1 x Gy where Gy = G%, G| = G% and the dimension
dy of G satisfies d = dy + d; + da. Denote by T the tangent space at the origin
of the algebraic group G. The set Tg(K) of K-rational points of T is a K-vector
space of dimension d, and the set Tz(C) of complex points of Tg is the Lie algebra
of the Lie group G(C). Let expg : Tg(C) — G(C) denote the exponential map
of G(C). Let V be a subspace of Tg(C) of dimension n < d such that expg V is
Zariski dense in G(C). Let Y = Zn; + - - - + Zn, be a finitely generated subgroup
of V of rank ¢ > 1 such that expg Y C G(K).

A C-vector subspace W of Tg(C) is defined over K if it is spanned by a K-
vector subspace of Tg(K).

2.1.1. One Parameter Subgroups. We first assume n = 1 — this is the situation
which is considered in chapter 13.

CONJECTURE 2.1. Assume d€ > £+ dy + 2dy. Then
de

t> e — 1.
Z + dl ‘|‘ Zdz 1
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ExaMPLE. Theorem 2.1 in chapter 13 proves the following special case of Con-
jecture 2.1 concerning small transcendence degrees:

40> 2L +dy +2dy) =t > 2.

Conjecture 2.1 is related with Schneider’s solution of Hilbert’s seventh problem.
Here is a conjecture related with Gel’fond’s solution of the same problem.
CONJECTURE 2.2. Assume further that V is defined over K. Then
(d-1)¢
L+dy +2dy
EXAMPLE. A consequence of Conjecture 2.2 for small transcendence degree is
(d=1)2>L+dy +2dy =t > 2.

The state of the art on this question is described in chapter 13, § 2: the result is
proved in the case dy = 0, while for dg = 1 the conclusion ¢t > 2 is reached only
under the stronger assumption (d — 1)} > £ + dy + 2ds.

t>

Conjectures 2.1 and 2.2 in the special case of a linear algebraic group reduce
to the following one, which includes also the Four Exponentials Conjecture:

CONJECTURE 2.3. Let x1,...,x4 be complex numbers which are Q-linearly in-
dependent, y1,...,Ye be also Q-linearly independent complex numbers and K a
subfield of C which contains the d¢ numbers e*¥% (1<i<d,1<j<{£). Assume
d > 2 and £ > 2. Denote by t the transcendence degree over Q of K. Then

ae
t> m - 1.
Moreover the transcendence degree t; of the field Ky = K(zy,...,%q) is bounded
from below by (4 1)¢
h>
and the transcendence degree ty of the field Ko = K1(y1,...,yz) by
t2 > i
£+d

2.1.2. Several Parameters Subgroups. We consider now the general case n > 1.

We define ke (VY AV
. rankyz
p=pV) = min { dma(VIVY }

where V' runs over the set of C-vector subspaces of V' of dimension < n. Hence
w < £/n with £ = rankzY. On the other hand the condition x4 > 0 means that
V is the C-vector space spanned by Y; in this case y > 1. For a subgroup Y of
rank £ > n of V, the condition u(Y,V) = £/n is not a very strong assumption;
roughly speaking, it only means that no set of Q-linearly independent points of ¥
is contained in a subspace of V of too small a dimension.

Here is the extension of Conjecture 2.1 to n variables:

CONJECTURE 2.4. Assume du > nu + dy + 2ds. Then
o_w
nu + dy + 2ds
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Conjecture 2.4 corresponds to Schneider’s method in several variables. We can
extend Conjecture 2.2 as follows: if V' is defined over K and u > 0, then

(d=n)u
np+di +2dy’
This corresponds to Gel'fond’s method in several variables. However there are
intermediate situations which may be compared with Baker’s method:

CONJECTURE 2.5. Assume that there exists a C-vector subspace W of T (C),
of dimension n' < d, which is defined over K and contains Y. Assume also u > 0.

Then
(d—n')u
nu -+ dy +2dy’

REMARK. Several variations are interesting. In particular one may expect re-
finements of the conjectural estimates for the transcendence degree when Y con-
tains periods of expg. For this purpose it is useful to introduce a new parameter
& = rankz (Y Nkerexpg) (see [Wal7], §16).

2.2. Results: Large Transcendence Degree for the Values of the Ex-
ponential Function in One Variable. From now on we restrict the discussion
to one parameter subgroups of linear algebraic groups.

Partial results are known concerning the above conjectures, under a so called
“Technical Hypothesis”. For simplicity, we shall use only the following assumption,
which is a measure of linear independence. One should stress that most known
results actually involve a much weaker hypothesis, while much sharper estimates
are valid for concrete applications. Therefore this condition is in fact not too strong.

DEFINITION 2.6. We shall say that a set {u1,...,u,} of Q-linearly indepen-
dent complex numbers satisfies the Technical Hypothesis (T.H.) if, for any € >
0, there exists a positive number Hy such that, for any H > Hy and n-tuple
(h1y...,hy) of rational integers satisfying 0 < max{|hy|,...,|hn|} < H, the in-
equality

|hauy + - -+ + hpun| > exp{—H"}
holds.

Here is the main result of G. Diaz in [Dia2] :

THEOREM 2.7. Let x1,...,x4 be compler numbers which are Q-linearly inde-
pendent and satisfy (T.H.) and y1,...,ye be also complex numbers which are Q-
linearly independent and satisfy (T.H.). Let K a subfield of C which contains the
dl numbers e®¥ (1<i<d, 1<j<?) Assume dl > £+ d and denote by t the
transcendence degree over Q of K. Then

dl

t > m - 1-
Moreover the transcendence degree t1 of the field K3 = K(z1,...,z4) s bounded
from below by

. (d—1)¢

YU v d
and the transcendence degree ty of the field Ko = K1(y1,...,ye) by

de¢

> e |
22933
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REMARK. For t € Z and z € R, we have t > z — 1 if and only if t > [z]. For
instance the conclusions for ¢ and ¢; can be written

de (2 +1)
> | — > —].
V—b+d] Mdtl_{£+d}

In some cases G. Diaz [Dial] succeeds to prove also

b s 3
LR WL /+d

The lower bound for ¢; yields the following partial answer to the Gel’fond-
Schneider problem on the algebraic independence of &® :

that is QZ[J%J+L

COROLLARY 2.8. Let o be a non zero complex algebraic number, loga o non
zero logarithm of a and B an algebraic number of degree d > 2. For z € C, define
o? = exp(zloga). Then

trdegqQ(o”, ... ,aﬁd_l) > [@-2’_—1] .
PrOOF. Take £ = d and define
;=071 (1<i<ad) and y; = tloga (1<j<d). O

As pointed out in [Nes7], A.O. Gel’fond already anounced Corollary 2.8 in
1948 [Gell], but his papers [Gel2] and [Gel3] contain a proof only of the small
transcendence degree result: for d > 3, the transcendence degree is at least 2 (see
chapter 13). Hence Corollary 2.8, claimed by Gel’fond, has been proved by Diaz
only 40 years later.

2.3. Historical Sketch. We refer to [FN], Chapter 6 for a survey on Gel-
fond’s method for algebraic independence and its recent developments together with
plenty of references. See also [Wal5] and [Walll].

The first step is due to A.O. Gel’fond at the end of the 40’s [Gell], [Gel2], who
proved results of small transcendence degree under a technical hypothesis (T.H.)
for z1,...,zq as well as y1, ..., ye. This technical hypothesis was removed by R. Ti-
jdeman 1970 [Tij2], by means of a sharper analytic zero estimate for exponential
polynomials [Tij1].

Here is the state of our knowledge concerning “small transcendence degree” for
the values of the exponential function in one variable:

THEOREM 2.9. Let x1,...,2q4 be complex numbers which are Q-linearly in-
dependent and yi1,...,ys be also complex numbers which are Q-linearly indepen-
dent. Denote by t the transcendence degree of the field K generated over Q by
the df numbers e*% (1 < i < d, 1 < j < ¥£), by t; the transcendence degree
of the field K1 = K(z1,...,2q4) and by ty the transcendence degree of the field
Kz = Kl(y]_, e ,ye). Then

d>20+d)=>t>2
dd>d+20=1t>2
A>L+d=ty>2

Moreover, if d = £ = 2, and if the two numbers e®'¥* and €**¥? are algebraic, then
to > 2.
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Further developments are described in W.D. Brownawell’s survey [Bro2]. These
are the only known results which do not require a Technical Hypothesis.

The first results on large transcendence degree are due to G.V. Chudnovsky
[Chu2] who proved, under the assumptions of Theorem 2.7, the lower bound
2t > d¢/(£ + d). Chudnovsky’s method has been worked out by P. Warkentin,
P. Philippon, E. Reyssat, R. Endell, W.D. Brownawell and Yu.V. Nesterenko (see
[Wal5]). P. Philippon introduced the trick of redundant variables (which is a vari-
ant of Landau’s method, that is an homogeneity argument which we are going to
describe in §3.2). By means of a sharp criterion of his own [PPh2](cf. chapter 8),
he then succeeded to replace 2¢ by t+ 1 in Chudnovsky’s result and to prove, under
(T.H.), the inequalities

al (d—1)¢ dl

th—-l, t; 2 71 d and tgzm.
Finally G. Diaz [Dia2] obtained Theorem 2.7, which is the sharpest known result
to date, apart from a weakening of the technical hypothesis which arises from the
work of W.D. Brownawell [Bro5], and also apart from the quantitative aspect
of the subject (see [Ably], [Jab], [Del], [Cav] and [FN]). Notice also that in
[Nes7] Yu.V. Nesterenko removed the use of Philippon’s criterion from the proof
of Theorem 2.7.

3. Proofs
3.1. Statement. We shall prove the following result:

THEOREM 3.1. Let o be a positive real number, o # 1. Let § be a real al-
gebraic number of degree d > 2. Then the transcendence degree t of the field
Qe b, ... ,aﬁd_l) over Q satisfies

d
> - —
t21

REMARK. The proof of this result will involve several variables. As we shall
see, the same method restricted to functions of a single variable yields only the

weaker estimate
p> 9 L
4 2
The refinement to (d/2) — 1 will come from Philippon’s “redundant variables”.
We are going to use Schneider’s method for the torus G&. If we were using
either Gel’fond’s method (i.e. including derivatives) for G&, or else Schneider’s
method for the product G, x G&,, we would get ¢ > (d — 1)/2. In order to reach
t > (d —1)/2, Diaz [Dia2] replaces the auxiliary polynomial P € Z[X1, ... , X4] by
a polynomial with coefficients in the ring generated over Z by the numbers e®¥%.
Finally the restrictions 8 € R and o > 0 provide a slight simplification, but is it
an easy exercise to remove them.

3.2. Tools. Let z4,...,z, be elements in C” and also Yy Y, elements in
C™. Denote by ;Y the standard scalar product in C”. Let K be a subfield of C

of transcendence degree t over Q containing all numbers e*%.

Goal: Under “suitable assumptions”, we want to prove

A0+ +d
t> ————— — 1.
=+ +d)
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Here is how Philippon’s redundant variables occur. For a positive integer k, we
take the k-th Cartesian powers and we replace n by kn, d by kd, £ by k¢: for large
k, we deduce

de
t> — -1,
T n(l+d)
Of course one shall need to check that the above mentioned “suitable assumptions”
are satisfied for Cartesian products.

3.2.1. Criterion of Algebraic Independence. Our first tool is the following spe-
cial case of Philippon’s criterion for algebraic independence [PPh2] and chapter 8,
§ 1. We denote by H(P) the usual height of a polynomial P with, say, complex
coefficients, that is the maximum absolute value of its coefficients.

PROPOSITION 3.2. Let a > 1 be a real number and = (61,...,8,) an element
in C9. There exists a positive number C having the following property. Assume
that for all sufficiently large integer N, there ezist a positive integer m = m(N)>1
and polynomials Qn1, ... ,QNm n Z[X1,..., X, with

< 3 < eV
 Jlax deg Qnj < N, R H(Qnj) <e
and
(61, .. < e CN*
(114) 1r5r§2}sn|QN](91’ aeq)l S eé ]
such that the polynomials Qn1, ... ,Q@Nm have no common zero in the domain

z € C?; max |z —0;] < g 3CN" L
1<i<q

Then the transcendence degree t of the field Q(6y,. .. ,0,) over Q satisfies
t>a-—1.

3.2.2. Augiliary Function. Forr > 0, and for an entire function ¢ of n variables,
we denote by |p|- the number

e = {25 2= (2.0 20) € €, s sl <7
<ikn

PROPOSITION 3.3. Let M be a positive integer, r, A, U be positive real numbers

and @1, ...,pup entire functions in C™. Assume
(115) (8U)™* < MA, A<U
and

M
Z |‘Pu|er < eV.
p=1

Then there exists rational integers p1,...,pup in Z with

0 <max{|pil,...,Ipml|} < e

such that the function F = p1p1+ - + pmonr satisfies
|F|. <e V.
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SKETCH OF PROOF. Let T € Z satisfy 4U < T < 4U + 1. Use Dirichlet’s
pigeonhole principle to solve the following system of inequalities involving M un-
knowns py,...,pm in Z:

Pl

ZT!.

=<t

dT
dem

O] < e

for F = pypy + -+ + parom- Next use an interpolation formula
dr }

el
—=FO)|.

Pl < (L VD) TRl + Y T

t
Irli<T

(For more details, see [Wal4]).

3.2.3. Zeros Estimate.
a)Degree of hypersurfaces and condition (Z.E.)

NoOTATION. For ¥ a finite subset of C™, define w(X) as the smallest total degree
of a non zero polynomial in Clz1, ..., 2m] which vanishes on X:

w(Z) = min{deg P; P € Clz1,...,2m], P #0, P(0) = 0 for any o € T}.

DEFINITION 3.4. Let X = Zg; + -+ +Zzyand Y = Zy, + -+ Zy, be two
finitely generated subgroups of C™ of rank d and £ respectively. Denote by 81,... ,6,
the distinct elements of the set

{e*¥%;1<i<d, 1<j <4}

We shall say that (X,Y) satisfies the condition (Z.E.) if for each 7 > 0 there
exists a positive real number Ry > 0 with the following property: for any positive
integer R > Ry and any g¢-tuple (u1,. .., q) of complex numbers satisfying

7]

1?)?%(«1'% — pn| < e,

if we set u,; = up for €% = @) and

¢
2={(Hu§§) ;0<m;<R(1<j<0) ) C(C)Y,
J=1 1<i<d

then
w(X) > (R/d)¥.

One should remark that this condition (Z.E.) is not only about (X,Y’) but
rather concerns (z;,...,%z4) and (y,,.-. ,y,). However in our situation the choice
of the bases of these Z-modules will be clear from the context.

We shall check that the condition (Z.E.) holds for n = 1 when the two tuples
of real numbers (zi,...,zq4) and (y1,...,ye) satisfy (T.H.). Next we show that
this condition (Z.E.) is stable under Cartesian products.
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b) Consequence of the Technical Hypothesis

LEMMA 3.5. Let z1,...,%4 in R satisfy (T.H.), and let y1,...,y; in R also
satisfy (T.H.). For each mo > 0 there exists Lo > 0 and Ry > 0 with the following
property. Let L > Lo and R > Ry be positive integers and let Hi; be complex
numbers (1 <i<d, 1 <j <{L) satisfying

max |e™'¥/ — piz| < e~ LR

1<:<d
1552¢

Then for any A= (A1,...,Mq) € Z% andr = (r1,...,70) € Z* with

0< max |\|<L and 0< max|r;]<R
1<i<d 1<5<e

we have

d ¢
ITITwm #1

i=1j=1

PROOF. We start the proof with the following remark. Let v and w be two
complex numbers which satisfy |we™ — 1| < 1/2. Set z = v + log(we™"), where
log denotes the principal branch of the logarithm. Then e* = w and |z — v| <
2|we™" —1].

Therefore for 1 < i < dand 1 <j < we can find a complex logarithm 25 of
{435 such that

max |ziy; — 2] < e~ /DR,
1<s<¢e

Suppose
d ¢

[T k" =1

i=1j=1
Since the imaginary part of z;; has absolute value < e~(/2(ER)™ and gince, for
sufficiently large L and R,

d¢LRe~W/ATR™®  on,
the absolute value of the imaginary part of the number

d £
Z Z )\i’)”jz,;j

i=1 j=1
is < 2m. Therefore

d £
Z Z /\irjzij =0.

i=1 j=1
We deduce
d ¢ ‘
S [S i = (33 hsea

i=1 j=1 =1 j=1

d ¢
< Z Z Airjl®ay; — 2y
i=1 j=1

< dlLRe~M/ALR)™ . ,—(1/3)(LR)"0
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for L and R large enough. Now, for L and R sufficiently large, the left hand side
is bounded from below by e L™ ~E"™ "and we get the desired contradiction as soon
as 3(L™ + R™) < (LR)™. O

c)Single Variable: n =1
Applying Philippon’s zero estimate (theorem 5.1 from chapter 11), we now
prove:

PROPOSITION 3.6. Let xy,...,zq in R satisfy (T.H.), and let y1,...,y2 in R
also satisfy (T.H.). Let X = Zg; +---+2Zzq and Y = Zy, +--- + Zy,. Then
(X,Y) satisfies the condition (Z.E.).

PRrROOF. Let 1 be a positive real number, R a sufficiently large positive real

number and p1,. .., ftg complex numbers satisfying
O — i
g, On — o] <€
For 1 < j</fand1<i<d,define yu;; by pi; = pn where h € {1,...,q} is the
index for which e®¥i = 0. Moreover, for r = (ry,...,r;) € Z° and 1 < i < d,
define

4
Moy = H.U:]J
. =1
Let
S ={ (b i) 0T <R(LS5 <O} € (C)

Assume w(X) < (R/d)¥?, there exists a non zero polynomial P € C[Xj,..., X4] of
total degree D < (R/d)%¢ such that the R® numbers

P(pip,- .- par)  (0<7; <R, 1<j<4)
vanish. We use theorem 5.1 from chapter 11 with G =G¢, W =0,c=1,
So = {(s1gs -+ »par); 0 <1 <R/A(L < <O} CTC(CH)
Since P vanishes on the set
XD Np(d) = {01---0d; (o1,--.,04) € Ed},

we deduce that there exists a connected algebraic subgroup H of G, of dimension
< d, such that
Card((Xo + H)/H)H(H, D) < H(G, D).

Here H(G, D) = D?®. Moreover H is contained in a hypersurface of equation

XMooM=,
where (A1,...,\q) € Z¢ satisfies 0 < maxi<i<q |Ai| < D.
Define 1y = nd/(£ + d) and L = D, so that
(LR)™ < R".

Using the condition (T.H.), we may apply Lemma 3.5: we get an injective mapping
from the set
{(re,...,7e);0<r; <R/A(1 <5 <0}
into (o + H)/H by mapping (r1,...,7¢) onto the image of (u1r, ... , dp) in (Zo +
H)/H. Therefore
Card((Zo + H)/H) > (R/d)* > D,
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which yields the desired contradiction. O

d) Cartesian Products
The next lemma is well known (but we include the easy proof).

LEMMA 3.7. Let ¥1,...,%} be finite subsets of C™. Then

w(Eg X x Tg) = 1r<I}liI<1kw(Eh).

PROOF. The lower bound

. < mi .
w(Zp X - x Tg) < 1rsnh12kw(2h)

is easy: if ho € {1,... , k} satisfies w(¥p,) = minj<p<k w(E4) and if P € Clz] is a
non zero polynomial in n variables of total degree w(p,) which vanishes on %,
then the image of P in Clzy,..., 2] under the morphism C[z] — Clz,... ) 2]
which maps z onto z,, is a non zero polynomial in nk variables of total degree
w(Zp,) which vanishes on ¥y X -+ x 3.

We prove the upper bound

w(El X eer X Ek) > lg}zlgkw(zh)'

by induction on k. For k = 1 there is nothing to prove. Let k > 2. Assume that
the result is true for k — 1. Let P € Clzy,...,2;] be a polynomial of total degree
< miny<p<k w(Zp) which vanishes on 9 x - - -xZg. Foreach z € C™, the polynomial
P, = P(z;1,...,25-1,2) € Clzy,...,2,_4] has total degree < mini<p<p—1 w(Xp)
and vanishes on ¥; X -+ x ¥g_1. By the induction hypothesis P, = 0. Hence for
each (z1,...,25-1) € C**=1) the polynomial P(zi,...,24_1,2) € Clz] has total
degree < w(X) and vanishes on ;. From the definition of w(Xy) it follows that
this polynomial is 0, hence P = 0. O

PROPOSITION 3.8. Let X =Zg, + -+ Zz; and Y = Zy, + -+ 2y, be two
finitely generated subgroups of C™ of rank d and £ respectively such that (X,Y)
satisfies the condition (Z.E.). Let k be a positive integer. Define X* and Y* in
Cnk by

k d ke
Xk=ZZZ§hi and Y’EZZz_y_hj

h=14=1 h=1 j=1
where, for 1 <h <k,

Zp; = (Opaz,, ... ,Opkz;) € C™* (1<i<d)
and

Yy = (Omay - Oney,) € cC*  (1<j<9),
(8n,m is Kronecker’s symbol). Then (X*,Y*) satisfies (Z.E.).

Proor. This is a consequence of Lemma 3.7. O
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3.3. Proof of Theorem 3.1. We proceed in four steps.
o Step 0: Data We start with two finitely generated subgroups X = Zg, +---+ Zz,
andY = Zy +---+2y, of C", of rank d and £ respectively, such that (X,Y") satisfies

(Z.E.). We denote by {f1,...,0,} the set {e®*% ;1 <i<d, 1<j< £}, by K
the field Q(6y,...,0,) and by t be the transcendence degree of K over Q.

Define
_dl+i+d
T=mrni+ad
Our first goal is to check
t>n—1

We shall prove that the inequality ¢ > a — 1 holds for any a < 7, which will yield
the desired conclusion. There is obviously no loss of generality to assume 7 > 1,
that is d¢ > n(£ + d).
e Step 1: Choice of parameters

We fix 1 < a < 1 and we denote by c1, co, c3 suitable positive real numbers.
An admissible choice is to select first a “large constant” ¢y (sufficiently large with
respect to the previous data), and then to definec; =1, ¢z =1 /co, c3 = 1/cg.

Next let N be a sufficiently large positive integer (that is, large with respect to
¢g)- Define

R= [NV L= [N/ED], U = [e3N"].

e Step 2: Construction of an auziliary function

We show that there exists a non zero polynomial P € Z[X;, ..., Xq] of degree
< L in each X; (1 < < d) and usual height < eMV/2_ such that the exponential
sum in n variables

F(z) = P(e®%,... e%?) (ze C™)
satisfies
|F(riy, + - +rey,)l < eV

for all (rq,...,7¢) € ZE with0<r) <R (1<j<¥).
The construction of this auxiliary function rests on Proposition 3.3: set

r=R(lyl+--+lyl) A=N

and
{o1,...,ou} = {eMmtPhzdz 0 <N <L (1<i<d)},

so that M = L%. The main condition (3.2) follows from the bound
(BU)™ < LAN/2,

which holds as soon as
2(8c3)™ ™ < .
Notice also that the inequality

L
Z I‘Puler < eU
p=1

is satisfied, since the condition n > 1 implies
log L+ cyLR < U,

where
ca = e(|zy]+ -+ lzg)(y, |+ +ly,l)-
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e Step 3: Using the criterion for algebraic independence and the zero estimate
For each r € Z¢ with 0 <r; < R (1 < j < £) we define

£ ¢
ey, Xa) = P\ TI X5, [T %3
Jj=1 j=1

This is a polynomial in d¢ variables, with rational integer coeflicients, total degree
< LR and usual height < eN/2, which satisfies

Qnp(e®h, ... efile) = F(riy +-- + TeY,)-
This number can be written as
QN_'r_'(eglgl’- .. 7e£d£") - éNﬁ(Q),

for some polynomial Q Nr € Z[X1,...,X,] of total degree < N and usual height
< eV. We are going to use Proposition 3.2 with n = d/ for these polynomials and
the point § = (61,...,6;). The required upper bound (3.1), which reads

max Gy (8)] < O,

where C'is the constant in Proposition 3.2 associated to ¢ and a, follows from step
2.
We now check that the polynomials @y, have no common zero in the domain

_ ) q. — | < e-3CN* L
{E (K1, pg) €C ,ggécqwh prl <e }

Choose p = (u1,. .., ig) € C? with

max |0 — up| < e 3CN",
ISh%{ql h— kn| <

Since ¢; and ¢y satisfy
& > dtacg,
we have
RZ > de+de,
and the total degree of P is < dL < (R/d)*/¢. From condition (Z.E.) we deduce
that there exists 7 € Z* with0<r; <R (1<j < £) such that, if we set

2
#zzzl—_[#:}{ (I<i<a),
j=1

then the number B
QN.?:(Q) = P(,U’lz: e ,,U«dz)
does not vanish.
e Step 4: Conclusion of the proof
Since we have checked all hypotheses of Proposition 3.2, we deduce
S d+l+d
“(n+1)¢+d)
As explained before, using redundant variables together with Proposition 3.8, we
obtain &

D ——
T

- 1.
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We apply this result to the case n = 1, writing 2 for z and y for y. In order to
complete the proof of Theorem 3.1, we take £ = d,
z,=p"" (1<i<d), y=F""loga (1<j<9),

so that
giti—2

eFiVr = forl<i<dand1<j</£

In this case (T.H.) for z1,...,zq as well as for y1, ...,y is satisfied by Liouville’s
inequality: there exists Lo > 0 so that, for any (A, ..., Aq) € Z¢\ {0}, we have

A Ao -+ ABT 2 LTz e
where L stands for max{|A1],... ,|Aal; Lo} O
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