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Hermite-Lindemann & Gel’fond—Schneider

Hermite-Lindemann’s Theorem

» Let a be a nonzero algebraic number and let log a be
any nonzero logarithm of c. Then log « is
transcendental.

» Notations. Denote by Q the field of algebraic numbers
and by £ the Q-vector space of logarithms of algebraic
numbers :

L={AeC;ecQ }=exp (@) ={loga; a cQ"}.

» Alternative statement of
Hermite-Lindemann’s Theorem :

£NQ = {0}.

Hermite-Lindemann & Gel’fond—Schneider

Hermite-Lindemann’s Theorem (continued)

» Another alternative statement of
Hermite-Lindemann’s Theorem : Let 3 be a nonzero
algebraic number. Then € is transcendental.

» Question (G. Diaz) : Let t be a non-zero real number
and 3 a non-zero algebraic number. Is it true that etf
is transcendental ?

» Answer (G. Diaz) : No!

First example : assume § € R. Take ¢ = (log2)/p.

Second example : assume 3 € iR. Take t = imw/[.
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Hermite-Lindemann & Gel’fond—Schneider

Diaz’ Theorem

> Let € Q and t € R*. Assume 3 € RUIR. Then e'®
is transcendental.

» Equivalently : for A € £ with A € RUIR,

RANQ = {0}.

v

Proof. Set a = e'®. The complex conjugate @ of « is
e = o/, Since § ¢ R U iR, the algebraic number
/8 is not real (its modulus is 1 and it is not 1),
hence not rational. Gel'fond-Schneider’s Theorem
implies that o and @ cannot be both algebraic. Hence
they are both transcendental. O

Hermite-Lindemann & Gel’fond—Schneider

Gel’fond-Schneider implies Hermite-Lindemann

(almost)

» Gel’'fond-Schneider’s Theorem implies : there exists
Bo € RUIR such that

{B€Q; ¢’ €Q} =Qp.

» Remark. Hermite-Lindemann’s Theorem tells us that
in fact Gy = 0.

» Proof. From Gel’fond-Schneider’s Theorem one
deduces that the Q-vector-space {3 € Q ; ¢’ € Q} has
dimension < 1 and is contained in R U iR. O

» Schneider’s method : proof without derivatives.




Hermite-Lindemann & Gel’fond—Schneider
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Six Exponentials Theorem

The Six Exponentials Theorem

» Selberg, Siegel, Lang, Ramachandra.

» Theorem : If x1, xo are Q-linearly independent complex
numbers and yi, Y2, y3 are Q-linearly independent
complex numbers, then one at least of the six numbers

eﬂrlyl7 63511/27 €x1y37 ew2y17 eﬂ~'2',';127 er2Ys

is transcendental.
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Six Exponentials Theorem

The Six Exponentials Theorem
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Six Exponentials Theorem

Corollary

» Example : Take 1 =1, 29 = 7, y; = log2, yo = wlog 2,
ys = 72 log 2, the six exponentials are respectively
2,27, 27, 27, 27, 2
hence one at least of the three numbers
2 3
2m, 2™ 27
is transcendental
» Shorey : lower bound for

0" — | + 27 = ao| + 27" — as]

for algebraic ay, as, az. The estimate depends on the

heights and degrees of these algebraic numbers.
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Six Exponentials Theorem Six Exponentials Theorem
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Six Exponentials Theorem

Conjectures

» Remark : It is unknown whether one of the two
numbers
o 9

is transcendental. One conjectures (Schanuel) that each
of the three numbers 27, 2%°, 27 is transcendental

» and that the numbers
m, log2, 27, 27, 2™

are algebraically independent.

Six Exponentials Theorem

The Four Exponentials Conjecture

» Selberg, Siegel, Schneider, Lang, Ramachandra.

» Conjecture. If zy,xo are Q-linearly independent
complex numbers and yy,ys are Q-linearly independent
complex numbers, then one at least of the four numbers

enlel’ €~'51:927 ew2y17 61'52',’;/2

is transcendental.
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Six Exponentials Theorem

Ramachandra’s trick

» Remark : Let x and y be two real numbers.
The following properties are equivalent :
(i) one at least of the two numbers x, y is
transcendental.
(it) the complex number x + iy is transcendental.

» Example : (H.W. Lenstra) if v is Euler’s constant, then
the number « + 7e” is transcendental.

» Proof : check v # 0 and use Hermite-Lindemann’s
Theorem. O

Six Exponentials Theorem

Ramachandra’s trick

Other example.

> Lel x1,x9 be two elements in R U iR which are
Q-linearly independent. Let yy,ys be two complex
numbers. Assume that the three numbers yi,ys,Jo are
Q-linearly independent. Then one at least of the four
numbers
ezlyl7 611&/27 ezzyl" er2y2

is transcendental.
» Proof : Set y3 = 7. Then ™" = e*=2 for j = 1,2
and Q is stable under complex conjugation.
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Six Exponentials Theorem

hms of algebraic numbers

Rank of matrices. An alternate form of the Six
Exponentials Theorem (resp. the Four Exponentials
Conjecture) is the fact that a 2 X 3 (resp. 2 x 2) matriz
with entries in L

A Az Az A A
<)\21 A2z )\23> (resp- (/\21 )\22> )
the rows of which are linearly independent over Q and the

columns of which are also linearly independent over Q, has
mazimal rank 2.
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Six Exponentials Theorem

A lemma on the rank of matrices

Remark. A d x ¢ matrix M has rank < 1 if and only if

there exist x1,...,24 and yy, ..., ye such that
1yr T1y2 .. TalYe
TaYy1 TaY2 ... Lol
M = . A .
Tdyr Tdy¥2 .. TdYe
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ponentials Theorem

ix Exponentials Theorem

Linear combinations of logarithms of algebraic
numbers

The strong Six Exponentials Theorem

Theorem (D.Roy). If 21, %y are Q-linearly independent
Denote by L the Q-vector space spanned by 1 and £ : complex numbers and y1,ys, ys are Q-linearly independent
hence £ is the set of linear combinations with algebraic complex numbers, then one at least of the siz numbers
coefficients of logarithms of algebraic numbers :
T1Y1, T1Y2, T1Ys, T2Y1, T2Y2, T2Ys
L={fo+BM++0M;n>008€Q, \eL)

is not in L.
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ix Exponentials Theorem ix Exponentials Theorem

Lower bound for the rank of matrices

The strong Four Exponentials Conjecture

» Rank of matrices. An alternate form of the strong Six
Exponentials Theorem (resp. the strong Four
Exponentials Conjecture) is the fact that a 2 x 3 (resp.

Conjecture. If 1, x5 are Q-linearly independent complex
0 2 X 2) matriz with entries in L

numbers and yy,yy are Q-linearly independent complex
numbers, then one at least of the four numbers A1 Ap Ags (resp A Age )
Aop Agg Mg “\Aar A ’

the rows of which are linearly independent over Q and
the columns of which are also linearly independent over
Q, has mazimal rank 2.

» Remark : Under suitable conditions one can show that a
d x £ matrix with entries in £ has rank > df/(d + €). This
is a consequence of the Linear Subgroup Theorem.

T1Y1, T1Y2, T2Y1, T2Y2

is not in L.




ponentials Theorem ix Exponentials Theorem

The strong Six Exponentials Theorem Alternate form of the strong Four Exponentials
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ponentials

Consequences of the strong Four Exponentials

Conjecture

Assume the strong Four Exponentials Conjecture.
» If Ais in £\ Q then the quotient 1/A is not in £.
» If A~1 and Ay are in E\@, then the product A1A; is not
in L.
» If A; and A, are in £ with A, and Ao /Ay _
transcendental, then this quotient Ay/A; is not in L.

Recent results

Example where the strong Four Exponentials

Conjecture is true

» Theorem (G. Diaz). Let xy and x5 be two elements of
R U4R which are Q-linearly independent. Let yy,ya be
two complex numbers such that the three numbers yy,
1y, T2 are Q-linearly independent. Then one at least of
the four numbers

T1Y1, T1Y2, T2Y1, T2Y2
s not in Z
» Proof : Set y3 = 5. Then e%¥% = e#5v2 for j = 1,2

and L is stable under complex conjugation. |
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Example where the strong Four Exponentials

Conjecture is true

> Corollary of Diaz’ Theorem. Let Ay, Ay, A be three
elements in L. Assume that the three numbers Ay, As,

Ay are linearly inde}Lendent over Q. Further assume
Ag/Al € (R @] ZR) \ Q. Then

AsAs/A ¢ Q.

> Proof : set 1 =1, g = Ag/A1, 11 = A1, y2 = Ag. |

27 /36

Example where the strong Four Exponentials

Conjecture is true

Consequence : one deduces examples where one can
actually prove that numbers like

]./A7 A1A2, AQ/Al

(with A, Ay, Ay in £) are not in L.
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Product of logarithms of algebraic numbers Product of logarithms of algebraic numbers

2
Transcendence of €7

Product of logarithms of algebraic numbers

» Theorem (Diaz). Let Ay and Ay be in L\ {0}. Assume

» Open problem : is the number €™ transcendental ? A € RUIR and Ay Z RUR. Then MA; & L.

» More generally : for A € £\ {0}, 4s it true that » Proof. Apply the strong Six Exponentials Theorem to
. ., .
ME LS I v N
» More generally : for Ay and Ay in £\ {0}, is it true N A A

that MAs & L ?
For Ay and Ay in £\ {0}, is it true that My & L ? with A € L. O

» Diaz’ Conjecture. Let u € C*. Assume |u| is algebraic.
Then e* is transcendental.

v
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Further result

Let M be a 2 x 3 matrix with entries in £ :
M= (Au A1z AIS)'

Aor Aoz Ao
Assume that the five rows of the matrix
A Az A
p Ao1 Asx A
(]}I ) =1 0 o
3 0o 1 0
0 0 1

are linearly independent over Q and that the five columns of the

matrix A A A
1.0 A Az Agg
Iy, M) =
(B>, M) (0 1 Ao A Azs)

are linearly independent over Q.
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Further result

Then one at least of the three numbers

Az
Aag

A1z Az
A22 A23

3 2 =

A=

is not in L.

An
A21

3 =

A
Ao

Ar2
A22
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Higher rank : an example

Let M = (Aij)lgigm:lgjgﬂ be a m x ¢ matrix with entries in
L. Denote by I,,, the identity m x m matrix and assume
that the m + ¢ column vectors of the matrix (I,, M) are
linearly independent over Q. Let Ay, ..., A, be elements of
L. Assume that the numbers 1, Ay, ..., A, are Q-linearly
independent. Assume further £ > m?2. Then one at least of
the ¢ numbers

A1A1j+"'+AmAmj (.]:1775)

is not in L.
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