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Abstract. In a series of papers we investigated the following question: given a family F
of binary forms having nonzero discriminant and integer coefficients, for each d > 3, we
estimate the number of integers m with |m| < N which are represented by an element in
F of degree > d. Under suitable assumptions, asymptotically as N — oo, the main term
in the estimate is given by the forms in F having degree d (if any), while the forms of
degree > d contribute only to the error term. The present text is devoted to fewnomials
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with fixed » > 1 and varying k, ag, a1, ..., a,.
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1 Introduction

This is the fourth text of a series of papers devoted to the study of the set of integers
which are represented by some forms belonging to a family. In the first one [FW2020]
we investigated the case of the family of cyclotomic forms. In the second and third
texts [FW2023, FW2024] we considered in particular families of binomial binary forms
aX® 4+ bY?, with varying a, b, d, such that a and b are of any sign and d > 3. We now are

concerned with fewnomials
aoXkr + ale(rfl)Yk NI arlekYk(Til) + arykr

with fixed r > 1 and varying k, ag, a1, . .., a,. Let F be some (suitably defined) family of
such fewnomials. When r = 1 we recognize a family of binomial forms. Like in [FW2020],
[FW2023] and [FW2024], we are interested by the set of integers represented by some
form of the family F. Our method rests on a lower bound for linear forms in logarithms
(see Proposition 2.3 below), on a study of the group of automorphisms of the forms in
F and on the non existence of isomorphism exchanging two distinct forms of F (see
Propositions 4.11 and 6.1).
The results of the present paper apply to families of trinomial binary forms

aX® 4+ cXeyde 4 py?,

with varying rational integers a,b,c,d,e, 1 < e < d, abc # 0 when the quotients e/d
belongs to a finite set depending on the family. We will pursue the study of more general
families of trinomial binary forms in a forthcoming paper [FW2026+]. We will see that
the famous Conjecture abc has a dramatic impact on the qualities of the results. We will
consider families of definite positive forms in another one [FW2026].

In order to present our results, we give a list of definitions and notations.



1.1 About general binary forms

Let d > 3 be an integer. For K = Z, Q,R or C, let Bin(d, K) be the set of binary forms
F = F(X,Y) with degree d, with coefficients in K and with discriminant different from
zero. If F' belongs to Bin(d, K) and if

up U2
= () (1)
belongs to GL(2,K), we denote by F o~ the binary form defined by (F o v)(X,Y) =
Fui X +uoY, us X +u4Y'), after the associated linear change of variables. The form F o~y
belongs to Bin(d, K). Two forms F' and G in Bin(d, K) are called K—isomorphic if there
exists v in GL(2,K) such that FFoy = G.

If v is such that Fovy = F, we say that v is an automorphism of F. The set of these
automorphisms is a group denoted by Aut(F,K). We have —Id € Aut(F,K) if and only
if d is even.

When F belongs to Bin(d,Z) we denote by Cr the constant

Cr = ApWp, (1.2)

attached to F. It is defined and thoroughly studied in [SX2019, Theorem 1.2]: according
to [SX2019, Theorem 1.1], the number of m € Z in the interval [—N, N| which are
represented by F' is equal to

CpNY4 4 Op(N@Z/D=ra), (1.3)

where kg > 0 is an effective constant only depending on d, uniformly for N > 1. The
constant Ar is the area of the fundamental domain attached to F":

Ap = // dz dy, (1.4)
[F(z,y)|<1

and W is a positive rational number the delicate definition of which is based on the
denominators of the entries of the matrices in Aut(F, Q) (see [SX2019, Theorem 1.2]).
For the purpose of our present work, we will only retain the following values of Wg

1 if Aut(F, Q) = {Id},
We=1{1/2 if Aut(F,Q) = {+Id}, (1.5)
1/4  if Aut(F,Q) = Dy,

where Dy C GL(2,Z) is the group with four elements

b, fau (1 0)).

Motivated by the example of forms (1.15) with even k (see below), we say that a binary
form F(X,Y) is a binary form with squared arguments when there exists a binary form
H such that F(X,Y) = H(X?2,Y?). Necessarily deg F is even and Aut(F,Q) contains
D,.

The following definitions concerns family of binary forms containing essentially dis-
tinct forms.

Definition 1.1. Let K as above and let £ be a set of binary forms of any degree d > 3
with coefficients in K.



1. We say that £ is K-dilation—free, if for any F', G in £ and any u and v in K* | the
condition F(uX,vY) = G(X,Y) implies F = G.

2. We say that £ is K-homography—free, if the following condition holds: For any
distinct forms F' and G in €& we have the equality

{ye€GL(,K): F=Go~}=0.

3. A form F € & is called K-rigid if we have the equality

{AId: X €K, M8 =1} if F is not a binary form
with squared arguments,
Aut(F K) = (1.6)

U A - Dy otherwise.
A€K, AdesF=]

In section §3.3, we give examples of sets £ which are K-homography—free.

A set which is K-homography—free is also K-dilation—free. If £ is a set which is
K-homography—free (resp. K—dilation—free), so is any subset of £.

From (1.6) it follows that if F' € Bin(d, Q) is a Q-rigid form, we then have

{1d} if d is odd,

(414} ifdi if F'is not a binary form with squared arguments
if d is even

Aut(F,Q) = {

and Aut(F,Q) = Dy otherwise. Therefore, for a Q-rigid form F', we have

1/(2,d) if F is not a binary form with squared arguments

W = 1.7
r {1 /4 otherwise (L.7)

by (1.5).

1.2 About family of binary forms.

Definition 1.2. Let K =7, Q,R or C. Let F be a set of binary forms. We say that F
is a K—family of binary forms if the two following conditions hold

o F C Uysy Bin(d,K)
o for every d > 3, the set F N Bin(d, K) is finite.

For d > 3, set
Faq = F N Bin(d,K). (1.8)

When the family F is given and when the integer d is > 3, the integer d' is defined by
the formula

g inf{d" : d’ > d such that Fy # 0} if there exists d’ > d such that Fy # 0,
S if Fo =0 for all d’' > d.

When K = Z and when F is fixed, we are interested in describing the value set of F
defined as the union of all the images F(Z?) for F' € F. So we introduce the two sets

g>d(m):{(x,y,F) | m=F(z,y) with F € F,degF >d

(z,y) € Z* and max{|z|, |y|} > 2} (1.9)



and
R}d = {m ez | Q2d(m) 75 @}

The assumption max{|z|, |y|} = 2 is natural: the coefficient ag = F(1,0) of F' is likely to

take infinity many values m, some of which may be repeated infinitely often (see Remark

1.2 in [FW2024]), a situation which would yield for the modified G>4(m) an infinite set.
For N a positive integer, we introduce

R}d(N) :Rgdﬂ[—N,N}. (110)

1.3 About binary fewnomials
We firstly define a family of binary fewnomials.

Definition 1.3. Let 7 > 1 be an integer. For every k > 3/r let & be a finite subset of
7™+ such that, for every a = (aq, ..., a,) € &, one has

1. apa, # 0,

2. the discriminant of the polynomial agT” + - - - + a,, is different from zero.
For every k > 3/r and for every a € &, let F = F, o(X,Y) be the binary form

Fra(X,Y) = aoX* +a, XFO-DYk g, XEYRO=D g vk, (1.11)
Then the set F = Fp defined by
Fp :={Fra:k>3/r,act&},
is called the family of binary fewnomials attached to the data
D = (r,(&)).

Let F as in Definition 1.3. Then the degree of every F' € F is divisible by r and
greater than 2. The discriminant of F' is different from zero. We define the height of F
by the formula.

A(F) := max{|ag|, a1, ..., |ar|} (1.12)

and the modified height
A*(F) := max{2, A(F)}

which naturally appears in some formulas (for instance in Corollary 2.5).
By the definition (1.8) we have the decomposition

F=J Fur

k>3/r

The number of elements in F, is less than

* r+1
max (24°(F)+ 1) (1.13)

If F is given by (1.11), we have the equality
F(X,Y)=Y*h ((X/Y)k) :

where h(T) is the polynomial agT" +- - -4+ a,_1T +a,.. This point of view will be exploited
in the proof of Corollary 2.5.



1.4 Some examples

Let F = Fp be the family of binary fewnomials attached to the data D as in Definition
1.3. The number of monomials appearing in each form F € F; is at most r + 1. In
particular, when r = 1, the forms F' € F; are binomial binary forms

aX?+ by, (1.14)

(cf. [SX2019, Corollary 1.3], [FW2024]), while if » > 2 and if there exists s in the interval
1 < s < r—1 such that each a = (ag,a1,...,a,) € & satisfies a; = 0 for j & {0,s,r},
then the forms F' € Fy are trinomial binary forms

anr +chsyk(r—s) —I—bYkT.

For example with r = 2 and s = 1 the family that we are considering is the family of

balanced trinomial binary forms
aX? 4 eXFYR 4 py 2, (1.15)

These trinomial forms will be studied in [FW2026+].

As in [FW2023], [FW2024] we are interested in the asymptotic description of the set
of integers which are represented by some form F of the family of binary fewnomials
F = Fp, with a fixed r > 2, in particular we study the counting function

fR>a(N),

associated to Fp (see the Definition (1.10)), where as usual £ the number of elements
of a finite set E. Our results will require the constant ¥4 (< 2/d) which is defined in
[FW2023, (2.1)] by the formula:

24v/3 473 2628v/3 — 1009

_ —0.6475... ford=3,
60/3 4+ 73 5471
2
ga=1{ _ 2Vd+9 for 4 < d < 20,
4d1\/8— 6vVd+9
— for d > 21.
d—1

1.5 The main result

Recall the Definitions 1.2 for df and 1.3 for D and Fp, and Notations (1.2) for CF, (1.4)
for A(F), (1.9) for G=4(m), (1.10) for R>q(N).

If F is a binary form we put A} := Ap/2 if F is a form with squared arguments, and
A% := Ap otherwise. The next result will be proved in §2.4.

Theorem 1.4. Let € > 0 and let r > 2 be an integer. Let F = Fp be the family of
binary fewnomials attached to the system of data D = (r,(E)). There exists a constant
n > 0 which depends only on € and r with the following property. Assume that there exists
doy = 3 such that, for all d > dy,

max A*(F) < exp(nd/logd). (1.16)

Then



(a) For allm € Z~{—1,0,1} and all d > 3 which is a multiple of r, the set G>4(m)
is finite. Moreover, for all d > do which is a multiple of r and all € > 0, there exists a
constant ¢ depending only on r,d, e such that, for |m| > 2,

8G>a(m) < clm|M/Dte.

(b) Assume that F is a Q—homography—free set. Then for all d > 3 which is a multiple
of r, we have, for N — oo,

iR>a(N) = ( Z CF) NY4 40,4 (Nmax{ﬂ”ﬂ/df}). (1.17)
FeFg
(c) Assume that F is a Q-homography—free set of Q-rigid forms. Then for all d > 3
which is a multiple of r, we have, for N — oo,

ﬁR}d(N) _ (d12) <Z A}) N2/d+Oéyr’d(Nmax{ﬁd+e,2/dlf})'

FeFqy

We will prove this result with n = ¢(28931°r47)~1  corresponding to a value for u
given by (2.3) with A =2 +e.

The proof of Theorem 1.4 is given in §2: we first recall the definition of a regular family
[FW2024, Definition 2.2] (Definition 2.1) and the statements of [FW2024, Theorem 2.6]
and of [W2000, Corollary 9.22] (Theorems 2.2 and Proposition 2.3 respectively). These
tools allow us to prove the asymptotic estimate (Theorem 2.6) which is required for
checking the conditions of a regular family.

The rest of the paper is devoted to giving examples of families satisfying the assump-
tions of Theorem 1.4. These examples are stated in §3, Theorems 3.2 and 3.4. The main
purpose of §4 is to study isomorphisms among two binary fewnomials. The technical
arguments are the proofs of Propositions 4.11 and 6.1. The proofs of the Corollaries 3.6
and 3.9 are given in §5 and §6 respectively.

2 Proof of Theorem 1.4

2.1 Regular families
The next definition is Definition 2.2 of [FW2024].

Definition 2.1. An infinite family F of binary forms as in Definition 1.2 with coefficients
in Z is called regular if the following properties are satisfied:

(i) Two forms in the family F are Q-isomorphic if and only if they are equal.

(ii) There exists an integer A > 0 such that for all € > 0, there exist two positive
integers Ny = No(€) and dy = dp(€) such that, for all N > Ny, the number of integers
m € [—N, N] for which there exists d € Z, (z,y) € Z* and F € F, with

d>do, max{|z[,ly]} > A and F(z,y)=m
is at most N€.
We also borrow the following notation from [FW2024]:
Rzq(F,N,A):=4{m:0< |m| <N, thereis F € F with degF >d
and (z,y) € Z° with max{|z|,|y[} > A, such that F(z,y) = m}.
Here is the statement of [FW2024, Theorem 2.6].



Theorem 2.2. Let F be a regular family of distinct binary forms in the meaning of
Definition 2.1. Then for every d > 3 and every positive €, the quantity Rsq (F, N, A)
satisfies

Rxa(F,N,A) = ( Z AFWF) N4 OF aa. (NmaX{ﬁd+6’2/dT}),
FeFy

uniformly as N — oco.

2.2 Diophantine tool

Our main tool for the proof of Theorem 1.4 is an asymptotic estimate (Theorem 2.6)
which we are going to deduce from a lower bound (Proposition 2.3) arising from the
theory of linear forms in logarithms, namely [W2000, Corollary 9.22].

Using the notations of [FW2024, §5], we denote by H the absolute height, by h the
absolute logarithmic height and by M the Mahler’s measure; for a rational number written
in its irreducible form as p/q, we have

H(p/q) = M(p/q) = max{|p|,q},  h(p/q) = logmax{|p|, q}.

Proposition 2.3. Let K be a number field of degree < D, ay,as nonzero elements of
K, by, by positive integers, A1, As, B positive real numbers. Assume, for j =1,2,

1
B > max{e, b1, bo}, logA; > max{D, h(aj)}.

If ¥ ab? # 1, then
|l ab? — 1] > exp {—C(log B)(log A1) (log A3) D* max{1,log D} }

where C = 279315,

When D = 1, we recognize [FW2024, Proposition 5.1].
Proposition 2.3 follows from [W2000, Corollary 9.22 p. 308] with the constant C(m)
of [W2000, p. 252].

The next lemma gives an upper bound for the absolute logarithmic height h of an
algebraic number in terms of its usual height.

Lemma 2.4. Let 0 be an algebraic number which is root of a nonzero polynomial of

degree v having integer coefficients bounded by H. Then

eh(®) <Vr+1H.

Proof. We use the results of [W2000, Chap. 3] (see the proofs and notations of Lemmas
3.10 and 3.11). For h € C[X] a polynomial of degree r, the coefficients of which have
moduli < H, we have

M(h) < v+ 1H.

If h € Z[X] and if f is a factor of h in Z[X], we have M(h/f) > 1, hence M(f) =

M(h)/M(h/f) < M(h). Further, is f is irreducible and if 0 is a root of f, then
1

h(0) = Q0 q log M(f) < log M(f).



We consider a family F = Fp of binary fewnomials attached to the data D = (r, (E))
as in Definition 1.3. Let (ag, a1, ...,a,) € & and let

h(t) = apt™ 4+ ayt™* + --- 4+ a, € Z]t]

be the polynomial associated with (ag, a1, ...,a,). We decompose h into irreducible fac-
tors in C[t]:

T

h(t) =ao [ [ (t ;).

j=1
By hypothesis, 61, . . ., 8, are pairwise distinct. The degree D of the number field Q(61, ..., 6,)
satisfies 1 < D < rl.
Let k> 1 and r > 1 be two integers such that the product d = kr is > 3. Let

F(X,Y) =ao X" + a; XFr=Dy* 4 g, XFYRO=D g ykr (2.1)

be the binary form in F,; given by (1.11).
Recall the Definition (1.12) of A(F'). Thanks to Lemma 2.4, we have

max e"%) </ 1A(F).

1<5<r
The next result follows from Proposition 2.3.

Corollary 2.5. Let x and y be in Z. Set X := max{|z|, |y|}. Let F be as (2.1). Assume
X > 2 and F(x,y) #0. Then

|F(x,y)| > max{|aoz?], |a,y?|} exp { — Cr'" (log d)(log X)(log A*(F)) }
with the constant C' of Proposition 2.35.

Proof. The case r =1, k > 3 is [FW2024, Corollary 5.2].

When k£ =1 and d = r > 3, the trivial lower bound |F(z,y)| > 1 gives a stronger
result, since

max{|aoz?|, |a,y¢|} < A*(F)Xx.

We now assume k > 2 and r > 2. We may also assume xy # 0 since the result is trivial
when xy = 0.

Let us write .

F(z,y) = ao [[(=* - 6;4%).
j=1

By symmetry, since aga, # 0 and since h(1/6;) = h(6;), we may assume |agz?| > |a,y?|.
Let j € {1,2,...,r}. We first use Proposition 2.3 with

D=1[Q0;):Q <!, b=k by=1 a=2
X

, g =0,

_ logk
~ log?2’
Using Stirling’s formula [Ro1955]

rl < e "V 2mr et/ 12T

log X
log B 1= i, log As = rlog A*(F).
log 2



together with the upper bound

log r X
4 2.5 1/3r < 4r
T 7(10g‘ 2)2e e
for r > 2 we get
oz 2)27“!4T log(r!) < r*7 1t
From Proposition 2.3, we deduce
k
0; (%) - 1‘ > exp { — Cr"" " '(log k) (log X')(log A*(F)) }

for 1 < j < d. Hence

T

II

j=1

; (%)k - 1’ > exp { — 7" (log k) (log ) (log A*(F)) }

and

|F(x,y)| = laox?| | ]
j=1

(2

> |agz?| exp { — Cr*"(log k) (log X) (log A*(F)) }.

O
From Corollary 2.5 we deduce the lower bound
|[F(z,y)] > X? exp { — Cr'" (log d) (log ) (log A*(F)) }
which we write as
\F(z,y)| > deCr“(logd)(log.A*(F)). (2.2)

2.3 Asymptotic estimate

The next result gives an asymptotic upper bound for the number of integers which
are represented by binary forms of large degree in the family F of binary fewnomials
introduced in section 1.3. It also gives an upper bound for the number of representations
of such an integer.

Recall the constant C' = 2793'% from Proposition 2.3.

Theorem 2.6. Under the assumptions of Theorem 1.4, let A and p be two real numbers

satisfying A > 2 and
A—2

—_— 2.
0<p< &gy (2.3)
Let dg > 3 be an integer. Assume that the condition
A*(F) < exp(ud/logd) (2.4)

is satisfied for all d > do and oll F' € F4. Then

(a) For all m € Z ~ {—1,0,1} and all d > 3 multiple of r, the set Gsq(m) is finite.
Furthermore, for all (A, u,r,d) as above with d > dy, there exists a constant ¢y, only
depending on (A, p,r,d), such that, for every |m| > 2, one has the inequality

8G>a(m) < c1|m[M D).
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(b) For all (A, u,r,d) as above with d > dy, there exists co depending only on (A, p,r,d),
such that, for all N = 2, one has the inequality

iR>a(N) < cgNM4,

Proof. Define X' by the equality

N =2

C,,Ar)\/

By (2.3), we have the equalities 2 < ' < A. The number 6 := \’'/2 satisfies

M:

1 N-=2
9>1and1—§: Y

Let d > 3 be a multiple of r, written as d = kr. Let m € Z, |m| > 2 be such that
G>q(m) # 0: there exists (z,y,F) € G=4(m) such that m = F(z,y), where F' € Fjr,

(with &’ > k) is the binary form

= Crip.

aoXk:/r + ale:/(r—l)Yk' N arilelyk'(r—l) + CLTYk/T.
Let X = max{|z|, |y|}. By hypothesis, we have X > 2. The lower bound (2.2) yields

|m| 2 Xk/r—Cr‘”(log(k’r))(logA*(F)).
Assume now d > dy. From (2.4) we deduce the upper bound

Cr* (log(k'r))(log A*(F)) < Cr¥" T uk! = k'r (1 - 1) ,

0
hence
Xk’r < ‘m‘é
Define
My — {910g|m|J .
rlog 2

Thanks to the inequalities X > 2 and k' > k we deduce My > k and
<My, and X <|m|?/*7) (2.5)

Given z and m, the number of ¥ such that F(z,y) = m is at most r, hence the number
of such y is at most 2r. This shows that the set G>4(m) is finite for all m with |m| > 2
and d > dy. Since, for all d > 3 all the sets F; are finite, we deduce from Thue’s Theorem
on the finiteness of the number of solutions of Thue’s equation that the set G4(m) is
finite for any d > 3.

We also deduce for d > dy that the number of elements in G>4(m) is bounded by

My

§Gza(m) < 4rlm|”* " 1€ (2.6)

k'=k

Using the inequality (1.13) under the form

1€ < 3™ max (A*(F))" T,

(SN

together with the hypothesis (2.3) we deduce

1€ <37 exp (uk'r(r + 1)/ (log(k'r))) -
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Combining with (2.6) and the upper bound 6 < A\/2, we deduce the inequality

#G=a(m) < 4rfm|?/?. My - 3™ exp (uMor(r + 1)/ (log(Mor)))
< ¢q|m)NV D,
This completes the proof of the item (a).

The proof of the item (b) has similarities and works as follows. Write d = kr and let
m be an element of R>4(N). It satisfies |m| < N and it can be written as m = F(z, y)
for some (z,y) such that X > 2, for some k¥’ > k and some F € Fy,.. However the
inequalities (2.5) imply

0log N
E'<M; and max{|z|,|y|} < N/*)  where M, := 08
rlog2
Thus we have
2 M
tR>a(N) < (142N%/00) "3 gey,
k'=k
and the item (b) follows. O

2.4 Proof of Theorem 1.4
Let € > 0 be fixed, and A\ = 2 + 2¢. Let
A=2
,LLO A CT’4T)\7
and as mentioned above let
n = e(2Cr") 7L,

The inequality n < pg allows to apply Theorem 2.6 (a). Since we have \/(2d) < (1/d)+e
we obtain the upper bound of Gs4(m) for d > dy as claimed in Theorem 1.4 (a). This
completes the proof of Theorem 1.4 (a).

We now prove the alinea (b) of Theorem 1.4. We separate its proof according to the
size of d, compared with dy starting from which, the upper bound (1.16) is true.

— Assume d > dy. Let us check condition (ii) in the Definition 2.1. Let ¢; > 0. For
d" > A/e; Theorem 2.6 (b) yields
iR (N) < coNM¥ < N9
for sufficiently large N. Hence, applying Theorem 2.2 above, with A = 2, (or [FW2024,
Theorem 1.11]) we obtain the alinea (b) in that case.

— Assume 3 < d < dy we extend the above proof as follows to take into account the
contribution of the forms of F with degree in the interval [d, dy — 1]. We start from the
equality

fR>4(N) = X +O(Y), (2.7)

with

X =#{m:|m| <N, m= F(z,y) for some (z,y, F)
with max{|z|,|y|} > 2, F € F with d < deg F' < do},
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and

Y =1Rz4,(N).
Let dy = (dy — 1)' We have d; > dy and d; > df. We trivially have Y = fR>a, (N). By
the above discussion, we have

Y = O(N¥4) = O(N?/4"). (2.8)

To deal with X, we benefit from the fact that there are finitely many forms in the union
Udcar<d, Far- Let d2 = (d — 1)T. If dy > d the leading coefficient on the right-hand side
of (1.17) vanishes. We suppose that do < dyp — 1 otherwise there is nothing to prove. Let
F € Fq4,. Then [SX2019, Theorem 1.1] gives an asymptotic formula for

g{m :|m| < N, m = F(z,y) for some (z,y) with max{|z|, |y|} > 2}. (2.9)

(also see (1.3) above). If G € Fy,, with G # F (so G is not Q-isomorphic to F' by
hypothesis), then [FW2024, Theorem 1.1] gives an upper bound for

g{m :|m| < N, m = F(z,y) = G(u,v) for some (z,y,u,v) with max{|z|, |y|} > 2}.
(2.10)
We then apply the inclusion—exclusion principle to give an asymptotic formula for

f{m: |m| < N, m = F(z,y) for some (z,y) with max{|z|,|y|} > 2 and some F € Fg,}.

Since each set Fy is finite, we deduce from (1.3) the bound

g{m:|m| < N, m = F(z,y) for some (x,y) with max{|z|, |y|} > 2

and some F e | ] F}= O(N?/). (2.11)
d;<€<d0

By (2.7), (2.8), (2.9), (2.10) and (2.11) we complete the proof of alinea (b) of Theorem
1.4.

The item (c) of Theorem 1.4 directly follows from the item (b) by a combination of
the definition (1.2), the equality (1.7) and the definition of A%.

3 Examples of sets of C and Q—homography—free sets

Our next task is to exhibit examples of families of binary fewnomials suited for an
application of Theorem 1.4 (¢). Recall that K=7Z, Q,R or C.

3.1 Old examples

Such examples were already given in previous papers of the authors through the following
natural approach. Let F and G be two binary forms of Bin(d, K) and suppose that we
are interested in the v € GL(2,K) such that F oy = G. The study of these ~ is essentially
equivalent to the study of the homographies h with coeflicients in K which exchange the
complex roots p of the polynomials f(t) := F(¢,1) and g(z) := G(z,1) (see Lemmas 4.1
and 4.5 and Proposition 4.7 below). When K = Q, we studied the following cases

e [ and G are cyclotomic forms with the same degree, then the p are primitive roots
of unity (see [FW2020, Proposition 4.8 and Corrigendum]),
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e F and G are products of distinct irreducible quadratic forms of the shape X2 +aY?
with o € Z, then the roots p are algebraic irrational numbers with degree two, so
necessarily we have h(Q(v/—a)) = Q(v/—a) (see [FW2023, Propositions 4.1 & 5.1]
and [FW2024, Proposition 3.1]),

e F and G are products of distinct linear factors of the shape X — aY, with a € Q,
then we exploit the fact that h preserves the cross ratios of any 4—tuples of distinct
p (see [FW2023, Proposition 6.1]).

Apart from products of binomial forms (X" +aY™") (for suitable rational integers ), the
above examples do not seem to lead to interesting examples of binary fewnomials.

3.2 New examples

The landscape of Theorem 1.4 is different since the information concerning the binary
fewnomials is not of algebraic nature but it concerns the indices where the corresponding
coefficients of the form vanish. Theorems 3.2 and 3.4 below are written in that sense.
The proofs of these results are based on the above homographies h and on the symmetric
functions of the roots of a polynomial. The number and the indices of these zero coef-
ficients are important. However, one can prove variations of our results by shifting the
string of these zeroes. We will not investigate these possible extensions.

To state our result, we introduce the following conventions: Let F/(X,Y") be a binary
form, not necessarily a binary fewnomial, written as

F(X,Y)=ac X'+ XY + - 4 agY? (3.1)

We suppose that agag # 0. We define the two functions

{A*(F) :=max{l:a; =0,0 <i</{}, (3.2)

A=(F):=min{l:a; =0,{ <i < d}.
They satisfy the properties
art(py #0, LS AT(F) <A (F)<d
and
AF(F) = A5 (F™),

where F*™¢(X,Y) is the reciprocal binary form defined by F**¢(X,Y) := F(Y, X). So we
restrict ourselves to statements (for instance Theorem 3.2 or 3.4) in terms of AT (F') only.

The first result (Theorem 3.2) considers the case of binary forms where, for the very
first positive values of 7, the coefficients a; are equal to zero. The following definition is
essential.

Definition 3.1. [Reduced set of binary forms| Let K be as above and let d > 3 be an
integer. A set £ of binary forms of degree d with coefficients in K is called K-reduced if
it satisfies the three conditions

1. for any F in &, we have agaq # 0,

2. the set £ is K—dilation—free,
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3. there is no pair (F,G) of distinct binary binomial forms (1.14) of £ and no pair
(u,v) € (C*)? such that F(vY,uX) = G(X,Y).

If the set £ is K-reduced so does every subset of £. The item 3 is satisfied when &
contains one binomial form at most. When K = C, the condition 3 is satisfied if and only
if £ contains at most one binomial form.

We will prove in §5.1:

Theorem 3.2. Let d > 3 and K as above. Let £ be a K-reduced set of binary forms.
Assume that any F € & satisfies

A+(F) > #

Then the set € is K—homography—free.

The assumption AT(F) > (d + 3)/2 implies that when d € {3,4}, the set £ only
contains binomial forms.

Theorem 3.2 is quite general and the discussion in §4.5 will show that the lower bound
AT(F) > (d+ 3)/2 is optimal.

A different way to see the quasi—optimality of Theorem 3.2 is the following Propo-
sition, where we follow the notations (3.1) and where we use basic concepts of linear
algebra. We introduce the subset of 8 matrices in GL(2, K):

o={(v" 4)- (4 D))

Proposition 3.3. For every d > 3 there exists a binary form F with degree d and with

We have

integer coefficients, such that
® 4] = A2 =" --0|4/2] =0,
o there exists v € GL(2,Z) \ G, such that Foy=F.
Proof. Let S be the following matrix
= (o)
which is attached to the change of variables (X,Y) — (Y, X). Let £(d,Q) be the Q-
vector space gathering all the binary forms with degree d, rational coefficients together

with the O-form. It has dimension d + 1. If ¢ belongs to GL(2,Z) we denote by ¢' the
automorphism of £(d, Q) defined by

ENF)=Fog™" (Fe&dQ).

In particular we have the equality (¢n)T = £Tnf, for any ¢ and € GL(2, Z). Of particular
importance is the vector subspace

S(d, Q) = {F S g(d, Q) LA = Qg—p (0 <2k < d)}

It is the eigenspace (relative to the eigenvalue 1) of the automorphism ST of £(d, Q). A
basis of §(d, Q) is given by

{XFyd=F ¢ xd=ky* .0 < 2k < d}.
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We have the equality dimS(d, Q) = |d/2] + 1. Let £ be any element of SL(2,Z) such
that the element

vi=ES¢7Y
does not belong to G. Then ¢f (S(d, Q)) is the eigenspace of 4T relative to the eigenvalue

1. It also has dimension [d/2] + 1.
For 1 < k < d, let V(d, k,Q) be the vector subspace

V(d,k,Q)={F:a,=--=a, =0}
Its codimension is equal to . If one has the inequality
(d+1—-k)+(ld/2] +1)>d+1,
which is equivalent to the inequality
R < Ld/2],

then the intersection of vector spaces V(d,k,Q) N &' (S(d,Q)) contains an element F
different from 0. Obviously, for this ', we have a; = --- = a, = 0 and 4/ (F) = Foy™! =
F.

Note that this construction is too general to ensure that the form F has a discriminant
# 0 and a first coefficient ag # 0 O

3.2.1 Three illustrations.
e We now consider d =3 (so |d/2] = 1) with the choices
¢ = @ }) £ = (_31 _12> and y = £S¢ =41 = (g :;’) .
Let ¢(X,Y) be the cubic symmetric form
H(X,Y) :=13(X3+Y3) +51(X?Y + XY?).
Then we have
F(X,Y) = (£1(9) (X,Y) = (o0& 1)(X,Y) = 32X% — 30XY? 4 11>,
We check the equality v/ (F) = F oy~! = F, since we have the equality
F(X,Y)=F(5X —3Y,8X —5Y). (3.3)
e The same equality (3.3) holds for
F(X,Y) =256X"* — 240XY3 + 111Y*
using the quartic symmetric form
H(X,Y) =127(X* + Y1) + 740(X3Y + XY?) + 1338X2Y2.

e We consider d = 10 (so |d/2] = 5) and we require the help of a computer. Consider
the symmetrical form ¢(X,Y") defined by
P(X,Y) ="76210176793 (X0 +V'%) + 872977899590 (XY + XY?)
+4381399953 765 (X®Y? + X?Y®) 4 12658497992520 (X'Y? + X°Y7)
+23266 629 555 330 (X°Y* + X*Y°) + 28385698 168 548 X Y ®.
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Let
(Y ) e (5 )

By a GL(2,Z) change of variables, we have

F(X,Y)=(£(¢) (X,Y) = (¢0& )(X,Y) = ¢(—5X +2Y,3X —Y)
= —34359738368 X0 + 49565859840 X*Y® — 74095902720 X3Y”
442402890880 X2Y® — 10956131760 XY + 1074852609 Y 1°.

We check the equality v/(F) = F oy~! = F, since we have
F(X,Y) = F(~TX + 3Y, 16X + 7Y).

With the help of a computer, one checks that the form F' has a discriminant different
from 0 and that the coefficients are relatively prime.

3.2.2 A variation of Theorem 3.2

Theorem 3.2 has the defect not to cover the case where A*(F) is very close from d/2 (i.e,
2AT(F) =d, d+ 1 or d + 2). For instance it does not apply to the balanced trinomial
forms appearing in (1.15). In order to circumvent this failure, we introduce the following
sets, where we impose to the forms to have a string of (at least) four zero monomials
located just after the monomial aA+(F)Xd’A+(F)YA+(F).

We will prove in §6.3 the following analogue of Theorem 3.2.

Theorem 3.4. Let d > 11 and K as above. Let € be a K-reduced subset of Bin(d, K).
Assume that for each F' € E we have

d/2< AT (F)<d—4, a, =0 for A\T(F) + 1<k <AT(F) + 4.
and that if d is even, then € contains no trinomial of the form
a0 X + aq e XYY + aY. (3.4)
Then & is K-homography—free.

The assumption AT (F) < d — 4 implies that the set £ contains no binomial form.

The set £ does not contain two forms F and G such that F(vY,uX) = G(X,Y)
with v and v in C*: indeed, if two forms F' and G related by such an equation satisfy
AT(F) > d/2 and AT (G) > d/2 and are not binomial forms, then d is even and F and
G are trinomials of the form (3.4).

The assumption d > 11 is necessary in view of the other conditions of Theorem 3.4.
For d = 11 the elements of £ are of the form

aoXll + a6X5Y6 —+ a11Y11
with apaediy 7’5 0.

3.3 Examples of homography—free sets of binary forms

We give examples where the assumptions of Theorem 1.4 (b) and (c) are satisfied.
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3.3.1 Corollaries to Theorem 3.2
These corollaries concern two sets of binary forms. The first one is:
UV (K) := {F € Bin(d,K) : ag # 0, A*(F) > (d+3)/2, ag1 =ag=1}.  (3.5)

The condition ag—; # 0 implies AT (F) < d—1, hence if Z/la(ll) (K) is not empty then d > 5.
Conversely, for d > 5, the set Z/{(gl)(K) is infinite. This is a consequence of the following

lemma with e = 1.

Lemma 3.5. Let a, d and e be integers such that a # 0, 1 < e < d — 1. Then the
discriminant of the binary form

F (X,Y):=aX%+ Xy? e 4 v4
is different from zero.
The form F, has AT (F,)=d—eand d—1> (d+3)/2 for d > 5.
Proof. We need to prove that the polynomial
falt) = at + 1 +1 (3.6)

has no multiple root. Without loss of generality we may assume that e and d are coprime
integers. Suppose that such a multiple root, that we call p, exists. It would satisty f,(p) =
ap? + p¢ +1=0and f'(p) = adp? ' +ep®~! = 0, from which we deduce that

d—e € e d
=—— d that =— .
P ad ™ wor d—e
However the equation
d ee(d _ e)d—e
a®=(-1) —ga
cannot hold with a € Z and e and d coprime integers. O

To define the second set we recall a classical definition: let k¥ > 2 be an integer and
let £ = a/b be a non zero rational number, written in its minimal form with b > 0. We
say that x is k—free if there is no prime p such that p* divides ab.

We introduce the following subset Z/lf) (Z) of Bin(d, Z) containing all the forms F' (written
as in (3.1)) such that

(a)ap >0,aq#0, (d+3)/2<AT(F)<d—1,
(b) ap and ay are d—free,
(c) if there is an odd index k such that ay # 0

then for the smallest such k we have a; > 0.

(3.7)

When ag is d-free, the form F,,(X,Y) defined in Lemma 3.5 also belongs to L{CEQ)(Z),
thus this set is infinite.
We state the following corollary to Theorem 3.2. The proof is given in §5.2.

Corollary 3.6. The following properties hold.
1. For everyd > 5 the infinite set Usl)(K) is a K-homography—free set of binary forms.

2. For d > 5 the infinite set L{f)(Z) is a Q-homography—free set of Q-rigid binary
forms.
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3.3.2 Corollaries to Theorem 3.4

We give new examples where the assumptions (b) and (c) of Theorem 1.4 are satisfied.
Our next example is the set

VIV(K) = {F € Bin(d,K) :a9 # 0, d/2 < A*(F) <d—6, ag1 =ag=1  (3.8)
ap =0 for AT(F)+1 <k<A+(F)+4}.

We introduce the following subset V((iz) (Z) of Bin(d,Z) containing all the forms F
(written as in (3.1)) such that

(a) ap >0, ag #0, ,d/2 < AT(F) <d -5,
ar =0 for AT(F)+1< k< AT(F)+4,

(b) ag and ag are d—free,

(¢) if there is an odd index k such that as # 0, (3.9)
then for the smallest such k we have a; > 0

(d) if d is even, then F is not a trinomial of the form
ap X+ agpp XYY Y2 + aav.

It is plain that the set VCEI)(K) (resp. V{;Q)(Z)) is empty for d < 12 (resp. for d < 11).
Let us check that for d > 12 (resp. d > 11) this set is infinite.
For d = 11 the set v{? (Z) contains the forms

aXt 4+ X0y5 4yt a>0 dfree,

as shown by Lemma 3.5.
For d > 12 and a € Z ~ {0}, consider the binary forms

Go(X,Y) = X4+ aX¥77YyY + XY v

where v = vy = [(d+1)/2]. The next result shows that for |a| sufficiently large Go(X,Y)
belongs to both Vél)(K) and Vc(lz) (Z).

Lemma 3.7. For any d > 12, there exists a constant Aq such that
f{a € Z {0} : G, ¢ Bin(d,Z)} < Aq.

Proof. The discriminant of the polynomial G,(X,1) is equal to D(a) where D is a poly-
nomial in Z[T]. The discriminant of the polynomial f;(z) introduced in (3.6) is D(0)
when e = 1. Since f; has no multiple roots, we have D(0) # 0 and the polynomial D has
only finitely many roots. O

Remark 3.8. One can check that A = 0, hence the sets Vl(é)(Z) and Vg) (Z) contain
all the quadrinomials which are of the form

X2 40X+ XY 4+ Y2 (a€Z).

Indeed, the discriminant of the polynomial T2 +aT® +T 41 is a polynomial of degree 12
in a, with integer coeflicients; using a computer, we check that it has no integral solution.

Here is a corollary to Theorem 3.4. The proof is given in §6.3.
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Corollary 3.9. For d > 12, we have
1. The infinite set Vél)(K) is a K-homography—free set of binary forms.
2. The infinite set VC(ZQ) (Z) is a Q-homography—free set of Q-rigid binary forms.

Remark 3.10. The conditions concerning ag—1 and ag (in (3.5) and in (3.8)) and ayg,
ar, and ag (in (3.7) and in (3.9)), may appear artificial. They are introduced to eliminate
possible homotheties between forms and can be replaced by other types of conditions.

4 Homographies between two binary forms

For the proofs of Theorems 3.2 (in section 5.1) and 3.4 (in section 6), in order to check
the hypotheses arising from Definition 1.1, we need to study the homographies between
two binary forms and the automorphisms of a binary form.

4.1 Zeroes of binary forms

4.1.1 Case of one form.

In this section K is the field Q, R or C. To the element

(U1 U2
v = <u3 u4) € GL(2,K) (4.1)
we associate the homography * of P!(K) defined by the formula

Az : t) = (urx + ust : ugx + ugt),

where we denote by (z : t) the generic element of P!(K). Recall that for v, and 7 in
GL(2,K) we have the equivalence

A1 =g <— ( there exists A € K* such that v, = Ay, ) (4.2)

and the formula
V2 =71 072 (4.3)

Let F be a form Bin(d, C) and Z(F) the set of zeroes of F in P!(C). By definition,
it is the set of classes (z : t) of pairs (z,t) € C? \ {(0,0)} modulo the homotheties such
that F'(z,t) = 0. By assumption the cardinality of Z(F') is d and for v € GL(2,K) we
have the conjugation equality

Z(Fory) =5} (2(F)), (4.4)
which follows from the relations
(:) € Z(Foy) &= (Fo)(a:0)=0 <= He:1) € Z(F) < (x:0) €7 (Z(F)).
In particular for v € Aut(F, K), we have
Z(F) = 7(2(F)). (4.5)

Thus for v € Aut(F, K) the restriction of 4 to Z(F), denoted by 7| z(r), is a bijection of
Z(F). If E is a subset of P}(C), let Aut(F,K) be the set of bijections ¢ : E — E such
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that there exists v € GL(2, K) with the property 45 = ¢. In particular for v € GL(2, K)
one has the equality

Awt(Z(F 07),K) = (§1z(r)) " Aut (2(F),K) Jjz(r).-
We have

Lemma 4.1. Let F' € Bin(d,K) (d > 3). The —map which transforms v € GL(2,K) in
the homography 7 on P(C) induces a homomorphism

U Aw(F,K) —  Aut(Z(F),K)
v = YY) =Y zm)-
We have
ker ¥ = {¢Id: ¢ € K, ¢? =1}

Finally when K = C the map ¥ is surjective.

Proof. The existence and unicitiy of ¥ follows from (4.5). As a consequence of (4.3), for
any 1 and o € Aut(F,K), we have U(v172) = ¥(71) o ¥(72). The determination of
ker U comes down to finding the matrices v € Aut(F,K) such that ¥ fixes every point of
Z(F). Since Z(F) contains d points and since d > 3, we deduce the equality 4 = Id. By
(4.2), the automorphism ~ is a homothety of the shape ¢ 1d, with ¢ € K*. The equality
F o~ = (F restricts the possible values of ¢ by the equality (¢ = 1.

We now suppose that K = C to prove that W is surjective. So let F' € Bin(d, C) and let
¢ € GL(2,C) such that &Z(F) belongs to Aut(Z(F'),C). We want to prove the existence
of some v € Aut(F,C) such that 4 = £. By (4.4), we have the equality Z(F) = Z(F o¢).
This implies that the forms F' and F o§ are proportional since they have the same zeroes
with the same multiplicities. For some a € C* we have F' o £ = oF. It remains to put
v := A, where A € C satisfies A\™? = « to obtain the equalities 7 = 5 and Foy=F. [O

Remark 4.2. When K = Q or R, the morphism ¥ in Lemma 4.1, is not surjective
generally speaking as one sees in the following example. Let a and b be two distinct
positive real numbers. Let F(X,Y) in Bin(4,R) defined by

F(X,Y) = (X — aY)(X + Y/a)(X — bY)(X + Y/b).

We then have
Z(F)={(a:1),(~1/a:1), (b:1), (~1/b:1)}.
Let £ : P'(C) — P'(C) be the homography defined by &(z) := —1/z. We check that &z ()
belongs to Aut(Z(F),R). Searching for v € Aut(F,R) such that 4 = £ is equivalent to
searching for A € R* such that
{0 =X
V= A 0 9

satisfies (Floy) (X,Y) = F(X,Y). Such a A € R does not exist, since a direct computation
leads to the equality (F ov)(X,Y) = -\ F(X,Y).

Lemma 4.1 has the following consequence.

Lemma 4.3. Letd > 4 and let F' € Bin(d, Q). Suppose that Aut(Z(F),C) = {Id}. Then
we have
{1d} if 24d

Aut(F,Q) = {{ﬂd} if2|d.
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Proof. Since Aut(Z(F),C) contains one element only, so does Aut(Z(F), Q). This ele-
ment is Id, hence one has the equality

Aut(F,Q) = U1 ({Id}) = ker ¥,
and the result follows from Lemma 4.1. O

Lemma 4.3 never applies when d = 3, since, in that case, Aut(Z(F),C) always has

six elements.

We finish this section by some conventions and notations. The results of §3 concern
binary forms F(X,Y") having ag # 0 with the notation (3.1). Thus it is natural to identify
the roots of the form F(X,Y) in P!(C) with the zeroes (on the complex affine line) of
the associated polynomial

f(t) = F(t,1)/ac. (4.6)
By construction, this polynomial is monic and we are led to consider, for d > 1, the
following set of polynomials

Pa(K) := {f € K[t] : f monic, deg f = d,discf # 0}, (4.7)
with K=C, R, Q or Z. If f and g belong to P4(K), we systematically write them as
f#) =tt+ ot + -t ay, (4.8)
and
g9(2) = 20+ Bzt 4 4 Ba. (4.9)
By convention, we put ag = 5y = 1.
By analogy with (3.2), we define
AT(f) :=max{l:a; =0,0 <i<(}. (4.10)
Since discf # 0, the polynomial f(t) is not the monomial ¢¢, thus we have
1<AT(f) <d (4.11)

By analogy with Z(F'), we introduce the set Z(f) := {p € C: f(p) = 0}. This set of
zeroes has cardinality d.

4.1.2 Case of two forms.

This paragraph generalizes the section 4.1.1 by studying the links between the zeroes of
two forms F; and Fs.

Since we do not wish to consider multiplicities for the zeroes, we need to assume that
the discriminants are not zero: the two binary forms (X — Y)(X — 2Y)?(X — 3Y)? and
(X —Y)(X —2Y)(X — 3Y)3 have the same degree, the same sets of zeroes (not with the
same multiplicities), and they are not isomorphic.

Definition 4.4. Let K be one of the fields @Q, R or C. Let & and & be two subsets
of P1(K) with equal cardinalities > 3. We call K—isomorphism between & and & any
bijection ¢ from & on & such that there exists h € GL(2,K) with the property of
restriction

hig, = .
The set of these isomorphisms is denoted by Isom( &1, &9 K). If this set is not empty, we
say that & and & are K—isomorphic.
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When §&€; = €, = 3, then the sets & and & are K—isomorphic. We will use

Lemma 4.5. Let d > 3. Let Fy and Fs be two forms of Bin(d,C). We suppose that
Z(F1) and Z(F») are C—isomorphic and let § be an element of Isom(Z(Fy), Z(F»);C).
Then there exists at least one element o € GL(2,C) such that

iolz(Fl):[] andFleQO'yo. (412)
Finally when one such element o is fixed, we have the equality
{v€GL(2,C) : Y1z, = h and Fy = 09} = {Ay : A€ C, A\ =1}. (4.13)

It follows that Fy and F5 in Bin(d,C) are C-isomorphic if and only if Z(F;) and
Z(Fy) are C—isomorphic.

Remark 4.6. When § belongs to Isom(Z(F}), Z(F»); Q), we cannot ensure the existence
v € GL(2,Q) satisfying (4.12). This is the content of Remark 4.2 above, with the choice
Fi=F=Fandb={|zr-

Proof. By the definition of b, there exists v € GL(2,C) such that ¥ z(r) = h. Write y

as in (4.1) and
d

A(XY) =]](eX - BY).

i=1
So we have Z(Fy) = {(8; : o) : 1 <i < d} and
H(Bi : i) = (w1 Bi + uzai; : uzfi + uacy;).
Since Z(F3) = h(Z(F1)) we deduce the equality
Z(Fy) = {(u1 i + ugv; : ugf + usey;) : 1 <i < dj,

and the existence of some ¢ € C* such that
d
Fa(X,Y) = c[ [ ((usBi + vaci) X — (ua i + up04)Y).
i=1

From this equality and from the equality
(U3ﬁi + U4Oéi)(U1X + UQY) - (ulﬁl + U/QOéi)(ng + U4Y) = (det 7) (aiX - 61‘Y),
we deduce the equality
Fyory=c(dety)? F.

Define 7o := ¢~ /?(det v)~' v where ¢!/? is any d-th root of c. Then ~y, satisfies (4.12).
To prove (4.13), we notice that 4 and 7o coincide on a set of d > 3 points of P(C).
So they are equal. By (4.2), there exists A € C* such that v = Avp. By hypothesis we
have F; = F5 09 = F5 o. But F, is homogeneous with degree d which leads to the
condition A% = 1. O

In the same order of ideas as Lemma 4.5 we have
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Proposition 4.7. Let d > 3 and let F' and G two distinct forms of Bin(d, C) such that
Isom(Z(F), Z(G);C) = 0.
Then we have the equality
{y€GL(2,C): F=Gon~}=0.

Proof. By contraposition, suppose that there exists v € GL(2,C) such that F' = G o ~.
By (4.4), we have y71(Z(G)) = Z(F). Thus 7 is an isomorphism between Z(F) and
Z(@). O

4.1.3 From binary forms to polynomials

We will define the action of the homographies on the set of polynomials in P4 (K).
Let F and G be two elements in Bin(d, K) written as

F(X,Y)=ao X%+ a; XY + - 4 aY4 (4.14)
G(X,Y) =bp X+ b XY + ... 4 bgY? '
and let v be an element in GL(2,K) written as in (1.1). Assume F = G oy:

Consider the two monic polynomials f and g in P4(K) associated with the binary forms
F and G respectively (recall the definition (4.6)):

f@) = iF(t7 1) and g(2) = %G(z, 1).

ao

The relation (4.15) gives

b() d ult —+ U9
t) = = (ugt 42
1) ao (st +ua)’g <u3t+ u4)
and
d if 0
20 = ¢(y,g) where ¢(v, g) = uzg(ul/u?’) s 70, (4.16)
bo u§ if ug = 0.

Definition 4.8. When f and ¢ are two monic polynomials in P;(K) and h an homog-
raphy with matrix v, we write h(f) = g if f and g are related by the equation

Ult + U
ugt + uy

= ! u u. d
) = s (wat + )

where ¢(v, g) is defined in (4.16).

We separate the homographies over P!(K) = KU {oo} into two sorts. Let h = 7 be
an homography of P!(KK) associated with an element v as in (4.1).
o If the coefficient ug of v is 0, then u4 # 0 and we set

U1 U2

Uy’ Uy

We say that b is an affine homography. We write it as h = b, -, and for ¢ € P(K) we
have

h(t) =ber(t) =qt +r,
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with (¢,r) e K* x K.

o If ug # 0, we set
Ui UU3 — UTU4 Uy

q= , I'= 2 y S§=
us U3 us

We say that b is a non affine homography. We write it as h = b, s, and for t € P*(K)

we have

r
t) = rsl(t) = )
B(t) = bars(0) = 4+
where (¢,7,5) € K x K* x K.
The formulas for the inverses are:
ar=bg1 g1 and by =bg,g (4.17)

From Definition 4.8 we deduce:

Lemma 4.9. Let d > 2, let f(t) and g(z) two monic polynomials of Pqa(K) written as in
(4.8) and (4.9). Let b be an homography such that g = h(f).

1. If b is an affine homography written as b = b -, then we have

1
z = hq,r(t) =ql+r, t= h;i(z) = a(z —),

1 z—r
f(t)=q79(qt+7’)7 g(z)=qdf< . )

2. If b is a non-affine homography written as b = bq.r s, then we have

Z:hq,r,s(t)ZQ"’_ma t:hq_,'}’,s(z):s—"_

z2—q’
_(t—s9)" r _ (z—9) r
1) = 9(q) g<q+t—8>7 9le) = f(s) f<S+Z—Q>’ (418)
and
f(s)g(q) = r. (4.19)
When K = C, given a monic polynomial f in Py(C), we can write
f@="1I ¢-».
PEZ(f)
From Definition 4.8 we deduce
BN =)= I E-n0). (4.20)
PEZ(f)

Since the polynomials of P;(C) have exactly d roots which are all distinct, we have, for
any homography b and for any f and g in P4(C) the property

h(Z(f) = 2(9) < g="0(/)

Lemma 4.10. Let d > 3 and F and G elements of Bin(d,K), written as in (4.14).
We suppose that agagbobg # 0. Let f(t) = F(t,1)/ag and g(z) = G(z,1)/by be the two
polynomials in Py(K) associated with F' and G. Let v € GL(2,K) and let ¥ = b be the
homography associated with . Then the two following conditions are equivalent:

(i) There exists v € K* such that Go~y = vF.

(i) We have the equality

h(f)=g.
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Proof. (i) implies (i7) has been proved in (4.16).
Conversely, assume h(f) = ¢g. From Definition 4.8 we deduce

agp d ut + ug
(1) = a0 (0) = 2 uat + us)y (2122
ag ar [urt + ug )
= ———(ust + ug)*G | ——,1
boc(7, 9) (us 2 <U3t + ug
ao
= ——G(urt + ug, ust + uy),
boc(v, 9) ( )
hence the result with v = Z—‘(’)c(%g). O

For v € K* and F € Bin(d,K), the polynomial f associated to F' is the same as the
polynomial associated to vF. When K = C, the two forms F' and vF are C—isomorphic;
in general, F' and vF are K-isomorphic when v is a d-th power of an element in K.
Consider for instance the two forms

F(X,Y)=X*+4XY?® -Y* and G(X,Y) = 4F(X,Y).

There is no v € GL(2,Q) such that 4 = Id and F oy = G. Nevertheless the forms F' and
G are Q—isomorphic, since we have the equality

F(X+Y,X -Y) =G(X,Y).

4.2 Preparation of the proof of Theorem 3.2

By Lemma 4.3 and Proposition 4.7, we see that a first step in the proof of Theorem 3.2
will be the following proposition

Proposition 4.11. Let d > 3. Suppose that there exist polynomials f and g in Pa(C)
such that
AT(f)+AT(g) >d+3 (4.21)

and a homography b such that H(f) = g. Then either
1. b is a homothety by o with ¢ € C*, or

2. b is a non affine homography and it is of the form Yo ,o with r € C*. In that

situation f and g are of the form t* + aq and 2% + Bq, with agBy = r¢.

3. The hypothesis (4.21) is optimal to obtain the conclusions of the case 2: there exist
elements f, g of Pa(C) and a non affine homography of the form h = by, s, with
(q,5) # (0,0) with b(f) = g and AT(f) + A*(g) = d +2.

Remark 4.12. In the particular case where d = 3, the inequality (4.21) implies that f
and g are necessarily of the form f(t) = t3 + a3 and g(z) = 2® + B3 with azf3 # 0. An
example of a pair (f(t),g(z)) corresponding to the item 3 is the pair (3 + 1,23 + 32),
since we have AT (f) + AT (g) =5 and

ro =S (1),

t—1

(see (4.36) below for a more general construction).
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4.3 Proof of Proposition 4.11.1, the case of affine homographies.

We are concerned with the following question: let f and g two polynomials in Py4(C)
satisfying (4.21) and written as (4.8) and (4.9). We want information about the pairs
(g,7) € C* x C, such that

bq,r(f) =9
The hypothesis (4.21) and the inequalities (4.11) imply the inequalities AT (f) > 2 and

AT (g) > 2. This means a; = 81 = 0. So the sum of the roots of f and the sum of the
roots of g are equal to 0. We write

S o= S =3 o) =dn,
pEZ(f) o' €Z(g) PEZ(S)

so we necessarily have r = 0. The proof of the item 1 is complete.

4.4 Proof of Proposition 4.11.2, the case of non affine homogra-
phies.

The question now is: let f and g be two polynomials in Py(C) satisfying (4.21). We want
information about the triples (¢, r,s) € C x C* x C, such that

hq,ns(f) =g

This question is deeper than the question relative the affine homographies, since the
formulas of transformations of the symmetric functions of the roots are more involved.

The case where f(s) = 0 corresponds to g having a root sent to infinity. We avoid
this fact by considering g to be monic with degree d. Similar consideration applies to
the condition g(g¢) = 0. Recall that in the definitions of Z/lc(ll)(K), U(gz)(Z), V(gl)(K) and
Vu(lz)(Z) (see §3.3), we impose ag # 0, so the associated polynomials (see (4.6)) are monic
with degree d.

4.4.1 From the f()(s) to the j;
We now state

Lemma 4.13. Let d > 1 and let f and g be monic polynomials in Py(C), written as in
(4.8) and (4.9). Suppose that there exists (q,1,s) € C x C* x C such that the non affine
homography by s satisfies g = bq,s(f), and f(s) #0.

Then we have the equalities

= ]_Z

Proof. By the last part of formula (4.18) of Lemma 4.9 and by Taylor expansion, one
has the equalities

R <z_q)’“
—ﬁi

Lemma 4.13 follows by identification via the binomial formula to expand (z —¢)4=%. O

(z — q)d*k.
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4.4.2 From the §; to the fU)(s)

Lemma 4.14. Letd > 1 and let f and g be polynomials in Py(C), written as in (4.8) and
(4.9). Suppose that there exists (q,r,s) € Cx C* x C such that the non affine homography

Bg,r.s Satisfies the equality g = bq.,5(f), and f(s) # 0.
Then we have the equalities

r\’ U (s) J —1
() S50 42
for0 <5 <d.

In the case where ¢ = 0, this formula has to be interpreted as

i f9)(s)
3t f(s)

Proof. By the first part of formula (4.18) and by (4.19) we have the equalities
f(t) (t—s ¢ r
7o) -\ ) TS
P d—i
() )

=B, (4.23)

Hence

J) Kt K, (A
7o)~ 2w ;ﬁl( ')q | (429

=0 ] -t
O
Remark 4.15. If we write )
(7’)1 F9(s)
Yyi =\ = : )
q) il f(s)
and
Bj = bi (0<j<d)
J qJ ) X X )
then Lemmas 4.13 and 4.14 can be written respectively
By Yo Yo By
B Y1 Y1 B
l=A4]". and =41 (4.25)

By Yd Yd By
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where

A= (=1 (j‘j))wkd and A1 — ((j—:))ogidgd (4.26)

and where we extend the definition of the binomial coefficients by setting (Z) = 0 for
k <O0.

The fact that these two matrices are inverse of each other is the simplest example of
inverse relations (see for instance [Ri1968, p.43-45|, where one sign (—1)* in formula (1)
p. 43 should be removed): the inverse of the (d + 1) x (d + 1) matrix

1 0 0 e 0
d 0 0 e 0

G e
O ey ¢y

(_1)d (_1)d—1 (_1-)d72 (_ll)df?) 1

o

is the lower triangular matrix A~! where, in the expression of A, we replace each entry
by its absolute value.

The matrices A~! and A enjoy an obvious interpretation through the automorphisms
P(X)— P(X+1)and P(X) — P(X —1) of the vector space of polynomials with degree
< d, equipped with the basis {X¢ X971 .. X 1}.

Lemma 4.16. We adopt the notations and hypotheses of Lemma 4.14. Let ¢’ be an
integer such that 0 < e’ < d— 1. Then we have the equalities

/81:/82:o..:56/:0,
if and only if, we have the equalities
F®(s) d! q\*
= = 4.2
) (d—h)! (3) (4.27)

for1 <k <e.

Proof. This follows from the equalities (4.25), from the triangular structure of the matrix
A and A~! (defined in (4.26)) and from the equality By = 1. O

Let us return to the proof of Proposition 4.11.2. In the next application of Lemma
4.16, we exploit the fact that if the integer k is sufficiently large (in terms of AT (f)) the
k—derivative of the polynomial f is a monomial.

Lemma 4.17. Let d > 3 and let f and g be polynomials of P4(C), written as in (4.8)
and (4.9). Let A*T(f) and AT (g) be the two integers defined by (4.10). Suppose that they

satisfy
AT(f)+AT(g) > d+3, (4.28)

and suppose there exists a non affine homography bq.,s ((q,7,5) € Cx C* x C) such that
h(f) = g. Then we have
qgq=s=0
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and

AT(f) =A"(g) =d.

The polynomials f and g have the shapes f(t) = t* 4 ayq, g(z) = 2%+ Bq with the relation

Oédﬁd = Td.

Proof. The assumptions imply f(s) # 0 (see (4.20)). To shorten notations, write A :=
AT(f) and X := At (g). We know from (4.11) that 1 < A\, N < d and from (4.8) that

d!
ko) — @ Ak
e ==
for all d — A+ 1 < k < d. Combining with Lemma 4.16 (with ¢’ = X — 1), we deduce
that, for all d — A+ 1 < k < X — 1, one has the equality
d gs\*
sl = (7) f(s). (4.29)

Suppose that the interval [d — A + 1, A’ — 1] contains two positive consecutive integers k
and k + 1 (this assumption is equivalent to the inequality (4.28)). We apply (4.29) for
these values k£ and k + 1 and notice that the left—hand side is constant.

e Case s # 0. So we have g # 0 by (4.29). After division, we have the equality

5 _q,
;

This equality simplifies (4.27) into

SR fO()
d! fs) 7

for k < ) — 1. We apply this formula with the choices k =d — X and k =d — XA+ 1 and
this is legal, since we have d — A < d—A+1 < X —1 as a consequence of the assumption
(4.28). Thus we obtain the equalities

S

g AL FUIIG) st ansT A ANd = A) 1/(d))

al - f(s) f(s) ’

1=

i f(s) T f(s)

Equating these two expressions and recalling that «) # 0, we arrive at a contradiction.

gd=A+1 (A—1D! [l () s

e Case ¢ # 0. The hypothesis (4.28) concerning f and g is symmetric. So, by exchanging
the roles, we may study the existence of a non affine homography b; , , transforming g
into f (see (4.17)). By the above alinea, such a homography b, ,, with ¢ # 0 does not
exist. So we are led to study the remaining case ¢ = s = 0.

e Case ¢ = s = 0. In that case we are asking if, for some r # 0, the homography
T
bo,ro(t) = 7
can satisfy ho,o(f) = g, or in an equivalent form by ,o(g) = f. By definition of A we
have a), # 0.
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o Suppose that A < d — 1. Then the polynomial g = b o(f) has its coefficient S4_» # 0.
Since d — A > 1, we deduce the inequality A < d — X. Such an inequality is incompatible
with the hypothesis A + X > d + 3.

e So we are left with the case A\ = d. Equivalently we have f(t) =t + ag, with ag # 0.
We check that [ho.0(f)](2) = 2 +7%/ay by Lemma 4.9 (4.18). This is the last statement
of Lemma 4.17. O

The proof of Proposition 4.11.2 is complete now.

4.5 Proof of Proposition 4.11.3

4.5.1 Heuristic considerations.

Before entering the proof of Proposition 4.11.3 itself, we consider a related general ques-
tion involving a system of linear non homogeneous equations.

Let (¢,7,8) e CxC* xC,d >3, a,b with 1 <a,b<d—1,7 and J two subsets of
{1,...,d} with respectively a and b elements. Let us consider the following problem.

Does there exist monic polynomials f, g of degree d,
fO) =apt’ +- - +aq, g(z)=PBoz"+ -+ B4 with ag=p=1
and discriminants different from zero, which satisfy
a;=0foricZ and B; =0 forjeJ (4.30)
and by.rs(f) = g?

Assuming b, . s(f) = g, there exists kK € C* such that

ot == (a+ ).

(to be compared with (4.18)) that is

d

kf(t) = Zﬂi(t —8)'(qt +r — qs)dii.
i=0

Notice that kf(s) = r?. We write (4.24) as

Hence the coefficient of " in s f(t) is

s = ()" = 4"+ DS () (G0 tuae

i=A+(g)  j=max{i,h}

For h = d, since ap = 1, this gives k = g(q).
The conditions (4.30) are equivalent to a system of a + 1 linear non homogeneous
equations
k=9(q), a;=0 (eI



31

with d — b + 1 unknowns
K, B (1<j<d, jgJ).

Heuristic. According to the above discussion, subject to the non vanishing of some
determinants, we may expect that there is a Zariski closed set of (g,r,s) such that,
outside this set,
e when a + b < d, then there are infinitely many solutions (f, g);
e when a + b = d, there is a unique solution;
e for a + b > d, there is no solution.

For instance, given integers A and X in the interval [1,d—1], the conditions AT (f) > A
and AT (g) > X\ are a special case of (4.30) with

T={1,...,A—1}, J={1,....xN -1},

a=A—1and b =X —1. When A + X = d + 2 we may expect that, outside a Zariski
closed set of (g,r,s), there is a unique solution. In this case item 2 of Proposition 4.11
shows that A = AT (f) and X = A" (g).

4.5.2 The proof itself.

We are now concerned with the proof of the last item of Proposition 4.11. Actually the
proof below gives more information. The first step is

Lemma 4.18. Let d > 3 and let (g,7,5) € (C*)3 such that
r#qs and r # (d — 1)gs. (4.31)

Then there exists a unique pair (f,g) of monic polynomials with complex coefficients and
with degree d, such that

AT (f)=3,A"(9) =d—1 and hers(f) =g (4.32)

Proof. Write f and ¢ as in (4.8) and (4.9). By the second and the third conditions of
(4.32) we can write

9(z) = 2%+ Ba1z+Ba, Kf() = (qt+r—qs)"+Ba1(qt+7—qs)(t—s)""+Ba(t—5)",
(4.33)
for some complex number k # 0 (see Lemma 4.9.2). Since f and g are monic, we have
ag = o = 1, that is
k=q"+ qBa-1+ Ba.

The inequality AT(f) > 3 is equivalent to the double equality a3 = ay = 0. So we are
led to consider the system of three non—homogeneous linear equations in three unknowns

Bi-1, Ba and K

qBi-1 + Ba — Kk = —¢°
(r—dgs)Ba—1 — dsBa = —dg? 1 (r —gs) (4.34)
(dgs — 2r)sBq_1 + ds*Ba —dq?2(r — ¢s)2.

The determinant is
q 1 -1
det r —dqs —ds 0 | =drs®.
(dgs —2r)s ds*> 0



32

Since grs # 0, there is a unique solution

= (L), pame () (). wmet ()

S

The assumption (4.31) ensures S4-1 # 0 and 54 # 0.

Let us check that as # 0, which means AT (f) = 3. By considering the coefficient of
973 on both sides of the last equality of (4.33) and by the above values of 34 and Bq_1
we obtain

e (et (3 ) () ()
= <g) 3 (r —qs)® + (d ; 1) dg® s (7’ - gqs> (r —gs)

()2 -0 @ 1),

= (g) q@3r%(r — gs) # 0,

by assumption. O

Here is how to check that the polynomial g(z) as defined in (4.33) with the above
values of 84 and B4_1 has a discriminant different from zero, which is a necessary condition
for g(z) to belong to Py(C). Assume there exists p € C such that g(p) = ¢'(p) = 0. The
condition ¢’'(p) = 0 is equivalent to

d—1 Bdfl

P = (4.35)

Combining this value with g(p) = 0 yields

0=g(p)=p (—5Lidl> + Ba—1p + Ba-

Hence, if p exists, its value can only be

_d  Pa _r/s—(d—1)q
C1—-d B 1—d ’

p

thanks to the values already computed for 84 and S4—1. From (4.35) we get the condition
for the discriminant of g to be nonzero:

(W)d_l # = /s - a)

To complete the proof of the item 3 of Proposition 4.11, we produce an instance of two
elements f, g, of Py(Q) (i.e. with nonzero discriminant) with A*(f) = 3 and A*(g) = d—1
and by s(f) = ¢g. Thanks to Remark 4.12 we may assume d > 4. Take ¢ = 1, r = 2,
s=1, B4_1 =d, fg=3—d, Kk =4, in other words we have

v = G _11> g(2) = 2"+ dz —d + 3,

so that g(q) = 4,

fo = =% (t“) = (@) -+ 3 (- 1)), (436)
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d
One checks ag =1, a3 = as =0, ag = (3) #0,

d
ft)y=t+ (3)td‘3 +agt’™ 4+ aa,

F(1) =202, f(s)ga) = 1, A*(f) = 3.
The derivative of g is ¢'(z) = d(2¢~! +1). Let p be one its roots. It satisfies p? = —p
so we have the equality
g(p) = (d—1)p—d+3,

and g(p) does not vanish, since p has modulus one and d > 4. Since g(z) and ¢'(z) do
not vanish simultaneously, the polynomial belongs to P;(C). The proof of the item 3 of
Proposition 4.11 is complete.

4.5.3 Comments

In Lemma 4.18 we assume ¢gs # 0. There is no example of pair (f, g) of monic polynomials
of degree d satisfying (4.32) with ¢gs = 0, AT (f) = 3 and A" (g) = d — 1. Indeed for ¢ = 0
the system (4.34) yields

—2rsf4-1 +ds*Bg =0
which has no solution satisfying r # 0 and S4—1 # 0, while for s = 0 and ¢ # 0 this
system (4.34) yields dg?=2r2 = 0, which is not allowed.
We now present some examples of pairs (f,g) of monic polynomials of degree d
satisfying by s(f) =g and AT(f) + At (g9) < d+2.

{ rfa—1 — dsBq =0

1. Here is an example with ¢ =0, s # 0, AT(f) =2, AT(g) =d — 1:

g(z):zd+%z+1, ft) = (t—s)'g (tr )Z(t—s)d+ds(t—s)d_l+rd.

— S

2. When A+ ) = d, explicit solutions (f,g) with AT(f) = XA and AT (g) = X are given
with ¢ = s = 0 by trinomial forms

) =t"+ axt™* + aq, 9(2) = 2% + Ba_x2™ + Ba

with
_ A _ 4
axfBq = Ba-xr", agBq =1

3. When A+ )\ < d, explicit solutions are given with ¢ = s = 0 by quadrinomial forms
Ft) =t + axt > + ag_nt + aq, 9(2) = 24+ B2 + Baa™ + Ba

with
Y d—\ d
agfin = ag_x\m", agfa-x = o\t ", agfq =71

5 Proofs of Theorem 3.2 and Corollary 3.6
5.1 Proof of Theorem 3.2

Let F and G be two forms of the reduced set £ of Bin(d, K). We suppose that they are
written as in (4.14) with apagbobgs # 0. By assumption we have min{A*(F), AT(G)} >
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(d 4 3)/2. Let f be the monic polynomial associated to F' defined by (4.6) and written
as in (4.8) with a; = a;/ag for 0 < i < d and similarly let g be the monic polynomial
associated to G written as (4.9) with f3; = b; /by for 0 < i < d. They satisfy (4.21). Our
aim is to prove that if there exists a matrix v (written as in (1.1)) such that F oy = G,
then F' = G. Assume such a v exists and let 4 = b, the homography attached to .
Replacing v with v~! in Lemma 4.10 we deduce h(g) = f.

Suppose that ug # 0, then b is a non affine homography exchanging Z(f) and Z(g). By
Proposition 4.11.2, we deduce that b is of the form by, o and that both F' and G are
binomials. Thus v satisfies u; = u4 = 0. The hypothesis F' oy = G leads to the equality
F(u2Y,u3X) = G(X,Y). This contradicts the item 3 of Definition 3.1.

Hence uz = 0 and b is an affine homography exchanging Z(f) and Z(g). By Proposition
4.11.1, the homography h has to be a homothety. The matrix « satisfies ug = ug = 0. The
hypothesis F'oy = G leads to the equality F(u1 X, usY) = G(X,Y). Item 2 of Definition
3.1 implies ' = G.

This completes the proof of Theorem 3.2.

5.2 Proof of Corollary 3.6
The proof will use two auxiliary results.

Lemma 5.1. Let d > 3 and Wc(ll)(]K) be a subset of Bin(d,Z) such that for any F' €
Wc(il)(K) we have ag # 0, ag_1 = aq = 1. Then the set Wc(ll)(K) is K—dilation free.
Proof. Let F' and G be two elements in W(gl)(K) written as in (4.14) and let b, be a

homothety which exchanges the zeroes of the polynomials f and g associated to F and
G written as (4.8) and (4.9). By Lemma 4.5, all the v € GL(2,K) such that ¥ = b, o and

F oy = G have the shape
u 0
7<OU>, (5.1)

where u and v are complex numbers different from zero. Returning to the explicit ex-
pression of F' and G = F o~ we have

G(X,Y) = F(uX,vY) = apu? X% + ayu "X + - 4 ag 1w P XY 4 a0y

d d—1

hence the equalities 1 = by = v%aqy = v¥ and 1 = bg_; = ww? lag_; = ww? . They
imply that u = v and v = 1. So G(X,Y) = F(uX,uY) = ulF(X,Y) = F(X,Y). Hence
Wc(ll)(K) is K-dilation—free. O

Lemma 5.2. Let d > 3 and Wr(IQ)(Z) be a subset of Bin(d,Z) such that for any F €
Wf)(Z) written as in (3.1) we have
1. ag >0, aq # 0, ag and ag are d—free,
2. if there is an odd index k such that ay # 0, then for the smallest such k we have
ai > 0.

Then
(a) The set W(gz) (Z) is Q—-dilation free.
(b) Let F € W(Z) and let

v

v=(b V) ecreo
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be such that F o~y = F. Then

+Id if F'is not a binary form with squared arguments,
0
-1

’y:

1
+Id or + (0 ) if F' is a binary form with squared arguments.

Proof. (a) Let F and G be two elements in Wf) (Z) written as in (4.14) and w,v two
nonzero rational numbers such that F(uX,vY) = G(X,Y). Since the coefficients ag and
bo of X in F and G respectively are d—free integers, and since ag > 0 and by > 0, the
equality agu? = by implies u? = 1, and similarly v? = 1.

~Ifu=v(==£1) then F =G.

~Ifu=1and v=—1, then F(X,Y) and F(X,—Y) belong to WCSZ) (Z). If there is some
odd k such that ap # 0, then the least such k satisfies a; > 0. Since F(X,—Y) also
belongs to WéQ)(Z), we deduce that (—1)Fay, is also positive. This gives a contradiction.
So both F' and G have squared arguments. They are equal.

~If w = —1 and v = 1, then d is even necessarily. Now F(X,Y) and F(—X,Y) both
belong to Wu(lz)(Z). If there is some odd & such that aj # 0, then the least such k satisfies
ar > 0. Since F(—X,Y) also belongs to Wf) (Z), we deduce that (—1)%*a; is also
positive. The end of the proof is as above. O

Proof of Corollary 3.6 . To prove the first item we are going to use Theorem 3.2. We
first check item 3 in the Definition 3.1 of reduced sets. Since for d > 3 a binary form F
such that 1 < A*T(F) < d — 1 is not a binomial form, it follows that no binomial binary
form belongs to Z/{y)(Z) nor to L{f) (7).

Lemma 5.1 shows that the set Z/lél)(K) is K-dilation free.

From Theorem 3.2 we deduce that the set Z/Ic(ll)(K) is K-homography—free.

Consider the second item of Corollary 3.6. We need to check that the set L[CSQ)(Z) is
Q-homography—free, and Theorem 3.2 shows that it suffices to check that it is Q—dilation
free. This result follows from the first part (a) of Lemma 5.2.

To complete the proof of the second item of Corollary 3.6 it only remains to be
checked that the elements of L{f)(Z) are (Q-rigid binary forms, which means that if F'
belongs to L{f) (Z), then its group of Q-automorphisms satisfies (1.6).

By Proposition 4.11.1, which is also valid for f = g, the only affine homogra-
phies which permute Z(f) are Q-homotheties. By the remark made in §5.1, any Q-
automorphism v of F' is such that 4 is a Q-homothety. So v has the shape (5.1), but
with u and v rational numbers different from zero. It only remains to apply part (b) of
Lemma 5.2.

The proofs of both items of Corollary 3.6 are complete. O

5.3 Not homothetic pairs of polynomials

The first alinea of Proposition 4.11 gives no information about the existence or not
of a homothety h, o exchanging the distinct polynomials f and g € Py(K). Here we
give examples (without proofs) of subsets of Py(K) (defined in (4.7)) for which such
homotheties do not exist.

Example 5.3. For 1 < k < d, let

Paks+1(C) = {f € Pa(C) : ap = a1 # 0}.
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Then there is no ¢ € C ~ {0,1} and no pair (f,g) of (distinct or not) elements of
Pd7k,k+1((C), such that
hq,O(f) =g

Example 5.4. The second example is of arithmetical nature. Notice that since the
discriminant of the elements in Py4(Z) is not 0, one at least of the two coefficients ag,
aq—1 is not 0. For 2 < k < d, consider the set

Pk free(Z) :={f € Pa(Z) : ar, # 0 and ay, is k — free} .
Let d > 4. There is no ¢ € Q. {0, 1, —1} and no distinct f and g € Pg i free(Z) such that

hq,O(f) =g

Example 5.5. To eliminate the case of symmetry h_; g, it is sufficient to consider the
following subset of Py free(Z) defined by

P(;r,k,frcc(z) ={f € Paree(Z) : cjy > 0}.

Here is the variant of Example 5.4:
Let d > 4, k odd satisfying 2 < k < d. There is no ¢ € Q \ {0,1} and no distinct f
and g € Pdfhfree(Z) such that
hoo(f) =g

6 Proof of Theorem 3.4 and Corollary 3.9

We now write F' and G as

F(X,Y) =ao X+ XAV + ax s XEAPYME gy [ ( XTAOY MO oy gV,

G(X,Y) = b X%+ by X NYN 4 by s XN By N5 4y, g XN 6y N H6 44y

where A = AT(F), N = AT(G), agagbobgarby # 0. By analogy with the above section,
we introduce the two associated polynomials (see (4.6))

) =td+ ot + arstA 0 ot M0+ +ag, (anaa #0)

9(2) = 2%+ Br 2N 4 Bays 2N 0+ a2 N0 4 4 By, (B By # 0),

(6.1)
with ag = ax/ap and B = by /by for k = 1,...,d; we also set ag = By = 1. So the
polynomials f and g have (at least) four coeflicients equal to zero just after the second
monomial (the second monomial of f is aA+(f)td’A+(f), the first monomial is t%) and we
have

max{\, \'} <d—5. (6.2)

The analogue of Proposition 4.11 is the following.

Proposition 6.1. Let d > 10. Consider in C[t] and C[z] respectively, two polynomials f
and g (distinct or not) as in (6.1), satisfying (6.2) and the inequality

A+ N >d (6.3)

Suppose that the discriminants of f and g do not vanish and suppose the existence of a
homography b such that h(f) = g. Then either
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1. b is a homothety by o with ¢ € C*, or

2. b is a non affine homography of the form bo o with r € C*. In that situation we

have
A+ XN =d (6.4)

and f and g are of the form t4+axt?*+ a4 and zd—|—ﬂ>\/zd7>‘/+ﬂd, with agBq = 14,
and ayr® = gl -

6.1 Heuristics again

Let (¢,7,8) € Cx C* x Cand d > 3, \, X, u, i’ positive integers. We are looking for the
existence of two polynomials f, g in Py satisfying

of0 = - (a+ )

for some k € C* and

Q1 =+ =Qx_1] = Qrt1 :...:a)\Jr#il =0
ﬂl :"':,8)\’—1 :BA,J’_I :.-.:/6/\/_;'_“/_1 :07
so that
d
J@O) =t + a3 agtt
J=2p
and

d
g(z) = 2+ Bzt 4 Y gyt
F=N

(compare with (6.1)). According to the heuristic discussion of §4.5.1 with the two subsets
IT={1,.... 2 -1, A+1,.... A +u—-1}, T={1,... . N =1, N+1,... . N+ -1},

witha =X+ p—2and b = X + i/ — 2, we may expect that, given d > 3, \, N, u, i/
satisfying A+ X + p+ p' = d+4, outside a Zariski closed set of (g,r, s), there is a unique
solution. We work out an example for sufficiently large d with A =p=2,1 < N <d—1,
W =d— X below (Example 6.2).

When A+ N + p+ ¢/ > d + 4, we may expect that there is no solution. The main
result of Proposition 6.1 is that this conclusion holds under the stronger assumptions
w=b w25 A+ XN >d

Example 6.2. Take ¢g=1,r=1,s=2, 1< XN <d-1, 4/ =d—- N,
1 -1 d d—X
=17 o) g(z) = 2" + Bz + B,

kF() = (t— 1)+ Ba(t — DN (= 2) + Ba(t — 2)%

Since f is monic, we have

k=14 Bx + Ba.

We are searching for Sy, B4 and k such that a; = ag = 0, so that

f) =t 4+ ant?™2 + gt + -+ ay.
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We have
RO = —d+ A/B)\' — QdBd,

KQig = <§> + BB\ — 8<§)ﬂd

A=—d+N),

T N )

The determinant of the system of three equations in thee unknowns Sy, 84 and k

with

Br + Ba — £ = -1
ABy  — 2dBq = d
d d
BBy — 8 =
SN R
is
1 1 -1 d
A=A -2d 0|=84 (3) — 2dB;
B o-s() 0

this is a polynomial in d of degree 4 and which is multiple of d. It vanishes for at most
three values of d # 0. In particular for d sufficiently large it is different from zero, thus
this system has unique solution (k, By, 34). We want to study the potential vanishing
of the unknowns, as the parameter d tends to infinity, when the other parameter \’ is a
fixed positive integer. Standard computations lead to the equality

1
B=¢ (=d® = 3d®(N = 1) +d(=3\* + 12X —2) — X' (\? — 9 + 14)),

which is summarized as

We use the formula

e To study the value of B/, we consider the determinant

-1 1 -1
A=|d -2d 0 :d(d) ‘1 2’ :6d<d) =d'+ O(d*).
(@) -s@) of NI
So we obtain that 5y — —1 as d — +o0.
e To study the value of B4, we consider the determinant

1 -1 -1 J N
A d 0 A<3>+Bd3d3+0(d2).
B () 0

Using the above value of A, we deduce that, for large d, B4 tends to zero, without
vanishing.

e To study the value of k, we already know that x tends to zero as d tends to infinity:
this follows from the first equation of the system. To prove that x does not vanish for
large values of d we compute the determinant

11 -1 0 0 -1
A —2d d|=|A+d —d d :—7(A+d)(§>+d(3+<g))7
B =8(;) () [B+() -7() ()
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which is finally equal to
2\
?d?’ +O(d?).

By dividing by the value of A, we find that s tends to zero, without vanishing.

(9 (0w (57) e

we deduce that when d tends to infinity, we have

Using

/

A

Also from

d N N , b\ (d— N S(d—N d— N

() -10() ()0 =) (1) -2 (%) - () -
1

—ﬂ)\’(—90+4d3 +6d%(—=5 4+ N) + 83N — 18N + N3 + d(82 — 42\ +4)\'?))

we conclude that a4 # 0 for sufficiently large d.
This completes the claim of Example 6.2 that for A =y =2,1 < XN <d—1and
i =d— N, there is an example of a pair of polynomial f, g in P; and an homography b

satisfying h(f) = g.

6.2 Proof of Proposition 6.1

Assume first that b is an affine homography b, , with ¢ € C*. We use the same argument
as in the proof given in §4.3. The conditions (6.2) and (6.3) imply that A > 2 and X' > 2,
thus the sums of the roots of f and g are equal to zero. Hence » = 0 and § is a homothety
bq,O~
Now consider the case where b is a non affine homography: h = b, , s with r € C*. The
proof below works by contradiction. We will show that each of the three cases b, s with
q and s # 0, with ¢ = 0 and s # 0 and finally with ¢ # 0 and s = 0 are impossible.

To start with, we consider the general case (¢q,r,s) € C x C* x C.

As a consequence of Lemma 4.17, we suppose that A and )\ satisfy the inequalities

d< A+ N <d+2. (6.5)
Thanks to Lemma 4.14, we again appeal to the equality (4.22). Recall that we have
Bo=1,8xv#0, Bg=0for 1<l <N —landfor N +1 << N+ 4.

For
j=zd—X+1, (6.6)
the derivative fU )(t) is a monomial, in particular we have the equality
. d! .
) (s) = L 6.7
®)= 755 (67)

We apply (4.22) for four consecutive values of j, chosen in order that exactly two non zero

B; are present on the RHS of these equalities. The corresponding indices are necessarily
i =0 and ¢ = \. In this case (4.22) becomes

f;]fif) RC d!j)! () (Zl_;) g (8 fﬁf- (6.8)
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Hence the four values of j are either
NXNHLN+2,XV4+3 or N +1L,N+2, N +3, N +4.

This has to be compatible with (6.5) and (6.6): so we write j =d — A + £ with

bo=1 if A+ N =dandif "=d+1
0=1lo+i, (i=0,1,2,3) where { ° A+ and if A+ A" =d+1, (6.9)
lo=2 AN =d+2.
We apply the formulas (6.8) with the four values of ¢ given in (6.9).
fld=A+0 () d! g\ d—A+e d— N g\ 1A By
- (4 (d=x+0)1 (2 X (6.1
() (A—K)!(r) Flaoaowag) @0 <7~) o (610)

By (6.7) the four equations of the system (6.10) become

i <(qs)d)\+f+ (d=MN)!-(d=A+0! (g)d*”‘f ) 5/\,> £(s). (6.11)

r (d=A=XN+0!-d! r '

e We now prove that the case ¢ # 0 and s # 0 is impossible.
To shorten notations, set v = A + X — d, so that v € {0, 1,2}, and write 7 = gs/r,
K= ﬂx/qx (since ¢ # 0), and
(d=X+0! (d—X)!

Ay = .
¢ =) ar

for the four values of ¢ given in (6.9). So (6.11) becomes
5T =742 (1 4 KAy f(s). (6.12)

We now exploit the fact that s # 0. We notice that (6.12) implies 7 # 0 and f(s) # 0,
and also 1+ kA, # 0 for the four values of £ given in (6.9). We eliminate the variable s¢
among the four equations (6.12) and we obtain the three equalities, which are satisfied
by the two unknowns 7 and k, which both are # 0.

1+ /QA@O

T=
1 +I€Ag0+1

- 1 + K’AEO‘i’l
1+ IiAg(H_Q ’

- 1 + K’Aéo+2 )
1+ I{Ago+3

We now write necessary and sufficient conditions to ensure that the two first equations
are compatible and that the two last ones are compatible. We obtain the following system
of two equations

(1 + KAKO)(I + KAK(H-Q) = (1 + /{A[()-‘rl)z
(1 + HA50+1)(1 + HA@0+3) = (1 + ’{A£0+2)2

which (since k # 0) is equivalent to the system

{ (A30+1 - A@oAE(h%)’€ = Ay + Agg2 — 240441,

2 (6.13)
Ao = Avg1Asor3) k= Agg1 + Aggrz — 244, 42.
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If the system (6.13) has a solution then we have

(A?0+1_AZOAEO+2)(A£o+1+AZo+3_2A£o+2) = (A%O+2_AZ0+1A20+3)(AZ0+A50+2_2A£0+1)'

(6.14)
We factorize each Ay as
d—\)!
Ay = (d—)ﬂ—l)!-%A},
with ,
. N4i—v
Aé = H 7(2 — y)+ 5 (615)
i=2

with the convention 7 = max(z, 1).
By homogeneity, the equality (6.14) is equivalent to

(A7 1= AL ALy o) (AL 1+ AT 13 —24A0 10) = (AL o= AG 1 Abyss) (AG HAL 12 —247 1)
(6.16)
Actually, the equality (6.16) cannot hold. This is the purpose of the following lemma.

Lemma 6.3. Let d, A and X be positive integers such that d < A+ XN < d+ 2 and
by € {1,2}. Let A; (1 <€ <5) be defined by (6.15) with v = X+ X — d. Define

(Azo + 45 2A2‘0+1)(A*2 A§0+1A2‘0+3)

— fo+2 fo+2 . (6.17)
(AZO+1 + AZO+3 - 2AZO+2)(A2‘§+1 - AZ)AZOH)
Then have Va3
+
—  if A+ N =d
3(N+2) At ’
N +2
=y ———— A+ N=d+1
¢ 2V + 1) A+ +1h
1, ., ) ,
§(A +2) ifA+N=d+2

In these three cases, we have QQ # 1.

Proof of Lemma 6.3. We first suppose that A+ )X = d + 2, that is o = 2 and v = 2. We
have the equalities

NN +1)(N +2) NN+ +2)(N +3)

Af =1, AL =N, AL = N(N+1), A =

*
7A5:

2 6

With these values, we obtain the equalities

1
Ay + A; —2A%5 = 5 NN = 1),
1
AZP— A3AL = 5 N3N +1)2(N +2),

AT A7 =245 = éx’?(x SV 1)

and 1
ASP — A5AL = §X3(X +1).
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By (6.17), we finally obtain

AL+ A% — 2A%)(A*? — AXAx 1
s EECE]
(A5 + A5 —2A7)(A5° — A5A7)

This completes the proof of Lemma 6.3 in that case A + X = d + 2.
We now suppose that d < A+ XN < d+ 1, that is o = 1 and v € {0,1}. In that case,
we can forget the symbol T in the definition (6.15). We have the equalities
N+2—v

AT:L A§:2_7V7 A;,:

N+2—-v)(N+3-v)
2-v)3—-v) ’
N+2—v)N+3-v)(N +4-v)

A= a-n

With these values, we obtain the equalities

NV —1)

o e NV A2V +3-0)
A3 — ASAL = 2—v)2B-v)32(4—v) "’
NN -1 +2-)
2-v)B3-v)4-v)

Ab+ AL — 245 =

and NV 42— )
+2—-v
A*2 _ A*A* _ .
2T 2-v)2B )
By (6.17), we finally obtain
0= (A% + A5 — 2A5)(A3% — A3A%) _ Nt+3—v
(A3 + A7 —245)(A437 — AjA3) ~ B—v)(V+2-v)
Lemma 6.3 is proved also in that case. O

Thanks to Lemma 6.3, this completes the proof that in Proposition 6.1 the case ¢ # 0
and s # 0 is impossible.
We continue the proof of Proposition 6.1 in the other cases.

e We now prove that the case ¢ =0 and s # 0 is impossible.
Suppose that ¢ = 0. The second equality of (6.1) implies that )1 = 0. The equality
(4.23) gives the vanishing of the derivative

FND(5) = 0. (6.18)
By (6.5) we know that
d—A+1< N +1<d,

where the last inequality comes from the assumption (6.2). This means that the derivative
FA (1) is a monomial in ¢ with degree > 1. Combining with (6.18) we obtain that s = 0.
Contradiction.

e We now prove that the case ¢ # 0 and s = 0 is impossible.
We benefit from the symmetry of the question to consider the homography b, 4
which transforms g to f. We also take into account the symmetry of the assumptions
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(6.2) and (6.5) concerning these two polynomials. By the above alinea, we deduce that
the case ¢ # 0 and s = 0 is also impossible.

e The remaining case is ¢ = s = 0.
We have g ,o(t) = r/t. By Lemma 4.9 we deduce

00N = 75727 (£) = 227 (2).

This relation gives the list of equalities
agfj = ag-j1’ (0<j < d)

after identification of the coefficients. In this relation, we fix j = d — A. Since a;\, # 0, we
deduce that 84— # 0, which implies d — A > ). This condition is compatible with (6.5)
if and only if (6.4) holds. By the definition of A and X we deduce that f and g are both
the sum of two or three monomials as indicated.

Recalling that oy = Sy = 1, we obtain the conditions of the second item of Proposition
6.1. This completes the proof of this proposition.

6.3 Proof of Theorem 3.4 and Corollary 3.9

Proof of Theorem 3.4. Let F' and G be two forms in £ and v an homography such that
F o~y =G. Our goal is to prove F' = G.

Like in §5.1, we consider the two monic polynomials f and g associated with F' and
G and the homography h = 4 and we apply Proposition 6.1. The last assumption (3.4)
of Theorem 3.4 imply that b is of the form b, o for some ¢ € K*. By assumption & is
K-reduced, hence K—dilation free, and therefore F' = G. O

Proof of Corollary 3.9. Consider the first item of Corollary 3.9. The assumption ag_1 = 1
implies that the set V(gl) (K) does not contain binomials nor trinomials of the form (3.4).
According to Lemma 5.1, the set Vél)(]K) is K-dilation free. The first item now follows
from Theorem 3.4.

For the proof of the second item, we use Lemma 5.2 together with Theorem 3.4 in
the same way as in the proof of the second item of Corollary 3.6 in section 5.2. O
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