International Conference on

“Number Theory and Related Topi
Hanoi, December 12-15, 2006

Discrete mathematics and Diophantine Problems
Michel Waldschmadt
Institut de Mathématiques de Jussieu & CIMPA
@ Borel's Conjectures, Complexity of Words
@ Transcendence, Diophantine Approximation

@® Continued Fractions

Michel Waldschmidt http://www.math.jussieu.fr/~miw

Abstract

One of the first goals of Diophantine Analysis is to decide
whether a given number is rational, algebraic or else
transcendental. Such a number may be given by its binary
or decimal expansion, by its continued fraction expansion,
or by other limit process (sum of a series, infinite product,
integrals ...). Language theory provides sometimes
convenient tools for the study of numbers given by
expansions. We survey some of the main recent results on
Diophantine problems related with the complexity of words.
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Borel’s Conjectures, Complexity of Words

Le fabuleux destin de /2

e The fabulous destiny of V2
Benoit Rittaud, Editions Le Pommier, 2006.

e Computation of decimals of V2

1542 computed by hand by Horace Uhler in 1951

14000 decimals computed in 1967

1000000 decimals in 1971

137 - 10° decimals computed by Yasumasa Kanada and
Daisuke Takahashi in 1997 with Hitachi SR2201 in 7 hours
and 31 minutes.

e Motivation : computation of 7.
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Conjectures, Complexity of Words

Compl f the —ary 1sion of an

irrational algebraic real number

Let

g > 2 be an integer.

E. Borel (1909 and 1950) : the g-ary expansion of an
algebraic irrational number should satisfy some of the
laws shared by almost all numbers (with respect to
Lebesgue’s measure).

In particular cach digit should occur, hence each given
sequence of digits should occur infinitely often.

There is no explicitly known example of a triple
(g,a,x), where g > 3 is an integer, a a digit in
{0,...,9 — 1} and z an algebraic irrational number,
for which one can claim that the digit a occurs
infinitely often in the g-ary expansion of z.
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Borel’s Con s, Complexity of Words

Conjecture 1 (Emilc Borel)

e Rendiconti del Circolo matematico di Palermo, 27
(1909), 24-271.

Comptes Rendus de I’Académie des Sciences de Paris
230 (1950), 591-593.

o Conjecture 1. Let x be an irrational algebraic real
number, g > 3 a positive integer and a an intege
the range 0 < a < g — 1. Then the digit a occurs at
least once in the g—ary expansion of x.

o If a real number z satisfies Conjecture 1 for all g and
a, then it follows that for any ¢, each given sequence of
digits occurs infinitely often in the g—ary expansion of
.

o This is easy to see by considering powers of g.
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Conjectures, Complexity of Words

Borel’s Conjecture 1

e For instance, Conjecture 1 with ¢ = 4 implies that
each of the four sequences (0,0), (0,1), (1,0), (1,1)

should occur infinitely often in the binary expansion of
each irrational algebraic real number z.

e K. Mahler : For any g > 2 and any n > 1, there exist
algebraic irrational numbers x such that any block of n
digits occurs infinitely often in the g—ary expansion of
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Borel’s Con s, Complexity of Words

e A real number z is called simply normal in base g if
each digit occurs with frequency 1/g in its g—ary
expansion.

o A real number z is called normal in base g or g-normal
if it is simply normal in base ¢ for all m > 1.

e Hence a real number z is normal in base g if and only
if, for any m > 1, each sequence of m digits occurs
with frequency 1/¢™ in its g—ary expansion.

e A real number is called normal if it is normal in any
base g > 2.

e Hence a real number is normal if and only if it is
simply normal in any base g > 2.
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onjectures, Complexity of Words

Borel’s Conjecture 2

e Conjecture 2. Let x be an irrational algebraic real
number. Then x is normal.

Almost all real numbers (for Lebesgue’s measure) are
normal.

e Examples of computable normal numbers have been
constructed (W. Sierpinski, H. Lebesgue, V. Becher
and S. Figueira) but the known algorithms to compute
such examples are fairly complicated (“ridiculously
exponential”, according to S. Figueira).
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Borel’s Conjectures, Complexity of Words

E

mple of normal numbers

An example of a 2-normal number (Champernowne 1933,
Bailey and Crandall 2001) is the binary Champernowne
number, obtained by the concatenation of the sequence of
integers

0.11011100101110111 10001001 101010111100 ...

= Z k27 e =k+ Z[loz‘{zﬂ'

k>1 j=1
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onjectures, Complexity of Words

Further examples of normal numbers

o (Korobov, Stoneham ...) : if a and g are coprime
integers > 1, then

Z o
a Hg a
n>0

is normal in base g.

o A.H. Copeland and P. Erdés (1946) : a normal number
in base 10 is obtained by concatenation of the sequence
of prime numbers

0.2357111317192329313741434753596167 ...
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Borel’s Conjectures, Complexity of Words

Infinite words

Let A be a finite alphabet with g elements.

o We shall consider infinite words w = ay...a, ...
A factor of length m of w is a word of the form
ApAgiq - Qs for some k > 1.

The complezity p = p,, of w is the function which
counts, for each m > 1, the number p(m) of distinct
factors of w of length m.

Hence 1 < p(m) < ¢" and the function m — p(m) is
non—decreasing.

According to Borel’s Conjecture 1, the complexity of
the sequence of digits in base g of an irrational
algebraic number should be p(m) = ¢
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onjectures, Complexity of Words

Sturmian words

Assume g = 2, say A = {0, 1}.

e A word is periodic if and only if its complexity is
bounded.
If the complexity p(m) a word w satisfies
p(m) = p(m + 1) for one value of m, then
p(m + k) = p(m) for all £ > 0, hence the word is
periodic. It follows that a non-periodic w has a
complexity p(m) > m + 1.

¢ An infinite word of minimal complexity p(m) =m + 1
is called Sturmian (Morse and Hedlund, 1938).
Examples of Sturmian words are given by
2-dimensional billiards.

Michel Waldschmidt http://www.math.jussieu.fr/~miw

dence, Diophantine Approximation

Sturmian words

e Define f; =1, fo = 0 and, for n > 3 (concatenation) :

Jo = Ju-1fu2

The Fibonacci word
w = 0100101001001010010100100101001001 . ..

is Sturmian.

e On the alphabet {0, 1}, a Sturmian word w is
characterized by the property that for ecach m > 1.
there is exactly one factor v of w of length m such that
both v0 and vl are factors of w of length m + 1.
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Transcendence, Diophantine Approximation

Transcendence and Sturmian words

e S. Ferenczi, C. Mauduit, 1997 : A number whose sequence of
digits is Sturmian is transcendental.

Combinatorial criterion : the complezity of the g—ary expansion
of every irrational algebraic number satisfies

liminf(p(m) — m) = +o0.
m—00

e Tool : a p-adic version of the Thue-Siegel-Roth-Schmidt
Theorem due to Ridout (1957).

Recall the lectures by Min Ru and Paul Vojta.

e Reference : Yuri Bilu’s Lecture in the Bourbaki Seminar,
November 2006 :

The many faces of the Subspace Theorem [after Adamczewski,
Bugeaud, Corvaja, Zannier. . .|
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cendence, Diophantine Approximation

Comple of the g-ary expansion of an algebrai

number

e Theorem (B. Adamczewski, Y. Bugeaud, F. Luca
2004).
The binary complezilty p of a real irrational algebraic
number x satisfies
p(m)

liminf ——= =
m—oo M

Corollary (Conjecture of A. Cobham, 1968). If the
sequence of digits of an irrational real number x is
automatic, then x is transcendental.
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Transcendence, Diophantine Approximation

Automata

A finite automaton consists of

e the input alphabet A, usually the set of digits
{1,2,...,9—1};

e the set Q of states, a finite set of 2 or more elements,
with one element called the initial state i singled out ;

e The transition map @ x A — Q, which associates to
every state a new state depending on the current input;
e the oulput alphabet B, together with the output map
[:Q—B.
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Transcendence, Diophantine Approximation

The sequence of binary digits of the number

> 272" = 0.1101000100000001000 - - - = 0.a1a20s ...

n>0
1 7
Ap =
0

is automatic : A = B = {0, 1}, Q = {i, a, b},
F() =0, fla) = 1, f(b) = 0,

with

no

1%
JH
=] %
JH
[=]
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Transcendence, Diophantine Approximation

Automatic sequences

e Let g > 2 be an integer. An infinite sequence (a,,)n>0 is
said to be g-automatic if a, is a finite-state function
of the base g representation of n : this means that
there exists a finite automaton starting with the g—ary
expansion of n as input and producing the term a,, as
output.

e A. Cobham, 1972 : Automatic sequences have a
complexity p(m) = O(m).
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Transcendence, Diophantine Approximation

Powers of  (continued)

The complexity p(m) of the automatic sequence of binary
digits of the number

Z 272" = 0.1101000100000001000 - - -

n>0

is at most 2m :
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Transcendence, Diophantine Approximation cendence, Diophantine Approximation

Further transcendence results on g-a Christol, Kamae, Mendes-France, Rauzy

of real numbers

The result of B. Adamczewski, Y. Bugeaud and F. Luca implies
the following statement related to the work of G. Christol,

T. Kamae, M. Mendés-France and G. Rauzy (1980) :
Corollary. Let g > 2 be an integer, p be a prime number and

(uk)k>1 a sequence of integers in the range {0,...,p—1}. The
e J-P. Allouche and L.Q. Zamboni(1998). formal power series
k
e R.N. Risley and L.Q. Zamboni(2000). %ukX
o B. Adamczewski and J. Cassaigne (2003). and the real number
Z urg*
k>1

are both algebraic (over Fy(X) and over Q, respectively) if and
only if they are rational.
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Transcendence, Diophantine Approxi

Further transcendence results

Consequences of Nesterenko 1996 result on the
transcendence of values of theta series at rational points.
e The number Z 27" is transcendental (D. Bertrand
n>0
1997; D. Duverney, K. Nishioka, K. Nishioka and
I. Shiokawa 1998)

e For the word
u = 01212212221222212222212222221222.. ..

generated by 0 — 012, 1+ 12, 2 +— 2, the number
n= Zuk?)_k is transcendental.
k>1
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dence, Diophantine Approximation

I[rrationality measures for automatic numbers

o Further progress by B. Adamczewski and J. Cassaigne
(2006) — solution to a Conjecture of J. Shallit (1999) :
A Liouville number cannot be generated by a finite
automaton.

o For instance for the Thue-Morse-Mahler numbers

Qn

'59 = gn

n>0

(where a,, = 0 if the sum of the binary digits in the
expansion of n is even, a,, = 1 if this sum is odd) the
exponent of irrationality is < 5.
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Transcendence, Diophantine Approximation

Liouville numbers and exponent of irrationality

e An exponent of irrationality for £ € R is a number k£ > 2
such that there exists C' > 0 with

> — for all BEQ
q

e A Liouville number is a real number with no finite
exponent of irrationality.

e Liouville’s Theorem. Any Liouville number is
transcendental.

e In the theory of dynamical systems, a Diophantine
number (or a number satisfying a Diophantine condition) is
a real number which is not Liouville. References :

M. Herman, J.C. Yoccoz.
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Continued Fractions

Complexity of the continued fraction expansion of

an algebraic number

o Similar questions arise by considering the continued
fraction expansion of a real number instead of its g—ary
expansion.

o Open question — A.Ya. Khintchine (1949) : are the
partial quotients of the continued fraction expansion of
a non-quadratic irrational algebraic real number
bounded ?
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Continued Fractions

Transcendence of continued fractions

e J. Liouville, 1844

o E. Maillet, 1906, O. Perron, 1929
e H. Davenport and K.F. Roth, 1955
e A. Baker, 1962

e J.L. Davison, 1989

Michel Waldschmidt http://www.math.jussieu.fr

~miw

Continued Fractions

Transcendence of continued fractions (continued)

o J.H. Evertse, 1996.

o M. Queffélec, 1998 : transcendence of the Thue—Morse
continued fraction.

e P. Liardet and P. Stambul, 2000.

o J-P. Allouche, J.L. Davison, M Queffélec and
L.Q. Zamboni, 2001 : transcendence of Sturmian or
morphic continued fractions.

o C. Baxa, 2004.

e B. Adamczewski, Y. Bugeaud, J.L. Davison, 2005 :
transcendence of the Rudin-Shapiro and of the
Baum-Sweet continued fractions.
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Continued Fractions

The Baum-Sweet sequence

e The Baum-Sweet sequence. For n > 0 define a,, = 1 if
the binary expansion of n contains no block of
consecutive 0’s of odd length, a,, = 0 otherwise : the
sequence (a,)n>o starts with

110110010100100110010...

e This sequence is automatic, associated with the
automaton

/'\l, e
i

oo
[a] —— [t]

with f(i) = 1, f(a) = 0, f(b) = 0.
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