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Families of cubic and quartic Thue Diophantine equations
related with the simplest fields of D. Shanks.

by
Claude Levesque and Michel Waldschmaidt

1. Cubic forms associated with the simplest cubic fields of Shanks.
For n > 0, let F,,(X,Y) be the cubic form

FuX,Y)=X*—(n—1DX?Y —(n+2)XY?-Y?3
Denote by A1, Aan, Az, the roots of the polynomial F,(t,1) € Z]t]:
Fo(X,Y) = (X = A2 Y)(X = A Y)(X — A3,Y).

In [2], it is proved that the set of (n,a,z,y) € Z* with n > 0, a > 0, max{|z|, |y|} > 2
and

(z = A a)(z = A3 y) (@ — Ag ) = &1
is finite, and 37 solutions are given, all of them have n < 4, a <5, |z| < 14, |y| < 9.
Question 1. Are there other solutions?

2. Quartic forms associated with the simplest quartic fields of Marie-Nicole
Gras.
For n > 0, let G,,(X,Y’) be the quartic form

Go(X,Y) = X* —nX?Y — 6X2Y? —nXY? +Y*
Denote by fi1.n, f2.n, 3.0, fa,n the Toots of the polynomial G, (t,1) € Z[t]:
Gn(X,Y) = (X — :uLnY) (X — NZnY) (X — MB,HY)(X - l”4,ny)'

Question 2. Is-it true that the set of (n,a,z,y) € Z* withn >0, a > 0, max{|z|, |y|} > 2
and

(= pi ) (@ — ps y) (v — pg,y)(x — py,y) = £1
is finite?

Further related open problems can be proposed following [1] and [3]
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