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On m consecutive integers (number theory

e Any two consecutive integers are relatively prime.

e Given three consecutive integers

for instance 3, 4, 5 : any two of them are relatively prime
for 2, 3, 4 : only 3 is prime to 2 and to 4.

In the general case n, n + 1, n + 2, the middle term is
relatively prime to each other.

e Given four consecutive integers n, n + 1, n+ 2, n + 3, the
odd number among n + 1, n + 2 is relatively prime to the
three remaining integers. Hence one at least of the four
numbers is relatively prime to the three others.
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Consecutive integers

On m consecutive integers

e Given five consecutive integers
n,n+1,n+2, n+3, nt+4

the only possible common prime factors between two of
them are 2 and 3 , and one at least of the odd elements is
not divisible by 3. Hence again one at least of the five
numbers is relatively prime to the four others.

e After 2, 3, 4, 5, continue with 6,7,8... up to 16 — done
by S.S. Pillai in 1940.
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On 17 consecutive integers, following S.S. Pillai
o) ) (=)

e In every set of not more than 16 consecutive integers
there is a number which is prime to all the others.
This is not true for 17 consecutive numbers : take

n = 2184 and consider the 17 consecutive integers
2184, ...,2200. Then any two of them have a ged > 1.
One produces infinitely many such sets of 17
consecutive numbers by taking

n+N,n+N+1,..., n+ N+ 16

or
N—-n—-16,n—-N—15,...,N —n

where N is a multiple of 2-3-5-7-11-13 = 30030.
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Consecutive integers

On m consecutive intege tinued)

S.S. Pillai, 1940.

e In every set of not more than 16 consecutive
integers there is a number which is prime to all
the others.

e For any m > 17 there exists a set of m
consecutive integers that has not this property.

Application to the Diophantine equation
nn+1)---(n+m—-1)=y"

(See more recent work, esp. by T.N. Shorey).
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Normal Numbers

~ ,'S)

1.41421356237309504880168872420969807856967187537694807317667973
799073247846210703885038753432764157273501384623091229702492483
605585073721264412149709993583141322266592750559275579995050115
278206057147010955997160597027453459686201472851741864088919860
955232923048430871432145083976260362799525140798968725339654633
180882964062061525835239505474575028775996172983557522033753185
701135437460340849884716038689997069900481503054402779031645424
782306849293691862158057846311159666871301301561856898723723528
850926486124949771542183342042856860601468247207714358548741556
570696776537202264854470158588016207584749226572260020855844665
214583988939443709265918003113882464681570826301005948587040031
864803421948972782906410450726368813137398552561173220402450912
277002269411275736272804957381089675040183698683684507257993647
290607629969413804756548237289971803268024744206292691248590521
810044598421505911202494413417285314781058036033710773091828693
1471017111168391658172688941975871658215212822951848847 . . .

http://www.math.jussieu.fr/~miw




Normal Numbers

y biIlE’ﬂ"V dlgltH Of \/§ http://wims.unice.fr/wims/wims.cgi

1.011010100000100111100110011001111111001110111100110010010000 o
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Normal Numbers

e The fabulous destiny of v/2
Benoit Rittaud, Editions Le Pommier, 2006.

e Computation of decimals of v/2 :

1542 computed by hand by Horace Uhler in 1951

14000 decimals computed in 1967

1000000 decimals in 1971

137 - 10? decimals computed by Yasumasa Kanada and
Daisuke Takahashi in 1997 with Hitachi SR2201 in 7 hours
and 31 minutes.

e Motivation : computation of 7.
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Normal Numbers

mplexity of the —ary expansion of an

irrational algebraic real number

Let g > 2 be an integer.

« E. Borel (1909 and 1950) : the g—ary expansion of an
algebraic irrational number should satisfy some of the
laws shared by almost all numbers (with respect to
Lebesgue’s measure).

e In particular cach digit should occur, hence each given

sequence of digits should occur infinitely often.

e There is no explicitly known example of a triple
(9,a, ), where g > 3 is an integer, a a digit in
{0,...,¢9 — 1} and z an algebraic irrational number,
for which one can claim that the digit a occurs
infinitely often in the g—ary expansien ofz.

http

Normal Numbers

Conjecture 1 (Emﬂe Borel)

e Rendiconti del Circolo matematico di Palermo, 27
(1909), 24-271.

Comptes Rendus de ’Académie des Sciences de Paris
230 (1950), 591-593.

Conjecture 1. Let o be an irrational algebraic real
number, g > 3 a positive integer and a an integer in
the range 0 < a < g — 1. Then the digit a occurs at
least once in the g-ary expansion of x.

If a real number x satisfies Conjecture 1 for all g and
a, then it follows that for any g, each given sequence of
digits occurs infinitely often in the g—ary expansion of
x.

e This is easy to see by considering powers of g.
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Normal Numbers Normal Numbers

Borel’s Conjecture 1 Normal Numbers

e A real number x is called simply normal in base g if
each digit occurs with frequency 1/g¢ in its g—ary

o For instance, Conjecture 1 with ¢ = 4 implies that expansion.

each of the four sequences (0,0), (0,1), (1,0), (1,1)
should occur infinitely often in the binary expansion of
each irrational algebraic real number x.

K. Mabhler : For any g > 2 and any n > 1, there exist
algebraic irrational numbers x such that any block of n
digits occurs infinitely often in the g—ary expansion of
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A real number x is called normal in base g or g-normal
if it is simply normal in base ¢ for all m > 1.

Hence a real number z is normal in base g if and only
if, for any m > 1, each sequence of m digits occurs
with frequency 1/¢™ in its g—ary expansion.

A real number is called normal if it is normal in any
base g > 2.

Hence a real number is normal if and only if it is
simply normal in any base g > 2.
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Normal Numbers

Borel’s Conjecture 2

e Conjecture 2. Let x be an irrational algebraic real
number. Then x is normal.

Almost all real numbers (for Lebesgue’s measure) are
normal.

Examples of computable normal numbers have been
constructed (W. Sierpinski, H. Lebesgue, V. Becher
and S. Figueira) but the known algorithms to compute
such examples are fairly complicated (“ridiculously
exponential”, according to S. Figueira).
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Normal Numbers

xample of normal numbers

An example of a 2-normal number (Champernowne 1933,
Bailey and Crandall 2001) is the binary Champernowne
number, obtained by the concatenation of the sequence of
integers

0.11011100101110111 10001001 101010111100 ...

.
=Y k2 on=k+ ) [logy j]-

k>1 j=1

Proof : Pillai, 1939 and 1940.
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Normal Numbers

Further examples of normal numbers

o (Korobov, Stoneham ...) : if a and g are coprime
integers > 1, then

N
> a7y "

n=>0

is normal in base g.

e AH. Copeland and P. Erdés (1946) : a normal number
in base 10 is obtained by concatenation of the sequence
of prime numbers

0.2357111317192329313741434753596167 ...
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Waring’s Problem

ring’s Problem : ¢(6)

S. Pillai, 1940.

Any positive integer N is sum of at most 73
sixth powers : N = af +--- 4+ 25 with s < 73.
Since 20 = 64, the integer N = 63 = 10 4+ ... 4+ 16
requires at least 63 terms ;.

Any decomposition of an integer N < 728 = 3% — 1 as
a sum of sixth powers involves only 1 and 2°

The decomposition as a sum of sixth powers of any
integer NV < 728 of the form 63 + k64 requires at least
63 + k terms.

The number 703 = 63 + 64 x 10 requires 63 + 10 = 73
terms.
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‘Waring’s Problem

aring’s Problem

In 1770, a few months before J.L. Lagrange solved a
conjecture of Bachet and Fermat by proving that every
positive integer is the sum of at most four squares of
integers, E. Waring wrote :

“Every integer is a cube or the sum of two, three, ...nine
cubes ; every integer is also the square of a square, or the
sum of up to nineteen such; and so forth. Similar laws may
be affirmed for the correspondingly defined numbers of
quantities of any like degree.”
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Waring’s Problem

The number g(k)

e Waring’s function ¢ is defined as follows : For any
integer k > 2, g(k) is the least positive integer s such
that any positive integer N can be written
koot ok,

o Hence Pillai’s above mentioned result is ¢(6) = 73.
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‘Waring’s Problem

Results on ing’s Problem

g(2) =4  J-L. Lagrange (1770)

9(3)

g(4) =19 R. Balasubramanian, J-M. Deshouillers,
F. Dress (1986)

9  A. Wieferich  (1909)

g(5) =37 J. Chen (1964)
g(6) =73 S.S. Pillai (1940)

¢(7) = 143 L.E.Dickson  (1936)

http://www.math.jussieu.fr/~

’s Problem

ring’s Theorem

For each integer k > 2, define I(k) = 2¢ +[(3/2)"] — 2. Tt is
easy to show that g(k) > I(k). Indeed, write

F=2F+r with 0<r<2 ¢=[(3/2),
and consider the integer
N=2%g—1=(q—1)2F + (2" — 1)1~
Since N < 3*, writing N as a sum of k-th powers can
involve no term 3%, and since N < 2*¢, it involves at most

(g — 1) terms 2*, all others being 1*; hence it requires a
total number of at least (¢ — 1) + (2% — 1) = I(k) terms.
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‘Waring’s Problem

The ideal Waring’s Theorem

L.E. Dickson and S.S. Pillai proved independently in 1936
that g(k) = I(k), provided that r = 3¥ — 2¢ satisfies
r < ok q—2.
The condition r < 28 — ¢ — 2 is satisfied for
3 <k <471 600 000, and (K. Mahler) also for all
sufficiently large k.
The conjecture, dating back to 1853, is
g(k) = I(k) =2F +[(3/2)] — 2 for any k > 2. This is true

as soon as X i
N eI
2 —\4/)

where || - || denote the distance to the nearest integer.
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Waring’s Problem

ing’s Problem with nents > n

S.S. Pillai, 1940.

e For any integer n > 2, denote by g2(n) the least
positive integer s such that any positive integer N can

be written z{" + - + 27 with m; > n.

o S.S. Pillai (1940) : explicit formula for g»(n), n > 32.

e Proof of the lower bound g(n) > 2" +h — 1 if
2n+h, S 3n,
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‘Waring’s Problem

Lower bound for gs(n)

e The lower bound g»(n) > 2" — 1 is trivial : take
N=2"—-1.

e Any decomposition N = " + -+ + 2 with m; > n of
a positive integer N < 3" has z; € {1,2}.

e Let h > 1 satisfy 27" < 3", Consider the integer

N = 27th 1. Tts binary expansion is

N = omthl onth=2 494
hence it can be written
N = 2n+h—1 4 2n+h—2 EE on 4 (271 o 1)

which is a sum of 4 numbers 2™ with m > n and 2" — 1
powers of 1.
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Waring’s Problem

Value of go(n) for n > 32

One easily deduces go(n) > 2" + h — 1 as soon as h satisfies
2n+h < 3.

This condition on h is 2" < (3/2)", which means 2" < I,
with I, = [(3/2)"].

Define
hy, = [log I,/ log2] where I, =[(3/2)"].

Pillai’s Theorem : For n > 32, go(n) = 2" + h,, — 1.
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Diophantine equations

Square, cubes. . .

o A perfect power is an integer of the form a” where
a > 1 and b > 1 are positive integers.

e Squares :

1, 4, 8,9, 16, 25, 27, 36, 49, 64, 81, 100, 121, 125, 128, ..
e Cubes :

1, 8, 27, 64, 125, 216, 343, 512, 729, 1000, 1331...
e Fifth powers :

1, 32, 243, 1024, 3125, 7776, 16807, 32768...
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Diophantine equations

Pillai’s early work

In 1936 Pillai proved that for any fixed positive integers a
and b, both at least 2, the number of solutions (z,y) of the
Diophantine inequality 0 < a® — 0¥ < ¢ is asymptotically
equal to
(log c)?

2logalogb
as ¢ tends to infinity.
References :
PiLLar, S. S. — On some Diophantine equations, J. Indian
Math. Soc., XVIII (1930), 291-295.
PiLLar, S. S. - On A* — BY = (', J. Indian Math. Soc.
(N.S.), II (1936), 119-122.
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Diophantine equations

onnexion with Ramanujan’s work

It is remarkable that this asymptotic value is related to
another problem which Pillai studied later and which
originates in the following claim by Ramanujan :

The number of numbers of the form 2% - 3" less than n is

log(2n) log(3n)
2log2log 3
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Diophantine equations

Number of integers a“b* < n

The number of numbers of the form a“ - b" less than n is
asymptotically

(log n)?
2logalogb

(logn)/(logb)

(logn)/(loga)

http://www.math.jussieu.fr
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Diophantine equations

The sequence of perfect powers starts with :

1,4, 8,9, 16, 25, 27, 32, 36, 49, 64, 81, 100, 121, 125,

128, 144, 169, 196, 216, 225, 243, 256, 289, 324, 343,

361, 400, 441, 484, 512, 529, 576, 625, 676, 729, 784 ...
Write this sequence as
a1 =1, a=4,a3=8,a,=9, a5 =16, ag = 25, a7 = 27, ...

Taking only the squares into account, we deduce

a, <n?> foral n>1.
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Diophantine equations

Lower bound for a,,

‘We want also a lower bound for a,,. For this we need an
upper bound for the number of perfect powers a” bounded
by a, which are not squares. We do it in a crude way : if
a® < N with a > 2 and 2 > 3 then 2 < (log N)/(log 2) and
a < NV 3. hence the number of such a” is less than

. ]\'1/31 ' N
log 2 o8

Hence the number of elements in the sequence of perfect

powers which are less than N is at most

1 ‘
VN + —— N log N.
log 2
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Diophantine equations

The sequence of per

The upper bound
n < a, + L 1/slogan
- log 2

together with a, > n? yields

. 2 o/
an > n*— ——-n**logn,
log 2

and one checks that this estimate is true as soon as n > 8.
As a consequence

limsup(an1 — a,) = +00.
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Diophantine equations

Consecutive elements in the sequence of perfect

powers

e Difference 1 : (8,9)

e Difference 2 : (25,27)

o Difference 3 : (1,4), (125,128)

e Difference 4 : (4,8), (32,36), (121,125)
e Difference 5 : (4,9), (27,32).
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Diophantine equations

Two conjectures

Catalan’s Conjecture : In the sequence of perfect
powers, 8,9 is the only example of consecutive integers.
Pillai’s Conjecture : In the sequence of perfect powers,
the difference between two consecutive terms tends to
infinity.
Alternatively : Let k be a positive integer. The
equation

=yl =k,

where the unknowns z, y, p and ¢ take integer values,
all > 2, has only finitely many solutions (z,y, p, q).
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Diophantine equations

5 conjecture

PILLAL S. S. — On the equation 2° — 3¢ = 2% + 3Y Bull.
Calcutta Math. Soc. 37, (1945). 15-20.

I take this opportunity to put in print a conjecture which I
gave during the conference of the Indian Mathematical
Society held at Aligarh.

Arrange all the powers of integers like squares, cubes etc. in
increasing order as follows :

1, 4, 8,9, 16, 25, 27, 32, 36, 49, 64, 81, 100, 121, 125, 128, ...

Let a,, be the n-th member of this series so that a; =1,
as =4, a3 =38, ay =9, etc. Then
Conjecture :

lim inf(a, — a,—) = cc.
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Diophantine equations

Indian Science Congr
O

“The audience may be a little disappointed at the scanty
reference to Indian work. --- However, we need not feel
dejected. Real research in India started only after 1910 and
India has produced Ramanujan and Raman”

This was the statement of Dr. S. Sivasankaranarayana
Pillai in the 36th Annual session of the Indian Science
Congress on 3rd January, 1949 at Allahabad university.
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Diophantine equations

http ://www.geocities.com/thangadurai_kr/PILLATLhtml

The tragic end

For his achievements, he was invited to visit the Institute of
Advance Studies, Princeton, USA for a year. Also, he was
invited to participate in the International Congress of
Mathematicians at Harvard University as a delegate of
Madras University. So, he proceeded to USA by air in the
august 1950. But due to the air crash near Cairo on August
31, 1950, Indian Mathematical Community lost one of the
best known mathematicians.
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Diophantine equations Diophantine equations

Results

The abe Conjecture

e P. Mihailescu, 2002. Catalan was right : the equation e For a positive integer n, we denote by
P — y? = 1 where the unknowns z, y, p and q take integer
values, all > 2, has only one solution R(n) = Hp
(z,9,p,q) = (3,2,2,3). pln

Previous partial results : J.W.S. Cassels, R. Tijdeman,

the radical or square free part of n.
M. Mignotte. . .

e The abe Conjecture resulted from a discussion between

o Higher values of k : nothing known. D. W. Masser and J. (Esterlé in the mid 1980’s.

e Conjecture (abe Conjecture). For each e > 0 there
exists k(g) such that, if a, b and c in Zso are relatively
prime and satisfy a +b = ¢, then

e Pillai’s conjecture as a consequence of the abc conjecture :
[2P — y1| > c(e) max{xP, yI} "¢

with - ¢ < r()R(abe) e

k=1————

Y2}
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Diophantine equations

ring’s Problem and the abc Conjecture

S. David : the estimate

B=6)

(for sufficiently large k) follows not only from Mahler’s
estimate, but also from the abe Conjecture!

Hence the ideal Waring Theorem g(k) = 2% + [(3/2)"] — 2.

would follow from an explicit solution of the abc Conjecture.
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Diophantine equations
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