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ii Linear independence of logarithms of algebraic numbers

Let aq,...,a,;, be positive rational integers and b4, ..., b,, be rational integers; assume that the rational
number a?' - - - abm is not equal to 1; how close to 1 can it be ? Our goal is to give an estimate from below

for this distance. The trivial estimate is

b1 bm —nB
ar' Ay -1 ZA

where A = max{2,a1,...,a,} and B = max{2, |b1], ..., |bs|}; thisis a kind of Liouville estimate: the absolute
value of a non-zero rational number is at least the inverse of a denominator. This estimate is sharp in terms
of A and n, but not in terms of B; there are many cases where a better dependence in B is required. We
give a short historical survey of this question in Chapter 1, and we quote the best known results to date in
Chapter 12. In between, we give complete proofs of non-trivial estimates.

During a workshop which took place at Leiden in October 1990, E. Thomas and N. Tzanakis noticed
that there is no introductory text for the non-expert on this domain; the non-trivial measures of linear inde-
pendence for logarithms are used as a black box by several people, especially in connection with Diophantine
equations. Therefore a simple introduction was needed. However, simple depends on the reader: for those
who know a little bit of commutative algebra, Chapter 5 below will look unnecessary complicated, and they
will prefer to replace it by Chapter 8, which yields a stronger result. On the opposite, those who dislike the
words “algebraic geometry” will have better to skip Chapter 8 and just take for granted the “zero estimate”
given in Proposition 8.1.

These notes grew out of lectures given at the Matscience Institute of Madras in January 1992. The initial
goal was to give a proof of Baker transcendence theorem on linear independence of logarithms of algebraic
numbers, which is supposed to be simpler than previously known proofs: no derivative is involved, and
the auxiliary function is replaced by Laurent’s interpolation determinants. Once this purpose was achieved
(Chapters 2 to 6), we started looking at the effective aspect of the question, which is the most important
one for applications. A first non-trivial estimate was proved, for linear combinations of logarithms

Prlogay 4+ + B log am,

where «; and ; are algebraic numbers, under the assumption that the logarithms log «; are linearly inde-
pendent over Q, and also the coefficients 3; are linearly independent over QQ; the assumption on the log «;
involves no loss of generality, while the condition on the ; is really strong, since the most interesting case
is when the (; are all rational integers. However, the argument which is used to remove the assumption on
linear independence of the log «; enables one to remove also the condition on the ;, but at a rather heavy
cost. Nevertheless this is sufficient to provide a non-trivial estimate, which is given in Chapter 7.

The three next chapters are devoted to a refinement of this first estimate. We do not give the sharpest
known results (which require to introduce one more variable with derivatives, and also to use Fel’dman’s
polynomials), but nevertheless our estimate is not very far from the best known. A refined zero-estimate is
required; this is a consequence of a general result due to P.Philippon; the corresponding chapter has been
written by D. Roy and was the subject of three lectures at the University of Pondicherry.

Baker dealt also with non-homogeneous linear combinations of logarithms:

Bo+ Prlogan + - + fm log am.

The non-vanishing of such linear combinations (Chapter 11) has been the subject of lectures at Hyderabad
(Central University) in February 1992. Finally, the sections devoted to the six exponential theorem (in
Chapter 1) and its generalizations (Chapter 13) were developed at Bombay University and at the Tata
Institute of Fundamental Research.

I have the pleasure to thank R. Balasubramanian who invited me to deliver these lectures at Matscience,
and suggested that they would be published in the Matscience Publication Series; Venkataraman and Ad-
hikari, who attended the Matscience lectures and made the first remarks. Later C. Jadot, M. Laurent,
M. Mignotte, M. Huizing and A. Sert proposed some corrections. Then D. Roy sent me many pages of
comments, corrected several inacurracies and improved some results.
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1.- INTRODUCTION

We denote by @ the algebraic closure of the rational number field Q into C; hence Q is the field of
(complex) algebraic numbers. Further, let £ be the set of logarithms of non-zero algebraic numbers, that is
the inverse image of the multiplicative group @* by the exponential map:

L={teC;eeqQ}.
It is convenient to write £ = loga when a = e, but of course for a given a € @* the set of £ with o = e’ is
a whole class of C modulo 2inZ. -

It’s plain that £ is a Q-vector subspace of C; however it’s not a ()-vector space: the product of a

logarithm of an algebraic number by an algebraic number is usually not a logarithm of an algebraic number.

This remark, which goes back to Euler, is the root of our subject.
The main (if not the more general) statement of these lectures is the following:

Theorem 1.1 (Baker). — If{y,...,{,, are Q-linearly independent elements of L, then they are Q-linearly
independent.

This result was proved by Alan Baker in 1966. The first part of these lectures is devoted to a complete
and comparatively easy proof of this statement. However the present tex is by no means an introduction
to Baker’s method: the main new idea in Baker’s transcendence proof is an ingenious, rather involved,
extrapolation argument, which is performed on the derivatives of an auxiliary function. Here you will see no
auxiliary function, no derivatives, no extrapolation. The proof of the first part is quite elementary; the only
analytic argument which is used is Schwarz lemma for a function of a single variable. The most sophisticated
tool is Bézout’s theorem which is used in the following form (see lemma 5.6 in Chapter 5):

if Py1,..., Py are polynomials in Clz1,. .., z,] of total degree < D, and if the set S of common zeroes in

C™ of these polynomials is finite, then CardS < D™.

Apart from this result, everything is very easy: we use an argument of Michel Laurent to estimate a
determinant; an analytic estimate (Chapter 4) provides an upper bound, an arithmetic estimate, namely
Liouville’s inequality (Chapter 3) implies that this determinant vanishes, and a zero estimate (which relies
on Bézout’s above mentioned theorem) provides the conclusion.

In the second part of these lectures we repeat the proof more carefully in order to prove explicit measures
of linear independence of logarithms of algebraic numbers. The first estimate we produce (Chapter 7) is
rather crude, but the proof follows closely the arguments in Part 1 and is rather transparent. The result we
achieve is certainly far from the best known, but it is good enough to be useful for solving explicitly certain
classes of Diophantine equations (we do not develop this aspect here).

We refine this rough estimate in Chapter 10; the refinement involves a better zero estimate, due to
Philippon (Chapter 8, by Damien Roy), and improved results on interpolation determinants (Chapter 9,
where an argument dual to Baker’s one is developed, and also an idea of M. Laurent is used). The best
known measures of linear independence of logarithms of algebraic numbers are stated in Chapter 12.

There is an extension, also due to Baker, of Theorem 1.1 to non-homogeneous linear combinations of
logarithms: under the hypotheses of Theorem 1.1, the numbers 1,log oy, ..., log a,, are linearly independent
over Q (Chapter 11). This statement does not include all that is known on the transcendence of the values
of the usual complex exponential function. Specifically, it does not include the so-called six exponentials
theorem (see §4 below). Chapter 13 is mainly devoted to a general result, the linear subgroup theorem,
which generalizes at the same time the six exponentials theorem, Baker’s theorem by Schneider’s method
and Baker’s theorem by Gel’fond-Baker method. We do not give complete proofs (nor even do we state the
result in the most general form) ; this will be postponed hopefully for another more advanced monograph.
Chapter 14 deals with conjectures, including Schanuel’s conjecture and the conjecture on the algebraic
independence of logarithms of algebraic numbers, together with some consequences.
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In this first chapter we give some historical background on Baker’s theorem, both in the qualitative and
in the quantitative form, and we describe the six exponentials theorem.

1Historical survey In his “Introductio in analysin infinitorum”, L. Euler defined the exponential and loga-

rithm functions, and said:
From what we have seen, it follows that the logarithm of a number will not be a rational number unless
the given number is a power of the base a. That is, unless the number b is a power of the base a,
the logarithm of b cannot be expressed as a rational number. In case b is a power of the base a, then
the logarithm of b cannot be an irrational number. If, indeed, logb = \/n, then avV™ = b, but this
is impossible if both a and b are rational. It is especially desirable to know the logarithms of rational
numbers, since from these it is possible to find the logarithms of fractions and also surds. Since the
logarithms of numbers which are not the powers of the base are neither rational nor irrational, it is
with justice that they are called transcendental quantities. For this reason, logarithms are said to be
transcendental.

(Reference: Euler, Introduction to Analysis of the Infinite, Book 1, Chap. VI, N° 105, Springer-Verlag 1988,

p-80.)

Later in 1900, D. Hilbert proposed this question as the seventh of his problems:

The expression o for an algebraic base o and an irrational algebraic exponent 3, e.g. the number 2V2
or €™ =i~ always represents a transcendental or at least an irrational number.

This problem was solved in 1934 by A.O. Gel’fond and Th. Schneider, independently and simultaneously:

Theorem 1.2 (Gel’fond-Schneider). — If {;,{s are Q-linearly independent elements of L, then they are
Q-linearly independent.

This means that the quotient ¢; /¢2 of two non-zero elements of L is either a rational or a transcendental
number; it cannot be an algebraic irrational number, like v/2. The connection with Hilbert’s problem is most
easily seen by stating Theorem 1.2 as follows:

if £ and B are two complex numbers with £ # 0 and B € Q, then one at least of the three numbers et, 3

and €5t is transcendental.

Hence, if o is a non zero algebraic number, loga any non-zero logarithm of «, and S an irrational
algebraic number, then o = exp(Bloga) is a transcendental number. The transcendence of e™ is obtained
also by the choice of a = 1, logaw = 2im and 8 = —i/2.

In his book [G], Gel’fond emphasized the importance of getting a generalization of this statement to
more than two logarithms (see below). This problem was solved in 1966 by A. Baker; the qualitative aspect
of his result is Theorem 1.1. From Baker’s theorem, one deduces that if a number of the form

afl ceaPn = exp{Bilogai + - + B logay}
(with algebraic «; and f;, o; # 0) is algebraic, then either the numbers log o, .. .,log «;, all vanish, or else
the numbers 1, 84, ..., 3, are linearly dependent over Q.

1Equivalent statements Baker’s result obviously generalizes the theorem of Gel’fond-Schneider (just take
n = 2). As pointed out by J-P. Serre in his Bourbaki lecture on Baker’s work (*), it means that the natural
map from Q ®g £ in C, which extends the injection from £ to C, is still injective (see exercise 3). We shall
say that £ and Q are linearly disjoint over Q.

The only linear dependence relations, with algebraic coefficients, between logarithms of algebraic num-
bers, are the trivial ones, like

log 24 = v/31log 9 + (1 72\/5) log 3+ v2log4 + (3 — 2v/2) log 2.

Roughly speaking, if Baker’s result were not true, then a vanishing non-trivial linear combination of elements
¢ of £ with algebraic coefficients 8 and minimal length would have the property that the coefficients 3’s are
linearly independent over QQ, and at the same time the ¢’s also are linearly independent over Q. More
precisely one can state Theorem 1.1 in several equivalent ways:

(*) Travaux de Baker, Sém. Bourbaki 1969/70, n° 368; Springer Lecture Notes 180 (1971), 73-86.
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Lemma 1.3. — Let kK C K be two fields, £ be a K-vector space, and M be a k-vector subspace in £. The
three following statements are equivalent.
(i) Let m > 1; let 44, ..., 4, be elements of M which are linearly independent over k; then these elements
are also linearly independent over K in .
(ii) Let m > 1 be a positive integer. Let {1, ... L, be elements of M, not all vanishing, and let 5,...,Bm
be k-linearly independent elements of K. Then

(ii) Let m > 1 be a positive integer. Let {1, ..., {,, be k-linearly independent elements of M and B, ..., Bm
be k-linearly independent elements of K. Then

Brly + ... + Bl # 0.

When these properties are satified, M and K are said to be linearly disjoint over k.

Proof. We first remark that the implication (i) = (iii) is trivial.
a) Proof of (ii) = (i). Assume that for some m > 1 we have a relation 5141 +. ..+ Bmnlm = 0 with 81, ..., B
not all zero. Let f1,..., 8%, (with 0 < s < m) be a basis of the k-vector space they span; we can write

Bi=> By  (L<i<m),
Jj=1

with ¢;; € k, which do not all vanish. Then

j=1 i=1

Since B, ..., B, are k-linearly independent, we deduce from (%)
m
Zcij&:O fOI"lSjSS.
i=1

Therefore ¢4, ..., £, are k-linearly dependent.

b) Proof of (iii) = (ii). Assume S141 + -+ + Bl = 0 with S, ..., By linearly independent over k in K
and fq,...,4, in M. We shall argue by induction on m and conclude ¢; = --- = £, = 0. Renumbering
b, ..., Ly if necessary, we may assume that ¢1,. .., ¢, (for some r with 0 < r < m) is a basis of the k-vector
space spanned by f1,...,4,:

where ¢;; are in k. We deduce

Dty =0 with =8+ Y B (1<j<n).
j=1 1=r+1

Using (#i) (with m replaced by r), we deduce from the linear independence of ¢, ..., ¢, over k that the r
elements 71, ...,7, are k-linearly dependent in K; however, since f1,..., B, are linearly independent over
k, the only possibility is 7 = 0, which means ¢; = --- = £,,, = 0. []

When k= Q, K = Q, M = L and £ = C, assertion (i) is nothing but Baker’s Theorem 1.1 (see §11.1
for another application of this lemma 1.3). Other statements which are equivalent to Baker’s Theorem 1.1
are given in exercise 5 (and will be used in Chapter 13).
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1Lower bounds for the distance between 1 and a product of powers of rational integers Baker’s theorem
shows that numbers of the form
ﬁl IOqu +--+ ﬁ’m 1Oga7rz
(with algebraic 5; and «;, 1 < i < m) can vanish only in trivial cases. The most important aspect of the
theory is that the proof provides explicit lower bounds for such non-zero numbers. We explain these results
in the easiest case, namely ; € Z, o; € Z, o; > 2.
Let aq,...,a,, be rational integers which are > 2 and b4, ..., b,, rational integers. We assume

b1 b
it aly £ 1,

and we ask for a lower bound for the distance between these two numbers.
There is a trivial estimate: a non-zero rational number is at least as large as the inverse of a denominator:

> exp {Zwmogai}
i=1
> exp{me log A},

where B = max{|bi|,...,|bm|} and A = max{as,...,a,n}. This kind of estimate extends to algebraic a’s;
we shall call it Liouville’s inequality (see Chapter 3 §5).

The dependence in m and A in Liouville’s inequality is sharp, but the main interest for applications is
with the dependence in B. In order to see what can be expected, it is convenient to give a connection with
lower bounds for linear forms in logarithms. If

1
< fab oty 1< L

then 1
3 bilogay + - -- +bmlogam| < ’alil ~-~al;;b" — 1‘ < 2|b1 loga; + -+ + by, log an,

(see exercise 1 at the end of this chapter). Therefore it is equivalent to give a lower bound for the distance
between 1 and the product a}{l --~alm  or to give a lower bound for the non vanishing linear form b; log a; +
oo+ by log agy,.

An easy application of the Dirichlet box principle (see exercise 2) now yields:
Lemma 1.4. — Let m, a1, ..., a,, be rational integers, all of which are > 2. Define A = max{ay,...,amn}.
Then for every integer B > 2mlog A, there exist rational integers by, ..., by, with

0 < max |bj| <B
1<i<m

such that o log A
b by mlog
all ceeapm — 1| < W
In particular, if aq,...,a,, are multiplicatively independent, then the left hand side does not vanish.

The upper bound is polynomial in 1/B, while Liouville’s inequality is exponential in —B. We shall see that,
as far as the dependence in B is concerned, lemma 1.4 is closer to the truth than Liouville’s lower bound.

In 1935, one year after he had solved Hilbert’s seventh problem, Gel’fond used his transcendence method
in order to derive a lower bound for a linear combination of two logarithms of algebraic numbers with algebraic
coeflicients. Let us give a simple example of such an estimate: for ay, as multiplicatively independent positive
rational integers, and for € > 0, there exists a constant C; = C (a1, as, €), which can be explicitly computed,
such that, for all (by,be) € Z? with (b1, by) # 0, if we set B = max{|b1], |b2|,2}, then

‘all’lalf - 1’ > Cyexp { — (log B)}.

In 1939 Gel’fond refined the estimate and replaced the exponent 5+ € by 3+ ¢, and in 1949 he reached 2 +e.
At the same time he gave an estimate which is valid for any m > 2 (see [G] Th. 3):
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Theorem 1.5 (Gel’fond’s ineffective estimate). — For every m-tuple (ai,...,a,) of positive mul-
tiplicatively independent rational integers, and for every § > 0, there exists a positive constant Cy =
Cy(ay,...,am,0) such that, if by,..., by, are rational integers, not all of which are zero, and if we set
B = max{|b1],...,|bml|, 2}, then

abt . abm — 1‘ > Cyexp{—dB}.
For the proof of Theorem 1.5, the main tool is a result of Diophantine approximation, which we shall

take for granted; Gel’fond used a result of his own, which was a refinement of earlier results due to Thue,
Siegel and Dyson; here, for simplicity, we shall use the stronger result due to Roth (see [S], [L] or [B]):

Theorem 1.6 (Thue-Siegel-Roth). — Let a be an algebraic number and let € be a positive real number.
There exists a number Cy = Cy(a, €) > 0 such that for any rational number p/q with ¢ > 0 and p/q # «,

2—e¢

oz—p‘ > Coq~
q

Proof of Theorem 1.5.
We shall use Theorem 1.6 with ¢ = 1:

a— Z’ > Cy(a, 1)/¢°.
Let 6 > 0. Assume Cy does not exist: for each real number C > 0 there exists b = (by,...,b,) € Z™ with
0< )all’l ealm — 1‘ < Cexp{—0B}
(where, as usual, B = max{2, |b1],...,|bm|}). Hence the set E; of b € Z™ for which
0< ‘alfl coeabm — 1’ < exp{—5B}

is infinite. Let N be a positive integer satisfying N > (6m/d)log A, with A = max{a;}. Since the set
(Z/NZ)™ is finite, there is an infinite subset Es of E; having all elements in the same class modulo N this
means that there exists r € N™ with 0 < r; < N, (1 <14 < m) such that, for all b € F»,

bi=r; mod N (1<i<m).

Let E3 be the set of b € E5 with B > N; once more this is an infinite set. For each b € Ej3, there is a xz € Z™
such that

We have |z;| <14+ B/N < 2B/N, (1 < i < m). Let us define two rational numbers s = aj*---al™ and
t =aj'---alm. Notice that s does not depend on b € E3, while ¢ depends on b € E3. From the construction
of F3 we deduce

0<[stV — 1] < e 0B,

We now use the estimate |z — 1| < |z — 1| which is valid for all z > 0 (the number 1+ +---+ 21 is at
least 1):

0< ‘sl/Nt - 1‘ < 9B,

This shows that the rational number ¢ is close to the algebraic number o = s~ /¥ which is the real N-th
root of 1/s:
0<|t—al <aeB.

Since the denominator of ¢ is at most A>”5/N  Theorem 1.6 yields:

|t —al > Cola, 1) A—mB/N,



1-6 Linear independence of logarithms of algebraic numbers

Combining the upper and lower bound, we deduce the estimate
6mlog A 1
B <5 — Ng> < —logCo(a, 1) — Nlogs,

which shows that the number B is bounded (the numbers §, A4, N, Cy(a, 1) and s do not depend on b € Ej),
which is in contradiction with the fact that Es is an infinite set. []

This proof does not enable one to compute the constant C5, because one uses the Thue-Siegel-Roth
theorem which is not effective.

Gel’fond used his Theorem 1.5 in several Diophantine questions, in particular (with Linnik) for Gauss’
problem of determining all imaginary quadratic number fields with class number one; he also applied his
lower bound to the study of several types of Diophantine equations. In his book [G] published in 1952, he
said (p.126 of the English edition):

. one can assume the fundamental problem in the analytic theory of transcendental numbers to be that
of strengthening the analytic methods in the theory of transcendental numbers, so that it will be possible
to apply them to the investigation of the behaviour of linear forms in n logarithms of algebraic numbers.

Also, p.177:

Nontrivial lower bounds for linear forms, with integral coefficients, of an arbitrary number of logarithms

of algebraic numbers, obtained effectively by methods of the theory of transcendental numbers, will be

of extraordinarily great significance in the solution of very difficult problems of modern number theory.

Therefore, one may assume, as was already mentioned above, that the most pressing problem in the

theory of transcendental numbers is the investigation of the measures of transcendence of finite sets of

logarithms of algebraic numbers.

As we said earlier, this problem was solved in 1966 by A. Baker. A refinement due to N.I. Fel’dman two
years later gives

all’l---afﬁn _1) zexp{ —CglogB}m

where C3 = C3(ay, . ..,ay) is a positive effectively computable number. This number C3 has been explicitly
computed; one of the best known value today (see Chapter 12 where further information is given) is

Cy = 24mF163m 5 og ay - - -1og ap,.

This bound has been computed by means of the method which is described in the present lectures (however
an auxiliary function was introduced, in place of Laurent’s determinant). The second part of Lang’s book
[L] deals with lower bounds for linear combinations in logarithms (either for the usual exponential function,
or else for elliptic functions). The introduction to chapters 10 and 11 (p.212-217) proposes far reaching
conjectures; for instance, for any € > 0, there should exist a constant Cy(€) > 0 such that

C4(6)m

bl bnz _
1 - Bm—1+eAm+e :

al ...am

We come back to this question in Chapter 14.

1The six exponentials theorem Let us start with an easy question: which are the real numbers t for which 2!
is a rational integer ¢ Of course all ¢ € N satisfy this requirement; but there are others: for a € N, a # 0,
if we set t = loga/log?2, then 2¢ = exp(tlog2) = a € N. Hence

loga
log 2

{tER;QtEN}z{ ;aEN,a>O}.

If we denote this set by E7, then F1 NQ = N.
We consider now the set
Ey={t€R;2" € Nand 3" € N}.

This set contains N and is contained in E;. In particular F5 N Q = N. The following problem is still open:
18-it true that F5 = N? This means:
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Problem.— Does there exist an irrational number which belongs to Eo ?

This question amounts to ask whether there exist two positive integers a and b such that

loga  logb

log2 log3

and at the same time this quotient is irrational. Another equivalent formulation it to ask whether a 2 x 2

matrix

loga logbd

log2 log3
(with positive integers a and b) can be singular without a being a power of 2. We shall soon see this question
in a more general setting (the four exponentials conjecture).

Finally we introduce a third set
Ez={teR;2' €N, 3 € Nand 5 € N}.

Of course we have N C E3 C E5 C F;. We have the following transcendence result: F3 = N.
It’s possible to replace the integers 2, 3 and 5 by any set of three multiplicatively independent (complex)
algebraic numbers ; in this case there is no need to restrict the problem to real values of ¢.

The following result is due to Siegel (unpublished), Lang and Ramachandra (1967):

Theorem 1.7 (six exponentials theorem). — Let z1,...,24 be complex numbers which are linearly
independent over Q and let yi,...,y; be also complex numbers which are linearly independent over Q.
Assume fd > ¢ + d. Then one at least of the £d numbers

exp(ziy;), (1<i<d, 1<j<Y)
is transcendental.

It is clear that the interesting case is £ = 2, d = 3 (or £ = 3, d = 2, which gives the same result because
of the symmetry), and this explains the name of the result.

One conjectures that the conclusion is still valid under the weaker hypothesis ¢d > ¢ + d : this is the
four exponentials conjecture:

Conjecture 1.8 (four exponentials). — Let x1,x2 be two Q-linearly independent complex numbers and
y1, Y2 also two Q-linearly independent complex numbers. Then one at least of the 4 numbers

eXp(xiyj)v (Z = 172a ] = 172)

Iis transcendental.

The six exponentials theorem occurs for the first time in a paper by L. Alaoglu and P. Erdés : On
highly composite and similar numbers, Trans. Amer. Math. Soc. 56 (1944), 448-469; when these authors
try to prove Ramanujan’s assertion that the quotient of two consecutive superior highly composite numbers
(*) is a prime, they need to know that if x is a real number such that p{ and p3 are both rational numbers,
with p; and po distinct prime numbers, then = is an integer; however this statement (special case of the
four exponentials conjecture) is yet unproved; they quote Siegel and claim that = indeed is an integer if
one assumes p; to be rational for three distinct primes p;; this is just a special case of the six exponentials

(*) Ramanujan defines an integer n to be a superior highly composite number if there exists ¢ > 0 such
that the divisor function d(n) (number of divisors of n) satisfies d(m)m~—¢ < d(n)n=¢ for m # n; for
further references, see for instance M. Waldschmidt, Some transcendental aspects of Ramanujan’s work,
Proc. Ramanujan Cent. Intern. Conf., Annamalainagar Dec. 1987, Ramanujan Math. Soc., 1 (1988),
67-76.
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theorem. They deduce that the quotient two consecutive superior highly composite numbers is either a
prime, or else a product of two primes.

The six exponentials theorem can be deduced from a very general (and complicated) result of Schneider
(Ein Satz tiber ganzwertige Funktionen als Prinzip fiir Transzendenzbeweise, Math. Ann. 121 (1949),
131-140). The four exponentials conjecture is equivalent to the first of the eight problems at the end of
Schneider’s book [S]. An explicit statement of the six exponentials conjecture, together with a proof, has
been published independently and at about the same time by S. Lang and K. Ramachandra:

— S. Lang, Nombres transcendants, Sém. Bourbaki 18¢me année (1965/66), N° 305; Algebraic values of
meromorphic functions, 2, Topology 5 (1966), 363-370; see also [L] Chap.2.
— K. Ramachandra, Contributions to the theory of transcendental numbers, Acta Arith. 14 (1968), 65-88;
see also [R] Chap.2.
They both formulated the four exponentials conjecture explicitly.
We shall come back on this subject in part 3 of these lectures (Chapters 13 and 14).

1Exercises 1. Let z be a complex number. Write Rz for the real part of z.

a) For any § > 0, the condition |Rz| < ¢ implies

§
-1
|ez—1|§6

12,

hence
le* — 1| < |z]e®.

1 1
/ etzdtlg/ et dt.
0 0

b) For any 0 < # < 1, the condition |e* — 1| < # implies, for the principal value of the complex logarithm,

Hint. For z = Rz,

|log 2| <

1
—1.
=g 1”1

Hint. Check that, for any t € R satisfying t > —0, the following upper bound holds:

log(l+1)| < ——.

¢) Let ¥ € R and v, w € C satisfy
|lwe™ — 1| <9 and 0<v¥<l.

Show that there exists £ € C with e/ = w and

=0 € 2 fwe —1]

vl < g glwe .
Hint. Define £ = v + log(we™") where log is the principal value of the logarithm.
2. Complete the proof of lemma 1.4 by applying the pigeonhole principle to the points
bilogay + -+ by loga,, (0<b; <B,1<i<m)

which all lie in the interval [0, mB log A].
Hint. Check B™ 'log2 > mlog A and use exercise la with § = log 2.

3. Write a shorter proof of lemma 1.3: show that the statements (%), (ii) and (iii) are also equivalent to:
(iv) The natural map M ®; K — £, which extends the injection from M to &, is still injective.
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Hint. Let (u;)ier be a basis of the k-vector space M, and let (vj)jes be a basis of the k-vector space K.
Then p; @~;, (i €1, j € J)is a basis of M @y K over k:

My K = {Z 1 @ Bi; Bi € K with supp(B;)icr  finite }

iel

Z)\j®’yj; Aj €M  with supp(X;)jes finite
jeJ

ZZ%‘M@%‘; cij € K with supp(cij)ierjes finite p
il jeJ

where finite support means that all but finitely many elements vanish.
The map M @y K — £ is nothing but

S i ®Bi— > pibi, DAY A

iel iel jed jed
as well as
E E Cijhi @ 75 E E CijHi7y-
i€l jeJ icl jeJ

4. Let k C K be two fields and V be a vector subspace of K¢ Show that the following conditions are
equivalent:

(i) V is intersection of hyperplanes which are defined by linear forms with coefficients in k.

(ii) V has a basis whose elements belong to k.

(iii) There exists a surjective linear map K¢ — K" with kernel V whose matrix (in the canonical bases)
has coefficients in k.

Such a subspace V is called rational over k.

5. Show that Theorem 1.1 is also equivalent to:
(i) Let d be a positive integer; let V be a subspace of C? which is rational over Q (see evercise 4) such that
YNQ%=0. Then VN LY =0.
(ii) Let ¢, d be positive integers and A1, ..., A\, be Q-linearly independent elements in £¢. Then Aq,..., A
are Q-linearly independent.
Hint. The implication (ii) = Theorem 1.1 is clear (take d =1).
For the proof of Theorem 1.1 = (i), write V as intersection of Q-rational hyperplanes; for (¢1,...,4q) €
VN LY, choose a basis of the Q-vector subspace of C spanned by {1, ..., 0q.
For the proof of (i) = (ii), assume B1A1 + -+ + Bede = 0; choose a basis v1,...,7v of the Q-vector
subspace of C spanned by B1,. .., B¢, and use (iv) with d replaced by dr.

6. (1972 Putnam Prize competition). Using the calculus of finite differences, show that, if ¢ € R is such that
n' € Z for allm > 1, then t € N.

Hint. First method (cf. H. Halberstam. — Transcendental numbers; The Mathematical Gazette 58
(1976), 276-284.)

Let a be a non-negative integer; assume
nte€Z,mn+1) €z, (n+ta) el

for infinitely many n > 1, with 0 <t < a; we have to prove t € {0,1,...,a — 1}. For T a positive integer,
consider the Taylor series expansion of (d/dx)™ (X — 1)® at the origin:

- (.- O for0 <1 <a,
Z(_l) (Z)Z _{(—1)%1! for T =a.
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Deduce that, for infinitely many n > 0, the number

la -
Uy = ;(—1)Z (z) (n+1)
is an integer. Check also that

Up = (1)t = 1) (t —a+1)n'"* + O(n*~71)
and deduce the desired statement.

Second method -- Balasubramanian.
Let N > 1 be an integer; define f(x) = (N + z)'. Show (by induction on k) that the k-th difference

(Apf)(@) = (Ap—1f) (@ +1) = (A1 f) (2)
for k> 1, with (Aof)(z) = f(x), is

1 1
(Akf)(x):/o /0 f(k)(x-i-h+~-~+tk)dt1---dtk

(where f*) is the k-th derivative of f). Choose k = [t] + 3; show that there exists a real number ug =
uo(t, N) > 0 such that
|F®) ()] < w2 for w > wup.

Deduce (Akf) (n) = 0 for n € N sufficiently large. Since f*) maintains the same sign on the real positive
numbers, deduce that f*) =0, hence f is a polynomial and t € N.

1References for Chapter 1 One of the first books on transcendental numbers is
[G] A.O. Gel'fond. — Transcendental Number Theory; Moscow, 1952; English transl. Dover Publ., N.Y.,
1960.

Here is another reference of the same period of time:
[S] Th. Schuneider. — Einfiihrung in die transzendenten Zahlen; Springer Verlag 1957; trad. frang., Introduc-
tion aux Nombres Transcendants, Paris, Gauthier-Villars.

A further reference including a solution of Hilbert’s seventh problem by boths methods of Schneider
and Gel’fond is
[R] K. Ramachandra. — Lectures on transcendental numbers; The Ramanujan Institute, Vol. 1, Univ. of
Madras, 1969.

A condensed exposition of the main results which were known ten years ago can be found in
[B] A. Baker. — Transcendental Number Theory; (Cambridge Univ. Press, 2nd ed. 1979)
The first chapter introduces rather old and very short proofs of classical results: Liouville, Hermite—
Lindemann and Lindemann—Weierstrass. The second chapter contains a proof of Baker’s theorem.

A review of classical proofs of the transcendence of the number e and 7 is given in the appendix of
[M] K. Mahler. — Lectures on Transcendental Numbers; Springer Lecture Notes in Math., 546 (1976).

The first book which introduced the subject in a general setting (starting with the usual exponential
function, and going up to commutative algebraic groups) in a clear and understandable way is
[L] S. Lang. — Introduction to Transcendental Numbers; Addison-Wesley 1966.
It’s still a good reference, in spite of many corrections which should be made.

The methods which we are going to use just started to grow ten years ago. See for instance:
[W1] M. Waldschmidt. — Transcendence Methods; Queen’s Papers in Pure and Applied Math., 52 (1979).
Another introduction to Schneider’s method (Chapter 2), Gel’fond’s method (Chapter 3) and Baker’s
method (Chapter 8) is given in:
[W2] M. Waldschmidt. — Nombres Transcendants; Springer Lecture Notes in Math., 402 (1974).
Chapter 1 of this last reference contains a few prerequisites dealing with algebraic number theory and complex
function theory. But we shall repeat all that we need in this lectures.
A detailed study of the history of irrational and transcendental numbers during the 18th and 19th
centuries has been written recently:
M. Serfati. — Quadrature du Cercle, Fractions Continues et autres Contes; Fragments d’histoire des Mathématiquesil
4, Brochure A.P.M.E.P. N°86, 1992.
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2.- SKETCH OF THE PROOF

The aim of the first part of these lectures (Chapters 2 to 6) is to give a complete proof of Baker’s
Theorem 1.1. In the present chapter we introduce the main ideas of the proof.

Throughout this chapter, the notations will be as follows: log aq, . .., log v, 41 are Q-linearly independent
elements of £ (which means that a; = exp(log «;) is algebraic), and f1,..., S, are algebraic numbers.
Assuming

log a1 = frlogag + -+ - + B log ay,

we want to deduce that 1,531,...,8, are Q-linearly dependent. As we saw in lemma 1.3, this will imply
Baker’s Theorem 1.1.

We first give a sketch of the proof, then we provide more details in the special case where n = 1
(this is Gel’fond-Schneider’s theorem) and logay, 8 = (1 are both real numbers. Hence we prove that if
Bloga; = logasy belongs to £ (which means ay € @), then 3 is rational. As an example one gets the
transcendence of numbers like 2V2 and log2/log3. We shall use Liouville’s estimate whose proof will be
given only later in Chapter 3.

1Schneider’s method with interpolation determinants We shall work with the following n + 1 functions of n
variables:

Zn

21
Zlyeney B, O o0 Q0 ,

where, of course, aj’ - - - " stands for exp(z; log oy +- - - + 25, log @, ). The main point is that these functions
take algebraic values at all the points of the form

(51 + 8n41B1,- 550 + Snt15n), (51,--+y5n41) € zr .
The set of these points is a finitely generated subgroup of C", which we write
Y =72"+7Z(B,...,05).

Another important property of our functions is that they are algebraically independent: if P is a non-zero
polynomial in n + 1 variables (with, say, complex coefficients), then the function

F(zl,...,zn):P(zl,...,zn,ozf1~-~ozfl")

does not vanish identically (exercise 3). The classical sketch of proof in transcendental number theory involves
the construction of an auxiliary polynomial P (with algebraic coefficients) such that the associated function
F has many zeroes (for several points y of Y). Here, following M. Laurent, we shall not construct such
an auxiliary function, but we shall only consider the matrix which is associated to the system of equations

F(y) =0.
For brevity, we write s for (s1,...,8p+1) € Z" "', When S is a positive real number, we define Z"*(S)
as the set of s in Z"*! with |s;| < S, (1 <4 < n+1); this set has (2[S] — 1)n+1 elements.

We need to choose a large integer S; how large it should be can be explicitly specified, but it’s sufficient
here to say that it must be large compared with finitely many quantities arising from the data log o; and 5;
(namely their degrees, and also the maximum absolute value of the coefficients of their minimal polynomials).
Also we need two more parameters, say Lo and Lq, which correspond to the degree in the n first variables,
and in the last one, respectively, of the polynomial P above. The matrix which we are going to consider will
be

; i1y An
<(81 + 51BN - (50 + Snr1Ba) ™ (0] ) H) ;
A8
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where the index of row is, say, A, and the index of columns is s; (the ordering of the rows or columns
will be irrelevant: we shall be interested only in the rank of this matrix); A runs over the (n 4 1)-tuples
(M, .+, Adny1) of elements in N**! satisfying Ay + -+ A, < Lo and A\, 11 < Ly; hence the number of rows
is (“0F")(L1 +1). On the other hand s runs over the (n+ 1)-tuples in Z"+1(S), hence there are (25 — 1)"*+!
columns. We shall choose our parameters in such a way that (25 — 1)"+1 > (Lo:") (L1 +1).

The proof can be divided in two parts: in the first one, which is the purely transcendental part, we shall
prove that our matrix has rank strictly less than the number L := (L‘):'") (L1 +1). In the second part, which
is of a geometric nature (zero estimate), we show that this condition on the rank of the matrix implies the
desired linear dependence condition on 1, 3, ..., By.

Details on the second part of the proof are given in Chapter 5 for the general case; a simple example is
worked out in §2 below.

Let us now consider more closely the first part. We consider any determinant A of a L x L matrix out
of the above matrix. This means that we have a subset of s’s, and we can write

s Sn, An
A = det ((Sl + SnJrlﬁl))\1 T (Sn + 5n+1ﬁn)>\n (0411 T O‘n-:ll) +1> -
As

We want to prove that A vanishes. We first bound |A| from above: |A| < € for some value of e which we
shall compute in terms of Ly, L1 and S (and it is convenient to take these parameters sufficiently large to
perform these computations). This upper bound for |A| arises from a lemma, due to Michel Laurent, which
concerns all interpolation matrices (see Chapter 4; a simple case is explained below in lemma 2.2); indeed
we can write

A = det (f,\(Sl + 5418150580+ Sn+15n)) ;

As
where, for A = (A1,..., A\yy1) € Z"L we define

An
f)\ = Z{\l “ee 22" (ail “e aTz_L”) v+1 .

As we shall see in Chapter 4, the upper bound for |A| follows from Schwarz lemma for functions of a single
variable.

Next we deduce from the upper bound that A vanishes; this is a simple application of Liouville’s
inequality, which is explained in Chapter 3. This will complete the transcendental part of the proof.

1The zero estimate for the real case of Gel'fond-Schneider’s theorem We consider here the second part of
the proof, namely the zero estimate. In the case n = 1, one can use analytic arguments and derive results
on exponential polynomials in one variable. We only give one easy example of such a result, which involves
real functions of one real variable. This will enable us to show that if £ is an irrational real number and
log @ a non-zero real number, then the matrix

0< <L 0<\ <L
51 4 s Ao asl+52ﬂ )‘1> with { >~ N0 > L0, >~ Al >~ Liq,
(remprmay) <5 Jel<$

is of rank (Lo + 1)(Ly + 1) as soon as (Lo + 1)(L1 + 1) < (25 — 1)2. This plainly means that if P € C[X,Y]
is a non-zero polynomial of degree at most Ly in X and L; in Y, then the function of a single variable
F(z) = P(z,0%) cannot vanish at all the points s; + s23 for (s1,s2) € Z%(S). This is where we need the
assumption that log @ and § are both real numbers; also the argument we are going to use does not seem to
give anything in the case n > 2.

The following result was already used in a similar context by A.O.Gel’fond and Yu.V.Linnik in Chapter
12 (Transcendance de quelques classes de nombres p.221-228) of [GL]. See also problem 75, Part V of Chapter
1in [PS].

Lemma 2.1. — Let ay,...,a, be polynomials in R[t] of degrees dy,...,d,, and let wy, ..., w, be pairwise
distinct real numbers. Then the real function of one real variable
n

F(t) = Z a;(t)e®

=1
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has at most di + --- + d,, + n — 1 real zeroes.

In this result the zeroes are counted with multiplicities (this is important for the proof, which will be
by induction); however, for our application, we need only an upper bound for the number of distinct real
zeroes. It’s also interesting to remark that simple arguments from linear algebra show that the upper bound
in lemma 2.1 is best possible (see exercises 1 and 2 at the end of this Chapter). Further related exercises are
given in Chapter 6 of [W] (in particular exercise 6.1.c of [W] where interpolation determinants are explicitly
computed).

Proof. We prove this lemma by induction on the integer k := d; + --- + d,, + n. In the case k = 1, then
n = 1 and the result is obvious. Assume k > 2. After multiplication of F' by e~“»!, we may assume w,, = 0.
Hence w; # 0 for 1 <i < n. If F has at least N real zeros, then (Rolle) its derivative F” has at least N — 1
real zeros. However, since w,, = 0, we have

n—1
F'(t) =Y a;(t)e” ' + (d/dt)an(t)

-
Il

where

is a polynomial of degree exactly d; for 1 < ¢ < n, and d,, — 1 for ¢ = n (we consider here that the zero
polynomial is of degree —1). One uses the induction hypothesis which yields N — 1 <dy +---+d,, + n — 2,
hence N is bounded as claimed. []

1The interpolation determinant in one variable We now come back to the proof of Gel’fond-Schneider theo-
rem. The upper bound for |A] is slightly easier in the case n = 1.

We shall say that a complex function of one variable is analytic in a closed disk |z] < R of C if it is
continuous on this disk and analytic inside.

Lemma 2.2. —Let r and R be two real numbers with 0 < r < R, f1,..., fr be functions of one complex
variable, which are analytic in the disc |z| < R of C, and let (3,...,(r belong to the disk |z| < r. Then the

determinant
fi(G) o fo(G)
A = det : :

fl(.CL) fL(.CL)

is bounded from above by
R\ ~LI-1/2 L
Al < = L! .
1Al < <T) El [falr

As usual, we have denoted by |f|r the number sup{|f(z)|; || < R} when f is analytic in the disk
{z € C; |z| < R} of C. Notice also that the conclusion is trivial in the case R = r.

Proof. The determinant ¥(z) of the matrix ( (¢ Mz)) is a function of one complex variable which is analytic

in the disk |z| < R/r. We shall prove that it has a zero of multiplicity at least L(L — 1)/2 at the origin;
then, using Schwarz lemma, one deduces

R\ ~LE-1/2
> |lII|R/’I”

Al = [w(1) < (

r

The trivial upper bound
L
|¥|r/r < L H |falr
A=1

gives the desired conclusion.
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Let us come back to our claim on the order of vanishing of ¥ at the origin. Each f) can be written as
the sum of its Taylor series; since the determinant is multilinear, one reduces the problem to the cases where
fa(z) = 2™ in this case

W(z) = 2 det ()
if ¥(2) does not vanish identically, then the n, are pairwise distinct, and we get a factor z=(£=1)/2
what we wanted. []

, which is

1Proof of the real case of Gel’fond-Schneider theorem Let £; € LN R and 8 € @ NR be such that ¢y = B/,

also belong to £. Define a; = e’ (i = 1,2), so that a; € Q* and af = ay. We want to prove that [ is
rational.

We denote by ¢ a sufficiently large real number. A suitable value for ¢ can be easily computed once
the proof is completed; it depends only on ¢; and 8 (and involves also the algebraic number as). Next we
choose three rational integers Lo, Ly and S which are subject to the following conditions:

LOZZ L1227 522?

cLologS < L, cl1S<L, L < (25 —1)2,
with L = (Lo + 1)(L1 + 1). For instance one can take

Li=[logS)? and  Lo=[S*(ogS)7?

with S sufficiently large.
Let sV, ..., s(5) be any elements in 7Z2(S). We consider the L x L determinant

A1
s(m) g
A det((s(lu) +5§M)5))\0 <0¢11 0422 > )
A p

with A = (Ao, A1), (0 < Ao < Lo,0 <A\ < Ly), and with 1 < pp < L. We use lemma 2.2 with » = S(1 + |5]),
R = €?r and
falz) = 20ar?, Cu = sgu) + sg“)ﬂ.

We bound log | fx|r by Lolog R+ L1 R|¢1]; hence
log |A| < —L(L —1) + log(L!) + LLolog R+ LLy R|¢; |
< —L*+ ¢ L(Lolog S + L1 9),
where ¢; (like ¢o below) is a positive constant which can be easily computed in terms of ¢; and .
Our choice of the parameters Ly, L; and S shows that the dominating term in the right hand side is

—L2. More precisely, we get
log|A| < —L?/2

provided that ¢ > 5¢q, say, and that L is sufficiently large.
We shall show in the next Chapter (lemma 3.15) that if A does not vanish, then

log |A| > —coL(Lglog S + L4 .S).
Again, assuming c sufficiently large with respect to ¢, we conclude A = 0. This shows that the matrix

Og)\OSI@a OS)\lSLla

A1
Ao s1+s203 :
((81 + 5203) (a1 ) > ) with { |s1] < S, |s2| < S

(Ao,A1),(81,82)

is of rank < L. From lemma 2.1 we conclude that the points s1 + s23, (|s1] < S, |s2] < S) are not pairwise
distinct, hence 3 is rational. []
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1Exercises 1.

a) Let wy,...,w, distinct real numbers, di,...,d, non-negative rational integers, and uq,...,uy distinct
real numbers, with N = dy +---+d,, +n—1. Show that there exist polynomials a4, ..., a, in R[t], of degrees
di,...,d, respectively, such that the function

n

F(t) = Z a;(t)e"

i=1

satisfies F'(u1) = --- = F(un) = 0.

Hint. Use lemma 2.1 as well as linear algebra.

b) Give also a generalization where the u; are no more distinct, but multiplicities are required.
Hint. See [W] Ezercise 6.1.a.

2. (Algebraic version of lemma 2.1: upper bound for the number of consecutive integral zeroes of an
exponential polynomial. )

Let K be a field, a, ..., a, non-zero elements of K which are pairwise distinct, and aq, ..., a, non-zero
polynomials in K[X], of degrees say dy,...,d,. Then the function Z — K which is defined by

F(m) = Z a;(m)ag”

cannot vanish on a set of dy + - - - + d,, + n consecutive integers.

3. For u = (u1,...,u,) and z = (21,...,2,) in C", define -z = w12y + -+ + upzn. Let wy,...,w; be
pairwise distinct elements of C™. Show that the t functions e¥1* ... e"t* are algebraically independent
over the field Q(z1,...,2,) : if P € C[Xy,...,X,,Y1,...,Y:] is a non-zero polynomial in n + ¢ variables,
then the function

wi-2

P(zl,...,zn,e ,...,ewt'z)

is not identically zero.
Hint. Use induction on t like in the proof of lemma 2.1.

4. The above proof of Gel’fond-Schneider’s theorem requires the hypothesis that loga and S are real
algebraic numbers only because of lemma 2.1. Complete the proof in the complex cases by using the
following result of Tijdeman (see for instance [W]):
Let ay, ..., an be polynomials in C[t] of degrees dy,...,d,, and let wy, ..., w, pairwise distinct complex
numbers. Define Q = max{|w1],...,|wn|}. Then the number of zeroes of the function

F(z)= Z a;(z)e"®
i=1

in the disk |z] < R of C is at most 2(dy + -+ +d,, +n — 1) + 5RQ.
5. Compute explicitly a suitable value for ¢ in the proof of §4.

1References

[GL] A.O.Gel’fond and Yu.V.Linnik. — Analytic methods in analytic number theory; trad. frang.: “Méthodes
élémentaires dans la théorie analytique des nombres”; Gauthier Villars 1965.

[L] M.Laurent. — Sur quelques résultats récents de transcendance; Journées arithmétiques Luminy 1989,
Astérisque, 198—-200 (1991), 209-230.

[PS] G.Pdlya and G.Szegd. — “Problems and theorems in analysis”; Volume 2, Springer Verlag (Grund. der
Math. Wiss. 216, 1976).

[W] M.Waldschmidt. — Nombres transcendants; Springer Lecture Notes 402 (1974).
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3.~ HEIGHTS - LIOUVILLE INEQUALITY

A non-zero rational integer has absolute value at least 1; a non-zero rational number has absolute
value at least the inverse of a denominator. Liouville’s inequality is an extension of these estimates and
provides a lower bound for a non-zero algebraic number. More specifically, we are given finitely many (fixed)
algebraic numbers 71, ...,7,, and we have a polynomial P € Z[X;,...,X,] which does not vanish at the
point (7y1,...,74); the algebraic number we want to estimate from below is P(vy1,...,7q). The lower bound
must depend explicitly on the degrees of P, as well as on an upper bound for the absolute values of its
coeflicients.

In order to do so, we introduce a notion of height for an algebraic number. We study this height with
somewhat more details than are strictly necessary, because it’s an important tool in many situations.

1 p-adic valuation and p-adic absolute values over Q For z € Q, x # 0, we write the decomposition of z into
a product of prime factors as follows
r == H pr (@),
P

This defines, for each prime number p, a map v, from Q* to Z, which we extend by v,(0) = co. The map
vp 1 Q — Z U {0} thus obtained is the p-adic valuation over Q; it satisfies the following properties :
(i) for z € Q, vy(z) = oo is equivalent to x = 0
(ii) for (z,y) € Q% vp(zy) = vp(x) + vp(y)
(iii) for (z,y) € Q% vy(z +y) = min{uvy(z), vp(y)}-
To v, is associated an absolute value | |,, which is the map from Q to Q defined

||, = p_vp(w)‘

The p-adic absolute value satisfies the following properties :
(i) for z € Q, |z|, = 0 is equivalent to x =0

(ii) for (z,y) € Q% |ayl, = |||yl

(iif) for (,y) € Q?, |2+ yl, < max{|z]y, [yl,}-

This p-adic absolute value defines a distance on Q, hence a topology. The ball of center a € Q and
radius p~" (with r € Z) :

D(a,r)={z€Q;lz—al, <p "} ={z€Q;vp(z —a)>r}
is the set of rational numbers = such that the difference = — a is divisible by p", i.e. such that = — a is the
product of p" by a rational number with denominator not divisible by p; for » > 1, this means that the

numerator of x — a (written as a quotient of two coprime integers) is congruent to 0 modulo p”. This is why
p-adic numbers are useful for the study of congruences.

Writing, as usual, by | | the usual absolute value on Q, we have the product formula

|x|H|:v|p =1 for all x € Q*,
P

which can also be written additively :

va(x) log p = log |z| for all z € Q*.
p
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1The absolute logarithmic height (Weil) We denote by Q an algebraic closure of Q. Here, we do not consider
this field Q as a subfield of C, but we consider all the possible embeddings.

A number field is a subfield k of C which, considered as a vector space over Q, is of finite dimension;
this dimension is denoted by [k : Q] and is called the degree of k (over Q).

Two absolute values on k are said to be equivalent if they define the same topology on k; a place of
k is an equivalence class of non trivial absolute values. Let | | be a non-trivial absolute value on k. The
restriction of this absolute value to Q is equivalent either to the usual absolute value on Q (in this case the
absolute value | | is called Archimedean), or else to a p-adic absolute value (in this case the absolute value
| | is said to be witrametric).

In each equivalence class v we choose the representative | |, which is normalized by

|z, = x ifx € Q, z > 0, and v is Archimedean,
Iplv = 1/p if v extends the p-adic valuation of Q.

We write v | oo if v is Archimedean, and v | p if v extends the p-adic valuation. We denote by Mj, (resp. M®)
the set of normalized absolute values (resp. Archimedean normalized absolute values) of k. For v € My, k,
will be the completion of k at the place v. The completion of @ for the p-adic valuation is the field Q, of
p-adic numbers.

According to the theorem of the primitive element (see exercise 1), a number field has a generator :
there exists an algebraic number o € k such that & = Q(«). Denote by

f(X)=ao X+ -4 aq € Z|X]

the minimal polynomial of o : f is irreducible in Z[X] (this means that f is irreducible in Q[X] and the
rational integers ao, ... ,a, are relatively prime), f(a) =0 and ag > 0.
a) Let aq,...,aq be the roots of f in C. There are d embeddings of k into C, which are given by

k — C
a oy

(1 <i<d). To each embedding o : kK — C we associate an absolute value | |, by |v|s = |o(7)]. We obtain
by this way all the Archimedean places of k. If o(a) € R, then o(k) C R and k, = R; the embedding o and
the place v are called real. To a real place v corresponds one and only one real embedding of k; in this case
we define d, = 1. If o(«) € R, then k, = C; the embedding ¢ and the place v are called complex; to such
a place v correspond two (complex conjugate) embeddings of k into C, and we set d, = 2. Let 1 be the
number of real roots of f and ro the number of pairs of conjugate complex roots of f, with d = r1 + 2rs;
then the number of Archimedean places of k is 71 + ro, and

vEMpP®
The numbers (|, ..., |aq|) are the same as (|, ; v € MP°) where each |al, is repeated d,, times; this
can also be written 4
[T —laih = TI X —lal)®™.
i=1 veMg®

b) Let p be a prime number. We denote by C, the completion of an algebraic closure of Q,. The absolute

value of z € C,, is denoted by |z],. Let ol”,... al?’ be the roots of f in C,. The embeddings of k into C,,
are given by
E — C,

a — o

(1 <i < d). To each embedding ¢ : & — C, we associate an absolute value | |,, which is defined by
|7le = |o(7)|p- This gives all the places of k above p. Given a place v of k which extends the p-adic absolute
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value, there are usually several embeddings o of k into C, to which this place is associated; their number d,
is the local degree at v; this is the degree of the extension k,/Q,. Hence

d:Zdv.

vlp
The numbers (|o<§p)|p, - |agp)\p) are the same as the numbers (|a|,; v | p) where each |a|, is repeated d,
times; this can be written
d
[T —1ai”1p) = [T~ Jal) ™
=1 olp

Let again k& be a number field of degree d. For each place v of k& we have defined a local degree d,, which
satisfies
dy = [kv : Qp] ifv |p7
dy =[ky :R] ifve M.

The product formula reads
do =1 for x €k, x+#0.

I] I«

vE My,

The relations d = ) ven v = ) olp d, can be generalized as follows : if k' is a finite extension of k,
k
one defines a map from My, onto M}, by mapping w onto the restriction v of w on k; one writes : w | v; then

(3.1) > (K k) = [k K]
wlv

(cf. for instance [L1] Chap. 2 §1 p.39 cor.1).
Let a be an algebraic number; when & is a number field which contains «, we define

1
h(a) = p Z dy log max{1, |al,}.
vE My,

This is the (Weil) absolute logarithmic height of the number «. Using (3.1), one checks that it does not
depend on the choice of the number field k£ containing «, but only on «.
Ezample. For two rational integers a, b which are relatively prime,

h(a/b) = logmax{|al, |b|}.

Property 3.2. — For algebraic numbers a; and aa,

(3.3) h(ajag) < h(ay) + h(as)

and

(3.4) h(a; + a2) <log2+ h(a1) + h(as).

Moreover, for any algebraic number o # 0 and for any n € Z,

(3.5) h(a™) = |n|h(w).

Proof. The upper bound (3.3) is a consequence of the upper bound

max{1l,zy} < max{l,z} max{1,y} forall z >0, y >0,
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while (3.4) follows from the inequality
max{1l,z + y} < 2max{l,z} max{1,y} for all x>0, y > 0.

Property (3.5) reduces to h(a) = h(1/«) for @ # 0, which follows from the product formula, since max{1,z} =
rmax{1,1/z} for z > 0. []

Remark. The term log 2 in the right hand side of the estimate (3.4) cannot be replaced by a smaller absolute
constant, as shown by the following example : a1 = q/(q¢—1), as = ¢/(g+1) with ¢ an even integer. Another
example is a1 = ag = 1.

The next lemma provides an upper bound for the absolute logarithmic height of an algebraic number
which is given as the value of a polynomial in algebraic numbers 71,...,7,.

When f € C[X,...,X;] is a polynomial in ¢ variables, with complex coefficients, we denote by L(f)
its length, which is the sum of the modulus of its complex coefficients. We shall prove (as a consequence of
lemma 3.7 below) the following estimate :

Lemma 3.6. — Let f € Z[X1,...,X:] be a non-zero polynomial in t variables with rational integer coeffi-
cients. Write degy, (1 <14 <t) for the partial degrees of f. Let v1,...,v; be algebraic numbers. Then

t

h(f(a,- o)) Slog L(f) + > (degx, f)h(:).

i=1

For instance, when p;/q; and py/qs are two rational numbers with (p1,q1) = (p2,92) = 1 and ¢; > 0,
then lemma 3.6 yields

h (2 n 7;) < log2 + logmax{p1 |, a1} + log max{pal, a2},
1 2

However, it’s more efficient to write p1/q1 = a/c and pa/qa = b/c with ged(a,b,c) =1 and ¢ >0 :

b
h (Ccl + c) < log max{|a + b|, c}
<log2 + log max{]al, |b|, c}.

This example suggests a refinement of lemma 3.6, using a notion of simultaneous height for several numbers.
Let k be a number field of degree d; let ¥y, ..., Y5 and A be elements of k with (Jy,...,3ds) # (0,...,0) and
A # 0; from the product formula it follows that the number

1
y > dylogmax{| oo, . .., [Ys]u},

vE My

which is attached to the (s + 1)-tuple (g, ...,9J,) € k°*! is the same as the number

1
- > dylogmax{[Molu, ..., M|},

vE My

which is attached to the (s+ 1)-tuple (A, ..., \J,) € k*T!; therefore this number depends only on the class
(¥ : -+ : ¥s) of (Vg,...,0) in the projective space P, (k); we denote it by h(dg : --- : J5). For instance
h(a) =h(1: ).
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Lemma 3.7. — Let k be a number field and s1,...,s; be positive integers; for 1 <1i <t, let v;1,...,%is, be
elements of k; denote by v the point (v;;) in kSt F5¢ Further, let f be a non-zero polynomial

SJXSi, 131>

in s1 + - -+ + sy variables, with coefficients in Z, of total degree at most N; with respect to the s; variables
corresponding to 7;1,...,%s,- Finally, denote by L(f) the length of f (sum of the absolute values of the
coefficients). Then

h(f(y)) Slog L(f) + Y Nih(1: i : - vis,)-
=1

We deduce lemma 3.6 by taking s; =1 for 1 <i <.
Proof. Write
t S;
Nij
f=>m]lII%5
A i=1j=1

where p, are rational integers and A = (\;;) runs over a finite subset of N¥1T 5t Let v be a place of k. If
v is ultrametric, then

t s
log max{1, £(1)} < logmax § L [T T b2
i=1j=

t
< ZNi log max{1, [Yit[v, - - - [Vis; o}
i=1

If v is Archimedean, then

t S;

log max{1,[f(7)[,} <log L(f) + logmax { 1, mAaXH I 1l

i=1j=1

¢
<log L(f) + ZNi log max{1, [vit[v, - - - |[Vis;

i=1

v}-

Using the relation ) /e d, = d, we easily deduce the conclusion. []
k
1Mabhler’s measure Let f € C[X] be a non-zero polynomial of degree d with leading coefficient ag > 0 :
d
f(X) = ao X+ a X b ag 1 X 4 ag = ao H(X — ;).

i=1

The Mahler’s measure of f is the number

d
M(f) = aOHmax{l, o]}

This defines a multiplicative function :

M(f1f2) = M(f1)M(f2)

for f1 and fo in C[X]. Let us check

(3.8) M(f) = exp ( / log |f<e2m>|dt) .
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For this, we consider the analytic function

d
9(2) = 2f(1/z) = ag H(l —a;z);

its zeroes in the unit disk |z| < 1 are the 1/«;, with |a;| > 1; Jensen’s formula (which is easier in the case of
polynomials; see for instance [M]) yields

1
| togla(* ™1t =1ogg(0) + 3 togasl;
0
Jag|>1

this proves (3.8).

When a be an algebraic number with minimal polynomial f € Z[X], we define its Mahler’s measure by
M(ar) = M(f).

Lemma 3.9. — Let « be an algebraic complex number of degree d. Then

h(a) = %logM(a).

Proof. Denote, as before, by ag > 0 the leading coefficient of the minimal polynomial of o, by k& the number
field Q(«), and, for v € My, by d, the local degree of k at v. Since

M(a) = ag H max{1, o], }%,

veEME®
the desired relation reduces to

ag = H max{1, o, }%.

vEM®

The product formula

ag = H|a0|;1
p

shows that it’s sufficient to check
|a0|;1 = Hmax{l, oy}
lp

Therefore the result reduces to the following lemma:
Lemma 3.10. — Let p be a prime number; let
fX)=ap X+ e X 4+ 4 ay
be a polynomial of Z[X| with degree d and gcd(ao, . ..,aq) = 1. Denote by a4, ..., aq the roots of f in C, :

d

Then

d
laolp Hmax{l, loilp} = 1.
i=1
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Proof. We may assume |aq], < -+ < |agl,. Since the a; are relatively prime, max{|aolp, .- .,|aqlp} = 1. Let
us write a;/ap as a symmetric function of the «; :

a; i .
Lo ct Y ay-eay, 1<i<d).
a0 ( )51 ”.571’0451 Qs (1<i<ad)

If oyilp < 1forall i =1,...,d, then |a;|, < |agl, and max{|aglp,...,|adlp} = |aolp = 1, which gives the
desired result. Otherwise let j, (1 < j < d), be such that

loalp < <Hajoalp <1 <Jajlp < < awlp.

Then
d
max{ % ;1<i< d} S e Ly laj - alp = Hmax{l, levilpts
o lp o lp i=1
hence
d
max{lalp, ..., laglp} = laol, [ [ max{1,|ail,}.
i=1
Since this number is > |ag|,, we deduce
d
max{|aolp, .-, adlp} = laol, [ [ max{1,]as,},
i=1

hence the result. []

Remark 1. When « is an algebraic number, lemma 3.10 shows that « is an algebraic integer if and only if
|a], <1 for all ultrametric absolute values of Q(a).

Remark 2. Let a be an algebraic number with conjugates ag,...,aq. If D € Z is such that
‘D H Q5 S 1
iel

v

for all subsets I of {1,...,d} and all ultrametric places v, then

d
|D|p Hmax{l, lo]p} <1
i=1
for each prime number p and each embedding of Q(«, ..., aq) into C,; hence |D|, < |ag], for each p, which

means that ag divides D. This shows that ag is the positive generator of the ideal of D € Z for which, for
any subset {i1,...,i:} of {1,...,d}, the number Doy, - - «;, is an algebraic integer.

Remark 3 (M. Laurent). Let o be a non-zero algebraic number. The ring of integers Zj, of the number field
k = Q(«) is a Dedekind domain ; the principal fractional ideal (a) can be written B/C, where B and C are

non-zero relatively prime integral ideals of k. Let us show that
CZ{WEZk;vaGZk} and NC = ag,
where N C is the absolute norm of the ideal C.

We write
(a) = Hpmw(a)’
P
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where P runs over the set of prime ideals of Zj. Hence

B= 1_[z])]ﬂﬂ@»)({o,mp(oz)}7 C = H'Pmax{a—mp(a)}.
P P

Recall that the absolute norm NP of P is NP = Card(Zy/P). If v € My, is the ultrametric place associated
to P and d, the local degree, then
ol = NP (@)

(the product of the left hand side for all ultrametric v, as well as the product of the left hand side for all
prime ideals P, is 1/|N («)|, where N («) is the norm of «) ; indeed, for v € Zj, and m > 1, we have

vy EP™ = || < NP

Using remark 1, we conclude
C={y€Zy; 7o < |, for all ultrametric v € My} = {7y € Zi; yor € Zy}

and
B={ya;yecC}.
Further, by the multiplicativity property of N, we deduce from lemma 3.10:

NC= HNPmaX{O’_mp(“)} = H max{1, \a|;d”} = ag.
P

v ultrametric

1Usual height and size There are several other notions of heights or size (in French : “taille”) for algebraic
numbers. Here are a few examples, with comparisons. Usually, a good notion of height includes the property
that the set of algebraic numbers of bounded height and degree is finite. To give estimates for the number
of elements of such sets is also an interesting question (see the reference to Schanuel in [L4]).

The usual height H(f) of a polynomial f(X) = apX? + a; X4t + -+ + a4 € C[X] is the maximum of
the complex modulus of its coefficients :

H(f) = max{[acl, ..., |aal}.

The usual height H(«) of an algebraic number « is the usual height of its minimal polynomial over Z.
The house of an algebraic number is the maximum of the modulus of its conjugates in C :

W = maX{|a1|a ceey |ad|}

when the minimal polynomial of « is written in C[X] as
d
FX)=aoX?+ - +ag=ao [ [(X — ).
i=1

The denominator den(a) of « is the positive generator of the ideal of D € Z for which D« is an algebraic
integer; it is a divisor of ag.
Among several notions of size, the most frequently used is

s(a) = log max{den(a) ; [a]}.

Lemma 3.11. — For a € Q of degree d, we have

1 1 1
(3.12) p log H(a) —log2 < h(a) < p log H () + 24 log(d + 1)
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and
és(a) < h(a) < logden(a) + logmax{1,[a]} < 2s(a).

Proof. Let us write (3.12) in the equivalent form
27 H(a) < M(a) < H(a)Vd + 1;

the first of these inequalities is trivial. The second follows from the arithmetico-geometric inequality :

1 1
2imt 2imt
exp (/0 10g|f(e )|dt> S/o |f(e )|dt.

Using this bound for fP, with p positive real, we deduce

M(f) < ( / 1|f(62m)|pdt>l/p.

For p = 2 we obtain the desired estimate :
M(f)* < (d+ 1)H(f)*.

The proof of the second series of inequalities does not involve any difficulty and is left as an exercise. []

1Liouville inequalities The simplest such inequality, from which all other are derived, is
In| >1 for all n € Z, n#0.

We used it already in Chapter 1. One of the most useful is

(3.13) log [aly > —[Q(a) : Q]h(ax)

for all @ € Q, a # 0, and all places v of Q(a). For the proof, we first remark that for all o € Q (including
a = 0), we have

log |al, <[Q(a) : QJh(a);

further, if a # 0, then h(a) = h(a™!) (see (3.5)).
From lemma 3.7 we now deduce the following statement: under the hypotheses of lemma 3.7, if the
number f(vy) does not vanish, then for all places v of the field k, we have

t
log |f(1)lo > —dlog L(f) —d > Nih(1: i1t -+t Yis,)-
=1

where d = [k : Q).
We give a slight refinement, where dlog L(f) is replaced by (d — 1) log L(f) when v is an Archimedean
place.

Lemma 3.14 (Liouville inequality). — Let k be a number field of degree d, v be an Archimedean
place of k and si,...,s; be positive integers; for 1 < i < t, let v;1,...,%s, be elements of k. Further,
let f be a polynomial in s1 + - - - + s; variables, with coefficients in 7, which does not vanish at the point
v = (’Yij)1<j<si,1<i<t. Assume f is of total degree at most N; with respect to the s; variables corresponding
t0 Yi1, - - -, Vis,- Finally, denote by L(f) the length of f (sum of the absolute values of the coefficients). Then

log |f(Y)]w > —(d = 1)1og L(f) =d > _ Nh(L: 71 : -+ %is,)-
=1
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The simplest case t = 1, s; = 1 can be written as follows: for a polynomial f € Z[X] of degree < N and
an algebraic number o € C of degree d which is not a root of f, we have

|f(a)| > L(f)'~ e dNh(e)

(We take for v the Archimedean place associated with the given embedding of Q(«) in C).
Proof. We write the product formula for f(v) # 0:
dylog [f(Y)lo ==Y duwlog|f(7)lw,
w#v

where w runs over the places of k distinct from v. If w is Archimedean we have

t
log |f(Mlw <D Nilogmax{1, [Yitlw, - ., |[Yis, lw } +log L(£);

i=1

the sum of d,, for w Archimedean and w # v is d —d, < d — 1. If w is ultrametric, the same estimate holds
without the term log L(f). We conclude the proof by using the bound

t t
Z deNi 1ogmax{1, [vit|ws - - - 5 |’Yz’s1;|w} < dZNih(l SVl Yiss )

wH#v i=1 =1

Using inequality (3.13) for « = 8 — (p/q) (or, if v is Archimedean, using lemma 3.14 for the polynomial
in a single variable f(X) = ¢X — p), we deduce that for each algebraic number 5, there exists a constant
¢(B8) > 0 such that for all p/q € Q with ¢ > 0 and p/q # 3, and for any place v of Q(8), we have

c(B)

’5_29 _ds
q|, ~ max{|p|; ¢}¢

with d = [Q(5) : Q] (and |p| is the usual absolute value of p).
Finally, the size inequality

log|al, > —(d — 1) log[a]— dlogdena if v is Archimedean
log ||, > —dlog[a]— dlog dena if v is ultrametric
for all a € Q, a # 0 is proved by writing
— that the norm over Q of aden(«) is a non-zero rational integer if v is Archimedean,
— the product formula for aden(e) if v is ultrametric.

1Lower bound for a determinant Recall (see §2.1) that for S a positive real number, Z"*1(S) denotes the set
of n+ 1 tuples s = (s1,...,8,4+1) € Z""* with |s;| < S for 1 <j <n+1. Now let S1,...,S,41 be positive
real numbers; we write S for (S1,...,S,41) and we denote by Z"T1(S) the set of s = (s1,...,8,41) € Z"H!
which satisfy |s;| < S;, (1 <i<n+1).

Here is a consequence of lemma 3.14:

Proposition 3.15. — Let a1, ..., a1 be non-zero algebraic numbers and f31, . .., B, be algebraic numbers.
Denote by D the degree of the number field Q(«y, ..., n+1,081,--.,0n). Let Lo, Ly and Sy,...,S,+1 be
positive rational integers; define L = (L":") (L1 +1) and S = max{S,...,Su41}. Further let s, ... s(L)
be any elements in Z""1(S). Consider the L x L determinant

I An
A=d (1) (1) Mo (o) (1) A (58 s o
et| (s + 5n+1ﬁ1) (s + 8n+1ﬂn) a; o,
A p
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with A= (A1,..., Ang1) E NPT N +-o 4+ N\, < Lo and Ay < Ly and with 1 < u < L. Then either A = 0
or else

n+1
1
7 log|A] > ~(D - 1)(Lolog(2S) +log L) — DLy Y _ Sih(a;) — DLoh(1: By < -+ : B).
i=1
Proof. The number A is the value, at the point (ay,...,an 1,07, ... n+1’ B1, .-, Bn), of the polynomial

Q(X1,..., Xns1, Y1, ... Y1, Z1, ..., Zy), which is defined by

QX.Y. Z) — det (Qm(x, Y, z>) ,

Ap

where

- (n) (;L) ez max{sgu),()} max{fs<“),()} Ant1
(.. 2) = [T+ st 2y T (e Oy
j=1 i=1

For each 4, A, i1, the polynomial Q) ,, is of degree < A\, 1 max{sl(”), 0} in X; and of degree < A, 1 max{—sl(-”)7 O}I
in Y;; moreover each @), , is of total degree at most Ly with respect to the variables Z1, ..., Z,; the coefficients
are rational integers ; the sum of their absolute values is bounded by

L(Qa) SH s8] 4 s8N < (28)F0

It follows easily that the polynomial

L
Q:ZG(C")HQ (1)1t

{o} p=1

(where o runs over the set of bijective maps from {1,..., L} onto the set of (A1,...,\,41), and €(o) is +1
or —1, and depends on the ordering of the \’s) is a polynomial of degree in X; as well as in Y; at most

1
Si Z Ant1 < iLLlsia
A

of total degree at most LLy with respect to Z1,..., Z,, while its length satisfies

L(Q) < L!(28)" Lo,
We use lemma 3.14 with ¢ = 2n+3, 51 = -+ = Sgpp0 = 1, Sops3 =1, v = i for 1 <i <n+1,v5 =a; ', |
for n+2 <14 < 2n+2 and yan43,; = B for 1 § Jj<n,N;=Npiiy1 <LL1S;/2, (1 <i<n+1), Nopi3 = LLy,
and we use the fact that «; and a;l have the same height. []

1Lower bound for the height An algebraic integer whose complex conjugates are all of modulus < 1 is a
root of unity. Indeed, for such an «, the set of af, (¢ > 1), is finite (each af is a root of a polynomial with
rational integer coefficients of degree d and whose coefficients have usual absolute values at most 2¢, where
d is the degree of «). This gives the following statement, due to Kronecker : if a non-zero algebraic number
a € k satisfies |al, <1 for all v € My, then « is a Toot of unity.

Therefore the only algebraic numbers « which satisfy h(a) = 0 are 0 and the roots of unity; the other
ones satisfy h(a) > 0. To give a sharp lower bound for h(«) (when it is not zero) in terms of the degree of
« is an interesting and difficult problem (see [L4] Chap.9 §7).

If a non-zero algebraic number « satisfies M(a) < 2, then « is an integer, and a~! also; hence « is an
algebraic unit. The problem is now to derive a lower bound for the height of algebraic units which are not
roots of unity.
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It is easy to see (exercise 7) that for each positive integer d there exists a positive number ¢(d) such
that, for any non-zero algebraic number o which is not a root of unity and is of degree < d, the inequality
h(a) > ¢(d) is valid. The example o@ = 2'/¢ shows that such a function ¢(d) must satisfy c(d) < (log?2)/d.
Lehmer’s problem is : is-it possible to choose ¢(d) = ¢o/d for some positive absolute constant ¢y ? The
smallest known value for dh(«) is log oig = 0.1623576 . . . where ap = 1.1762808 . . . is the root of the reciprocal
polynomial of degree 10 :

XQ(X+(1/X))  for QY)=¥+1)*Y-1)Y+2)(Y-2) -1

The first result in the direction of Lehmer’s problem is due to Schinzel and Zassenhaus (1965) : when
a # 0 is an algebraic number of degree d > 2 which is not a root of unity, then h(a) > ¢/2¢ for some
absolute constant ¢ > 0. In 1971, Blanksby and Montgomery [B-M] refined this result and proved h(«) >
1/(52d?log(6d)). In 1978, C.L. Stewart [St] introduced a method from transcendental number theory to
prove h(a) > 1/ (104d2 log d); this is marginally weaker than the previous result, but the interest lies in
the method. Indeed, in 1979, Dobrowolski [Do] extended Stewart’s argument and obtained the following
statement: for each € > 0, there exists an integer dy(€) such that, for d > dy(e),

1—¢€ (loglogd 3
h .
(@) > ( logd ) ’

this result is effective: according to [Do], for all d > 3, h(a) > (1/1200d) (log log d/ log d)g. Later Cantor-
Straus [C-S] introduced an interpolation determinant and replaced 1 — € by 2 — e. Finally R. Louboutin
[Lo] reached (9/4) — € by a modification of the determinant introduced by Cantor and Straus; the same
result with (9/4) — € has been also obtained by M. Meyer using a construction of an auxiliary function (like
Dobrowolski), but with Siegel’s lemma replaced by a lemma due to Bombieri and Vaaler.

Our aim in this section is to give a further example of a transcendence proof using an interpolation
determinant.

Theorem 3.16. — Let o be a non-zero algebraic number of degree d > 2; assume

1

h < ———.

(@) < 00 og d
Then « is a root of unity.

Our proof will follow the method of Stewart in [St], apart from the fact that we replace the auxiliary
function by an interpolation determinant. A variant of this proof is given in [MW]. In Chapter 7 (proof of
lemma 7.2), we shall use the following consequence of theorem 3.16: if o # 0 is not a root of unity, then

1

We split the proof in two parts: the first one is a transcendence argument, the second is the choice of
parameters. Here is the first part:

Proposition 3.17. — Let L > 2 be an even integer, A > 2 an integer and C' > 0 a real number. Let o be
an algebraic number of degree d satistying |a| > 1. Assume

2 1
(3.18) (%) + (ALlogla))’ < =

and

1 2d d
(3.19) (1 - L) logC > 1+ T log L + §ALh(a).
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Then « is a root of unity.

Proof. We denote by log the principal value of the logarithm with imaginary part in | — 7, 7]. We consider
the AL numbers (not necessarily distinct)

Slog o’ (0 <s< AL),

which all sit in an interval of length 2w. We write this interval | — m, 7] as a union of A intervals I; =
] — 7+ (27w /A), =7 + (27 (j + 1)/A)], 0 < j < A — 1. Using Dirichlet box principle, we deduce that there
exists j with 0 < j < A — 1 such that I; contains at least L of our AL numbers. Consider the center
¥ = —m + (7(2j + 1)/A) of the interval I;. Then there exist rational integers sy, (1 < A < L) with
0<s1 <8< -+<s; <AL, such that

[Slog(a™) —9| <&, (L<A<L).

From (3.18), using the estimate
0 <logl|a®| < ALlog |a]

we deduce

1
(3.20) |log (**) — @] < o =A<
Consider the L x L determinant

A = det (aSM)
1<A<L,—L/2<¢<L/2

This determinant is closely related to a Vandermonde determinant:

A ﬁ Oés,\(L72)/2 _ H (Oés‘“ o Oés,\).
A=1

1<A<pu<L

If v is not a root of unity, then A # 0. On the other hand we can write A = f(a,a™1), where f € Z[X,Y]
is defined by
f(X, Y) _ Z 6(0’) H XU(Z) max{ﬁ,O}YU(Z) max{ff,O};
o —L/2<¢<L/2
in the sum, o runs over the bijective maps from {(—L/2) +1,...,L/2} onto {s1,...,s.}, and €(o) is the
signature of the corresponding permutation. The length of f is at most ) 1 = L!. The degree of f with
respect to X is bounded by

L/2

> o) max{(,0} < ALY = 1ALQ(L +2),
4 £=0 8

while the degree in Y is at most

(L/2)—1
> o()max{—(,0} <AL > (= 1AL2(L - 2).
14 {=0 8

From Liouville’s estimate we deduce, when « is not a root of unity,

1

Flog|A| > —(d 1) log L - gALQh(a).

In order to derive an upper bound for |A|, we define

fr(z) = exp{z(loga® —iv)}, (1<A<LL),
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Co=0 (-L/2<(<LJ2), r=LJ/2, R=CL/2.

Since |e/’| = 1, we have

Al = |det(f2(¢) .
1A et{ ) 1<ASL,—L/2<t<L)2
Using (3.20), we obtain
log | faln < R/C = L/2.
We apply lemma 2.2:
1 L-1 L
— < =
Llog|A|_ 5 logC+logL+2

Combining with the lower bound for |Al|, we conclude

L—-1

d L
ZALQh(a) +dlog L + 5 > log C.

This is clearly contradictory with (3.19). Therefore « is a root of unity. []

Proof of Theorem 3.16. Let o be a non-zero algebraic number of degree d satisfying

1

h -
(@) < BETgd

for some positive number B. We want to prove that if B is sufficiently large, then « is a root of unity. The
case d = 2 is easy (see exercise 7) ; therefore we assume d > 3.

As noticed before, as soon as h(«a) < (log 2)/d, a is an algebraic integer. We may replace « by a conjugate
of «; therefore there is no loss of generality to assume || > 1. From the upper bound log|a| < dh(a) we
deduce

log |o] < 1
& Bdlogd

If we find two integers L > 2 and A > 2, with L even, such that the number C which is defined by
1 T\ 2 AL 2
5= )+ (e
C A Bdlogd
satisfies

1 24 AL
21 1— =) 14+ 2D og L+ —22
(3.21) ( L) 0sC > 14 log L+ 5o d

then Proposition 3.17 yields the conclusion. We put A = 30. Here is our choice of L for various values of d,
together with the corresponding value for B:

d = 3 4 5 6 7 8 9
L = 24 32 46 58 78 80 90
B = 2200 1900 1700 1600 1500 1500 1500
Finally for d > 8 we check (3.21) with B = 1500 by chosing L = 2[2dlog(2d)] and A = 30. This

completes the proof of Theorem 3.16. []

10pen problems 1. (Lehmer’s problem — see §7). Does there exist an absolute constant ¢ > 0 such that,
for any non-zero algebraic number which is not a root of unity, dh(«) > ¢ ?

2. In the case f(X) = ¢X — p with p and ¢ rational integers, Liouville’s inequality gives an estimate for the
approximation of algebraic numbers by rational numbers; in this special case this estimate is not the best
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known (theorem of Thue, Siegel, Roth, Schmidt). Is-it possible to improve the estimate in the general case
of lemma 3.14 7 Even an ineffective result would be useful.

1Exercises 1. Let a1, ..., a; be algebraic numbers; define k = Q(a, ..., a,) and d = [k : Q]. Show that there
exist rational integers as, ..., as with 0 < a; < d(d — 1)/2 such that the number a = a1 + asas + - - - + asa;
satisfies k = Q(«).

2. For f € C[Xy,...,X;], we denote by |f|; the upper bound of f(z) on the unit polydisk:

|fl1 =sup{|f(z1,...,20)]; |zs| = 1,1 < i < t}.

Hence |f|1 < L(f). Show that in lemmas 3.6, 3.7 and 3.14, one can replace log L(f) by log|f|.
Hint. Start by proving the following statement: if ag,...,an, y are complexr numbers, then

N N
Zaiyi < sup Zaizi -max(1,|y\)N.
i=0 lzI=1 =0

When |y| < 1, this inequality follows from the mazimum modulus principle, for the polynomial ag + a1z +
o4 anzN; when |y| > 1, perform the change of variables ' =1/ z.
Deduce by induction: for a polynomial f € Clz1,..., 2], when y1,...,ys are complex numbers,

t
£y, on)| < 1 T mas (1, fal) 5

i=1
3. For algebraic numbers ¢y, ..., 9, not all of which are zero, check
h(do -+ :05) < Y h(v).
i=0
4. Show that in lemma 3.14, if the Archimedean place v is not real, then the conclusion can be replaced by

log [f()]v > — (;j — 1) log L(f) — gZNih(l St Yis, )
i=1

Show also that if v is an ultrametric place of k, then

v i=1

log [ f()]v 2 —di <logL(f) + ) Nih(l:yiceee m)) -

where d, is, as usual, the local degree at the place v.

5. Let f € Z[X] be a non-zero polynomial of degree d with leading coefficient ag > 0 and let o € C be a
zero of f.
a) Let p/q be a rational number with ¢ > 0 such that f(p/q) # 0. Show that

’ max{1, |a|}
q| ~ q(pl + @ M(f)

’_p

b) Deduce that for an algebraic number « of degree d, if we set

max{1, |a|}

)= G ol M)
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then for all p/q € Q with p/q # « we have

ap‘zc(fj)_
q q

¢) Show that, for each x > |f’(«)|, there are only finitely many p/q € Q with

Example: for o a real quadratic number, which is root of a polynomial aX? + bX + ¢ of discriminant
A =b? — 4ac > 0, for each k > v/A there exist gy > 0 such that, for p/q € Q with ¢ > qo,

6. a) Let 8 be a non-zero algebraic number and ¢ a non-zero logarithm of an algebraic number. Define
a=c¢e’and D = [Q(c, B) : Q]. Then

18¢] > (th(OéHh(ﬂ))_D.
-D
Hint. Using (3.13), deduce |B| > e~ PP, Using lemma 3.14, show that |o — 1| > 2(2eh(a)) if a« # 1.

From ezercise 1 of Chapter 1, deduce min{]ao —1|,1} < 2|¢|}.
b) Let ¢1,...,£,, be logarithms of algebraic numbers and by, ...,b,, rational integers. Let D be the
degree of a number field containing the m algebraic numbers o; = exp(¢;), (1 < j < m). If the number

A=bili+- -+ bplm
does not vanish, then
Al >27Pexpq =D [bjfh(ay)
j=1
7.
a) Check that for a non-zero algebraic number « of degree d < 4 which is not a root of unity, the number

dh(a) = logM(«) is bounded from below by the value given in the following table (the last column provides
a polynomial which yields the minimum):

d= dh(a) > minimum for
1 log2 = 0.6931. .. X -2
2 log((1+v5)/2) =0.4812... X?2-X-1
3 0.2811... X3 —-X -1
4 0.3223... Xt-X-1

b) Show that the proof of Kronecker’s result (see §7) is effective: if d is a positive integer, there exists a
positive number ¢(d) such that, for any non-zero algebraic numbers « which is not a root of unity and is of
degree < d, the inequality h(a) > ¢(d) is valid.

Hint. Let a be an algebraic unit of degree d. Assume that there exists a positive integer £ such that

M(a) <1427  and  €>2d(2% +1)" "
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Check H(aj) < 92d for 1 < j < /¥ and deduce that the numbers 1, a, . .., ol are not pairwise distinct.
c) Let A and d be two positive integers, H and C two positive real numbers, and « a non-zero algebraic
number of degree d. Assume

wrsym g (s ()

C > 2de(A-V/H,

and

Show that « is a root of unity of order < 2A.

Hint. Show that there exists an integer v in the range 1 < r < 2A — 1 such that |log(a”)| < 1/C ; deduce
o™ — 1| < 2/C. Use Liouwville’s inequality (3.14) for f(X) = X" —1 and conclude.

d) Deduce from c) that a suitable value for ¢(d) in question b) above is 27244,

Hint. Choose A =212 H = A2

8.
a) Let L > 2 be an even integer and « a real algebraic number of degree d satisfying o > 1. Define

C =2/(Llog|al). Prove
2 1 L+§(L+1)h( )+i
L—1%%7"3 YT
Hint. Repeat the proof of Proposition 3.17 with {s1,...,sr} replaced by {(—L/2) +1,...,L/2}.
b) Under the assumptions of Proposition 3.17, assume that « is not real; show that (3.19) can be replaced
by

logC' <

1 d d
(1 - L) logC > 1+ 7 log L + ZALh(oz).

Hint. Use exercise 4.
¢) Deduce an improvement of the constant 2200 in theorem 3.16.
Remark. Further improvements are possible; see [MW].

9. (Dobrowolski). Let o be a non-zero algebraic integer of degree d satisfying

1
<l4+ ——-.
fal< 1+ 4ed?

Let p be a prime number in the range 2ed < p < 4ed. For each positive integer k, define

Check the estimates, for k < d,
d
1
< -
|Sk| < d <1—|— 4ed2) < de

and

4ded
‘Skp| Sd<1+4€d2> < de.
Deduce |Si; — Skp| < p. On the other hand, check the congruences Sy = Sy = Sk, (mod p) ; deduce
Sk = Skp for 1 <k < d. Show that o and oP are conjugate. Conclude that o is a root of unity.
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ANNEX TO CHAPTER III.- INEQUALITIES BETWEEN DIFFERENT HEIGHTS OF A
POLYNOMIAL

From a manuscript by Alain DURAND

Let f € C[X] be a non-zero polynomial with complex coefficients of degree d:
d
f= a X+ X 4 tag =ag H(X — ).
i=1

There are several notions of height for f; for instance we have the usual height of f (see §4):

H(f) = max{|a0|, |a1|a ceey ‘ad‘}a
Mahler’s measure of f (see §3):
d
M(f) = laol [ [ max{1, |au[},
i=1
the length of f (see §2):
L(f) = laol + lar| + -+ - + |aal,
the Euclidean norm of f:
1/2

1/2 ! Sty |2
La(f) = (laol* + |ar|? + -+ + |aa|?) —</O |f(62““)|dt) :

and finally the sup norm on the unit disk (or on the unit circle, which is the same by the maximum modulus
principle):
If[l = sup [f(2)] = sup [f(2)]

=<1 |2|=1

The figure below (due to the late Alain Durand) provides an upper bound for the quotient of one of the
norms (left column) by another one (first row); in each case but two, below the upper bound is displayed one
polynomial for which the estimate is optimal (where f; denotes the polynomial 1+ X + --- + X9). There
are two exceptions where the optimal result is not known:

(1) the upper bound for M (f)/H(f) reads

M(f) < Vd+1H(f);
there exists A > 0 such that for each d > 1 there is such a polynomial f of degree d with
M(f) > AVd+1H(f).
(2) the upper bound for L(f)/||f]| reads
L(f) < Vd+1||f];
there exists A > 0 such that for each d > 1 there is such a polynomial f of degree d with

L(f) = AVd + 1| f[|.
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H(f) Lo(f) L(f) 11l M(f)

d
Hp < |1 ! ! ! ()
x4 x4 x4 (X 4+ 1)
24\ '/?

Ly(f) < | vd+1 1 1 1 (d)
fa x4 x4 (X +1)¢

L(f) < d+1 Vd+1 1 Vd+1 20
fa Ja (2) (X +1)¢

£l < d+1 Vd+1 1 1 2d
fa fa X (X +1)4

M(f) < Vd+1 1 1 1 1

(1) X x4 x4
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4.~ INTERPOLATION DETERMINANTS

In this Chapter we denote by f1,..., fr analytic functions in C”, and by (3, ..., (s, elements of C". Our
aim is to give an upper bound for the determinant

A = det (h(@)) ,

1<A,p<L

following an idea due to Michel Laurent [L1], [L2], [L3]. We show that the function of a single complex
variable z
U(z) = det <f>\(zgt)>
1<A,p<L
has a zero of high multiplicity at the origin. Then Schwarz lemma provides the desired upper bound. At
the end of this Chapter, we remark that the proofs can be considered as “elementary” so far as no complex
analysis is required.

For z = (x1,...,2,) € C"™ we denote by |z| the number max{|z1],...,|x,|}. When f is an analytic
function inC”, we denote by |f|r the maximum of |f(z)| for |z| < R.
For k = (K1,...,%n) € N® we denote by ||x| the number k1 + - + Ky,

1Schwarz lemma The only tool from complex analysis which occurs in these lectures is the following result:

Lemma 4.1. — Let r > 0 and R > 0 be positive real numbers such that

max [(,] <7 and R>r.
1<p<L

Let T be the multiplicity of the zero z = 0 of the function ¥ at the origin. Then
R\ T L
Al < | = L .
A= (F) el

Proof. Define E = R/r. From Schwarz lemma in one variable we deduce

= (B) e

However ¥(1) = A, and

L
Up < L[] 1f2ln:

A=1
0

1Estimate for the multiplicity of ¥ at the origin Here is a generalization in several variables of lemma 2.2.
The proof in the one dimensional case involved the number

L(L-1)

@1(L):min{m+---+/<;L}: B s

where the minimum runs over the L-tuples (k1,..., k1) of non-negative integers which are pairwise distinct.
In the general case n > 1, we define

On(L) = min{|[rof| + -+ [lxl[}

where the minimum runs over the L-tuples (k1,..., k1) of elements in N™ which are pairwise distinct.
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Lemma 4.2. — The function ¥ has a zero at z = 0 of multiplicity > ©,,(L).

Proof. Since the determinant is multilinear, by expanding each f) in Taylor series at the origin, we may
assume that each fy is a monomial f(¢) = ¢, with k) € N™. In this case f(2¢) = ¢ zllmall,
In the row indexed by ), we have a common factor zll#:ll;

U(z) = det( ,'f*) gllFali sl
1< <L

If the elements k1, ..., k7 in N are not pairwise distinct, then this determinant vanishes and ¥ = 0. If they
are pairwise distinct, then ¥ has a zero at 0 of multiplicity at least ||s1| + --- 4 |||, which proves our
claim. []

1Lower bound for ©,, Here is a lower bound for the coefficient ©,,(L):

Lemma 4.3. — For L > 2"¢"*! we have

n
0, (L) > —L[nth/n
"( ) ~ be

Proof. To begin with we assume only L > 2. The smallest value for the sum ||x1]| +-- -+ ||k ]| is reached by
chosing for x, successively:

0,...,0);
the n elements of N” of length 1:

the ("'2"1) = (Zﬂ) elements of length 2:

(2,0,...,0), (1,1,0,...,0),..., (0,...,0,1,1), (0,...,0,2);

and so on.
In general, for a a non-negative integer, the number of elements x € N™ of length ||k|| = a is the
coefficient of z% in the series

() .t ("*al)a

hence this number is

n+a—1\ (n+a-—1
a B n—1 )
For any positive integer A we have
Az’l (n+k> B <n+A>.
= n n+1

this is an easy consequence (by induction) of the formula

n+k—1 n+k—1 n+k
+ = .
n+1 n n+1

Let A be the positive integer such that

A
Z(n+a1) _ <n+A) <1< <n+A+l>.
= n—1 n n
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This integer A is the integral part of the real number o which is defined by

(a+n) - (a+1)/n! = L.

We have N N
n+a—1 n+a—1
||/<;1||+"'+||I€L||>ZCL< ):nz< >
n—1 n
a=0 a=1
A—1
A
o3 ("0 = (L)
n n—+1
a=0
hence

We bound A from below by a — 1; we deduce

(%

«
A A-1)---(1+A)A > —1)---aA = 1A = 1AL;
(At A= 1) (14 DA (atn—1)-ad = —"—(atn)-(a+ A= ——nldL
therefore n o
0,(L) > . - AL.
n+1l a+n

Now we bound « from below by B —n and A by B —n — 1 with

B> (L)Y > Zpi/n,
e

n n n+1
otz eoon(-3) (157

This inequality holds for all L > 1 and n > 1. Assume now L > 2"e"*!; then B > 2(n+1),

and we obtain

7n+12

1
1 -
B 2

1
2’

and consequently 1— — >

&=

since n/4e(n + 1) > 1/6e for n > 2 (lemma 4.3 is true for n = 1), the desired result follows. []
1Conclusion We now combine the three preceding lemmas as follows:

Proposition 4.4. — Let {y,...,£,, B1,...,0s be complex numbers. For 1 < i < n define o; = exp(¥;).
There exists a constant ¢ = ¢(l1,...,¢n,01,...,8n) > 0, which can be easily computed, and satisfies the
following property: let Lo, Ly and S be rational integers > 2, define L = (*°*")(L;+1), and let sV, ..., s(F)
be any elements in Z""1(S). Consider the L x L determinant

(1) 4 () W) 5 Ant1
A = det <(S(1M) + 822151))‘1 e (55#) + ngglﬂn))‘n <ai1 Fonaafr o +S"+15”) )
Ap

with A = ()\1,. . -;)\n+1) S Nn+1, )\1 + -+ >\n < LO and /\n+1 S Ll, and with 1 S y% § L. Then
1
T log |A| < —LY™ 4 ¢(Lolog S + L1S).

Proof. We consider the functions

f&(z) — Zf\l L Zr)\bn (O[il . aan))\n-H



4-4 Linear independence of logarithms of algebraic numbers
and the points

Cu = (sgu) + sgﬁzlﬁl, .. .,sgf‘) + sﬁf‘jlﬁn) e C".
For any R > 0 we plainly have

log|falr < Lolog R+ LiR Y _ |£].
i=1

We choose
— . — rp0e/n
r=25 (1 + 11%1jagxn|ﬁj> ) R = re®/™,
From lemmas 4.1 and 4.2 one deduces
6e -
(4.5) log |A] < ——O(L) +log L! + LLolog R + LLiRY_ |ti].
i=1

Assuming L > 2"e" !, we can apply lemma 4.3 and conclude %0,,(L) > L'*1/"; the desired result readily
follows.
If L < 2%e"*t! then the result is an easy consequence of (4.5). []

1Avoiding the use of complex analysis We conclude this Chapter with a remark that the proofs we give in
these lectures do not require any complex analysis : from this point of view they are “elementary”. The only
point where analysis played any role so far was in the use of Schwarz lemma, in the proof of lemma 4.1. But
we use it only for exponential polynomials in one variable, and in this case the estimate is quite easy:

Lemma 4.5. — Let a;; (for 1 <i<s,1<j<t)andw;j (for1 < j<t)be complex numbers. Assume that

the exponential polynomial
s t
F(z) = Z Z aijz'e"i®
i=1 j=1

has a zero of multiplicity > T at the origin. Then for zo € C and R > |z9| we have

R —-T s t

2ol i=1 j=1
Proof. We consider the Taylor expansion of F' at the origin:

min{s,n} ¢

F(z) = Z 2" where o, = Z Zaij(:);i;)!.
1

n>0 i=1 j=

By assumption ag = -+ = ap_1 = 0. For n > T we have (R/|20])T < (R/|z0|)" (because R > |2|), hence

Fz0) = |3 onzp

n>T

< > lan] |zo]"

n>T
R\ " .
< () el
n>T

We now use the trivial bound

min{s,n} ¢

n—1
Sl =Y. Yl (2

n>T i=1 n>i
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where the right hand side is nothing else than

s t
3 halien

i=1j=1

0

1Exercises 1. With the notations of lemma 4.3, show that for all n > 1 and € > 0, there exists Lo = Lo(n,€)
such that, for L > Ly, we have
n(n!)t/™

n+1

Ou(L) > (

In particular, for n > 2 and for L sufficiently large,

_ 6) L(n+1)/n

1
O,(L) > Lrmnm,
(L) = ;

2. Give an explicit value for the constant ¢ in Proposition 4.4.
Hint. See Chapter 7 §4, Step 2.
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5.~ ZERO ESTIMATE

The first zero estimate in connection with transcendental number theory was given by Gel’fond [G] in
his work around 1948 on algebraic independence of transcendental numbers; the proof was of an analytic
nature. Such arguments have been developed later, but turned out not to be sufficient. Algebraic arguments
have been introduced by Brownawell and Masser [BM], then refined by Masser [Ma]. The proof we are going
to give in section 2 has its source in a letter of D.W. Masser which is quoted in [MW]; in §3 we use Moreau’s
version [Mo] of Masser’s paper [Mal, as well as Philippon’s approach [P] to this question.

In all this Chapter we denote by K any field of zero characteristic.

1 The main result The aim of this Chapter is to prove the following result:

Proposition 5.1. — Let ay,...,a,4+1 be non-zero elements of K which generate a multiplicative subgroup
of K* of rank > n. Let 1,..., B, be elements of K. Assume that there exist three positive rational integers
Ly, Ly and S satisfying

(S/2n)" T > (LoLy)™, S>2n(n+1) and S™ > Ly,

such that the rank of the matrix
n An
<(81 +sn+1ﬂ1)>\1 (Sn +Sn+15n)kn (ail "'afljll) +1> )
A8

is strictly less than (L°+") (L1 4 1). Then the numbers 1,51, . .., 3, are linearly dependent over Q.

n

In the matrix above the index of row is, as usual,
A=A, Angn) €N N+ A, < L, Ant1 < L1,

while the index of columns is s € Z"T1(S). Recall that when S is a non-negative integer, Z"T*(S) is the set
of s = (81,...,8n041) € Z"! with |s;] < S, (1 <i<n+1).

Our assumption on the rank of the matrix means that there exists a non-zero polynomial P € K[X,..., X,,, Y] |}
of total degree < Lg in the variables X1,..., X, and of degree < L in Y, which vanishes at all the points

1
(31 + 5n+1ﬂ17‘ -y Sn +3n+16n7ai1 "'ai++11) € K" x K*, EAS A (S)

(we emphasize the fact that the last coordinate does not vanish: we are working in fact with the product
of the additive group of K™ with the multiplicative group K*). In this Chapter, we shall use two sorts of
elimination: firstly we eliminate the variable Y thanks to a resultant; next we use Bézout’s theorem to deal
with the variables (Xi,..., X, ), which we denote for simplicity by X.

The assumption S™ > L; does not matter in our application ; in fact, as soon as n > 1, it is a
consequence of the hypothesis (S/2n)"** > (LyL1)"™. Here, the constant 2"n"*!, which appears implicitly
in this hypothesis, does not play an important role either. What is important to know is that a stronger
estimate is true, with the condition (S/2n)"*! > (LoL;)™ replaced by 278" > (n + 1)"*2L2 L, (this is a
consequence of the main result in [P]; see exercise 7). However we found it useful to give here this simpler
proof of a weaker result. It may be also considered as an introduction to the slightly more sophisticated
arguments of Chapter 8.

The basic idea of the proof of Proposition 5.1 is to remark that if P satisfies the above vanishing property,
and if S” and S” are two positive integers satisfying S > S’ + S” — 1, then all the polynomials

/ /
/ / / / s Sp41
P(X1 +81+ 8181, X+ 8, + 8501 By gt Y),
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for s’ € Z"T1(S’), vanish at all points
" S/,:
(sY 4801 B1, oy + smiBo, ot a ) € K™ x K,
for " € Z"T1(S").

1Elimination of Y In this section, we eliminate the last variable Y between the polynomials
P(X1+ 58,4 sh 1By Xn + 8, + 80 1Bl - 'afl’fllY), s’ € Z"(S).

a) Statement of the result

Denote K7 . the torsion subgroup of K* (viz. the group of roots of unity) and by o be the canonical

surjective map of K* onto the quotient K*/K/ ..

Lemma 5.2. — Let ay,...,a,11 be non-zero elements of K, 31, ..., 3, be elements of K and Lg, L1, S’,
S be positive rational integers. Define S = S’ + S” — 1, and assume

Card{a(o[;/l o) s € Z”H(S’)} > L.

Assume further that there exists a non-zero polynomial P € K[X,Y] of total degree < Lo in Xo,..., X,
and of degree < Ly in'Y for which

P(Sl + 8n41815- -+ 5 Sn + Snt1Bn; O‘ngl T ai;-b:ll) =0 for all s € ZnJrl(S)'
Then there exists a non-zero polynomial Q) € K[X] of total degree < 2LgLy for which
Q(sY + 80 1B, sm4sn 1By) =0  forall s ez (S").

The proof of lemma 5.2 will use an argument of D.W. Masser (cf. [MW], §4). It’s interesting to notice
that lemma 5.2 completes the proof of Proposition 5.1 in the case n = 1; this means that for the proof of
Gel’fond-Schneider theorem a single elimination is sufficient.

b) The Kronecker u-resultant
Here is an extension of lemma 4.2 in [MW]:

Lemma 5.3. — Let FY, ..., F, be polynomials in K[X1,...,X,,Y], of total degree at most Ly in X1, ..., X,
and of degree at most Ly in Y'; we assume that they have no common irreducible factor, in the factorial ring
K[X1,...,X,,Y], of degree > 1 with respect to Y. Let (§;,7n;), (j € J) be common zeroes to Fi,...,F, in
K™ x K. Then there exists a non-zero polynomial in K[X1,...,X,], of total degree < 2Ly L1, which vanishes
at all the points &;, (j € J).

Proof. Introduce 2r new variables Uy, ...,U,, Vi,...,V,.. Then define the two polynomials G and H in the
ring A= K[Uy,..., U, V1., Vi, X3, .., X, Y] by

G=> UF(X1,...,X,,Y), H=> ViFi(X,...,X,,Y).
i=1 i=1
Let R € K[U1,..., U, V1,..., Vi, X1, ..., X,;] be the resultant of the polynomials G and H with respect to
the variable Y (see for instance [W1] Chap.5, or [V], for a definition of the resultant). Then the following is
true:
(i) R # 0. Indeed, suppose R vanishes; then G and H have a common irreducible factor @ in the factorial
ring A, with @ of degree > 1 in Y. Then (@ is one of the irreducible factors of G, hence does not depend
on Vp,...,V,; in the same way @ does not depend on Uy, ..., U,, hence is a common factor of Fy, ..., F,
in the ring K[X1,..., Xy, Y]; this is a contradiction.
(i1) The polynomial R is of total degree < 2LgL; in X7q,...,X,.
(#3) For j € J, we have R(Un,...,U;,V1,...,V,, &) =0, because R is a linear combination of G and H with
coefficients in the ring A.
We obtain the desired polynomial in K[X7, ..., X,] vanishing at all the points &,...,&x by taking any
non-zero coefficient of a monomial in Uy, ..., U, V1,...,V; in the expansion of R in K[X1,..., X,][U1,...,Up, Vi,...,V;]. |

i
c) Another lemma

Here we solve a very simple functional equation.
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Lemma 5.4. — Let Q € K[X,...,X,,Y] be irreducible and of degree > 1 in Y. Let uy,...,u,,v, A be
elements of K with A # 0 and v not a root of unity. Assume

QX1 +u,..., Xn+u,vY)=2Q(Xy,...,X,,Y).
Then Y divides Q.

Proof. We expand @ in K[X][Y]:

and we write our assumption:
ai(X +u)v' = \a;(X), (0<i<d).

Looking at the homogeneous term of higher degree in a;(X), we deduce v¢ = X for all i such that a;(X) # 0.
Since v is not a root of unity, there is only one index 4 for which a;(X) # 0; further we have i # 0 because
@ depends on Y. This shows that @ reduces to a single term a;(X)Y"? with i # 0 and a;(X) € K[X] ; our
assumption that Q is irreducible implies that it is of the form cY with c € K, ¢ # 0. []

d) Proof of lemma 5.2

Obviously we may suppose that Y does not divide P and that P ¢ K[X1,...,X,]. For s = (s1,...,8n41) €
7"+, we define a map T from the ring K[X1, ..., X,,Y] into itself by

TQQ(le e 7Xn7Y) = Q(Xl + S1 + 81’L+1ﬂ17 e aXn + Sn + sn-i-lﬁnvaigl o ;?:111/)

The image of an irreducible polynomial is still an irreducible polynomial, and the degree in each variable of
Q@ and T,Q is the same.
1) We prove that the polynomials T, P for s € Z™"*'(S’) have no common irreducible factor of degree > 1 in
Y.

Let

k
P=qQ]J@r
i=1
be a decomposition of P into a product, where Qo € K[X] does not depend on Y, while for 1 < i < k, Q;

is an irreducible polynomial in K[X,Y] of degree > 1 in Y (such a decomposition is unique up to constant
factors). We notice that k < L;. Then

zw

= (T5Qo)

i=1

and T5Qo € K[X] does not depend on Y, while for 1 <i <k, T,Q; is an irreducible polynomial in K[X,Y]
of degree > 1in Y. We proceed by contradiction: assume that there is an irreducible polynomial @) of degree
> 1in Y which divides all T, P. Then for each such s there is an index i(s) with 1 < i(s) < k and a non-zero
element ¢, of K such that

Q = csT5Qi(s)-

Consider the map
S (’i(s),d(afl ... af;r;))

from Z"*1(S) into {1,...,k} x K*/K}, .. Using our assumption on L; together with Dirichlet box principle,
we see that there exist two different s in Z"*1(S"), say s’ and s”, for which the two following properties hold:
— the two indices i(s’) and i(s") are the same; let ig be this common value;

N s N s// . .
~ the two elements o(aj' -+ ,}7') and o(aj’ -+~ o)) are distinct.
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The difference s = s’ — s” is a non-zero element of Z"*! which has the property

T5Qiy = AQi
for some A € K* and
ot is not a root of unity.
Since Y does not divide P, lemma 5.4 with
U = 8 + Spt+10i, (1<i<n), v=a ot

gives the desired contradiction.
2) The application of lemma 5.3 to the set of polynomials

{Fy,....F}={TyP;s ez"(5)}
and to the following set {(&;,m;); 1 <i < N} C K™ x K*:

" /!
{(sY + 80 1 Brseees S+ st 1 Brayt )5 87 € ZTH(ST)}

gives the conclusion. []

1 An homogeneous zero estimate for the additive group K™ As we said earlier, the proof of this section relies
on Moreau’s version [Mo] of Masser’s paper OPEP [Ma] as well as on Philippon’s paper [P]. I am thankful
to Daniel Bertrand, Laurent Denis, Patrice Philippon and Damien Roy for useful discussions on this matter.
a) Statement of the result

The aim of this §3 is to prove the following result:
Lemma 5.5. — Let 34,..., 3, be elements of K. Assume that there exist two integers D and S satisfying

n+1
(28 — 1> > D"

n

and also that there exists a non-zero polynomial P € K[X;,...,X,], of total degree < D which vanishes on
the set

{(31 + Sn-‘rlﬁl) <y Sp Tt 3n+1ﬂn) ; (515 ceey 3n+1) € Zn+1(s)}
Then 1, B4, ..., B, are linearly dependent over Q.

In the case n = 2 one can prove such a result by using the same argument as in §2 (see exercise 3);
hence for a proof of Baker’s theorem with only three logarithms the resultant is sufficient. The general case
will be dealt with by means of Bézout’s theorem.

b) Bézout’s theorem
Here is the geometric tool of this Chapter.

Lemma 5.6. — Assume K is algebraically closed. Let (P;);e; be a family of polynomials in K[ X7, ..., X,],
each of which is of total degree < D. Assume that the set F' of common zeroes to all P; in K™ is finite. Then

CardF < D".

Proof. We shall use some properties of the degree of affine varieties; we refer to exercise 4 in Chapter 8 for
another proof.

We may assume I = {1,...,n} by replacing, if necessary, the family (P;);cs; by a regular sequence of n
polynomials in the ideal they generate (cf. [Ma], “inductive lemma”; the argument is similar to Kronecker
u-resultant in lemma 5.3), which means that, for 1 < i < n, the algebraic set

Yi=Z(P)N---NZ(P;)
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is of codimension ¢. In this case, if we denote by D, the total degree of P;, (1 <4 < n), we show that
CardF < Dy ---D,,.
For 1 <i<n—1,Y; is not contained in the hypersurface H; = Z(P;11), hence
deg(Y; N H;) < (deg Y;)(deg H;).
However Y; N H; = Y; 41 and deg H; = D;1,. By induction we deduce
degY; < Di---D;, (1<i<n).

For i = n, the degree of F' =Y, is nothing else than CardF. []
Remark. Much deeper results are given in [V].

c) A further lemma
When V is a vector subspace of K™ and F any finite subset of K™, we denote by (F' + V)/V the image of F
under the canonical map of K™ onto K™/V.

Lemma 5.7. Let V be a vector subspace of K™ of codimension r, F' a finite subset of K™, and (P;);cs a
set of polynomials in K[X7,...,X,], each of which is of total degree < D. Assume that the set of common
zeroes in K™ of all P; is
F+vV={y+v;ye F,veV}
Then
Card((F+ V)/V) <D".

Proof. The case V = 0, r = n follows from lemma 5.6. In the general case, after a change of basis of K",
we may assume V = K" x {0}"; hence we identify K™/V with {0}"~" x K". We apply lemma 5.6 to the
following polynomials in r variables

Pi(v, Xp—ri1s--r Xn), (iel,veV)

indeed the set of common zeroes of these polynomials is exactly (F +V)/V. []

d) The main zero estimate

We now prove a general zero estimate from which we shall later deduce lemma 5.5.
When FE is a subset of K™ containing 0 and d a non-negative integer, we define

Bld ={z1+ - +zg; 2z € B,(1<i<d)}y

for instance E[0] = {0}, E[1] = F and E[0] C E[1] C E[2]---

Proposition 5.8. Let n and D two positive integers and E a subset of K™ containing 0. Assume that there
exists a non-zero polynomial P € K[Xy,...,X,], of total degree < D, which vanishes on E[n]; then there
exists a vector subspace V of K™ of codimension r > 1 in K™ such that

Card((E+V)/V) < D".

Proof. There is no loss of generality to assume that the field K is algebraically closed. Denote by Z = Z(P)
the hypersurface which is defined by P in K™. We introduce a collection of algebraic subsets of K™:

Zo=2, Zi=[)(Z—),
YEE
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Zs = ﬂ(Zsfl_'Y% (].SSSH),
yeEE

so that

Zn = ﬂ (Z_'Y)~

YEE[n]

Our hypothesis that Z contains E[n] implies that for 1 < s < n, Z; contains E[n — s|, and in particular Z,
contains 0. Moreover we have
2o D 41D D 2y,

because 0 € E. Notice that Zj is of dimension n — 1 while Z,, is of dimension > 0; let ¢ be the largest integer
in the range 1 < ¢t < n for which dim Z;_y <n —t. Therefore n —t — 1 < dimZ; < dimZ;_; <n —t. The
two algebraic sets Z; and Z;_; have the same dimension, hence have a common component Y of dimension
n — t. Define

S= {xeK"; a:—i—YCZt_l}.

For each v € E we have v+ Z; C Z;_1; this shows that S contains E. Now let
V= {xeK";x—l—Y:Y}.
Then V is at the same time an additive subgroup of K™, and an algebraic subset of K™:

V=) -y);

yey

hence V is a vector subspace of K™ (cf. exercise 6). Moreover

S:ﬂ(zt—lfy):ﬂ ﬂ m (Z—y—m——v-);

yey yeY meEE vi-1€E

this shows that & is an algebraic set of dimension < dim Z;, which is intersection of hypersurfaces of degrees
< D. Next S contains V; further, for z € S, we have x +V C S. Furthermore, for 2’ and z” in K™, the
condition ' +Y = 2” + Y implies 2’ +V = 2’ + V. However, since Z;_; has only finitely many connected
components (for the Zariski topology), the set of z + Y with z € S is finite, and therefore the set of classes
x +V also; we choose a finite subset F' = {x1,...,2,} in K™ so that S/V = (F + V)/V; we see that S and
V have the same dimension, say n — r, the irreducible components of & being the z; + V, 1 < i < m. We
also have r > 1; in fact, since
n—r=dimS <dimZ;  =n—t,

we have 1 <t < r. We conclude by using lemma 5.7:
Card((E +V)/V) < Card(S/V) < D".
0

e) A lemma on the subgroup Z™ + Z(f1, ..., Bn) of K™

For the proof of lemma 5.5 we need one more lemma which explains how the conclusion on the linear
dependence of 1, 81, ..., 5, will appear: it comes from the conclusion of Proposition 5.8.

Lemma 5.9. — Let 1,..., 3, be elements of K. Define

= {(81 + 801615580+ Sny1Bn); (81,...,8041) € Z"H}

and, for S > 1, S € Z,

Y(S) = {(51 + Sn41B1, -1 Sn + Snt1B8n) 5 (81,5 Sn41) € Zn+1(8)}'
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Then the following conditions are equivalent.

(i) The numbers 1, B1,..., [, are linearly independent over Q.
(@) For any vector subspace V C K™ of codimension r > 1, we have

(Y +V)/V) 27+ 1.
(@) For all S > 1 and any vector subspace V C K™ of codimension r > 1, we have

Card((Y(S) +V) /v) > (28 — 1)1,

(i1)" For any vector subspace W C K"*1 of codimension r > 1, containing (81, .., n, —1), we have
v (2 W) W) 2+ 1.
(#41) For all S > 1 and any vector subspace W C K™*! of codimension r > 1 containing (B4, ..., n, —1),

we have

card((Z”“(S) + W)/W) > (28 — 1)1

Proof.
The proofs of (ii) < (ii)" and of (iit) < (74)" are easily obtained by considering the linear surjective map
Kntl — K"
(21,5 2n41) = (21 + 204181, -+ 20+ 2nt1Bn)

whose kernel is the line K (81, ..., s, —1).

The fact that (iii) = (é) is trivial. Also the implication (i7)" = (4) is clear: (i) implies that the point
(B1,---,Bn,—1) is not contained in a hyperplane which is rational over Q.

The useful part of the statement is (z) = (éii)’. Assume Card((Z”‘H(S) +W) /W) < (25 —1)"FL Let

ow : K" — K™/} denote the canonical surjective map and (e, ..., e,+1) denote the canonical basis
of K", There exists a subset {i1,...,i,} of {1,...,n+ 1} such that (ow(e;,),...,om(e;,)) is a basis of
K" /W. For ease of notation we assume that {i1,...,i.} = {1,...,r}
Let j be an index in the range r +1 < j < n + 1. We consider the elements s of Z"*! for which s; = 0
forr+1<7<n+1 and ¢ # j; the elements
ow(sier + -+ spen +s5€5)5 (815, 50,85) € ZTH(S)

belong to (Z"™(S) + W) /W ; since Card(Z"1(S5)) > Card((Z""’l(S) + W) /VV)7 these elements are not

pairwise distinct (this is once more a consequence of the pigeon hole principle). Hence there is a relation
agj)q +-+aPe, + e; EW
with rational numbers agj ). This means that W is generated by the n + 1 — r elements
(@7, a9)0,...,0,1,0,...,0) € Q"' (r4+1<j<n+1).

Sincen+1—r=dimW <n+1, the (n+1—7r) x (n+ 1) matrix

aTtY Gt 1 0 0
a"™™ Gt 0 1 0

ag"“) A N R T |
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is of rank n + 1 — r < n + 1; therefore there exists (by,...,b,y1) € Z" 1 (b1,...,byr1) # 0, such that
biz1+ -+ bpr12n41 =0 for all z € W,

in other terms W is a subspace of K"*! which is generated by elements of Q"*!; this means that it is rational
over Q; since it is of codimension > 1, it follows that it is contained in a hyperplane which is rational over Q
(cf. Chapter 1 exercise 4). Now the point (81, ..., s, —1) belongs to W, hence we get the desired non-trivial
linear dependence relation between 81,..., 3, and 1. []

£) Proof of lemma 5.5

For z € R we denote by |[z| the smallest integer > z: in other words = < |z] < x4+ 1. Put S1 = |.S/n];
this means that S is the integer defined by S <nS; < S+mn —1. If ay,...,a, are rational integers with
a; < S1, then a; + - -+ + a,, < S. Therefore, if we set

E={(s1+ 5281, 80+ Sn418n); |5;] < S1,(1 < j <n+1)},
then E[n] C Y(S). Under the assumptions of lemma 5.5, the polynomial P vanishes on Y'(S), hence on
E[n]. From Proposition 5.8 we deduce that there exists a vector subspace V of K™ of codimension r > 1 in

K™ such that
Card((E+V)/V) < D".

2 n+1
D" < <S - 1> ,
n

Our hypothesis

implies
D" < (28, — 1),

hence
Card((E+V)/V) < (28, —1)".

Finally lemma 5.9 (with S replaced by S7) implies that 1, 81 ..., 3, are linearly dependent over the rationals.

0

1 Proof of Proposition 5.1 We start with the assumptions of Proposition 5.1. Define S” = [S/2] and
S'=5—58"+1. Our assumption the a, ..., a,41 generate a multiplicative group of rank > n means that
there exists n distinct elements {i1,...,4,} among {1,...,n+ 1} such that «y,,...,q;, are multiplicatively
independent. Since S+ 1 < 25" < S+ 2, our hypothesis S™ > L; implies (25" — 1)™ > L. This shows that
the assumptions of lemma 5.2 are satisfied.

Our assumption S > 2n(n + 1) enables us to deduce from the main condition (S/2n)"*! > (LoL;)" the
inequality ((S/n) — 1)n+1 > (2LoL1)™; from the inequality S” > S/2 we deduce (2LoL1)" < ((25”/n) —
l)nH; this shows that the hypotheses of lemma 5.5 are satisfied with D = 2LgL; and S replaced by S”.
This completes the proof of Proposition 5.1. []

10pen problems 1. The conclusion of lemma 5.2 in the case n = 1 is that the set of 51 + 2031, for s € Z2(S"),
has at most 2LgL, elements. Is-it possible to improve the constant 2 in this upper bound ? This would
enable one to improve the lower bounds for linear forms in two logarithms (see [MW]). One cannot replace
2 by a constant < 1.

2. Can one improve the constant (n/2)"*1 (when n > 2) in the hypothesis of Lemma 5.5 ?

1Exercises 1. Using lemma 5.2, complete the proof of Gel’fond-Schneider theorem in the complex cases
(going back to the proof of the real case in Chapter 2 §4, replace lemma 2.1 by lemma 5.2).

2. Prove the following refinement of Proposition 5.1 (compare with [MW] Proposition 4.1) : one can replace
the hypotheses
(S/2n)" 1 > (LoLy)", S>2n(n+1) and  S" > L,
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by
" n+1
(5 _ 1) > (LoLy)"

and
Card{o'(ozf1 ceapttl)y s € Zn“(sl)} > I

w1 € same notations as 11 femma o. when an are positive mtegers wi = —+ — 1.
ith th tati in 1 5.2) when S’ and S” itive int ith S=95"4+5"-1

3. Using a resultant in the same way as in §2, prove the following variant of the case n = 2 of lemma 5.5:
Let 1, 82 be two elements of K. Assume that there exist integers D, S’, S” and S satisfying

S=8+5"-1, (28’ -1)?>D and (25" —1)3>2D?%

and also that there exists a non-zero polynomial P € K[X7, X5], of total degree < D which vanishes on the
set
{(s1+ 381,52+ s302) 5 (s1,52,83) € Z*(S)} € K*.

Then 1, 81, B2 are linearly dependent over Q.

Hint. Define I'(S) = {(s1 + s3f1,s2 + s352); (s1,52,53) € Z*(S)}, and similarly T'(S") and I'(S”). For
Y= (71772) € Kz; deﬁne T’YP(Xv Y) = P(71 +X772 + Y)

a) Assume that the polynomials TP, v € T'(S’) have a common irreducible factor Q. Show that there exist
ce K* and 7" = (7{,19) € T(28" — 1) with v° # 0 and T,0Q = cQ. Show that there exists R € K[T] such
that Q(X,Y) = R(y9X —~YY). Check that the set of 9 € K such that R(y9X — )Y + ) divides P has
at most D elements. Deduce that there are at most D elements in the image of T'(S’) under the mapping
K? — K which maps (21, 22) to ¥821 —Y22. Derive the desired conclusion from lemma 5.9.

b) Assume that the polynomials TP, vy € T'(S’) have no common irreducible factor. The goal is to show
Cardl'(S”) < (25” —1)3, which implies that 31 and Ba are both rational numbers. Show that, if Cardl'(S") =
(28" — 1)3, then there exists A\ € K* such that the (25" — 1)3 numbers y1 + Ay2 € K, (71,72) € T'(S”), are
pairwise distinct. Eliminate Y by means of Kronecker u-resultant between the polynomials T,,P(X —\Y,Y).

4. Prove the following variant of Proposition 5.8 (cf. [W2]) : let n and D two positive integers and E1, ..., E,
subsets of K™ containing 0. Assume that there exists a non-zero polynomial P € K[X,...,X,], of total
degree < D, which vanishes on

then there exists an integer ¢t and a vector subspace V of K™, of codimension 7 in K", such that
Card((Ey +V)/V) < D"

and
1<t<r<n.

5. Let n and D two positive integers and E a subset of K™. Assume that there exists a vector subspace V
of K™ of codimension r > 1 in K™ such that

Card((E + V)/V) < (D: ’”).

Show that there exists a non-zero polynomial P € K[X;,..., X,], of total degree < D, which vanishes on F.

6. A subset V of K™ which is at the same time an additive subgroup of K™ and an algebraic subset of K™
is a vector subspace of K.
Hint. See lemma 8.6.

7. With the notations of lemma 5.9, prove that the conditions () to (iii)’ are also equivalent to the following
ones :
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(iv) For any hyperplane V of K™ which is rational over Q,
(Y +V)/v) > 2
(v) For all S > 1 and any hyperplane V C K™ which is rational over QQ, we have

Card((Y(S) + v)/v) > (28 — 1)2.

8. Using Theorem 8.1, prove the following variant of Proposition 5.1: Let a1, ..., a,+1 be non-zero elements
of K which generate a multiplicative subgroup of K* of rank > n. Let 31,..., 3, be elements of K. Assume
that there exist three positive rational integers Ly, L1 and S satisfying

2"S" N > (n+ 1)"PLgL,  S>n(n+1)  and Lo >4,

such that the rank of the matrix

D A
<(81 + Sn+151))\1 T (Sn + Sn+16n)/\n (ail T afz-:ll) ﬂ+1> ’
AS

is strictly less than (Lo:") (L1 +1). Then the numbers 1, B1,. .., 8, are linearly dependent over Q.
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6.- PROOF OF THE MAIN THEOREM

In this Chapter we complete the proof of Theorem 1.1

Step 0. Assumptions.
Let 44,...,¢,41 be Q-linearly independent logarithms of algebraic numbers and 31, ..., 5, be algebraic
numbers. We assume

(61) n+1 Blél + - +ﬁn€n

For 1 <i<mn+ 1, define a; = et

The sentence “there exists a constant ¢; > 0 such that ...”

means that one can compute explicitly (and

easily: exercise 1) a number ¢; > 0 in terms of n, ¢1,...,4,11 and fB,..., 3, which satisfies the desired
property.
Step 1. Choice of the parameters.

We denote by c a sufficiently large real number depending only on n, ¢1,...,0,+1 aswellason f1,..., 3,.

Next we choose three rational integers Ly, L1 and S which are required to satisfy
Lo > 2, Ly > 2, S >2,
cLologS < LY™, ¢l S <LY™  ¢(LoLy)" < 8",
with L = (L‘]:”) (L1 4 1). For instance one can take
Ly = [log S]*" and Lo =[S/ (log S) "]

with S sufficiently large.

Step 2. Definition of A.
Consider the L x (25 — 1)"*! matrix

nt1)\ A
M= ((81 + SnJrIBI)/\1 T (Sn + 5n+1ﬁn))\n (ail T O‘ZJ:II) “+1> ’
A8

where the index of row is A and the index of column is s; as usual, A runs over the (n+1)-tuples (A1,..., Apt1)
of elements in N**1 satisfying A\; +--- + A\, < Ly and Ant1 < Ly , while s runs over the (n + 1)-tuples in
ZnrH(S).

Let sV, ..., s(") be any elements in Z"t1(S). We consider the following determinant of a L x L matrix

s () \ Ant1
A—det<(s§“>+55L*2151)M-~(s<“ 50 g ( "'%’ff) ) .
A p

Step 3. Upper bound for |A|.

Our assumption (6.1) enables us to write, for (s1,...,s,41) € Z"1,
ai1+5n+161 . 9n+9n+1ﬁn =it 'O‘:—fll-

Therefore we can use Proposition 4.4: there exists a constant ¢; > 0 such that

1
Z10g|A\ G A c1(Lolog S+ L1 S).
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Step 4. Liouville inequality.
We use our assumption that the numbers a1, ..., ap41, 51, ..., B, are algebraic: from Proposition 3.15
we deduce that there exists a constant co > 0 such that either A = 0 or else

1
f log |A| Z —CQ(LO 10g S + LlS)
However in step 1 we chose c¢ sufficiently large with respect to ¢; and cs, and therefore we deduce from step

3 that A =0.

Step 5. Consequence of the zero estimate.
From Step 4 we deduce that the rank of the matrix M is strictly less than L.
Our hypothesis that logaq,...,loga,1+1 are linearly independent over QQ implies that the rank of the

multiplicative subgroup of C* generated by aq,..., a1 is at least n.
Our conditions on the parameters imply L} 'S™ < L and LyLy < S™!, hence Li"~' < S. This
allows us to use Proposition 5.1, and we deduce that 1, 34, ..., 3, are linearly dependent over Q. Thanks to

lemma 1.3, this completes the proof of Theorem 1.1. []

1Exercise 1. Compute the constants ¢; and co above, and deduce a suitable value for c.
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7~ A FIRST MEASURE WITH SIMPLE PROOF

In the second part of these lectures, which starts with the present Chapter, we produce explicit measures
of linear independence of logarithms of algebraic numbers. In this Chapter we prove such an estimate by
using the method of the first part. Our aim is to present a proof as transparent as possible, not to give a
sharp estimate. The result we reach is far from the best known, but is non trivial, and is quite sufficient for
many Diophantine problems. Refinements of this estimate will be discussed in Chapter 10.

1 Statement of the result

Theorem 7.1. — Let ¢1,...,¢,, be logarithms of algebraic numbers, «; = exp(¢;), (1 < i < m) and
081, ..., 0m be algebraic numbers. We assume that the number

A= /Blgl + +/Bm€m

does not vanish. Let D be the degree of the number field Q(aa,...,am,B1,...,Bm) over Q and let log H
be an upper bound for the absolute logarithmic height of the 2m numbers aq,...,Qm, 51, .-, Bm, With
H > max{e, D}. Assume also e|l;| < Dlog H for 1 < i <m. Then

|A| > exp{—(10*m*Dlog H)”(m)}

with k(m) = 2™(m!)?.

Here is the plan of this Chapter. We show in section 2 that there is no loss of generality, for the proof of
Theorem 7.1, to assume that the numbers 1, ..., ¢, are linearly independent over Q. Next (§3) we consider
the coefficients 3;; it would be a loss of generality to assume that they are independent over Q; indeed,
the most interesting case is when they are all rational integers; but we show that the general case can be
reduced to the special case where the §; satisfy some condition of linear independence; it turns out that, in
the special case, we will be able to prove a stronger result (see Proposition 7.10). The purely transcendental
part of the proof is given in section 4. We complete the proof of theorem 7.1 in section 5.

1 On the linear independence of the logarithms In this section we show that for the proof of Theorem 7.1,
we may assume that the numbers /1, ..., £, are linearly independent over Q.
We need the following lemma:

Lemma 7.2. — Let {y,...,¢, be Q-linearly dependent logarithms of algebraic numbers; define a;; = eli,
(1 <j<m). Letlog H> 1 be an upper bound for maxi < j<m h(a;) and also for maxi<j<m |¢;|/D, where D
is the degree of the number field K = Q(«;, ..., ) over Q. Then there exist rational integers tq, ..., tpy,

not all of which are zero, such that
til1+ -+ tmlm =0

and )

max{[ti],..., [tm|} < (10°mD*log H)" .
Proof. (cf. [W] lemma 4.1, [L] Chap. 9 §7; see also [M]). We assume, as we may without loss of generality,
that m > 2, and that any m — 1 of 41, ..., ¢, are linearly independent. Thus there exists a unique (up to a
factor 1) set of relatively prime integers tq, ..., ¢, such that

il + -+ tyly =0.

Hence

t1 tm
al .a.am

=1
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Let k be an integer, 1 < k < m. We define
c= (10>mD3log H) ™.

Using Minkowski’s linear form theorem (e.g. [S1] p.33 Th. 2C) we see that there exist integers s1,. .., Sm,
not all zero, such that

|sj — sktj/ti| <c, (1<j<m, j#k), and  [sp] < 1/¢™70
We now prove the relation s11 + - - - + 8yl = 0, from which the desired upper bound |t;| < ¢~ readily
follows. We first show that the number o = af' -+ is a root of unity. Using (3.3) and (3.5) for the
number

m
atk — Ha;jtk — H a;'jtk—sktj,
j=1 1<j<m
we get
‘tk|h(a) < Z |Sjtk) - Sktj|h(aj),
1<j<m,j#k
hence

h(a) < emlog H < (10D) 3.

So by Theorem 3.16 it follows that « is a root of unity. Let N be the order of «; then p(N) < D (where ¢
is Euler function), therefore N < 2D? < 27 /(cml¢;|) and

N sjt; € 2inl.

j=1

We observe that

NZstj = NZ(sj—&gj;j)fj <cN Z |6;] < 2m,
j=1

i=1 1<j<m. gk

and we conclude

i ijj =0.
i=1

We deduce from lemma 7.2 the following result:

Lemma 7.3. — Let mg be a positive integer and U(zx,y) be a positive function of two variablesx € N, x > 1
andy € R, y > 1. For 1 < m < my, denote by (P,,) the following property:
(Py) for each non-vanishing linear combination

A= Bl + -+ Bl
of logarithms of algebraic numbers with algebraic coefficients, if the field
Qe ....e" B1, ..., Bm)
has degree < D over Q, and if H > max{e, D} satisfies, for 1 < j <m,
log H > h(a;), log H > e|¢;|/D and log H > h(8;),

then
|A| > exp{—U(m,Dlog H)}.
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Assume, for 1 < m < my, that (P,,) holds whenever {1, ... ¢, are linearly independent over Q. Assume
further that, for 2 < m < mg and T = (103mD?3log H)™~1, the following inequality holds:

U(m —1,Dlog(2TH?)) +1logT < U(m, Dlog H).
Then, for 1 < m < myg, (P,,) holds also when {1, ... £, are linearly dependent over Q.

Proof. The proof is by induction on my; for my = 1 the result is obvious: since A does not vanish, the number
{1 is not zero, hence is independent over Q. Assume mg > 2; consider a non-vanishing linear combination
in m logarithms (with m < myg) such that there is a linear dependence relation between {1, ..., ¢,,; from
lemma 7.2 we deduce that there exist rational integers ¢1,...,%,, such that

tily + -+t =0
and )
0 <max{[ti],...,[tm|} <T  with T = (10>nD3logH)™ .

One of the t;, say t,,, is not zero. We eliminate £,,:
tmA = Brly 4+ + Bl

with 8; = tmBj — Bmtj, (1 < j < m —1). Lemma 3.6 with f(X1, Xs) = #,,X; — t; X shows that, for
1 <j <m—1, the height of 3; is bounded by

h(B;) <1og(2T) + h(B;) + h(Bm) <log H'  with  H' =2TH>.

We deduce, either from the induction hypothesis (if 41, ..., ¢, 1 are linearly dependent) or from hypothesis
(Pr—1) (otherwise):
[tmA| > exp{—U(m —1,Dlog H') }.
Hence
|A| > exp{-U(m —1,Dlog H') — log T’}
> exp{—U(rleogH)}.

0

Using lemma 7.3 with the function
U(m,Dlog H) = (10°m>D log H)"™,

where k(m) = 2™(m!)?, we see that there is no loss of generality, for the proof of Theorem 7.1, to assume that
lq,..., 0y are linearly independent over Q. Notice that the assumption of lemma 7.3 (namely that property
(P,,) is satisfied when the ¢; are linearly independent) is true for m = 1 thanks to Liouville’s inequality (see
exercise 6 a in Chapter 3).

10n the linear independence of the coefficients The transcendence argument requires that some determinant
does not vanish; an easy way of ensuring this condition is to assume that the coefficients 51, ..., 3,, satisfy
some linear independence condition. We show here how the general case will follow.

Lemma 7.4. — Let mg be a positive integer, U(z,y) and Ty(x,y) be two positive functions of two variables
z €N, z>1andy € R, y > 1. Denote by (P,,) the same property as in lemma 7.3. Assume, for
1 <m < my, that (P,,) holds provided that (1, ..., By satisfy the following linear independence condition:
for (b1,...,bm) € Z™ with 0 < max{|b1], ..., |bm|} < To(m, Dlog H), we have

biB1+ -+ bmfBm # 0.
Assume further that, for 2 < m < myg, the following inequality holds:

U(m — 1,2D(log H)Ty(m, Dlog H)) + log To(m, Dlog H) < U(m, Dlog H).
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Then, for 1 < m < myg, (P,,) holds also when (1, ..., 3, do not satisfy the linear independence condition.

Proof. Once more the proof is by induction on mg, once more the result is obvious if my = 1. Take m with
2 < m < myp. Assume that there exists (by,...,by) € Z™ with 0 < max{|b1],..., |bm|} < To(m, Dlog H)
such that

b1+ -+ bpfm = 0.

One of the coefficients, say b,,, does not vanish; we eliminate f3,,:

with
O = byl — bily,, (1<i<m-—1).

Notice that, when /1, ..., {,, are linearly independent, then 01,...,lm_1 are also linearly independent. If we
set a; = exp(;) and &; = exp(f;), we have &; = o’ /abi and

h(a;) < |bom|h(ew) + |bi|h(ay,) < log H' with log H' = 2(log H)Ty(m, Dlog H).
From the induction hypothesis or from hypothesis (P,,-1) we deduce
b A| > exp{—U(m —1,Dlog H')},

hence
|A| > exp{—U(m —1,Dlog H') — log To(m,Dlog H)}

> eXp{—U(m,DlogH)}.

0

We shall use lemma 7.4 with
U(m, Dlog H) = (10*m*Dlog H)""™

and

12
TO(?’TL, DlOg H) = 2[103m3D 10g H}Z(m 1) .

The following inequalities (where Ty stands for Ty(m, D log H))

m— k(m—1)
U(m —1,2D(log H)Ty) < (4(10*m*Dlog )™ 1>2+1)

and
(2(m —1)* + 1)k(m — 1) < (2m* —m)r(m — 1) < k(m) — mr(m — 1)

imply
U(m —1,2D(log H)Tp) + log Ty < U(m, Dlog H);

this enables us to check the hypothesis of lemma 7.4 for m > 2. Hence, for the proof of Theorem 7.1, we
may assume by 81 + -+ -+ b, B £ 0 for all 0 # (by, ..., by) € Z™(T}). Incidentally, we shall prove a stronger
result than Theorem 7.1 in this special case, namely with x(m) = 2™ (m!)? replaced by 2m3.

Here is how this independence condition on the coefficients 3; will take place in the proof.
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Lemma 7.5. — Let K be a field of characteristic zero, S1 be a positive integer and V be a subspace of K"
of codimension r > 1, such that

Card((Zm(Sl) + V)/v) < (28, — 1)1,

Then
1) there exists a basis (v1i,...,Um—r) of V withv; € Z™(251 —1) for 1 < j <m —r.
2) the vector space V is intersection of r hyperplanes of equations

birz1 + -+ + bimzm =0, (1<i<r),
Where, for 1 < 7 < r, b'i = (b“, . ~7bim) is in Zm(28’1 - 1)

Proof. This is an effective version of the implication (¢) = (éi¢)’ in lemma 5.9. The proof of the first assertion
is the same : we use Dirichlet box principle together with the assumption on Card((Zm(Sl) +V)/ V) (see

also exercise 3a). Notice that this assumption also implies V' # 0, thus m > r.

In an earlier version of this lemma, a weaker form of the second assertion was proved: the vector space
V is contained in a hyperplane of equation biz1 + -+ + bz, = 0, where b = (b1, ..., by) # 0 is in Z™(S2),
with Sy = (m—1)12m=1(S; — 1)1 +1 (see exercise 2); this yielded a larger value for x(m) in Theorem 7.1,
namely x(m) = 2™(m!)3. The refinement which follows is due to D. Roy ; I reproduce his argument here.

a) Assume first » = 1. In this case V is the kernel of a linear form ¢ : K™ — K, given by

SO(:EI; s 7xm) = blxl + -+ bm.%'m,
where by, ..., b,, are relatively prime rational integers. After permutation of the coordinates and replacement
of ¢ by —¢ if necessary, we may assume by = max{[bi|, ..., |by|}. From the hypothesis Cardp(Z™(S1)) <
(257 — 1)2, we shall deduce b; < 257 — 1. For this purpose we define

di:g‘cd(bl,...,bi), (1§Z§m),

and we consider the set

di—
E:{(xl,...,xm)eZm;—Sl<xi§—51+ zil,ZSZSm}

(2

Notice first that the restriction of ¢ to F is injective: indeed, if two distinct elements of E give the same
image by ¢, their difference (y1,...,ym) belongs to ker ¢ and satisfies

yil <dioa/di, (2 <i <m);
let 4 > 2 be the largest integer such that y; # 0:
blyl = _blyl -t bi*lyifl;

hence d;_; divides b;y;; since ged(b;,d;—1) = d;, the quotient d;_1/d; divides |y;|, which contradicts the
inequality |y;| < d;—1/d;. Therefore ¢ is injective on E N Z™(S1); this implies

(281 = 1) [[ min{28) — 1,d;—1/d;} < (281 — 1)*.
i=2
From this estimate follows d;_1/d; < 257 — 1 for 2 < ¢ < m, and then

251 —1> Hdifl/di = dl/dm = b.
1=2
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b) Assume now r > 1. Choose r linear forms L, ..., L, such that V is the intersection of their kernels. After
permutation of the coordinates if necessary, we may assume that the m linear forms Lq,...,L,, are still
linearly independent, where L, 4;(z) = z; for 1 < i < m —r. This means that the kernel of the projection on
the first m — r coordinates is injective on V; therefore, for m — r < ¢ < m, the projection

i K™ — Km-rtl
(xlw")x’m) — (xlw-')x’m—ryxi)
is injective on V. Fix i with m —r < i < m. Now 7;(V) is a hyperplane in K™~ "*! and m; maps Z™(S;) onto

Z™="+1(Sy); further, since V Nkerm; = 0, for each € Z™(S), the classes modulo V of the (25; — 1)"~!
elements x + y, (y € Z™(S1) Nkerm;) are pairwise distinct; therefore (see lemma 10.3)

Card((Zm(Sl) +V) /v) > (28, — 1)"_1Card((Zm_T'+1(Sl) +m(V) /m(w).
From the assumption Card((Zm(Sl) +V) /V) < (251 — 1)"*! we deduce

Card((Zm_’”“(Sl) + Wi(V))/Wi(V)) < (251 — 1)2;

from a) it follows that m; (V) is the kernel of a linear form K™=+ — K with integer coefficients of absolute
value < 257 — 1; we compose this form with m; and get a linear form on K™ whose kernel contains V and
whose coefficients satisfy the required property. []

We now use lemma 7.5 and refine the zero estimate (Proposition 5.1) as follows:

Lemma 7.6. — Let ay,...,a,11 be non-zero elements of K which generate a multiplicative subgroup of
K* of rank > n. Let B1,...,08, be elements of K. Assume that there exist three positive rational integers
Lo, Ly and S satisfying

S > @) LoLy),  S=2(n+1) and S > Ly,

such that the rank of the matrix
n /\n
<(81 + SN+151))\1 T (Sn + SnJrlﬁn)/\n (ail T afz-:ll) +1> ’
As

is strictly less than (L":") (L1+1). As before, in the above matrix, the index of rows is A = (A1, ..., Ant1) €
Nt with Ay + -+ A\, < Lo and 0 < A\,41 < Ly, while the index of columns is s € Z"T*(S). Then there
exists a linear dependence relation

blﬂl + -+ bnﬁn = bn+1
with (bl, . ,b7l+1) € Z™t! and
S

0< max |b] < —.
1<i<n+1 n

Proof. From the assumption S > 2n(n + 1) we deduce

n+1 n+1
) G-
n n

1 n+1
1+ —- <2 for n>1.
2n +1

because

We repeat the proof of Proposition 5.1: we set S = |.S/2], S’ =S — S” + 1. Therefore we have

S =8"=(8+41)/2 if S is odd,
S'=(S/2)+1, " =5/2 if S iseven.
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The assumption S™ > L; implies (25’ — 1) > L; and enables us to use lemma 5.2. We deduce from

the inequalities S” > S/2 and ((S/n) — 1)"Jr1 > (2LoL;1)™ that the hypotheses of lemma 5.5 are satisfied
with D = 2LoL; and S replaced by S”. We now repeat the proof of lemma 5.5: we define S; = |S”/n|;
from Proposition 5.8 and lemma 5.9 we deduce that there exists a vector subspace V of K™t! containing
(B1,---,Bn,—1) such that

Card((Z”“(Sl) + V)/V) < (28, — 1)+
where r > 1 is the codimension of V in K"*1. Notice that S; = |S/2n| < (S/2n) + 1, hence 25; — 2 <

(S—1)/n. Finally we use lemma 7.5: the vector space V is contained in a hyperplane by 21+ - - +bp412n41 =0
with |b;] <257 — 2, and the point (31,...,3,, —1) belongs to V. []

1The transcendence proof We prove the following result:
Proposition 7.7. — Let ¢,...,¢,41 be logarithms of algebraic numbers, o; = exp(¢;), (1 < i <n+1)

and B4, ...,y be algebraic numbers with max{|S1|,...,|Bn|} < 1. Let D be the degree of the number field
Q(aqy .. yant1,P1,--.,8n) over Q and let A, B and E be real numbers, which are > e, and satisfy

max h(a;) <logA, E max |4;] < DlogA
1<i<nt1 1<i<nt1

and
h(l:pBy::B,) <logB.

Assume that there exist three positive rational integers S, Lo, L1, all > 2, satisfying the following condition,
where L := ("°*")(L; + 1) and ©,,(L) was defined in Chapter 4 §2:

1
(7.8) EGH(L) log E > Dlog(2L) + DLglog(2BS) + Lolog E + (3n + 1) DL S log A.

Assume further that the following matrix is of rank L:
Sn An
<(51 + 5n+161))\1 to (Sn + 3n+15n)/\n (O“il T O‘:l_:ll) +1) ,
As

where the index of rows is A = (A1,..., Apy1) € N*TL with Ay + -+ N, < Lo and 0 < A\,1 < Ly, while
the index of columns is s € Z""1(S). Then the number

A =31l + -+ Brln — lnga
does not vanish, and if we write |A| = eV, we have

(7.9) % < DlogL + DLglog(2BS) +2(n+ 1)DL,Slog A.

The assumption on the rank of the matrix implies in particular L < (25 — 1)"*1.

Proof. We introduce two determinants, one with algebraic entries which is called A,., while the second A,
is an interpolation determinant. The determinant A, will be different from zero because of our assumption
on the rank of the matrix; from Liouville’s estimate we get a lower bound for |A,.|. Further |A,| is small,
because it is an interpolation determinant. Furthermore the difference |A, — A,,| is bounded from above by
a small multiple of |A[; this gives the desired lower bound for |A].

Step one: Lower bound for |A, |
Our hypothesis on the rank of the matrix shows that there exist L elements sV, ..., s) in ZnY(S),
such that the determinant

S

s {u) A
A, = det<(s§u> 0 BN e (58 4 59 By (@ et H)
A
does not vanish. From Proposition 3.15 we deduce
1
Z log |Ar| > Uy

with
Uy = (D —1)(Lolog(2S) +log L) + DLglog B 4 (n+ 1)DLy S log A.
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Step two: Upper bound for |A,|

Let us define
(1) 4 (1) A
A, = det (H( (n) Sn+1/81) 5 i s L1 PA +1> .
A p

=1
We apply the results of Chapter 4 to the functions

fA(’Zlﬂ s Z’n) _ Zf\l vz "6“121+ Al zZn) Ang1

and to the points
Go= (s 458 B, s 45 )y eCt,  (1<pu<L)
with 7 = 25 and R = Er (we use our assumptlon \BJ| <1). From our hypothesis E|¢;| < Dlog A we deduce

log | falr < Lolog R+ LR _ |4
i=1
< Lolog(2ES) 4+ 2nDL; S log A.
Therefore lemmas 4.1 and 4.2 give
1
with 1
Us = f@n(L) log E —log L — Lo log(2ES) — 2nDL; S log A.

Step three: Upper bound for |A, — A,
We write A, as a polynomial in a,...,a,41 and a7 ',..., a;,;; with coefficients in Q(B1, ..., B):

A - Z Qta . f;i:ll7
where t = (t1,...,tny1) with [¢;| < LLyS. Thanks to our hypothesis |8;| <1 we have
Sl < Li@28)Ee.
t

The number A,, is obtained by replacing «,,+1 by afl coabn. Weset o=,y and y = aft - afn:

A, — A, = E qteélh-‘r'”fntn (xtn+1 _ ytn+1).
i

Since |¢;| < (D/E)log A, we have

nD
log |A, — A,| < Llog L + LLglog(2S) + fLLlSlogAJrlogl ‘max |zt — ot

For any integer ¢ in the range —LL1S <t < LIS, we have (compare with exercise 1 of Chapter 1; notice
also that there is no loss of generality to assume |A|LL;S < 1)
@t —y'| < laf | [1— e < eltfnaljpafel
< eLLls\A|eLL15w"“|.
Therefore
log |z — ¢! < %LLlSlogA +log(LL,1S)+1—U.

We shall bound D
1+1log(2LL,S) + E(n +1)LL;Slog A

by (n+ 1)DLL,Slog A. This is allowed by the inequalities A > e, E>e, D >1,n>1,5>2, L; > 2 and
L > 9, and the fact that the number z = 2eLL,S is greater than 72e, hence satisfies logz < (1/€?)(e — 1).
We deduce

A, — A, < e LUs

with
log 2

U
Us = T Lolog(2S) — (n+1)DL,Slog A —log L +
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Step four: Conclusion
We write the triangular inequality:

|Ar| < |An| + |AT - An‘

from which we deduce, using steps 1, 2 and 3,

6_LU1 < e—LUg _,’_e—LUg.

Our assumption (7.8) implies U; + (1/L)log2 < Us, from which we deduce Us < U; + (1/L)log2. This
concludes the proof of Proposition 7.7. []

1Proof of Theorem 7.1 We first deduce from Proposition 7.7 the following result:

Proposition 7.10. — With the same assumptions as in Theorem 7.1, assume that there is no linear relation
bi1p1+ -+ by Bm = 0 between By, ..., B, with rational integers b; satisfying

0< max ;| < 22(m=1)° where T = [10°m*Dlog H|.
<i<m

Assume also that {4, ..., ¢, are linearly independent over Q. Then the conclusion of Theorem 7.1 holds with
k(m) replaced by 2m?, namely
|A| > exp{—(10°m>Dlog H)Qm3 }.

Proof.

a) We divide by the largest |5;].
We shall assume f3,, = —1 and |3;| < 1 for 1 <i < m — 1, and in this case we shall prove the lower
bound
IA] > exp{—(10°m® D log H)>™ ~}.

The general case will follow from Liouville’s inequality (3.13):

| >HP
1r§I§'a§Xm |ﬂj| =

thanks to the trivial upper bound
(10*m®Dlog H)*™*~' + Dlog H < (10°m®Dlog H)>™" .

We shall use Proposition 7.7 withn =m — 1, E=e, A= H, B= H™ (cf. exercise 3 of Chapter 3). We
shall check later L > 2"e™*!; lemma 4.3 shows that one has ©,,(L) > nL'*T(/™) /ge.

b) Preliminary comments.

Let us explain how we shall choose our other parameters; we shall make the real choice only later.

We want to choose Lo, L; and S positive integers so that the right hand side of (7.9) is as small as
possible, while condition (7.8) is satisfied, and also the matrix is of maximal rank. Thanks to lemma 7.6 and
to our assumption on the linear independence of the 3’s, this last condition will be satisfied as soon as

(7.11) (2n)"TH(LoLy)™ < S™ T

(the conditions S > 2n(n + 1) and S™ > Ly will be checked later). Let us come back to condition (7.8); we
shall check below that

(7.12) Dlog(2L) + DLolog(2H"'S) + Ly < 25n° DL log H

This reduces (7.8) to the condition

6
LY™ > 150en?D Lo log H + f(?m +1)DL,Slog H.



7-10 Linear independence of logarithms of algebraic numbers
Since we do not try to get the best possible constant, we shall impose
LY" >10°n’DLologH  and  LY™ >500nDL,Slog H.
The simplest choice is
Lo = LY/ (10°n*Dlog H) ™"

and )
Ly = L' (500nDSlog H) .

We now replace L by Ly Li/n™, which is a good approximation; this gives

S n+1
1/n 3,3
LY = 5,3 (10°n* Dlog H)""".

Now we have g
3.3 n
Ly = %(10 n DlogH)
and
Ly = (10°2*Dlog H)".

From (7.11), we deduce that a good choice for S is
3 3 2n?
S:2n(10n DlogH) ,

which implies

1 ’I’Lz n
LY" = —(10°2®Dlog H)™ ™",
n

This is the way these parameters are chosen, the only substantial difference being that in Proposition 7.7

these parameters are supposed to be integers, while the preceding computations provide real numbers.

¢) Choice of the parameters.
Here is now the real choice we make. Recall that n = m — 1, hence

T = [10°(n+1)*Dlog H].
We put
S=onT?"  Lo=T>*"  and L, =T"
The following estimates for L := (LOJ”) (L1 4+ 1) will be useful:

(7.13) ponT2nt et o o nan

The inequality on the left is a consequence of the bound n! < n™, while the inequality on the right hand side

comes from the estimate
Ly 2V i+ L) <2
TL' LO L1 ’

In particular the inequality L > 2"e"*! is obvious.

d) Verification of (7.11).

We have LoL; = T2*("+1) and S+l = (2p)n+1727°(+1)  The other conditions S > 2n(n + 1) and
S™ > Ly of lemma 7.6 are trivial. Our assumption that (q,...,8,, —1 do not satisfy a linear dependence
relation with coefficients < 27'2"" shows that the conclusion of lemma 7.6 is not true. Hence the assumption
on the rank of the matrix in Proposition 7.7 is satisfied.

e) Verification of (7.8).
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We use the following estimates:
log(2L) < Lolog(3/2), log(3S) < log(6n) + 2n*logT < (250> —n — 2)log H
(this is where the assumption H > D is used); therefore
Dlog(2L) 4+ DLolog(2H"'S) + Ly < (n + 2)DLglog H + DL log(3S)

1 2
< 25n3DLglog H < — T2 +ntl
12e

because T > 10313 D log H; this proves (7.12). We also have

8 1
3n 4+ 1)DL,Slog H < 4nDL,Slog H < —— T2 +n+l o~ p2n’4n+1
g g
103n 12e

From (7.13) we deduce
1 1 2
20, (L)log E > —T?" tntl.
7On(L)log B > o ;

hence (7.8) follows.

f) Conclusion.
We can now bound U from (7.9). Using the estimates in e) above, we obviously have

1
Dlog L+ DLylog(2BS) +2(n+1)DLSlog A < 67T2n2+n+1'
e

Hence (7.9) and (7.13) yield
U< éT2n2+n+l <T(n+1)3+n37n.

We bound (n+1)2+n3—n by 2(n+1)3—1 (we are a bit sloppy at this point, but it does not really matter).
This completes the proof of Proposition 7.10. []

Finally, we deduce Theorem 7.1 from Proposition 7.10 as explained in sections 2 and 3: assume first that
£y,...,L,, are linearly independent over QQ; the conclusion is true if 3, ..., By, satisfy the linear independence
condition stated in Proposition 7.10. Otherwise, we use lemma 7.4 and get the desired conclusion thanks to
Proposition 7.10 (in property (P,,), we restrict our attention to linear independent logarithms). Finally, if
ly,..., 4y, are not Q-linearly independent, we deduce the conclusion from lemma 7.3.

10pen problem Is theorem 7.1 true without the condition e|¢;| < Dlog H ?

1Exercises 1. Prove the following refinement of lemma 7.2: let ¢4, ..., ¢,, be Q-linearly dependent logarithms
of algebraic numbers; define o; = e, (1 <j<m). For1<j<m,letlog H; > 1 be an upper bound for
max{h(a;),|¢;|/D}. Further D be the degree of the number field K = Q(au, ..., ay) over Q. Then there
exist rational integers t1, ..., %, not all of which are zero, such that

til+ -+ tply, =0
and .
Itr] < (4e(m — 1)D*)™ " log H - - -log H,y / log Hy,

for 1 <k <m.
Hint. First use exercise 9 of Chapter 3; next see [W] lemmas 2.6 and 4.1.

2. Let S be a positive integer and vy, ...,v,—, be m — r linearly independent elements in Z™(S). Show
that the vector space V they span in C™ is contained in a hyperplane of equation b1z + -+ + bz = 0
with 0 # (b1,...,by) € Z™(S") and

S =(m-r(S-1)"""+1.
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Hint. Since m —r < m, the m — r elements of this basis satisfy a linear dependence condition with rational
integral coefficients: this amounts to write that a m x (m — r) matriz has rank < m — 1 ; expanding
determinants with entries of absolute values < S —1, yields a linear relation with coefficients < (m —r)!(S —
ym-r,

3. (With D. Roy and W.M. Schmidt). Let S > 2 be a positive integer and V a subspace of R™ of codimen-
sion r > 1 satisfying the following condition (the same as in lemma 7.5)

Card((Zm(S) +V) /v) < (28 — 1)1,

a) Show that the intersection VN Z™(2S — 1) contains more than (25 —1)™~"~! points and contains a basis
of V; hence A =V NZ™ is a lattice in V of dimension m — r.
Hint. See Ezercise 2 in Chapter 10.
b) The determinant det A of the lattice A in V is the volume of V/A, i.e. the volume of a fundamental
domain of A in V (see [S2]). Check

det A < m3m=/2(28 — 1),

Hint. Choose a basis of V belonging to Z™(25 —1), and denote by P the corresponding parallelepiped. Check
that P contains a fundamental domain of V/A.
Define K = VNR™(2S —1). Check

Card(K NA)det A < vol(K + P),

where vol(K + P) is the volume of K + P in V (for the metric induced by the metric of R™). Check also
vol(K + P) <m™~"(25 —2)™~ .

¢) Denote by || - |2 the Euclidean norm in R™. Deduce from Minkowski’s theorem that there is a basis
V1, ..., Um—p of V, where v; € A satisfy

[orlla - [om—rll2 < m*" (25 = 1).
d) Let V* be the orthogonal complement of V in R™:
Vi ={2z eR™; (z,y) =0 for all y € V},

where ( , ) denotes the usual scalar product in R™. Then At = Z™ N V+ is a lattice in Y+ of dimension r,
with det A+ = det A (see [S2] Chap. 1). Deduce that V is intersection of 7 hyperplanes in R™ of equations

(bi, z) =0, (1<i<r),
where b; = (b;1,...,bim) are in Z™ and satisfy

[b1ll2 - brfl2 < m>"=7 (28 — 1).

4. Refine Theorem 7.10 by replacing the single parameter H by two parameters A and B satisfying
h(8j) <logB,  (1<j<m),
max{h(a;), [¢;|/D} <log A, (1 <j<m),
log B > log(D log A);
then in the conclusion the factor (D log H )27"3 can be replaced by

(D™ (log B)*™ ' log A) "
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8.— ZERO ESTIMATE (CONTINUED) by Damien ROY

The present chapter is devoted to a refinement of Proposition 5.1.

Let K be a field of zero characteristic and let dg, d; be two non-negative integers with d = dg + d; > 0.
We denote by G the group K% x (K*)% ; the group law on G will be written additively ; hence its neutral
element is denoted by 0. When ¥ is a finite subset of G and n a positive integer, we define

Sl ={o1+ - +on;(01,...,0,) €EX"}.
For each subgroup ® of Z%, we denote by Ty the following subgroup of (K*)?::

TCD = {(yla'”aydl) € (K*)dlayfl yildl =1 for all ¥ = (3017'-'730{11) E(D}

Our aim is to show:

Proposition 8.1. — Let ¥ be a finite subset of G containing 0. Assume that there exists a non-zero
polynomial in K[X,..., Xga,,Y1,...,Yq,], of total degree < Dy in X1,...,Xa, and of total degree < Dy in
Yi,...,Yy,, which vanishes on £[d]. Then there exist a vector subspace V of K% of dimension dy > 0 and
a subgroup ® of Z% of rank d, — 6, with § = 0y + 6; < d such that

LCard((E +(V xTy))/(V x T¢)) < dt

do—9 d1—6
pdo—do pdi—d1
d0!d1! ~ doldy! T ° !

In fact, we will establish this result in the case where K is algebraically closed. The general case will
be left to the reader (see exercise 1).

1 Some algebraic geometry In this section and in the following ones, K denotes an algebraically closed field
of characteristic zero. In the applications, one can take K equal either to C or to the algebraic closure of Q
in C. We also fix a positive integer d.

(a) Algebraic subsets of K¢

An algebraic subset of K¢ is a subset of K¢ which is the set of common zeroes of a family of polynomials
in K[Xq,...,X4]

From this definition, it follows that the intersection of any family of algebraic subsets of K¢ is again
an algebraic subset of K¢. In particular each subset E of K¢ is contained in a smallest algebraic subset of
K which will be denoted by E: this is the set of common zeroes of the polynomials which vanish on E. A
finite union of algebraic subsets of K¢ is also an algebraic subset of K?. In particular, if F is a finite union
of sets E1, ..., E,, then E is the union of E1,...,E,.

An algebraic subset of K¢ is called drreducible if it cannot be written as the union of two algebraic
subsets of K? properly contained in it. An irreducible algebraic subset of K¢ is also called an algebraic
subvariety of K¢. Thus, if an algebraic subvariety of K¢ is contained in a finite union of algebraic subsets of
K then it is contained in one of them. The empty set, the space K% and the points of K% are examples of
algebraic subvarieties of K¢. One can show that each algebraic subset V of K¢ is a finite union of algebraic
subvarieties V,...,V, of K¢

V=Wu-.-UVs.

In this decomposition of V', one can require the condition V; ¢ V; for ¢ # j. In this case the subvarieties V;
are uniquely determined: they are the maximal irreducible algebraic subsets of K¢ contained in V, and they
are called the irreducible components of V.

To each non-empty algebraic subvariety of K¢ is attached a dimension which is a non-negative integer
< d. This dimension satisfies the following properties:
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(i) for a point it is 0, for K7 it is d ;

(ii) if V1, V; are two distinct algebraic subvarieties of K¢ and if V; C V5, then dim(V;) < dim(V3).
The dimension of a non-empty algebraic subset of K¢ is defined as the maximum of the dimensions of its
irreducible components. We observe:

If V, V' are two algebraic subsets of K¢ with V' C V, then we have dim(V’) < dim(V), with equality
if and only if V and V' have a common irreducible component of dimension dim(V'). This follows from the
property (ii) and from the fact that each irreducible component of V' is contained in one of V. In particular,
an algebraic subset V of K¢ of dimension n contains only finitely many subvarieties of K of dimension n.

(b) Hilbert—Samuel polynomial

Let dy, d;, be two non-negative integers with sum d. We now write K¢ as a product K% x K% and use the
letters Y71, ..., Yy, to denote the variables X 4,41, . .., X4. A polynomial P(X,Y) € K[X1,..., X4, Y1,...,Ya, |l
is said to be of bidegree < (Dy, D7) if its total degree with respect to the variables X7, ..., Xy, is < Dy and
its total degree in the variables Y7,...,Yy, is < D;. We denote by K[X, X]S(Do,Dl) the set of elements in
K[X,Y] which are of bidegree < (Dg, D).

Let E be a non-empty subset of K% x K. We denote by K the set of mappings from E into K, and
we consider the K-linear map

resp : K[X,Y] — K¥

which maps each polynomial P € K[X,Y] to the restriction to E of the polynomial map from K% in K
induced by P. For each (Dg, D) € N2 we set

H(E; Dy, Dy) = dimg (resE (K[X, Z}gwo,m)))
Since the kernels of resp and resy are the same, we have
H(E; Dy, D) = H(E; Dy, D1).
The main point is that for all (Do, D1) € N2 with Dy and D, sufficiently large, H(E; Do, D1) coincides with

the value at the point (Dg, D1) of a polynomial whose degree is the dimension of E:

H(E;Do,Dy) = Y a;;DyD]  with n=dim(E).
i+j<n
This polynomial which gives the value of H(F; Dy, D;) for sufficiently large Dy and D is called the Hilbert—
Samuel bi-homogeneous polynomial of E. In fact, each decomposition of K¢ into a product K% x - .. x K9
with s > 0 gives rise, as above, to a multi-homogeneous Hilbert—Samuel polynomial of E. For s = 0, this is
the usual Hilbert—Samuel polynomial of F.
Let us come back to our special case and denote by

H(E;Do,Dl) Z’fl' Z aijDéD{
i+j=n

the product by n! of the homogeneous part of degree n = dim(E) of the polynomial which coincides with
H(E; Dy, Dy) for sufficiently large Dy and D;. It can be proven that the coefficients of H(FE; Dy, D1) are
rational and non-negative. In the sequel we will need the important fact that if V' is an algebraic subset of
K® of dimension n and if Vi, ..., V, are its irreducible components of dimension n, then

H(V; Do, D) = ZH(Vi§DO;D1)~
i=1
Example. For V = K% we have
H(K% Dy, Dy) = dimg (K[X7X]S(DO,DI))

_ DO + dO Dl + dl
S\ do dy
11

— do 1d
= q il
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hence dl
H(K% Do, D1) = ——D§° D"
doldy!

If we choose dy = d and dy = 0, the function H(E; D, D1) defined previously does not depend on Dy, and
neither does H(F; D, D1). In that case, we denote them respectively by H(E; D) and H(E; D). For any D €
N, H(E; D) is simply the dimension over K of the space of mappings from E to K induced by polynomials
of degree < D. We also have H(E; Dy, D) = H(E; D) and H(E; Dy, D) = H(E; D) independently of Dy if
do = 0 and d; = d. We conclude this section with a proof of the following result.

Lemma 8.2. — Assume do,d1 > 0. Let Ey and E; be respectively non-empty subsets of K and K%,
and let 69 and d1 be the respective dimensions of Ey and E1. Then, the dimension of Eq X Ey is §g + 61 and

we have

(00 + d1)!
0ol0q!
Proof. Let E = Ey x E1. We first observe that we have

H(E; Do, Dy) = H(Ey; Do)H(Eq; Dy)

H(EO X EI;DO,Dl) = H(Eo,DQ)H(El,Dl)

for all (Do, Dy) € N2. In fact, if Sy is a maximal subset of K[X]<p, whose image under resg, is linearly in-
dependent in K% and if S; is a maximal subset of K[Y]<p, whose image under resg, is linearly independent
in K1, then the set S consisting of all products P(X)Q(Y) with P(X) € Sy and Q(Y) € S; is a maximal
subset of K[X, Z]S( Do,D1) whose image under resg is linearly independent in K £ Since the cardinality of
So and Sy are respectively H(Ey; Do) and H(FE; Dy), this gives the above equality. Therefore, for large
integers Dy, D1, the value of H(FE; Dy, D1) is given by the product of a polynomial in Dy of degree §y with
a polynomial in D; of degree §;. This shows that the dimension of Fy x E; is dp + 61 and the equality of
the lemma follows. []

1 Algebraic subgroups of G We denote by K* the multiplicative group of non-zero elements in K, and by G
the product K x (K*)% of dy copies of the additive group of K with d; copies of the multiplicative group
K*. A subset E of G is called an algebraic subset of G if E is the set of common zeroes in G of a family of
polynomials in K[X,Y], a condition which is equivalent to E = EN G ; the dimension of F is then defined
as the dimension of E or equivalently as the degree of the polynomial H(E; Dy, D1). Further, a subset H of
G is called an algebraic subgroup of G if H is at the same time a subgroup of G and an algebraic subset of
G. When dy > 0 (resp. when d; > 0), we have the corresponding notions of algebraic subsets and algebraic
subgroups of K (resp. of (K*)™).

If dy > 0, each vector subspace V of K% is an algebraic subgroup of K% since it is defined by linear
equations. On the other hand, if d; > 0, then for each subgroup ® of Z% , the set

To = {(y1,- - ya) € (K) M5y -y =1 forall (p1,...,00,) € P}
Pdy

is an algebraic subgroup of (K*)%, because, after multiplication of both sides of each equation y{* - - - Ya,
by a product of powers of the y; with sufficiently large positive exponents, we get a set of polynomial equations
which define Tg. As a consequence, the products V x Tg are algebraic subgroups of GG, being understood
that such a product is V if d; = 0, and that it is T if dg = 0. We will show that the converse holds and
moreover that we have:

Proposition 8.3. — The algebraic subgroups of G are the products V x Tg, where V is a vector subspace
of K% and ® a subgroup of Z% . For such a product, we have

!
H(V x Tp; Dy, Dy) > mDSOD‘fl,
where §y = dimg (V), 61 = d1 — rkz(®) and § = 5y + 1.

The proof of this inequality will follow immediately from the next three lemmas. Before going into
these lemmas, let us observe that, since no non-zero polynomial vanishes identically on G, we have G = K.
Therefore the dimension of G is d and, from the example given before Lemma 8.2, we get

d!
doldy!

(8.4) H(G; Do, Dy) = DD,
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Lemma 8.5. — Assume dy > 0 and dy > 0. Then, the algebraic subgroups of G are the products Hy x H;
where Hy is an algebraic subgroup of K% and H; an algebraic subgroup of (K*)%. Moreover, if the
dimensions of Hy and H; are respectively dy and 1, then the dimension of Hy x Hy is dg + 61, and for all
(Do, D1) € N? we have

(60 + 61)!

H(HO XHl;Do,D1>: (50'51'

H(H(); Do)H(Hl; Dl)

Proof. Tt is clear that the product of an algebraic subgroup of K by an algebraic subgroup of (K*)% is an

algebraic subgroup of G. It remains to show the converse. The rest of the lemma follows from Lemma 8.2.
Let H be an algebraic subgroup of G. Define

Ho={x e K®; (z,1) € H} and Hi={ye (K" )";(0,y) € H}

where 0 and 1 denote respectively the neutral elements of K% and (K *)d1 Then, Hy and H; are algebraic
subgroups of K% and (K*)% respectively, and their product Hy x H; is contained in H. To prove that
H is precisely Hy x Hj, we choose an element (z,y) of H and a polynomial P(X,Y) € K[X,Y] which
vanishes identically on H, and we show that P vanishes at (z,1) and (0,y): since P is arbitrary, this will
imply that (z,1) and (0,y) belong to H, and therefore (x,y) € Hy x Hy. Let us write z = (21,...,24,) and
y = (y1,---,Y4,), and consider the function f:Z? — K given by

f(m,n) :P(mxlv'”amxdmy?;“-aygl)

for all (m,n) € Z2. After simplifications, it can be written in the form
flm,n) =" Qi(m)a}
i=1

where Q1(X),...,Qs(X) are elements of K[X] and ay,...,as are distinct elements of K*. Since P vanishes
on n(x,y) for all n € Z, we have f(n,n) = 0 for the same values of n. By a property of exponential
polynomials (see Chapter 2, Ex. 2), this implies that Q1(X),...,Qs(X) are all equal to 0, and so the
function f vanishes identically on Z?. In particular we have f(1,0) = 0 and f(0,1) = 0 which mean that P
vanishes at (x,1) and at (0,%). []

Lemma 8.6. — Assume dy > 0. Then, the algebraic subgroups of K are its vector subspaces over K. If
V is a vector subspace of K% over K and if &, is its dimension over K, then 6y is also the dimension of V
as an algebraic subgroup of K%, and for all D € N we have

H(V; D) = D%,

Proof. Let H be an algebraic subgroup of K%. It is closed under addition; so, to prove that it is a vector
subspace of K% it suffices to show that it is also closed under scalar multiplication by the elements of K.
Let © = (21,...,%4,) be an element of H and let P(X) € K[X] be a polynomial which vanishes identically
on H. The function f: K — K given by f(t) = P(tx1,...,txq,) for all ¢ € K is a polynomial map. Since
P(nx) = 0 for all n € Z, it vanishes on Z and so it vanishes identically on K. The choice of P being arbitrary,
this shows that tx belongs to H for all ¢ € K, thereby proving that H is closed under scalar multiplication.
Conversely, let V be a vector subspace of K% over K. We already noticed that V is an algebraic
subgroup of K%. If V = 0, we have H(V;D) = 1 for all D € N. Assume V # 0. Put §y = dimg(V)
and choose a K-isomorphism #: K% — V. The vector space of mappings from V to K is isomorphic to the
vector space of mappings from K% to K via the map that sends a function f:V — K to the composite
fof: K% — K. If fis induced by a polynomial of K[X7,...,X4,] of degree < D then f o6 is induced by a
polynomial of K[Xj,...,Xs,] of degree < D, and conversely. This shows that for all D € N, we have

D—‘r(So) :L

. _ So ...
H(V,D)-( 5 50!D +

The formula for H(V; D) follows. []
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Lemma 8.7. — Assume d, > 0. Then, the map which sends a subgroup ® of Z% to the subgroup Tg of
(K*)% establishes a bijection between the subgroups of Z% and the algebraic subgroups of (K*)%. Moreover,
if ® is subgroup of Z% of rank dy — 61, then the dimension of Ty is 61 and for all D € N we have

H(Ty; D) > DO,

Proof. For each ¢ = (1,...,¢4,) € Z% we define a character x,: (K*)% — K* by

ch(y17~~'ayd1) = yfl "'y:jpldl for all (y17"'ayd1) € (K*)dl'

We also associate to each algebraic subgroup H of (K*)% a subgroup ®(H) of Z%:
O(H) = {p € ZM; H C ker(xy)}-

Our aim is to show that the map which sends a subgroup ® of Z% to the algebraic subgroup T of (K*)%,
and the map which sends an algebraic subgroup H of (K*)% to the subgroup ®(H) of Z% are inverse one
to the other. This will prove the first half of the proposition. We readily note the inclusions H C Ty and
® C ®(Tp). It remains to show that in both cases we in fact have an equality.

Consider first an algebraic subgroup H of (K*)% and put H' = Tg(gy. By construction, if ¢ and ¢ are
elements of Z%, then x,, and y, restrict to the same character of H in K* if and only if ¢ and ¢ belong
to the same translate of ®(H) in Z%, in which case they also restrict to the same character of H’. We will
show the equality H = H' by proving that any polynomial P(Y) € K[Y] which vanishes on H also vanishes
on H'. In fact, the function f:(K*)% — K induced by a polynomial can be written as a linear combination

[ = E::p¢Xw

pER

where R is a finite subset of N% and (Py)per is a family of elements of K. Let R be the image of R under
the canonical map from Z% to Z% /®(H). For each p € R, we denote by Ry the inverse image of ¥ in R
and by xz and X/E the respective characters of H and H’ in K* induced by restriction by x,, for any ¢ € @:
these characters do not depend on the choice of ¢. Then, the restriction of f to H and H' are respectively

S (X 0wt (X )

peR ¢E€Rg peR ¥E€Rs

If f vanishes on H, then the left sum is zero, and since the mappings xz with @ € R are distinct characters
of H in K*, Artin’s theorem on the independence of characters (*) implies that they are linearly independent
over K. We then have

Z p, =0 foral peR,

PERS

and this shows that the restriction of f to H' is also zero.

Now, let ® be a subgroup of Z% and let ® = ®(T). We have ® C & and Ty = Tp:. If & # &', then,
since K is algebraically closed, there exists a non-trivial character of ® in K* which is trivial on ®. This
character extends to a character ¢: Z% — K* given by

C(gola"'agodl):yclpl”'y;aldl

for an element y = (y1,...,%q,) of (K*)%. By construction, we have y € Tp and y ¢ Ty,. This contradiction
shows that we must have ® = @',

(*) See for instance S. Lang, Algebra, Second Ed. (1984), Addison Wesley, Chap.8, Theorem 4.1.
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Finally, let ® be a subgroup of Z% and let §; = d; — rkz(®). We choose among the canonical basis of
Z% over 7Z a maximal subset {u1,...,us } whose image in Z% /® is linearly independent over Z. For each
D € N, we form the sets

dy

AD) ={(ar,...,a4,) + ®; (a1,...,aq,) € N> a; < D},
i=1

o1
B(D) ={aju1 +--- +as,us, +®; (a1,...,a5) € N‘sl,Zai < D},
i=1

01
B'(D) = {ayur + - + as,us, + ®; (a1,...,a5,) € Z,) _ |a;| < D}.

i=1
Then, H(Tg; D) is the cardinality of A(D) and, since B(D) C A(D), we get:

H(Ty; D) > Card(B(D)) = (D;‘Sl) .
1

On the other hand, since ® +Zuy + - - - + Zus, is of finite index in Z% | it contains mZ¥ for an integer m > 1,

and there exists an integer ¢ > 1 such that B’(c¢) contains mA(1). This implies mA(D) C B’(¢D), and since

A(D) is contained in the union of at most m translates of mA(D), we obtain:

H(Ty; D) = Card(A(D)) < m® (1 + 2¢D)%.

This inequality and the preceding one show that the degree of the Hilbert—Samuel polynomial of Tg is d;
and that we have H(Tg; D) > D% . In particular, Tp has dimension d;. []

1 Algebraic subvarieties of G Most definitions and results about algebraic subsets of K¢ also extend to
algebraic subsets of G. First, we see that the family of algebraic subsets of G is closed under union and
intersection. Let us say that an algebraic subset V of G is irreducible or that it is an algebraic subvariety of
G if it cannot be written as the union of two algebraic subsets of G, none of which is V. It follows from this
that whenever an algebraic subvariety of GG is contained in a finite union of algebraic subsets of G, then it
is contained in one of them. The empty set is an example of algebraic subvariety of G. In analogy with the
case of the algebraic subsets of K¢, let us define the irreducible components of an algebraic subset V of G as
the maximal algebraic subvarieties of G contained in V. Then, we have the following result which shows in
particular that each algebraic subset of G is a finite union of irreducible ones:

Lemma 8.8. — Fach algebraic subset of G has a finite number of irreducible components. If Vy, ...,V are
the distinct irreducible components of an algebraic subset V of G, then V is their union, and V1,...,V are
the distinct irreducible components of the algebraic subset V of K. Finally, if V' is an algebraic subset of
K9, and if V{,..., V! are the distinct irreducible components of V' which meet G, then V{ NG,... . V!NG
are the distinct irreducible components of the algebraic subset V' NG of G.

Proof. We begin by establishing the following fact: if V' is an algebraic subvariety of K¢, then V' NG is an
algebraic subvariety of G, and if moreover V' NG # ), then V' = V' NG. In fact, let V'’ be an algebraic
subvariety of K¢. If V' N G is empty, it is certainly irreducible. Assume V' NG # (). We observe that the
complement of G in K% is an algebraic subset U of K%:

U= {($17"'7xd07y17"'7yd1) eKdO XKd1§il/1"'yd1 20}7

and that we have V' C (V' N G)UU. Since V' is irreducible and not contained in U, this implies V' C V' N G,
hence V' = V' N G. Moreover, let Vi, V5 be algebraic subsets of G whose union is V/ N G. From the equality
V' =V'NG, we deduce V! = V; UV,. Since V' is irreducible this implies V' = V; for i = 1 or 2, and
therefore V' NG =V, for the same value of ¢. This shows that V' NG is irreducible and proves our assertion.

Let V' be an algebraic subset of K¢ and let V{,..., V! be the distinct irreducible components of V'
which meet G. Define V =V'NG and V; = V/NG for i = 1,...,s. Since any algebraic subset V of G arises
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in this way, we only have to show that Vi,...,V; are the distinct irreducible components of V', that their
union is V, and that V1, ...,V are the distinct irreducible components of V. We first observe that V is the
union of Vi, ..., Vs since V' is the union of its irreducible components. By the fact proven at the beginning,
Vi,..., Vs are irreducible and we have V/ =V, for i = 1,...,s. Since V/ ¢ V/ for i # j, this implies V; ¢ V;
for ¢ # j. Therefore V1, ..., Vy are the distinct irreducible components of V. Finally, since V' is the union of
Vi,..., Vs, the set V is the union of V1,...,V,. Since V1,...,V are distinct irreducible components of V",
they are all the distinct irreducible components of V. []

Remark. The proof of this lemma rests on the fact that G is the complement of an algebraic subset U of
K. A similar result holds in general for the algebraic subsets of any quasi-affine algebraic subvariety of K¢
(see Chapter 1, §1 of [H]).

Lemma 8.9. — If W, V are non-empty algebraic subsets of G with W C V, then their dimensions satisfy
dim(W) < dim(V') with equality if and only if W and V' have a common irreducible component of dimension
dim(V); in particular, V contains only finitely many algebraic subvarieties of G of dimension dim(V).

Proof. Since W C V, we have W C V, and the conclusion follows from the corresponding fact about algebraic
subsets of K7, using Lemma 8.8. []

Lemma 8.10. — Let V' be a non-empty algebraic subset of G and let V1, ...V, be its irreducible compo-
nents of dimension dim(V'). Then, for all (Dy, D1) € N2, we have

H(V; Do, D1) =Y H(Vi; Do, Dy).

i=1

Proof. By Lemma 8.8, Vq,...,V, are the irreducible components of V of dimension dim(V’). Therefore,
the polynomial H(V; Dy, D1) associated to V is the sum of the corresponding polynomials associated to
Vi,...,V,. The equality of the lemma then follows from the fact that, for each subset E of K¢, the
polynomial H(E; Dy, D;) associated to E is the same as the corresponding polynomial associated to E. []

For each g € G, we denote by 74: G — G, the operator of translation by g in G:
() =g+« for all z € G.

Looking at the addition law in G, we see that each 7, is given in coordinates by polynomials of degree 1.
We will need these operators in the proofs of the next three lemmas.

Lemma 8.11. — Let V' be a non-empty algebraic subset of G and let g € G. Then, g + V is an algebraic
subset of G with the same dimension as V and we have

H(g+V; Do, D1) = H(V; Do, D1)
for all (Dg, D1) € N%; moreover, g+ V is irreducible if V is irreducible.

Proof. By hypothesis, V' is the set of common zeroes in G of a family of polynomials {P,},es. Therefore,
g+ V =14(V) is the set of common zeroes in G of the polynomials P, o 7_, with € I. This proves that
g+ V is an algebraic subset of G.

The vector space of mappings from g + V to K is isomorphic to the vector space of mappings from V'
to K under the map which sends a function f: g+ V — K to the composite f o 7,:V — K. If f is induced
by a polynomial of bidegree < (Dy, D1), then f o7y is also induced by a polynomial of bidegree < (Dy, D1),
and conversely. We therefore have

H(g+V; Do, Dy) = H(V; Do, Dy)

for all (Do, D1) € N2. This shows that V and g+ V have the same Hilbert-Samuel polynomial. Consequently,
they have the same dimension, and the polynomials H(g + V; Do, D1) and H(V; Do, D7) coincide for all
(Do, Dl) e N2,

Finally, assume that V' is irreducible. If g +V were not irreducible, it could be written as the union of
two algebraic subsets V7, V5 of G both distinct from g+ V'; then V' would be the union of —g+V; and —g+ V5,
and this is a contradiction since both are algebraic subsets of G which are distinct from V. Therefore g+ V
is irreducible. []
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Lemma 8.12. — Let H be an algebraic subgroup of G, and let E be a finite and non-empty union of
translates of H in G. Then, E is an algebraic subset of G and, for all (Dy, D1) € N2, we have

H(E, Do, Dl) = Card(E/H)’H(H, .D()7 Dl)

Proof. Let n be the dimension of H. Lemma 8.11 shows that each translate g + H of H is an algebraic
subset of G of dimension n and that the polynomials H(g + H; Dy, D1) and H(H; Dy, D1) are the same.
Since FE is a disjoint union of translates of H, E is therefore an algebraic subset of G of dimension n, and
the conclusion follows by applying Lemma 8.10. []

Lemma 8.13. — Let V and X be algebraic subsets of G. Define
E={gecG;g9g+V CX}.
Then E is an algebraic subset of G. Moreover, if X is defined by polynomials of bidegree < (Dy, D1), then

E is also defined by polynomials of bidegree < (Dg, D1).

Proof. Let {P,}aer be a family of polynomials whose set of common zeroes in G is X. We have

E={geG;g+veX forall veV}
={geG; Py(g+v)=0 forall acl, veV}.

This shows that E is the set of common zeroes in G of the polynomials P, o 7, with & € [ and v € V.
Therefore F is an algebraic subset of G. Furthermore, if the polynomials P, are of bidegree < (D, D1),
then the same holds for the polynomials P, o 7,. This proves the second part of the lemma. []

We conclude this section with a proof of the following fundamental result due to P. Philippon (see
Proposition 3.3 of [P]):

Proposition 8.14. — Let Dy, D1 be non-negative integers, and let V be a non-empty algebraic subset of
G which is defined by polynomials of bidegree < (Dgy, D1). Then we have

H(V, Do, Dl) § H(G, Do, Dl)

For the proof of this proposition we shall say that an algebraic subset of G or of K¢ is equidimensional
if all its irreducible components have the same dimension. We will need the following lemma:

Lemma 8.15. — Let W be an algebraic subvariety of G of dimension n > 1 and let Z be the set of zeroes
in G of a polynomial P of bidegree < (Dg, D). Assume that W N Z is not empty and distinct from W.
Then, W N Z is an equidimensional algebraic subset of G of dimension n — 1, and we have

H(W n Z; Do,Dl) S H(W, Do,Dl).

Proof. Let W' = W. By Lemma 8.8, this is an algebraic subvariety of K%, and its dimension is n. Let Z’
be the set of zeroes of P in K¢. Since W ¢ Z’, the polynomial P does not vanish identically on W’; it then
follows from Theorem 1.11A and exercise 1.8 in chapter 1 of [H] that W/ N Z’ is an equidimensional algebraic
subset of K¢ of dimension n — 1. Moreover, Lemma 3.1 of [P] gives

H(W/ N Zl; Dy, Dl) < H(W’; D(),Dl).

Since W N Z is the intersection of W’/ N Z’ with G, this implies, by virtue of Lemmas 8.8 and 8.10, that
W N Z is an equidimensional algebraic subset of G of dimension n — 1 and that we have

H(W N Z; Dy, D1) < H(W'N Z'; Do, Dy).

Since W’ = W, we also have H(W'; Dy, D1) = H(W; Dy, D1). The inequality of the lemma follows. []
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Remark. In particular, if we choose W = G, the preceding lemma shows that the set of zeroes in G of a
non-zero polynomial which vanishes at least at one point of G is equidimensional of dimension d — 1.

Proof of Proposition 8.14. Define r = d — dim(V'), and let S be a family of polynomials with bidegree
< (Dg, D1) whose set of common zeroes in G is V. By induction on the integer ¢ = 0,...,r, we shall
construct an equidimensional algebraic subset V; of G of dimension d — ¢ which contains V' and satisfies

(816) ’H(V;;D(),Dl) § H(G, Do,Dl).

For ¢ = 0, we set Vj = G. Assume that V; is constructed for an integer ¢ > 0 with ¢ < r, and let W1, ..., Wy
be the irreducible components of V;. We have

Vcwiu---UWs.

Since dim(W;) = d — ¢ > dim(V), there exists for each j a polynomial P; in S which does not vanish
everywhere on Wj; let Z; be the set of zeroes of P; in G. We define

W+1:(W1QZ1)U"'U(W9ﬂZ5).

By construction, V11 contains V, therefore V; 1 # (). Without loss of generality, we may assume that there
exists an integer ¢ > 1 such that W; N Z; # 0 for j = 1,...,t, and W,; N Z; = () for j > t. Then, Lemma
8.15 shows that W; N Z; is an equidimensional algebraic subset of G' of dimension d —i —1 for j =1,...,1%.
Therefore, V; 11 is also an equidimensional algebraic subset of G of dimension d — ¢ — 1 and its irreducible
components are the union of those of W; N Z; for j =1,...,t. By virtue of Lemma 8.10, this gives

¢
H(Vig1; Do, D1) < ZH(W]' N Z;; Do, D).
j=1

Since each P; is of bidegree < (Dy, D1), we also have, by Lemma 8.15,

t t
> H(W; N Zj; Do, D1) <Y H(W;; Do, Dy).
j=1

j=1
Since W1, ..., W, are among the irreducible components of V; of dimension d — i, Lemma 8.10 gives

t
> H(W;; Do, Dy) < H(Vi; Do, Dy).

Jj=1

Combining these inequalities with (8.16), we get H(V;y1; Do, D1) < H(G; Do, D1) as required. This shows
the existence of Vj,...,V,. Since V and V,. have the same dimension d — r, the inclusion V' C V,. implies
that the irreducible components of V' of dimension d — r are among those of V,.; therefore applying Lemma
8.10 and using the relation (8.16) with ¢ = r, we get

H(V;Do,Dl) S H(VT;DQ,Dl) S H(G, D(),Dl).

The proof is complete. []
1 The zero estimate The main result of Philippon in [P] has the following consequence:

Theorem 8.17. — Let ¥ be a finite subset of G which contains 0 (the identity of G). Assume that there
exists a non-zero polynomial P of bidegree < (Dy, D1), which vanishes at each point of ¥[d]. Then there
exists an algebraic subgroup H of G, with H # G, such that

Card((X + H)/H)H(H; Dy, D1) < H(G; Do, D).
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Using Proposition 8.3 and the value of H(G; Dy, D) given by (8.4), we readily deduce Proposition 8.1
for an algebraically closed field K.

If we set Dy = Dy = D, we get a lower bound for the degree of polynomials which vanish on X[d]. The
zero estimate above is more general since it yields a constraint for the bidegree of such polynomials. In the
applications, it turns out to be essentially optimal (see exercise 3).

Proof of Theorem 8.17. Let us denote by X7 the set of zeroes of P in G. For each integer r > 2, we define

Xy = m (—o1— - —op1 4+ X1).

We can also view X, as the set of common zeroes in G of the polynomials PoT,, 4...4s, , with (o1,...,0,-1) €
¥~1. Therefore, for each integer r > 1, X, is an algebraic subset of G which is defined by polynomials of
bidegree < (Dg, D1).

The sets X7, X5, ... are related by the formulas

(8.18) Xem=[)(-0+X,), (r>=1).
gEY

Since 0 € ¥, this implies
X1 D Xo D"'DXd_H IDERE

Since P vanishes on X[d], X411 contains 0 ; therefore this set is not empty. On the other hand, since P # 0,
we have dim(X;) = d — 1. Consequently, there exists a positive integer r < d such that

dim(X,) = dim(X,11).

Let n be the common dimension of X, and X1, and let V' be an irreducible component of dimension n of
X,+1. Using (8.18), we get
Ve ()(-o+X);

ceY

hence for all o0 € ¥, 0 + V is contained in X,.. We set
E={geG;g+V CX,.}

We just showed ¥ C E. We also set
H={geG;9g+V =V}

and
R={g+V;g€FE}

From lemma 8.11 we deduce that the elements in the set R are, like V', algebraic subvarieties of G of
dimension n. Since they are contained in X, and since X, has dimension n, R is a finite set. We notice
also that H is a subgroup of G, that E is stable under translation by the elements of H, and that there is a
bijection
E/H — R.
Therefore F is a finite union of translates of H. Lemma 8.13, with X = V| shows that H is an algebraic
subset of G. Hence H is an algebraic subgroup of G. It is distinct from G because V is non-empty and
strictly contained in G. Applying again lemma 8.13, but with X = X, shows that E is an algebraic subset
of G, which is defined, like X,., by polynomials of bidegree < (Dg, D1). Since FE is a finite union of translates
of H, lemma 8.12 gives
H(E, Do, Dl) = Card(E/H)H(H, Do, Dl)

Since E is defined by polynomials of bidegree < (Dy, D1), Proposition 8.14 provides an upper bound for the
left hand side of the previous equality:

H(E, Do,Dl) S H(G, Do, Dl)
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Finally, since ¥ C F, we have
Card(E/H) > Card((X + H)/H).

0

1Exercises 1. Prove Proposition 8.1 for any field K of characteristic zero on the basis that it is true when
K is algebraically closed.

Hint. For all fields K and all subgroups ® of Z% , define G(K) = K% x (K*)% and
To(K) = {(y1,-- ya) € (K597 oyg =1 forall o = (¢1,-.., 0a,) € P}

Now, fiz a field K of characteristic zero and denote by K its algebraic closure. Assume that there exists a
non-zero polynomial P € K[X,Y] of bidegree < (Dy, D1) which vanishes at each point of X[d] where ¥ is a
finite subset of G(K) containing 0. Since P belongs to K[X,Y] and since X is contained in G(K), we know
that there exist a vector subspace V. of K% of dimension 6y > 0 and a subgroup ® of Z% of rank dy — 6,
with § = 6o + 81 < d such that the subgroup H =V x Te(K) of G(K) satisfies

iCard((E—i—H)/H) <&

Ddo—(SoDdl—él .
0o'07! ~ doldy! 0 1

Show that
Card((X+ H)/H) = Card((X + H')/H')

where H' is the subgroup (V N K%) x Ty(K) of G(K).

2. Let H be an algebraic subgroup of G. Show that exactly one of the irreducible components of H
is an algebraic subgroup H' of G and that the others are translates of H'. Deduce from this that H is
equidimensional.

Hint. Let n be the dimension of H, and let V be an irreducible component of H of dimension n. Define
H ={geG;g+V =V} and R={g+V;ge H}.

Show that H' is an algebraic subgroup of H, that R is the set of all irreducible components of H and that
the quotient H/H' is in bijection with R. Deduce from this that the dimension of H' is n. Moreover, choose
g € V and show that H' is contained in —g+ V. Since —g+V is irreducible and has dimension n, conclude
that H' coincides with it.

3. (A converse to Theorem 8.17) Let X be a finite subset of G and let G’ be an algebraic subgroup of G
with G’ # G. Show that for any (Dg, D1) € N? satisfying

(8.19) Card((X + G")/G")H(G'; Dy, D1) < H(G; Do, D)

there exists a non-zero polynomial P of bidegree < (Dg, D;), which vanishes at each point of X.

Hint. Let F = Usex(o+G'). Show that the left hand side of (8.19) is > H(FE; Dy, D1). Therefore, if (8.19)
holds, there exists a non-zero polynomial P of bidegree < (Dg, D1) which vanishes identically on E.

4. Use Proposition 8.14 with dy = n and d; = 0 to prove Lemma 5.6, namely that if I is a finite algebraic
subset of K™ defined by polynomials of K[X7, ..., X,] of degree < D, then the cardinality of F is < D™.

Hint. Show that for a finite algebraic subset F' of K™, the polynomial H(F;T) € K[T) is constant, equal to
the cardinality of F'.
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9.— INTERPOLATION DETERMINANTS (CONTINUED)

Our purpose in this Chapter is to introduce two refinements in the estimates of Chapter 7: in the upper
bound for |A,,|, we replace the function ®, (L) by a larger function ®,,(Lg, L), which takes into account the

fact that the interpolation determinant ( f1(¢,) ) involves functions fy of the form

At on g (e )

where 0 < \; < Ly for 1 < ¢ < n, and ¢; are analytic functions of a single variable (see section 1). The
point is that, apart from monomials in z,..., z,, the functions f, depend only of one variable. There is
a connection (which is explained in [W]; see also Chapter 12) with the main idea of Baker’s extrapolation
argument, where derivatives are taken (in an n-dimensional space) of an auxiliary function, at several points
which all lie on a complex line (of dimension 1).

The second refinement is due to M. Laurent [L]: in the transcendence proof we gave in Chapter 7, the
upper bound for |A,| came from the triangular inequality |A,| < |A,, — A.| 4+ |A,|. The last term is quite
small, but the difference |A,, — A,| was estimated very crudely: we said that it is at most the product of
A by some number which is not too large. Michel Laurent wrote the expansion of this difference in powers
of A and found that the first coefficients are pretty small, essentially as small as |A,| (they are almost
interpolation polynomials, again). As a consequence, in the upper bound for |A,|, it is possible to replace
the main term U/L by U (see section 2).

1 Improving the analytic upper bound for the interpolation determinant

Let n, Ly and L be positive integers, ¢1,...,@r be analytic functions in C, ¢4,...,¢, be complex
numbers, and ay; (for 1 < i <n, 1 < X < L) be non-negative rational integers with ax; + -+ + ax, < Lo,
(1< A< L). We define, for 1 < X < L,

f)\(zh .. .,Zn) = ZfAI e szn@)\(glzl + - +£nzn)

Further let (1,...,(r be elements of C™. We consider the determinant

A = det (f/\(Cu)) ;

1<\, u<L

The upper bound we shall produce depends on the following quantity:

On(Lo, L) = min {[[m1]| +--- + [~}
where the minimum runs over the L-tuples (ki,...,kr) of elements of N™ which are pairwise distinct and
satisfy kKxo + -+ Kan < Lo for 1 < A< L.

Lemma 9.1. — The function of one complex variable z

U(z) = det <f,\(zcu)>

1<Au<L

has a zero at z = 0 of multiplicity > (:)n(LO, L).

Proof. The multiplicity of the zero of ¥ at the origin is not affected by a change of variables in C™; also such
a change of variables will not modify the degree of the monomials in z1, ..., 2,; therefore we may assume
by =---=1{,=0.

Since the determinant is multilinear, by expanding each ¢, in Taylor series at the origin, we may assume
that each fy is a monomial f)(¢) = ¢**, with kx = (ka1,...,kan) € N® and kxo + -+ + £xn < Lo. In this
case fx(2¢) = ¢ 2ImAl If the elements k1, ..., sz in N® are not pairwise distinct, then ¥ = 0. If they are
pairwise distinct, then ¥ has a zero at 0 of multiplicity at least ||k1||+ - -+ ||xz||, which proves our claim. []

Here is a lower bound for the coefficient ©,, (L, L):
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Lemma 9.2. — For L > 2n(L°:") and Ly > 2 we have

- L2
6, (Lo, L) > ————.
( 0 ) > 4(L0+n—1)

n—1

Notice that this estimate yields a stronger result than lemma 4.2 only if Lg is small compared with
LY in our case we shall have L = (“°7")(L; + 1), and the main term in the final estimate involves

L (Lo+n)(L1+1) ' . ;
(L0+n1—1) == n - in place of LY < (Lo 4 n)(Ly +1)Y/™.

Proof. To begin with we assume only L > 2 and Ly > 1. The lower bound is true for n = 1 (see lemma 2.2);
hence we may assume n > 2. The smallest value for the sum ||x1]| + -+ + ||xL]| is reached when we choose
successively, for each integers a = 0,1, ..., all points in the domain

D, = {(xl,...,xn) eN":xo+- - +x, < Lo, z14+ -+ xp :a},
and we stop when the total number of points is L. For a > L the number of points in D, is exactly (L":fl_l)
(once (xa,...,2,) is chosen, there is exactly one value for z1); for a < Ly the number of points in D, is at
most (atr_ﬁl) (we just forget the condition involving Lg), hence the number of points we get by varying a
between 0 and, say, A — 1 (with A > L), is at most

Lo—1
Lo+n—1 a+n-—1 Lo+n—1
A—L =(A—-Lp+1 .
( 0)( n—1 )+;< n—1 ) ( 0t )< n—1 )
Therefore, it A is such that the above quantity is at most L, then

A—1

~ Lo+n—1 1/Lyp+n—1

O©,(Lo, L) > EL ( On_l )a:2< On_l )(A—LO)(A—i—LO—l).
a=Lg

We now assume L > 2n (L‘):") and Lo > 2, and we choose
L
A= 7(L0+n71) + 1.
n—1

From the inequality Ly > 2 we deduce that the required condition

L0+TL—1
(A—L0+1)( 01 ><L

is satisfied. Since A+ Lo—1>A+1>L/ (L":fl_l) we get

Ou(Lo, ) > £ (A~ Lo).

Our assumption L > 2n (L‘):n) implies L > 2(Lg + 1)(L°+"_1), hence

n—1

L

n—1

A—Lg>

This completes the proof of lemma 9.2. []

1 Improving the upper bound for the distance between the two determinants The refinements which we give
here rest on an idea due to M. Laurent [L].
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Lemma 9.3. — Let
A= (a,\u) and B= (bAN)
1<Au<L 1<A <L

be two L x L matrices with complex coefficients, and let ¢ be a complex number. Then

det(A+eB) = Z LA,
Ic{1,...,L}

where I runs over the subsets of {1,..., L}, |I| is the number of elements in I, and

A7 = det (CE\IM)) ,
1<, u<L
with
@ Jan, ifrel
N = by, ifFAEIL

Proof. This follows from the multilinearity of the determinant. []

We shall apply this result when A in an interpolation matrix, with ax, = f1({,), and € has a small
absolute value (less than 1). When |I| is small, say < L/2, then the coefficient ¢“~ 1| is small, namely < e*/2.
For these terms a trivial upper bound for |A;| will be sufficient. On the other hand, if |I] is large, |I| > L/2,
then Ay is almost an interpolation determinant, hence has a small absolute value. We give a more precise
result which takes into account the estimate of section 1 (corresponding to € = 0).

Lemma 9.4. — Let n, Lo, L and L’ be positive integers with L' < L, ¢1,...,pr be analytic functions in
C, l1,...,¢, be complex numbers, and ay; (for 1 < i < n, 1 < XA < L') be non-negative rational integers
with ay; + -+ -+ axp < Lg. We define, for 1 < X< L/,

f)\(zh ey Z’n) - ZfAI e ngn@)\(glzl + -+ ‘gnzn)
Further let (i,...,{r be elements of C". Furthermore, for I’ +1 < A < L and 1 < u < L let Oy be a
complex number. For1 < X\ < L' and 1 < u < L we define 65, = fr((,). Finally, let E > 1 and M, ..., M|,

be positive real numbers satisfying

My >1 1< <L/
A > og‘S&pElrénfngfx(ZCM)l, <A<IL,

M,\ZloglglﬂagLM,\,u\ L'+1< X< L.

We consider the determinant

A = det (5)\“) .
1<\ u<L

log |A| < —©,,(Lo, L") log E + log(L!) + M; + - -- + M.

Then we have

Proof. In the case L' = L, the result follows from lemmas 4.1 and 9.1. The general case involves the same
arguments. For 1 < u < L, we define functions d1,(2),...,dr.(2) of a single variable z € C by

[ H(Cuz) for1< A< L,
dAM(Z) = {6>\M for L' < )\ <L

This means that for A > L’ the function dy, is constant. We claim that the function

D(z) = det (d,\u(z)>

1<Au<L
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has a zero at the origin of multiplicity > ©,,(Lg, L’). To prove this claim, we may assume fo = --- = £, =0
and ¢y (z1) = zi’* for some by € N. In this case fy(z1,...,2,) is of the form z7* ---zf» with ky; € N and
Kae+ -+ rxan < Lo, (1 < X < L'). Therefore either two of the functions fy are the same, and then D(z) = 0,
or else D has a zero of multiplicity ||k1]| 4+ -+ ||sL/| at the origin, where £\ = (K1, ..., kxn). This proves
our claim.

We conclude the proof of lemma 9.4 by using Schwarz lemma like in the proof of lemma 4.1:

log |A| = log |D(1)| < =6, (Lo, L') log E +log sup |D(z)];
|z|=F

for |z| = E, we plainly have
log |D(2)] < log(L!) + My + -+ + My.

[
Here is a consequence of lemmas 9.3 and 9.4, which will give a much better upper bound for the
determinant A, in the transcendence proof.

Proposition 9.5. — Let Ly > 2, L, > 4n be integers and E > 1 be a real number. Define L = (L":") (Li+
1). Let ¢1,...,¢5, be analytic functions of one variable, let ¢,...,¢, be complex numbers, and, for
A= ()\1, .. '7>\n+1) e N**+1 with A+ A < Lo, )\n+1 < Ll, define

Az ) =20 oa, (e + o+ ).

For the same A, let bx1,...,bxr be complex numbers. Further, let (1,...,(r be elements in C". Define

1

V=
48n

(Lo + 1)(L1 + 1) IOgE.
Assume that, for each A as above, we have a positive real number M) for which

> >
M) > log sup B, [falzGul, - My = log max [by |

and
logL+ M, <V

Finally, let € be a complex number with
le| < e V.

Then the determinant
A= det( Fa(Co) + ebM)

A

has absolute value bounded by
|A| < 2Le BV,

Proof. Consider the set of A = (A1,..., A\py1) € N satisfying Ay + -+ + A\, < Lo, Ayy1 < L. This set

has L elements. For each subset I, we define A; = det (CE\IN)) A, Where

oD _ [ IG) forAel,
A ) by for A& I.

Define L' = |L/2|. When |I| > L', we use lemma 9.4:

log |A7| < =6, (Lo, [I|)log E + log L! + >~ M,.
A
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The assumption L; > 4n implies |I| > L' > L/2 > 2n (L":"), hence by lemma 9.2 we have

= 1? ]
O,(Lo,|I|) > ——— > —(L 1)(L 1),
( 0 | |) 4(L0:_7nl_1) 871( o+ )( 1+ )
because . /L L .
o+n 0o+ n—
> 1 > - > — .
nzgrz () @z o (0 T e+ i)
Therefore

N I
0, (Lo, 1) log E > %(LO +1)(Ly + 1) log E > 6V|1].

Hence, for |I| > L', we have
log |A;] < —4V|I];

from the hypothesis |e| < e™*V we deduce

| LA | < e AE=IDV =4IV < =LV o =LV
For |I| < L’ we use the trivial estimate

log |Ar| <log Ll + Y My < LV;
A

from the inequalities L — |[I| > L— L'+ 1> (L +1)/2 we get
|€|L—|I\|AI‘ < 6_2LV€LV < B_LV.

The number of subsets I is 2¥; the desired result follows now from lemma 9.3. []

1Exercise

1. With the notations of lemma 9.2, show that for each ¢ > 0 there exists a number ¢ = ¢(n,€), which
depends only on n and €, such that, for L > cLj and Lo > c,

6,(Lo,T) > ((i_f)_f)

n—1
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10.— A REFINED MEASURE

In this Chapter, we prove the following result, which improves Theorem 7.1.

Theorem 10.1. — Let {¢y,...,¢, be logarithms of algebraic numbers, o; = exp({;), (1 < i < m),
B1,...,8m be algebraic numbers, D be the degree of the number field Q(a1,...,Qm,B1,...,Bm) over Q
and let Ay, ..., A, and B be real numbers, which are > e, and satisfy
log A; > h(a;), DlogA; > elt;], (1<i<m)
and
logB>h(1:81::fm), B> (50mDlogA)*™

with A = max{Ai,..., A, }. If the number

does not vanish, then
|A| > exp{—(50m)*"D™*2(log B)?log A, - - -log A, }.

The main new point in the proof is an argument which enables us to avoid any assumption of linear
dependence between the coefficients f1,..., 8. The proof given in Chapter 7 shows that if a linear form
B1l1+ -+ Bpln — Lny1 assumes a sufficiently small absolute value, then a certain matrix is not of maximal
rank; we deduce from the zero estimate that there exists a vector subspace V of C"*!, of codimension r > 1,

which contains the point (81,..., B, —1), such that for some positive integer S the number of elements in
(Z"+1(S)+V)/V is relatively small; in particular we can make it smaller than (25 —1)""!. As we know from
lemma 7.5, this implies that 1, 34, ..., [, satisfy a linear dependence condition over Q with some explicit

bound for the coefficients.

However this is not very efficient. It is much better to use directly the information on the upper bound
for Card(Z"**(S) + V)/V. Instead of constructing a determinant with analytic functions in C™ (which
we view as C"™1 /C(By, ..., Bn, —1)), we take analytic functions in V/C(f4, ..., Bn, —1), which involve only
d = n — r complex variables. This is explained in section 1.

The transcendence argument is given in section 2, where a more precise result than Theorem 10.1 is
established. Finally in section 3 we deduce Theorem 10.1.

1 Construction of a non-zero determinant Let K be a field of zero characteristic, aq,...,a,+1 be non-zero

elements of K, 31,..., B, be elements of K, and Ly, L1, S1,...,Sn,+1 be positive integers. Like in Chapter

3 (§6), we denote by Z"*1(S) the set of s = (s1,...,8,+1) € Z""! which satisfy |s;| < S;, (1 <i<n+1).
Let V be a vector subspace of K™™' which contains the point (8, ..., 3., —1). We denote by d + 1

the dimension of V, by oy the canonical map from K"*! onto K"*1/V, by (e1,...,e,41) the canonical
basis of K"™! and we assume that oy(e1),...,op(e,_q) is a basis of K"T1/V. This means that if z =
(215, 2n41) € V satisfies zp,_gy1 =+ = 2p41 = 0, then z = 0.

We consider the following matrix

n /\n+1 N
Mo = (T Goyrsmasy) ™ TLai)
A8

j=n—d+1 i=1

where the index of rows is A = (Ap_dq1,---5Ang1) € N with A\, _gy1 + -+ A, < Lo and A,y < Ly,
while the index of columns is s € V N Z"+1(S). The number of rows is L% = (Loder) (L1 +1).
We show that the zero estimate of Chapter 8 gives the following result:



10-2 Linear independence of logarithms of algebraic numbers

Proposition 10.2. — Assume that each S; is a multiple of 2(n + 1), and define S} = S;/2(n + 1). Assume
also that the parameters Lo, Ly and S1,...,S;  satisfy

"8y -8y > (n+1)LgLy  and S} >n+1, Lo > 48], (1<i<n+1).

Assume further that for all s € Z with 0 < s < 4S],,; — 3, we have (sf1,...,50n, —5) & 748’ - 3).

Finally, assume that
n+1

d+1

and that there is no subspace of smaller dimension satisfying this inequality. Then the matrix M4y is of
rank L4,

card((zn+1(§’) +V) /v) < L,

The proof of this Proposition requires some preparation.

Lemma 10.3. — Let C be a finite set and f : C — C' be a mapping. Then

CardC = Z Cardf~!(u).
uef(C)

Proof. The map f induces on C an equivalence relation with Card f(C) classes, namely

{fHw;ue fO)}.

From lemma 10.3 one deduces

Cardf(C) min Cardf*(u) < CardC < Cardf(C) max Cardf'(u).
u€ef(C) uef(C)

The lower bound was already used in the proof of lemma 7.5. We consider here the upper bound. When
1 : G1 — G is a homomorphism of Z-modules and C a finite subset of G, if we define C = {A -MN:xe
C, N e C}, then

Card ¢(C) - Card(C Nkerv) > Card C.

Indeed, one applies lemma 10.3 to the restriction f : C — ¥(C) of ¥ to C; if AV, ... X®) are distinct
elements in the same class f~'(u), then 0, A(?) — XM A®) — X1 are distinct elements in C N ker ).

For instance take G = Z"™1, C = Z"T1(S’), and ® is the restriction to Z"! of the canonical map
Cntl — C**F1/V; since C is contained in Z"F1(2S" — 1), we deduce

Card((Z”“(ﬁ') + V)/V) Card(VNZ" (28" —1))> (251 — 1) -+ (25,41 — 1).
Here is another simple consequence of lemma 10.3.
Lemma 10.4. — Let G be a subgroup of Z"*!; for positive integers Si,...,S,11, define
G(S)=GnzZ"(9).

Let aq,...,a,4+1 be elements in K* which generate a multiplicative subgroup of rank > n. Then the number
of elements in the image in K*/ K}, . of the set

{ai o s s € G(S)}
is at least

(Card G(S))

2 maxi<i;<n+1 Si
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Proof. If ag,...,a,4+1 are multiplicatively independent, then the number of elements in this image is just
Card G(S). Otherwise the map

Y 7+l s K*/K:
($15--- 8n41) > ail--antt
has a kernel which is a subgroup of Z"*! of rank 1; this kernel is of the form Za with a = (a1,...,a,41) €

Z"Y we apply lemma 10.3 with C = G(S), C' = K*/K},,, and f is the restriction of 1 to C. Let
u = f(s°) € f(C) be such that Cardf~!(u) is maximal :

CardC < Cardf(C)Cardf~*(u).

For each s € f~'(u), there exists \; € Z with s — s® = A\;a. Let i € {1,...,n + 1} be such that a; # 0;
then all the Ay = (s; — s?)/a; belong to an interval of length < (25; — 2)/Ja;| < 2S; — 2, and therefore
Cardffl(u) <25, —1<285;. D

Proof of Proposition 10.2. Assume that the rank of M is less than LD there exists a non-zero polynomial
in K[X,—gy1,...,Xn, Y], of total degree < Ly in X,,—441,...,X, and of degree < L7 in Y which vanishes
on the set X[d + 1], where

Y = {(Sn—dt1 + Snt1Bn—dt1s- - 5n + Sng1Bn, @t ey ) ;s €VNZTTH(2S — 1)}

We use Proposition 8.1 with dg replaced by d, dy = 1 and Dy = Lo, D1 = L1. We deduce the existence of
a vector subspace W, of K%, of dimension ¢ and of a subgroup ® of Z such that W) x Tp # K x K* and
either

6+ 1)card((z + (W x K*)) /(W x K*)) <(d+1L? and  d=0

or
Card((Z + (Wh x Ta)) /(W % :np)) <(d+1)LL;,  and @ £0.

We are going to prove firstly Wy # 0, secondly ® = 0.
We claim that the elements

{(snfdJrl + Sn+1ﬂn7d+1> N SnJrIBn) RS YN Zn+1(2§/ - 1)}

are pairwise distinct. Indeed, if this is not true, then there exists s € VNZ"1 (48" —3) with s # 0, 5,11 > 0
and
Si + Snt+18: =0 for n—d+1<i<n.

Therefore the point
(8155 8n11) T (Sn41B15 -+ -5 Snt1Bn, —Snt1)

belongs to V and has its d + 1 last components which vanish; hence the first n — d components also vanish,
and (8,181, -+ Snt1Bn, —Sns1) € VNZ"T1(48" — 3), contrary to our assumption. This proves our claim.
From this claim we deduce, for any subgroup ® of Z (including ® = 0)

Card((E +(0 x T1)) /(0 x Té)) = Card(VNZ"T1(28' — 1)).
The assumption S, > n + 1 is used for the bound

ot T I D n+1>1
251 257, ) = 2n+1) 2’

which enables us to deduce from lemma 10.3

card((zn+1(§’) +V) /V)Card(V NZr (28 — 1))> 28] - Sh .
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From our choice of V and our hypothesis on S7 --- S}, ;, we deduce

n+1
d+1

Ly~4Card(VNZ"T (28 —1))> 2"S] - S,

n

41> (n+1)L5Ly,

hence
Card(VNZ" (28" —1))> (d+1)LiLs.

Combining this with the previous inequality, we deduce
Card((Z +(0 % Ta)) /(0 x Tq>)) > (d+1)LeL,

which implies Wy # 0.
Assume now ® # 0; then Ty is a finite group, hence is contained in K

torss and, according to lemma
10.4, the number of distinct points in

{aiﬁ ...a:rll (s € VﬂZn+1(2§/ . 1)}

modulo torsion is at least (4 max{S/})~'Card(V NZ""!(2S" — 1)). The hypothesis Lo > 45/ together with
the previous lower bound, shows that this number is greater than

(d+1)L37 L.

We deduce that the number of elements in (X4 (W, x Tg)) /(Wi x Tg) is greater than (d + 1)L&~ ' Ly; since
we already know that ¢ is at least 1, we get a contradiction. From the condition W) x Ty # K% x K* we
conclude ® =0 and 6 < d.

Let 0 : V — K% be the linear map which sends (z1, . . . , z,41) onto the point (2, g+1+2n+18n—dt1s - - - » Zn -+l
Zn+1Pn). Using once more the assumption that eq,...,e,_q4 are linearly independent modulo V, we deduce
that 0 is surjective with kernel K (Bi,..., B,, —1). We define W = 6~1(W),). Hence W is a vector subspace
of V, of dimension § + 1 < d + 1, containing (81, ..., s, —1), such that

Card( ((VNZ" (28" — 1)) + W) /W SELH.
<( 5410

We apply lemma 10.3 to the canonical map
Y K" W — KLY

with
C=ow(Z"(S)) = (Z"T(S) + W) /W,
’(/J(C) =0y (Z71+1(§/)) — (Zn+1(§/) + V) /V
and
CNkery = ow (2" (28" — 1)) Nkery = (VN Z" (28 — 1) + W) /W
We get

Card((Z”Jrl (S)+W) /W)

< Card((zn+1(§') +V) /v) : Card((v Nz (28 — 1)+ W) /W)
d+1 d?g. n+1
“o4+1%  d+1

n+1 _5
< L2 °.
= 5+1°0

n—d
LO

Since dimW = § + 1 < d + 1, this contradicts the minimality of dim V. []

1 The main proof In this section we prove the following result.
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Theorem 10.5. — Let {y,...,¢,1 be logarithms of algebraic numbers «; = exp(¥;), (1 <i<n+1) and

Bi,...,Bn be algebraic numbers with max{|S1|,...,|Bn|} < 1. Assume that the numbers ¢y,...,¢, 1 are
Q-linearly independent. Let D be the degree of the number field Q(av, . . ., apt1, B1,- -, Bn) over Q and let
A, ..., Anq1, B and E be real numbers, which are > e, and satisfy

h(a;) < log Aj, E|t;] < Dlog A;, (1<i<n+1)

and
h(By:---:Bn:1) <logB, E < BP.

Assume that there exist n + 3 positive rational integers Lo, Ly and Si,...,S; ., satisfying the following
conditions:

Lo > 45}, Si>n+1
and
(10.6) 2SSy > (n+1)LyLy.
Define )

=—(Lo+1)(L1+1)logE

V=15, Lo+ (L1 +1)log E,
and assume
n+1

(10.7) V > DLylog(2BS) + DLy » _ Silog A; + Dlog L +1og(2L1 S 1),

i=1
where L := ("0F")(L; + 1), S; = 2(n +1)S] and S = maxi<ij<n+1 ;. If

A:51£1+"'+ﬁn£n_€n+1

does not vanish, then we have |A| > e=4"V.
Proof.

Step one: Liouville inequality
We begin with an easy case, when there exists a rational integer s € Z with 0 < s < 4S;,,; — 3 such
that
(581, .., 880, —s) € Z"T1 (48" — 3).

In this case we write b; = s;, (1 <i <n) and b, 1 = —s; hence sA = b1l1+ -+ by 14,41 and b; € Z with
|b;| < 4S5; — 4. We use Liouville’s estimate (exercise 6b of Chapter 3):

n+1
s|A| > 27P exp {QD Z(QSZ{ — 2)h(o¢i)} .

i=1
This gives the desired bound:

n+1
log |A] > —Dlog2 —4D > " Sjlog A; —log(4S),,,)
=1

—4nV.

v

Therefore we shall now assume
(51817 BN Sﬁ’m —S) € ZTL+1(4§/ - 3)

for 0 < s <485, - 3.
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Step two: Choice of V
We remark that there exist vector subspaces V of C"1 containing (81, ..., s, —1), such that

card((zn+1(s’) +V) /v) <o :

with d = dim V — 1; indeed V = C"*! is such a space. Among them, we choose one (which we call V) which
is of minimal dimension d + 1.
Let oy be the canonical map from C"*! onto C**1/V. Since V 3 (B, ..., Bn, —1), we have

oy(ent1) = Proy(er) + -+ + Bnov(en),
hence there exists a basis of C"*1/V of the form (ay(eil), e ,Uv(ein,d)), with 1 < i1 < -+ < ip_qg < n.
For ease of notation we shall assume that {i1,...,i,—q} = {1,...,n — d}. Writing op(e;) in terms of

n—d
LO

oy(e1),...,op(en—q), we see that there exist (n — d)(d + 1) complex numbers ugj) such that

n—d
ei+Zu§j)ej€V, (n—d+1<i<n+1)
j=1
these d + 1 elements, which can be written
(M, ul"00,...,0,1,0,...,0),  (n—d+1<i<n+1)

form a basis of V; from this one deduces that V is intersection of n — d hyperplanes
n+1

zj = Z ugj)zi (1<j<n-—d).
i=n—d+1
We define

D=L+ Y u?l;,  (n—d+1<i<n+1)

Then, for z € V, we have

n+1 n+1
E Zﬂgl = E ngj
i=n—d+1 j=1

In particular, since (51,...,8n,—1) isin V,

> B =ni1 + A

i=n—d+1
Step three: Lower bound for |A,|
Thanks to Proposition 10.2, we know that the matrix M-, is of rank L(4) = (Lojd) (L1 +1). Therefore
there exist L(® elements sV, ... s(E) in Y N Z"T(S) such that, if we define

n

n+1
¢’ =TI 7 +siiB)” [T 0 (1<p<Lt?),
j=n—d+1 i=1

then the L(® x L@ determinant ( )
(A

does not vanish. Of course, A runs over the elements
{1,..., LDy,

We use again Liouville’s inequality, like in step one of the proof of Proposition 7.7 : we deduce from
Proposition 3.15

n—d+1s--+,Ant+1) as in §1 above, while p runs over

(d) log|A,| > —U;
with
n+1
Uy = (D — 1)(Lolog(2S) + log L) + DLglog B+ DLy Y _ S;log A;.

i=1
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Step four: Conclusion of the proof
For each )\ as before, we define a function f) of d complex variables:

n

i o
fA(Zn7d+l7‘-'7Zn) = H (Zz e)m+1191,21,) .

i=n—d+1

For s € VNZ"L, if we set
(Zn7d+la SRR Z’n) - ( 7(1#)(14,_1 + 35{21571—1”17 ceey ngy,u) + 35{21571),

we have

n+1

Z Wiz = Z s(“)f + Sfszll\
i=n—d+1
Therefore the corresponding value of f) is
D)
InZn—ds1y oo 2n) = af\“)eA"“STfHA

We define (1, ..., (@ in C? by

Cu - (Sgllj;)d+1 + Sgﬁglﬂn—d-‘rlv ey ’EL + 3n+1ﬁn) (1 S H S L(d))7

and we consider the interpolation determinant in d variables:
Mo = (£260),
(with the same indices as A, for rows and columns). We shall use Proposition 9.5 with ¢ = A and
bau = (H)( - ek““A“’nﬂ)A 1

Let us check that the hypotheses of Proposition 9.5 hold with
n+1
My = Lolog(2ES) + DLy Y _ Silog A; + log(2L1Sp41).

i=1

We first remark that there is no loss of generality to assume |A|L1S,+1E < 1. Now on one hand, for z € C
with |z| < E, we have

n+1
log | fA(2¢,)| < Lolog(2ES) 4+ L E <Z Silti| + Sn+1|A|> :
=1

On the other hand, we have (using the estimate in exercise la of Chapter 1, with § = 1)
bl < 2|a(u))‘n+15n+1 ;

since ’10g |ozi|‘ < Dlog A;, we obtain

n+1
log [by,| < Lolog(25) + DLy > _ Silog A; +10g(2L1Sp41).
i=1
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Define V; = (1/48d)(Lo + 1)(L1 + 1) log E; we obviously have, thanks to (10.7),
log L@ + MA <V

(because Vy > V = V,,); using again (10.7), we obtain U + log2 < Vy, which shows that the conclusion of
Proposition 9.5 is not satisfied; therefore

|A| Z 6_4Vd 2 e—4nV.

This completes the proof of Theorem 10.5. []

1Proof of Theorem 10.1 There is no loss of generality to assume that the m numbers ¢4, . .., £, are Q-linearly
independent (see exercise 1).
Under the assumptions of Theorem 10.1, we shall prove the estimate

IA] > exp{—(50(m — 1))*" D"™*2(log B)*log A; - - - log A, }
in the special case where f3,, = —1 and |B;| < 1 for 1 < i < m — 1; the general case follows easily from
Liouville’s inequality (cf. part a in the proof of Proposition 7.10).

We write n =m — 1 and
A= ﬁlél + -+ ﬁnén - £n+1~

We define a real number U by
U = (1/5n)(50n)*" ™3 D" 3 (log B)?log A; - - -log A, 11

and rational integers Lo, L1, S1,...,5;, .1 by

U
Lo=|——— Ly = |240nD log B
0 {5Dlog3}’ 1 = [240nDlog BJ,
U
S; = 1<i< 1).
¢ [4(n+1)2DL110gA1} (Isisn+l)
Next we define a real number V' and rational integers Si,...,Sp+1 by
1
V=—/(Lo+1)(L1+1), Si=2(n+1)S,, (1<i<n+1).

= 48n

It is easy to check that V' > U. We shall use Theorem 10.5 with F = e.
Our assumption B > (50mD log A)®>™ enables us to check:

B>

(50n)3" 1 D" (log A)" log B,

n+1
which implies B > 25, where S = max{Si,...,Sn+1}. We now use the bounds
n+1

1
U, DleSilogAigﬁU, Dlog L + log(2L1Sp11) <

i=1

1
—U,

DILolog(2BS) <
0log(2BS) < 10

(S0 V)

from which we deduce (10.7). The main condition is (10.6); we use the lower bound (where the coefficient
1/2 takes care of the integral parts)
Un+1

2"51 .. ’II’7,+1 > -
2n+3(n + 1)2n 2Dt [0 og A) -+ log Ap g1
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and the upper bound
(n+1)L{Ly < W.
Therefore it is sufficient to check
U >2"35 " (n +1)*" DL 2(log B) " log Ay - - -log A, 11
The constant 50 in the final estimate has been chosen because for n > 1,
5n2" 357 (n 4 1)273(240m) "2 < (50m)37 T3,
This proves (10.6). Theorem 10.1 is then a consequence of the estimate

4nV < (50n)3" T3 D" 3 (log B)?*log A; - - -log A,y 1.

0

1Exercises 1. Let K be a field, m a positive integer, and V a vector subspace of K™ of dimension d. The
following properties are equivalent:

(i) If oy : K™ — K™/V is the canonical projection, then (oy(e1),...,0v(em—q)) is a basis of K™ /V;

(i) for z = (21,...,2m) € V, the conditions z,,—441 =+ = zpym = 0 imply z = 0;

(iii) the restriction to V of the projection K™ — K% on the last d coordinates is injective;

(iv) V is intersection of m — d hyperplanes of equations

m

Z5 = Z Q5 Z5, (1 S] S m — d)
i=m—d+1

Hint. Compare with part b in the proof of lemma 5.7 and with step 2 in the proof of Theorem 10.5.

2. Let K be a field of characteristic zero, m and .S positive integers, and V a vector subspace of K™.
a) Show that there exists x € Z™(S) such that

card((zm(S) v v)/v) Card((z + V) N Z™(S))> (28 — 1)™.

Hint. Use lemma 10.3.
b) Let W be a vector subspace of K™ of dimension d. Check the inequality

Card((z + W)NZ™(S))< (25 — 1)

for each x € K™.

Hint. Show first that there is no loss of generality to assume x € Z™. After a permutation of coordinates,
one may also assume that the projection K™ — K® on the first d coordinates maps W isomorphically onto
K®. Then the image of (x + W) NZ™(S) under this projection has at most (25 — 1) elements.

¢) Assume

Card((Zm(S’) +V) /v) < (28 — 1)1
where 7 > 1 is the codimension of V. Show that V N Z™(2S — 1) contains more than (25 — 1)™~"~1 points,
and that these points span V as a vector space.

3. Show that for the proof of Theorem 10.1, there is no loss of generality to assume that the m numbers
ly,..., L, are Q-linearly independent.
Hint. Use either lemma 7.2 or lemma 7.3.

4. Reduce the constant 50 which occurs in the lower bound for |A| in Theorem 10.1.
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11.- NON HOMOGENEOUS LINEAR RELATIONS

A generalization of Theorem 1.1, once more due to A. Baker, is the following:

Theorem 11.1. — Let {y,...,{y be Q-linearly independent logarithms of algebraic numbers. Then the
numbers 1,41, ..., ¢, are linearly independent over Q).

For m =1 this gives Hermite-Lindemann theorem: is £ is a non-zero complex number, then one at least
of the two numbers ¢, e’ is transcendental. For instance

e, m, log2, eﬁ,

are all transcendental numbers.
Another consequence of Theorem 11.1 is the transcendence of numbers like

/1Ch—1<1o2+7r>
o 1r 3\ T /)

The measures of linear independence over @ of the m numbers ¢1,...,¢,, which we discussed earlier
have been extended to the m + 1 numbers 1,41, . .., £,,; however the consequences of such estimates concern
only transcendental number theory (so far) and have not the same importance as the homogeneous case (see
Chapter 12). This is why, in this Chapter, we speak only on the qualitative result.

We do not give here Baker’s proof of Theorem 11.1, but we show how the method of the previous
chapters extends to the non-homogeneous case.

1Sketch of proof According to lemma 1.3 (with k = Q, K = @Q, £ = C, while M is the Q-vector space
spanned by 1 and £), Theorem 11.1 means that if we have

Bo+B1ly+ -+ Bpnln —Lpy1 =0

with ¢y, ...,¢,41 in £ linearly independent over Q and with algebraic 8’s, then the n+1 numbers 1, 34, ..., 8,
are Q-linearly dependent. From Theorem 1.1 (homogeneous case of Theorem 11.1) we get at once Sy # 0.
To take care of the new constant coeflicient 3y, we introduce one more variable zg, and we consider n+ 2
functions of n + 1 variables
20521y -5 Zn,€xp{zo + 0121 + -+ Lnzn };

we shall consider the values of these functions (and of monomials in these functions) at the n + 1 points
(0,1,0,...,0),(0,0,1,...,0),...,(0,0,...,1) and (5o, B1,---,5n)-

We shall also take linear combinations of these points: for s = (s1,...,8,+1) € Z"" we denote by & the
point in C"*! of coordinates

(8n4+1B0, 51 + 84181, -+, Sn + Snt16n)-

It is necessary to use somewhere the fact that each function satisfies a partial differential equation with
algebraic coefficients by taking the derivative with respect to zp; if this information were not used, one could
multiply the variable zy by a transcendental constant, and the assumption that 5y is algebraic would not be
used !

For A= (Mo, ..., A\ps1) € N*™2 and 2 = (20, ..., 2,) € C""L, define

Ia(z) =200 pm exp{Ans1 (20 + Lrzr + -+ Lozn) s
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then

min{¢,\o} / Ad!
e G AT e (A )
= ! ! !

Hence, for s € Z"t!, t € N and )\ € N*"*2, we have

(38) faley) =

min{¢,Ao} " Al n n+1
! 0! _ _ p An i
P T Towse PURCSEE DI | (CRACEESEY | B
=0 ' $\A0 . i=1 i=1

These numbers are algebraic, by our assumptions (we have written «; for exp(¥¢;), as usual). The sketch of
proof is now clear: we write a matrix whose entries are these algebraic numbers, we select any determinant
of maximal size, we estimate from above the absolute value of this interpolation determinant, and thanks
to Liouville’s inequality, we deduce that this determinant vanishes. This provides a non-trivial upper bound
for the rank of the matrix; a zero estimate implies the desired linear dependence condition on 1, 8y, . .., By.

The new points in the proof are the following: first of all a new zero estimate is needed, involving
derivatives. We explain this result in section 2. We shall work on a field of zero characteristic; we need
to give an algebraic expression for the derivatives; this is done as follows: for P € C[Xy,...,X,,Y], the
function

F(zp,...y2n) = P(zo, cooyzZnyexp{zo + lrz1 + - F Enzn})

has a partial derivative (0/0zp)F which is again a polynomial in the n 4 2 functions zo, ..., z, and exp{zo +
l1z1+ -+ £pz,}. This means that there exists a polynomial DP such that

0
((92> F(z,...,2n) = (DP) (zo, ooy zZn,exp{zo + bz + -+ Enzn})
0

For P = Xy we have DP =1, for P = X, (1 <i < n) we have DP =0, and for P =Y we have DP =Y.
From this it follows easily that D is the derivative operator

0 0
ax, Yav

The only other minor point which has to be explained is the upper bound for the interpolation deter-
minant: we do not consider only values of functions, but also derivatives. The relevant estimate is explained
in section 3. The proof of Theorem 11.1 is given in section 4.

1 The zero estimate Let K be a field of characteristic zero and n > 0 a non-negative integer. We denote by
D the derivative operator (0/0Xg) + Y (9/9Y) on the ring K[Xy,...,X,,Y].

Proposition 11.2. — Let ay, ..., a1 be non-zero elements of K which generate a multiplicative subgroup
of K* of rank > n, and let By, ..., 3, be elements of K. Assume that Ly, Ly, S and T are positive integers
satisfying the following conditions:

T>4(n+1), S >4n(n+1), TS™ > 2Ly, T <2(n+1)LoLy,

and
TSn—i—l > 2n+3(n + 1)n+2(L0L1)n+1.

Forte N, A € N**2 and s € Z"!, define ag\t’é) as the value, at the point

Cﬁ = (Sn—&-lBOa s1+ 5n+1ﬂ17 cy 8t Sn-l—lﬂna O‘il co afﬁ:—f) € K" x K*,
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of the polynomial
D' (X0 - Xy e,

_ (té))
M (aA A (ts)

where the index of rows \ runs over the elements of N**2 with Ao+ - - + A, < Lo and An+1 < Ly, while the
index of columns (t, s) runs over the elements of N x Z"t(S) with t < T. If By # 0 and if 1,31, ..., 3, are
linearly independent over Q, then the matrix M is of rank (L‘):ffr 1) (L1 +1).

Consider the following matrix:

If the rank of M is not equal to the number of rows, then there is a non-zero polynomial P €
K[Xo,...,X,,Y], of total degree at most Ly in Xo,..., X, and of degree at most L; in Y, which van-
ishes, together with its T first derivatives DY, (0 <t < T'), at the points ;. This enables one to check the
hypotheses of Philippon’s zero estimate [P] (see exercise 1). However we shall explain here how to deduce
Proposition 11.2 from a special case of [P] (Proposition 11.6 below): we shall eliminate the variable Y and
produce a non-zero polynomial @ € K[Xo,...,X,] which vanishes, together with its 7'/2 first derivatives
(0/0X0)t, (0 <t < T/2), at the points

§§ = (8n+1607 s1+ 5n+1517 ey Syt 5n+1ﬂn) S Kn+1

for all s € Z"T1(S5/2).
As in Chapter 5 we denote by o the canonical surjection from K* onto the quotient group K*/K{ .

Lemma 11.3. — Let aq,...,a,11 be non-zero elements of K and let By, ..., 3, be elements of K. Let Ly,
Ly,8,58", T and T" be positive integers; we set S =S5+ 8" —1and T =T +T" — 1. Assume

Card{o(aj* o, ) s s € Z"(S))} > Ly /T,

Assume further that there exists a non-zero polynomial P € K[Xy,...,X,,Y], of total degree < Lg in
Xo,..., X, and of degree < L1 in Y which satisfies

D'P(¢) =0 for all (t,s) € N x Z""*(S)  witht <T.

Then there exists a non-zero polynomial Q € K[Xo,...,X,] of total degree < 2LyL; for which

t
<8§(> Q) =0 for all (t,s) € N x Z”+1(S”) with t<T".
0

The proof of lemma 11.3 is essentially the same as the proof of lemma 5.2. We need some variants of
lemmas 5.3 and 5.4.

Lemma 11.4. — Let Fy,..., F, be polynomials in K[Xy, ..., X,,Y], of total degree at most Lo in Xy, ..., X, ]}
and of degree at most Ly in Y; we assume that they have no common irreducible factor, in the factorial
ring K[Xo,...,X,,Y], of degree > 1 with respect to Y. Let T be a positive integer and (§;,n;), (j € J) be
elements of K"t! x K such that

D'Fi(&,mj) =0  for 1<i<r, je€J and 0<t<T.

Then there exists a non-zero polynomial in K[Xy,...,X,], of total degree < 2LgL1, such that

t
<8)a(> Q) =0 for jedJ and 0<t<T.
0

Proof. We just repeat the proof of lemma 5.3: the u-resultant R in the ring
K[Uy,..., U, Vi ..., Vi, Xo, oo, Xin

is a linear combination of G and H; it follows that D*R = (8/0X)!R is a linear combination of the D7G
and DT H with 0 < 7 <t. The desired result easily follows. []
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Lemma 11.5. — Let P be a polynomial in the ring K[Xo,...,X,,Y]. We decompose P into a product
P =QyQ7" ---Q}F, where Qq is a polynomial in K[Xy,...,X,] (independent of Y'), Q1,...,Qy are distinct
irreducible polynomials in the ring K[Xy,...,X,,Y], of degree at least 1 in Y, and ry,...,ry are positive
integers. If Q1 divides D™ P, then Y divides P.

Proof. Clearly, Q1 divides D'*P for 0 < t < ry — 1, and D™ P is congruent to r1!/(D"Q1)QoQ% - - - Q}*
modulo Q. If @1 also divides D™ P, then @) divides D" Q. Considering the degrees, we deduce that there
exists a constant A # 0 in K such that Q1 = AD™ Q. We write

Q1= Z ai(Xo)Y"

i>0

where a; is a polynomial in X with coefficients in the ring K[X}, ..., X,]. We obtain
T1 r
1Y .5 (r1—j)
a; =\ Cia;

where agh =9 = (d/dXo)" "I a;. If a;(Xo) does not vanish, then, considering the term of highest degree (in
Xo), we obtain A\i™ = 1. This shows that there is a unique i with a;(Xo) # 0, hence Y divides Q1. []

Proof of lemma 11.3. We assume, as we may without loss of generality, that ¥ does not divide the given
polynomial P, and also that P has degree > 1 with respect to Y. For s € Z"T! we define a linear map Ts
from the ring K[Xy,..., Xy, Y] into itself by

7s(Xo) = Xo + sn+150,
To(Xi) = Xi+8i + 50418, (1 <i<n),
and

S
Y =af'-a, Y.

These operators, which represent a translation by (,, commute with D:
Doty =7,0D, (s ezm).

1) We prove that the polynomials D! o 7,P for 0 < t < T’ and s € Z"*!(S’) have no common irreducible
factor of degree > 1in Y.
For this we consider, as in lemma 11.5, a decomposition of P into a product

k
P=qQJJ@r
=1

where Qo € K[X] does not depend on Y, while for 1 < i < k, Q; is an irreducible polynomial in K[X,Y]
of degree > 1 in Y. Here, X stands for (Xo,...,X,). Assume that there is an irreducible polynomial @
depending on Y which divides all D! o 7, P. For each s € Z"T1(S’), Q is an irreducible factor of 7, P; hence
there exists i = i(s) with 1 <i(s) < k and a non-zero element ¢, of K such that

Q = ¢sTsQis)-

Now @ divides also DtTQP for 0 <t < T’; from lemma 11.5 we deduce 7" < ri(s)- Let I be the subset of
{1,...,k} which is constituted of the i(s), s € Z"T!(S’). Consider the map

s — (i(s), O'(Ofil . -aiff))
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from Z"t1(S") into I x (K*/K{.,). For each i € I we have r; > T", hence _,.,;r; > T'Card(I). On the

other hand ), ;r; < Zle r; < L;. Hence Card(I) < L;/T’. Using our assumption on L /T’ together
with Dirichlet box principle, we see that there exists a non-zero element s in Z"*! which has the property

T§Qio = )\Qlo

for some X\ € K* and
Sn41

il is not a root of unity.

ail DY a
Since Y does not divide P, lemma 5.4 with

— — . .S Sn41
Uy = Sn+100, Ui = 8; + Sp41 54, (1<i<n), v=agt ety

and an obvious change of notations (with n replaced by n + 1) gives the desired contradiction.
2) We now take into account our assumptions S =5 +S5” —1and T =T+ T" — 1. We apply lemma 11.4
to the set of polynomials

{F,....,F,}={D'oryP;0<t<T', ¢ €Z"(9)}

and to the set {(&;,7;); 1 <i < N} C K" x K* defined by

"

17
S’IL
{(SZ+150» 3I1/ + SZ+151» ces 5;; + 5%+15n7 ail T O‘n++11) S Zn+1(5//)}3

this gives the conclusion. []
Thanks to lemma 11.3, to complete the proof of Proposition 11.2, it is now sufficient to deal with
polynomials in Xy, ..., X,,. Here is the corresponding zero estimate.

Proposition 11.6. — Let Sy, ..., 3, be elements of K with By # 0. Let D, S and T be three positive
integers. Assume either n =0 and T'(25 — 1) > D, or else n > 1 and

S >2n(n+1), 2<T/(n+1)<D, TS >27"(n+1)"2p"tL,
Assume that there is a non-zero polynomial Q € K[Xy,...,X,] of total degree < D for which

t
(5%) Q€0 forail(ts) eNxZs) witht<T.
0

Then the numbers 1, 31, ..., 8, are linearly dependent over Q.

Proof. When n = 0, the result is straightforward. Assume n > 1 and define S; = |S/(n + 1)]. We claim
that our hypotheses imply
(251 — 1)5"'1 > D? for 1<6<n

and
T(25; —1)° > (n+1)D°  for 1<5<n+1.

Indeed our assumption S > 2n(n + 1) gives

1 2 v
(25’1—1)”>2< S) for 1<v<n+l,

because
1 n+1 1
(1 — ) > 3 for n > 1.
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Since 2(n+ 1) < T < (n+ 1)D, we have

D 29 n+1 D n g n+1
n+1 < = il < )
brsg <n+1> , hence (2) = (n+1)

It follows that, for 1 < § < n,
) (n+1)d/n 6+1
D < S < S ’
2 “\n+1 “\n+1

0+1 é S o 4
(251 — 1) > 2 1 > D°.
n

hence

Similarly, for 1 < § <n+1,

6/(n+1) §
T 25 T
DP< | —— 25, —1)°

_(2(n+1)> <n+1> R A )

(this is the only place in the proof where the assumption T' > 2(n + 1) is needed; see exercise 2). This proves
our initial claim.
Define
E={&;seZ"(S)}.

We are going to use the main result in [P]; more precisely, we apply Proposition 5.1 of [W] with dy = d = n+1,
di=0,E,=---=FE;=F and W = K x 0". We deduce that there exists a vector subspace V of K"t of
codimension ¢ > 1, such that either

(T/(n+1))Card((E+V)/V) <D’ and  (1,0,...,0) ¢V,

or

Card((E+V)/V) <D° and  (1,0,...,0) € V.

We consider two cases.

a) If (1,0,...,0) € V, we take the quotient of V by K x 0": let 7 : K" — K™ be the projection on the
last n components; the kernel of 7 is K x 0™, the image V; = 7(V) of V is of codimension § in K", and
m(E) =Y (S1) where

Y(S1) = {81+ 80118180+ 8n418n); 8= (51, -, 8n41) € Z"TH(S1)} C K™,

The restriction to E of the diagram

Kl T, g B Yis)
| [ gives [ J
KMy — S Ky (E+V)/V —— (Y(S1)+W)/W1.

The estimates

Card((Y(Sl) + Vl)/Vl) = Card((E +V)/V) < D* < (28; — 1)°+!

together with lemma 5.9 provide the desired linear dependence relation between the numbers 1, 51, . .., B,.
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b) Assume (1,0,...,0) ¢ V. From our assumption 3y # 0, we deduce Card((E+V)/V) > 25; — 1. Therefore

D’ > (T/(n+1))Card((E +V)/V) > T(25; —1)/(n+1) > D,

which shows that § > 2. Consequently the quotient V3 of V by VN K x 0" is of codimension 6 —1 > 1 in
K", and again we can apply lemma 5.9 and conclude that 1, 81,..., 3, are linearly dependent over Q. []

Proof of Proposition 11.2. Define S” = |S/2], T" = |T/2], ' =S-58"+1, T =T —T" + 1. Since
25" —1> S and T > T/2, we have (25" —1)™ > L1 /T". This shows that the assumptions of lemma 11.3 are
satisfied. We deduce that the assumptions of Proposition 11.6 are also satisfied with D = 2LyL; and (S, T)
replaced by (S”,T"). Indeed, assuming n > 1 (the case n = 0 is trivial), we have S” > S/2, T" > T/2,

hence S” > 2n(n+1), T" >2(n+1);also 7" < (T/2) +1 < T < (n+1)D and

n+1 n+1
(2L0L1)n+1 < L L < L ﬂ .
“4n+1) \n+1 2(n+1) \n+1

0

1 Interpolation determinants with derivatives Here is a generalization of lemma 4.2.

Lemma 11.7. — Let fi,..., fr be entire functions in C**', (1,..., (s be elements of C**' and 71,..., 71,
non-negative integers. The function of one variable
U(z) = det((@/@z@”‘fﬂz@))
1<A,pu<L
has a zero at the origin of multiplicity
>Op41(L) =11 — - — 7L
Proof. By multilinearity we reduce the proof to the case fy(¢) = (** for some k) = (kxg,- .-, Kan) € NPT

(1 <A< L). In this case we have

K0 —
P(2)z+ AT = Gl det<(7_ ) P

u >1§>\7M§L

where the binomial coefficient (“T“J) means 0 if 7, > k0. Lemma 11.7 easily follows. []

1 Proof of Theorem 11.1 We use the notations of section 1: assume

BO+51€1+"'+6n€n_€n+1:0;

with B9 # 0 and with ¢y, ..., ¢, linearly independent over Q. Define a; = exp(4;), (1 <i < n+1). The

field Q(av1, ..., i1, B1,-- ., 0n) is a finite extension of Q, of degree say D.

We denote by ¢ a positive constant which depends only on #1,...,%,41, B1,...,Bn. Next we introduce

parameters Ly, L1, T and S, which are positive integers > 2 satisfying
cLolog S < LYY ¢Tlog(LoLy) < LYV e, § < LY+ T < LoLy

and
c(LoLy)" < T8t

with L := (L°+"+1) (L1 + 1). For instance we can take

nt1
T = [(log 5)2(n+1)(n+2)],
Ly =[(log §)"*?],
Lo =[S(log S)HH],
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with S a sufficiently large positive integer. In any case the above conditions, for sufficiently large ¢, imply
that each of the four parameters Lo, L1, T and S is sufficiently large (for instance > 8n?; also L > 2"e"T1)
and moreover imply that

TS™ > 2L, and T<2(n+1)LoLs.

Let (t,,s™) be any elements in N x Z"+1(S) with t, < T, (1 < u < L). Denote by A the determinant of

the matrix
o\
<<8ZO> fk(ég(ﬂ)))

Each entry of this matrix is the value of a polynomial in a, ..., ayt1, afl, R a;}_l and fg, 1, ..., On; this
polynomial has degree at most L1.S in each of the first 2n + 2 variables and total degree at most L¢ in the
last n + 1 ones, its coefficients are rational integers, and the length is at most

Ap

2T (28) o LT LT < (2L0L1)T (29).

Liouville’s inequality (lemma 3.14) gives: either A = 0 or else

n n+1
1
57 108|A] > —Lolog(28) — Tlog(2LoL1) — log L — Ly ; h(B;) — 2L, S Z; h().
According to lemmas 11.7 and 4.3, the function of a single variable z
V(z) = det <(3/3ZO)T“f/\(Z§S<m)>
Ap
has a zero at the origin of multiplicity at least
1
Oni1(L) - LT > L <17L1/<”+1) - T) .
We set
r=Smax{|fol, 1+ |B1],- -, 1+ [Bul, [t + - + [lnga |}
and R = e'8r, and we use Schwarz lemma (lemma 4.1):
1 1 18 n 1
7 log|A| = —log|¥(1)] < 71—7L1/( D 18T + 7 log [ Wers.
From the relation
min{¢,\o}
9\ ¢! Ao!
_ $) = )\th n Ao—T
(azo> falets) Z:; A=) (g — )1t (S o)
n n+1
grotr AT H(Sz + 8p18i) H eAatisiz
i=1 i=1

we deduce, for |z| < e!® and all )\, p,
o\
|(820> fA(Zfﬁ(m)

log |¥|es < Lolog R+ L1 R+ Tlog(2LoLy) + log L.

< (2LoLy)T REoel R,

It plainly follows
1
L
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From our choice of the parameters we deduce
%log|A| < —[V/ (D),

A simple comparison with Liouville’s lower bound, using again our conditions on the parameters, gives A = 0.
From Proposition 11.2 we obtain the desired conclusion: the numbers 1, 31,..., 3, are linearly dependent

over Q. []

1Exercises
1.
a) Deduce from the main result of [P] the following statement: with the notations of section 2, define
$1 = 1S/(n+2)),
Y ={¢;s€Z"(S)} c K" x K*

and
E={¢;seZ"(S)} c K™
If the rank of the matrix M of Proposition 11.2 is not (*°7*')(Ly + 1), then there exists a vector subspace
V of K", of dimension v, satisfying one at least of the following three conditions:
(i) one has

TCard((E LV X0)/V x o) < (n+2)2L0 L

(ii) the space V does not contain (1,0,...,0), its dimension v satisfies 0 < v < n, and

(n+2) i1y

TCard((E + V)/V) < B gy,

iii) the space V contains (1,0, ...,0), its dimension v satisfies 1 < v < n, and
( ) p ) ) ) b )

n+2

C d( E ) < D2ty
ard( (E4+V)/V) < 1o

Hint. Use corollary 5.3 from [W] with W = K(1,0,...,0,1), dy=n+1,a, =(S1-1)/(S=1), 0<v <
n+ 1), with S replaced by Lo, H replaced by Ly, and Ly, ..., L, replaced by S — 1.
b) Deduce that the conditions on Lo, L1, S and T in Proposition 11.2 can be replaced by the following ones:

S > max{6n(n + 2), 3}, (n+2)Lo > 28, (29)" 1 > (n +2)"+2Ln

and
TS > 27" (n 4 2)" M3 Lp L.

Hint. Check, for S; = |S/(n+ 2)]|, the following estimates
(n+2)?Lyt Ly < T(2S; — 1)+

(n+2)?LyL, < T(2S; — 1),

2 2
7(’11 1) Lyt < T(28; — 1), (0 <v<n),

and
n+2

L < @S-y, (1<v <),

2. Show that the conclusion of Proposition 11.6 still holds when the conditions on S, T and D are replaced
by
T<2n+1) and S>(n+1)2D.
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3. For each k = (ki,...,kq) in N, we write ||k|| for k; + --- + kq. We introduce derivative operators: for
r=(21,...,24) € C weset D, = x1(0/0z1) + - -+ +x4(0/0zq). If f is an analytic function in C? and ¢ a
new variable in C, we have

D,F(z)= %F(m( + 2)¢=0-

When wy, ..., w; are in C? and 7 in N*, we write w = (w1, ..., w;) and we set DJ, = D7} --- D7t . Therefore,
if (1,...,(; are t new complex variables, then

t Tj
. o \"
D3 F(z) = ]1;[1 (8@) (F(Gwr+ -+ G+ 2))
Prove the following extension of lemma 11.7:

Let fi,..., fr be entire functions in C"*, (,...,(;, be elements of C*, 71,...,7r, be elements of N* and
w = (w1, ...,w;) be an element in (C")!. The function of one variable

U(z) = det (D;“fx(zm)

1<Ap<sL

has a zero at the origin of multiplicity

L
> 0,(L) ~ Y Il
p=1

4. Compute a suitable value for the constant ¢ in §4.
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12.- FURTHER ESTIMATES (WITHOUT PROOF)

In this Chapter we first give some indications on possible refinements for the estimates from the preceding
Chapters, next we explain the connection between the method which has been developed in these lectures
and Baker’s method, finally we give a survey of the best known results so far.

1Refinements and variants It’s possible to improve the term (log B)?. By introducing (like in Chapter 11)
one more variable zg, and by taking derivatives with respect to this new variable, we can replace (log B)? by
(log B)(log log B); if, moreover, we use the so-called Fel’dman polynomials (cf [F]), then we get only log B.

Further improvements are possible in the case where the coefficients [3; are all rational integers (this is
the most important case for applications). Firstly the assumption log B > log A is no more needed; secondly
the assumption B > |3;| can be replaced by

|8 185
B> Pnl 1B
- 121]&%(” { 10g Aj + log An

if 8, # 0. Once more these refinements use Feldman’s polynomials.

It’s useful in certain applications to keep the dependence on E (see Proposition 7.7 and Theorem 10.5)
in the final estimate: when the numbers |¢;| are small, then E can be chosen comparatively large, and the
final estimate is stronger. This improvement originates in a work by T.N. Shorey [S].

Better results can be achieved for simultaneous linear forms [R], [Lo], [Dpp4], [H3].

Better constants are known for n = 2 ([Mi-W1,2,3], [La], and, for the p-adic case, [Dppl]; see also [D],
where a special attention is paid to the dependence on the degree D). The first estimate for measures of
linear independence of two logarithms which did not involve the construction of an auxiliary function is the
one of Laurent given in Appendix to these notes.

The proof yields a result like lemma 7.2: if |A| is small, then not only do we have A = 0 and the log «;
are QQ-linearly independent, but also we produce a vanishing linear combination of the log «; with rather
small coefficients in Z. This is specially interesting for the analog of Baker’s theorem on algebraic groups
(see [Ma-W] and [L] pp.121-122 and 238-239; by the way, speaking of algebraic groups, see [H1,2,3]).

The method extends to non-homogeneous linear combinations of logarithms:

A :ﬂ0+ﬂlgl +"'+Bm€m~

If By # 0, then A # 0, and we can give an explicit lower bound. The main interest of such a result lies in
corollaries for measures of transcendence of various numbers [W2], [H2].

1Duality: connection with Baker’s method Our starting point, to estimate the difference between (10 +
-+ ++Bnl, and £, 11 was to consider (generalizing Schneider’s idea) the values of the n+1 functions 21, ..., 2z,
and exp{l1z1 + -+ £pz,}, as well as the values of monomials in these functions, at the points

(1,0,...,0),...,(0,...,0,1) and (Bi,....Bn),

as well as at linear combinations of these points (with rational integer coefficients). Baker’s starting point is
quite different: he considers the n 4+ 1 functions exp(z1),...,exp(zn) and exp{B1z1 + -+ + Bnzn}, as well as
their derivatives, at the point (¢1,...,#¢,); once more one takes monomials in the functions, and multiples of
the considered point.

One can work out a proof along Baker’s approach without constructing an auxiliary function, but only
using Laurent’s interpolation determinants. The fact that derivatives are there means that the corresponding
zero estimate needs to involve multiplicities. The scheme of proof is just the same: using the multiplicity
estimate one constructs a non-zero determinant; Liouville’s inequality provides a lower bound; estimates of
interpolation determinants (involving derivatives) yield the conclusion. So far no complete proof has been
written along these lines, but there is no difficulty to do so.
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There is a very interesting connection between the two approaches: one shifts from one method to the
other just by transposing matrices. This is a consequence of the duality formula:

(3 o= () e

for s and t non-negative integers and u and v complex numbers. This formula extends to exponentials in
several variables (exercise 3).

In Chapters 6 and 7, the proofs used a generalization of Schneider’s method in several variables; the
improved estimate in Chapter 10 involved the refinement of section 1 in Chapter 9, where the main point
is that we are working with a product of monomials by a function of a single variable. The method which
is dual (namely looking at a transposed matrix; see exercise 2) to the method in Chapters 6 and 7 is just a
generalization in several variables of Gel’fond’s solution to Hilbert’s seventh problem; the main new fact in
Baker’s method (compared with Gel’fond’s one) is that the values of the functions of several variables are
taken on a one dimensional complex vector space; this is just the dual of the argument in §9.1. Explicitly,
we have the dual correspondence:

— monomials zf‘l -+- 2z in the previous chapters correspond (in the methods of Gel'fond and Baker) to

derivatives (9/0z1)* ---(0/0z,) s

— an exponential of a linear form in several variables (in the previous chapters) corresponds (in Baker’s
method) to a product of exponential functions in one variable (which happends to be also an exponential
function in one variable).

This explains why it’s possible to give a proof of theorem 11.1 along Baker’s method by using only
functions of a single variable, while this is not possible with Schneider’s approach.

In Baker’s original proof, the fact that all points are on a complex line was used in an essential way
for an extrapolation formula (which is not available in higher dimension); with interpolation determinants,
extrapolation is no more needed.

There are now several ways for proving measures of linear independence of logarithms: one can construct
a non-zero determinant either by using Baker’s approach (with the multiplicity estimate) or by using the
generalization of Schneider’s approach (with a zero estimate without multiplicities). Once the determinant is
constructed, the lower bound is clear (Liouville). The analytic argument involving interpolation determinants
can be performed either by looking at the determinant or at its transpose; it would be interesting to compare
the estimates which can be obtained using these different approaches.

As far as the dependence in the number m of logarithms is concerned, the most precise known estimate
involves only m™, under the extra assumption that, for a given prime ¢, the ¢-th roots ai/ q,...,a}y{q
generate an extension of the field Q(av, ..., a;,) of maximal degree ¢ (see [BGMMS], [P-W1], [W1]). This
estimate has been reached so far only via Baker’s method, thanks to a double induction procedure involving
extrapolations with small steps. It seems that the simpler proof (allued to above) along Baker’s method
involving a determinant will yield a rather bad dependence in m, unless one knows better multiplicity
estimates (essentially, best possible estimates seem to be needed).

1The state of the art The reference [B] contains a historical survey of known estimates up to 1977. At that
time the best known lower bounds were the two main results of [B]. We describe here briefly more recent
results.
We first fix the notations (compare with Theorem 10.1: we only add a coeflicient Sy, like in Chapter 11).
Let 41,. .., ¢, be logarithms of algebraic numbers, a; = exp(¥¢;), (1 <i < m) and By, ..., B be algebraic
numbers, such that the number
A= Bo+ Bl + -+ Bmbm

does not vanish.
We denote by D be the degree over Q of the number field Q(av, . . ., am, Bo, - - -, Bm) and by A, Ay, ..., Al
and B real numbers, which are > e, and satisfy

A>A;, logA; >h(a;), DlogA; > elt;, (1<i<m)

and
logB>h(1:80:81: : Bm).
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The best known estimates (see [P-W1], [Wii] and [W5]) state that there exist two positive numbers
Cy(m) and Cy(m), which depend only on the number m of logarithms, and which satisfy the following
property:

— General case:  |A| > e~Ut with

Uy = C1(m)D™2(log B + loglog A)log Ay - - - log A,,.
— Rational case: assume By = 0 and (B, ..., m) € Q™. Then |A| > =2 with
Uy = Cy(m)D™ 2 log Blog Ay - - -log A,,.

One essential feature of these estimates is that the numbers C(m) and Cy(m) can be explicitly com-
puted. For instance it follows from [P-W1] that one can take

Cl (m) — 28m+53m2m

provided that one assumes A; > €™, log A; > |log ;| (1 <i<m) and A > e°.

In [Wii], the dependence in m and D is not given explicitly, but Wiistholz announces that in a subse-
quent note he will determine an explicit value for the constant which is much better than Baker’s constant
(16m.D)2%9™  According to [Ri] (Chap. C, §1.1 p.236), there is a forthcoming joint paper by Baker and
Wiistholz on this subject.

Some authors state their results in terms of the usual height of the algebraic numbers, in place of Weil’s
height; the exponent of D then looks smaller (m + 1 in place of m), but in fact the result is weaker (see
(3.12)).

The proofs in [P-W] as well as [Wii] use Baker’s method (see also [Ma]). The proof in [W5] involves
the generalization of Schneider’s method to several variables which has been discussed in these lectures. It’s
not clear which one should give the best estimates; in view of the duality between both approaches, one
might expect that the same result will arise in each case; but some minor differences seem to occur in the
estimates, and a combination of both arguments could be the best solution.

Here is an explicit result concerning the value of C3(m) (see [W5] Cor. 10.4). For simplicity we state it
in the form of a lower bound for |al{1 cooabm —1].

Let aq, ..., a;, be non-zero algebraic numbers and by, ..., b,, be rational integers; assume

al{1~-af;l" # 1.

We denote by D be the degree of the number field Q(ay, ..., q,;,) over Q and by Aq,..., A, real numbers,
which are > e, and satisfy

log A; > h(ay), (1 <i<m).
Further, let
B =max{2,|b1],...,|bm|}
Then
’all’l cealm 1> eV
with

U = 20m+32y3m+6 pm+2(1 4 log D)(log B + log D) log Ay - - - log Ay,.

The results in [P-W1] and [W5] include another parameter E (compare with Proposition 7.7 and The-
orem 10.5) which makes the result slightly more complicated, but which is important in many applications.
In the case m = 2, better constants have already been derived from Schneider’s method in [Mi-W1,2,3]. By
the way, A.W. Glass told me that Tahei Okada went through all details in [Mi-W2]; he pointed out a few
minor corrections which should be made in the arguments, but do not invalidate the final result. This result
is now superseded by [Mi-W3], and more seriously by [Lal.

There is an extensive literature on the so-called p-adic case; we refer to van der Poorten’s survey [vdP],
as well as Yu Kunrui’s papers [Yu]; these works deal with Baker’s method. Schneider’s method in the p-adic
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case has been worked out by Dong Pingping [Dpp1,2,3.4], who derives also estimates for simultaneous linear
relations. As suggested in §1 above, in the complex case also it is possible to derive stronger estimates for
several independent linear combinations of logarithms (see [P-W2] for Baker’s method).

Another quite different direction which leads very sharp estimates from below for linear combinations
of logarithms is related with Padé approximation and with Siegel’s G-functions. We quote only one such
example due to G. Rhin, involving numerical computations by E. Dubois and Ph. Toffin [Rh]: for rational
integers by, b1, ba with B = max{|b1|, |b2|} > 2,

|bo + b1 log 2 + bylog 3| > B33,

The exponent 13.3 can be replaced by 7.616 for sufficiently large B.

10pen problems.
1. So far, only Baker’s method gives a sharp estimate in terms of the number m of logarithms, namely
m?™ in the general case, and m™ when, for instance, the numbers ai /2 generate a number field of maximal
degree 2™; it’s an interesting question to achieve such an estimate using the method which is described in
the present notes.

2. Does there exist an absolute constant C' > 0 such that, for all rational p/q, |e™ —p/q| > ¢~ ¢ ?

1Exercises 1. Improve the estimate of Theorem 10.1: replace (log B)? by log B.
Hint. See [W5], but replace the auxiliary function of [W5] by an interpolation determinant, like in Chapters
10 and 11.

2. Let £1,...,0n41, B1,...,Bn be complex numbers satisfying 816y + - + Bnln = lpy1. Define oy = e,
(1<i<mn+1). Fors=(s1,...,8001) € Z"! define

s121 | s'n,zne(ﬁlzl+"‘+ﬁnzn)sn+l

fs(zr, o) = €7t ove

= exp {Z(Sz + Sn+15i)zz} .
i=1

Define also ¢ = (¢4,...,¢,) € C™.
a) Compare the numbers

o\M o\
(2)" - (2)" A

for A = (A1,...,\ns1) € N**1 with the entries of the matrix in Proposition 7.7.
b) Use exercise 2 of Chapter 11 to produce another upper bound for the determinant |A,| in the proof of
Proposition 7.7 and also of Theorem 10.5.

3. Let n, s and ¢ be positive integers; further let =, y, w1, ..., ws, u1, ..., us be elements of C™; furthermore
let 7 € N* and o € N®. Define

w = (wy,...,w) € ((C")t and u=(uy,...,us) € ((C")S.

For z € C", define

S

(z-u)” = H(z ;)%

i=1
where z - u; is the usual scalar product in C™ (see Chapter 2 exercise 3). Define also D7 in the same way as
in exercise 2 of Chapter 11. Check

D‘T,v((z . u)"e“)z:y = Dﬂ((z . W)Teyz)

Hint. See [W3].
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13.- GENERALIZATIONS OF THE SIX EXPONENTIALS THEOREM

Baker’s theorem on linear independence of logarithms over @) (Theorem 11.1) does not contain all known
informations concerning the transcendence of the values of the exponential function (not mentioning results
of algebraic independence); specifically, it does not contain the six exponentials theorem (Theorem 1.6). An
obvious way of giving a result containing both statements (Baker’s theorem and the six exponentials) would
be to prove the algebraic independence of logarithms of algebraic numbers (Conjecture 14.1); this would
imply the four exponentials conjecture (Conjecture 1.7). But this does look like a difficult problem, and our
goal will be more modest.

The six exponentials theorem can be stated in an equivalent way as follows ; like in Chapter 1, denote
by £ the Q-vector space of logarithms of algebraic numbers; for 1 < i < d and 1 < j < £, let A\;; be an
element of L; assume that the ¢ columns of the matrix

)\11 e )\1@

(Aij) , o=
1<i<d,1<j<¢
Adl .- Aqe

are linearly independent in C¢, that the d rows of the same matrix are linearly independent in C* and that
£d > ¢ + d; then the rank of the matrix is at least 2.

To check that this proposition is equivalent to the six exponentials theorem, it is sufficient to consider
the case d = 2 and ¢ = 3; the statement concerning the rank of the matrix implies the six exponentials
theorem: indeed, if the six numbers e*%, (i = 1,2, j = 1,2, 3) are algebraic, then the matrix

T1Y1r T1Y2 T1Y3
T2Y1 T2Y2 T2Y3

has entries in £, the two rows are linearly independent (since 21 and x5 are linearly independent), the three
columns also (since yi, y2 and ys are linearly independent), and the rank is 1. Conversely, if the matrix

()\11 A12 )\13)
A1 Aoz Aoz

is of rank 1, if we set
yj = Ay, (1=1,2,3), and 1 =1, x2= /A1,

then exp(x;y;) = \jj fori = 1,2 and j = 1,2, 3; moreover, since the matrix is of rank 1, the assumption on the
linear independence of the rows (resp. of the columns) is sufficient to ensure that x1,z2 (resp. y1,y2,ys) are
linearly independent. This shows the equivalence between the six exponentials theorem and the statement
on the rank of the matrix.

When the rank of the 2 x 3 matrix is < 2, then the three column vectors

<>\11> (/\12) <>\13>
Aor)7 a2/ \ s
belong to a vector subspace of C? of dimension 1; the six exponentials theorem says that this can happen
only when the quotients A1;/\g; are rational numbers, which means that the subspace containing the three
vectors is spanned by a rational vector (by,be) € Q2.

Michel Emsalem has noticed that this result can be extended to higher dimension thanks to the so-called

theorem of the linear subgroup; we do not state this theorem in full generality (see [R1-4], [W1-2], [R-W]),
but only the simplest consequences. Let V be a hyperplane of C%; the intersection ¥V N L% is a vector space



13-2 Linear independence of logarithms of algebraic numbers

over Q; if V contains a non-zero rational point (b1, ...,bq) € Q%, then this Q-vector space ¥ N L¢ contains
all the points (b1 A, ..., bgA), for A € L; therefore it is of infinite dimension. The result of M. Emsalem [E] is
that the converse is true: if V is a hyperplane of C¢ for which V N Q¢ = 0, then V N L% is a Q-vector space
of finite dimension, and this dimension is < d(d — 1). For d = 2 this is just the six exponentials theorem.

A connection with Baker’s theorem arises in two different ways, corresponding to the point of view
of either Gel’fond-Baker or Schneider. Let us start with Schneider’s approach: instead of working with
points whose coordinates are logarithms of algebraic numbers, we take points whose coordinates are either
algebraic numbers, or logarithms of algebraic numbers. When dy and d; are two non-negative integers with
d = do+d; > 0, we denote by Ag, 4, the product @do x L%, Emsalem’s result (which corresponds to dy = 0,
d = d) can be extended as follows: let V be a vector subspace of the product C¢ = C% x C% | satisfying

yn (QdO
Then the Q-vector space V N Ay, 4, is of finite dimension < dy(d — 1).
Here is how one deduces Baker’s Theorem 1.1: we consider a linear dependence relation

x0)=0 and VN (0xQ™")=0.

Blgl +---+ ann = £n+17

with $1,..., 3, algebraic and /1,...,¢, 1 in £; we assume that ¢1,...,/, are Q-linearly independent; we
need only to prove that f31,..., [, are all rational numbers (see exercise 1). We choose dy = n, d; = 1 and
we take for V the hyperplane of equation 2,1 = f121 + -+ + £, 2, in C"*!; the assumption that ¢1,...,4,
linearly independent over @ implies VN (@n x 0) = 0; moreover V contains the following points Ay, ..., Api1
of Q" x L:

)\i:(éi,l,...,ém,&), (1§’L§7’L),

where d;; is Kronecker’s symbol, and

)\n+1 = (517 ceey Bn7£n+1)-

According to our result above, the vector space VN (@n X C) is of dimension < d;(d —1) < n+ 1, hence the
points Aq, ..., A,41 are linearly dependent over QQ, which implies that 51, ..., 3, are all rational numbers.

Let us now take Gel’fond-Baker’s point of view: the second connection with Theorem 1.1 arises by
considering a hyperplane V which is rational over the field Q of algebraic numbers (see exercise 4 of Chapter
1). Theorem 1.1 can be stated in the following equivalent way:

If V is a hyperplane of C?, which is rational over Q, and if V N Q% = 0, then V N L% = 0 (see exercise 5
of Chapter 1).

Here is another statement which contains at the same time the six exponentials theorem and Baker’s
Theorem 1.1:

If V is a hyperplane of C¢ for which V N Q% = 0, if V contains a vector subspace W of C%, of dimension
t > 0, which is rational over Q, then dimg (V N £d) <d(d—-t—-1).

Emsalem’s result corresponds to W = 0, t = 0, Baker’s Theorem 1.1 to W=V, t=d — 1.

We have just seen two generalizations of Emsalem’s result, which both contain Baker’s Theorem 1.1.
We now combine them into a general result.

Theorem 13.1. — Let dy and d; be to non-negative integers with d = do+dy > 0; let V be a vector subspace
of the product C* = C% x C%, satisfying

VN (Q“x0)=0 and VN (0xQ¥)=0.
Let W be a subspace of of C%, of dimension t > 0, which is rational over Q and contained in V. Then the
Q-vector space V N Ag, g, is of finite dimension < dy(d —t — 1).

As we have seen, this result obviously contains Baker’s homogeneous Theorem 1.1 in two different ways,
with either d; = 1 and ¢t = 0 (method of Schneider), or else dy = 0 and t = d —1 (method of Gel’fond-Baker).
It also contains the non-homogeneous result 11.1 in two different ways: if we have a relation

/80 +ﬁl€1 4 +Bnén = En—i—ly
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with algebraic 8’s and with ¢; in £, then we can either
a) (Schneider’s method) choose dg =n+1,d; =1,d=n+2,t =1,V is the hyperplane of equation

20 + 211 + -+ 2y = 2pga

—n+1

and W = C(1,0,...,1). The intersection VN A,4111 =V N (Q X £) contains n + 1 points A1,..., Apy1:

Ai = (0,851, 0in,45), (1<i<mn),

and
Ant1 = (Bos By -5 By bnt1)-

Since VN (0 x Q) = 0, Theorem 13.1 implies either ¥V N (@nﬂ x 0) # 0 (which means that 1,¢4,...,¢,

are Q-linearly dependent), or else Ay, ..., A\, 1 are Q-linearly dependent (which means that /1, ..., ¢, are
Q-linearly dependent). Thanks to exercise 1, this completes the proof of Proposition 11.1.
b) (Gel’fond-Baker method) or else take dy = 1, dy =t =n+1, d = n + 2 and choose for V = W the
hyperplane

20+ Brz1 + -+ Bpazn = Zn41-

We have B
(Bos by lns1) €E VN ALy =V N (Q x L™);

we deduce from Theorem 13.1 that either (By,¢1,...,ln1) =0, or VN (0 x Q1) = 0. In the later case we
get a non-trivial dependence relation between (i, ..., 3, over Q. From lemma 1.3, we deduce Theorem 11.1.

The next step has been achieved by D. Roy: instead of taking some coordinates in Q, and some in L,
he takes coordinates in the Q-vector space spanned by 1 and £; let us denote by ﬁa this vector space:

We can ask the same questions on VN L@ as we asked before concerning VN L: when is the dimension of this

Q-vector space finite ? An obvious necessary condition is VN @ = 0; as shown by D. Roy, this condition is
sufficient.

Theorem 13.2. — IfV is vector subspace of the product C* = C% x C%, satisfying

do

VN (@ x0)=0 and VN (0xQ") =0,

then the Q-vector space V N (@do

X L%) is of finite dimension < dy(d — ¢ — 1), where t is the dimension of
the maximal vector subspace of V which is rational over Q).

Theorems 13.1 and 13.2 are both special cases ot the above mentioned theorem of the linear subgroup.
1Exercises

1. Show that the statements (%), (i) and (4ii) in lemma 1.3, as well as (iv) in exercise 3 of Chapter 1, are

also equivalent to:

(v) Let n be a non-negative integer, 1, ..., ¢,11 be elements of M, and 1, ..., 5, elements of K. Assume
ly,..., 0, are K-linearly independent and

/Blgl + et ﬁnen = En—i—l-

Then By,..., B, are all in k.

2. Deduce from Theorem 13.1 the five exponentials theorem: if x1,xo (resp. y1,ys2) are Q-linearly indepen-
dent complex numbers, then one at least of the five numbers

emyl’ 611.7;2’ emyl7 6902?,/27 6931/902,



13-4 Linear independence of logarithms of algebraic numbers

is transcendental.

3. Deduce from Theorem 13.2 the strong six exponentials theorem: if x1, 22 (Tesp. y1,y2,y3) are Q-linearly
independent complex numbers, then one at least of the six numbers

T1Y1, T1Y2, T1Y3, T2Y1, T2Y2, L2Y3,

does not belong to L.
Deduce also the five exponentials theorem from this statement.

4.
a) Let G be a subgroup of R%. Show that the following properties are equivalent.

(i) There exists a finitely generated subgroup of G which is dense in R.

(ii) For each hyperplane V of R?, the lower bound rkz ((G + V)/V) > 2 holds.
(iti) For each vector subspace V of R? with V # R?, the lower bound rkz ((G + V)/V) > dimg (R?/V) holds.
b) Let £ and d be positive integers with £ > d? —d + 1. Let ayj;, (1 <i <d, 1 < j < {) be multiplicatively
independent positive real algebraic numbers. Denote by R the multiplicative group of positive real numbers,

and by A the multiplicative subgroup of (Ri)d which is spanned by ai, ..., ar, with o = (uj, ..., ag):
¢ ¢
A= Hai;-,...,HaZ. i5=(51,...,8) €Z"
j=1 j=1

Prove that A is dense in (R} ).
Hint. Let G be the subgroup of R% which is spanned by A1, ..., \e, with

Aj = (logayj,...,logag), (1<j<U).

Using Theorem 13.1, show that for each hyperplane V of RY, tky ((G+V)/V) > € —d(d — 1); deduce from a)
that G is dense in R?, and conclude.
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14.- CONJECTURES

The main conjecture for this subject is:

Conjecture 14.1. — Let /4,...,¢,, be Q-linearly independent logarithms of algebraic numbers. Then
ly,..., 4y, are algebraically independent.

This means that a non-zero polynomial with rational (or even algebraic) coefficients in m unknowns
cannot vanish at the point (¢1,...,4,,). This conjecture has been stated explicitly by A.O. Gel’fond [G]. So
far, it is not yet known whether there exist two algebraically independent logarithms of algebraic numbers.
Ounly the case of linear polynomials (with algebraic coefficients) is solved, by Baker. For polynomials of
degree 2, very partial results are known (strong six exponentials theorem).

There are two extensions of Conjecture 14.1: the first one in the direction of transcendental number
theory [L1], the other for Diophantine approximations [L2]. Here is the first one, which is known for
containing any reasonable transcendence conjecture dealing with values of the exponential function.

Conjecture 14.2 (Schanuel). — Let x4, ..., 2, be Q-linearly independent complex numbers. Then m at

least of the 2m numbers x1, ..., %y, €%, ..., "™ are algebraically independent.

This means that the transcendence degree over Q of the field

Q(xl,...,zm,ezl,...,exm)

should be at least m. Conjecture 14.1 is a special case of Schanuel’s conjecture (when the m numbers exp(x;)
are algebraic); another special case is Lindemann-Weierstrass theorem (which corresponds to the case where
X1, .., %y, are algebraic).

Another kind of open problems deals with measures of linear independence; the strongest conjectures
are stated in [L2]. Here is one example (Conjecture 2 p.213 of [L2]).

Conjecture 14.3. — Let € be a positive real number. There exists a constant C(e) > 0 satisfying the
following property. Let a1, ...,a,, be positive integers and b1, ..., b, be non-zero rational integers. Define

B = max{|b1|,..., |bm]|}-
Assume that the number A = by logay + - -+ + by, log a,, does not vanish. Then

C(e)™B
(61|~ b @1 -+ - am) e

Al >

One can formulate an explicit version of Schanuel’s conjecture; it has been pointed out to me that the
suggestion in [W] is not the right one, in view of Bijlsma’s counterexamples [B]. The following might be
more reasonable: we add a hypothesis which is a measure of linear independence of the z;; it’s interesting to
notice that the known results of algebraic independence for large transcendence degrees involve so far such a
technical hypothesis.

Conjecture 14.4. — Let x1, ..., %, be Q-linearly independent complex numbers. Assume that there exists
a constant k > 0 such that, for all S > 2 and all s = (s1,...,8m) € Z™(S),

[s121 + <+ Smxm| > ST

Let d be a positive integer. Then there exists a constant C > 0, depending on x1,. .., %, and d (and also
on k) such that, for all Py, ..., Pyy1 polynomials in Z[X1, ..., Xm, Y1,..., Y] of degree < d generating an



14-2 Linear independence of logarithms of algebraic numbers

ideal of rank m+1, if H; > e is an upper bound for the absolute values of the coefficients of P;, (1 < j < m),

then
m—+1

] xr
E ‘Pj(xl,...,acm,e ,...,em)
=1

C
1Y > 1/C.

Finally, in connection with Chapter 13, we mention some very interesting results by D. Roy [R1], [R2];
he shows in particular that Schanuel’s conjecture is equivalent to a conjecture on the rank of matrices whose
entries are logarithms of algebraic numbers.

1Exercises 1. Deduce the following consequences from Conjecture 14.1. Let V be a vector subspace of C?.
a) Assume ¥V N Q? = 0; then dimg V N £4 < d(d —1)/2.
b) Assume V ﬁ@d = 0; then dimzV N E% <d(d—-1)/2.

c) Strong four exponentials conjecture. Let x1,z2 be Q-linearly independent complex numbers, and let y1, 4o
be also Q-linearly independent complex numbers. Then one at least of the four numbers

1Y, T1Y2, T2Y1, T2Y2

does not belong to E@'
Hint. See [R2].

2. Deduce from Conjecture 14.3 an effective version of Pillai’s conjecture : For each ¢ > 0 there exists a
positive number C(e) > 0 with the following property; let x, y, p and ¢ be integers, all of which are > 2,
such that aP # y?; then

2P —y?| = C(e) max{xp,yq}lf(l/p)f(l/q)fe.
Hint. See [L2] Introduction to Chapters 10 and 11.

3. Deduce from Conjecture 14.4 the following measure of algebraic independence for logarithms of algebraic
numbers. Let ¢y,...,¢,, be Q-linearly independent elements of £ and let d be a positive integer. There
exists a positive number ¢ such that for any non-zero polynomial P € Z[Xy,..., X,,] of degree at most d,
the lower bound

|P(¢1,...,4m)| > H ¢

holds with H = max{H (P),2}.
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LINEAR FORMS IN TWO LOGARITHMS
AND INTERPOLATION DETERMINANTS

by Michel Laurent

1 Introduction This appendix is an expanded version of the manuscript quoted in the preceding chapters. Our
aim is to test numerically the new method of interpolation determinants in the context of linear forms in two
logarithms. In the recent past years, M. Mignotte and M. Waldschmidt have used Schneider’s construction,
in a serie of papers [2],[3],[4], to get lower bounds for such a linear form with rational integer coefficients.
They got relatively precise results with a numerical constant around a few hundreds. Here we shall take
again Schneider’s method in the frame of interpolation determinants. We shall decrease this constant to less
than one hundred, when the logarithms involved are real numbers. Theorems 1 and 2 are simple corollaries
of our main result which is Theorem 3. At first glance, the statement of Theorem 3 seems to be a bit
complicated, but it is much more precise than the above mentioned corollaries, which are only examples of
applications. Let us also mention that we have been lead in §3 to some technical lemmas which can reveal
useful in some other situations from transcendence number theory. I would like to thank Dong Ping Ping to
have detected some inaccuracies in a first writing of this text.

1 Statement of the results Let a7 and as be two real algebraic numbers which are supposed to be > 1 and
multiplicatively independent. We shall give lower bounds for the linear form

A =bylogas — by logay,

where b; and b, are rational integers which can be supposed to be > 1 without loss of generality. Denote by
D the degree over Q of the number field Q(as, a2), and let a1, az be two real numbers > 1 such that

h(al) S 10gai7 (Z = 172)7

where h(a) means the logarithmic absolute height of the algebraic number «, as defined in Chapter 3.
For each couple of integers b; > 1, by > 1, denote

b n bo
Dloga; Dloga;’

Our first result gives the asymptotical value of the constant when b’ tends to infinity.
Theorem 1. For each number ¢ > 48, there exists a number b'(c) such that

log |A| > —cD*(logd') 2 log a1 log as
for each couple of integers by > 1, bs > 1 with b/ > ¥/(c).

We can of course compute effectively such a constant b'(c¢) in term of ¢. Here is a concrete example.

Theorem 2. Suppose that loga; > 1, logas > 1 and logb’ > 25. Then
log |A| > —87D*(0.5 + log b')2 log a; log as.

Our main result is the following
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Theorem 3. Let K be an integer > 2, let L, Ry, Ry, S1, So be integers > 1 and let p be a real number
> 1. Suppose that

(1) R151 Z maX(K, L), RQSQ Z 2K L.

Denote
R=Ri+Ry—1, S=5+55—-1, ’)/:RS/KL,

g= - — —/— +max 7 i .
4 12y 4vL2’ ALR?’ 4152
For integers by > 1, by > 1, call

K1 —2/(K%?-K)
b= ((R—l)b2+(S—1)bl) (H k!) .
k=1

Suppose now that oy and ag are multiplicatively independent, that the numbers rby 4+ sby, (0 <r < R -1,
0 < s < S —1), are pairwise distinct, and that we have

K(L—-1)logp+ (K —3)log2 > 2Dlog(KL)+ D(K —1)logb

2
@) +gL<(p — 1)(Rloga1 + Slogaz) —+ 2D(Rloga1 + Sloga2)>.

Then we have the lower bound

where

A — Ama <LSeLS|A/(2b2) LReLRAI/(%l))
= Amax )

2bsy ’ 2by
Theorems 1 and 2 will be deduced from Theorem 3 by plugging the inequalities:
a; <ap, (i=1,2),
in condition (2) for specific values of the parameters K, L, Ry, Ra, S1, Sz and p.
1 Technical lemmas We shall have to investigate the determinant of a matrix whose entries are monomials
in o and as. It is crucial to know what sort of monomials appears in the expansion of this determinant. To

that purpose, we shall use some combinatorial results which have been gathered in this part because their
statements are independent from the original problem.

Lemma 1. Let K, S and N be integers > 1. We have

ZN:({V_T +1> ([N;y} +1> _ N@N? 4 3KN + 8N + 3KS +1)

K 12KS

v=1

Proof. Denote by E the sum appearing on the left hand side of the inequality. We shall decompose E into
subsums corresponding to the congruence classes for the summation index v modulo K and S successively.
If v is congruent to k modulo K, where 1 < k < K, then [(v—1)/K] = (v —k)/K, so that we can write

1 (Y 1 (&
E= <;ya,,> + 2 (;(K—k)5k>,
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where we have denoted

N —v
av|: S :|+17 Sk:;am

and where the summation index v is congruent to £k modulo K in the sum Si.

Let us now remark that the sequence (a,,) is non-increasing, so that the sequence (Sk) of the

1<v<N 1<k<K

partial sums is also non-increasing. By Abel’s summation, we get

k=1 k=1 j=1 k=1
from which it follows that « e «
K «— K-1
> (K —k)Si > 52 5> > Sk
k=1 k=1 k=1

the last term being equal to ((K —1)/2) (ZV 1a ) In this first step, we have got the lower bound

N N
1 K-1 N—-v 1 v—1
> = —
2 G (e RO M (S DR
where we have denoted b, = N — v+ ((K 4+ 1)/2), (1 < v < N). The sequence (b,,)1<u<N is also non-

increasing. The same argument, with K replaced by S and the sequence (ay) replaced by the sequence (by),

provides us the lower bound
N N
v—1 1 S—1
> (%5 ]“)WSZ: (457

v=1

from which it follows that

But the last sum is elementarily seen to be equal to

N (2N? +3KN +3SN +3KS5 +1)
12 ’

and the lemma is proven.
The next lemma is also computational.
Lemma 2. Let N and S be natural integers. Then we have
XN: v—1] _ (2N - 5)?
S |~ 85 '

v=1

Proof. Denote by F the sum on the left hand side. If N < S, the sum F' is equal to zero while the right hand
side of the inequality is > 0. Suppose now that N > S. By Euclidean division, we can write N = (a+1)S+b,
(1<b<S,a>0). Then we have

(a+1)S 1 N
F= Y { S :|+ > (a+1)
v=1 v= (a+1)5’
S(a? + a) —SN+b(S—b)
= 1
5 +(a+1)b 55
N N S
<5 Y )
- 28 2 8
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because b is located between 1 and S.

Let K and L be integers > 1, and let N = K L. Denote

0, = [”;}, (1<v<N),

so that the sequence (f)l <, < 1s nothing else that the sequence of integers (0,...,L—1), repeated K times

and classified by increasing order. The next lemma will be directly used to estimate our determinants.

Lemma 3. Furthermore let R and S be integers > 1. For each sequence (r1,...,ryN) of integers between 0
and R—1, and such that any given integer is repeated at most S times in the sequence, we have the estimate

N
M-G<Y tr,<M+G,
v=1

where
j\4:(L—1)(7"1Jr~'+1"N)7
2
NLR (1 1
G:2<4‘m+€>’
RS 1 ¥
TTKLD 6:][m‘X(zwLZ’ 4LR2)‘

Proof. In other words, the problem is to estimate the oscillation of the sum
N
L—-1
= gu e vy
()

when (71, ...,7ry) runs over the set of sequences of N integers, with value between 0 and R — 1, such that a
given integer appears at most S times. Let us first remark that in the sum o the terms whose index v lies
between 1 and (N + 1)/2 are < 0, while those with index (N +1)/2 <v < N are > 0. The symmetry

IN—pi1+4,=L—-1, (1§V§N),

allows us to write o in the form:

o=- Z (ﬁu - L2_1> TN—v+1+ Z (EV - L2_1> Ty

(N+1)/2<v<N (N+1)/2<v<N

To precise the values of the above sums, we have to distinguish two cases, according to the parity of L.
i) Suppose that L is odd.
Denote N’ = K(L — 1)/2. In this case we have

O (T R

(N+1)/2<v<N

and o is the difference of two numbers of the shape

()
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where (b1,...,bn/) denotes a sequence of N’ integers between 0 and R — 1 such that each value appears at
most S times. It follows that

—max(8) + min(f) < o < max(f) — min(p).

The substitution b, — R — 1 — b, shows that

max(8) + min(8) = (R — 1) i ( {”K_l} + 1)

from which follows the upper bound

0] < (R—1)K(L*-1)

We have to find the value min(8). Let us show that

=5[] ) [

v=1

that is to say that the minimal value is reached for the sequence b, = [(N' —v)/S], (1 < v < N’). Let
us first remark that for each minimal sequence (b, ), we have b; > b; whenever [(i — 1)/K]| < [(j — 1)/K].
Indeed, if we denote by (b)) the sequence deduced from (b,,) by permuting b; and b;, we have

55w ([ o

v=1

which must be > 0 by the minimal property of (b,). As the value of the sum

(7] 1)

v=1

is invariant by substitution in each block (b1,...,bk), (bx+1,...,b2K),..., We may suppose without re-
striction that the sequence (b,,) is non-increasing. By minimality, it is then clear that the S last values
bn7,...,by_gs+1 are necessarily equal to zero, the S preceding ones are equal to one, and so on. In other
terms, we have b, = [(N’ - V)/S} for 1 < v < N’. We have proven the upper bound:

(R—1)K(L*>—1)

<
o] < -

S () (5] ) e (5] ).

The second sum in the right hand side of the above inequality is equal to K(L? — 1)/8, while lemma 1, with
N replaced by N’, gives us the lower bound

K(L-1) (K*L-1)? 3K?*(L-1) 3KS(L+1)
>

24K S ( 2 * 2 * 2 )=
1

=5 (K*(L® = 3L +2)+3KS(L* — 1))
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for the sum in the mid term. Putting altogether and using the trivial estimate

(R—DK(L*—1) _ RKL* K(L*-1)
8 =8 8

we finally get
RKL? B K2L3 n K%L B K72
- 8 248 85 128°

Neglecting the last term, we can write

o< NLR(L_ L1\
= \d 12y T2) =

ii) Suppose now that L is even.
Then we denote N’ = KL/2 = N/2. In this case, we have

2 (5 S e

(N+1)/2<v<N v=1

The proof runs along the same line, with sums of the shape

()

for which, with corresponding notations, we obtain the upper bound

s (S ([57]+5)) 5 (%5 5]

v=1

The right term of this inequality is better written as equal to

me i (R ) (5] ) S (5 )

=1 v=1

In the same way, using lemma 1 and 2, we get finally

=73 215 125 T8 2

RKL*> K?L) L S NLR(1 1 L

N 4 12y  6yK2L2  4LR?)°
Neglecting the third term, we obtain |o| < G.
Remark. The upper bound |o| < NLR/8 can be proven very easily in the following way. We write

UZA’:(@L;)%%(&L;)(TVW

v=1 v=1

for each complex number 7, because the average value of the sequence (€,),_ . is (L —1)/2. Choosing
the center n = (R — 1)/2 and bounding |r, —n| < (R —1)/2, we get o

N

IU\S?Z

v=1

gyLl'_
2
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If we suppose for instance L odd, the last sum is easily seen to be K(L? —1)/4. We get

K(R—1)(L*~1) _ NLR
< .

lo| < <
8

Idem for L even. The lemmas 1 and 2 have the effect to substract 1/(24+) to 1/8.

1 Zero estimate Let K, L, Ry, Ro, S1, 52 be integers > 1. As in Theorem 3, put
R:Rl+R2—1, S:S1+SQ_]..

Let b and by be two complex numbers. For positive integers n and p, denote as usual (Z) =n---(n—p+ 1)/p!|
the binomial coefficient, and denote by A the KL x RS matrix whose entries are the numbers

b b
(1%

where (k,£), (0 <k < K-—-1,0</¢<L-1) is the index of row, while (r,s), (0 <r<R—-1,0<s< S-1)
is the index of column. It will be convenient to number the lines by setting

1—1 1—1
J— - <1< .
(=[] a2 asism

The order of the columns is irrelevant. Various zero estimates can show us that under suitables conditions,
the matrix A is of maximal rank. Here is an example.

Lemma 4. Suppose that conditions
(1) R1S1 > max(K, L), R3Sy > 2K L,

hold. Suppose also that the numbers oy and as are multiplicatively independent and that the RS numbers
rboy +sby, (0<r<R-—1,0<s<S—1), are all distinct. Then the rank of the matrix A is equal to K L.

Proof. We have to show that the KL lines of A are linearly independent. If not, there would exist a non-zero
polynomial P[X,Y], with degree in X bounded by K — 1 and degree in Y bounded by L — 1, vanishing at
the points

(rbe + sby,afas), 0<r<R-1,0<s<S-1).

Now proposition 4.1 from [3] tells us that the assumptions of the lemma cannot be fulfilled. Notice that
our hypotheses are stronger than those of proposition 4.1, and that the strict inequalities (a), (b), (c) in
this proposition become the large inequalities (1), because of a shift by one for the degrees. Of course, a
suspicious reader could object that the set of points we consider, is not the same as in proposition 4.1. One
can answer that, first when Ry, Rs, S7,S2 are odd, the two sets of points differ by a translation in G, x G,
and secondly that if one of the parameters is even, the proof runs along the same lines!

1 Arithmetical lower bounds for minors from A

From now on, we begin the proof of Theorem 3. So we have five parameters K, L, R;, Ra, S1, S2
satisfying (1) and integers by > 1,bo > 1 which are almost linearly independent in the sense that the
numbers rby + sby, (0 < r < R—1,0 < s < § — 1) are pairwise distinct. By lemma 4, the matrix A
associated to this set of data, is of maximal rank N := K L. Let A be a non-zero minor of order N x N from
the matrix A. For a suitable ordering on the set of columns contained in A, we can write

b b e
sman (M)
i 1<i,j<N
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The aim of this section is to prove the following lower bound for |A|.

Lemma 5. Denote

1 1 n 1 ¥ 0%
=-——+4ma
9747 12y *\4yL2 4LR?’ 1L§?)°

Gy =gLRN/2, Gy =gLSN/2,
M1 = (L—l)(m ++TN)/2, M2 = (L—l)(81—|——|—SN)/2

Then we have
log|A| > —(D — 1) log(N!) + (M; + G1) log aq + (Ma + G2) log aa

1
—2DG, loga; —2DGslogas — §(D —1)(K —1)N logb.

(Recall that we have defined

K1 —2/(K%-K)
b= ((R—l)b2+(S—1)b1) <H k!) ).
k=1
Proof. Let us consider the polynomial

N
_ TU(i)bQ Jr5<T(i)bl Z]\i Liro (i) Z]\i Liso (i)
P(X,Y) = sg(o) H ( N X2z Y2 ,
o =1
where o runs over the symmetric group Sy, and sg(o) means the signature of the substitution o. By
expanding the determinant A, we get A = P(ay,a2). As

ki
riba+sib) _ (B=Dba + (5~ 1)hy) ,  (1<i<N),
N
Zki = (K —1)N/2,
i=1

we easily see that the length L(P) of the polynomial P is bounded by

K—-1)N/2
NU((R = b+ (5 = Do) Oy
[L2, k!

To get a good lower bound for |A|, we have to notice that P is divisible by a large power of X and Y. In a
precise way, lemma 3 gives us the estimates

M, -Gy < Zfﬂ"a(i) < M + Gy,

My — Gy < Z&Sa(i) < Ms + Ga.
Let us denote by V; (resp. V) the integer part of My + Gy (resp. Ma + G3), and by Uy (resp. Uz) the least
integer > M7 — G (resp. M2 — G2). Then we can write

~ (1 1
A = P(ay,az) = a)*ay? P < ) ,

0[17012
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where ]5(X ,Y) is a polynomial with integers coefficients, with the same length as P, and whose degree in
X (resp. Y) is bounded by Vi — Uy (resp. Vo — Usz). As h(1/a1) = h(ay) and h(1/az) = h(as), Liouville’s
inequality, in the shape of lemma 3.14 from the preceding Chapter 3, gives us the lower bound

log
a1 Qg

_ /1 1 _
P (,)‘ > —(D—1)log L(P) — D(V; —Uy)loga; — D(Vo — Us)log as.

Taking into account the above upper bound for L(P) = L(P), we get
log |A] = —=(D — 1) log(N!) + Vi log o + V2 log g
—D(Vy —Uy)logay — D(Va — Us) logas — %(D —1)(K —1)Nlogb.
Now, from the inequalities D loga; > log a; > 0, we get
Viloga; — D(V; — U;)loga; > (M; + G;)log oy — 2DG; log a;
for i = 1,2, inequalities which imply lemma 5.

1 Analytic upper bound for |A| Here is the crucial point where the smallness of |A] is to be used essentially.

Lemma 6. Let p be a real number > 1. Suppose that

|A/| < p—N+(1/2).
Then, we have the upper bound

M G1 M. G
o) 1+p 1052 2+p! 2

. B\ (E—DN/2
Al < g2V ()

Proof. Without loss of generality, we may assume that
b1 logay < bslog o,
so that A is > 0. Denote 8 = by /bs. Then we have
A
logas = Blogay + o
2

Let us first modify slightly the matrix whose A is the determinant. For any complex number 7, as

’I“ij + Sjbl . bgl
k; k!

(rj+s;B — "™ + ( terms of degree < k;)

we have by multilinearity

bk ot s,
A = det <k2| (rj + 58— )" af" oy ”) -

Then it is convenient to center the exponents ¢; around their average value (L — 1)/2. We get in this way:

bl ) e Mg

M, M ke A i

A——al 10422det (kzl (rj—i—sjﬁ—n) a; Tja2 qJ),
;!
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where \; = ¥¢; — %, (1 <i < N). We write now

ai\irja;\isj _ ai\i(rj+sjﬁ)€)\j’sjl\/b2

_ ai\i(’“]“‘rsjﬁ) (1 +A/9i,j)7
with
eAiSjA/bQ _ 1
=
so that
2by (elMilsih /b2 — 1)

<1
LSAeLSA/2b; =

(here is the unique reason for which it is better to work with A’ instead of A). Plugging this expression in
the determinant A, we get the formula

10i,5] <

(*) A = aiwlaé\/Q Z (A/)N7Card1AI ,
IC{1,...,N}
where
Ci,1 Ci,N } el
A] = det
Oi1ci1 - Oincn boigl
and N
Cij = ﬁ (rj +s;8— n)ki ai\"(”—’_s’ﬂ).
al

As Zil Ai = 0, it is licit to replace in Ay the quantity c; ; by cwal_)‘m

A7 takes now the form

, in such a way that our determinant

pi(z1) - gilan) }oiel

Oirpi(z1) - binpi(zn) }oigl

A[ = det

where we have set

by
o= ke, iz
7.
zi=rj+sif-n  (1<j<N).

Let us now choose n =

w, in such a way that

(R—1)+8(S-1)

(1<j<N).

We shall next give an upper bound for |A;|. Let us consider the entire function ®; of the complex variable
x defined by
wi(xz1) pi(zzy) } 1€l
@](l‘) = det,
91'71@1'(1'2’1) e QZ)NQDZ(ICZN) } 7 ¢ I
so that Ay = ®;(1). Expanding in Taylor series the functions ; for index of lines i € I, we see as usual in

the previous lectures, that the function ®; has a zero of multiplicity > (v? — v)/2 for & = 0, where we have
set v = Card(I). The usual Schwarz lemma then implies

2
A7 = |®r(1)] < p~ " —0)/2 \I:?&),(;lq)j(xﬂ
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for any real number p > 1. Using these inequalities for all subsets I C {1,..., N}, together with
|A/| < p—N+(1/2)
and reporting in (), we get

IA| < oM ad22N max (p*(N*% (N*")*%(”Q*”)) max max |®y(x)].
0<v<N I z|=p

. 1 V2 —v N2 _-N
i (V= D =)+ S5 ) = B

we get

Al <aM1 MQQNp (N2-N)/2) m1ax|m\ax|q)1( z)|.
z|=p

Then lemma 6 is an immediate consequence of the following upper bound

Lemma 7. For each subset I C {1,..., N} and each complex number x, we have
b\ (K—DN/2
|®7(x)] < N! (|x2|> o 17161 g, |21G2

Proof. Since |6; ;| < 1, expanding the determinant ®;(z) shows that

N

H ©iq (IL‘ZU(,‘)) )

i=1

|®;(x)] < N!lmax

where o runs over all substitutions o € Sy. We have:

H pilezo) =11 T (zow)” (S ase)e

k;!

Z AiZo(i) = Z Ai(ro@) + Bsagiy — 1)
= Z Ai(ro@) + BSo(i))
= (X Nirow) + B Nisows)-

Now lemma 3 gives us respectively the upper bound G; and G5 for the absolute value of the two last sums.

We get
‘Z AiZo (i)
B

By assumption of < ag. Finally, the exponential term in the product vazl Vi (mza(i)) is bounded by
*1G1  |21G2
1 2

< G1+ BGs.

, as was to be shown. For the monomial term, it is enough to use the simple bound

(R—1)+8(S-1)

(1<j<N),

so that

H yngzg(z)| <b2|x|((R—1)2+6(S—1))>(K 1)N/2 (H kl)

—L

12l (K—1)N/2
= <2> .
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Remark. The determinant A is nothing else that the interpolation determinant of the N functions in two
variables x,y

by _
pilw,y) = Zrataytety,  (1<i<N),
evaluated at the N points
(r; + Bsj,8jA/ba), (1<j<N).

For bounding such a determinant, the general pattern consists to expand it in Taylor series (around
the origin or any other point) of the 2V variables x;,y;, (1 < j < N), determined by the coordinates of the
given N points.

In our special case, the second coordinate y is small, so it has been sufficient to expand the functions
wi(z,y) at the order 1 in y.

1 End of the proof of Theorem 3 On the opposite, suppose that the conditions of Theorem 3 are satisfied

and that
|A/| SprL+(1/2)'

Lemmas 5 and 6 allow us to precise the value of log|A|:

—(D — 1) log(N!) + (M1 4+ G1)logag + (M3 + G2) log as — 2D (G4 log ay + G2 log az)

1 1
_E(D —1)(K —1)Nlogb < log|A| < Nlog(2N!) + i(K — 1)N log(pb/2)

1
+(Mi + pG1)log ag + (Ms 4 pGa)log ag — §(N2 — N)logp.

The quantities involving M; and M; cancel on both sides of the above inequalities. We finally get the
opposite of (2) by bounding log(N!) < Nlog N and replacing N, G1, G2 by their values. This contradiction
proves the Theorem 3.

1 Proof of Theorems 1 and 2 As a; < a¥ and ay < a¥, it is sufficient to check instead of (2) the stronger,
but simpler, inequality
(3) K(L—-1)logp+ (K —3)log2 >

2Dlog(KL)+ D(K —1)logb+ g(p+ 1)DL (Rloga;, + Slogas) .
Now, we have to compare b and o’. This will be provided by
Lemma 8. For any integers R > 1,5 > 1 and K > 2, we have

)< 5((R—1)by + (S — 1)b1).
= K—1

Proof. We are lead to give an uniform lower bound for

K1 2/(K?-K)
(H k!) .
k=1

Let us show that this quantity is > (K — 1)/5 for any K > 2, which is the meaning of lemma 8. This is a
problem of standard calculus. One can proceed as follows. First notice that

K—-1 K—-1 K-1
II#5=]]x&-kk=]]r"
k=1 k=1 k=1
(K —1)n"
BT

k=1
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. K-1
Now we are reduced to give an upper bound for [, k*. Let us show that

K-1
K?—- K K:-K K
klogh< ——log(K —1) — —— + —,

P 2 4 3

for K > 2. We use Euler-Maclaurin’s summation formula, in the notations of formula (7.2.4.) p. 303 in [1]:

D+ S | f) - F)

9 19 + R

f(1)+---+f(n)=/1nf(w)dw+f(

with r =1 and ) "
3
Ri< g [ 1Ol

We take f(z) = zlogz and n = K — 1, and we get
(K-1)?2 1 (K-1)log(K —1)
4 + 2

log(K — 1) 1
+ 12 + 272’

N
_|_

K-—1

K —1)2
3 klogh < %log(K— 1) —
k=1

in which formula, it is enough to bound log(K —1) < K — 2 for any K > 2. Now, we use the standard lower
bound
(K —1)!> (K — 1)K te- (K1),

Putting altogether, we get

K1 2/(K?—K)
(H k;) > (K — 1)e-3/2-@/s0-n) 5 K1
- py 5 )
k=1

for K > 8. If K =2,...,7, the inequality between the left hand side and the right hand side is obvious to
check.

The principle of the proofs of Theorems 1 and 2 is as follows. In each case, we shall define a system of
parameters K, L, Ry, Ry, S1, S, p satisfying the conditions (1) and (3). Theorem 3 provides us a lower bound
for |A’|, and consequently for |A[, if we assume that the numbers 71 + sby, 0 <r < R-1,0<s<85-1)
are pairwise distinct. If this last condition is unsatisfied, Liouville’s inequality furnishes a much better lower
bound for |A| than the one which is required.

Let ¢; >0, ca >0, c3 >0, cy >0 and f be constants (that is to say, numbers independent of ', aq,
and as) which shall be defined in each case. For simplicity, denote B = f + log’. We set

K = [01D3Bloga1 log as] ,

L = [e;DB],
Ry = {03D3/2B1/2 logag} 41,
Sy = {CgDS/zBl/Q 1oga1} +1,
Ry = [C4DQBloga2] ,

So = [C4DQBloga1] .

Let us begin by Theorem 1 for which the computations are simpler because it suffices to compare the
leading terms for large B in the inequalities involved. First, thanks to lemma 8, we bound

p<® (R—1)ba + (S —1)by)

< K1 Sefb/:eB,
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if we have chosen f > log5+logcy —logey. To satisfy (1) and (3) for large B, it is enough to choose positive
constants cq,...,cq SO that:

cq > V2c1 09,
(4) crezlogp > ¢ + 2g(p + 1)cacy,

c3 = max (y/c1,+/c2) .

Remark that the ratio v = RS/KL is > 2 and then the quantity g is > (1/4) — (1/24) = 5/24. We easily
check that there exist positive solutions of the system (4) which are as close as we wish from the limit values:

oo 849%(p+ 1)
(log p)°

c3 = max (y/c1,1/c2), c1=V2cco,

Cy = )
log p

with g = 5/24. Strictly speaking, these values are not convenient because they lead to equalities in the first
two relations of (4). Now choose p = 5.8, so that

1 =2364---, co=113---, c3=486---, c4=733--.
From Theorem 3 follows the alternative: either
log |A'| > =K Llog p > —ciczlog pD*B? log a; log as,

or there exist two integers r and s, with |r| < R —1,|s| < S — 1 such that rby + sb; = 0. Obviously we may
suppose that r and s are relatively prime. Then from exercise 6.a in Chapter 3, we get

|A| > |rlog oy + slogas| > exp{—Dlog2 — D(|r|loga; + |s|logas)},

which implies
log|A| > —=Dlog2 — 203D5/231/2 log a; log as — 2¢,D3Blog a; log as.

Here above, the main term is the third, which is better than required. To conclude, one has only to remark
that for the above limit values, we have c¢jczlog p < 48 and that log |[A’/A| = O(log B).

For Theorem 2, the preceding arguments have to be made effective. We choose our constants slightly
larger than the above limit values. Let us set

c1=36, co=15 c3=6, c4=06V3+0.04=1043---, f=049, p=49.
Using systematically estimates of the type
(x —0.04)y < [zy] < zy,
which are true for any real numbers x > 0 and y > 25, we easily check that for B > 25, we have

R < 11.633D*Blog as
S < 11.633D*Bloga,
v < 2.578
g <0.218

(note that the third term from the definition of g in Theorem 3, is bounded by 10~%). The lemma 8 gives
us the upper bounds

b < 5((R — l)bg + (S — 1)b1) < 5<Rb2; Sbl)

< 1.62b
< 1 < <16
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from which follows logb < B. Inequalities (1) are consequences of the lower bounds:

Ry > 6D3/2B1/? log as,
S1 > 6D3/2B1/? logay,
Ry > 6V/3D?Blog as,
Sy > 6\/§D2Blog ai.

To check the main inequality (3), it is convenient to break it into two parts

(3.1) K(L—-1)logp>D(K —1)B+g(p+1)DL(Rloga; + Slogas)

(3.2) (K —3)log2 > 2D1log(KL).

The reader will easily check that the left hand side of (3.1) is > 81.15D* B? log a1 log as, while the right hand
side is < 80.89D*B?%log a; log az, for B > 25. The condition (3.2) is quite largely fulfilled for B > 25. By
Theorem 3, we know that either

log |A'| > =K Llog p > —86D*B?log a; log as,

or
log |A| > —Dlog2 — DRloga; — DSlogas > —24D3Blog a; log ay.

Finally, the bound (quite weak for B > 25)
1+1logL +logS +log R < D*B?loga; log as,
provides us the required lower bound

log|A| > —87D*B?log a; log as.
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Notations

N (set of non-negative rational integers)
Z (ring of rational integers)
Q (field of rational numbers)

R (field of real numbers)

Q (field of algebraic numbers)
C (field of complex numbers)

Q,, (field of p-adic numbers; §3.2)

C, (completion of an algebraic closure of Qp; §3.3)

K* (multiplicative group of non-zero elements of a field K)
dimg (dimension of a K-vector space)
rky, (rank of finitely generated Z-module)

Card (number of elements of a set)

E (Zariski closure of a subset E in K9 §8.1.a)

ged (greatest common divisor)
() (binomial coefficient)

[] (integral part of a real number x)

|| (smallest integer > x; §5.3.1).
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L (Q-vector space of logarithms of algebraic numbers) . . . . . . . ... ... ... ... §1.0
Zm(S) ={(s1,---vsm) €Z™; |s;| <S,(1<j<m)} ... ... §2.1
h(a), h(dg : -+ :¥s) (Weil’'s height) . . . . . . . . o000 o §3.2
H(o), H(f) (usual height) . . . . . . . . . . 3.2
M(a), M(f) (Mahler’s measure) . . . . . . . . ... §3.3
L(f) (length of a polynomial f € C[X]) . . . . . . . . . . .. ... .. ... ...... 83.4
dena (denominator), [a] (house), s(a) (size) . . . . . ..o §3.4
Z™(S) ={(s1,...,8m) €Z™; |s;] < S;,(A<j<m)} .. ... §3.6, §10.1
On(L) « o §4.2
K . (torsion subgroup of a field K, i.e. roots of unity in K) . . . . . .. . ... ... .. §5.1
(F+V)/V image of F C K™ under K" — K™/V . . . . .. ... .. ... ..... §5.3.c
Bd ={zi+ - +zg;z,€E, (1<i<d)} ... ... ... ... ... ... ... §5.3.d, §8.0
H(E; Dy, Dy) = dimg (resE (K[X, X}gwo,al))) ....................... §8.1.b
M(E;Do,D1) =n!Y i, ai;DiD] . ... §8.1.b
To o oo e §8.1
On(Lo, L) o o o §9.1
G(S) = GOZ™S) o o oo §10.1
Naga, =Q " X LU L §13.0
Ly (Q-vector space spanned by 1and £) . . . . . . . ... §13.0
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Pillai’s conjecture . ... ... ... Chapter 14 exercise 2
Rational subspace ... ... ... .. Chapter 1 exercise 4
Schanuel’s conjecture . . ... ... Conjecture 14.2
Schwarz lemma ... ... Lemma 4.1
Six exponentials theorem . ... ... ... ... Theorem 1.7
Size of an algebraic number . ... ... ... 83.4
Strong four exponentials conjecture . .......... ... .. .. . . . .. Chapter 14 exercise 1
Strong six exponentials theorem . ........ ... . ... .. .. ... ... Chapter 13 exercise 2
Thue—Siegel-Roth theorem .. ... ... .. . . . . . . . . . Theorem 1.6
Weil height . ..o §3.2
Zariski ClOSUTe . . . .. 68.1 a

Zero estimates . ........ .. ... §2.2, Chapters 5 and 8; §11.2, §A.2



