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Eighth lecture: April 25, 2011

9 The structure of the shufle and harmonic al-
gebras

We shall see that the shuffle and harmonic algebras are polynomial algebras in
the Lyndon words.

Consider the lexicographic order on X* with x¢ < z; and denote by £ the
set of Lyndon words (see §3). We have seen that x is the only Lyndon word
which is not in Y)IIH, while g and x; are the only Lyndon words which are not
in HY.

For instance, there are 1 + 2 + 22 + 23 = 15 words of weight < 3, and 5
among them are Lyndon words:

xo < l‘g]ﬁl < ror1 < 330.73% < 7.
We introduce 5 variables
Tio, To1, T11, T12, To1,

where T;; corresponds to xfz].

9.1 Shuffle

The structure of the commutative algebra $y is given by Radford Theorem.

Theorem 33. The three shuffle algebras are (commutative) polynomial algebras
O = K[L]w, $Hp = K[L\ {xo}}m and $HY = K[L\ {xowl}}m.

We write the 10 non-Lyndon words of weight < 3 as polynomials in these
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Lyndon words as follows:
e=e,

1 _ 1p2
EfEQH.ICEO = §T10’

8
o
Il

1

. _ 173
3(E()H.IIEQHL’LO = §T107

8
ow
I

2
ToT120 = Tomxox1 — 2571 = L1111 — 27To1,
1w = Tomx1 — Tox1 = T10T01 — T11,
5 _ 1

2 172
T1TH = FTOWTMT1 — TomTor1 + T5T1 = 5150To1 — TroT11 + 1o,

— 2 _
T1Xox1 = ToX10Tx] — 2{130$1 = T11T01 — 2T12,

o=

a?
I%IO = %ZZI()IHIlmIl — T 111X + ZZL’O‘T% = %TIOT()Zl — T11T01 + jﬂlz7
x:l" = %mlmxlmxl = %T(%-
Corollary 34. We have
_ &l _ &0 1 _ &0
O = D [To]m = Hy[r0, 71l and  Hy = Hy[1]m-
9.2 Harmonic algebra

Hoffman’s Theorem gives the structure of the harmonic algebra $),:

Theorem 35. The harmonic algebras are polynomial algebras on Lyndon words:
=K[L),, 9= K[L\ {xo,21}], and ol = K[L\ {xo,21}],.

For instance, the 10 non-Lyndon words of weight < 3 are polynomials in the
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5 Lyndon words as follows:
e=ce,

2 _ _ 72
x5 =zo*xxo =TTy,

T3 = 20 % T0 * 20 = Ty,

ToT1To = To *x Tor1 = T10T11,
170 = To * 21 = T10701,
2 _ T2 T
1Ty = Xo *To*xT1 = 10401,
_ 2 2 _
T1ToT1 = Tox1 * T1 — 25T1 — Tor] = T11To1 — Tor — Tho,

2 _ 1 1 _ 12 1
T = 5T1x X1 — 5T0T1 = 5151 — 57111,

1 1 _ 1 2 1
T1To = 5%0 *x X1 *xT1 — 520 * o1 = §T10T01 — §T10T11,

3_1 1 1.2, _ 173 1 1
1= gT1xT1xT1 — 5ToT1 * o1 + 32521 = 5151 — 5T11To1 + 5721-

In the same way as Corollary 34 follows from Theorem 33, we deduce from
Theorem 35:

Corollary 36. We have
9, = Hilzols = Hlfxo, 1] and  H = H[x1]..
Remark. Consider the diagram
A — K[L]m
]
. — KL«

The horizontal maps are just the identitication of $ with K[L]y and of £,
with K[L].. The vertical map f is the identity map on $, since the algebras
Hm and $H, have the same underlying set $) (only the law differs). But the map
g which makes the diagram commute is not a morphism of algebras: it maps
each Lyndon word on itself, but consider, for instance, the image of the word
x3, as a polynomial in K[y,
x2 = (1/2)xoma = (1/2)zh2,
but as a polynomial in K[L],,
*2

x%:xo*xozxo ,

hence ¢(T3) = 2T%).

39



Updated April 27, 2011 MZV IMSc 2011

10 Regularized double shuffle relations

10.1 Hoffman standard relations

The relation ((2,1) = ¢(3) is the easiest example of a whole class of linear
relations among MZV.

For any word w € X*, each of 1 x xowz; and xjmxowz; is the sum of
x1xowxy with other words in xoX*zy (i.e. convergent words):

Timw — riw € 507 T1*xW— T1W E J’JO,
Hence
TiOw — X1 *x W € f)o.
It turns out that these elements x1mw — x1 xw are in the kernel of Z: 7 > R.

Proposition 37. For w € .F_)O,

~

C(z1 *w — zqmw) = 0.

Since xime = x1 * e = ¢, these relations are can be written in an equivalent
way

~

C(z1 *ys —xymys) =0  whenever s; > 2.
They are called Hoffman standard relations between multiple zeta values.

Example. Writing

Zy* (nglxl) =Y1*Ys = Y1Ys + Ys¥1 + Ys+1

and
S
wym(es ) = zyay ey + wo(vymad ) = Z YvYs+1—v T YsY1,
v=1
we deduce
S
xy* (25 ) — wym(ad tay) = adey — ngflxlef”ml,
v=1
hence
()= Y. s
s+s/=p
s>2, 8/ >1

Remark. As we have seen, the word
Tl *xT1 — T1Mxr] = T

s convergent, but N
C(xy *xy — zqmzy) = ((2) #0.
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On the other hand a word like
Zl}% *x Tox1 — .I’%Illilioml = $1I(2JI1 + ZL’%.I% — 1;’11‘0513% - 211;'0$:15

is not convergent; also the “convergent part” of this word in the concatenation
algebra 9, namely 322 — 22073 = y3y1 — 2y2y?, does not belong to the kernel

of ¢: )
C(:’)’ 1) = Z<(4)7 C(Zv 1, 1) = 4(4)

We shall see (theorem 40) that the convergent part in the shuffle algebra Hm of
a word of the form wmwy — w x wy for w € 9 and wo € H° is always in the
kernel of C.

Hoffman’s operator dy : $ — § is defined by
d(w) = z1 xw — Tymw.

For w € $°, we have d; (w) € $” and the Hoffman standard relations (37) mean
that it satisfies dy (.60) C ker (.

10.2 Thara—Kaneko

There are further similar linear relations between MZV arising from regularized
double shuffle relations

Recall Corollaries 34 and 36 of Radford and Hoffman concerning the struc-
tures of the algebras H; and $), respectively (we take here for ground field K
the field R of real numbers). From

O = Omlrilw and  H, = 9],
we deduce that there are two uniquely determined algebra morphisms
Zm: 9 — R[X] and Z, :H4 — R[T)

which extend E and map 1 to X and T respectively: for a; € £°,

Zun (Z aimz?ﬂ) = ZZ(ai)Xi and Z, <Z ai*zf) = Zg(ai)Ti.

Proposition 38. There is a R-linear isomorphism o : R[T] — R[X] which
makes commutative the following diagram:

R[X]
. r
H' To
N\
Zy
R[T]
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The kernel of E is a subset of H° which is an ideal of the algebra $2, and
also of the algebra $2. One can deduce from the existence of a bijective map
¢ as in proposition 38 that kerZ generates the same ideal in both algebras .61111
and 53},.

Explicit formulae for ¢ and its inverse p~
ating series

L are given by means of the gener-

Z Q(TZ)Z; = exp (Xt + Z(I)W’C(n)t") . (39)

n
>0 n=2

and

a o n
> Q_I(XZ)Z—! = exp <Tt - Z(—l)"g(n)t"> .

£>0 n=2

For instance

oI =1, o) =X, o(T?)=X*+¢(2), oT%) =X+3((2)X —2(3),

o(TH) = X* +6¢(2) X% - 8¢(3)X + %74(4).

It is instructive to compare the right hand side in (39) with the formula giving
the expansion of the logarithm of Euler Gamma function:

T(1+¢) =exp (—'yt + i(—l)"g(n)t") .

n

Also, p may be seen as the differential operator of infinite order
oo n
((n) (0
—_1)" =
o (S (7
(consider the image of e‘T).
10.3 Shuffle regularization of the divergent multiple zeta

values, following IThara and Kaneko

Recall that Hi; = 560[1:071’1]” Denote by reg,, the Q-linear map $ — 50
which maps w € $) onto its constant term when w is written as a polynomial in
g, 21 in the shuffle algebra ﬁg[xo,xl]m. Then reg,, is a morphism of algebras
D — ﬁgl. Clearly for w € $° we have

reg (w) = w.
Here are the regularized double shuffle relations of Thara and Kaneko.
Theorem 40. For w € 5’)1 and wy € Y)O,

reg; (wmwy — w * wg) € ker ¢
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Define a shuffle reqularized extension of E: $° = R as the map Em H—-R
defined by N N
Cu = Coregy.

Hence Zm is nothing else than the composite of Zm with the specialization map
R[X] — R which sends X to 0.
With this definition of (i Theorem 40 can be written

Em(wmwo —wxwy) =0

for any w € $ and wo € H°.
Define a map Dy : $§ — $ by Dy(e) = 0 and

0 if e =0,

Tey " Te, ifeg =1

Dy (e, e, ~-~x€p) = {

For instance, for m > 0 and for wy € 530,

for0<i<m,

m—1i
: Ty wo
Du(ai'wo) = {0 fori >m

One checks that Dy is a derivation on the algebra $)y. Its kernel contains x{
and 5331. There is a Taylor expansion for the elements of 5’)1111:

1 ) ) ~ 1 i i
w= " Sregy (Dyuymy™, hence  Zu(u) = Y regy(Diy(u) X',
i>0 20

and

—1) i
reg,(u) = Z ( i') Yy Dy u.

i>0
For wg € $° with wo = zow (with w € Y)l) and for m > 0, we have
regy (y1"wo) = (—1)"zo(wmy").
10.4 Harmonic regularization of the divergent multiple

zeta values

There is also a harmonic reqularized extension of E by means of the star product.
Recall that, according to Hoffman’s Corollary 36, , = .62[:1:0, Z1]. Denote by
reg, the Q-linear map $ — $° which maps w € §) onto its constant term when
w is written as a polynomial in zg, 21 in the harmonic algebra £°[z¢, 21],. Then
reg, is a morphism of algebras £, — 5’)2. Clearly for w € 5’_)0 we have

reg, (w) = w.

43



Updated April 27, 2011 MZV IMSc 2011

The map D, : ' — ' defined by D, (e) = 0 and

0 if 51 = 1,
D —
(Us1Ysz - Ysi) {ySQ g s 32,

is a derivation on the algebra 551 with kernel .62; there is a Taylor expansion for
the elements of .?)i:

1, ; = 1 i\
w= Z Eyf *reg, (Dyu), hence Z,(u)= Z ﬂreg*(D*u)T )

i>0 20
and

reg, () = 3> s (i)

i>0
For wg € $° and for m > 0, we have

reg, () = 30
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