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Abstract. For almost all tuples (z1,...,2n) of complex numbers, a strong version of Schanuel’s Conjecture is true: the 2n
numbers 1, ...,Tn,e"t, ... " are algebraically independent. Similar statements hold when one replaces the exponential function
e® with algebraically independent functions. We give examples involving elliptic and quasi—elliptic functions, that we prove to be
algebraically independent: z, p(z), ((z), o(z), exponential functions, and Serre functions related with integrals of the third kind.
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1. Extended abstract

Schanuel’s Conjecture is one of the main open problems in the theory of transcendental numbers.
We remark that a stronger statement, which we call Strong Schanuel Property, is valid for almost all
numbers, and we give an explicit example where the Strong Schanuel Property is satisfied.
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2 2. Introduction

The algebraic independence statement for almost all tuples is valid not only for the usual expo-
nential function, but more generally for algebraically independent functions. We develop this remark
for functions related with elliptic curves; we use the Weierstrass model and investigate the algebraic
independence of values of elliptic o functions as well as of quasi—elliptic functions ¢ and o. We also
consider values of the functions which were introduced by Serre [W79a, Appendix| in order to study
elliptic integrals of the third kind.

The result that we obtain for almost all numbers is a first step before suggesting conjectures ex-
tending Schanuel’s one to these elliptic and quasi—elliptic functions. The above functions are involved
in the parametrization of the exponential of commutative algebraic groups. In [BW25, BW26], we
show how this approach contributes to produce new conjectures having a geometrical origin, which
means that they are special cases of the Grothendieck-André generalized period Conjecture, involving
motives, like in earlier works of Cristiana Bertolin (see in particular [B02] and [B20]).

In the appendix, motivated by a joke of D.W. Masser, we state a result involving both a Weierstrass
zeta function and the Riemann zeta function.

2. Introduction

The following statement was proposed as a conjecture by Stephen Schanuel while he attended a course
by Serge Lang, which gave rise to the book [L66].

Schanuel’s Conjecture. If z1,...,xz, are complex numbers linearly independent over Q, then at
least n of the numbers x1,...,Ty, €%, ..., e" are algebraically independent over Q.

In other terms the transcendence degree over Q of the field Q(z1,...,z,, €™, ..., e") is at least

n.

This lower bound n for the transcendence degree is clearly best possible: for instance if z1,...,z,
are algebraic, then the transcendence degree is n. This Theorem of Lindemann—Weierstrass is one of
the very few known special cases where Schanuel’s Conjecture is known to hold.

Our first remark is that a stronger statement is valid for almost all tuples (for Lebesgue measure
in C").

Definition. We say that an n—tuple (z1,...,x,) of complex numbers satisfies the Strong Schanuel
Property if the 2n numbers x1,...,x,, ", ..., e* are algebraically independent over Q.
In Example 3.2, § 3., we produce uncountably many explicit n—tuples (z1,...,z,) of complex

numbers that satisfy the Strong Schanuel Property.

The fact that the Strong Schanuel Property holds for almost all tuples of complex numbers merely
uses the fact that the exponential function is transcendental (over C(z)). It is the special case K = Q,
t =2, fi(z) = z, fa(z) = €* of the following result:

Proposition 2.1. Let K be a finitely generated extension of Q. Let fi,..., fi be meromorphic func-

tions in C which are algebraically independent over K. Then for almost all tuples (z1,...,z,) of
complex numbers, the nt numbers
(2.1) fj(zz-) (izl,...,n, jZl,...,t)

are algebraically independent over K.

The converse is plain: if fi,..., fi are meromorphic functions in C which are algebraically de-
pendent over C, if we denote by K the field generated over QQ by the coefficients of a polynomial in
C[X1,...,X:] which vanishes when the variables are specialized as fi,..., f, then for all n and all
tuples (z1,. .., 2z,) of complex numbers the nt numbers (2.1) are algebraically dependent over K.

Our main result on algebraic independence of periodic and quasi—periodic functions is the following
theorem, which involves Weierstrass p, ¢ and o functions as well as Serre functions f,, (see §4.). Among
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a number of special cases it contains [Re82, Lemma 5] and [M16, Lemma 20.10]. We identify the
ring End(E) of endomorphisms of E with the set of complex numbers « such that af) C Q, where
Q is the lattice of periods of E. The field of fraction k := End(F) ®z Q of End(FE) is the field of
endomorphisms of E, namely k = Q in the non-CM case, and k = Q(7) in the CM case, whenever 7
is the quotient of two independent periods.

Theorem 2.2. Let t1,...,t. be complex numbers linearly independent over Q. Let uy,...,us be
complex numbers.
1. Assume that wy,wo,uq, ..., us are linearly independent over Q. Then the 4 + r + s functions

z,0(2), C(z),a(z),etlz, o.elr? Jur (2)s ooy fus(2)

are algebraically independent.

2. Assume further that the elliptic curve E has complex multiplication with field of endomorphisms k.
Let ay, ..., a5 be elements in End(E) \ Z. Assume that wi,u1,...,us are linearly independent over
k. Then the 4 + r + 2s functions

2, p(Z)7 g(Z), 0('2)7 et1Z’ st 7etTZ7 fu1 (2)7 st 7fu5 (Z)7 fU1 (a12)7 ctt fus(asz)
are algebraically independent.

Proposition 6.8 shows that in item 1 the assumption that wi, ws, u1, ..., us are linearly independent
over Q cannot be omitted.
From Proposition 2.1 and Theorem 2.2 we deduce at once:

Corollary 2.3. (Strong elliptic Schanuel property) Let K be a finitely generated extension of

Q. Letty,...,t, be complex numbers linearly independent over Q. Let uy, ..., us be complex numbers.
1. Assume that wy,ws,u1,...,us are linearly independent over Q. Then for almost all n—tuples
(z1,...,2n) of complex numbers, the n(4 4+ r + s) numbers

Ziy p(Zi), C(Zi)a U(Zi)’etlzia cee ’etrZ¢7 ful (Zi)’ L) fus (ZZ) (Z = 1’ s 7n)

are algebraically independent over K(ga,g3).

2. Assume that the elliptic curve E has complexr multiplication; let k be the field of endomorphisms
of E. Let ay,...,as be elements in End(E) N\ Z. Assume that wy,uy, ..., us are linearly independent
over k. Then for almost all n—tuples (z1,...,z,) of complex numbers, the n(4 + r + 2s) numbers

Ziy K)(Zi), C(Zi)a U(zi)’ etlzi> s 7et7ﬂ2i, ful (Zi)7 s fus (Zi)7 fu1 (alzi)’ s 7fus (OZSZZ‘) (Z =1,... 7”)
are algebraically independent over K(ga,g3).

It is a challenge to state a conjecture, extending Schanuel’s one, which would hold for all tuples
(21, ..., 2pn) of complex numbers. Such a statement should hold in particular when these n numbers
are algebraic, like in the Lindemann—Weierstrass Theorem. Hence, in the conclusion, one should not
predict anything better than a transcendence degree > n(3+r+s) for part 1 (resp. > n(3+r+2s) in
the CM case for part 2). Such a lower bound is sometimes too optimistic (see for instance the so—called
exceptional case in [BW25]). Also, we would need to assume some condition of linear independence
of the z; over the field of endomorphisms of p. One should as well replace the finitely generated field
K by Q(g2, g3, 9(11), -, pl1n)-

The elliptic function g parametrizes the exponential of an elliptic curve, the zeta function ¢ occurs
in the parametrization of the exponential of an extension of an elliptic curve by the additive group,
Serre functions f, occur in the parametrization of the exponential of extensions of an elliptic curve
by the multiplicative group [W79a, Appendix by Serre|, [M16, Chapter 20, Exercise 20.104].

In forthcoming joint papers [BW25, BW26] with Cristiana Bertolin, we propose new conjectures
in the style of Corollary 2.3 but which we expect to be true for all tuples of complex numbers.
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3. Explicit examples of tuples satisfying the Strong Schanuel Prop-
erty

We now give explicit examples of tuples satisfying the Strong Schanuel Property. We denote by || - ||
the distance to the nearest integer.

Theorem 3.1. Let v : Z~g — Rsg be a decreasing function such that

¥(g) <e .
Let x1,...,xy be real numbers. Assume that there exists a sequence (qi)r>0 of positive integers such
that
0 < k" Hgraal < K" 2lapza—1] < -+ < Kllawza|l < gzl < 9 (ar)

for all k > 0. Then the n—tuple (z1,...,xy,) satisfies the Strong Schanuel Property.

Before proving Theorem 3.1, we show how it produces uncountably many explicit examples of
n—tuples of real numbers (in fact Liouville numbers) satisfying the Strong Schanuel Property.

Example 3.2. Define a sequence (qr)k>0 of positive integers by qo = 1 and qi+1 = 3% for k = 0.
Fort>1and1l<1 nlete E{ 1,+1}. Fori=1,...,n and k > 1, set

> o (A —1)" ; o (A —1)""
mi:Zeé)(( ) nd p,ﬁ):queé)(( D"

=1 q —_ q
so that
)" WS @ (ae-1)"
Gkri — Py = a Z & —) = el(ﬁrl( ) @ Y e ( )
(=kt1 Uk+1 (=kt2 a
Then for 1 < i < n and k sufficiently large, we have
4k)" gy, ; 2(4k)" gy,
(G 2) < ’qk:cz- —p (45)
Ak+1 Ak+1
Hence for sufficiently large k we have
24k)" gy _ (4R)" gy 1
Qi < = < Zllakwia
el Tk+1 2kqi1 k” il
for2<i<n and
n—1
g} < 2
qdk+1
From Theorem 3.1, it follows that the numbers x1,...,x,,e", ..., " are algebraically independent

over Q.
The proof of Theorem 3.1 rests on three preliminary lemmas. The first one is a special case of a
Durand’s result [D77], quoted in [W88, Theorem p. 226].

Lemma 3.3. (A. Durand) Let x1,...,x, be real numbers with n > 1. Assume that for any integer
k > 1 there exists an integer q such that

0 < k" Hlgzall < K" 2lgzn-1ll < - < Kllgzall < llgzall < q~*

Then x1,...,x, are algebraically independent.
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The next auxiliary lemma is a lower bound for a non homogeneous linear form in one logarithm;
there are several such estimates, we use a special case of [W00, Theorem 9.1]. We denote by h the
absolute logarithmic height of an algebraic number.

Lemma 3.4. Let o be a nonzero algebraic number, loga a logarithm of o, 5 a non zero algebraic
number, D the degree of the field Q(a, B8), and A, B real numbers satisfying

log A > max{1,h(«a),|logal}, B > max{e, h(B), Dlog A}.
Then
|8 —log a| > exp{—2%°D3log Alog B}.

We will need also an upper bound for the distance of a complex number 6 to the nearest zero of
a polynomial F' € Z[X] in terms of |F'(0)|. The next lemma is due to N.I. Fel’dman [W00, Lemma
15.13]. Here, H denotes the usual height of a polynomial, i.e. the maximum of the absolute values of
its coeflicients.

Lemma 3.5. Let F' be a nonzero polynomial in Z[X| of degree D. Let 0 be a complex number, o a
root of F' at minimal distance of 0 and £ the multiplicity of a as a root of F'. Then

10— al* < D*P2H(F)*P|F(9)].

We can now prove the main result of this section.

Proof of Theorem 3.1. Under the assumptions of Theorem 3.1, assume that there exists a nonzero
polynomial f € Z[X;,..., X,,Y1,...,Y,] such that

flxy, ... xp, e e™) = 0.

Let L be the maximum of the partial degrees of f with respect to the 2n variables. Write

FXY)=>" Z fomXty™

L

where £ stands for (¢1,...,¢,) with 0 < ¢; < L (1 <i < n), m for (my,...,my) with 0 < m; <L
(1<j<n), Xtior X' Xt and Y™ for Y™ ... Y™,
Using the assumption of Theorem 3.1 on the existence of a sequence (q)r>0, we introduce n

sequences (Pg1)k>1,-- -, (Pkn)k>1 of integers such that, for £ > 1 and 1 <1i < n,
|gkzi — pril = |-
Lemma 3.3 implies that the numbers x4, ..., x, are algebraically independent.

We substitute pg;/qx to X; and ePri/k to Y; in f(X,Y): set

& = f(p, /ar, /%) ZZf@mpk/Qk (e2/ 0k ym

where p, /gy stands for (px1/gx, - - - Pkn/qx) and e/ for (ePx1/9k . ePen/9k). Then

Sk = Z Z fem ((Bk/Qk)ﬁ(eBk/qk Y gﬁ(eg)m>
L m



6 4. Elliptic and quasi—elliptic functions

where 2t = z{1 .. 2l and (e%)m = gma1tFtmnen - One deduces

(3.2) k| < crvp(qr)

with a constant c¢; independent on k. The number & can be written as q,;"L F.(e'/%) where Fy, € Z[T)
is the polynomial

FUT) = S5 St e,
L m

We claim that, for sufficiently large k, the exponents pg1mi + -« - + pgpmy (0 < m; < L) are pairwise
distinct. Indeed, otherwise, since the set of (my, ..., m,) has at most (L 4 1)" elements (independent
on k), we would have a non trivial linear relation

a1pg1 + -+ apPrn =0

with —L < a; < L, (1 < ¢ < n) valid for infinitely many k. Dividing by ¢x and taking the limit of the
left hand side as kK — co we would deduce

a1z, + - +apr, =0,

which is not true since x1,...,x, are algebraically independent, hence linearly independent.
We claim that, for sufficiently large k, the polynomial Fi(T) is not zero. Otherwise, we would
have
{4 ln _
> femPii P =
4
for all (mq,...,my) with 0 < m; < L. Again, by taking the limit as k¥ — oo, the relations
£ n
Zfﬁ,mxll e xfz =0
L
would give a contradiction with the algebraic independence of 1, ..., z,.

Let ay be a root of Fj(T) at a nearest distance of el/% . The degree of ay is at most coq and
its logarithmic height at most c3log gx, with positive constants ¢y and c3 which do not depend on k.
Using (3.2) together with Lemma 3.5 we deduce

‘61/% _ Oék‘ < cad(q),

which implies that « has a logarithm which satisfies

1
— —log ag| < est(qr)-

(3.3) -

On the other hand, Lemma 3.4 with D = caqx, A = ¢;*, B = qi, yields

1
(3.4) ‘qk —log | > exp{—csqi(log gi)*}-

The estimates (3.3) and (3.4) are not compatible, hence the result. O
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4. Elliptic and quasi—elliptic functions

Let Q = Zwi + Zws be a lattice in C with elliptic invariants go,g3. We consider the following
Weierstrass functions (see for instance [M16]): the Weierstrass sigma function

(4.5) oz)== [] (1 - 5) exp (Z n ;;) :

weN{0}

the Weierstrass zeta function ¢ = o//c and the Weierstrass elliptic function p = —¢’.
Further, for u € C \ €, we introduce the Serre function

2) — U(Z +u) e—C(u)z
ful2) o(z)o(u) ’

The periods of the Weierstrass elliptic function g are elliptic integrals of the first kind. The Weierstrass
zeta function ¢ has quasi—periods n = ((z+w)—((z) which are given by elliptic integrals of the second
kind. Serre functions f, were introduced in an appendix of [W79a] to investigate elliptic integrals of
the third kind.

For w € Q, we have p(z + w) = p(2), ((z + w) = ((2) + n(w) and

(4.6) o(z+w) =€ew)o(z)exp (n(w) (z + %))
with

(@) = 1 ifw/2€Q,
W -1 itw2eq

Further,
fu(z + w) = fu(z) exXp (U(w)u - wC(u)) :
The quasi—periodicity of the Weierstrass zeta function defines a Z-linear map (homomorphism of
abelian groups)
n: @ - C
w = nw).
We set n; = n(w;) for i = 1,2. We will choose the order of w;,wy with positive imaginary part of
wa /w1, so that Legendre relation [M16, Exercise 20.33] is
(4.7) waot1 — Wit = 271,

This relation holds for a basis (w1, w2), while for a pair of two linearly independent periods w], wh we
have

(4.8) win(wh) — win(wh) € 2mZ ~ {0}.

For u € C\ Q and w € Q, we define

(4.9) Au,w) = n(w)u — wl(u),
so that the quasi—periodicity relation of f, is
(4.10) fu(z +w) = fu(2) exp(A(u,w)) (we Q).

From Legendre relation 4.7 we deduce

(4.11) AMu, wy)we — Au, we)wr = (wan1 — wine)u = 27iu.
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5. Strong Schanuel Property for values of algebraically independent
functions

Proof of Proposition 2.1. We will use the following facts.
e If F' is a nonzero meromorphic function in C", then the set Z(F') of zeroes of F' in C™ has Lebesgue
measure Zzero.
e A countable union of sets of Lebesgue measure zero has Lebesgue measure zero.
e The set of polynomials in nt variables with coefficients in K is countable.

For P a nonzero polynomial in nt variables with coefficients in K, define a nonzero meromorphic
function in C" by

Fp(zl, ceey Zn) = P((fj(zz)) 1<i<n)

1<5<t

and let Z(Fp) C C™ be the set of zeroes of Fp. The set of tuples (z1,...,2,) € C" such that the nt
numbers (2.1) are algebraically dependent over K is the union of all Z(Fp) with P € K[(Xj)1<i<n|
1<yt

SYAS

0}. Hence the result. O
{0}

6. Algebraic independence of periodic and quasi—periodic functions

In this section we prove Theorem 2.2. We need preliminary results.

6.A. Auxiliary results

In a multiplicative Z—module, which is nothing else than an abelian group written multiplicatively,
linear dependence is called multiplicative dependence. For instance the set (C*)% of sequences of

nonzero complex numbers indexed by € is a multiplicative Z-module; elements x1, ..., X, of ((CX)Q,
where x; = (Z;w)weq, are multiplicatively dependent if there exists (hi,...,hy) € Z™ ~ {0} such
that
Xl =1
that is
:c;“w e x%mw = for all w €.

For z = (2,)wen € C?, exp(z) € (C*) denotes (exp(zw))weﬂ. For z1,...,2, in C%, the elements

exp(z1), .. ., exp(zy,) are multiplicatively dependent in (C*)* if and only if there exists (A1, ..., hy) €
Z™ ~. {0} such that
hiziw 4+ hmazmw € 2miZ  for all w e Q.

In this case, let

hO(W) (hlzl,w + -+ hmzm,w> .

_ 1
~ 2mi
Then, for (a,b) € Z2,

ho(awl + bw2) = aho(wl) + bho(wz).

We introduce two elements of C:
w = @oens 1= (0w))uco:
In the C—vector space C®, for t € C and x = (z,),ecn € C?, we have
tx = xt = (tx,)weq € C.

Based on (4.9), for u € C ~\ Q, we define an element in C* as

Au,w) =nu —wl(u) = ()\(u,w))weﬂ = (n(w)u — wC(u))weQ.
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Recall that for complex numbers t1,...,t,, the r numbers e'',...,el" are multiplicatively inde-
pendent if and only if the » + 1 numbers 27i, t1, ..., t,. are linearly independent over Q.
Our first auxiliary result is a generalisation of Vandermonde determinants.

Lemma 6.1. Let (r)i>0 be a sequence of monic polynomials in C[T| where the degree of ry is t.
Let t1, ...ty positive integers and wi, ..., wy, compler numbers. Set D =t + --- + t,,. Then the
determinant of the D x D matriz

M = (rt(a)w?) 0<a<D

0<t<t;, 1<j<m

18

(6.12) Rt eeootn) [Jwl 2 T (wy— wi)it

j=1 1<i<j<m
with
ti—1
E(t, ... tm) = H t.
j=1 t=1

The matrix M is

where, for 1 < j <m and w € C, M;(w) is the D x t; matrix

M;(w) := (rt(a)w?) 0<a<D

namely
7“0(0) T1 (0) 1"2(0) s thfl(o)
ro(w r1(Dw ro(1)w rtj_l(l)w
M;(w) := 70(2)w? r1(2)w? r2(2)w? e re;—1(2)w?
ro(D —'1)wD*1 ri(D —'1)wD*1 ro(D —'1)wD*1 . re;,-1(D _ HwP—1

Proof. By means of linear combinations of the columns, we see that the determinant does not depend

on the polynomials r;. Without loss of generality we assume r4(z) = 2z°.

For a > 0 and ¢ > 0 we have .
d a__ t_a
(Zdz)z =a z .

For a = 0 we have 2% = 1 and (2d/dz)"1 = §; ¢ (Kronecker symbol; in particular 2* = 1 for z = a = 0).
Denote by C[z]<p the D—dimensional vector space of polynomials of degree < D. For w € C*
and 1 < 7 < m, we have

(6.13) <<z:z>tp> (W) =0 (0<t<t;) « <;Z>tp(w):o O<t<ty).

Therefore, when w1, ..., w,, are nonzero distinct complex numbers, the linear map

(C[Z]<D — (CD

P(z) +— (((zi)tP> (wj)>
0<t<t;, 1<j<m
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is injective, hence its determinant in the canonical bases of C[z]<p and CP, which is M, is not zero.

We deduce that the determinant of M, which is a polynomial A in wq,...,w,,, vanishes only
when either some w; vanishes or two w; coincide. Therefore this determinant is a constant times a
product of powers of w; and a product of powers of w; — wj.

We expand this determinant as a sum of products using Laplace rule. Each w; occurs ¢; times with
distinct exponents > 0, hence A is divisible by wt iti—1)/2, Further, each monomial in this expansion
has degree D(D —1)/2, hence this polynomial A i 1s homogeneous of degree D(D —1)/2. Furthermore
this expansion shows that the degree of A in wyj is

(D—1)+(D=2)+ -+ (D~ t;) = t;(D — (t; + 1)/2).

We claim that this polynomial is divisible by (w; — w;)%% for 1 <i < j < m. To prove this claim, we
consider the values at w; of the derivatives of A with respect to w;. Using (6.13), we replace 0/0w;
with w;0/0w;. The column of index (¢,7) with 0 < ¢t < ¢; is the transpose of

(6.14) (81,0, wi, 207, 3502, ... (D — 1)'w? 1)

K3
For 0 <t < t;—1,let > 0. If we apply the operator (w;0/0w;)™ to the column which is the
transpose of (6.14) and then we substitute w; to w;, we obtain the transpose of

(6.15) (Bttr0,wy, 27 70w?, 3w, (D = 1) TP,

Let 7 > 0. If the value of (w;0/0w;)” A when we substitute w; to w; is not 0, then there exists non
negative integers 7o, ..., 7¢,—1 with sum 7 such that the ¢; — 1 columns (6.15) are pairwise distinct and
are not equal to one the columns of index (#', j) as long as 0 < ¢’ < t;. Therefore we have 7+t > t; for
0<t<t;and 79,1 +1,..., 7, —1+t;—1 are pairwise distinct. This implies 7o +71+---+7,-1 = tit;,
and our claim is proved.

We recover the partial degree of A with respect to w;:

it~ 1) it + 1)
JF#i
From )
m m
DP= (>t =) ti+2 >
7j=1 7j=1 1<z<]<m
we deduce

DD —1) <~titj—1)
2 :Zl gt 2
j:

1<i<j<m

and (6.12) follows.
For t > 0, the Vandermonde determinant of 0,1,2,...,¢ — 1, namely

1 0 0 0
11 1 1
k(t) =det |1 2 22 ... 2
1 (t—1) (t—1)2 - (-1
has the value !
t—1 ' t—1
k() =171272 ¢t -2 -1) =[]/ =[] 4"
i=1 j=1

! This sequence (k(t)) is the sequence https://oeis.org/A000178 of the on-line Encyclopedia of Integer Sequences.

t20
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By induction we deduce

From Lemma 6.12 we deduce:

Lemma 6.2. Let wy, ..., wy be nonzero complex numbers, T' a positive integer and q,; (0 <t < T,
1 < j < m) complex numbers, not all of which are 0. There exists a constant n > 0 with the following
property. Let A be a real number. For 0 < a < m(T + 1), define

T m
& = Z Z qr; (A + a)tw;‘.

t=0 j=1

(i) Assume
=0 for 0<a<m(T+1).

Then wy, ..., wy, are not pairwise distinct.
(ii) Assume that the numbers £, (0 < a < m(T + 1)) are not all 0. Then

ma > pmax{1, A} ~"TT+D),
O@gmgpﬂ)\ﬁal nmax{l, A}

Proof. We use Lemma 6.1 with t; = --- = ¢, = L+1 for the sequence of polynomials r¢(T) = (A+T)*
(t > 0).

(i) If there is a nontrivial solution ¢ ; to the linear system of equations £ = 0, the determinant of
this system is zero. Lemma 6.12 implies that w, ..., w,, are not pairwise distinct.

(ii) Without loss of generality, reordering the sequence wi, ..., wy, if necessary, we may assume

{wi,...;wn} ={wi,...,w,}

with 1 < g < m. We have
T
=D Y @A+ a)w]
t=0 j=1
with
qrj = Z qri for 0<t<T, 1<7<p.

1<i<m
wi=w;

Since the numbers &, (0 < a < m(T + 1)) not all vanish, the coefficients g; ; are not all zero. The
nonzero values |g; ;| are bounded from below by

win |3
el
where the minimum is over the subsets I of {1,...,m} such that ), ;¢ ; # 0; this minimum is a
positive constant which does not depend on A. Since wy, . ..,w, are pairwise distinct, the determinant

of the system of linear forms &, is not zero, and has an absolute value bounded from below by a positive
constant, as shown by Lemma 6.1. Inverting the matrix shows that there is a constant ¢ > 0 such
that

¢ <max{l, A}"TT+D  max &,
0<a<m(T+1)
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Lemma 6.3. Let vi,...,v, be nonzero complex numbers. Let Q € C[Xo, X1,...,X,] be a nonzero
polynomial with partial degrees < L. There exist two positive constants c; and ca depending on
V1,...,0, and Q such that the following holds. Let A be a positive real number. Assume

QA+ a, v, .. 0T < cre;? for any a € Z satisfying 0 < a < (L + 1)"+1,
Then

Q(A + a, UfH_a, e ,v;i“““) =0 for anya € Z satisfying 0 < a < (L + 1)"*!

and there exists (hi,...,hy) € Z" satisfying

0< max |h| <L and oo =1,

1<i<n

Proof. Let us write
Q(Xo, X1,..., Xn) = Y qp XX (- X,

where ¢ stands for (¢o, 01,...,4,), 0<¢; < L (0<i<n). Then

QA + a,v{ta, .. vite)y = Z (A+a)lo (it vlm)e
4

where
~ ¢ n)A
Qe = ap(vy" )
We use Lemma 6.2 with m = (L + 1)" and the following numbers w1, . .., Wy,:
oit b 0< <D, 1<i<n
O
Notice that conversely, if there exists (hi,...,hy) € Z" \ {0} satisfying
/U{Ll UZ” = 17
then "
hi 7
IIx - 11 x
hi>0 hi<0
is a nonzero polynomial @ of partial degree |h;| in X; and 0 in X which satisfies, for any a € Z,
Q(a,vi,...,vy) =0.
We need a version of Lemma 6.3 for two variables. Notice that elements (vq,w1),. .., (vy, wy,) in

(C*)? are multiplicatively dependent if and only if there exists (h1,...,h,) € Z™ ~ {0} such that

hl'cc

h1 hn _
VUt =Wy

which is equivalent to

for all (a,b) € Z2.
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Lemma 6.4. Let (vi,w1),. .., (vn,wy) be n elements in (C*)2. The following assertions are equiva-
lent.
(i) There exists a monzero polynomial P € C[X1, ..., X,] such that, for any (a,b) € Z2,

Péw?, ... vlwd) = 0.

(ii) There exists a nonzero polynomial Q € C[Ty, Ty, X1, ..., Xy] such that, for any (a,b) € Z2,

Q(a,b,viw®, ... viuwl) =0.
(iii) The elements (vi,w1), ..., (Vn, wy) in (CX)? are multiplicatively dependent.

Proof. (i) = (ii) is plain.
(iii) = (i): if there exists (hi,...,h,) € Z" ~ {0} such that

(o) (o) = 1

for all (a,b) in Z2, then the polynomial

P(Xl,...,Xn): Hthz_ H Xi—hi

h; >0 h;<0

satisfies property (i).
(ii) = (iii): assume @ satisfies property (ii). Let L be an upper bound for the partial degrees of Q.
For each a € Z, we have, for all b € Z,

Q(ab, b, (vfwn)P, ..., (viw,)?) = 0.

From Lemma 6.3 with v; replaced with v{'w;, it follows that there exists (Ega), ... ,d{”) e 72" ~ {0}

such that
(@) 0 @

(viw)a - (v%w,)" =1 and  max M( )\

1<i<n

There are at most (L +1)" tuples (ﬁga), e ,E%a)). From Dirichlet’s box principle we deduce that there

exist two distinct integers a; and ag in Z with 0 < a1 < ag < (L + 1) for which Egal) = EE‘”) for

1<
e(al)

(a1)
(vt wy)™ e

é(al) as [(al)

' o (vn U)n) "

e (vptwy) ™ = (V2w )0 =1.

The subgroup Z(ay,1) + Z(az, 1) has index as —ay in Z2. Fori=1,...,n set h; = (az — al)fz(al). For
(a,b) € Z* we have
(a2 —ay)(a,b) = (—a + baz)(a1,1) + (a — bay)(az, 1),

hence

n n
) _ (aq) (01) (a 1)
| |(U§l’w§))hl _ | |(v§zw$))(a2 a1)l; _ | |(vz U) Z —a+baz) | | Z (a—bay) - 1.
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6.B. Without the sigma function

We give a necessary and sufficient condition for functions z, p(2), ((2), e, ..., e!"% fu, (2),..., fu.(2)
to be algebraically independent.
Proposition 6.5. Let t1,...,t., ui,...,us be complex numbers with u; & Q for 1 < i < s. The

following conditions are equivalent.
(i) The 3+ + s functions

2,0(2),((2),e%, .. el fu(2), .. fu(2)

are algebraically dependent.
(i) There exists (hy, ..., hyys) € Z"° {0} such that the meromorphic function

e(h1t1+"'+hrtr)zfu1 (z)hr+1 v fu (z)hr+s

belongs to C(gp(z), ¢'(2)).
(iii) The r + s elements

exp(tiw),...,exp(t,w), exp(A(uy,w)),...,exp(A(us,w))

of (C*)? are multiplicatively dependent.
(iv) The 2+ 1+ s elements

2mi 0 t1w1 trwl )\(ul,wl) )\(us,wl)
0 ’ 2mi ’ t1w2 T tTWQ ’ )\(Ul,WQ) e )\(US,WQ)
of C2 are linearly dependent over Q.

Proof. The equivalence (iii) < (iv) and the implication (ii) = (i) are plain.
(iii) = (ii): Assume that the r + s elements

(exp(tlw))weg, cee exp((trw))weg, exp()\(ul,w))weg, . ,exp()\(us, w))weQ

of (C*)% are multiplicatively dependent: there exists (hy, ..., hris) € Z™5 ~ {0} such that
elhititthrtr)wthr i AMur,w) o thrps Musw) —

for all w € Q. From (4.10) it follows that the function
F(z) _ e(h1t1+“‘+hrtr)zfu1 (z)hr+1 o fu (z)hr+s

satisfies F'(z +w) = F(z) for all w € , and therefore belongs to C(p(z), p'(2)).

(i) = (iii):

Assume that

P(}G7Y27Y37X17 M 7X7‘+S) = Zzpm,ﬁyiml}/ém2}gm3Xfl o qui:

m L

is a nonzero polynomial in C[Y7,Y2,Ys,, X1, ..., X, such that the meromorphic function

(6.16) F(z) = P(z, 0(2),¢(2),e" %, ... et fu(2), ... ,fus(z))
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is 0. For z9 € C\ Q let Q,, (11,1, X1,..., X;4s) € C[Th, T2, X1, ..., Xrts] denote the polynomial

QZO(T17T27 Xl, e 7X7”+8) =
Z me’ﬁ(zo + Thwi + Towa) ™ p(20)™* (C(20) + Tam + Tome)™

m £

cee er e’!‘ S e’f' S
ollitr - +Lrty) 20 (Fur (20)) 7 (fus(20)) " Xt - X0

Recall Legendre relation (4.7): wem — wine = 2im. Since the coefficients Pm,¢ are not all zero, there
exists zg € C \ €2 such that )., is not the zero polynomial. For w = aw; + bws € ! we deduce from
F (Z(] + w) =0:

Z me,ﬁ(zo + aw + bwa)™ p(20)"*(((20) + am + bnz)™

m{

ellitittbrtr)(zotw) (g (4o 4 cu))ﬁr+1 o (fua (20 + w))&“ =0

which, by (4.10), is
Qo (a,b, e ... el Munw) ,e/\(“s’w)) =0.

The conclusion follows from Lemma 6.4. O

Remark 6.6. The proof of (i) = (iii) together with Lemma 6.3 shows that it the equation (6.16) is
satisfied, then there exists (hi, ..., hyys) € Z"5 {0} such that

(hiti + -+ + hpty)w + hpsa A(ur, w) + - - + hrpsAN(ug, w) € 2miZ

for allw € Q and
max{|h1|, ..., |hrys|} < L

where L is an upper bound for the partial degrees of P.

Corollary 6.7. Let t1,...,t,, u1,...,us be complex numbers. Assume u; ¢ Q for 1 < j < s. Let
Uy ylg, J1y---5Jo be indices such that

2mi 0 tilwl tigwl )\(ujl s wl) )\(ujg,wl)
0 ’ 2mi )’ til(,u'Q T tig(,u'Q ’ )\(Ujl,WQ) T )\(Uja,wg)
is a basis of the Q—vector space spanned by

(7)- Gr)- (o) () Gene) - Gln)

{2, 0(2),C(2), 6%, . e, fu (2), . fuy, (2)}

s a transcendence basis over C of the field

(C(z:, 0(2),C(2),e"%, ... et fu(2), ... ,fus(z)).

Then

Proof. By renumbering the sequences t1,...,t. and uq, ..., us if necessary, there is no loss of generality
to assume that (i1,...,i,) = (1,...,0) and (j1,...,Jo) = (1,...,0). By the implication (iv)= (i) of
Proposition 6.5, the 3 4+ o 4+ ¢ functions

(6.17) 2, 0(2),C(2),e"%, ... et% £ (2), ..., fu (2)
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are algebraically independent. It only remains to prove that for o < i < r in case r > o (resp.
0 < j < sincase s > o) the function e"* (resp. fy;(2)) is algebraic over the field generated over C
by the functions (6.17).

Assume r > ¢ and let 7 satisfy ¢ < i < r. By assumption the 3 + o + o elements

27 0 t1w1 tgwl tiwl )\(’U,l, wl) )\(ug, wl)
0 )7 \27m1) "\tiwz) 7T \tpwa ) T \tiwz ) T \Mur,w2) ) T \ XM (Ug, w2)
are linearly dependent over Q. From (v)=-(1) in Proposition 6.5, it follows that the 44 o+ o functions
2,0(2),C(2),e"%, ... ele eli® f (2),. .., fu (2)

are algebraically dependent. Since the functions (6.17) are algebraically independent, it follows that
the function e’ is algebraic over the field generated by the functions (6.17).
In the same way, if s > o, for 0 < j < s, the 3 4+ ¢ + o elements

27i 0 twy tow1 AMug,wr) Mg, wr) Auj,wi)
0 ’ 27 ’ t1w2 e tg(,UQ ’ )\(ul,wg) R /\(ug,wg) ’ )\(uj,wQ)
are linearly dependent over Q. Proposition 6.5 implies that the 4 + o + o functions
Z’p(z)’c(z)’et:lz?""etgz’ful(z)7"'7f'LLg(Z)’fuj(z)7

are algebraically dependent. Since the functions (6.17) are algebraically independent, it follows that
the function f,;(2) is algebraic over the field generated by the functions (6.17).
O

We show that the assumption in Theorem 2.2 that wi,ws, u1, ..., us are linearly independent over
Q cannot be omitted (see the discussion in [M16] after Lemma 20.10 p. 257).

Proposition 6.8. Let uq,...,us be compler numbers which do not belong to 2 but such that wi,ws,
U, ..., us are linearly dependent over Q. Then there exist (ki,...,k.) € Z" ~ {0} and ty € C such
that the function

0% i1 (2) . £l (2)

belongs to C(p(z), ¢'(2)).
Proof. Assume that wi,ws,u1,...,us are linearly dependent over Q:
kiug + -+ + ksus = wg € Q
with (k1,...,kr) € Z" ~ {0}. Let
to = kiC(u1) + - + ksC(us) — n(wo)-
Then for w € €,
tow + k1A (u,w) + - - - + ksA(us, w) = n(w)wy — n(wo)w € 27iZ.

We deduce that the function
el fh(2) ... fi (2)

is periodic with group of periods containing €2, hence belongs to (C(p(z), o (z)) O
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Example 6.9. Algebraic dependence of the three function e, p(2) and fu(z) when u is a torsion
point.
Let u € (2 ®z Q) \ Q. There exists an integer h > 2, such that wy := hu belongs to €. Set
to = h{(wo/h) — n(wp). Proposition 6.8 shows that the function f,(z)"e’* belongs to the field
C(p(2), 9(2)-

Using [W79b] (see [BW26] for more details) one checks that to belongs to Q (g2, g3, p(u), ¢'(u))
and that the function f"°(z)e"0* belongs to the field Q(g2, 93, p(w), 9 (u), p(2), ¢’ (2)).

From the algebraic independence of the two functions e/'* and e2?, when t; and to are linearly
independent over Q, it follows that the set of ¢ € C* for which the three functions e**, p(z), fu(2) are
algebraically dependent is the set Q*ty of nonzero rational multiples of #g.

We now prove part 1 of Theorem 2.2 without the sigma function.

Proposition 6.10. Let t1,...,t. be complex numbers linearly independent over Q. Let uq,...,us be
complexr numbers such that wi,wo,u1,...,us are linearly independent over Q. Then the 3 +1r + s
functions

Zs p(z)7g‘(z)7et12’ s 7etTZ7fu1(Z)7 tee 7fus(z)

are algebraically independent.

Proof. Assume that tq,...,t. are linearly independent over Q and that the 3 + r + s functions

2,9(2),C(2), €%, €%, fu(2), - fuu(2)

are algebraically dependent. From Proposition 6.5 we deduce that the 2 4 r + s elements

27i 0 tiwi trwi AMug,wr) AMus, wi)

0 ’ 27 ’ t1L<J2 T trWQ ’ )\(ul,wg) e )\(us,wg)
of C? are linearly dependent over Q. Hence there exist rational integers ho, hiy, h1, ..., hrys, not all
zero, such that

2mihg + (hati + -+ + hetp)wr + hepr A(ur, w1) + -+ hrgpsA(us, w1) =0,
27’[‘1h6 + (hltl + 4 hﬂfr)wg + hr+1)\(u1, wg) + 4 hr+5)\(us,w2) = 0.

Since tq, ..., t, are linearly independent over Q and since wy/wy € Q, the numbers h,41,. .., hyts are
not all zero. We eliminate hit; + - - - + h,t, by multiplying the first equation by wy and subtracting
the second equation multiplied by w;. From (4.11) we deduce

/
hr+1u1 + -+ hpgsus = howa — h()wla

which proves that wi,ws, u1,...,us are linearly dependent over Q. ]

The following result, which is a consequence of Proposition 6.5 and Remark 6.6, shows that there
is no formula expressing fy, 14, (2) in terms of f,, (2) and fy,(2). As a function of the variable u in C,
fu(2) is not meromorphic in C: there is an essential singularity at the points u in 2. However f,(z)
is an analytic function of (u, 2) in (C \ Q)2

Corollary 6.11. Let p be an elliptic function.
(a) The siz functions

2y p(z), C(Z), ful (2)7 fuz (Z)v fu1+u2 (Z)
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of three variables (z,u1,u2) in the domain
{(z,u1,u2) €C* | 2€Q, ur €9, ug € Q, uy +ug & Q)

are algebraically independent over C.
(b) Let A € C~ {0,1,—1}. Then the five functions

Z, @(3)7 C(Z)) fu(2)7 f)\u(Z)
of two variables (z,u) in the domain
{(zw) €C* | 2¢Q ugQ dugQ}

are algebraically independent over C.
(c) Let s > 1 and let uy,...,us be s elements in C~ Q. The two following assertions are equivalent.
(i) The meromorphic functions

2,9(2), C(2); fur (2), - -5 fu, (2)

of a single variable z in C are algebraically dependent over C.
(ii) There exists (a1,...,as) € Z° ~ {0} such that

(6.18) aju; + -+ asus € Q. and  a;(ur) + -+ asC(us) = nlajug + - - - + asug).

If property (ii) is satisfied, then the function
Jur (2)% - fu (2)

belongs to C(p(2), ¢'(2)).

Proof.
(a) Assume that there is a nonzero polynomial P € C[Xy, X1, X2, Y1, Y2, Y3| satisfying

P(Z7 0(2),C(2); fur (2); fus (2)s fur+us (Z)) =0.

From Proposition 6.5 and Remark 6.6, we deduce that for all (u1,us) € (C~)? such that uj +us & €,
there exists (a1,az,as3) € Z3 \ {0} with max{|a1|,|az|,|as|} bounded above by the partial degrees of
P with

(6.19) a1 A(u1,w) + asA(ug, w) + asA(ug + uz, w) € 277

for all w € Q.
Writing the relation

(alg(ul) + ao((uz) + asC(uy + ug))w - (a1u1 + agug + as(uy + uz))n(w) € 2miZ
for w; and wy yields the existence of two rational integers b1 and by such that

ai1ul + asug + a3(u1 + UQ) = biw1 + baws,
a1C(u1) + aaC(u2) + asC(ur + u2) = biny + bana.

One deduces

(6.20) C(z + ajug + ague + asz(u; + u2)) = ((2) + a1C(u1) + aaC(u2) + as(ug + u2).
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We fix z € C\ Q and we let ug be sufficiently small not 0 so that ug and z + (ag + ag)ug are not poles
of p. We let u; tend to 0. The existence of an upper bound for max{|ai|, |az|, |as|}, independent on uy
and ug, shows that the left hand side of (6.20) is bounded above and that ((z)+ a2 (u2)+as((ui +u2)
on the right hand side is also bounded above. Hence a; = 0 for |u1| and |ug| sufficiently small. In the
same way ag = 0 for |u;| and |us| sufficiently small. Then equation (6.19) gives a contradiction.

(b) Let A € C ~ {0}. Assume that there is a nonzero polynomial P € C[Xy, X1, X2, Y7, Y2] such that

P(Z> {{J(Z), C(Z)a fu(z)> f)\u(z)) =0

The same argument as before, based on Proposition 6.5 and Remark 6.6, shows that for each u € C\. 2
such that \u & €, there exists (a1, az) € Z% . {0}, bounded by the degree of P, such that

(2 + (a1 + az))u) = ((2) + a1¢(u) + aaC(hu).

Letting u tend to 0 shows that a; + a2/\ = 0. Fixing u ¢ Q with Au ¢ Q and letting z tend to 0
shows that (a1 4+ a2A)u € . This is true for all u € Q with Au & €2, hence a; + a2 A = 0. We conclude
A =1

(c) Assume (6.18). Then ajA(u,w) + - -+ + asA(us,w) € 2miZ for all w € Q, hence the function

fur ()™ fug(2)™

is periodic with 2 as periods, and therefore belongs to C(p (2), ¢'( )
Conversely, assume that there is a nonzero polynomial P € C[Xy, X1, X2, Y7, ..., Y] such that

P(Z,p(Z),{(Z),ful(z),...,fus )

Proposition 6.5 and Remark 6.6 show that there exists (ai,...,as) € Z° \ {0}, with absolute values
bounded by the degree of P, such that ajA(u,w) + - - + asA(us, w) € 2miZ for all w € Q, hence

C(z+au+ -+ asus) = ((2) + ar(ur) + - + asCus).

Letting z tend to 0, we deduce aju + - -+ + asus € Q and (6.18) follows. O
Remarks.

e In (c), assertion (ii) with s = 1 corresponds to s =1, tp = 0 in Proposition 6.8.

e Given a; and ag in Z ~ {0}, the numbers u € C \ Q such that v = —aju/ay satisfies v € 2 and
C(v) = —a1{(u)/az are the zeroes of the derivative of the function

o(—arz/as)™ ‘
o(z)

see the multiplication formula for the Weierstrass zeta function, for instance [BW25, Table 2].

6.C. With CM and without the sigma function

The next result implies that when the elliptic curve E is CM, for t € C\ {0}, u € C\ Q2 ®7z Q and
a € End(F) \ Z, the six functions

Zvetza p(z)v C(Z)v fu(z)’ fu(OéZ)

are algebraically independent. This is related with the fact that when w is not a torsion point,
the nontrivial endomorphisms of £ do not extend to endomorphisms of the extension of £ by G,,
associated with u — see [Be82].
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Proposition 6.12. Let t1,...,t,. be complex numbers linearly independent over Q and ui,..., us
complex numbers such that wi,,u1,...,us are linearly independent over k. Let aq, ..., as be elements
of End(E) N\ Z. Then the 3+ r + 2s functions

2, @(Z)a C(z)v etlza cee ’etrz’ fu1 (Z), ce afus (Z), fu1 (0412)7 cees fus (OZSZ)
are algebraically independent.

Proof. Since End(F) N Q = Z, the assumption of Proposition 6.12 implies that the numbers «; are
irrational.
We assume that tq,...,t, are linearly independent over Q and that

‘67‘ S
P(Y1,Y5, Y3, X1, ..., Xppos) = Zzpm7éylmlyzm2%m3Xf1 e X

m{
is a nonzero polynomial in C[Y7, Ya,Ys,, X1,..., X, 2] such that the meromorphic function
F(z) = P(z, 0(2),¢(2),e" %, o et fu(2), s fu(2), fuy (@12), .00, fus(ozsz))
is 0. We will prove that wy,,u1,...,us are linearly dependent over k.

For zp € C\ Q let Q. (Th, T2, X1,. .., Xrt2s) € C[T1,T5, X1, ..., Xrt25] denote the polynomial

Qs (Th, T2, X1, ..., Xyyos) =
DY (a0 + Tiwn + Tows) ™ p(20) ™ (((20) + Tam + Tomp)"seltatHortr)z0
m /

(Fur (20)) o (Fun (20)) 7 (fun(0120)) 777 - (Fus(@s20)) 720 X - X520

Since the coefficients p,, ¢ are not all zero, there exists zp € C ~\ Q such that @,, is not the zero
polynomial. For w = aw; + bwy € Q we deduce from F(zy + w) = 0:

ST Pmelz0 + awi + bwa)™ 9(20) (¢ (20) + an + i) "sellit ) (o)
l

(fur (20 + @)™ (fu (20 + @) 7 (fur (@1 (20 + w))) - (fun (s (20 + w))) 7 = 0.

Since ayjw € 2 for 1 < i < s, we may use (4.10); hence

Q2 (a,b, el el eA(ul’w), .. ,eA(“S"’J),eA(ul’o‘l‘”), ... ,eA(“S’O‘S"J)) = 0.
From (ii)=-(iii) in Lemma 6.4 we deduce that the 2 + r + 2s elements
27 0 t1w1 trwl A ul,wl) )\(us,wl)
0 )7 \2mi) \tiwa) " \trwa ) \AMui,w2)) 7 \Mus,ws) )’
<)\ Ulyalwl)) (A(us,a5w1)>
AMuy, cqwa) )7 \ M us, aswa)

of C? are linearly dependent over Q. Hence there exist rational integers hg, hf), h1, .. ., hytas, not all
zero, such that

~~ N /S

2miho + (haty + -+ + bty )wr+hepa A(ur, wi) + -+ hyg s A(us, wi)

+ hr+s+1>\(ula alwl) +--+ hr+23)\(u3a aswl) =0,
2mihg + (hity + -+ + hoty)wothy i AM(ur, wa) + -+ + hypsA(us, wo)

+ hr—i—s—i-l)\(ula a1w2) +oF hr+s)\(u87 OKSWZ) = 0.

(6.21)
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Since ti,...,t, are linearly independent over Q and since wy/w; ¢ Q, the numbers hy41,...,hryos
are not all zero. We eliminate hit; + -+ + h,t, by multiplying the first equation of (6.21) by wo
and subtracting the second equation multiplied by w;. Recall (4.11). Since a; # 0, the two periods
w] = owi and w) = a;we are linearly independent, hence from (4.8) it follows that there exist
nonzero integers ki, ..., ks such that a;wan(a;wi) — cjwin(ouws) = 27ik; for 1 < i < s; then

Aug, aiwr)wa — A, qywe)wy = ai_lk‘iui.
Hence
(hr—l-l + Oél_lhr—l-s—l-lkl)ul + -+ (hr—i-s + Ols_lhr—&—2sks)us = hows — h()(.dl.

Since o; € Q and k; # 0 for 1 < i < s, the coefficients h,4; + ai_lhr+s+iki (1 <i < s) are not all zero.
Hence wy,uq, ..., us are linearly dependent over k. ]

6.D. With the sigma function

We will deduce Theorem 2.2 from the following result.

Proposition 6.13. Let t1,...,t., u1,...,us be complex numbers with u; & €.
1. Then the Weierstrass sigma function is transcendental over the field

C(z, p(z),((z),etlz, .. ,etTZ,ful(z), .. ,fus(z)).

2. Assume further that the elliptic curve E has complex multiplication. Let aq, ..., as be elements in
End(E) \Z. Then the Weierstrass sigma function is transcendental over the field

(C(z? p(z)7 C(z)7etlz7 R 7etr21 ful (2)7 R 7fus(z)7 f’lLl (alz)7 ct fus(asz))'
We will use two preliminary results.

Lemma 6.14. Let F' be a nonzero meromorphic function in C, let w € C~ {0} and let U be a
nonempty open subset of C contained in {z € C | 0 < Re(z/w) < 1}. Then there exists zy € U such
that for all a € Z, 2y + aw s neither a pole nor a zero of F'.

Proof of Lemma 6.14. Assume that F' is a meromorphic function in C such that, for each zy € U,
there exists a,, € Z such that zp + a,,w is either a pole or a zero of F'. Since the points zg + a,,w are
pairwise distinct, the set {29 + as,w | 20 € U} is not countable, hence F' = 0. O

Lemma 6.15. There exists w € Q such that, for n = n(w), we have Re(wn) > 0.

Proof of Lemma 6.15. Recall that the Weierstrass sigma function is entire and not zero, and has a
zero at each point of Q. Using either Schwarz Lemma or the canonical product (4.5), we deduce that
it has order of growth (see for instance [L66, Chap.2 §1]) at least 2 (as a matter of fact the order is
2).
If we had fe(wn) < 0 for all w € Q, we would deduce from (4.6) that there exists a constant C' > 0
such that, for all z € C,
0(2)] < Cexp(|z] max {Re(nr), Re(n2)})

with
C = sup{|o(rwy +ywa)| | 0 < 2,y < 1},

and o would have order < 1. O
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Proof of Proposition 6.13.

1. Thanks to Lemma 6.15, there is no loss of generality in assuming Re(win;) > 0. Suppose that
there exists a nonzero polynomial in 4 + r + s variables P € C[Ty,T1,T>,T5, X1, ..., Xr+s] of degree
Lo > 1 in T such that the meromorphic function

F(z) = P(0(2),2,9(2),((2),€"%, ... e, fu, (2), .., fu.(2))
is zero. Write
P(T\,T5,T5, X1, ..., Xrt+s, T0) = Po(Th, T2, T3, X1, . . ., XT+S)T0L° + P (To, Th,T5, T3, X1, . .., Xrts),

with Po(Tl,TQ,Tg, Xl, ce ,XT+5) 75 0 while Pl(To,Tl,TQ,Tg, Xl, ce ,XT+5) has degree < L() in To , SO
that

(6.22) F(z) = Fy(2)a(2)10 + Fi(2)
with

FO(Z) = P()(Z, p(z), C(z)’etlza s ,etTZ, fu1 (Z)v SRR fus (z)),
Fi(2) = Po(a(2), 2, 9(2), C(2), €%, . e, fuy (2), - fu, (2)).

Hence Fj is a nonzero meromorphic function.

We use Lemma 6.14 with F' = Fy and w = wy: let zg € C\ € be such that, for all a € Z, zg + aw;
is not a pole of Fyy and Fy(zp + awy) # 0.

Using (4.6), we deduce that there exists a constant ¢i(z9) = ¢; > 1 such that, for any a € Z with
sufficiently large |al,

(6.23)

(624) |0'(ZO + CLW1)| > elaP%e(wlnl)Cl_'al.

From (4.6) and (4.10) it follows that there exists a constant ca(zp) = ¢z > 1 such that, for sufficiently
large |al,

(6.25) |F1 (20 4 awy)| < e\a|2%e(w1771)(Lo—1)C\2a|‘

Combining (6.22), (6.24) and (6.25) with the assumption F' = 0, we deduce that there exists a constant
c3(z0) = c3 > 1 such that, for sufficiently large |a|,

|F0(Zo -+ aw1)| < e_|‘1|2§Re(w1771)C\;|.

Write
(6.26) Po(Th, T, T, X1, .. A;+s-—}{j}jpmfim“IWWTWBxfl~-Afr:,
m £
where m, £ stands for (mq,ma, m3,¢1,...,01s). Then Fy(zo + awr) = Q(a,v{, ..., vy, ) where
KT‘ gr S
Q(Xo, X1, ..., Xris) ZZP 210t (f (20)) T (fus (20))
(6.27)
’e”‘ S
(20 + Xown)™ 9(20)™({(20) + Xom)"™ X{* - X,
and

(6.28) vi=e (1<i<r), oy =AMujwi), (1<5<s).
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Lemma 6.3 implies that Fy vanishes at zg + aw; for all sufficiently large |a|, which is a contradiction.

2. The proof of the second part of Proposition 6.13 is the same. The meromorphic function F' and
the polynomial P are now

F(z) = P(o(2), 2, p(z),((z),etlz,...,et’“z,ful(z),...,fus(z),ful(alz),...,fus(asz),)

and
P(Ty, Ty, 15,15, X1, ..., Xpyos) =Po(T1, T2, T3, X1, . .. ,XT+25)TOLO

+ Pi(To, 11,12, T3, X1, - . -, Xry2s)-
We replace the definition (6.23) of Fy and Fj by setting

FO(Z) = PO(Zv p(z)a €(2)7et1z’ s ,eth, fu1 (Z)v s 7fus (Z)7 ful (0412’), B fus (0152)),
Fl(z) = PO(U(Z)7 2, p(z), C(z)’et127 B etTZ7 fu1 (Z)7 B fus (Z)7 fu1 (0412), SR fus (asz))

and the definition (6.26) of Py with

lri2s
Po(Ty, T2, T3, X1, . .o, Xryos) = ZZPm,gT{mT?QT:T?’Xfl e XY
m{

Formula (6.27) becomes

Q(Xo, X1,..., Xpy2s) = Z me&ezltlzo . elrtrzo
m £

(fu1 (ZO))ZTH o (fus (ZO))€T+S (fu1 (alzo))4r+s+1 o (fus (asZO))eTHS
(20 + Xown)™ p(20)™ ((20) + Xom) ™ Xf1 - X0,

Finally formula (6.28) is replaced with

v = e (1 <i<r), Urgj = Muj,w1),  Vpgsts = Muy, ojwr) (1<j<s).
O
Proof of Theorem 2.2. Part 1 of Theorem 2.2 follows from Propositions 6.10 and 6.13.1.
Part 2 of Theorem 2.2 follows from Propositions 6.12 and 6.13.2. O

7. Appendix: Weierstrass vs Riemann

This section is motivated by some remarks by David Masser in his book [M16, Chap.20], in particular
Lemma 20.7 and the two following exercises:

Exercise 20.87. p.274 Show that the Riemann zeta function and the Weierstrass zeta function are
algebraically independent over C. [Hint: the first is a function of s and the second a function of z.]

Exercise 20.88. p.275 No, seriously, show that the Riemann zeta function ((z) and the Weierstrass
zeta function ((z) are algebraically independent over C. Well, you know what I mean. . .

Here, in order to avoid any confusion, we denote by (g the Riemann zeta function and we keep
the letter ¢ for the Weierstrass zeta function associated with the elliptic function .

Proposition 7.1. The four functions z,o(z),((2),C(r(2) are algebraically independent over C.
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Proof. From ((3) =1.202--- < 5/4 we deduce

Y (2) e (2 e

for o = 3, hence for o > 3. Therefore, with the classical notations s = o + it where ¢ and ¢ are real,
we have

(7.29) Cr(s)] <277

for o > 3.

We select a basis wy,ws of the lattice €2 with positive real parts of wy and ws. Assume that there
is a nonzero polynomial A(Xo, X1, Xs,Y) € Z[Xo, X1, X2,Y] such that A(z, p(z),((2),(r(2)) = 0.
Without loss of generality we may assume that A is not divisible by Y — 1: writing

A(Xo, X1, Xa,Y) = Ag(Xo, X1, Xa) + (Y — 1)A1 (X0, X1, X2,Y)
we assume Ag #£ 0. Fix v € C \ Q with real part > 1. We have
A(v + awr + bwa, p(v), ((v) + ani + ba, Cr(v + awy + bws)) = 0
for all (a,b) € Z with a > 0, b > 0. For max{a, b} sufficiently large, we deduce from (7.29)
|CR(U + awy + bwg) - 1‘ < |21—v—aw1—bw2| < 2—cmax{a,b}
with ¢ = min{R(w;), R(wz)} > 0. Hence
(Cr(v + awr + bws) — 1) A1 (v + awy + bwa, p(v), (V) + an + bz, Cr(v + awy + bws))
tends to 0 as max{a, b} — co. Consequently
[ Ao(v + awy + bws, (v), C(v) + an1 + bng)|
also tends to 0 as max{a,b} — oo. Let b be a positive integer. Consider the polynomial
Py(X) = Ap(v + Xwi + bwa, p(v), ((v) + Xm + bipz) € C[X].
Since |Py(a)| tends to 0 as a — oo, this polynomial is 0. Let z € C and let
Q=(Y) = Ao(v + 2w1 + Ywa, p(v),((v) + 2 + Y2) € C[Y],

so that Q,(b) = Py(z). Since Py(z) = 0 for all positive integers b, the polynomial @, (Y") has infinitely
many zeroes, hence it is 0. We deduce

Ao(v+ Xwi + Ywa, p(v),¢(v) + X1+ Yna) = 0.

Since wine —wany # 0, we deduce that the polynomial Ag(X, p(v),Z) € C[X,Z]is 0 for allv € C\Q,
a contradiction. g

Using Propositions 2.1 and 7.1, we deduce:

Corollary 7.2. For almost all n—tuples (z1,...,z,) of complex numbers, the 4n numbers

ZlyeweyRny @(21)7 ceey @(Zn), C(Zl)a oo 7C(Zn)7 CR(21)7 ceey gR(ZTL)

are algebraically independent over Q(g2, g3).
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