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Abstract

The proof by Ch. Hermite of the transcendence of the number e in 1873
is the model on which most transcendence proofs for constants of analysis
are based. The Schneider–Lang Theorem gives an opportunity to under-
stand the strategy behind the proof. We simply outline the main ideas,
without providing technical details, for which we refer to the bibliography.
This short paper does not contain any full proof.

Accknowledgement This note is based on a course on Transcendental Num-
ber Theory given in September 2024 at the AESIM School (Asian and Euro-
pean Schools In Mathematics), Introduction to Number Theory and Algebraic
Curves, at the Mathematical Institute SASA, Faculty of Mathematics, Univer-
sity of Belgrade. The author is thankful to René Schoof who kindly suggested
him to write down this part of the course.

1 Introduction

Short proofs for the transcendence of numbers like e or π are available (see for
instance [B1975] for a one page proof for each of these two results, p. 4 for e,
p. 5 for π). Our aim is not to deal with the challenge of producing proofs as
concise as possible for these results as well as similar ones. Some readers may
prefer to understand the ideas behind the arguments. In his groundbreaking
paper [H1873], Ch. Hermite explains in a very pedagogical way what he is going
to do. His very clever and original arguments rely on explicit formulae.

In [Si1929], C.L. Siegel obtained far reaching new results without using such
explicit formulae.. This seminal contribution by Siegel paved the way to the
solution by A.O. Gel’fond [G1934] and Th. Schneider [Sc1934] of Hilbert’s 7th
problem.

A formalisation of Gel’fond’s method was initiated by Th. Schneider [Sc1949]
and considerably simplified by S. Lang [L1966]. The so–called Schneider–
Lang Theorem (Theorem 4.1) is a rather simple statement, based on Gel’fond’s
method, which implies many transcendence results including the theorems of
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Hermite–Lindemann and Gel’fond–Schneider. This Schneider–Lang Theorem
offers a convenient way to explain the strategy of many transcendence proofs.

After Hermite’s initial contribution to the subject [H1873], very few papers
dealing with transcendence proofs explained the basic ideas behind the technical
arguments, until S. Lang [L1966], not only contributed to the subject with new
results dealing with algebraic groups (following a suggestion of P. Cartier), but
at the same time provided enlightening explanations on the proofs.

We start (§ 2) with an explanation of what is going on in the proof by
Gel’fond’s method of the Hermite–Lindemann Theorem. Next (§ 3) we show how
a small modification of the same proof yields the Gel’fond–Schneider Theorem.
Formalizing the ideas in § 4 following [L1966, Ch. III § 1], we state the Schneider–
Lang Theorem and sketch the proof.

A similar scheme of proof produces the solution of Hilbert’s 7th problem via
Schneider’s method (§ 5).

Finally in § 6 we propose a short overview of other related results together
with a list of references for going further in the subject.

2 Hermite–Lindemann

The following result implies the transcendence of both numbers e and π (using
eiπ = −1), as well as the transcendence of any nonzero logarithm of a nonzero
algebraic number.

Theorem 2.1 (Hermite–Lindemann). If α is a nonzero complex number, then
one at least of the two numbers α, eα is transcendental.

This result concerns the exponential function ez. There is no general state-
ment on the transcendence of values of an analytic function, unless one requests
special properties of this function. Let us give the list of specific properties of
the exponential function

ez =
∑
n⩾0

zn

n!

that we are going to need.
The first one is that it is an entire function, which means that it is analytic

for all z ∈ C. Also it is not a polynomial. For an entire function, it is equivalent
to say that it is not a polynomial and to say that it is a transcendental function,
namely a function which is not algebraic over the field of rational fractions in
one variable: if P is a nonzero polynomial in two variables, then the function
P (z, ez) is not the zero function. Since the Taylor coefficients 1/n! of ez are
rational numbers, it is equivalent to say that ez is transcendental over the field
C(z) or over the field Q(z).

Next, the differential equation

d

dz
ez = ez
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plays an important role in the methods of Hermite and Gel’fond (not in Schnei-
der’s method, as we will see in §5).

Also the addition Theorem

ez1+z2 = ez1ez2

implies the multiplication formula

esz = (ez)s

for all s ∈ Z, which will be used in all proofs below.
The last property that we will use is an upper bound for the growth of the

entire functions z and ez: for r ⩾ 0,

sup
|z|=r

|z| = r and sup
|z|=r

|ez| = er.

Here is the strategy. We start with a nonzero complex number α and we
assume that both α and eα are algebraic. Our goal is to get a contradiction
using the fact that the exponential function is transcendental: we wish to prove
that there exists a nonzero polynomial P ∈ Z[X,Y ] such that the function
F (z) = P (z, ez) is the zero function. We will achieve this goal in several steps.
The idea is to show the existence of such a polynomial for which the associated
function F has many zeroes. We will start by requesting only a finite number of
zeroes, so that linear algebra suffices to ensure the existence of P . A refinement
of the argument of linear algebra is needed, because we will need an upper
bound not only on the degrees of the polynomial P but also on its coefficients.
This refinement rests on Dirichlet’s box principle, by means of the so–called
Thue–Siegel Lemma.

In order to achieve this first step, one will need to introduce some parameters
which will be upper bounds for the degrees in X and Y of the polynomial P ,
and also on the number of zeroes that we are requesting.

The information we have is that α and eα are algebraic. For a polynomial
P in two variables with integer coefficients, the values of the function F (z) =
P (z, ez) at the point z = α is algebraic, in the number field K := Q(α, eα).
Thanks to the differential equation, the derivatives of F at this point are also
in K. Further, thanks to the multiplication formula, all numbers

F (σ)(sα) :=

(
d

dz

)σ

F (sα) (2.1)

for σ ⩾ 0 and s ∈ Z are in K. These are the numbers we are interested in. The
first step will be requesting that a finite set of such numbers (2.1) vanish.

After this first step, we will increase the set of (σ, s) for which these numbers
(2.1) vanish. This second step relies on the fact that a function having many
zeroes is flat, it takes small values in a disc containing the given zeroes, and the
same is true for the first derivatives. This analytic argument based on Schwarz’s
Lemma will provide an upper bound for the absolute value of numbers of the
form (2.1).



12/03/2026 4

Now comes the arithmetic estimate, one of Liouville’s inequalities. The idea
is that a nonzero rational integer has an absolute value at least 1, a nonzero
rational number with denominator d has an absolute value at least 1/d, and
more generally one can give a lower bound for the absolute value of a nonzero
algebraic number when one knows an upper bound for its denominator and
the absolute values of its conjugates (see [W1992, Ch. III], [W1979a, § 1.1],
[W2000, Ch. 3]). It follows that these algebraic numbers (2.1) all vanish. The
contradiction follows at once.

Here is a slightly expanded description of the proof.
One needs to estimate certain quantities (something we only outline here).

This will rely on introducing auxiliary parameters which will be supposed to be
very large, so that only asymptotic estimates will suffice.

Step 0: introducing parameters
We will show the existence of an auxiliary polynomial P ∈ Z[X,Y ] satisfying
suitable properties; we introduce upper bounds for its degrees, namely T0 − 1
for the degree in X and T1 − 1 for the degree in Y . Hence the polynomial P
will be of the form

P (X,Y ) =

T0−1∑
τ=0

T1−1∑
t=0

aτ,tpτ,t(X,Y )

with aτ,t ∈ Z, where pτ,t(X,Y ) is the monomial XτY t. The maximum of the
absolute value of its coefficients will be denoted by H(P ). We will consider the
entire function

F (z) = P (z, ez) =

T0−1∑
τ=0

T1−1∑
t=0

aτ,tfτ,t(z) where fτ,t(z) := pτ,t(z, e
z) = zτetz.

Its derivatives at points multiple of α are

F (σ)(sα) =

T0−1∑
τ=0

T1−1∑
t=0

aτ,tf
(σ)
τ,t (sα)

with σ ⩾ 0 and s ⩾ 0.
An explicit formula for the derivatives of fτ,t is

f
(σ)
τ,t (z) =

min{τ,σ}∑
κ=0

σ!

κ!(σ − κ)!
· τ !

(τ − κ)!
tσ−κzτ−κetz,

which shows that the numbers

f
(σ)
τ,t (sα) =

min{τ,σ}∑
κ=0

σ!τ !

κ!(σ − κ)!(τ − κ)!
tσ−κ(sα)τ−κ(eα)st (2.2)

for σ ⩾ 0, s ⩾ 0, τ ⩾ 0, t ⩾ 0 all belong to K.
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When writing down the proof, one first select parameters S0, S1, T0, T1 so
that the proof can be carried out. Here we will introduce the contraints on
these parameters only when they arise. One could produce similar sketches of
proofs for many open problems, only the constraints which will occur during
the process will turn out at the end not to be compatible.

We denote by δ the degree of the number field K = Q(α, eα). This number
δ is a constant, while S0, S1, T0, T1 can be arbitrarily large.

Step 1: existence of an auxiliary function
With this method one does not construct an auxiliary function, we merely prove
that it exists, based on Dirichlet’s box principle.

Assume first T0T1 > S0S1. Then linear algebra implies the existence of
numbers aσ,s in K, (0 ⩽ σ < S0, 0 ⩽ s < S1), not all of which are 0, such that

F (σ)(sα) = 0 for 0 ⩽ σ < S0, 0 ⩽ s < S1. (2.3)

If we assume the stronger condition T0T1 > δS0S1, then there is a solution to
this system of homogeneous linear equations with aσ,s in Z. This is not quite
sufficient: we will need an estimate for the height

H(P ) = max
0⩽τ<T0
0⩽t<T1

|aτ,t|

of P . Estimates for the solutions of the linear system given by linear algebra
would not suffice. One main idea introduced by A. Thue and developed by
C.L. Siegel [Si1929] is that a sharp upper bound can be achieved if one requests

T0T1 ⩾ 2δS0S1. (2.4)

This is our first constraint on the parameters.
The coefficients of the system of linear equations are given by (2.2). They

belong to K. The version of the Thue-Siegel Lemma in [Si1929] deals with the
case of rational integer coefficients. One easily reduces to this case by writing
the powers of α and eα on a basis ofK over Q and multiplying by a denominator.
Variants of the Thue–Siegel Lemma are given in [W1974, § 1.3] and [W1979a,
§ 1.2].

Step 2: second step of the induction
Step 1 is the first step of the inductive argument. We explain the second step
before performing the induction. We wish to increase the number of equations
(2.3). We could increase the range of s, but we choose to increase the range or
σ. Hence we fix s satisfying 0 ⩽ s < S1 and we consider the number

γ := F (S0)(sα).

This number belongs to K. By Cauchy’s estimate, it satisfies

|γ| ⩽ S0!|F |r
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for any r ⩾ 1 + s|α|, where

|F |r := sup
|z|=r

|F (z)|.

Now the entire function F has at least S0S1 zeroes (counting multiplicities) in
the disc |z| ⩽ r. Here comes the analytic estimate, which is Schwarz’s Lemma
([W1979a, § 1.3], [W1979b, Lemma 7.1.3]): an analytic function having many
zeroes, say N , in a disc |z| ⩽ r, takes only small values in this disc:

|F |r ⩽

(
R

3r

)−N

|F |R

for R > 3r. The factor (R/3r)−N is small when N (here N ⩾ S0S1) is large
and R > 3r. Therefore |γ| is small.

Now comes the arithmetic estimate, namely the above mentioned Liouville’s
inequality: the upper bound for the algebraic number |γ| implies γ = 0.

Once we are able to increase the number of zeroes of our auxiliary function
F , we are in a position of performing an induction which at the end will imply
the desired conclusion: F is the zero function.

Our first constraint on the parameters T0, T1, S0, S1 occurred in step 1. The
estimates necessary to complete the proof of step 2 introduce further constraints
which lead to the choice of these parameters. A further quantity has been
introduced, namely the large radius R, which needs also to be selected in terms
of the parameters T0, T1, S0, S1.

See [W1974, Ch. 3] for all details, including a suitable choice of the param-
eters.

Step 3: the inductive argument
There is no logical need to perform the second step separately, one can directly
perform the induction and prove that for any σ ⩾ 0 and for 1 ⩽ s < S1 we have

F (σ)(sα) = 0.

For 0 ⩽ σ < S0, these equations are proved in the first step. For σ = S0, this is
the second step above. Assume this is true for all σ < S for some S ⩾ S0. Fix
s in the range 0 ⩽ s < S1 and consider the number

γ := F (S)(sα).

The analytic argument (Schwarz’s Lemma) provides an upper bound for |γ|,
using the fact that F has at least SS1 zeroes. Liouville’s estimate then implies
γ = 0.

Step 4: conclusion
All derivatives of F at z = 0 (and also at z = sα, 0 ⩽ s < S1) are 0, hence the
function F is the zero function, which is the desired contradiction in view of the
algebraic independence of z and ez.
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3 Gel’fond’s solution of Hilbert’s 7th problem

The solution of Hilbert’s 7th problem has been given independently by Gel’fond
[G1934] and Schneider [Sc1934]:

Theorem 3.1 (Gel’fond–Schneider). Let α and β be two complex numbers.
Assume α ̸= 0 and β ̸∈ Q. Let logα be a nonzero logarithm of α, meaning
elogα = α. Define αβ := eβ logα. Then one at least of the three numbers α, β,
αβ is transcendental.

This result implies the transcendence of 2
√
2, of eπ (take for instance α = 1,

logα = 2iπ, β = −i/2), of log 2/ log 3 (take α = 3, β = log 2/ log 3).
The sketch of proof by Gel’fond of Theorem 3.1 is similar to the one in

§ 2. One replaces the two functions z, ez with ez, eβz, which are algebraically
independent since β is irrational. Also one replaces the points sα of § 2 with
s logα.

Hence the auxiliary function F is now a linear combination of the functions

fτ,t(z) = (ez)τ (eβz)t = e(τ+tβ)z,

say

F (z) =

T0−1∑
τ=0

T1−1∑
t=0

aτ,tfτ,t(z).

Assume that the three numbers α, β and αβ are algebraic, with β irrational.
The number field K is now Q(α, β, αβ).

Again we select parameters S0, S1, T0, T1. Assuming

T0T1 ⩾ 2[K : Q]S0S1,

we deduce from the Thue–Siegel Lemma that there exists a nonzero polynomial
P ∈ Z[X,Y ] such that the function F (z) := P (ez, eβz) satisfies

F (σ)(s logα) = 0 (3.1)

for 0 ⩽ σ < S0 and 0 ⩽ s < S1. By induction, combining Schwarz’s Lemma
with Liouville’s inequality, one proves that equations (3.1) hold for 0 ⩽ s < S1

and all σ ⩾ 0. The contradiction follows.
References are [W1974, Ch. 3], [W1979a, § 2.1].

4 Schneider–Lang Theorem

An entire function f is said to be of finite order if there exists ϱ > 0 and R0 > 0
such that |f |R ⩽ eR

ϱ

for all R > R0. In other terms

lim sup
R→∞

log log |F |R
logR

< ∞.

The arguments of sections 2 and 3 yield the following statement



12/03/2026 8

Theorem 4.1 (Schneider–Lang). Let f1, f2 be two entire functions of finite
order which are algebraically independent over Q. Let K be a number field.
Assume that the derivatives f ′

1 and f ′
2 belong to K[f1, f2]. Then the set

{w ∈ C | f1(w) and f2(w) belong to K}

is finite.

The more general version of this Theorem in [L1966, Ch. III Th. 1], [W1974,
§ 3.3], [W1979a, Th. 2.2.1], [W2000, Ch. IV], where f1 and f2 are allowed to be
meromorphic functions of finite order, has many consequences, in particular in
connection with algebraic groups [L1966, Ch. III], [W1979b, Ch. 5], [BW2007,
§ 2.3]. Also there are generalizations to functions of several variables. For
cartesian products, they are due to Schneider and Lang – see [L1966, Ch. IV
Th. 1], [W2000, Ch. 4]. A deeper result involving hypersurfaces, suggested by
M. Nagata, has been proved by E. Bombieri; see [W1979a, § 10.2], [W1979b,
Ch. 5].

Sketch of proof of Theorem 4.1.
Let ϱ1, ϱ2 and C satisfy

log |fi|R ⩽ CRϱi

for i = 1, 2 and for all sufficiently large R. Assume w1, . . . , wm satisfy

fi(wj) ∈ K for i = 1, 2 and j = 1, . . . ,m.

We will prove

m ⩽ (ϱ1 + ϱ2)δ (4.1)

with δ := [K : Q].
Let S be a sufficiently large integer. We introduce the following parameters

T1 and T2:

T1 = S
ϱ2

ϱ1+ϱ2

√
logS, T2 = S

ϱ1
ϱ1+ϱ2

√
logS.

We need to select these parameters at the beginning of the proof, but this choice
is dictated by constraints which occur during the proof.

The first step is to prove the existence of a nonzero polynomial in Z[X1, X2],
of degree < T1 in X1 and < T2 in X2, such that the function F := P (f1, f2)
satisfies the mS equations

F (σ)(wj) = 0 (4.2)

for 0 ⩽ σ < S and 1 ⩽ j ⩽ m. Since

T1T2 = S logS,

the existence of P is a consequence of linear algebra as soon as logS > δm.
For sufficiently large S, Thue–Siegel Lemma implies the existence of P with an
upper bound for its height:

log H(P ) = O(S).
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Since the functions f1 and f2 are algebraically independent, the numbers (4.2)
for 1 ⩽ j ⩽ m and σ ⩾ 0 are not all zero. Let U be the least integer such that
the function F satisfies (4.2) for 0 ⩽ σ < U and 1 ⩽ j ⩽ m. From the first step
we infer U ⩾ S. Since U is minimal, there exists j0 which satisfies 1 ⩽ j0 ⩽ m
such that the number

γ := F (U)(wj0)

is not 0. Using the inductive assumption together with Schwarz’s Lemma with

R = U
1

ϱ1+ϱ2 , we obtain

log |γ| ⩽
(
1− m

ϱ1 + ϱ2
+ o(1)

)
U logU.

Liouville’s estimate for the nonzero element γ of K yields

log |γ| ⩾ −(δ − 1 + o(1))U logU.

The conclusion (4.1) follows.
This is a sketch of the proof in [W1974, Ch.3] where all details are given.

See also [L1966, Ch. III Th. 1] and [B1975, Ch. 6].

5 Schneider’s method

The proof by Schneider of Theorem 3.1 is slightly different from Gel’fond’s proof
in § 3 as it does not use differential equations. We argue by contradiction: let
again K be the number field Q(α, β, αβ). Notice that the two functions z and
αz are algebraically independent since logα ̸= 0. The auxiliary function G is
now a linear combination of the functions

gσ,s(z) = zσαsz,

(where, of course, αz = ez logα), say

G(z) =

S0−1∑
σ=0

S1−1∑
s=0

bσ,sgσ,s(z)

with bσ,s ∈ Z. The first step is the existence of a nonzero polynomial

P (X,Y ) =

S0−1∑
σ=0

S1−1∑
s=0

bσ,sX
σY s ∈ Z[X,Y ]

such that the auxiliary function G(z) = P (z, αz) satisfies

G(τ + tβ) = 0 (5.1)

for 0 ⩽ τ < T0, 0 ⩽ t < T1. This follows from the Thue–Siegel Lemma as soon
as we request S0, S1, T0, T1 to satisfy

S0S1 ⩾ 2[K : Q]T0T1.
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By induction on T ′
0+T ′

1, one proves that equations (5.1) are satisfied for 0 ⩽ τ <
T ′
0, 0 ⩽ t < T ′

1. For proving that a number of the form γ = G(τ+tβ) is zero, one
uses the analytic estimate given by Schwarz Lemma to show that |γ| is small,
thanks to the inductive assumptions. One concludes the inductive process by
means of Liouville’s inequality. Therefore equations (5.1) are satisfied for all
τ ⩾ 0, and t ⩾ 0.

The last step is to deduce that G = 0. There are several ways of achieving
this goal, the easiest is to remark that in the inductive argument in the second
step, we show that |G|r is small for arbitrarily large values of r, hence G = 0.

Two references are [W1974, Ch. 2] and [W1979a, § 3.1].

6 Further results

The reader is invited to use the previous ideas and solve the following exercise:

Let x1, . . . , xd be Q–linearly independent real numbers and y1, . . . , yℓ
be also Q–linearly independent real numbers. Assume ℓd > ℓ + d.
Then one at least of the ℓd numbers exiyj is not a rational number.

The proof does not use any Liouville’s inequality other than the trivial one
that a nonzero rational integer has absolute value at least 1. Using some Liou-
ville’s inequality, one reaches the conclusion that one at least of these numbers
is transcendental (the xi and yj may be complex numbers): this is the so–called
Six Exponential Theorem [L1966, Ch. II § 1], [W2000, § 1.3].

The Four Exponentials Conjecture is to reach the same conclusion under the
weaker assumption ℓd ⩾ ℓ+ d, which means in the case ℓ = d = 2. As pointed
out in [L1966, Remark, Ch. II § 1], the same pattern of proof does not give the
desired concluslon (it just misses).

We observe that the methods of Gel’fond and Schneider follow the same
sketch of proof. There is something more that they share in common: the
numbers which occur in Gel’fond’s proof and in Schneider’s proof are the same.
Indeed, with

fτ,t(z) = e(τ+tβ)z and gσ,s(z) = zσαsz

as in § 3 and § 5, we have

f
(σ)
τ,t (s logα) = (τ + tβ)σατs(αβ)st = gσ,s(τ + tβ).

This is the source of the duality described in [W2000].
In transcendence proofs given in this reference, auxiliary polynomials are

replaced with interpolation determinants, an idea which arises in the work by
M. Laurent [La1989]. Consider for instance the above proof in § 2 of Hermite–
Lindemann Theorem 2.1. The algebraic independence of the functions z and ez

implies that for a suitable choice of the values for (σ, s) and (τ, t) with σ ⩾ 0,
s ⩾ 0, τ ⩾ 0, t ⩾ 0, some matrix with entries(

d

dz

)τ

(zσes)(tα)
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has maximal rank. The determinant of this matrix is a nonzero algebraic num-
ber. An analytic estimate, based on Schwarz Lemma in a single variable, shows
that its absolute value is small. Again we get a contradiction using Liouville’s
estimate.

With interpolation determinants, the above mentioned duality between the
methods of Gel’fond and Schneider amounts to transposing a matrix. For proofs
using an interpolation determinant, see [La1989, § 6] for the six exponentials
Theorem, [W2000, § 2.3] for Schneider’s method, [W2000, § 2.4] for Gel’fond’s
method, [W2000, § 2.6] for the Hermite–Lindemann Theorem.

The above sketches of proofs in sections 2, 3 and 5 are by contradiction.
Since we start with hypotheses that we prove at the end not to be compatible,
no step of the proof can be used. However, in practice, one does not argue by
contradiction, and an important feature of the method is that it yields effective
estimates which have a lot of applications. The first estimates obtained by
this approach were due to A.O. Gel’fond, who proved non trivial lower bounds
for non vanishing quantities of the form Λ := β logα1 − logα2 when α1, α2

and β are algebraic numbers. It is remarkable that the lower bounds reached
by transcendence arguments are valid only under the assumption Λ ̸= 0; such
estimates are specially useful when β is rational: transcendence proofs give lower
bounds for non vanishing algebraic numbers of the form |αb1

1 αb2
2 − 1|.

Gel’fond’s estimates are now a special case of Baker’s results [B1975, Ch. 2]
which yield nontrivial explicit lower bounds for so–called linear forms in loga-
rithms

Λ := β0 + β1 logα1 + · · ·+ βn logαn

(with αi and βj algebraic), only assuming Λ ̸= 0.
Baker’s transcendence result is the following ([B1975, Ch. 2], [BW2007, Ch.

2]):

Theorem 6.1 (Baker). If logα1, . . . , logαn are logarithms of algebraic numbers
which are linearly independent over Q, then the numbers 1, logα1, . . . , logαn are
linearly independent over the field of algebraic numbers.

Hermite–Lindemann Theorem 2.1 is the case n = 1, while Gel’fond–Schneider
Theorem 3.1 is the linear independence over the field of algebraic numbers of
logα1, logα2.

Baker’s proofs rest on a generalisation of Gel’fond’s method. Assuming

β0 + β1 logα1 + · · ·+ βn−1 logαn−1 = logαn,

he works with n+ 1 functions

z0, e
z1 , . . . , ezn−1 , eβ0+β1z1+···+βn−1zn−1

of n variables z0, z1, . . . , zn−1. The auxiliary function is evaluated, together with
its derivatives, at the points multiples of (1, logα1, . . . , logαn−1).

References for proofs using auxiliary functions are given in [W2000, § 10.1.1]
and [W1979a, § 4.1] for the homogeneous case β0 = 0, [B1975, Ch. 2], [W2000,
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§ 10.1.2 and § 10.3] and [BW2007, Ch. 2] for the general case. Proofs using an
interpolation determinant are given in [W1992, Ch.II § 1] for the homogeneous
case, [W1992, Ch.XI] and [W2000, § 10.2] for the general case.

Since all points in Baker’s proof lie on the complex line z(1, logα1, . . . , logαn−1),
the same proof may be described using only functions of a single variable

z, αz
1, . . . , α

z
n;

see [W1974, Ch. 8]. In Baker’s method, a Schwarz Lemma for functions of a
single variable suffices.

The dual proof, generalizing Schneider’s method to several variables, deals
with n+ 1 functions

z0, z1, . . . , zn−1, e
z0αz1

1 · · ·αzn−1

n−1

of n variables z0, z1, . . . , zn−1. Only the powers of one derivative, ∂/∂z0, are
needed (and no derivative at all in the homogeneous case β0 = 0). The auxiliary
function is evaluated at the points in

Zn + Z(β0, . . . , βn−1).

With Schneider’s method, several variables cannot be avoided, unless β0 = 0
and n = 2. A reference is [W2000, § 6.3] for the homogeneous case β0 = 0 and
[W2000, § 9.1.1] for the general case.

There is a similar story for the p–adic transcendence theory: see for instance
[W1979b, Appendix I] by D. Bertrand.
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Paris, 1979.
Zbl 3666891 MR 0570648 https:

//www.numdam.org/item/AST_1979__69-70_/

[W1992] Michel Waldschmidt. Linear independence of logarithms of algebraic
numbers (with an appendix by M. Laurent), 116, IMSc Rep. Madras:
Institute of Mathematical Sciences, 1992.
Zbl 692312 MR 1613746

https://zbmath.org/3232021
https://mathscinet.ams.org/mathscinet/relay-station?mr=0214547
https://link.springer.com/book/9781461461364#bibliographic-information
https://zbmath.org/65929
https://mathscinet.ams.org/mathscinet/relay-station?mr=1144324
https://www.numdam.org/item/AST_1991__198-199-200__209_0.pdf
https://www.numdam.org/item/AST_1991__198-199-200__209_0.pdf
https://zbmath.org/3014816
https://eudml.org/doc/149900
https://zbmath.org/052867
https://mathscinet.ams.org/mathscinet/relay-station?mr=0031498
https://eudml.org/doc/160176
https://zbmath.org/7814811
https://mathscinet.ams.org/mathscinet/relay-station?mr=3330351
https://doi.org/10.1007/978-88-7642-520-2
https://zbmath.org/3472160
https://mathscinet.ams.org/mathscinet/relay-station?mr=0360483
https://doi.org/10.1007/bfb0065320
https://zbmath.org/3672388
https://mathscinet.ams.org/mathscinet/relay-station?mr=0633068
https://zbmath.org/3666891
https://mathscinet.ams.org/mathscinet/relay-station?mr=0570648
https://www.numdam.org/item/AST_1979__69-70_/
https://www.numdam.org/item/AST_1979__69-70_/
https://zbmath.org/692312
https://mathscinet.ams.org/mathscinet/relay-station?mr=1613746


12/03/2026 14

[W2000] Michel Waldschmidt. Diophantine approximation on linear algebraic
groups. Transcendence properties of the exponential function in sev-
eral variables, Grundlehren Math. Wiss. 326 Berlin: Springer, 2000.
Zbl 1467843 MR 1756786 doi 10.1007/978-3-662-11569-5

https://webusers.imj-prg.fr/~michel.waldschmidt/articles/pdf/dalag.pdf
https://webusers.imj-prg.fr/~michel.waldschmidt/articles/pdf/dalag.pdf
https://zbmath.org/1467843
https://mathscinet.ams.org/mathscinet/relay-station?mr=1756786
https://doi.org/10.1007/978-3-662-11569-5

	Introduction
	Hermite–Lindemann
	Gel'fond's solution of Hilbert's 7th problem
	Schneider–Lang Theorem
	Schneider's method
	Further results

