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Abstract

Schanuel’s Conjecture is a well known and far reaching statement
involving the usual exponential function.

We introduce the concept of Strong Schanuel Property, where the
transcendence degree is 2n in place of n. Almost all tuples of
complex numbers satisfy this property. We show how to construct
an uncountable set of such tuples.

Next we add to the exponential function other functions related
with elliptic curves, namely Weierstrass o, (, @ functions, as well
as meromorphic functions introduced by Serre in connexion with
elliptic integrals of the third kind. We show that such functions are
algebraically independent, and we deduce strong algebraic
independence results for almost all tuples.

In a forthcoming joint paper with Cristiana Bertolin we propose
some conjectures having a geometric origin for the values of these
functions.
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Schanuel's Conjecture

Let x1,...,x, be Q-linearly independent complex numbers.
Then at least n of the 2n numbers x1,...,x,, €, ..., are
algebraically independent.

In other terms, the conclusion is

trdeg@Q(xl,...,xn, e””l,...,ez”) > n.
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Origin of Schanuel’s Conjecture

Course given by Serge Lang (1927-2005) at Columbia in the

60's

[@ S. LANG — Introduction to transcendental numbers,
Addison-Wesley 1966.

also attended by M. Nagata (1927-2008)
(14th Problem of Hilbert).

Nagata's Conjecture solved by E. Bombieri.
(7 ':fl
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1927 — 2005 1927 — 2008

E. Bombieri
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Algebraic independence results

e Lindemann—Weierstrass : if 1, ..., x, are algebraic and
Q-linearly independent, then e™' ... e*" are algebraically
independent.

e A.O. Gel'fond : if 3 is a cubic irrationality and o a nonzero
algebraic number with log @ # 0, then o’ and &”” are
algebraically independent.

e Yu V. Nesterenko : the two numbers 7 and e™ are
algebraically independent.

£ 3 o
£

F. Lindemann K. Weierstrass A.O. Gelfond
1852 — 1939 1815 — 1897 1906 — 1968

Yu. V. Nesterenko
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A.O. Gel'fond CRAS 1934
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Statement by Gel'fond (1934)

Let 31,..., 3, be Q-linearly independent algebraic numbers
and let log aq, ..., log a,, be Q-linearly independent
logarithms of algebraic numbers. Then the numbers

Mo e logay,. .. log am

P

are algebraically independent over Q.
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Further statement by Gel'fond

Let f51,..., [, be algebraic numbers with 3; # 0 and let
a1, ..., qp, be algebraic numbers with ay # 0,1, as # 0,1,
a; # 0. Then the numbers

.ﬁn—leﬁn

e .
e and a2

are transcendental, and there is no nontrivial algebraic relation
between such numbers.

Remark : The condition on the «; should be that they are irrational.
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Easy consequence of Schanuel's Conjecture
According to Schanuel’s Conjecture, the following numbers are

algebraically independent :

e+m, em, ™°, €%, e, ..., e, ...

log , log(log2), mlog?2, (log2)(log3), log2 (log 2)1°g‘5 )

Proof : Use Schanuel's Conjecture several times.

While working on a
cryptography project, we came
upon the following problem. Let
x be the real solution of

2® =100. Isz a
transcendental number ?

Tung T. Nguyen

Conditional answer assuming Schanuel's Conjecture :
¢ 7., is such that 2" is an integer, then x is transcendental.

cif 2 >0,
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Fixed points of the exponential function

Open problem

Federico Pellarin

Let 2q,..., 2, be distinct fixed points of the exponential
function :

2

=z 1=1,...,n.

Is it true that zq, ..., z, are Q-linearly independent ?

Schanuel's Conjecture implies that zq, ..., 2z, are algebraically
independent.
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Further consequences of Schanuel’s Conjecture

Transcendental values of class group L—functions, Gamma
values, log Gamma values, digamma function, generalized
Euler-Briggs constants, derivatives of L—series and generalized
Stieltjes constants . ..

Papers by Purusottam Rath, Ram Murty, Sanoli Gun, Kumar
Murty, Ekata Saha, Siddhi Pathak, ...

P. Rath, R. Murty, S. Gun K. Murty E. Saha S. Pathak

11/35



Lang's exercise

Define £y = Q. Inductively,
for n > 1, define E,, as the
algebraic closure of the field
generated over F,, ; by the
numbers exp(z) = e*, where
x ranges over I, . Let E be
the union of E,,, n > 0.

Then Schanuel's Conjecture
implies that the number 7
does not belong to E.

More precisely : Schanuel's Conjecture implies that the
numbers 7, log 7, loglog 7, logloglog 7, . . . are algebraically
independent over F.
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A variant of Lang’s exercise

Define Ly = Q. Inductively, for n > 1, define L,, as the
algebraic closure of the field generated over L, by the
numbers y, where y ranges over the set of complex numbers
such that ¢V € L,,_;. Let L be the union of L,, n > 0.
Then Schanuel's Conjecture implies that the number e does
not belong to L.

More precisely : Schanuel's Conjecture implies that the

numbers e, e®, e, e® ... are algebraically independent over L.
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Arizona Winter School AWS2008, Tucson

Theorem [Jonathan Bober, Chuangxun Cheng, Brian Dietel,
Mathilde Herblot, Jingjing Huang, Holly Krieger, Diego
Marques, Jonathan Mason, Martin Mereb and Robert Wilson.]
Schanuel’s Conjecture implies that the fields E and L are
linearly disjoint over Q.

Definition. Given a field extension F'/K and two
subextensions F'y, F's C F, we say F'y, F'5 are linearly disjoint
over K when the following holds : any set {z1,...,z,} C F}
of K— linearly independent elements is linearly independent
over F's.

Reference : arXiv.0804.3550 [math.NT] 2008.
J. Number Theory 129 (2009), no. 6, 1464-1467.
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C. Bertolin, P. Philippon, B. Saha, E. Saha

Patrice Philippon, Biswajyoti Saha, Ekata Saha,
An abelian analogue of Schanuel’s Conjecture and
applications. Ramanujan J., 52, 2, 381-392 (2020).

Cristiana Bertolin, Patrice Philippon, Biswajyoti Saha, Ekata
Saha,

Semi-abelian analogues of Schanuel Conjecture and
applications. J. Algebra 596 (2022), pp. 250-288.
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Formal analogs

W.D. Brownawell
(was a student of Schanuel)

J. Ax’s Theorem (1968) :
Version of Schanuel’s
Conjecture for power series
over C

(and R. Coleman for power
series over Q)

Work by W.D. Brownawell
and K. Kubota on the elliptic
analog of Ax's Theorem.
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Dale Brownawell and Stephen Schanuel
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Strong Schanuel's property

Definition. An n—tuple (x4, ..., x,) of complex numbers
satisfies the strong Schanuel property, if the 2n numbers
T1y..., Ty, €% ... e are algebraically independent over Q.

Theorem. Almost all n—tuples of complex numbers (for
Lebesgue measure of C") satisfy the strong Schanuel property.

The proof uses only the fact that the exponential function
¢* = exp(z) is transcendental (over C(z)) : for
P e C(2)[T)\ {0} the function P(z,¢e*) is not 0.
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Strong Schanuel property

Let ¢ : Z~y — R, be a decreasing function such that

Y(g) < e

Let x1,...,x, be real numbers. Assume that there exists a
sequence (qx)r=0 of positive integers such that

0 < K" Mauzal < <K anaill < - < Nlawal] < o (an)

for all k£ > 0. Then the n—tuple (x4, ..., z,) satisfies the
strong Schanuel property.
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Uncountably many explicit examples

Define a sequence (qk)k=0 of positive integers by go = 1 and
qk+1—3qk fork>0.For{>1and 1 <i<n,let
E{ 1,+1}. Fori=1,...,nand k > 1, set

40 —1
xi:zee“ i

>1 qe
and

Then the n—tuple (1, . .. ,xn) satisfies the strong Schanuel
property.
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Algebraic independence of values of algebraically
independent functions

Theorem. Let K be a finitely generated extension of (. Let

f1,--., ft be meromorphic functions in C which are
algebraically independent over K. Then for almost all tuples
(z1,...,2,) of complex numbers, the nt numbers

fi(z) (t=1,....,n, j=1,...,t

are algebraically independent over K.
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Proof

e If F'is a nonzero meromorphic function in C", then the set
Z(F) of zeroes of F'in C" has Lebesgue measure zero.

e A countable union of sets of Lebesgue measure zero has
Lebesgue measure zero.

e The set of polynomials in nt variables with coefficients in K
is countable.

For P a nonzero polynomial in nt variables with coefficients in
K, define a nonzero meromorphic function F' in C" by

o, o) = P((F5(20)122,)

and let Z(F') C C" be the set of zeroes of F'. The set of
tuples (z1,...,2,) € C" such that the nt numbers
fj(zi) (Z':l,...,n, ]:1,,t)

are algebraically dependent over K is the union of all Z(F)
with P € K[(X; )1<1<n] \ {0}. Hence the result.



Weierstrass functions and Serre functions

Let Q) = Zw, + Zws be a lattice in C and & the elliptic curve
C/€2. Consider the following Weierstrass functions :

» The canonical product of Weierstrass associated with € :

o)== [ <1—5>exp(g+;—;).

» Weierstrass zeta function ( = o' /o.

» Weierstrass elliptic function p = —(’.

Further, for ¢ € C\ €, we introduce Serre function

_o(z+4q) e 6@z
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Weierstrass and Serre functions

K. Weierstrass
1815 — 1897
e The periods of the Weierstrass elliptic function g are elliptic
integrals of the first kind.

J-P. Serre

e The Weierstrass zeta function ( has quasi periods
n = ((z +w) — ((z) which are given by elliptic integrals of the
second kind.

e Serre functions f, were introduced in order to study elliptic
integrals of the third kind.
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Periodicity and quasi-periodicity

For w € Q,
® (2 +w) = p(2),

° ((z+w) =¢(2) +n(w),

o(z+w) = ewo(=)exp (nw) (= + 5 ))
with e(w) =1ifw/2 € Q, e(w) = -1ifw/2¢Q,

fo(z+w) = fy(2)exp (w((q) — qn(w)) .
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Algebraic independence of elliptic functions

Theorem. Let tq,...,t,. be complex numbers linearly
independent over Q. Let q1,...,qs be complex numbers such
that wy,ws, q1, - ..,qs are linearly independent over Q. Then

the s + r 4+ 4 functions

2%,0(2),0(2),0(2),€"%, e, fo (2), - fou(2)

are algebraically independent.
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Strong elliptic Schanuel property

Theorem. Let K be a finitely generated extension of Q. Let
ty,...,t. be complex numbers linearly independent over Q.
Let q1,...,qs be complex numbers such that wy,ws,q1, ..., s
are linearly independent over Q.

Then for almost all n—tuples (z1, ..., z,) of complex numbers,
the n(s + r +4) numbers

Ziy p('zi)v C(Zi>> U(Zi)7 etlziv s 7etTZi> ffh (Zi)7 R qu (ZZ)

(it =1,...,n) are algebraically independent over K (g2, g3).
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A conjecture for all tuples?

zi, €7 0(2:), C(21), 0(2:), €% e fo(zi), - fau(20)

e We have n free parameters : zq, ..., z,. We may select for
them algebraic numbers, like in the Lindemann—\Weierstrass

Theorem. Hence the conclusion of the conjecture one should
predict that the transcendence degree is > n(s + r + 3) only.

e Need to replace K by Q(g2, g3).

e Need to assume that the z; are linearly independent over the
field of endomorphisms of the elliptic curve £.

e Need to involve p(q;).
e Better to use a geometric point of view.
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Semi-elliptic Conjecture of Schanuel

The next statement has a
geometric origin.

This is a joint work in progress
with Cristiana Bertolin.

Conjecture. Let §2 be a lattice in C such that the elliptic
curve (£) = C/Q has no complex multiplication.
> ¢,p1,.-.,pn be complex numbers in C ~. <) linearly
independent over QQ,
> geC\Q®,Q,
> ty,...,ts be complex numbers Q-linearly independent.
Then at least 3n + s — 1 of the 4n + 2s + 3 numbers

92593)pi7p(pi)ug(pi)vp(Q)’fq(pi)vtkvetk (]- < 1 < n, 1 < k < 8)

are algebraically independent over Q.
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Algebraic groups
Consider the algebraic group GG which is an extension of the
elliptic curve £ by the multiplicative group G,,, parametrized
by the point ) = expg«(q) of the dual elliptic curve £, that
we identify with £.
The semi-elliptic exponential function of G (composed with a
projective embedding) is

€XpPg - LieG¢ HG(XC) C ]P)4((C)
(2,8) =0 (2)* [p(2) : ¢/(2) 12 ey ()

ne(or - 5]

Reference : David Masser, Chapter 20, Exercise 20.104

Auxiliary polynomials in number theory.

Cambridge Tracts in Mathematics 207. Cambridge University Press. xviii,
348 p. (2016).

30/35



Conjectures by A. Grothendieck and Y. André

Generalized Conjecture on
Periods by Grothendieck :
Dimension of the

Mumford—Tate group of a
smooth projective variety.

Generalization by Y. André to
motives.

Case of 1-motives :
Elliptico-Toric Conjecture of
C. Bertolin.
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Consequence of Grothendieck’s Conjecture

Payman Eskandari
and Kumar Murty

The numbers 7, log 2, ((3)
are algebraically independent.

Kumar Murty's lecture at the International Conference on
Number Theory and Related Topics ICNTRT-2024.

The Institute of Mathematical Sciences (IMSc), Mathematics
and Indian Institute of Technology IIT Madras on December
19, 2024.
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Appendix :
Rational values of the Weierstrass zeta function.

David Masser Senthil Kumar
A consequence of the result by Senthil Kumar is that if go and
g3 are algebraic, one at least of ((3), ((5) is transcendental.
This may be found amusing by those who study another zeta function.
Theorem [D. Masser| There exist invariants g, and g3 such
that ((3), ((5) are rational.

Senthil Kumar. On the values of Weierstrass zeta and sigma functions.
Acta Arithmetica 208.3 (2023), 285 — 294.
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Weierstrass vs Riemann

K. Weierstrass B. Riemann
1815 - 1897 1826 — 1866
We denote by (i the Riemann zeta function.
Proposition The four functions z, p(z),((z),Cr(z) are
algebraically independent.

Corollary. For almost all n—tuples (z1, ..., z,) of complex
numbers, the 4n numbers

Zly ey Rny @(Zl)y RN p(zn)7 C(Zl)v s 7C(Zn)7 CR(z1)7 cee 7§R(Zn)
are algebraically independent over Q(gs, g3).
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