Algebraic Indep endence of Transcenden tal Num bers:

A Surv ey by

Michel WALDSCHMIDT

Abstract.

A survey on algebraic independence of transcenden tal numbers by Gel’fond’s metho d was published by the author in 1984 [84 W1]. Here we cover the recent period 1984/1997.

In tro duction

Importan t progress concerning algebraic independence of transcenden tal numbers has been achieved recently. Our goal is to introduce some of the most importan t ones. So many new results have been produced that we need to make a choice: here we wish to concentrate our survey on the description of new results which are related with Gel’fond’s metho d. However we shall also include other topics (like Nesterenk o’s results on modular functions). Moreover our list of references will cover a broader scope.

Here is a short list of some of the many topics which are not covered here.

• Works involving the metho d of Siegel and Shidlovskiĭ, including values of hypergeometric functions. One main reference on this topic is Shidlovskiĭ’sbook [87Shi2] and [89Shi2]. Among many contributions to this subject, we mention those of Shidlovskiĭhimself [87 Shi1], [89 Shi1], [89 Shi3], [91 Shi1], [91 Shi2], as well as his work with Yu.V. Nesterenk o [96 NS]. Several papers have been produced by other members of Shidlovskiĭ’sschool, including Yu.V. Nesterenk o [88 Ne], V. Kh. Salikhov [84 Sal], [89 Sal], [90 Sal1], [90 Sal2], V. A. Kulagin [87 K], [91 K], [92 K], [96 K], N.I. Lossov [89 Lo], M.A. Cherepnev [90 Chr], [91 Chr], [94 Chr], [95 Chr], A.I. Zhukov [91 Zh] and V.A. Gorelov [92 Go]. Further references are [84 BV], [85 Br], [86 Br], [88 Beu] and [88 BeBrH]. Most of these articles are devoted to the study of algebraic independence of the values of solutions of differen tial equations, applying Siegel’s or Shidlovskiĭ’smain theorems.

Monograph on Number Theory, Indian National Science Academ y — R.P . Bam bah, V.C. Dumir, R.J. Hans Gill (eds)

http://www.math.jussieu.fr/∼ miw/AITN.html Up date: F ebruary 21, 1998

• The metho d of Bézivin-Robba [89 BR], [90 BBR], which produces a new proof of the Lindemann-W eierstraß Theorem. We refer to Y. André’s papers [96 An] and [98 An2], which explain connections with E-functions as well as with G-functions.

• Mahler’s method. An excellent reference on this subject is Kumiko Nishioka’s Lecture Notes [96 Ni1] where many further references are provided. See also [86 Ni1], [86 Ni2], [86 Ni3], [87 Ni], [88 Bec], [89 BN], [89 Ni], [90 Ni], [90 NN], [90 Wa], [91 Am], [91 Bec], [91 Ni], [92 Bec], [94 Ni], [94 Tö1], [95 Tö1], [95 Tö2], [96 Ni2], [96 Ni3], [96 Ta], [97 Ni] and [97 To].

• Liouville’s argumen t yields not only transcenden tal numbers, but also algebraically independent numbers. This way of constructing algebraically independent numbers is related with results of transcendence or algebraic independence on values of gap series. Many authors have studied this question (see a survey in [90 W1]), including Zhu Yao Chen [84 Z], [85 Z2], [85 Z3], [87 Z], [88 Z], [89 WZ], [91 Z1], [91 Z2], as well as W.W. Adams [85 Ad], M. Amou [85 Am], [91 Am], P. Bundschuh [88 Bu], [90 Bu], R. Müller [93 Mü] and T. Töpfer [94 Tö2].

• Transcendence and algebraic independence in finite characteristic. The recent survey by W.D. Brownawell [98 Br] gives a good description of this rich theory, including the importan t achievements by Jing Yu [92 Y], [97 Y] as well as the works of A. Thiery [92 Th], W.D. Brownawell [93 Br], [94 BBT], [96 Br], R. Tubbs [96 Tu] and L. Denis [93 Den1], [93 Den2], [95 Den1], [95 Den2], [96 Den], [97 Den]. We also quote the work [93 Mü] by R. Müller which involves non archimedean valued fields. Also related to this topic is the paper [88 AMP] by J-P. Allouche, M. Mendès-France and A.J. van der Poorten, dealing with the algebraic independence over F (X) of powers f^{λ 1} ,...,f^{λ s} , where f is a formal power series, with coefficien ts in a finite field F , which is algebraic over F (X) .

• Metric theory and classifications of transcenden tal numbers. • Lower bounds for linear forms in logarithms of algebraic numbers.

In this survey we first state a few conjectures (§1). Next we describ e the metho ds of transcendence and algebraic independence (§2); some proofs of algebraic independence results involve a transcendence criterion, other ones rest on an effective version of Hilbert’s Nullstellensatz; a more recent approac h is via simultaneous Diophan tine approximation Finally we state some of the most importan t recent progress on this topic, starting with Gel’fond’s metho d (§3) considering results of algebraic independence related to the modular functions (§4) and finishing with Philipp on’s Diophan tine rings (§5).

We would like to point out two importan t directions related with Gel’fond’s metho d of algebraic independence:

• Commutative algebraic groups: the curren tly available tools and metho ds are well adapted to this geometrical setting, and a rather strong set of general results are available (even if we are far from being able to establish the main conjectures). A survey of this topic is [96 Ca].

• Diophantine approximation and algebraic independence. The connection between these two topics opens the way to a promising field of research. We discuss some of these new advances below (§2.4); a good starting point to get acquain ted with this subject is [97 RW2].

1. Conjectures

In this section we collect various conjectures of algebraic independence. We start with Schanuel’s one (see [84 W1] for references):

T yp eset on 21 F évrier 1998 at 14h 33.

Conjecture 1.1. (Schanuel). Let x_1,...,x_n be Q-linearly independent complex numbers. Then the transcendence degree over Q of the field

Q(x_1,...,x_n ,e^{x 1} ,...,e^{x n} )

is at least n.

The following problem of A.O. Gel’fond and Th. Schneider (again, see [84 W1]) is a special case of Conjecture 1.1:

Conjecture 1.2. (Gel’fond-Schneider) Let α be a non zero complex algebraic number, logα a non zero logarithm of α and β an algebraic number of degree d ≥ 2. For z ∈ C, define α^z := exp(z logα). Then the d − 1 numbers α^β ,α^{β 2} ,...,α^{β d − 1}

are algebraically independent.

It is equivalent to say that for algebraic numbers β_1,...,β_m which are pairwise distinct modulo Z (^1 ), the numbers α^{β 1} ,,...,α^{β m}

are linearly independent over Q (or over Q, as you wish). However partial results are known on the question of algebraic independence, but almost nothing is known on the question of linear independence!

In 1949, A.O. Gel’fond solved Conjecture 1.2 in the case d = 3. More generally, he proved that for d ≥ 3, two at least of the d− 1 numbers in Conjecture 1.2 are algebraically independent. Such a result, which shows that some field has transcendence degree ≥ 2 over Q, is a statemen t of “small transcendence degree”. Showing that the transcendence degree tends to infinit y with d (as achieved first by G.V. Chudnovsky) is proving a result of “large transcendence degree”. Working with the exponential function, A.O. Gel’fond introduced two sets of Q-linearly independent numbers, (x_1,...,x_d) and (y_1,...,y_ℓ ), and proved results of small transcendence degree involving the dℓ values e^{x i yj} (1 ≤ i ≤ d, 1 ≤ j ≤ ℓ).

Available metho ds of algebraic independence on such values of the exponential function which yield “large transcendence degrees” all require a so-called “tec hnical hypothesis”, namely a measure of linear independence for the tuple (x_1,...,x_d) as well as for the tuple (y_1,...,y_ℓ ).

Definition. We shall say that a set {x_1,...,x_n } of Q-linearly independent complex numbers satisfies a measure of linear independence if, for any ϵ> 0, there exists a positive number H_0 such that, for any H ≥ H_0 and n-tuple (h_1,...,h_n ) of rational integers satisfying 0 < max{|h_1|,...,|h_n |} ≤ H, the inequalit y |h_1x_1 + ···+ h_n x_n | ≥ exp � − H^ϵ � holds.

As a matter of fact, in the original papers, the actual results which we are going to discuss sometimes involve weaker assumptions (see [98 FN] for a more careful discussion). But we shall use this definition for convenience and simplicity.

Schanuel’s Conjecture suggests that such a technical hypothesis should not be necessary, and it is a challenge to remove it (see [92 Del], [93 Del], [96 Del1] and [96 Del2]). Unfortunately , so far, only results of small transcendence degree are free of such an assumption.

(^1 ) This means β i − β j ∉Z for i≠ j .

By the way, we take this opportunit y to point out that the generalization of Schanuel’s Conjecture which is suggested p. 566 of [84 W1] is too optimistic: it does not hold without a technical hypothesis, as shown by the following result of A. Bijlsma(^2 )

Lemma 1.3. (Bijlsma) For any fixed natural number κ, there exist irrational numbers a, b ∈ (0,1) such that for infinitely many triples (α,β,γ) of rational numbers max � |a − α|,|b− β|,|a^b − γ| � < exp � − (log H)^κ � , where H denotes the maximum of the heights of α, β and γ.

Recall that the usual height of a polynomial P with rational (and more generally complex) coefficien ts is the maximum of the absolute values of its coefficien ts, and the (usual) height of an algebraic number is the usual height of its minimal polynomial over Z.

In place of the generalization of Schanuel’s Conjecture suggested in [84 W1] section IV.2, we now propose the following statemen t, whose assumptions include a technical hypothesis:

Conjecture 1.4. Let x_1,...,x_n be Q-linearly independent complex numbers which satisfy a measure of linear independence. Let d be a positive integer. Then there exists a positive number C = C(x_1,...,x_n ,d) with the following property: for any integer H ≥ 2 and any n + 1 tuple P_1,...,P_{n +1} of polynomials in Z[X_1,...,X_n ,Y_1,...,Y_n ] with degrees ≤ d and usual heights ≤ H, which generate an ideal of Q[X_1,...,X_n ,Y_1,...,Y_n ] of rank (^3 ) n + 1, we have

n +1�

j =1 � �P_j (x_1,...,x_n ,e^x 1 ,...,e^x n )�≥ H^{− C} .

One of the most importan t special cases of Schanuel’s Conjecture deals with the set L = � ℓ ∈ C ; e^ℓ ∈ Q^× � . of logarithms of algebraic numbers:

Conjecture 1.5. (Conjecture on algebraic independence of logarithms of algebraic numbers) If ℓ_1,...,ℓ_n are Q-linearly independent elements of L, then they are algebraically independent.

A formal analog of Conjecture 1.5, which answers a question of Y. Hellegouarch, has been established by D.L. McQuillan [85 Mc]:

Let k be a field of zero characteristic, P_1,,P_2,... non constan t polynomials in k[x] which are pairwise relativ ely prime and satisfy P_i(0) = 1. Define, for i ≥ 1,

LogP_i = − ∞� n =1 1 n � 1 − P (x)

�_n ∈ k((x)).

Then LogP_1,LogP_2,... are algebraically independent over k(x).

Let us come back to the classical case. From Conjecture 1.4 one deduces the following quantitativ e version of Conjecture 1.5: Let n ≥ 2 and d ≥ 1 be positive integers and a_1,...,a_n be multiplicativ ely

(^2 ) Bijlsma, Alex – On the sim ultaneous appro ximation of a,b and a^b . Comp ositio Math. 35 (1977), no. 1, 99–111. (^3 ) The rank of a prime ideal P ⊂ Q[T1 ,... ,Tm ] is the largest integer r ≥ 0 suc h that there exists an increasing chain of

prime ideals (0)= P_0 ⊂ P_1 ⊂···⊂ P_r = P . The rank of an ideal I ⊂ Q[T_1 ,... ,T_m ] is the minim um rank of a prime ideal con taining I .

T yp eset on 21 F évrier 1998 at 14h 33.

independent positive integers, i.e. positive elements in Z such that the only relation a^{b1}_1 ···a^{bn}_n = 1 with (b_1,...,b_n ) ∈ Z arises from the trivial case b_1 = ···= b_n = 0. Then there exists a constan t C > 0, depending on n, a_1,...,a_n and also on d, such that, for any integer H ≥ 2 and any non zero polynomial P in Z[X_1,...,X_n ] of degree ≤ d and height ≤ H,

|P (log a_1,...,loga_n )| ≥ H^{− C} .

Only the case of an homogeneous linear form P = b_1X_1 + ···+ b_n X_n is known (Theorem of Baker-Fel’dman).

The work of D. Roy [92 R] yields a new approac h to Conjecture 1.5, involving matrices whose coefficien ts are linear combinations, with algebraic coefficien ts, of elements of L. For such a matrix M, say of size d × ℓ, he defines the structur al rank r_{str} (M) of M as the rank (^4 ) of the matrix ~M obtained from M by replacing with indeterminates a basis of the vector space over Q spanned by the coefficien ts of M: if M = M_0 + M_1ℓ_1 + ···+ M_k ℓ_k ,

where 1,ℓ_1,...,ℓ_k are Q-linearly independent, ℓ_j ∈ L (1 ≤ j ≤ k) and M_j ∈ Mat_{d× ℓ} (Q) (0 ≤ j ≤ k), then ~M = M_0 + M_1X_1 + ···+ M_k X_k ∈ Mat_{d× ℓ} �Q(X_1,...,X_k )�.

It is neither surprising nor difficult to check that if Conjecture 1.5 holds, then the rank of M is equal to r_{str} (M). What is remark able is the converse: if the rank of M is always equal to r_{str} (M), then Conjecture 1.5 is true .

In [95 R], D. Roy studies the set of points, whose coordinates are logarithms of algebraic numbers, which belong to a given algebraic variety. This work may be viewed as a first step towards the conjecture on algebraic independence of logarithms, since D. Roy remarks in [95 R] that Conjecture 1.5 is also equivalent to the following statemen t: For each positive integer n and each algebraic subvariety V of C^n defined over Q, the set V ∩ L^n is contained in the union of all vector subspaces of C^n defined over Q and contained in V.

Further related conjectures of algebraic independence dealing with commutativ e algebraic groups are discussed in [96 W].

Conjectural extensions of Lindemann-W eierstraß Theorem to algebraic groups are considered in [87 P].

A conjectural description of the ideal of relations of algebraic dependence between periods of algebraic varieties which are defined over the field of algebraic numbers has been proposed by A. Grothendiec k in 1966 and made more precise by S. Lang the same year. A joint generalization of Grothendiec k’s and Schanuel’s Conjectures is suggested by Y. André [98 An1], who also proposes a transcendence conjecture on uniformization of Shimura’s varieties, and discusses a non abelian variant of Grothendiec k’s Conjecture (see [97 Pr]), due to C. Simpson [90 Si], concerning the Riemann-Hilb ert corresp ondence. Moreover in [98 An1] one can find comments on links between these conjectures and several topics, especially the Conjectures of Rohrlich and Lang on the algebraic dependence relations between values of the Gamma function, the results of Nesterenk o on the modular functions (see §4 below), and the results of P. Cohen, H. Shiga and J. Wolfart, who extend in higher dimension Schneider’s Theorem on the modular invariant j.

Notice that the conjectures in [86 W] are much less ambitious (and therefore should be easier to reach) than the general ones of Y. André in [98 An1]: they are more closely connected with curren tly available metho ds.

(^4 ) The rank of a matrix is the rank over the field generated by its entries.

A conjecture in the “folklore” is that the zeroes of the Riemann zeta function (say their imaginary parts, assuming it > 0) are algebraically independent. As suggested by J-P. Serre, one might be tempted to consider also

• The eigenvalues of the zeroes of the hyperbolic Laplacian in the upper half plane modulo SL_2(Z) (i.e. to study the algebraic independence of the zeroes of Selberg zeta function).

• The eigenvalues of the Hecke operators acting on the corresp onding eigenfunctions (Maass forms).

2. Metho ds

2.1. Transcendence and Algebraic Indep endence

Given functions f_1,...,f_d and points u_1,...,u_ℓ , a central problem is to give, under suitable assumptions, a lower bound for the transcendence degree of the field generated over Q by the dℓ numbers f_i(u_j ) (1 ≤ i ≤ d, 1 ≤ j ≤ ℓ). Here is an example with d = 2, ℓ = 1 and f_1(z) = z: consider a given function f and an algebraic number α such that f (α) is also algebraic; one wishes to deduce that α belongs to a restricted set. If f (z) = e^z , the restricted set is just {0}; if f (z) = e^{iπ z} , the restricted set is Q.

In general, one deals with a finite set of numbers {θ_1,...,θ_n }. In the last example one would take n = 2, θ_1 = α, θ_2 = f (α)

The basic metho ds of transcendence usually involve the construction of some number γ in the field K = Q(θ_1,...,θ_n ). This number γ typically is either the value of an auxiliary function, or the determinan t of an interp olation matrix.

To start with, assume that all numbers θ_1,...,θ_n are algebraic. Therefore the number γ also is algebraic. Three main steps in the proof are:

• Zero estimate (^5 ): This number γ does not vanish. • Arithmetic estimate: Lower bound for |γ|. • Analytic estimate: Upper bound for |γ|.

We are interested here in the lower bound, which is a Liouville type argumen t: the size inequalit y, or the product formula, always rest on the fact that a non zero rational integer has absolute value at least 1.

Such a metho d yields the transcendence of values of f at points which do not belong to the restricted set. In general, it enables one to prove that some fields Q(θ_1,...,θ_n ) have transcendence degree ≥ 1 over Q. Variants of this argumen t yield measures of simultane ous approximation by algebraic numbers: a quantitativ e refinemen t of the transcendence result is a lower bound for max_{1≤ i≤ n} |θ_i − γ_i|, when γ_1,...,γ_n are algebraic numbers (such a lower bound depends explicitly on the degrees and heights of the algebraic numbers γ_1,...,γ_n ).

Here is an example of a measure of simultaneous approximation by algebraic numbers (see [97

(^5 ) We ha ve the disp osition of strong general zero estimates for comm utativ e algebraic groups; see for instance

Bertrand, Daniel – Lemmes de zéros et nom bres transcendan ts. Séminaire Bourbaki, Vol. 1985/86. Ast érisque No. 145-146

(1987), 3, 21–44.

In the pro ofs of the results stated in section 3 a result of P. Philipp on pla ys a fundamen tal role. However, so far, apart from

the setting of algebraic groups, the situation is not as good.

T yp eset on 21 F évrier 1998 at 14h 33.

RW2]). We define the absolute logarithmic height of an algebraic number γ by

h(γ) = 1 d loga_0 + 1 d d� i=1 logmax{1,|γ_i|}

when the minimal polynomial a_0X^d + ···+ a_d of γ over Z (with a_0 > 0) decomposes over C as

a_0 d� i=1 (X − γ_i).

Prop osition 2.1. Let β_1,...,β_n be Q-linearly independent algebraic numbers. There exists a positive constan t C = C(β_1,...,β_n ) such that, if γ_1,...,γ_n are algebraic numbers satisfying

[Q(γ_1,...,γ_n ) : Q] ≤ D and max_{1≤ i≤ n} h(γ_j ) ≤ h

with h ≥ e, then

|e^{β 1} − γ_1| + ···+ |e^{β n} − γ_n | ≥ exp{− CD^{1+(1 /n )}h(log h + D logD)(log h + logD)^{− 1}}.

In the case n = 1, it is not difficult to deduce from a measure of algebraic approximation for θ = θ_1 a transcendence measure of θ, i.e. a lower bound for |P (θ)|, when P ∈ Z[X] is a non zero polynomial (this lower bound is explicit in terms of the degrees and heights of P ). Conversely, from a transcendence measure one easily deduces a measure of approximation.

Now assume one wants to prove that some field K = Q(θ_1,...,θ_n ) has transcendence degree ≥ 2 (result of small transcendence degree). Assume not: if θ denotes any transcendence basis, then the field K is a finite extension of Q(θ). Using the same scheme of proof as above, one constructs a number γ in K, and one meets a difficult y for the lower bound. One solution, suggested by S. Lang in 1966 (in his book on transcenden tal numbers), is to assume a transcendence measure for θ; such a transcendence measure needs to be rather sharp (the field Q(θ) should have “finite transcendence type”). This suggests an inductiv e procedure for algebraic independence. However, so far, results obtained by this way are rather weak, partly because the Diophan tine estimates which can be proved are far from the best possible ones. Also this metho d is not universal, since some numbers like Liouville ones will not satisfy the desired measure.

Another much more efficien t solution arises from Gel’fond’s work in 1949: the transcendence construction yields not only one element γ ∈ K, but a sequence γ_N of such elements. Instead of asking for a lower bound for each single γ_N , Gel’fond succeeded to prove that not all elements γ_N in this sequence can be too small.

One should point out that it is often possible to complete transcendence proofs (at least when they involve only functions of a single variable) without a sharp zero estimate, but for algebraic independence (as well as for quantitativ e results), one really needs precise zero estimates.

2.2. Criteria for Algebraic Indep endence and Measures

The proof of A.O. Gel’fond’s criterion involved only elementary properties of resultan ts of two polynomials in a single variable. It enables one to prove that some fields have transcendence degree ≥ 2 over Q. In few cases it shows that two numbers are algebraically independent (one such example is A.O. Gel’fond’s solution of Conjecture 1.2 for d = 3). Several authors contributed to refine it

(see [84 W1]). Criteria for algebraic independence (“large transcendence degree”) have been worked out by G.V. Chudnovsky (see Chap. 4 of [84 Chu]), E. Reyssat, R. Dvornicich, Yu.V. Nesterenk o, P. Philipp on, M. Waldschmidt and Zhu Yao Chen (see [84 W1]), as well as Zhu Yao Chen ([85 Z1], [89 Z1], [89 Z2], [90 Z]). One main tool, due to G.V. Chudnovsky, is the semi-resultan t. These statemen ts were sufficien t to yield lower bounds for the transcendence degree of fields generated by values of the exponential function for instance, but these lower bounds were not sharp. The first sharp estimate has been announced by P. Philipp on in [84 P] and proved in [86 P]. Here is Corollary 0.6 of [86 P] (the main result of [86 P] also splits degree and height; further statemen ts and references are given in [98 NP]).

Theorem 2.2. (Philipp on’s Criterion for Algebraic Indep endence) Let n be a positive integer, C a sufficien tly large real number, (θ_1,...,θ_n ) an element of C^n and η a positive real number. Assume that for all sufficien tly large N, there exist a positive integer m = m(N) ≥ 1 and polynomials Q_1,...,Q_m in Z[X_1,...,X_n ] with max 1≤ j ≤ m

deg Q_j ≤ N, max_{1≤ j ≤ m} H(Q_j ) ≤ e^N and 0 < max_{1≤ j ≤ m} |Q_j (θ_1,...,θ_n )| ≤ e^{− C N η} ,

such that the set of common zeros of the polynomials Q_1,...,Q_m in the ball � z ∈ C^n ; max_{1≤ i≤ n} |z_i − θ_i| ≤ e^{− 3C N η} �

is finite. Then the transcendence degree over Q of the field Q(θ_1,...,θ_n ) is > η − 1.

This statemen t allows one to give lower bounds for the transcendence degree of some fields. Quantitativ e refinemen ts of such criteria have been studied by several authors: the goal is now to produce a result of Diophan tine approximation, which includes the lower bound for the transcendence degree. When the conclusion of the proof of algebraic independence is that some numbers θ_1,...,θ_n are algebraically independent (an example is the Lindemann-W eierstraß Theorem, another one is A.O. Gel’fond’s result on α^β and α^{β 2} ; a few other examples are due to G.V. Chudnovsky), the most natural quantitativ e refinemen t is a lower bound for |P (θ_1,...,θ_n )|, when P is a non zero polynomial with rational (or algebraic) coefficien ts. This is called a measure of algebraic independence. As shown by P. Philipp on [85 P] and Yu.V. Nesterenk o [85 Ne1], similar measures can also be given when the conclusion is only that the transcendence degree of the field Q(θ_1,...,θ_n ) over Q is greater than some number k which is < n. Another quantitativ e refinemen t is to give a lower bound for max_{1≤ i≤ n} |θ_i − γ_i| when γ_1,...,γ_n belong to a field of transcendence degree ≤ k; this is called a measure of simultane ous approximation for θ_1,...,θ_n . An example with k = 0 is Prop osition 2.1. In [85 P], P. Philipp on compares both measures; he produces measures of algebraic independence and deduces measures of simultaneous approximations for various transcenden tal numbers.

In [88 Ab] and [89 Ab], M. Ably proves a criterion for measures of simultaneous approximation which yields sharp er estimates than [85 P] for numbers of the form e^{x i yj} , α^{β j} , and also for G.V. Chudnovsky’s result on η/ω and π/ω . This later example is inspired by G. Philib ert’s result in [88 Ph] (see Theorem 3.1 below).

In [92 Jb], E.M. Jabb ouri improves Philipp on’s results [85 P] and [86 P] and produces a criterion which yields effective measures of algebraic independence, splitting degree and height.

T yp eset on 21 F évrier 1998 at 14h 33.

In order to prove general results for one parameter subgroups of commutativ e algebraic groups, M. Ably in [92 Ab2] combines the previous criteria for measures of algebraic independence [92 Jb] and measures of simultaneous approximation [89 Ab] into a single one. Finally C. Jadot [96 Jd] refines the previous criteria of algebraic independence due to P. Philipp on and E.M. Jabb ouri, so that he also includes criteria for linear independence due to Yu. V. Nesterenk o, P. Bundschuh and T. Töpfer. Again Jadot’s results are effective (i.e. his criterion can be used to produce measures of linear independence as well as measures of algebraic independence).

The reference [98 NP] contains an extensiv e exposition of the basic tools from commutativ e algebra and elimination theory, including Chow forms, which have been introduced by Yu.V. Nesterenk o in this context. Following a lecture of D. Roy, we only give here the definition of the Chow form associated with an algebraic variety V ⊂ P_m (Q) of dimension k defined over the field Q of rational numbers. Let

U_i = U^{(i)}_0 X_0 + ···+ U^{(i)}_m X_m (0 ≤ i ≤ k)

be generic linear forms. There exists an irreducible polynomial

F ∈ Q[U^{(0)} ,...,U^{(k)}],

where U^{(i)} stands for the m-tuple (U^{(i)}_0 ,...,U^{(i)}m ), such that, for any linear forms L_0,...,L_k in Q[X_0,...,X_m ], say L_i = u^{(i)}_0 X_0 + ···+ u^{(i)}_m X_m (0 ≤ i ≤ k)

the condition F (u^{(0)} ,...,u^{(k)}) = 0

holds if and only if L_0(x) = ···= L_k (x) = 0

have a solution x in V. This form F , which is unique up to a multiple in Q^× , is the Chow form of V. 2.3. Hilb ert Nullstellensatz

The first results on large transcendence degree for values of elliptic functions are due to D.W. Masser and G. Wüstholz in the early 80’s. They proved elliptic analog of Chudnovsky’s result on the exponential function for elliptic functions with algebraic invariants without complex multiplication. In order to provide a replacemen t for the elimination technique of G.V. Chudnovsky by means of semi-resultan ts, they prove (and use) an explicit lower bound for the degree in Hilbert’s Nullstellensatz. They need also tools from commutativ e algebra in order to refine their zero estimate. Another tool is an effective elliptic version of a Theorem of Kolchin on subgroups of products of algebraic groups.

The bounds of D.W. Masser and G. Wüstholz for the degree in Hilbert’s Nullstellensatz were not sharp. W.D. Brownawell’s succeeded to get essentially best possible estimates, by means of the powerful tools of Yu.V. Nesterenk o and P. Philipp on in elimination theory, as well as deep results from the theory of several complex variables of C. Berenstein and A. Yger. However, the metho d of Masser-W üstholz then produces weaker results than Philipp on’s one in [86 P] (already in 1983 P. Philipp on had much stronger results for large transcendence degree than those obtained by D.W. Masser and G. Wüstholz).

However an alternativ e approac h to this question has been worked out by W.D. Brownawell in [89 Br]. He establishes sharp lower bounds for the maximum absolute values of integral polynomials having no common zero within a ball of given radius centered at a fixed point in C^n . This allows him to relax the technical hypothesis: in place of a measure of linear independence, he only needs to assume that some lower bound holds for infinitely many values of the parameter. In [89 B], he works out the case of algebraic independence of values of the exponential function, or of elliptic functions without complex multiplication. The case of complex multiplication is considered in his joint paper with R. Tubbs [89 BT]. These two papers [89 B] and [89 BT] also give sharp effective quantitativ e measures of algebraic independence. Further references on this topic are [91 Tu] and [96 Den2].

2.4. Sim ultaneous Diophan tine Appro ximation and Algebraic Indep endence

A new link between simultaneous approximation and algebraic independence arises from the work of D. Roy, M. Waldschmidt, M. Lauren t, P. Philipp on and G. Diaz (see [95 RW], [97 Di 2], [97 P], [97 RW1], [97 RW2], [98 LR2], [98 P1], [98 P2] and [98 P3]).

The basic idea is as follows. A complex transcenden tal number θ can be approximated by algebraic numbers. For instance Dirichlet’s box principle enables one to produce a non zero polynomial P ∈ Z[X] such that |P (θ)| is small; then one considers the root of P which is closest to θ. This last step involves some technical complications, but E. Wirsing (^6 ) showed in 1961 how to overcome them. Denote by M(γ) Mahler’s measure of the algebraic number γ, which is defined by

M(γ) = e^{dh( γ)}

where d = [Q(γ) : Q] is the degree of γ.

Theorem 2.3. (Wirsing) For any integer D ≥ 2 there exist infinitely many algebraic numbers γ which satisfy [Q(γ) : Q] ≤ D, and |θ − γ| ≤ M(γ)^{− D /4}.

Wirsing’s argumen ts are related with Gel’fond’s proof of his transcendence criterion. Apart from a result by H. Davenport and W.M. Schmidt (1968), the constan t in Wirsing’s result has not yet been substan tially improved, but many useful recent variants have recently been produced. In [97 RW1] and [97 RW2], one considers more generally the simultaneous approximation of complex numbers by algebraic numbers. Given θ_1,...,θ_n in C, one shows the existence of algebraic numbers γ_1,...,γ_n such that max |θ_i − γ_i| is bounded from above in terms of the degree Q(γ_1,...,γ_n ), as well as the heights of γ_i’s. The transcendence degree over Q of the field Q(θ_1,...,θ_n ) is the invariant which should, at least conjecturally , control the situation.

For instance, assume that the transcendence degree over Q of the field K = Q(θ_1,...,θ_n ) is 1. It is not too hard to check that an algebraic approximation of a single transcenden tal element in K will enable one to produce “sim ultaneous” algebraic approximations to θ_1,...,θ_n . In other terms, if θ_1,...,θ_n have the property that they cannot be simultaneously approximated by algebraic numbers, then they cannot lie in a field of transcendence degree 1, and two at least of them are algebraically independent. This is how a link between simultaneous Diophan tine approximation and algebraic independence arises.

Usually, “sim ultaneous” approximation (for instance of real numbers by rational ones) means that one has a good control of a common denominator of the rational approximations; more

(^6 ) Wirsing, Eduard – Appro ximation mit algebraisc hen Zahlen beschr¨ankten Grades. J. reine angew. Math. 206 (1960),

67–77.

T yp eset on 21 F évrier 1998 at 14h 33.

generally, “sim ultaneous” approximation of complex numbers by algebraic ones usually means that one has a good control of the absolute logarithmic height of the projective point whose coordinates are the algebraic approximations. Here, we do not pay too much atten tion to the constan ts, but we are interested with algebraic numbers of large degree, and we are concerned with bounds for the degree of the number field generated by the algebraic approximations.

The following statemen t is Conjecture 1.7 of [97 RW2].

Conjecture 2.4. – Let a ≥ 1, b ≥ 1 be real numbers, t a non negativ e integer and θ_1,...,θ_n complex numbers. Let φ : N × R_+ → R_+ ∪ {∞} be a mapping with the following property: there exist a positive integer D_0 together with a real number h_0 ≥ 1 such that, for any integer D ≥ D_0, any real number h ≥ h_0 and any n-tuple (γ_1,...,γ_n ) of algebraic numbers satisfying

[Q(γ_1,...,γ_n ) : Q] ≤ D and max_{1≤ i≤ n} h(γ_i) ≤ h,

we have max 1≤ i≤ n

|θ_i − γ_i| ≥ exp � − φ (D,h) � . Let (D_ν )_{ν≥ 1} be an increasing (^7 ) sequence of positive integers and (h_ν )_{ν≥ 1} an increasing sequence of positive real numbers with D_ν + h_ν → ∞ . Assume

D_{ν+1} ≤ aD_ν , h_{ν+1} ≤ bh_ν , (ν ≥ 1) and lim sup ν→∞ 1 D^{1+(1 /t)} ν h_ν φ (D_ν ,h_ν ) = 0

Then the transcendence degree over Q of the field Q(θ_1,...,θ_n ) is > t.

So far, only the case n = 1 is solved, by M. Lauren t and D. Roy [98 LR2]. Lindemann-W eierstraß Theorem on the algebraic independence ofe^{β 1} ,...,e^{β n} (when β_1,...,β_n are Q-linearly independent algebraic numbers) follows from Conjecture 2.4 and Prop osition 2.1. The special case n = 2 (algebraic independence of e^{β 1} and e^{β 2} ) follows from Prop osition 2.1 together with the special case of Conjecture 2.4 which is proved in [97 RW2].

This approac h yields results of algebraic independence (only small transcendence degree, so far) by means of Lauren t’s interp olation determinan ts. Previously , the metho d of interp olation determinan ts was limited to proofs involving only algebraic numbers: it was efficien t only for showing that some fields have transcendence degree ≥ 1, as well as for providing quantitativ e versions of such results, namely measures of transcendence or of simultaneous algebraic approximation by algebraic numbers. The point is that such measures turn out to yield algebraic independence results!

Another solution to the problem of proving algebraic independence by means of interp olation determinan ts has been found by M. Lauren t and D. Roy: in [98 LR1] they first extend Gel’fond’s criterion by including multiplicities; next they show that the interp olation determinan t produces a polynomial which, not only is small at some point, but also has small derivatives at that point.

In a forthcoming paper they also include derivatives in Philipp on’s criterion of algebraic independence. This will produce results of large transcendence degree by means of interp olation determinan ts. Unfortunately these new tools, which are definitely valuable from the point of view of the metho d, do not seem to produce new results which could not be reached by previous argumen ts, so far.

(^7 ) Increasing sequences are sometimes called non decreasing sequences: we do not exclude a constan t sequence for

instance.

Notice also that A. Sert’s proof in [97Se]of a measure of algebraic independence for e^{β 1} ,...,e^{β n} (quan titativ e version of the Lindemann-W eierstraß Theorem) involves interp olation determinan ts. Another way of replacing the auxiliary function by an interp olation determinan t has been worked out by P. Philipp on in [97 P], [98 P1] and [98 P2]. One main difference between [97 RW1] and [97 P] is that Philipp on considers approximation by algebraic cycles rather than by algebraic numbers. For instance, in the one dimensional case, given a transcenden tal number θ, instead of considering |θ − γ| for some algebraic number γ, he only needs to get a non zero polynomial P ∈ Z[X] such that |P (θ)| is small; and Dirichlet’s box principle is just sufficien t!

3. Gel’fond’s Metho d and its Dev elopmen ts

3.1. Small Transcendence Degree

We start with “small transcendence degree”. Many very interesting results are due to G.V. Chudnovsky [84 Chu], [84 W1]. We recall the following one: Let E be an elliptic curve over Q, ω a non zero period of a differen tial form of first kind and η the corresp onding period of a differen tial form of second kind. Then the two numbers ω /π and η/π are algebraically independent.

Let ξ be an algebraic number and E the elliptic curve y^2 = (1 − x^2)(1 − ξx^2). In [96 An], Y. André states Chudnovsky’s result in terms of values of hypergeometric functions, and gives a completely new proof by means of the Gel’fond-Dèbes metho d involving G-functions. Also he produces p-adic analog.

Here is an extension of G.V. Chudnovsky’s result to Abelian varieties, due to K.G. Vasilev [96 V]. Let F ∈ Q[X,Y] be an irreducible polynomial such that the curve F (x, y) = 0 has genus g ≥ 1. Let φ_1,...,φ_{2g} be differen tials of first or second kind and γ_1,...,γ_{2g} be closed integration paths on the Riemann surface such that the 2g × 2g matrix Ω = � γ_j

φ_i � 1≤ i,j ≤ 2g

is non singular. Then any g + 1 rows of Ω contains at least 2 algebraically independent numbers. As a consequence, any subset with [(n + 1)/2] elements of the following set of values of the Beta function � B(k/n, 1/2) ; 1 ≤ k ≤ n − 1, k ≠ n/2 � contains at least 2 algebraically independent numbers.

The fact that Γ(1/4) and Γ(1/3) are not Liouville numbers, which was claimed by G.V. Chudnovsky already in 1980 (see also [84Chu] Th. 3 p. 18), has been proved only recently by P. Philipp on in [98 P2]. More generally Philipp on produces a sharp measure of algebraic independence of π/ω and η/ω :

Theorem 3.1. Let ℘ be a Weierstraß elliptic function with algebraic invariants g_2, g_3. Let ω be a non zero period, and η be the corresp onding quasi-p eriod of the associated Weierstraß zeta function. There exists a constan t C > 0 such that, for any non zero polynomial P ∈ Z[X,Y] of degree ≤ D and usual height ≤ H,

|P (π/ω ,η/ω )| ≥ exp � − CD^2(log H + D logD) � . After Chudnovsky’s pioneer work, previous weaker estimates had been obtained by G. Philib ert in [88 Ph], by M. Ably in [89 Ab] and by E.M. Jabb ouri in [92 Jb]. Notice that G. Philib ert’s

T yp eset on 21 F évrier 1998 at 14h 33.

measure in [88 P] played an interesting role in connection with the work of P. Philipp on related to the algebraic independence of π and e^π (see §4 below).

Gel’fond’s algebraic independence Theorem (1949) on α^β and α^{β 2} has been extensiv ely studied. The measure ofalgebraic independence he obtained with N.I. Feldman has been improved, especially by G. Diaz in [87 Di], [88 Di], [89 Di1] and [90 Di]; see also [90 She]. Here is the best known result by G. Diaz :

Theorem 3.2. Let α be a non zero algebraic number, logα a non zero logarithm of α and β a cubic number. There exists a constan t c > 0 such that if P ∈ Z[X,Y] is a non zero polynomial of degree ≤ D and usual height ≤ H, then log � P (α^β ,α^{β 2} ) � ≥ − exp � cD(D + logH) � . The elliptic analog of Gel’fond’s Theorem on α^β and α^{β 2} , announced by D.W. Masser and G. Wüstholz in the early 80’s, has been proved in [86 MW]. Much sharp er results have then been achieved by P. Philipp on in 1983. In [86 Tu2], R. Tubbs gives a lower bound for |P � ℘(βu),℘(β^2u) � | in the CM case (here, ℘ is an elliptic function of Weierstraß with algebraic invariants and complex multiplication, u is a complex number such that ℘(u) is algebraic, P a polynomial with rational integer coefficien ts and β is an algebraic number of degree 3 over the field of complex multiplications). In [88 Tu], he removes the assumption that ℘(u) is algebraic and produces a lower bound for pairs of relativ ely prime integral polynomials evaluated at � ℘(u),℘(βu),℘(β^2u) � | (elliptic analog of a result of W.D. Brownawell in 1979). The elliptic analog of Theorem 3.2 has been established by S.O. Shestak ov [92 She]. For an updated survey of such questions with new results, see [96 Ca].

General results of small transcendence degree related with one parameter subgroups of commutativ e algebraic groups are obtained in [85 W]. The main difference with [86 W] is that no technical hypothesis is needed for small transcendence degree. These results do not exhaust the possibilities of the metho d: some results by G.V. Chudnovsky [84 Chu] are not covered by the statemen ts of [85 W] and many variations are possible (see for instance the papers [86 TY] by M. Toyoda and T. Yasuda and [86 Tu1], [87 Tu1] by R. Tubbs). A more systematic study has been achieved by R. Tubbs in [87 Tu2] and [90 Tu2]. Further results related to Baker’s metho d (see Chap. 2 of [84 Chu]) are due to G. Diaz [92 Di].

Transcendence measures enable one to construct algebraically independent numbers: an early example is due to N.I. Feldman (1964): using a lower bound for |β − logα| when α and β are algebraic numbers, he proved that for some “Liouville” numbers a, the two numbers a and e^a are algebraically independent. Here, “Liouville” number means a complex number a which is very well approximated by rational, or more generally algebraic, numbers.

In the same way, R. Tubbs [90 Tu1] uses a lower bound for elliptic linear forms in logarithms and proves, for algebraic β, the algebraic independence of u and ℘(βu) for some Liouville numbers u, and also the algebraic independence of ℘(u) and ℘(βu) for some complex numbers u such that ℘(u) is Liouville. In [93 Ca], D. Caveny shows the algebraic independence of a and a^b when a and b are Liouville numbers; with R. Tubbs in [93 CT] they refine Fel’dman’s above mentioned result on a and e^a and also discuss the elliptic analog. Using a lower bound for linear forms in logarithms, D. Caveny gets in [94 Ca] the algebraic independence of a and a^β for a Liouville number a and an algebraic β. A similar elliptic situation is considered by M. Ably in [91 Ab].

Usually, each single recent paper deals with either transcendence degree ≥ 2 or else large transcendence degree. One of the few exceptions are [89 Tu] where R. Tubbs produces fields of transcendence degree ≥ 3 generated by values of an elliptic function, and [98 P2].

We conclude this section with a partial result concerning Conjecture 1.5. It is still not proved that the field generated by all the logarithms of algebraic numbers has transcendence degree ≥ 2 over Q: it might just as well be an algebraic extension of Q(π) (but this would be unexp ected!). One of the very few known results in this direction arises from [97 RW1] and [97 RW2]:

Theorem 3.3. Let ℓ_1,...,ℓ_n be Q-linearly independent elements of L. Assume that the transcendence degree over Q of the field Q(ℓ_1,...,ℓ_n ) is 1. Then for each non zero homogeneous polynomial Q ∈ Q[X_1,...,X_n ] of degree 2 (quadratic form), the number Q(ℓ_1,...,ℓ_n ) does not vanish.

3.2. Large Transcendence Degree

In [84 W1], we noticed that Philipp on’s results on the elliptic analog of the Gel’fond-Schneider problem were stronger than the exponential result. Shortly after, P. Philipp on succeeded to prove the expected result in the exponential case.

Let t be the transcendence degree over Q of the field Q � α^β ,α^{β 2} ,...,α^{β d − 1} � . After the works of G.V. Chudnovsky, P. Warkentin, P. Philipp on, E. Reyssat, R. Endell, W.D. Brownawell and Yu.V. Nesterenk o (see [84 W1] as well as [84 Ne1]), the best known lower estimate for t was

2^t > d + 1 2 . In 1984 P. Philipp on succeeded to reach the lower bound t ≥ (d− 1)/2, which can be written t ≥ [d/2] where [ ]denotes the integral part. In [84P] he announced the result, together with a sharp criterion for algebraic independence, as well as a quantitativ e refinemen t (measure of algebraic independence) which he discussed in [85P]. Pro ofs are provided in [86P]. They involve the tools from commutativ e algebra introduced earlier by Yu.V. Nesterenk o. Algebraic independence measures are given in [85 Ne1] and [86 Ne]. Further references on this topic are [85 P] and [87 Ne]. It should be pointed out that the argumen ts used in the proofs also work in the context of Mahler’s metho d (see [85 Ne1]).

In 1987, G. Diaz [87 Di] obtained a refinemen t, which is the best known estimate so far:

Theorem 3.4. (G. Diaz) Let α be a non zero complex algebraic number, logα a non zero logarithm of α and β an algebraic number of degree d ≥ 2. Then the transcendence degree t over Q of the field Q � α^β ,α^{β 2} ,...,α^{β d − 1} � satisfies t > d − 1 2 . An equivalent formulation is t ≥ [(d + 1)/2]. One main tool in Diaz’ proof is Philipp on’s Criterion (Prop osition 2.2). Another importan t feature of Diaz’ proof is that he succeeds to work out an idea, going back to G.V. Chudnovsky, which consists in deriving the coefficien ts of the auxiliary polynomial with respect to a transcendence basis. The elimination process has been revisited by Yu.V. Nesterenk o [89 Ne] who avoids the use of Philipp on’s criterion.

All above works, including Diaz’ results in [89 Di1] and [89 Di2], deal more generally with fields generated over Q by numbers of the form e^{x i yj} , where x_1,...,x_d are Q-linearly independent complex numbers, and also y_1,...,y_ℓ are Q-linearly independent numbers. Of course, in such a general setup, a technical hypothesis is needed. An extension to large transcendence degree of Diaz’ result [92 Di] using Baker’s metho d is due to Chen Gong Liang [93 Chn], [95 Chn].

Several quantitativ e refinemen ts of the Lindemann-W eierstraß Theorem, i.e. measures of algebraic independence for e^{β 1} ,...,e^{β n} , are known. They used to be produced by means of Siegel-Shidlovskiĭ’smetho d involving E-functions. In 1994, M. Ably [94 Ab] improved such an estimate from Nesterenk o (1977) by means of Gel’fond-Chudnovsky’s metho d, using the criterion

T yp eset on 21 F évrier 1998 at 14h 33.

of Jabb ouri-Philipp on [92Jb]. The result in [94Ab] is “effectiv e”, but not all constan ts are explicitly computed. A completely explicit measure is given in A. Sert’s thesis [97 Se].

Here is the elliptic analog of the Lindemann-W eierstraß Theorem: • Let ℘ be a Weierstraß elliptic function with algebraic invariants. Denote by k the field of endomorphisms of ℘ (which is either Q – non CM case – or else an imaginary quadratic field – CM case –). If β_1,...,β_n are k-linearly independent complex numbers, then the field Q � ℘(β_1),...,℘(β_n ) � has transcendence degree ≥ n/[k : Q] over Q.

As pointed out in [84 W1], the case of complex multiplication had been settled in 1983 by P. Philipp on and G. Wüstholz, independently. In fact, the non CM case also follows from the works of P. Philipp on and G. Wüstholz in 1983. In [86 Jb], E.M. Jabb ouri produces quantitativ e results, including measures of algebraic independence in the CM case. His result deals more generally with Abelian varieties. His proof uses Philipp on’s zero estimate as well as the elimination techniques from [86P]. Extensions ofLindemann-W eierstraß Theorem to algebraic groups, including the quantitativ e aspect, have also been considered in [87 P]. Jabb ouri’s measure of algebraic independence [86 Jb] has been refined by M. Ably in [92 Ab1], by means of a larger number of redundan t variables. In the case of elliptic functions, Yu.V. Nesterenk o’s measure of algebraic independence for for ℘(β_1),...,℘(β_n ) in the CM case [92 Ne] is better (see also [91 Ne]). The sharp est known results in this context are due to Yu.V. Nesterenk o [95 Ne].

General results on large transcendence degree are obtained in [84 W2] for the exponential function in several variables, in [84 W3] for one parameter subgroups of products of linear groups and elliptic curves (giving mixed exponential-elliptic algebraic independence results) and in [86 W] for several parameters analytic subgroups of commutativ e algebraic groups. Here is an example (Corollary 15.4 of [86 W]), which displays a new kind of technical hypothesis.

Theorem 3.5. Let A be a simple abelian variety of dimension g defined over the field of algebraic numbers, V a vector subspace of dimension n of the tangen t space at the origin of A, and Y = Zy_1 + ···+ Zy_m a finitely generated subgroup of V of rank m. Let K be a subfield of C of transcendence degree t over Q, such that exp_A Y ⊂ A(K). Assume that for any ϵ > 0 there exists H_0 > 0 such that, for any H ≥ H_0, any (h_1,...,h_m ) ∈ Z^m with

0 < max{|h_1|,...,|h_m |} ≤ H,

and any ω ∈ ker exp_A , the condition

|h_1y_1 + ···+ h_m y_m − ω | < exp(− H^ϵ)

implies h_1y_1 + ···+ h_m y_m = ω . Then t ≥ mg n(m + 2g) − 1 For one parameter subgroups (i.e. n = 1), M. Ably [89 Ab], [92 Ab2] and R. Tubbs [91 Tu] improved the conclusion and got a strict inequalit y, which means t ≥ [mg/(m+ 2g)]. The metho d is inspired by Diaz [89 Di1]. The elliptic analog of Diaz’s Theorem 1.3 has been obtained by M. Ably [92 Ab2] and S.O. Shestak ov [91 She], [92 She]:

Theorem 3.6. Let ℘ be a Weierstraß elliptic function with algebraic invariants g_2,g_3. Denote by F the field of endomorphisms of the associated elliptic curve, and by δ = [F : Q] the degree of F (that means δ = 2 in the CM case, δ = 1 otherwise). Let β be an algebraic number of degree d > 2/δ and u a complex number such that none of the d numbers u, βu, ...,β^{d− 1}u is a pole of ℘. Then the transcendence degree over Q of the field Q � ℘(u),℘(βu) ...,℘(β^{d− 1}u) � is at least � � �

� d + 1 2 � for δ = 2 (CM case), � d + 1 3 � for δ = 1.

In [91 Ab], M. Ably improves the result (adding 1 to the transcendence degree) in the special case where one of the numbers ℘(u),℘(βu) ...,℘(β^{d− 1}u) has extremely good approximations by algebraic numbers.

In [92 Ab2], M. Ably gives quantitativ e refinemen ts to the result of [86 W] in the one dimensional case, involving a weakened technical hypothesis. These far reaching estimates on algebraic independence for one parameter subgroups of commutativ e algebraic groups have been refined by D. Caveny [96 Ca], who splits the dependence in the degree and height, like in G. Diaz’ Theorem 3.2.

4. Mo dular Functions

The first results on algebraic independence of values of modular functions are due to D. Bertrand. The proofs involved elliptic functions. Only in 1995 a group of mathematicians in St Étienne(^8 ) succeeded to prove a transcendence result by means of modular functions: they solve a problem of Mahler in the complex case and of Manin in the p-adic case by proving the transcendence of J (q) when q is an algebraic (complex or p-adic) number in the domain 0 < |q| < 1, and J is the modular invariant. In the complex case, this result solves a special case of the “mixed four exponentials Conjecture”. In fact deep connections with the classical four exponentials exist [97 Di1].

One year later Nesterenk o [96 Ne1], [96 Ne2] obtained a remark able result of algebraic independence:

Theorem 4.1. (Nesterenk o) Let q be a complex or p-adic number satisfying 0 < |q| < 1. Then three at least of the four numbers q,P (q),Q(q),R(q) are algebraically independent.

These functions P , Q and R are the Eisenstein series of weights 2, 4 and 6 respectively. In the complex case, an equivalent statemen t in terms of Weierstraß elliptic functions reads as follows:

Corollary 4.2. Let g_2 and g_3 be two complex numbers satisfying g^3_2 ≠ 27g^2_3. Denote by ω_1,ω_2 a pair of fundamen tal periods of the elliptic curve y^2 = 4x^3 − g_2x− g_3, and by η_1,η_2 the corresp onding quasi-p eriods. Then the transcendence degree over Q of the field Q � g_2,g_3,ω_1/π,η_1/π,e^{2iπ ω 1 /ω 2} � is at least 3.

Notice that without e^{2iπ ω 1 /ω 2} , it was known by G.V. Chudnovsky (see §3.1 above, as well as [84 Chu] and [84 W1]) that the transcendence degree is at least 2.

One of the most impressive consequences of Corollary 4.2 is:

(^8 ) Barr é-Sirieix, Katia; Diaz, Guy; Gramain, Fran¸cois; Philib ert, Georges – Une preuv e de la conjecture de Mahler-Manin.

Invent. Math. 124 (1996), no. 1-3, 1–9.

T yp eset on 21 F évrier 1998 at 14h 33.

Corollary 4.3. The three numbers π, e^π and Γ(1/4) are algebraically independent.

Further references on this topic include [97 Ber], [97 Ne], [97 W], [98 Gr], [98 La], [98 P1], [98 Sar] and [98W1]. In [96Ne1], [96Ne2], [97Ne] and [98P1], Yu.V. Nesterenk o and P. Philipp on give sharp quantitativ e measures of algebraic independence for the numbers in Corollary 4.3. Philipp on’s works [98 P1] and [98 P3] also apply to Mahler’s metho d, and more generally to a new class of functions which he calls K-functions, completing the classes of E- and G-functions introduced by C.L. Siegel in 1929.

5. Diophan tine Rings

P. Philipp on has introduced a general concept of “Diophan tine ring” in [92 P] (see also [95 P]). This is a commutativ e Noetherian ring, with a valuation and a “size inequalit y”. Special cases are Z and rings of integers of algebraic number fields on one hand, F_q[T] and rings of functions of an algebraic curve on a finite field on the other hand. Also, if A is a Diophan tine ring, then so is any ring which is finitely generated over A. In [92 P], Philipp on extends his criterion of algebraic independence [86 P] to Diophan tine rings. In [97 P], he proposes an axiomatic metho d for transcendence and algebraic independence. One main axiom is a Schwarz’ Lemma. This axiomatic point of view enables him to contain most transcendence and algebraic independence results involving functions of a single variable, including Gel’fond’s metho d, Baker’s Theorem, Lindemann-W eierstraß Theorem, Mahler’s metho d as well as results related to Carlitz exponential and Drinfel’d modules. Section 8 of [97 P] provides a very interesting speculativ e suggestion for solving Conjecture 1.2.

REFERENCES

Among the main contributions during the period before 1984 which was covered by our previous survey [84 W1] was the work of G.V. Chudnovsky. His book [84 Chu] was published just after [84 W1] and includes many further results. Another importan t reference on this topic is Nesterenk o’s invited talk [91 Ne] at the International Congress of Mathematicians of Kyoto in 1990. Two surveys dealing more generally with transcenden tal number theory are [87 B...] and [98 W3]. Further general references for algebraic independence, including surveys, are [87 Ne], [96 Ca] and [98 La]. The forthcoming book [98 NP] will also provide detailed proofs.

A first version of this survey was just completed when the book [98 FN] was published. The last chapter “Algebraic independence of the values of analytic functions that have an addition law” includes a compilation of related results and provides a lot of further relevant information on this subject.

References are given in chronological ordering. We do not repeat the references given in [84 W1].

1984

[84 BV] Bundschuh, P.; Väänänen, K. – On lower bounds for polynomials in the values of E-functions. II. Topics in classical number theory, Vol. I, II (Budap est, 1981), 229–255, Colloq. Math. Soc. János Bolyai, 34, North-Holland, Amsterdam-New York, 1984.

[84 Ch u] Chudnovsky, Gregory V. – Contributions to the theory of transcendental numbers. Mathematical Surveys and Monographs, 19. American Mathematical Society, Providence, R.I., 1984. xi+450 pp.

[84 E] Endell, Regina – Zur algebraisc hen Unabh¨angigkeit gewisser Werte der Exponentialfunktion. Number theory, Noordwijkerhout 1983 (Noordwijkerhout, 1983), 80–85, Lecture Notes in Math., 1068 , Springer, Berlin-New York, 1984.

[84 Ne1] Nesterenk o, Yuri V. – On algebraic independence of algebraic powers of algebraic numbers. (Russian) Mat. Sb. (N.S.) 123 (165) (1984), no. 4, 435–459; English translation in Math. USSR-Sb. 51 (1985), 429–454.

[84 Ne2] Nesterenk o, Yuri V. – Measure of algebraic independence for almost all pairs of p-adic numbers. (Russian) Mat. Zametki 36 (1984), no. 3, 295–304; English translation in Math. Notes Acad. Sc. USSR, 36 (1984), no. 3, 642–647.

[84 P] Philipp on, Patrice – Critères pour l’indépendance algébrique de familles de nombres. C. R. Math. Rep. Acad. Sci. Canada 6 (1984), no. 5, 285–290.

[84 Sal] Salikhov, V. Kh. – On the algebraic independence of the values of hypergeometric E-functions. (Russian) Uspekhi Mat. Nauk 39 (1984), no. 2(236), 185–186; English translation in Russian Math. Surveys 39 (1984), no. 2, 191–192.

[84 W1] Waldschmidt, Michel – Algebraic independence of transcenden tal numbers. Gel’fond’s metho d and its developments. Persp ectives in mathematics, 551–571, Birkh¨auser, Basel-Boston, Mass., 1984.

[84 W2] Waldschmidt, Michel – Indépendance algébrique et exponentielles en plusieurs variables. Number theory, Noordwijkerhout 1983 (Noordwijkerhout, 1983), 268–279, Lecture Notes in Math., 1068 , Springer, Berlin-New York, 1984.

[84 W3] Waldschmidt, Michel – Algebraic independence of values of exponential and elliptic functions. J. Indian Math. Soc. (N.S.) 48 (1984), no. 1-4, 215–228.

[84 W ü] Wüstholz, Gisbert – Recent progress in transcendence theory. Number theory, Noordwijkerhout 1983 (Noordwijkerhout, 1983), 280–296, Lecture Notes in Math., 1068 , Springer, Berlin, 1984.

[84 Z] Zhu, Yao Chen – On the algebraic independence of certain power series of algebraic numbers. Chinese Ann. Math. Ser. B 5 (1984), no. 1, 109–117. A Chinese summary appears in Chinese Ann. Math. Ser. A 5 (1984), no. 1, 124.

1985

[85 Ad] Adams, William W. – The algebraic independence of certain Liouville continued fractions. Pro c. Amer. Math. Soc. 95 (1985), no. 4, 512–516.

[85 Am] Amou, Masaaki – On algebraic independence of special values of gap series. Tôhoku Math. J. (2) 37 (1985), no. 3, 385–393.

[85 Br] Brownawell, W. Dale – Effectivit y in independence measures for values of E-functions. J. Austral. Math. Soc. Ser. A 38 (1985), no. 2, 227–240.

[85 Mc] McQuillan, Donald L. – Some results on algebraic independence. Arch. Math. (Basel) 45 (1985), no. 4, 336–341.

[85 Ne1] Nesterenk o, Yuri V. – On a measure of the algebraic independence of the values of certain functions. (Russian) Mat. Sb. (N.S.) 128 (170) (1985), no. 4, 545–568, 576; English translation in Math. USSR-Sb. 56 (1987), 545–567.

[85 Ne2] Nesterenk o, Yuri V. – On the measure of algebraic independence of the values of an elliptic function at algebraic points. (Russian) Uspekhi Mat. Nauk 40 (1985), no. 4(244), 221–222; English translation in Russian Math. Surveys 40 (1985) no. 4, 237-238.

[85 Ne3] Nesterenk o, Yuri V. – Estimation of the measure of algebraic independence of numbers. (Russian) Diophan tine approximations, Part 1, 65–77, Moskov. Gos. Univ., Mekh.-Mat. Fak., Moscow, 1985.

T yp eset on 21 F évrier 1998 at 14h 33.

[85 P] Philipp on, Patrice – Sur les mesures d’indépendance algébrique. Séminair e de théorie des nombres, Paris 1983–84, 219–233, Progr. Math., 59, Birkh¨auser Boston, Boston, MA, 1985.

[85 Shm] Shmelev, A.A. – Simultaneous approximation of the exponential by transcenden tal numbers of a special form. (Russian) Ukr. Mat. Zh. 37 (1985), 232–237; English translation in Ukr. Math. J. 37 (1985), 198–202.

[85 Tr] Trubnik ov, S.A. – Degree of transcendence of some number fields. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1985, no. 3, 22–25; English translation in Moscow Univ. Math. Bull. 40 (1985), no. 3, 31–36.

[85 W] Waldschmidt, Michel – Petits degrés de transcendance par la méthode de Schneider en une variable. C. R. Math. Rep. Acad. Sci. Canada 7 (1985), no. 2, 143–148.

[85 Z1] Zhu, Yao Chen – Criteria for the algebraic independence of complex numbers. Kexue Tongbao (English Ed.) 30 (1985), no. 9, 1139–1142.

[85 Z2] Zhu, Yao Chen – Algebraic independence property of values of certain gap series. Kexue Tongbao (English Ed.) 30 (1985), no. 3, 293–297.

[85 Z3] Zhu, Yao Chen – A note on algebraic independence of numbers. Acta Math. Sinica (N.S.) 1 (1985), no. 3, 251–254.

1986

[86 Br] Brownawell, W. Dale – The effectivit y of certain measures of algebraic independence. Séminair e de théorie des nombres, Paris 1984–85, 41–50, Progr. Math., 63, Birkh¨auser Boston, Boston, MA, 1986.

[86 Jb] Jabb ouri, El Mostafa – Mesures d’indépendance algébrique de valeurs de fonctions elliptiques et abéliennes. C. R. Acad. Sci. Paris Sér. I Math. 303 (1986), no. 9, 375–378.

[86 MW] Masser, David W.; Wüstholz, Gisbert – Algebraic independence of values of elliptic functions. Math. Ann. 276 (1986), no. 1, 1–17.

[86 Ne] Nesterenk o, Yuri V. – On a measure of the algebraic independence of the values of the exponential function. (Russian) Dokl. Akad. Nauk SSSR 286 (1986), no. 4, 817–821; English translation in Soviet Math. Dokl., 33 (1986), no. 1, 200–203.

[86 Ni1] Nishioka, Kumiko – Algebraic independence of certain power series of algebraic numbers. J. Number Theory 23 (1986), no. 3, 354–364.

[86 Ni2] Nishioka, Kumiko – Pro of of Masser’s conjecture on the algebraic independence of values of Liouville series. Pro c. Japan Acad. Ser. A Math. Sci. 62 (1986), no. 6, 219–222.

[86 Ni3] Nishioka, Kumiko – Algebraic independence of three Liouville series. Arch. Math. (Basel) 47 (1986), no. 2, 117–120.

[86 O] Oleinikov, V.A. – Conditions of mutual transcendence for hypergeometric series. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1986, no. 1, 20–25; English translation in Moscow Univ. Math. Bull. 41 (1986), no. 1, 26–32.

[86 P] Philipp on, Patrice – Critères pour l’indépendance algébrique. Inst. Hautes Études Sci. Publ. Math. No. 64 (1986), 5–52.

[86 TY] Toyoda, Masanori; Yasuda, Takeshi – On the algebraic independence of certain numbers connected with the exponential and the elliptic functions. Tokyo J. Math. 9 (1986), no. 1, 29–40.

[86 Tu1] Tubbs, Robert – Indépendance algébrique et groupes algébriques. C. R. Acad. Sci. Paris Sér. I Math. 302 (1986), no. 3, 91–94.

[86 Tu2] Tubbs, Robert – On the measure of algebraic independence of certain values of elliptic functions. J. Number Theory 23 (1986), no. 1, 60–79.

[86 W] Waldschmidt, Michel – Group es algébriques et grands degrés de transcendance. With an appendix by J. Fresnel. Acta Math. 156 (1986), no. 3-4, 253–302.

1987

[87 Amr] Amoroso, Francesco – On the transcendence type of the classical numbers. Boll. Un. Mat. Ital. B (7) 1 (1987), no. 4, 1077–1089.

[87 B... ] Bertrand, D.; Emsalem, M.; Gramain, F.; Huttner, M.; Langevin, M.; Lauren t, M.; Mignotte, M.; Moreau, J.-C.; Philipp on, P.; Reyssat, É.; Waldschmidt, M. – Les nombres transcendants. Mém. Soc. Math. France (N.S.) No. 13 (1984), 60 pp.

[87 Br] Brownawell, W. Dale – Large transcendence degree revisited. I. Exponential and non-CM cases. Diophantine approximation and transcendence theory (Bonn, 1985), 149–173, Lecture Notes in Math., 1290 , Springer, Berlin-New York, 1987.

[87 BT] Brownawell, W. Dale; Tubbs, Robert – Large transcendence degree revisited. II. The CM case. Diophantine approximation and transcendence theory (Bonn, 1985), 175–188, Lecture Notes in Math., 1290 , Springer, Berlin-New York, 1987.

[87 Di] Diaz, Guy – Grands degrés de transcendance pour des familles d’exponentielles. C. R. Acad. Sci. Paris Sér. I Math. 305 (1987), no. 5, 159–162.

[87 K] Kulagin, V. A. – On the algebraic independence of values of certain subclasses of E-functions. (Russian) Uspekhi Mat. Nauk 42 (1987), no. 2(254), 233–234; English translation in Russian Math. Surveys 42 (1987), no. 2, 285–286.

[87 Ne] Nesterenk o, Yuri V. – Measures of algebraic independence of numbers and functions. Journ ées arithm étiques de Besan¸con (Besan¸con, 1985). Astérisque No. 147-148 (1987), 141–149, 344.

[87 Ni] Nishioka, Kumiko – Conditions for algebraic independence of certain power series of algebraic numbers. Compositio Math. 62 (1987), no. 1, 53–61.

[87 P] Philipp on, Patrice – Indépendance et groupes algébriques. Number theory (Montréal, Qué., 1985), 279–284, CMS Conf. Pro c., 7, Amer. Math. Soc., Providence, RI, 1987.

[87 Shi1] Shidlovskiĭ, Andreĭ B. – Algebraic independence of the values of E-functions at algebraic points. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1987, no. 1, 30–33, 101; English translation in Moscow Univ. Math. Bull. 42 (1987), no. 1, 37–41.

[87 Shi2] Shidlovskiĭ,AndreĭB. – Transcendental numbers (Russian) “Nauk a”, Moscow, 1987. 448 pp. [87 Tu1] Tubbs, Robert – Elliptic curves in two-dimensional abelian varieties and the algebraic independence of certain numbers. Michigan Math. J. 34 (1987), no. 2, 173–182.

[87 Tu2] Tubbs, Robert – Algebraic groups and small transcendence degree. I. J. Number Theory 25 (1987), no. 3, 279–307.

[87 Z] Zhu, Yao Chen – Transcendence and algebraic independence of certain p-adic numbers. I. (Chinese) Acta Math. Sinica 30 (1987), no. 6, 742–752.

1988

[88 Ab] Ably, Mohammed – Mesure d’approximation simultan ée. C. R. Acad. Sci. Paris Sér. I Math. 307 (1988), no. 8, 371–374.

[88 AMP] Allouche, J.-P.; Mendès France, M.; van der Poorten, A. J. – Indépendance algébrique de certaines séries formelles. Bull. Soc. Math. France 116 (1988), no. 4, 449–454.

[88 Amr] Amoroso, Francesco – On the distribution of complex numbers according to their transcendence types. Ann. Mat. Pura Appl. (4) 151 (1988), 359–368.

[88 Bec] Becker-Landec k, Paul-Georg – Maße für algebraisc he Unabh¨angigkeit nach einer Metho de von Mahler. Acta Arith. 50 (1988), no. 3, 279–293.

[88 Beu] Beukers, Frits – Some new results on algebraic independence of E-functions. New advances in transcendence theory (Durham, 1986), 56–67, Cambridge Univ. Press, Cambridge-New York, 1988.

[88 BeBrH] Beukers, Frits; Brownawell, W. Dale; Heckman, Gert – Siegel normalit y. Ann. of Math. (2) 127 (1988), no. 2, 279–308.

T yp eset on 21 F évrier 1998 at 14h 33.

[88 Bu] Bundschuh, Peter – A criterion for algebraic independence with some applications. Osaka J. Math. 25 (1988), no. 4, 849–858.

[88 Di] Diaz, Guy – Mesure d’indépendance algébrique de α^β , α^{β 2} . Séminair e de Théorie des Nombres, Paris 1986–87, 129–135, Progr. Math., 75, Birkh¨auser Boston, Boston, MA, 1988.

[88 Ne] Nesterenk o, Yuri V. – Effectiv e estimates of algebraic independency measure of values of Efunctions. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1988, no. 4, 85–88; English translation in Moscow Univ. Math. Bull. 43 (1988), no. 4, 84–87.

[88 Ph] Philib ert, Georges – Une mesure d’indépendance algébrique. Ann. Inst. Fourier (Grenoble) 38 (1988), no. 3, 85–103.

[88 Tu] Tubbs, Robert – A Diophan tine problem on elliptic curves. Trans. Amer. Math. Soc. 309 (1988), no. 1, 325–338.

[88 Z] Zhu, Yao Chen – Transcendence and algebraic independence of certain p-adic numbers. II. (Chinese) Acta Math. Sinica 31 (1988), no. 1, 54–66.

1989

[89 Ab] Ably, Mohammed – Mesure d’approximation simultan ée. Ann. Fac. Sci. Toulouse Math. (5) 10 (1989), no. 2, 259–289.

[89 Amr] Amoroso, Francesco – Some remarks about algebraic independence measures in high dimension. Bull. Soc. Math. France 117 (1989), no. 3, 285–295.

[89 BN] Becker, Paul-Georg; Nishioka, Kumiko – Measures for the algebraic independence of the values of Mahler type functions. C. R. Math. Rep. Acad. Sci. Canada 11 (1989), no. 3, 89–93.

[89 BR] Bézivin, Jean-P aul; Robba, Philipp e. A new p-adic metho d for proving irrationalit y and transcendence results. Ann. of Math. (2) 129 (1989), no. 1, 151–160.

[89 Di1] Diaz, Guy – Grands degrés de transcendance pour des familles d’exponentielles. J. Number Theory 31 (1989), no. 1, 1–23.

[89 Di2] Diaz, Guy – Généralisation d’un résultat de W. D. Brownawell-M. Waldschmidt. Bull. Soc. Math. France 117 (1989), no. 3, 267–283.

[89 Lo] Lossov, N. I. – On the algebraic independence of values of some classes of hypergeometric Efunctions. (Russian) Uspekhi Mat. Nauk 44 (1989), no. 1(265), 201–202; English translation in Russian Math. Surveys 44 (1989), no. 1, 245–246.

[89 Ne] Nesterenk o, Yuri – Transcendence degree of some fields generated by values of the exponential function. (Russian) Mat. Zametki 46 (1989), no. 3, 40–49, 127; English translation in Math. Notes, 46 (1989), no. 3-4, 706-712 (1990).

[89 Ni] Nishioka, Kumiko – Evertse theorem in algebraic independence. Arch. Math. (Basel) 53 (1989), no. 2, 159–170.

[89 Sal] Salikhov, V. Kh. – On algebraic independence of the values of hypergeometric E-functions. (Russian) Dokl. Akad. Nauk SSSR 307 (1989), no. 2, 284–287; English translation in Soviet Math. Dokl. 40 (1990), no. 1, 71–74.

[89 Shi1] Shidlovskiĭ,AndreĭB. – Algebraic independence of values of E-functions at algebraic points. (Russian) Mat. Zametki 45 (1989), no. 1, 115–122, 141; English translation in Math. Notes 45 (1989), no. 1-2, 78–83.

[89 Shi2] Shidlovskiĭ,AndreĭB. – Transcendental numbers. Translated from the Russian (see [87 Shi2]) by Neal Koblitz. de Gruyter Studies in Mathematics, 12. Walter de Gruyter & Co., Berlin-New York, 1989. xx+466 pp.

[89 Shi3] Shidlovskiĭ,AndreĭB. – Criterion of algebraic independence of the values of an E-function at algebraic points. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1989, no. 6, 17–21, 97; English translation in Moscow Univ. Math. Bull. 44 (1989), no. 6, 20–25.

[89 Tu] Tubbs, Robert – The algebraic independence of three numbers: Schneider’s metho d. Théorie des nombres (Québec, 1987), 942–967, de Gruyter, Berlin-New York, 1989.

[89 WZ] Waldschmidt, Michel; Zhu, Yao Chen – Algebraic independence of certain numbers related to Liouville numbers. (Chinese) Scientia Sinica, Ser.A, 9 (1989) 897–904; English translation in Sci. China Ser. A 33 (1990), no. 3, 257–268.

[89 Z1] Zhu, Yao Chen – Criteria of algebraic independence of complex numbers over a field of finite transcendence type. Chinese Sci. Bull. 34 (1989), no. 3, 185–189.

[89 Z2] Zhu, Yao Chen – On a criterion of algebraic independence of numbers. Chinese Sci. Bull. 34 (1989), no. 7, 540–542.

1990

[90 BBR] Beukers, Frits; Bézivin, Jean-P aul; Robba, Philipp e – An alternativ e proof of the Lindemann- Weierstrass theorem. Amer. Math. Monthly 97 (1990), no. 3, 193–197.

[90 Bu] Bundschuh, Peter – Indépendance algébrique par des méthodes d’approximations. Cinquante ans de polynômes (Paris, 1988), 116–122, Lecture Notes in Math., 1415 , Springer, Berlin-New York, 1990.

[90 Chr] Cherepnev, M. A. – On the algebraic independence of the values of hypergeometric E-functions. (Russian) Uspekhi Mat. Nauk 45 (1990), no. 6(276), 155–156; English translation in Russian Math. Surveys 45 (1990), no. 6, 145–146.

[90 Di] Diaz, Guy – Une nouvelle mesure d’indépendance algébrique pour (α^β ,α^{β 2} ). Acta Arith. 56 (1990), no. 1, 25–32.

[90 Ni] Nishioka, Kumiko – Algebraic independence of certain power series. Séminair e de Théorie des Nombres, Paris 1987–88, 201–212, Progr. Math., 81, Birkh¨auser Boston, Boston, MA, 1990.

[90 NN] Nishioka, Keiji; Nishioka, Kumiko – Algebraic independence of elementary functions and its application to Masser’s vanishing theorem. Aequationes Math. 40 (1990), no. 1, 67–77.

[90 Sal1] Salikhov, V. Kh. – A criterion for the algebraic independence of values of a class of hypergeometric E-functions. (Russian) Mat. Sb. 181 (1990), no. 2, 189–211; English translation in Math. USSR-Sb. 69 (1991), no. 1, 203–226.

[90 Sal2] Salikhov, V. Kh. – Irreducibilit y of hypergeometric equations, and algebraic independence of values of E-functions. (Russian) Acta Arith. 53 (1990), no. 5, 453–471.

[90 She] Shestak ova, N.V. – Estimates for recipro cal transcedence of certain numbers. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1990, no. 6, 14–18; English translation in Moscow Univ. Math. Bull. 45 (1990), no. 6, 15–18.

[90 Si] Simpson, Carlos T. – Transcenden tal aspects of the Riemann-Hilb ert corresp ondence. Illinois J. Math. 34 (1990), no. 2, 368–391.

[90 Tu1] Tubbs, Robert – A note on some elementary measures of algebraic independence. Pro c. Amer. Math. Soc. 109 (1990), no. 2, 297–304.

[90 Tu2] Tubbs, Robert – Algebraic groups and small transcendence degree. II. J. Number Theory 35 (1990), no. 2, 109–127.

[90 W1] Waldschmidt, Michel – Indépendance algébrique de nombres de Liouville. Cinquante ans de polynômes (Fifty years of polynomials) (Paris, 1988), 225–235, Lecture Notes in Math., 1415 , Springer, Berlin-New York, 1990.

[90 W2] Waldschmidt, Michel – Transcendence problems connected with Drinfel’d modules. International Symposium on Algebra and Number Theory (Silivri, 1990). İstan bul Üniv. Fen Fak. Mat. Derg. 49 (1990), 57–75 (1993).

[90 Wa] Wass, N. Ch. – Algebraic independence of the values at algebraic points of a class of functions considered by Mahler. Dissertationes Math. (Rozpra wy Mat.) 303 (1990), 61 pp.

T yp eset on 21 F évrier 1998 at 14h 33.

[90 Z] Zhu, Yao Chen – Criteria of algebraic independence of complex numbers over a field of finite transcendence type. II. Acta Math. Sinica (N.S.) 6 (1990), no. 1, 24–34.

1991

[91 Ab] Ably, Mohammed – Indépendance algébrique de certains nombres admettan t une “b onne” approximation diophan tienne. C. R. Acad. Sci. Paris Sér. I Math. 313 (1991), no. 10, 653–655.

[91 Am] Amou, Masaaki – Algebraic independence of the values of certain functions at a transcenden tal number. Acta Arith. 59 (1991), no. 1, 71–82.

[91 Bec] Becker, Paul-Georg – Effectiv e measures for algebraic independence of the values of Mahler type functions. Acta Arith. 58 (1991), no. 3, 239–250.

[91 Chr] Cherepnev, M. A. – On algebraic independence of values of hypergeometric E-functions satisfying linear nonhomogeneous differen tial equations. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1991, no. 1, 27–33, 104; English translation in Moscow Univ. Math. Bull. 46 (1991), no. 1, 17–21.

[91 K] Kulagin, V. A. – On the algebraic independence of the values of some subclasses of hypergeometric E-functions. (Russian) Uspekhi Mat. Nauk 46 (1991), no. 5(281), 167–168; English translation in Russian Math. Surveys 46 (1991), no. 5, 189–190.

[91 Ne] Nesterenk o, Yuri V. – Algebraic independence of values of analytic functions. Proceedings of the International Congress of Mathematicians, Vol. I, II (Kyoto, 1990), 447–457, Math. Soc. Japan, Tokyo, 1991.

[91 Ni] Nishioka, Kumiko – Algebraic independence measures of the values of Mahler functions. J. reine angew. Math. 420 (1991), 203–214.

[91 She] Shestak ov, S. O. – On transcendence degree of some fields generated by values of elliptic functions. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1991, no. 3, 30–36; English translation in Moscow Univ. Math. Bull. 46 (1991), no. 3, 29–33.

[91 Shi1] Shidlovskiĭ, AndreĭB. – On the algebraic independence of values of E-functions. (Russian) Uspekhi Mat. Nauk 46 (1991), no. 4(280), 175–176; English translation in Russian Math. Surveys 46 (1991), no. 4, 201–202.

[91 Shi2] Shidlovskiĭ,AndreĭB. – On the algebraic independence of the values of E-functions connected by algebraic equations over the field of rational functions. (Russian) Number theory and analysis (Moscow, 1991). Trudy Mat. Inst. Steklov. 207 (1994), no. 6, 369–376; English translation in Pro ceedings of the Steklov Institute of Mathematics, 207 (1995), no. 6, 339– 345.

[91 Tu] Tubbs, Robert – Large transcendence degree. J. Austral. Math. Soc. Ser. A 51 (1991), no. 3, 400–422.

[91 Z1] Zhu, Yao Chen – Algebraic independence of certain numbers over a field of finite transcendence type. Chinese Ann. Math. Ser. B 12 (1991), no. 4, 400–406. A Chinese summary appears in Chinese Ann. Math. Ser. A 12 (1991), no. 5, 644.

[91 Z2] Zhu, Yao Chen – The algebraic independence of certain transcenden tal continued fractions. Acta Math. Sinica (N.S.) 7 (1991), no. 2, 127–134.

[91 Zh] Zhukov, A. I. – Effectiv e estimates of measures of algebraic independence of the values of E-functions connected by algebraic equations over C(z). (Russian) Uspekhi Mat. Nauk 46 (1991), no. 2(278), 215–216; English translation in Russian Math. Surveys 46 (1991), no. 2, 262–263.

1992

[92 Ab1] Ably, Mohammed – Sur l’analogue abélien du théorème de Lindemann-W eierstrass. C. R. Acad. Sci. Paris Sér. I Math. 315 (1992), no. 13, 1337–1339.

[92 Ab2] Ably, Mohammed – Résultats quantitatifs d’indépendance algébrique pour les groupes algébriques. J. Number Theory 42 (1992), no. 2, 194–231.

[92 Bec] Becker, Paul-Georg – Algebraic independence of the values of certain series by Mahler’s metho d. Monatsh. Math. 114 (1992), no. 3-4, 183–198.

[92 Del] Delauna y, Sandra – Grands degrés de transcendance, les hypothèses techniques dans le cas exponentiel. I. C. R. Acad. Sci. Paris Sér. I Math. 315 (1992), no. 13, 1333–1336.

[92 Di] Diaz, Guy – Degré de transcendance 2 pour les familles d’exponentielles par la méthode de Baker. Séminaire d’arithm étique de St Etienne 1990–91–92, 1–23.

[92 Go] Gorelov, V. A. – Estimates for measures of algebraic independence of values of E-functions. (Russian) Izv. Vyssh. Uchebn. Zaved. Mat. 1992, no. 10, 6–11 (1993); English translation in Russian Math. (Iz. VUZ) 36 (1992), no. 10, 4–9.

[92 Jb] Jabb ouri, El Mostafa – Sur un critère pour l’indépendance algébrique de P. Philipp on. Approximations diophantiennes et nombres transcendants (Lumin y, 1990), 195–202, de Gruyter, Berlin, 1992.

[92 K] Kulagin, V. A. – Algebraic independence of values of a subclass of entire functions. (Russian) Mat. Zametki 51 (1992), no. 6, 46–51, 157; English translation in Math. Notes 51 (1992), no. 5-6, 561–565.

[92 Ne] Nesterenk o, Yuri V. – On a measure of algebraic independence of the values of elliptic functions. Approximations diophantiennes et nombres transcendants (Lumin y, 1990), 239–248, de Gruyter, Berlin, 1992.

[92 P] Philipp on, Patrice – Critères pour l’indépendance algébrique dans les anneaux diophan tiens. C. R. Acad. Sci. Paris Sér. I Math. 315 (1992), no. 5, 511–515.

[92 R] Roy, Damien – Matrices whose coefficien ts are linear forms in logarithms. J. Number Theory 41 (1992), no. 1, 22–47.

[92 She] Shestak ov, S. O. – On the measure of algebraic independence of certain numbers. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1992, no. 2, 8–12, 111; English translation in Moscow Univ. Math. Bull. 47 (1992), no. 2, 8–11.

[92 Th] Thiery, Alain – Indépendance algébrique des périodes et quasi-périodes d’un module de Drinfel’d. The arithmetic of function fields (Columbus, OH, 1991), 265–284, Ohio State Univ. Math. Res. Inst. Publ., 2, de Gruyter, Berlin, 1992.

[92 Y] Yu, Jing – Transcendence in finite characteristic. The arithmetic of function fields (Columbus, OH, 1991), 253–264, Ohio State Univ. Math. Res. Inst. Publ., 2, de Gruyter, Berlin, 1992.

1993

[93 Br] Brownawell, W. Dale – Algebraic independence of Drinfel’d exponential and quasi-p eriodic functions. Advances in number theory (Kingston, ON, 1991), 341–365, Oxford Sci. Publ., Oxford Univ. Press, New York, 1993.

[93 Ca] Caveny, Deanna M. – U-numbers and T-numbers: some elementary transcendence and algebraic independence results. Number theory with an emphasis on the Markoff spectrum (Pro vo, UT, 1991), 43–52, Lecture Notes in Pure and Appl. Math., 147 , Dekker, New York, 1993.

[93 CT] Caveny, Deanna; Tubbs, Robert – The arithmetic of well-approximated numbers. Number theory with an emphasis on the Markoff spectrum (Pro vo, UT, 1991), 53–59, Lecture Notes in Pure and Appl. Math., 147 , Dekker, New York, 1993.

T yp eset on 21 F évrier 1998 at 14h 33.

[93 Chn] Chen, Gong Liang – Méthode de Baker pour les grands degrés de transcendance et relations de dépendance linéaire pour des logarithmes de nombres algébriques. Thèse, Univ. Jean Monnet (St Etienne), 3 décembre 1993, 79 pp.

[93 Del] Delauna y, Sandra – Grands degrés de transcendance, les hypothèses techniques dans le cas exponentiel. II. C. R. Acad. Sci. Paris Sér. I Math. 316 (1993), no. 1, 7–10.

[93 Den1] Denis, Lauren t – Indépendance algébrique sur le module de Carlitz. C. R. Acad. Sci. Paris Sér. I Math. 317 (1993), no. 10, 913–915.

[93 Den2] Denis, Lauren t – Transcendance et dérivées de l’exponentielle de Carlitz. Séminair e de Théorie des Nombres, Paris, 1991–92, 1–21, Progr. Math., 116 , Birkh¨auser Boston, Boston, MA, 1993.

[93 Mü] Müller, Ralf – Algebraische Unabh¨angigkeit der Werte gewisser Lückenreihen in nichtarchimedisch bewerteten Körpern. Results Math. 24 (1993), no. 3-4, 288–297.

1994

[94 Ab] Ably, Mohammed – Une version quantitativ e du théorème de Lindemann-W eierstrass. Acta Arith. 67 (1994), no. 1, 29–45.

[94 BBT] Becker, Paul-Georg; Brownawell, W. Dale; Tubbs, Robert – Gel’fond’s theorem for Drinfel’d modules. Michigan Math. J. 41 (1994), no. 2, 219–233.

[94 Ca] Caveny, Deanna M. – Quantitativ e transcendence results for numbers associated with Liouville numbers. Pro c. Amer. Math. Soc. 120 (1994), no. 2, 349–357.

[94 Chr] Cherepnev, M. A. – On algebraic independence of some subclasses of hypergeometric functions. (Russian) Mat. Zametki 55 (1994), no. 1, 117–129, 158; English translation in Math. Notes 55 (1994), no. 1-2, 78–85.

[94 Ni] Nishioka, Kumiko – Algebraic independence by Mahler’s metho d and S-unit equations. Compositio Math. 92 (1994), no. 1, 87–110.

[94 T¨o1] Töpfer, Thomas – An axiomatization of Nesterenk o’s metho d and applications on Mahler functions. J. Number Theory 49 (1994), no. 1, 1–26.

[94 T¨o2] Töpfer, Thomas – On the transcendence and algebraic independence of certain continued fractions. Monatsh. Math. 117 (1994), no. 3-4, 255–262.

1995

[95 Chn] Chen, Gong Liang – Application de la méthode de Baker à de grands degrés de transcendance. C. R. Acad. Sci. Paris Sér. I Math. 320 (1995), no. 5, 523–528.

[95 Chr] Cherepnev, M. A. – Algebraic independence of values of hypergeometric E-functions. (Russian) Mat. Zametki 57 (1995), no. 6, 896–912, 960; English translation in Math. Notes 57 (1995), no. 6, 630–642.

[95 Den1] Denis, Lauren t – Indépendance algébrique et exponentielle de Carlitz. Acta Arith. 69 (1995), no. 1, 75–89.

[95 Den2] Denis, Lauren t – Dérivées d’un module de Drinfel’d et transcendance. Duke Math. J. 80 (1995), no. 1, 1–13.

[95 Ne] Nesterenk o, Yuri V. – On a measure of algebraic independence of values of an elliptic function. (Russian) Izv. Ross. Akad. Nauk Ser. Mat. 59 (1995), no. 4, 155–178; English translation in Izv. Math. 59 (1995), no. 4, 815–838.

[95 P] Philipp on, Patrice – Nouveaux aspects de la transcendance. Les Dix-huitièmes Journ ées Arithmétiques (Bordeaux, 1993). J. Théor. Nombres Bordeaux 7 (1995), no. 1, 191–218.

[95 R] Roy, Damien – Points whose coordinates are logarithms of algebraic numbers on algebraic varieties. Acta Math. 175 (1995), no. 1, 49–73.

[95 RW] Roy, Damien; Waldschmidt, Michel – Quadratic relations between logarithms of algebraic numbers. Pro c. Japan Acad. Ser. A Math. Sci. 71 (1995), no. 7, 151–153.

[95 T¨o1] Töpfer, Thomas – Algebraic independence of the values of generalized Mahler functions. Acta Arith. 70 (1995), no. 2, 161–181.

[95 T¨o2] Töpfer, Thomas – An axiomatization of Nesterenk o’s metho d and applications on Mahler functions II. Compositio Math. 95 (1995), no. 3, 323–342.

1996

[96 An] André, Yves – G-fonctions et transcendance. J. reine angew. Math. 476 (1996), 95–125. [96 Br] Brownawell, W. Dale – Submodules of products of quasi-p eriodic modules. Symposium on Diophantine Problems (Boulder, CO, 1994). Rocky Mountain J. Math. 26 (1996), no. 3, 847–873.

[96 Ca] Caveny, Deanna M. – Commutativ e algebraic groups and refinemen ts of the Gel’fond-Fel’dman measure. Symposium on Diophantine Problems (Boulder, CO, 1994). Rocky Mountain J. Math. 26 (1996), no. 3, 889–935.

[96 Del1] Delauna y, Sandra – Grands degrés de transcendance pour la fonction exponentielle; modification des hypothèses techniques dans la méthode de Diaz. Ann. Fac. Sci. Toulouse Math. (6) 5 (1996), no. 1, 57–68.

[96 Del2] Delauna y, Sandra – Grands degrés de transcendance pour la fonction exponentielle; modification des hypothèses techniques dans la méthode de Brownawell. Ann. Fac. Sci. Toulouse Math. (6) 5 (1996), no. 1, 69–104.

[96 Den] Denis, Lauren t – Un critère de transcendance en caract éristique finie. J. Algebra 182 (1996), no. 2, 522–533.

[96 Jd] Jadot, Christian – Critères pour l’indépendance algébrique et linéaire. Thèse, Univ. P. et M. Curie (Paris VI), 1996.

[96 K] Kulagin, V. A. – Algebraic independence of values of a certain class of hypergeometric functions. (Russian) Mat. Zametki 59 (1996), no. 3, 402–414, 479; English translation in Math. Notes 59 (1996), no. 3, 283–292.

[96 Ne1] Nesterenk o, Yuri V. – Modular functions and transcendence problems — Un théorème de transcendance sur les fonctions modulaires. C. R. Acad. Sci. Paris Sér. I Math. 322 (1996), no. 10, 909–914.

[96 Ne2] Nesterenk o, Yuri V. – Modular functions and transcendence questions. (Russian) Mat. Sb. 187 (1996), no. 9, 65–96; English translation in Math. USSR-Sb. 187 (1996), no. 9, 1319–1348.

[96 Ne3] Nesterenk o, Yuri V. – On the Lindemann-W eierstrass theorem. (Russian) Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1996, no. 3, 33–37, 92; English translation in Moscow Univ. Math. Bull., 51 (1996), no. 3, 27–30.

[96 NS] Nesterenk o, Yuri V.; Shidlovskiĭ, Andreĭ B. – On the linear independence of values of Efunctions. (Russian) Mat. Sb. 187 (1996), no. 8, 93–108; English translation in Math. USSR-Sb., 187 (1996), no. 8, 1197–1211.

[96 Ni1] Nishioka, Kumiko – Mahler functions and transcendence. Lecture Notes in Mathematics, 1631 . Springer-Verlag, Berlin, 1996. viii+185 pp.

[96 Ni2] Nishioka, Kumiko – Algebraic independence of Mahler functions and their values. Tôhoku Math. J. (2) 48 (1996), no. 1, 51–70.

[96 Ni3] Nishioka, Kumiko – A new proof of Masser’s vanishing theorem. Pro c. Amer. Math. Soc. 124 (1996), no. 11, 3271–3274.

[96 Ta] Tanaka, Taka-Aki – Algebraic independence of the values of power series generated by linear recurrences. Acta Arith. 74 (1996), no. 2, 177–190.

[96 Tu] Tubbs, Robert – Algebraic independence and products of Drinfeld modules. Symposium on Diophantine Problems (Boulder, CO, 1994). Rocky Mountain J. Math. 26 (1996), no. 3, 1165–1181.

T yp eset on 21 F évrier 1998 at 14h 33.

[96 V] Vasilev, K.G. – Algebraic independence of the periods of abelian integrals. (Russian) Mat. Zametki 60 (1996), no. 5, 681–691; English translation in Math. Notes 60 (1996), no. 5, 510–518.

[96 W] Waldschmidt, Michel – Dependence of logarithms on commutativ e algebraic groups. Symposium on Diophantine Problems (Boulder, CO, 1994). Rocky Mountain J. Math. 26 (1996), no. 3, 1199–1223.

[96 Zu] Zudilin, V.V. – Lower bounds for polynomials in the values of some entire functions. (Russian) Mat. Sb. (N.S.) 187 (165) (1996), no. 12, 57–86; English translation in Math. USSR-Sb., 187 (1996), no. 12, 1791–1818.

1997

[97 Ber] Bertrand, Daniel – Theta functions and transcendence. The Raman ujan Journal, 1 (1997), no. 4, 339–350.

[97 Den] Denis, Lauren t – Indépendance algébrique en caract éristique deux. J. Number Theory 66 (1997), no. 1, 183–200.

[97 Di1] Diaz, Guy – La conjecture des quatre exponentielles et les conjectures de D. Bertrand sur la fonction modulaire. J. Théor. Nombres Bordeaux 9 (1997), 229–245.

[97 Di2] Diaz, Guy – Une nouvelle propri été d’approximation diophan tienne. C. R. Acad. Sci. Paris Sér. I Math. 324 (1997), no. 9, 969–972.

[97 Ga] Galochkin, A.I. – Estimates of the number of zeros of some functions with algebraic Taylor coefficien ts. (Russian) Mat. Zametki 61 (1997), no. 6, 817–824; English translation in Math. Notes Acad. Sc. USSR, 61 (1997), no. 6, 687–692.

[97 Ne] Nesterenk o, Yuri V. – On a measure of algebraic independence of values of Raman ujan’s functions. Trudy Mat. Inst. Steklov. 218 (1997), 299–334; English translation in Pro ceedings of the Steklov Institute of Mathematics, 218 (1997), to appear.

[97 Ni] Nishioka, Kumiko – Algebraic independence of recipro cal sums of binary recurrences. Monatsh. Math. 123 (1997), no. 2, 135–148.

[97 P] Philipp on, Patrice – Une appro che méthodique pour la transcendance et l’indépendance algébrique de valeurs de fonctions analytiques. J. Number Theory 64 (1997), no. 2, 291–338.

[97 Pr] Pr¨ave, Alexandra. Über den Transzendenzgrad von Periodenquotien ten. Dissertation Dokt. Natur., J.W. Goethe-Univ ersität, Frankfurt am Main, Dec. 1997, 52 pp.

[97 RW1] Roy, Damien; Waldschmidt, Michel – Approximation diophan tienne et indépendance algébrique de logarithmes. Ann. scient. Ec. Norm. Sup. 30 (1997), no. 6, 753–796.

[97 RW2] Roy, Damien; Waldschmidt, Michel – Simultaneous approximation and algebraic independence. The Raman ujan Journal, 1 (1997), no. 4, 379–430.

[97 Se] Sert, Alain – Théorème de Lindemann-W eierstraß et déterminan ts d’interp olation. Thèse Doctorat, Univ. Méditerran ée Aix-Marseille II, Oct. 1997, 78 pp.

[97 To] Toshimitsu, Takeshi – q-additiv e functions and algebraic independence. Arch. Math. (Basel) 69 (1997), no. 2, 112–119.

[97 W] Waldschmidt, Michel – Sur la nature arithm étique des valeurs de fonctions modulaires. Séminair e Bourbaki, Vol. 1996/97. Astérisque (1997), à paraître.

[97 Ya] Yanchenko, A. Ya. – On the measure of algebraic independence of values of derivatives of a padic modular function. (Russian) Mat. Zametki 61 (1997), no. 3, 431–440; English translation in Math. Notes Acad. Sc. USSR, 61 (1997), no. 3, 352–358.

[97 Y] Yu, Jing – Analytic homomorphisms into Drinfeld modules. Ann. of Math. (2) 145 (1997), no. 2, 215–233.

[97 Zu] Zudilin, V.V. – On the measure of linear and algebraic independence for values of entire hypergeometric functions. (Russian) Mat. Zametki 61 (1997), no. 2, 302–304; English translation in Math. Notes Acad. Sc. USSR, 61 (1997), no. 2, 246–248.

1998

[98 An1] André, Yves – Quelques conjectures de transcendance issues de la géométrie algébrique. Manuscript. Institut de Math ématiques de Jussieu, Prépublication 121 (Mai 1997). Révisé en Jan vier 1998.

[98 An2] André, Yves – Séries Gevrey de type arithm étique. II: transcendance sans transcendance. Institut de Math ématiques de Jussieu, Prépublication (Octobre 1997).

[98 Br] Brownawell, W. Dale – Transcendence in positive characteristic. Number Theory (Tiruc hirapalli, India, 1996), 317–332, Contemp orary Math. 210 , Amer. Math. Soc., 1998.

[98 FN] Fel’dman, N.I.; Nesterenk o, Yuri V. – Number theory. IV. Transcendental Numbers. Encyclopaedia of Mathematical Sciences, 44. Springer-Verlag, Berlin, 1998. iii+345 pp. ISBN: 3-540-61467-2.

[98 Gr] Gramain, François – Transcendance et fonctions modulaires. Journ ées Arithmétiques 1997 (Limoges), à paraître.

[98 La] Lauren t, Michel – New metho ds in algebraic independence. Number Theory – Diophantine, Computational and Algebraic Aspects, K. Győry, A. Pethő and V.T. Sòs, eds., Pro c. Conf. Number Theory Eger 1996, de Gruyter, Berlin; to appear.

[98 LR1] Lauren t, Michel; Roy, Damien – Criteria of algebraic independence with multiplicities and interp olation determinan ts. Trans. Amer. Math. Soc., to appear.

[98 LR2] Lauren t, Michel; Roy, Damien – Sur l’approximation algébrique en degré de transcendance un. Submitted.

[98 Ne] Nesterenk o, Yuri V. – Algebraic independence of π and e^π . Summer School on Number Theory and its Applications, (Bilkent, Ankara 1996); Serguei Stepano v and C. Y. YıldırımEd., Marcel Dekker Inc.; to appear.

[98 NP] Nesterenk o, Yuri V.; Philipp on, Patrice – Intr oduction to algebraic independence theory. Pro c. Conf. CIRM (Lumin y 1997). To appear.

[98 P1] Philipp on, Patrice – Indépendance algébrique et K-fonctions. J. reine angew. Math.; à paraître.

[98 P2] Philipp on, Patrice – Approximations algébriques des points dans les espaces projectifs. Soumis. [98 P3] Philipp on, Patrice – Mesures d’approximation de valeurs de fonctions analytiques. Soumis. [98 Sar] Saradha, Natra jan – Measure of η/ω . Submitted. [98 W1] Waldschmidt, Michel – Transcendance et indépendance algébrique de valeurs de fonctions modulaires. CNTA5; Proceedings of the Fifth Conference of the Canadian Number Theory Association, (Otta wa 1996) éd.: Rajiv Gupta et Kenneth Williams, à paraître.

[98 W2] Waldschmidt, Michel – From simultaneous approximations to algebraic independence. Summer School on Number Theory and its Applications, (Bilkent, Ankara 1996); Serguei Stepano v and C. Y. YıldırımEd., Marcel Dekker Inc.; to appear (15 pp.).

[98 W3] Waldschmidt, Michel – Un demi-siècle de transcendance. Développement des mathématiques au cours de la seconde moitié du XXe siècle. Ouvrage collectif, Birkh¨auser Verlag, to appear.

Mic hel Waldsc hmidt

Univ ersit é P. et M. Curie (P aris VI)

Institut Math ématique de Jussieu

Probl èmes Diophan tiens, Case 247

4, Place Jussieu

F – 75252 PARIS CEDEX 05

e-mail: miw@math.jussieu.fr

internet: http://www.math.jussieu.fr/∼ miw

T yp eset on 21 F évrier 1998 at 14h 33.