Workshop on Sp ecial Functions and Differen tial Equations

Madras, IMSc, Jan uary 20, 1997

Extrap olation with interp olation determinan ts

by Michel WALDSCHMIDT

Abstract

Let f_1,...,f_L be analytic functions and ζ_1,...,ζ_L be points where the functions are defined. Sharp upper bounds are known for the absolute value of the determinan t of the L × L matrix � f_λ (ζ_μ ) � 1≤ λ,μ ≤ L . These estimates play an importan t role in transcenden tal number theory. We give a report on this topic and we announce a new application to integer valued entire functions on a set of products.

1. Historical surv ey

In his proof of the transcendence of the number e, Ch. Hermite [He 1873] constructed explicitly polynomials A_0,A_1,...,A_n in Q[z] such that the function A_0(z) + A_1(z)e^z + ···+ A_n (z)e^{nz} has a zero of high multiplicit y at the origin. This construction was then developed by Hermite’s studen t H. Padé, and the so-called Padé approximants now play an importan t role in the theory of Diophan tine approximation (see W. van Assche’s lectures in these proceedings) as well as in other parts of mathematics.

The need for explicit formulae in Hermite’s proof has been a long time an obstacle to further progress in transcenden tal number theory. In 1929, C.L. Siegel published his fundamen tal paper [Si 1929]; in the first part of it, he proves his well known result on integer points on algebraic curves (in particular there are only finitely many such points if the curve has positive genus). In the second part, he introduces E and G functions, and extends Hermite’s metho d to these functions. In the proofs of these results in both parts, the main tool, which is emphasized in the introduction of the paper [Si 1929], arises from Thue’s work [T 1908] on Diophan tine approximation: it is the so-called Dirichlet’s box principle , which is used to prove the following auxiliary result:

Lemma 1.1. (Thue–Siegel) – Let

y_1 = a_{11} x_1 + ···+ a_{1n} x_n . . y_m = a_{m 1}x_1 + ···+ a_{mn} x_n be m linear forms in n variables with rational integer coefficien ts. Assume n > m. If the absolute values of the mn coefficien ts a_{ij} are all bounded from above by a natural integer A, then the system of linear equations y_1 = 0, ..., y_m = 0 has a solution in rational integers x_1,...,x_n , not all of which are 0, but with absolute value less than

1 + (nA)^{m/ (n − m )}.

This device enabled Siegel to replace the explicit construction of Hermite by a much simpler argumen t. Given an analytic function f near the origin, if we want to ensure the existence of polynomials A_0,A_1,...,A_n in C[z], not all zero, where A_i has degree ≤ D_i, (0 ≤ i ≤ n), such that the function A_0(z)+ A_1(z)f (z)+ ···+ A_n (z)f (z)^n has a zero of multiplicit y ≥ m at the origin, it is sufficien t (by elementary linear algebra) to require D_0 + ···+ D_n + n ≥ m. Moreover, if the Taylor coefficien ts of f at the origin are all rational numbers, then A_0,A_1,...,A_n exist in Z[z]. Now from lemma 1.1 one deduces the existence of such polynomials together with an upper bound for the absolute values of their coefficien ts. For instance, if, say, D_0 + ···+ D_n + n ≥ 2m, then, roughly speaking, this upper bound is of the order of magnitude of a common denominator of the first m coefficien ts in the Taylor expansion of f .

Siegel’s construction of an auxiliary function has been quite influential in the theory of transcendental numbers. Before telling this story, we need first to speak on Pólya’s work on integer valued entire functions [Po 1915], which led to Gel’fond’s proof of the transcendence of e^π [Ge 1929].

In 1915, G. Pólya [Po 1915] proved that an entire function f in C which is not a polynomial and takes integer values (in Z) at the points 0,1,2,... satisfies

lim sup R→∞ √ R 2^R

|f |_R > 0,

where |f |_R stands for sup_{|z|= R} |f (z)|. Therefore

lim sup R→∞ 1 R log|f |_R ≥ log2.

The stronger estimate lim sup R→∞ 2^{− R} |f |_R > 0,

which was conjectured by Pólya, has been obtained by G.H. Hardy [Ha 1917]. Three years later, Pólya improved the estimate and reached the lower bound

lim sup R→∞ 2^{− R} |f |_R ≥ 1,

which shows that 2^z is the transcenden tal entire function of least growth order which maps N into Z. Further refinemen ts are due to a number of authors (including G. Pólya, D. Sato, E.G. Straus, A. Selberg, Ch. Pisot, F. Carlson, F. Gross,...).

Pólya’s proof involves the calculus of finite differences (discrete analog of differen tial equations): he writes f (z) as an interp olation series

a_0 + a_1z + a_2 z(z − 1) 2 + ···+ a_n � z n � + ···, where

�_z n � stands for the polynomial z(z − 1) ···(z − n + 1)/n!. Gel’fond’s generalization [Ge 1929] dealt with entire functions f which take integer values in Z[i] at the Gaussian integers: f (a + ib) ∈ Z[i] for any (a, b) ∈ Z^2. Such a function, he shows, either is a polynomial, or else grows at least like an exponential in R^2:

lim sup R→∞ 1 R^2 log|f |_R ≥ γ

where γ is a positive real number (an absolute constan t, around 10^{− 45} ). The example of Weierstraß sigma function (which is the canonical product, vanishing on Z[i]), shows that the constan t γ is not greater than π/2. The exact value for γ has been obtained more than half a century later, by F. Gramain [Gr 1981]: γ = π/(2e).

The connection with the transcendence of e^π arises through the function e^{π z} : if e^π were an algebraic number, then the function e^{π z} would take algebraic values (in the field Q(e^π )) at all points of Z[i].

Gel’fond’s proof of the transcendence of e^π = i^{− 2i} was the first step towards a complete solution of Hilbert’s seventh problem on the transcendence of α^β (for algebraic α and β with α ≠ 0, logα ≠ 0 and β ∉Q), by A.O. Gel’fond [Ge 1934] and Th. Schneider [Sc 1934]. Their proofs are differen t, but both involve the construction of an auxiliary function using lemma 1.1.

Until recently, most proofs of transcenden tal number theory (including Baker’s work on lower bounds for linear forms in logarithms of algebraic numbers — see [Ba 1966]) involved the construction of an auxiliary function by means of Dirichlet’s box principle. However, a few years ago, a new device has been introduced in the theory: interp olation determinants . Such determinan ts are related to exact Lagrangian interp olation formulae (see F. Calogero’s lectures at this workshop). Here, they occur in a slightly differen t context.

One of the first occurrences of such determinan ts in the theory of diophan tine approximation relates to the following problem of D.H. Lehmer [Le 1933]. For an algebraic number α, that is a root of an irreducible polynomial f (z) = a_0z^d + a_1z^{d− 1} + ···+ a_d in Z[z], define

M(α) = |a_0| d� i=1 max{1,|α_i|},

where α_1,...,α_d are the complex conjugates of α, namely the roots of f in C:

f (z) = a_0(z − α_1) ···(z − α_d).

It is easy to check (Kronecker) that M(α) = 1 if and only if α is either 0 or a root of unity. The smallest known value > 1 for M(α) is 1.17628..., which is the root of the polynomial

z^{10} + z^9 − z^7 − z^6 − z^5 − z^4 − z^3 + z + 1.

Lehmer [Le 1933] asked whether, for each ϵ > 0, there exists an algebraic number α which satisfies 1 < M(α) < 1 + ϵ. This question is still open. After the work of several mathematicians (including C.L. Siegel, A. Schinzel, H. Zassenhaus, C.J. Smyth, P.E. Blanksb y, H.L. Montgomery, D. Boyd,...), metho ds from transcenden tal number theory (involving the construction of an auxiliary function) have been introduced in this context by C.L. Stewart [St 1978] and developed by E. Dobrowolski [Do 1979] who proved, for α ≠ 0 of degree d which is not a root of unity,

M(α) > 1 + 1 1200 � loglogd logd

�_3 .

A new proof of this estimate has been produced by D.C. Cantor and E.G. Straus [CS 1982], who replace the auxiliary function by a tricky determinan t, which turns out to be an interp olation determinan t.

Later, M. Lauren t [Lau 1989] (see also [Pi 1993]) introduced interp olation determinan ts for proving the following transcendence result, due to S. Lang [La 1966], [La 1966]and K. Ramac handra [Ra 1968], [Ra 1969]:

Six exp onen tials theorem. – Let x_1,...,x_d be Q-linearly independent complex numbers and y_1,...,y_ℓ be also Q-linearly independent complex numbers. Assume dℓ > d + ℓ. Then one at least of the dℓ numbers e^{x i yj} , (1 ≤ i ≤ d, 1 ≤ j ≤ ℓ)

is transcenden tal.

The name six exponentials theorem comes from the fact that the relevant values for (d,ℓ) are (2,3) or (3,2). As explained in chapter 2 (p. 19–20) of [La 1966], this problem already occurs in the work of L. Alaoglu and P. Erdős [AE 1944] related to Raman ujan’s superior highly composite numbers [R 1915] (see also [W 1987] and [W 1992] for further information on this subject), and Siegel apparen tly knew it already in 1944.

Here is a sketch of proof of the following irrationalit y statemen t:

• Let x_1,...,x_d be Q-linearly independent real numbers and y_1,...,y_ℓ be also Q-linearly independent real numbers. Assume dℓ > d + ℓ. Then one at least of the dℓ numbers

e^{x i yj} , (1 ≤ i ≤ d, 1 ≤ j ≤ ℓ)

is irrational.

The idea of proof, using interp olation determinan ts, is as follows. Let N be a sufficien tly large positive integer. Define T = N^ℓ , S = N^d, L = N^{dℓ} . Consider the set of functions F = � e^{(t 1 x 1 + ···+ t d x d )z} ; (t_1,...,t_d) ∈ N^d, 0 ≤ t_i < T, (1 ≤ i ≤ d) �

and the set of points P = � s_1y_1 + ···+ s_ℓ y_ℓ ; (s_1,...,s_ℓ ) ∈ N^ℓ , 0 ≤ s_j < S, (1 ≤ j ≤ ℓ) � . Choose any ordering F = {f_1,f_2,...,f_L } and P = {ζ_1,ζ_2,...,ζ_L } for each of these two sets. Consider the determinan t Δ_L of the L × L matrix � f_λ (ζ_μ ) � 1≤ λ,μ ≤ L . The set F is a Chebyshev system (see W. van Assche’s lectures; see also Pólya’s result in lemma 2.1 of chapter 2 in [W 1992]). That means that this determinan t Δ_L does not vanish.

Assume now that the dℓ numbers e^{x i yj} , (1 ≤ i ≤ d, 1 ≤ j ≤ ℓ) are rational; let D ≥ 1 be a common denominator. Then D^{LT S} Δ_L ∈ Z, hence Δ_L ≥ D^{− LT S} . Now if we prove |Δ_L | < e^{− L 2} , we shall reach a contradiction (for L large enough), thanks to the hypothesis (1/d) + (1/ℓ) < 1.

Here is the desired upper bound for the absolute value of the interp olation determinan t.

Lemma 1.2. (M. Lauren t) – Let r and R be two real numbers with 0 < r ≤ R, f_1,...,f_L be functions of one complex variable, which are analytic in the disk |z| ≤ R of C, and let ζ_1,...,ζ_L belong to the disk |z| ≤ r. Then the determinan t

Δ = det � � � f_1(ζ_1) ... f_L (ζ_1) . . ... . . f_1(ζ_L ) ... f_L (ζ_L )

� � �

is bounded from above by

|Δ | ≤ � R r �_{− L(L− 1)/2} L! L� λ=1 |f_λ |_R .

The proof is an easy application of Schwarz lemma; see [Lau 1989], lemme 3, as well as [W 1992], chap. 2, lemma 2.2.

Such estimates are available in many other situations; in particular derivatives can be included, and functions of several variables can be considered. A rather general estimate, including further refinemen ts (e.g. in relation with Baker’s metho d) is given in [W 1997a], Prop osition 5.1.

The above sketch of proof has a wide range of applications. Here is a sample. M. Lauren t [Lau 1994] succeeded to refine existing bounds for linear forms in two logarithms.

In a later joint paper with M. Mignotte and Yu.V. Nesterenk o [LMN 1995], they produce a very sharp explicit lower bound for |α^{b1}_1 α^{b2}_2 − 1| for non zero algebraic numbers α_1,α_2 and rational integers b_1,b_2. This estimate is invaluable for several Diophan tine problems, and for instance has been used in a number of papers solving explicitly (families of) Diophan tine equations. A lower bound for the p-adic absolute value has also been achieved by M. Lauren t and Y. Bugeaud [BuLau 1995].

This metho d also works for estimating |α^{b1}_1 ···α^{bn}_n − 1| with n ≥ 2 [W 1992]; in the case n = 1 the metho d yields lower bounds for the height of algebraic numbers [MiW 1993], [Ma 1996a], [Ma 1996b], [V 1996], [BuMiNo 1995], [Am 1996], [Am 1997], [Bu 1997].

An other type of application arises in the work of P. Corvaja [Co 1992] related to the Thue- Siegel-Roth theorem on Diophan tine approximation.

A new proof of Pólya’s above mentioned result on integer valued entire functions has been obtained in [W 1993] by means of interp olation determinan ts; in this paper a metho d is derived in order to extrap olate with such determinan ts (see next section). Recently, interp olation determinants have been used by P. Philipp on [Ph 1997] who proves very general results of transcendence and algebraic independence for values of entire functions of one variable, including most of known results as well as new ones.

Another kind of Diophan tine approximation estimate for values of functions of several variables related to algebraic groups is given in [W 1997a]. The “dualit y” between Gel’fond’s metho d and Schneider’s one for the solution of Hilbert’s seventh problem now reduces to a transp osition of the interp olation matrix, using the identity � d dz �_σ � z^τ e^{tz} � z= s = � d dz �_τ � z^σ e^{sz} � z= t .

The main result of [W 1997a] contains a theorem of Wüstholz which has been used by F. Beukers and J. Wolfart [BW 1988] in order to prove transcendence results for the values of hypergeometric functions; therefore the statemen ts of [BW 1988] can now be proved by means of interp olation determinan ts. By the way, these attempts by Beukers and Wolfart to prove general transcendence results related to hypergeometric functions led them to discover new algebraic values, like

2F_1 � 1/12,5/12,1/2; 1323/1331 � = 3 4 4√ 11.

2. P´olya’s theorem with interp olation determinan ts

In this section we give a sketch of proof for the following weak form of Pólya’s theorem: • If an entire function f satisfies f (N) ⊂ Z and

lim sup R→∞ 1 R log|f |_R = 0,

then f ∈ Q[z].

Let T be a sufficien tly large positive integer and T_0 a positive integer which is sufficien tly large compared with T. Set L = T_0T, and consider the following set {f_1,...,f_L } of entire functions � z τ � f^t (z), (0 ≤ τ < T_0, 0 ≤ t < T).

Introduce the matrix M = � f_λ (n) � 1≤ λ ≤ L n ≥ 0

with L rows and infinitely many columns. Our goal is to prove that the rank of M is < L. From this fact we shall deduce that there exist rational integers a_1,...,a_L , not all of which are zero, such that the entire function F = a_1f_1 + ···+ a_L f_L vanishes on N. Our hypothesis on |f |_R , together with Schwarz lemma, yields F = 0. This means that f_1,...,f_L are linearly dependent over Q, i. e. that f is an algebraic function, and since f is entire, it easily follows that f is a polynomial.

We first check that the rank of the square matrix constructed with the first L columns of M is < L. Indeed, the determinan t Δ of this matrix, namely

Δ = det � f_λ (n) � 1≤ λ ≤ L 0≤ n<L , is a rational integer; now lemma 1.2 together with our hypothesis on |f |_R easily imply |Δ | < 1; therefore Δ = 0.

Now we want to extrap olate, in order to prove by induction that for any M ≥ L, the rank of the L × M matrix � f_λ (n) � 1≤ λ ≤ L 0≤ n<M

is < L. The key step is again a Schwarz lemma. We denote by S_L the group of permutations of {1,...,L} (symmetric group of order L!).

Lemma 2.1. – Let F = (f_1,...,f_L ) be an analytic mapping from C to C^L . Let ζ_0,...,ζ_N be pairwise distinct complex numbers, 0 = n_0 ≤ n_1 < n_2 < ···< n_L = N non-negativ e integers and r_1,...,r_L , E_1,...,E_L positive real numbers with

E_μ > 1 and r_μ ≥ max_{0≤ i≤ n μ} |ζ_i| for 1 ≤ μ ≤ L;

define R_μ = 2E_μ r_μ , (1 ≤ μ ≤ L). Assume, for 0 ≤ ν < L and n_ν ≤ n < n_{ν+1} , that the L × (ν + 1) matrix: � F (ζ_{n 1} ),...,F (ζ_{n ν} ),F (ζ_n ) �

has rank ≤ ν. Then � �det � f_λ (ζ_{n μ} ) � 1≤ λ,μ ≤ L � �≤ L!

�_L � μ=1 E^{− n μ}_μ � max τ∈ S L L� λ=1 |f_λ |_{R τ ( λ )} .

3. On integer valued functions on sets of pro ducts of complex num bers

Let X and Y be two infinite subsets of C and f an entire function such that f (xy) ∈ Z for any x ∈ X and y ∈ Y. Assuming some growth condition on f , we deduce that f must be a polynomial.

We denote by D(0,R) the disc {z ∈ C ; |z| ≤ R}. The following result is proved in [W 1997b].

Theorem 3.1. Let α, β, ϱ, c_1, c_2 be positive real numbers satisfying 1 α + 1 β ≤ 1 ϱ . There exists a constan t η > 0 with the following property. Assume X and Y are subsets of C such that Card � X ∩ D(0,R) � ≥ c_1R^α and Card � Y ∩ D(0,R) � ≥ c_2R^β

for any sufficien tly large R. Further, let f be an entire function such that f (xy) ∈ Z for any (x, y) ∈ X × Y. Furthermore, assume

(1.2) log|f |_R ≤ ηR^ϱ

for any sufficien tly large R. Then f is a polynomial.

Example. Let x_1,...,x_d be Q-linearly independent real numbers, and y_1,...,y_ℓ be also Q-linearly independent real numbers. We deduce from Theorem 3.1 that for dℓ > d + ℓ, one at least of the dℓ numbers e^{x i yj} , (1 ≤ i ≤ d, 1 ≤ j ≤ ℓ) is not in Z (compare with the six exponentials theorem).

The proof of this corollary runs as follows: assume that the dℓ numbers e^{x i yj} are all rational integers. Choose f (z) = e^z and

X = {t_1x_1 + ···+ t_dx_d ; (t_1,...,t_d) ∈ N^d} and Y = {s_1y_1 + ···+ s_ℓ y_ℓ ; (s_1,...,s_ℓ ) ∈ N^ℓ },

where N stands for the set of non-negativ e rational integers. We apply theorem 3.1 with α = d, β = ℓ, c_1 = (|x_1| + ···+ |x_d|)^{− 1}, c_2 = (|y_1| + ···+ |y_ℓ |)^{− 1}, and any ϱ> 1.

The main tool in the proof of theorem 3.1 is lemma 2.1.

Concluding remarks

A large number of related problems have been studied and would deserve more atten tion. In the study of integer valued entire functions, derivatives can be considered. For instance the study of arithmetic values of solutions of differen tial equations is a wide and fruitful subject. Also special values of functions satisfying certain functional equations have been extensiv ely studied. The existence of p-adic analogues as well as of q-analogues (work by Bundschuh, Gramain, Bézivin,...) is worth to be quoted. Another active area nowadays involves fields of finite characteristic, with Carlitz functions and Drindfeld modules.

Some variants of theorem 3.1 are available; for instance products xy may be replaced by sums x + y, but in this case exponential sums come into the picture, as shown by the example N� n =1

a_n e^{nz} with X = Y = log(N_{> 0}).

Finally, again in connection with theorem 3.1, it would be interesting to answer the following question and solve the corresp onding functional equation:

? Which entire functions f : C → C satisfy the following property: there exist two positive integers δ and λ such that the image of C^δ × C^λ into C^{δλ} under the mapping

(z_1,...,z_δ ; w_1,...,w_λ ) −→ � f (z_h w_k ) � 1≤ h≤ δ, 1≤ k≤ λ

is not Zariski-dense?

References

[AE 1944] L. Alaoglu and P. Erdős. – On highly composite and similar numbers; Trans. Amer. Math. Soc., 56 (1944), 448–469.

[Am 1996] F. Amoroso. – Algebraic numbers close to 1 and variants of Mahler’s measure; J. Number Theory 60 (1996), 80–96.

[Am 1997] F. Amoroso. – Algebraic numbers close to 1: results and metho ds; in: Pro c. Conf. Trichy 1996, Contemp orary Math., Amer. Math. Soc., to appear.

[Ba 1966] A. Baker. – Linear forms in the logarithms of algebraic numbers; (I), Mathematica, 13 (1966), 204–216; (II), id., 14 (1967), 102–107; (III), id., 14 (1967), 220–228; (IV), id., 15 (1968), 204–216.

[BW 1988] F. Beukers and J. Wolfart. – Algebraic values of hypergeometric functions; in: New Advances in Transcendence Theory, (ed. A. Baker), Pro c. Conf. Durham 1986, Cambridge Univ. Press (1988), chap. 5, 68–81.

[Bu 1997] Y. Bugeaud. – Algebraic numbers close to 1 in non-Archimedean metrics; 9 pp. (submitted).

[BuLau 1995] Y. Bugeaud et M. Lauren t. – Minoration effective de la distance p-adique entre puissances de nombres algébriques; J. Number Theory, 61 (1996), 311-342

[BuMiNo 1995] Y. Bugeaud, M. Mignotte et F. Normandin. – Nombres algébriques de petite mesure et formes linéaires en un logarithme; C. R. Acad. Sci. Paris, Sér. I 321 (1995), 517–522.

[CS 1982] D.C. Cantor and E.G. Straus. – On a conjecture of D.H. Lehmer; Acta Arith., 42 (1982), 97–100.

[Co 1992] P. Corvaja. – Le théorème de Roth par un déterminan t d’interp olation; C. R. Acad. Sci. Paris, Sér. I 315 (1992), 517–521.

[Do 1979] E. Dobrowolski. – On a question of Lehmer and the number of irreducible factors of a polynomial; Acta Arith., 34 (1979), 391–401.

[Du 1995] A. Dubickas. – On algebraic numbers of small measure; Liet. Mat. Rink. 35 (1995), 421–431.

[Ge 1929] A.O. Gel’fond. – Sur les propri étés arithm étiques des fonctions entières; Tohoku Math. J. 30 (1929), 280–285.

[Ge 1934] A.O. Gel’fond. – On Hilbert’s seventh problem; Dokl. Akad. Nauk SSSR, 2 (1934), 1–3 (in Russian) and 4–6 (in French); Sur le septième problème de Hilbert; Izv. Akad. Nauk SSSR, 7 (1934), 623–630.

[Gr 1981] F. Gramain. – Sur le théorème de Fukasawa–Gel’fond; Invent. Math. 63 (1981), 495–506.

[Ha 1917] G.H. Hardy. – On a theorem of Mr. G. Pólya; Pro c. Cambridge Phil. Soc., 19 (1917), 60–63; Collected papers of G.H. Hardy, Oxford 1969, vol. IV, 605–609.

[He 1873] C. Hermite. – Sur la fonction exponentielle; C. R. Acad. Sci. Paris, 77 (1873), 18– 24; 74–79; 226–233; 285–293; Oeuvres III, 150–181. See also Oeuvres III, 127–130, 146–149, and Correspondance Hermite-Stieltjes , II, lettre 363, 291–295.

[La 1966] S. Lang.– Nombres transcendan ts; Sém. Bourbaki 18ème année (1965/66), N^∘ 305, 8 pp.; nouvelle édition, Maison de la SMF, 1996.

[La 1966] S. Lang. – Intr oduction to Transcendental Numbers; Addison-W esley, 1966.

[Lau 1989] M. Lauren t. – Sur quelques résultats récents de transcendance; Journ ées arithm étiques Luminy 1989, Astérisque, 198–200 (1991), 209–230.

[Lau 1994] M. Lauren t. – Linear forms in two logarithms and interp olation determinan ts; Appendix of [W 1992] and Acta Arith., 66 (1994), 181–199.

[LMN 1995] M. Lauren t, M. Mignotte et Yu.V. Nesterenk o. – Formes linéaires en deux logarithmes et déterminan ts d’interp olation; J. Number Theory, 55 (1995), 285–321.

[Le 1933] D.H. Lehmer. – Factorization of certain cyclotomic functions; Ann. of Math. 34 (1933), 461–479.

[Ma 1996a] E.M. Matveev. – A relationship between the Mahler measure and the discriminan t of algebraic numbers; (in russian) Mat. Zametki, 59 N^∘ 3 (1996), 415–420; engl. transl.: Math. Notes, 59 (1996), 293–297.

[Ma 1996b] E.M. Matveev. – On algebraic numbers of small logarithmic height; (in russian) Mat. Zapetki, 2 Diophantine Problems (1996), 90–98.

[MiW 1993] M. Mignotte and M. Waldschmidt. – On algebraic numbers of small height: linear forms in one logarithm; J. Number Theory, 47 (1994), 43–62.

[Ph 1997] P. Philipp on. – Une appro che méthodique pour la transcendance et l’indépendance algébrique de valeurs de fonctions analytiques; J. Number Theory, to appear.

[Pi 1993] J. Pila. – Geometric and arithmetic postulation of the exponential function; J. Austral. Math. Soc., 54 (1993), 111–127.

[Po 1915] G. Pólya. – Über ganzwertige ganze Funktionen; Rend. Circ. Math. Palermo, 40 (1915), 1–16; Collected papers (ed. R.P. Boas), vol. I, Singularities of analytic functions, M.I.T. Press (1974), 1–16.

[Ra 1968] K. Ramac handra. – Contributions to the theory of transcenden tal numbers; Acta Arith., 14 (1968), 65–88.

[Ra 1969] K. Ramac handra. – Lectures on Transcendental Numbers; The Raman ujan Institute, Vol. I, Univ. of Madras, 1969.

[R 1915] S. Raman ujan. – Highly composite numbers; Pro c. London Math. Soc., 2 14 (1915), 347– 409; collected papers of Srinivasa Raman ujan (ed. G.H. Hardy, P.V. Seshu Aiyar and B.M. Wilson), Chelsea 1927, 78–128.

[Sc 1934] Th. Schneider. – Transzendenzun tersuc hungen periodischer Funktionen; J. reine angew. Math., 172 (1934), 65–74.

[Si 1929] C.L. Siegel. – Über einige Anwendungen diophan tischer Approximationen; Abh. Preuss. Akad. Wiss., Phys.-Math., 1 (1929), 1–70; Gesam. Abh. I, Springer Verlag 1966, 209–266.

[St 1978] C.L. Stewart. – Algebraic integers whose conjugates lie near the unit circle; Bull. Soc. Math. France, 106 (1978), 169–176.

[T 1908] A. Thue. – Om en generel i store hele tal uløsbar ligning; Kra. Vidensk. Selsk. Skrifter. I. Mat. Nat. Kl., (1908) N^∘ 7; Über Annäherungsw erte algebraisc her Zahlen; J. reine angew. Math., 135 (1909), 284–305; Selected mathematical papers of Axel Thue, Universitetsforlaget 1977, N^∘ 11, 219–231 and 232–253.

[V 1996] P. Voutier. – An effective lower bound for the height of algebraic numbers; Acta Arith., 74 (1996), 81–95.

[W 1987] M. Waldschmidt. – Some transcenden tal aspects of Raman ujan’s work ; Pro c. Raman ujan Centennial Intern. Conf. Annamalainagar, Raman ujan Math. Soc., 1 (1988), 67-76.

[W 1992]M. Waldschmidt. – Linear Independence of Logarithms of Algebraic Numbers; IMSc Report No 116 (1992), The Institute of Mathematical Sciences, Madras, 158 pp.

[W 1993] M. Waldschmidt. – Extrap olation et alternan ts; Group e d’études sur les problèmes diophantiens 1992–1993, Publ. Math. Univ. P. et M. Curie, 108 (1994), N^∘ 11, 15 pp.

[W 1997a] M. Waldschmidt. – Approximation diophan tienne dans les groupes algébriques commutatifs — (I) : Une version effective du théorème du sous-group e algébrique ; 44 pp. (submitted); Institut de Math ématiques de Jussieu, Prépublication 82 (Septem bre 1996).

[W 1997b] M. Waldschmidt. – Integer valued functions on products; Journal of the Raman ujan Mathematical Society, to appear.

Mic hel Waldsc hmidt Univ ersit é P. et M. Curie (P aris VI) Institut Math ématique de Jussieu Probl èmes Diophan tiens, Case 247 4, Place Jussieu F – 75252 PARIS CEDEX 05 e-mail: miw@math.jussieu.fr internet: http://www.math.jussieu.fr/∼ miw