Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï

ŞĎŁ 511.364

Ő ŕàĺąńĺęěŋĺĺ ăńčěąàăĺçěáłĺňĺ çĺáńăňĺ ğŋăçěŋĺľ íłáŕőŋěŋæĺăńìŋőľ äãŋłæĺĺ ĺ ńőčăàĺäňă

Ň. Ćăńìďèňĺďâ, đ.Ć. Ŋěáâěàěŋłő

Ś ŕőňőéìî ňěâőďă ĺŋâěàŕőńïæĺőŋŋëå ďěâěàňĺŋăŋâőć ďőłăğëćăÄ ěâáï őąéăï âěőàěňă ő áőćňěáâŋëå ŕàĺąńĺęěŋĺïå çĺáěń θ ∈ C ĺ eθ, θ ≠ 0, ăńčěąàăĺçěáłĺňĺ çĺáńăňĺ. Ć çăáâŋőáâĺ, ŕőńãçăîâáï őæěŋłĺ ňěàë ăŕŕàőłáĺňăæĺĺ ğŋăçěŋĺľ ńőčăàĺäňă ĺ íłáŕőŋěŋæĺăńìŋőľ äãŋłÄ æĺĺ ć ăńčěąàăĺçěáłĺå âőçłăå. Ĺáŕőńìğãěňëľ ňěâőď ŕőğćőńïěâ ŕőńãÄ çĺâì áàăćŋĺâěńìŋő ŋěąőńìèĺě łőŋáâăŋâë ć őæěŋłăå.

Ąĺąńĺőčàăäĺï: 22 ŋăğćăŋĺï.

x1. Ććěďěŋĺě

Ć áőőâćěâáâćĺĺ á âěőàěňőľ Ńĺŋďěňăŋă ďńï ńîąőčő ŋěŋãńěćőčő çĺáńă θ őąă çĺáńă θ ĺ e^θ ŋě ňőčãâ ąëâì ăńčěąàăĺçěáłĺňĺ, â.ě. ďńï ńîąëå ăńÄ čěąàăĺçěáłĺå çĺáěń α ĺ β ćëàăęěŋĺě |e^θ − α| + |θ − β| őâńĺçŋő őâ ŋãńï. Śłőńì ňăńěŋìłĺň ňőęěâ ąëâì íâő ćëàăęěŋĺě? Őâćěâ, őçěćĺďŋő, ďőńęěŋ ğăćĺáěâì őâ áńěďãîéĺå âàěå ŕăàăňěâàőć: ćëáőâ h(α), h(β) ăńčěąàăĺçěáÄ łĺå çĺáěń ĺ áâěŕěŋĺ çĺáńőćőčő ŕőńï K = Q(α, β). Ňë őąőğŋăçăěň áĺňćőÄ ńőň h(α) ăąáőńîâŋãî ńőčăàĺäňĺçěáłãî ćëáőâã Ćěľńï çĺáńă α: ěáńĺ P (x) = a_0x^d + · · · + a_d ∈ Z[x] ěáâì ňĺŋĺňăńìŋëľ ňŋőčőçńěŋ α ĺ łőňŕÄ ńěłáŋëě çĺáńă α_1, . . . , α_d | ěčő łőàŋĺ, â.ě.

a_0x^d + · · · + a_d = a_0(x − α_1) · · · (x − α_d),

âő ăąáőńîâŋăï ńőčăàĺäňĺçěáłăï ćëáőâă Ćěľńï h(α) çĺáńă α őŕàěďěńïÄ ěâáï àăćěŋáâćőň h(α) = 1 d ( log |a_0| + d∑ i=1 log max{1, |α_i|} ) . Řăąőâă ćâőàőčő ăćâőàă ćëŕőńŋěŋă ŕàĺ äĺŋăŋáőćőľ ŕőďďěàęłě ŇěęďãŋăàőďŋőÄ čő ŋăãçŋőčő äőŋďă, čàăŋâ MHS000. © Ň. Ćăńìďèňĺďâ, đ. Ć. Ŋěáâěàěŋłő 1996

24 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Ćěńĺçĺŋă

L(α) = L(P ) = d∑ i=0 |a_i| ŋăğëćăěâáï ďńĺŋőľ çĺáńă α ĺ ďńĺŋőľ ňŋőčőçńěŋă P . Ăŋăńőčĺçŋő őŕàěÄ ďěńïěâáï ďńĺŋă ŕàőĺğćőńìŋőčő ňŋőčőçńěŋă, ğăćĺáïéěčő, ćőőąéě čőćőàï, őâ ňŋőčĺå ŕěàěňěŋŋëå. Ňőęŋő ďőłăğăâì, çâő

h(α) 6 d^{−1} · log L(α)

(áň. [10, ńěňňă 8.2]).

Ć áńěďãîéěľ âěőàěňě ãďőąŋěě ĺňěâì ŕăàăňěâà E, łőâőàëľ ąãďěâ ćëÄ ąĺàăâìáï ć łăęďőň őâďěńìŋőň áńãçăě.

Šěőàěňă 1 (őáŋőćŋăï âěőàěňă). Ŕãáâì θ ∈ C , θ ≠ 0, ĺ α, β | ăńčěąÄ àăĺçěáłĺě çĺáńă; őąőğŋăçĺň K = Q(α, β) ĺ D = [K : Q]. Ŕãáâì A, B ĺ E | ŕőńőęĺâěńìŋëě ďěľáâćĺâěńìŋëě çĺáńă, E ¿ e, ãďőćńěâćőÄ àïîéĺě ŋěàăćěŋáâćăň

log A ¿ max ( h(α), D^{−1} ) , log B ¿ h(β). Šőčďă |e^θ − α| + |θ − β| ¿ exp ( −211D ( log B + log log A + 4 log D

+ 2 log(E|θ|_+) + 10 ) · ( D log A + 2E|θ| + 6 log E ) × ( 3.3D log(D + 2) + log E ) · (log E)^{−2} ) , čďě |θ|_+ = max(1, |θ|).

Ĺğ ŋěàăćěŋáâćă őáŋőćŋőľ âěőàěňë ňë ćëćěďěň őæěŋłĺ ňěàë âàăŋáæěŋÄ ďěŋâŋőáâĺ ŋěłőâőàëå çĺáěń: π, log 2, e ĺ ąőńěě őąéő log α ĺ e^β (ďńï ăńÄ čěąàăĺçěáłĺå çĺáěń α ĺ β, α ≠ 1, β ≠ 0). Ňěàă âàăŋáæěŋďěŋâŋőáâĺ łőňŕÄ ńěłáŋőčő çĺáńă θ ěáâì äãŋłæĺï ďćãå ŕěàěňěŋŋëå L ĺ d àăćŋăï ŋĺęŋěľ čàăŋĺ ňŋőęěáâćă ćěńĺçĺŋ |P (θ)|, čďě P ∈ Z[x] | ŋěŋãńěćëě ňŋőčőçńěŋë áâěŕěŋĺ ŋě ćëèě d ĺ ďńĺŋë ŋě ąőńìèě L. Ďńï ćëćőďă őæěŋőł ňěàë âàăŋáÄ æěŋďěŋâŋőáâĺ ŋăň ŋěőąåőďĺňő áńěďãîéěě ãâćěàęďěŋĺě, áćïğëćăîéěě ňěÄ àã âàăŋáæěŋďěŋâŋőáâĺ çĺáńă ĺ ňěàã ěčő ŕàĺąńĺęěŋĺï ăńčěąàăĺçěáłĺňĺ çĺáńăňĺ.

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 25

Ńěňňă 1. Ŕãáâì θ ∈ C . Ŕàěďŕőńőęĺň, çâő ďńï ńîąőčő ăńčěąàăÄ ĺçěáłőčő çĺáńă ξ ćëŕőńŋïěâáï ŋěàăćěŋáâćő |θ − ξ| ¿ e^{−dφ(d,L)}, čďě φ(x, y) | ŋěãąëćăîéăï äãŋłæĺï łăęďőčő ĺğ áćőĺå ăàčãňěŋâőć d = deg ξ ĺ L = L(ξ). Šőčďă ďńï ńîąőčő ŋěŋãńěćőčő ŕőńĺŋőňă P ∈ Z[x] ĺňěěâ ňěáâő őæěŋłă |P (θ)| ¿ e^{−Nφ(N,2N M)} · ( 4M √ N )_{−N} , čďě N = deg P ĺ M = L(P ).

Ďőłăğăâěńìáâćő. Śň., ŋăŕàĺňěà, [10, ńěňňă 3.7].

Šěőàěňă 2. 1) Ŕãáâì ξ | ďěľáâćĺâěńìŋőě ăńčěąàăĺçěáłőě çĺáńő,

d = deg ξ, L(ξ) 6 L, L ¿ 3. Šőčďă |π − ξ| ¿ exp { −1.25 · 10^6d · (log L + d log d) · (1 + log d) } . 2) Ěáńĺ P ∈ Z[x], P ≠ 0, deg P 6 d, L(P ) 6 L ĺ L ¿ 3, âő | |P (π) | | ¿ exp^{−2.1 · 10^6d · (log L + d log d) · (1 + log d)^}.

Ďńï ďőłăğăâěńìáâćă ŕěàćőčő ãâćěàęďěŋĺï ćëąěàěň θ = πi, α = −1, β = iξ, E = e^2, log A = D^{−1}, log B = h(ξ) = h(β) ĺ ğăňěâĺň, çâő D 6 2d. Šăł łăł

6.6d log(2d + 2) + log E < 11.2d(1 + log d), d ( h(ξ) + 3 log(2d) + 2 log π + 14

) 6 17.73(log L + d log d),

1 + 2E|θ| + 6 log E 6 59.5,

ňë ŕőńãçăěň ŕěàćőě ãâćěàęďěŋĺě.

Ćâőàőě ãâćěàęďěŋĺě áńěďãěâ ĺğ ŕěàćőčő á ŕőňőéìî ńěňňë 1. Šăłĺň ęě áŕőáőąőň ďőłăğëćăěâáï ĺ Šěőàěňă 3. 1) Ŕãáâì ξ | ďěľáâćĺâěńìŋőě ăńčěąàăĺçěáłőě çĺáńő á d = deg ξ, L(ξ) 6 L ĺ L ¿ 3. Šőčďă

| log 2 − ξ| ¿ exp { −1.5 · 10^5 · d^2 · (log L + d log d) · (1 + log d)^{−1} } . 2) Ěáńĺ P ∈ Z[x], P ≠ 0, deg P 6 d, L(P ) 6 L, ĺ L ¿ 3, âő | |P (log 2) | | ¿ exp^{−2.5 · 10^5d^2 · (log L + d log d) · (1 + log d)^{−1}}.

26 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Ďńï ďőłăğăâěńìáâćă ŕěàćőčő ãâćěàęďěŋĺï ćëąěàěň θ = log 2, α = 2, β = ξ, E = eD, A = e, log B = h(β). Ć íâőň áńãçăě D = d. Ĺňěěň ŋěàăćěŋáâćă d ( h(ξ) + 6 log d + 12

) 6 13.5(log L + d log d),

3.3d log(d + 2) + log(ed) < 4.63d(1 + log d), d + 2E|θ| + 6 log E 6 10.8d.

Ĺğ ŋĺå áńěďãěâ áŕàăćěďńĺćőáâì ŕěàćőčő ŋěàăćěŋáâćă âěőàěňë 3. Ćâőàőě ŋěàăćěŋáâćő ćëćőďĺâáï ĺğ ŕěàćőčő á ŕőňőéìî ńěňňë 1.

Šěőàěňă 4. 1) Ŕãáâì ξ | ďěľáâćĺâěńìŋőě ăńčěąàăĺçěáłőě çĺáńő á d = deg ξ, L(ξ) 6 L, L ¿ 3. Šőčďă |e − ξ| ¿ exp { −76000 · d^2 · (log L + d) } . 2) Ěáńĺ P ∈ Z[x], P ≠ 0, deg P 6 d, L(P ) 6 L ĺ L ¿ 3, âő | |P (e) | | ¿ exp^{−1.3 · 10^5 · d^2 · (log L + d)^}.

Ďńï ďőłăğăâěńìáâćă íâőľ âěőàěňë ŕőńőęĺň θ = 1, α = ξ, β = 1, log A = 1 + d^{−1} log L, B = 1, E = ed log A, D = d. Šàěąãěňëě őæěŋłĺ áńěďãîâ ĺğ ŋěàăćěŋáâć

3 log log A + 6 log d + 12 6 9(1 + log D + log log A) = 9 log E, 3.3d log(d + 2) + log E 6^{10}_3 d log E, d log A + 2E|θ| + 6 log E 6 12(d + log L).

Ŕőńăčăï θ = β ĺńĺ θ = log α ŕàĺ łăłőň-ńĺąő őŕàěďěńěŋĺĺ ńőčăàĺäňă α ňë áňőęěň ďőłăğăâì ŋĺęŋĺě őæěŋłĺ ďńï |e^β − α| ĺ | log α − β|.

Šěőàěňă 5. Ŕãáâì α ĺ β | ăńčěąàăĺçěáłĺě çĺáńă, K = Q(α, β) ĺ

D = [K : Q]. Ŕãáâì âăłęě A ĺ E | ŕőńőęĺâěńìŋëě ďěľáâćĺâěńìÄ ŋëě çĺáńă, ãďőćńěâćőàïîéĺě ŋěàăćěŋáâćăň E ¿ e ĺ

log A ¿ max ( h(α), D^{−1} log E, D^{−1}|β|E ) . 1) Ěáńĺ β ≠ 0, âő |e^β − α| ¿ exp ( −105500 · D^2 log A · ( h(β) + log_+ log A + log D + log E ) × ( D log D + log E ) · (log E)^{−2} ) , čďě log_+ x = log max(1, x).

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 27

2) Ěáńĺ α ≠ 0, ĺ ěáńĺ log α | ńîąăï ŋěŋãńěćăï ćěâćì ńőčăàĺäňă α, âő |β − log α| ¿ exp^(−105500 · D^2 log A ·^(h(β) + log_+ log A + log D + log E^) × ( D log D + log E ) · (log E)^{−2} ) . Ďőłăğăâěńìáâćő. 1) Ďńï ďőłăğăâěńìáâćă ŕěàćőčő ãâćěàęďěŋĺï ŕőÄ ńőęĺň θ = β, log B = h(β) ĺ ćőáŕőńìğãěňáï ŋěàăćěŋáâćăňĺ

h(β) + log log A + 4 log D + 2 log(E|β|_+) + 10 6 12 ( h(β) + log_+ log A + log D + log E ) , D log A + 2E|β| + 6 log E 6 9D log A ĺ 9 · 12 ( 3.3D log(D + 2) + log E

) 6 500(D log D + log E).

2) Ďőłăğăâěńìáâćő ćâőàőčő ãâćěàęďěŋĺï ăŋăńőčĺçŋő: ŋãęŋő ćëąàăâì θ = log α ĺ ćőáŕőńìğőćăâìáï ŋěàăćěŋáâćőň |θ| 6 |β| + |β − θ|.

Šěőàěňă 6. 1) Ŕãáâì β | ăńčěąàăĺçěáłőě çĺáńő, β ≠ 0. Šőčďă áãéěáâćãěâ ŕőáâőïŋŋăï γ_1, ğăćĺáïéăï âőńìłő őâ β, âăłăï, çâő ěáńĺ P ∈ Z[x], P ≢ 0, deg P 6 d, L(P ) 6 L, âő | |P (e^β) | | ¿ exp^{−γ1d^2 · (log L + d)^}.

2) Ŕãáâì α | ăńčěąàăĺçěáłőě çĺáńő, α ≠ 0, 1. Šőčďă áãéěáâćãÄ ěâ ŕőáâőïŋŋăï γ_2 > 0,ğăćĺáïéăï âőńìłő őâ α ĺ ćëąàăŋŋőľ ćěâćĺ ńőčăàĺäňă α âăłăï, çâő ďńï ńîąőčő ňŋőčőçńěŋă P ∈ Z[x], P ≢ 0, deg P 6 d, L(P ) 6 L, ćëŕőńŋïěâáï ŋěàăćěŋáâćő | |P (log α)| ¿ exp{−γ_2d^2 · (log L + d log d) · (1 + log d)^{−1}}.

Šěőàěňă 6 áńěďãěâ ĺğ âěőàěňë 5 á ŕőňőéìî ńěňňë 1. Ć őąőĺå áńãçăïå ňőęŋő ćğïâì log A = 1 + d^{−1}_α log L(α), log B = h(β), E = cD log A, čďě d_α = deg α, D = deg Q(α, β), c = min(e, |β|^{−1}). Ğăňěâĺň, çâő ć ďőłăğăÄ âěńìáâćě ćâőàőčő ãâćěàęďěŋĺï ĺáŕőńìğãěâáï âőâ äăłâ, çâő ćěńĺçĺŋă |β| őčàăŋĺçěŋă ŋěłőâőàőľ ŕőáâőïŋŋőľ, ğăćĺáïéěľ âőńìłő őâ log α.

Ĺňěěâáï ňŋőęěáâćő àěğãńìâăâőć, ŕőďőąŋëå ŋăèĺň âěőàěňăň 2{6. ŔěàÄ ćăï őæěŋłă ňěàë âàăŋáæěŋďěŋâŋőáâĺ çĺáńă e ąëńă ŕőńãçěŋă ć 1899č. ĄőÄ àěńěň [14]. Řăŋŋĺě àěğãńìâăâë ć íâőň ŋăŕàăćńěŋĺĺ, ćłńîçăï àăąőâë Ŕőŕłěŋă (1929) ĺ Ňăńěàă (1932), őŕĺáăŋë ć őąğőàě [12]. Őâňěâĺň ğďěáì

28 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

âőńìłő, çâő ąěğ âőçŋőčő ćëçĺáńěŋĺï ŕőáâőïŋŋëå ć őæěŋłăå âěőàěňă 2 ćŕěàÄ ćëě ąëńă ďőłăğăŋă Ŋ.Ĺ. Ťěńìďňăŋőň [3], [4], ă âěőàěňă 6 ć 1974č. ŰăľÄ áőćëň [15]. Ŋăĺńãçèĺě ć ŋăáâőïéěě ćàěňï őæěŋłĺ ňěàë ăŕŕàőłáĺňăæĺĺ ĺ ňěàë âàăŋáæěŋďěŋâŋőáâĺ çĺáńă π ŕàĺŋăďńěęăâ Ŋ.Ĺ. Ťěńìďňăŋã [11]. Őŋĺ ĺňěîâ ŕàĺ ďőáâăâőçŋő ąőńìèĺå d âăłőľ ęě ćĺď, łăł ĺ őæěŋłĺ âěőàěÄ ňë 2, ŋő á łőŋáâăŋâăňĺ 388.99 ĺ 389 ćňěáâő 1.25 · 10^6 ĺ 2.1 · 10^6 áőőâćěâÄ áâćěŋŋő. Őáŋőćŋăï âěőàěňă àăąőâë [16] ãáâăŋăćńĺćăěâ ŋĺęŋîî őæěŋłã ďńï |e^β − α|; âăň ãâćěàęďăěâáï, çâő ńĺąő ĺňěěâ ňěáâő őæěŋłă ŋăèěľ âěőÄ àěňë 5 c łőŋáâăŋâőľ 105500, ğăňěŋěŋŋőľ ŋă 10^{11}, ĺńĺ

|e^β − α| ¿ e^{−1011dDh(β)} á d = [Q(β) : Q].

Ďăńìŋěľèĺě ááëńłĺ ĺňěîâáï ć [21] ĺ [16], âăł ęě łăł ĺ ć àăąőâăå Ŋ.Ĺ. Ťěńìďňăŋă, ŕàĺćěďěŋŋëå ć áŕĺáłě ńĺâěàăâãàë.

Ďńï ďőłăğăâěńìáâćă őáŋőćŋőľ âěőàěňë ňë ĺáŕőńìğãěň ňěâőď ĺŋâěàÄ ŕőńïæĺőŋŋëå ďěâěàňĺŋăŋâőć Ň. Ńőàăŋă, ŕőğćőńïîéĺľ ŋăň őąőľâĺáì ąěğ łőŋáâàãłæĺĺ ćáŕőňőčăâěńìŋőľ äãŋłæĺĺ ĺ íłáâàăŕőńïæĺĺ ĺ ďăîéĺľ åőàőÄ èĺě łőŋáâăŋâë ć ŋĺęŋĺå őæěŋłăå. Śâăâìï őàčăŋĺğőćăŋă áńěďãîéĺň őąÄ àăğőň: ć § 2 ňë ďőłăğëćăěň ćăàĺăŋâ őæěŋłĺ çĺáńă ŋãńěľ ĺğ àăąőâë [20]; § 3 ŕőáćïéěŋ ăŋăńĺâĺçěáłőľ őæěŋłě ĺŋâěàŕőńïæĺőŋŋőčő ďěâěàňĺŋăŋâă Ň. ŃőÄ àăŋă. Ćăęŋãî àőńì ć ŋăèěň ďőłăğăâěńìáâćě ĺčàăîâ ąĺŋőňĺăńìŋëě ŕőÄ ńĺŋőňë, áćőľáâćă łőâőàëå őąáãęďăîâáï ć § 4. Ğăâěň ć § 5, ňë ŕàĺćőÄ ďĺň ăàĺäňěâĺçěáłãî őæěŋłã áŋĺğã ďńï ŋěŋãńěćőčő ăńčěąàăĺçěáłőčő çĺáÄ ńă (ŋěàăćěŋáâćő Ńĺãćĺńńï). Ďőłăğăâěńìáâćő őáŋőćŋőľ âěőàěňë ğăćěàÄ èăěâáï ć § 6.

x2. Őæěŋłă çĺáńă ŋãńěľ

Ďőłăğăâěńìáâćő âěőàěňë İàňĺâă{Ńĺŋďěňăŋă ĺáŕőńìğãěâ łőňŕńěłáÄ ŋëě ăŋăńĺâĺçěáłĺě äãŋłæĺĺ z ĺ e^{βz}; ďńï P ∈ C [X, Y ], ŕàőĺğćőďŋăï^d_{dz} F äãŋłæĺĺ F (z) = P (z, e^{βz}) ěáâì ňŋőčőçńěŋ őâ z ĺ e^{βz}, łőâőàëľ ňë ąãďěň őąőğŋăçăâì δP : d dz P (z, e^{βz}) = δP (z, e^{βz}). §áŋő, çâő δ ěáâì őŕěàăâőà ďĺääěàěŋæĺàőćăŋĺï^∂_{∂X} + βY^∂_{∂Y} . ŚńěďőćăÄ âěńìŋő, ňőęŋő őŕàěďěńĺâì δ ŋă łőńìæě K [X, Y ] àăćěŋáâćőň δ =^∂_{∂X} + βY^∂_{∂Y} , čďě K ěáâì ńîąőě ŕőńě, áőďěàęăéěě β. Ć íâőľ áâăâìě ňë àăąőâăěň ć ŕőńě K ŋãńěćőľ åăàăłâěàĺáâĺłĺ.

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 29

Śńěďãîéěě ãâćěàęďěŋĺě ěáâì ŋěőąåőďĺňăï ŋăň őæěŋłă çĺáńă ŋãńěľ ňŋőčőçńěŋă.

Ńěňňă 2. Ŕãáâì K | ŕőńě ŋãńěćőľ åăàăłâěàĺáâĺłĺ, β - ŋěŋãńěÄ ćőľ íńěňěŋâ K , ĺ ŕãáâì D_0, D_1, S ĺ M | ŕőńőęĺâěńìŋëě æěńëě çĺáńă, ãďőćńěâćőàïîéĺě ŋěàăćěŋáâćã

SM > (D_0 + M)(D_1 + 1). (2.1)

Ŕãáâì (ξ_1, η_1), . . . , (ξ_M , η_M ) | íńěňěŋâë K × K^∗ á ŕőŕăàŋő àăğÄ ńĺçŋëňĺ ξ_1, . . . , ξ_M . Šőčďă ŋě áãéěáâćãěâ ŋěŋãńěćőčő ňŋőčőçńěŋă P ∈ K [X, Y ], áâěŕěŋĺ 6 D_0 ŕő X ĺ áâěŕěŋĺ 6 D_1 ŕő Y , ãďőćńěâćőàïîéěčő àăćěŋáâćăň

δ^σP (ξ_μ, η_μ) = 0 ďńï 1 6 μ 6 M ĺ 0 6 σ < S. (2.2)

Ďőłăğăâěńìáâćő íâőčő ãâćěàęďěŋĺï ŕő áãéěáâćã âăłőě ęě, łăł ĺ őæěŋÄ łă çĺáńă ŋãńěľ ć àăąőâě [20]: ňë ĺáłńîçăěň Y ĺáŕőńìğãï D_1 + 1 ŕàőĺğÄ ćőďŋãî ňŋőčőçńěŋă P , ĺ ŕőńãçăěň ć àěğãńìâăâě ňŋőčőçńěŋ őâ ŕěàěňěŋŋőľ X, őąàăéăîéĺľáï ć ŋãńì ć âőçłăå ξ_j á łàăâŋőáâìî, ŋě ňěŋìèěľ S − D_1 (áň. âăłęě ńěňňã 2 [17, čń.7]).

Ďőłăğăâěńìáâćő. Ŕàěďŕőńőęĺň, çâő ňŋőčőçńěŋ P ãďőćńěâćőàïěâ ćáěň ãáńőćĺïň ńěňňë, àăćěŋáâćăň (2.2) ĺ P ≠ 0. Ŕàěďŕőńőęĺň, ŋě ãňěŋìÄ èăï őąéŋőáâĺ, çâő ňŋőčőçńěŋ P ŋě ďěńĺâáï ŋă Y ĺ áâěŕěŋì P ŕő ŕěàěňěŋÄ ŋőľ Y ŋě ňěŋìèě 1. Őŕàěďěńĺň çĺáńă k_0 = 0 < k_1 < · · · < k_n 6 D_1 ãáńőćĺïňĺ

P (X, Y ) = n∑ i=0 Q_i(X)Y^{ki} , Q_i(X) = b_iX^{mi} + · · · ∈ K [X], b_i ≠ 0, i = 0, . . . , n. Řăááňőâàĺň ďńï 0 6 σ 6 n, ňŋőčőçńěŋë δ^σP (X, Y ) = n∑ i=0 Q_{σi}(X) · Y^{ki} , (2.3) čďě Q_{σi}(X) = σ∑ j=0 ( σ j ) Q^{(σ−j)} i (X)(βk_i)^j = b_i(βk_i)^σ · X^{mi} + · · · .

30 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Ĺğ íâőčő ŕàěďáâăćńěŋĺï áńěďãěâ, çâő őŕàěďěńĺâěńì ´(X) = det ( Q_{σi}(X) ) 06i,σ6n^{= det(bi(βki)σ · Xmi + · · · )}06i,σ6n = b_0 · · · b_nβ^{n(n+1)/2} · B · X^{m0+···+mn} + · · · , čďě B | őŕàěďěńĺâěńì Ćăŋďěàňőŋďă, ŕőáâàőěŋŋëľ ďńï çĺáěń k_0, . . . , k_n, áńěďőćăâěńìŋő B ≠ 0. Šăłĺň őąàăğőň, ĺ ´(X) ≠ 0. Šěŕěàì ĺğ (2.3) ŋăåőďĺň

´(X) = n∑ σ=0 ´_σ(X, Y ) · δ^σP (X, Y ), ´_σ(X, Y ) ∈ K [X, Y ], ĺ ďńï ńîąőčő τ ∈ Z, 0 6 τ < S − n, á ŋěłőâőàëňĺ c_{τ,j,σ} ∈ K ,

´^{(τ)}(ξ_j) = n+τ∑ σ=0 c_{τ,j,σ} · δ^σP (ξ_j, η_j) = 0, j = 1, . . . , M. Šăł łăł n 6 D_1 ĺ deg ´(X) = m_0 +· · ·+m_n 6 (n+1)D_0 6 D_0(D_1 +1), ŕőńãçăěň ŋěàăćěŋáâćă (S − n)M 6 deg ´(X) 6 D_0(D_1 + 1), ĺ SM 6 D_0(D_1 + 1) + nM 6 (D_0 + M)(D_1 + 1). İâő ŕàőâĺćőàěçĺâ ãáńőćĺî (2.1) ĺ ğăćěàèăěâ ďőłăğăâěńìáâćő ńěňňë 2.

x3. Ăŋăńĺâĺçěáłăï őæěŋłă áćěàåã

Ňë ďőłăęěň ğďěáì ćěàåŋîî őæěŋłã ďńï ăąáőńîâŋőľ ćěńĺçĺŋë ŋěłőâőÄ àőčő ĺŋâěàŕőńïæĺőŋŋőčő ďěâěàňĺŋăŋâă; íâă őæěŋłă ěáâì ćăàĺăŋâ őďŋőčő àěğãńìâăâă Ň. Ńőàăŋă (áň. [18] ĺ [19]).

Ńěňňă 3. Ŕãáâì L | ŕőńőęĺâěńìŋőě æěńőě, E, M, S ĺ ε | ŕőńőęĺâěńìŋëě ďěľáâćĺâěńìŋëě çĺáńă, 0 < ε < E^{−L}. Ďńï 1 6 λ 6 L, ŕãáâì b_{λ1}, . . . , b_{λL} | łőňŕńěłáŋëě çĺáńă, φ_λ(z) | æěÄ ńëě łőňŕńěłáŋëě äãŋłæĺĺ őďŋőčő ŕěàěňěŋŋőčő; ďăńěě, ďńï 1 6 μ 6 L, ŕãáâì ζ_μ | łőňŕńěłáŋëě çĺáńă ĺ σ_μ | ŋěőâàĺæăâěńìŋëě æěńëě,

0 6 σμ 6 S. Ŕàěďŕőńőęĺň, çâő ďńï 1 6 λ 6 L ĺ 1 6 μ 6 L áŕàăćěďÄ

ńĺćë őæěŋłĺ log |b_{λμ}| 6 M, log max_{|z|}6_E | |φ^{(σμ)}_λ (zζ_μ) | | 6 M. Šőčďă őŕàěďěńĺâěńì

D = det^‖φ^{(σμ)}_λ (ζμ) + εbλμ^‖_16_{λ,μ}6_L

ãďőćńěâćőàïěâ ŋěàăćěŋáâćã

L^{−1} · log |D| 6 − L 2 · log E + M + S log E + log(2LE).

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 31

Ďőłăğăâěńìáâćő. Őŕàěďěńĺň

a_{λμ}(z) = φ^{(σμ)}_λ (zζ_μ) ĺ D(z) = det^‖aλμ(z) + εbλμ^‖_16_{λ,μ}6_L. Šőčďă D(z) =^∑_{I⊂{1,...,L}} ε^{L−|I|} · DI (z), (3.1) čďě DI (z) = det^‖cλμ(z)^‖, cλμ(z) = { a_{λμ}(z), ěáńĺ λ ∈ I, b_{λμ}, ěáńĺ λ /∈ I. Ňë ãâćěàęďăěň, çâő äãŋłæĺï őďŋőčő ŕěàěňěŋŋőčő D_I (z) ĺňěěâ ć ŋăçăńě łőőàďĺŋăâ ŋãńì łàăâŋőáâĺ ¿^{|I| · (|I| − 1)}_2 − SL. Őŕàěďěńĺâěńì D_I (z) ěáâì ńĺŋěľŋăï łőňąĺŋăæĺï á ŕőáâőïŋŋëňĺ łőíääĺÄ æĺěŋâăňĺ őŕàěďěńĺâěńěľ D_{I,J} (z) = det ‖a_{λμ}(z)‖_{λ∈I,μ∈J} , čďě J ŕàőąěčăÄ ěâ ćáě ŕőďňŋőęěáâćă {1, . . . , L} á ãáńőćĺěň |J| = |I|. Ďńï ďőłăğăâěńìáâćă ŋăèěčő ãâćěàęďěŋĺï ő łàăâŋőáâĺ ŋãńï ďőáâăâőçŋő ãáâăŋőćĺâì ŋěàăćěŋÄ áâćő ord DI,J (z) ¿^{|I| · (|I| − 1)}_2 − SL. Ć áĺńã ńĺŋěľŋőáâĺ ďőłăğăâěńìáâćő ŕőáńěďŋěčő ŋěàăćěŋáâćă áćőďĺâáï ł áŕěæĺăńìŋőňã áńãçăî φ_λ(z) = z^{nλ} ďńï ŋěłőâőàëå n_λ ∈ N, λ ∈ I. Ć íâőň áŕěæĺăńìŋőň áńãçăě

DI,J (z) = det (( n_λ σ_μ ) · σ_μ! · (zζ_μ)^{nλ−σμ} ) λ∈I,μ∈J = zP_{λ2I nλ−}P_{μ2J σμ · det}^{((}_{nλσ} μ ) · σ_μ! · ζ^{nλ−σμ} μ ) λ∈I,μ∈J , čďě ąĺŋőňĺăńìŋëľ łőíääĺæĺěŋâ (_{nλ} σμ ) őğŋăçăěâ 0 ěáńĺ σ_μ > n_λ. Ěáńĺ ŕàăćăï çăáâì ŕőáńěďŋěčő àăćěŋáâćă őâńĺçŋă őâ âőęďěáâćěŋŋőčő ŋãńï, âő çĺáńă n_λ, λ ∈ I, ŕőŕăàŋő àăğńĺçŋë, ĺ âőčďă ŕàăćăï çăáâì ĺňěěâ ŋãńì ć ŋăçăńě łőőàďĺŋăâ łàăâŋőáâĺ ¿^{|I| · (|I| − 1)}_2 −^∑_{μ∈J} σμ ¿^{|I| · (|I| − 1)}_2 − SL.

32 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Ŋăèě ãâćěàęďěŋĺě ő łàăâŋőáâĺ ŋãńï D_I (z) âěŕěàì ńěčłő áńěďãěâ.

Ś ŕőňőéìî ńěňňë Ÿćăàæă ŋăåőďĺň

log |D_I (1)| 6 − ( |I| · (|I| − 1) 2 − SL ) log E + log max_z6_E | |DI (z)^| 6 −^{( |I| · (|I| − 1)}_2 − SL^) log E + L log L + M|I| + M(L − |I|) 6 −^{|I|2}_2 · log E +^{|I|}_2 log E + ML + L log L + SL · log E.

Šěŕěàì ĺğ (3.1) ŕőńãçăěň

log |D| = log |D(1)|

6 L log 2 − L^2 log E + ML + L log L + SL · log E

+ max I⊂{1,...,L} ( − |I|^2 2 · log E + ( L +^1_2 ) (log E) · |I| ) . Ňŋőčőçńěŋ − log E 2 · t^2 + ( L +^1_2 ) (log E) · t

ěáâì ćőğàăáâăîéăï äãŋłæĺï ŋă ĺŋâěàćăńě 1 6 t 6 L. Ŕőíâőňã

L^{−1} · log |D| 6 − L 2 log E + ( L +^1_2 ) log E + log(2L) − L log E + M + S log E < − L 2 log E + M + S log E + log(2LE).

İâő ğăćěàèăěâ ďőłăğăâěńìáâćő ńěňňë 3.

x4. Ąĺŋőňĺăńìŋëě ňŋőčőçńěŋë

Ďńï ŋěŋãńěćëå æěńëå N, H ĺ łőňŕńěłáŋőčő çĺáńă z őŕàěďěńĺň ´(z, 0, H) = 1 ĺ ´(z, N, H) = ( z(z + 1) · · · (z + H − 1) H! )_q · z(z + 1) · · · (z + r − 1) r! , (4.1) čďě N = qH + r, 1 6 r 6 H. Ďńï ŋěőâàĺæăâěńìŋőčő æěńőčő u ňë ąãďěň ŕĺáăâì ´^{(u)}(z, N, H) ďńï őąőÄ ğŋăçěŋĺï ŕàőĺğćőďŋőľ (d/dz)^u´(z, N, H).

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 33

Ćŕěàćëě ĺďěï ĺáłńîçěŋĺï äăłâőàĺăńìŋëå ňŋőęĺâěńěľ ĺğ ŕàőĺğćőďÄ ŋëå ćáŕőňőčăâěńìŋőľ äãŋłæĺĺ á ŕőňőéìî âăłĺå ňŋőčőçńěŋőć ąëńă ĺáÄ ŕőńìğőćăŋă (ć áńãçăě H = N) ć 1960č. Ŋ.Ĺ. Ťěńìďňăŋőň (áň. [4], [5]), ĺ íâő ŕőğćőńĺńő ěňã áãéěáâćěŋŋő ãáĺńĺâì őæěŋłĺ ňěàë âàăŋáæěŋďěŋâŋőáÄ âĺ çĺáńă π ĺ ńőčăàĺäňőć ăńčěąàăĺçěáłĺå çĺáěń. Ŕőğęě [8] íâő ďăńő ěňã ćőğňőęŋőáâì ďőłăğăâì ŋěãńãçèăěňãî ć ğăćĺáĺňőáâĺ őâ ćëáőâë łőíääĺÄ æĺěŋâőć β_i ∈ A őæěŋłã áŋĺğã ďńï ăąáőńîâŋőľ ćěńĺçĺŋë ńĺŋěľŋőľ äőàňë L = β_0 + β_1 log α_1 + · · ·+ β_n log α_n őâ ńőčăàĺäňőć ăńčěąàăĺçěáłĺå çĺáěń α_i; ňěęďã ŕàőçĺň, âăłăï őæěŋłă ĺňěńă áńěďáâćĺěň ćŕěàćëě ŕőńãçěŋŋőě íääěłâĺćŋőě áâěŕěŋŋőě ãáĺńěŋĺě âěőàěňë Ńĺãćĺńńï. Ŕőńĺŋőňë âăłőčő àőďă ć áńãçăě r = H ĺ H < N ćŕěàćëě ąëńĺ ĺáŕőńìğőćăŋë ć âěőàĺĺ âàăŋáæěŋďěŋâŋëå çĺáěń Ă. Ąěľłěàőň [13], łőâőàëľ ãáĺńĺń âăłĺň áŕőáőÄ ąőň ğăćĺáĺňőáâì ŋĺęŋěľ őæěŋłĺ ńĺŋěľŋőľ äőàňë L őâ ćëáőâ çĺáěń α_i. Ŕőńĺŋőňë (4.1) ćŕěàćëě ąëńĺ ććěďěŋë ć àăąőâě [1], čďě ďőłăğăŋő ãâćěàęÄ ďěŋĺě ąőńěě őąéěě, çěň áńěďãîéăï ŋĺęě ńěňňă 4.

Ďńï łăęďőčő æěńőčő ŕőńőęĺâěńìŋőčő çĺáńă k ĺ ďěľáâćĺâěńìŋőčő çĺáÄ ńă a, ňë ąãďěň őąőğŋăçăâì áĺňćőńăňĺ ν(k) ĺ [a] ŋăĺňěŋìèěě őąéěě łàăâÄ ŋőě çĺáěń 1, 2, . . . , k ĺ æěńãî çăáâì çĺáńă a áőőâćěâáâćěŋŋő.

Ńěňňă 4. Ŕãáâì N ¿ 1, H ¿ 1, σ ¿ 0 ĺ x | æěńëě çĺáńă. ŐŕàěÄ ďěńĺň d_σ = ν(H)^σ. Šőčďă d_σ · ´^{(u)}(x, N, H) ∈ Z, 0 6 u 6 σ, ĺ log d_σ <^{107}_{103} · σH, (4.2) σ∑ u=0 ( σ u ) · | |´^{(u)}(x, N, H) | | < σ^σ · e^{N+H} ( 1 + |x| H )_N . (4.3)

Ďőłăğăâěńìáâćő. Ŕãáâì p | ŕàőáâőě ĺ b_1 6 b_2 6 . . . 6 b_N | æěńëě çĺáńă. Ďńï łăęďőčő æěńőčő k > 0 őąőğŋăçĺň r_k łőńĺçěáâćő çĺáěń b_i, ďěńïéĺåáï ŋă p^k. Šőčďă

ord_p(b_1 · · · b_N ) = r_1 + r_2 + · · · .

Ĺáłńîçĺň łăłĺě-ńĺąő u çĺáěń ĺğ ŋăąőàă b_1, . . . , b_N , ă őáâăćèĺěáï N − u çĺáěń őąőğŋăçĺň b_{j1} , . . . , b_{jN}�_u . Šőčďă

ord_p(b_{j1} · · · b_{jN}�_u ) ¿ ∑ k¿1^{max(rk − u, 0).} 3 Ňăâěňăâĺçěáłĺě ğăŕĺáłĺ, âőň 2 (1996)

34 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Őŕàěďěńĺň âěŕěàì çĺáńă b_j łăł N áőňŋőęĺâěńěľ ć ŕàőĺğćěďěŋĺĺ ( x(x + 1) · · · (x + H − 1) )_q · x(x + 1) · · · (x + r − 1). Ć íâőň áńãçăě r_k ¿ q [ H p^k ] + [ r p^k ] , k ¿ 1. Šěŕěàì ĺğ âőęďěáâćă ´^{(u)}(z, N, H) = u! · ´(z, N, H) · ∑ (z + j_1)^{−1} · · · (z + j_u)^{−1}, (4.4)

čďě áãňňĺàőćăŋĺě ŕàőćőďĺâáï ŕő ćáěň ňŋőęěáâćăň {j_1, . . . , j_u} âăłĺň, çâő ňŋőčőçńěŋ (z + j_1) · · · (z + j_u) ďěńĺâ ´(z, N, H), ŋăåőďĺň

ord_p ( d_σ · ´^{(u)}(x, N, H) ) ¿ σ ·^{[log H}_{log p}^] −^∑_{pk} 6H ( q [ H p^k ] + [ r p^k ])

+ ∑ k¿1^{max} ( q [ H p^k ] + [ r p^k ] − u, 0 )

¿^∑_{pk} 6H^{max} ( σ − u, σ − q [ H p^k ] − [ r p^k ]) ¿ 0.

İâő ďőłăğëćăěâ ãâćěàęďěŋĺě d_σ ·´^{(u)}(x, N, H) ∈ Z, 0 6 u 6 σ, x ∈ Z. Őæěŋłă (4.2) áńěďãěâ ĺğ ŋěàăćěŋáâćă log ν(k) 6^{107}_{103} · k (áň., ŋăŕàĺňěà, [22, ńěňňă 2.3, á. 127]).

Ĺğ âőęďěáâćă (4.4) ŋăåőďĺň σ∑ u=0 ( σ u ) · |´^{(u)}(x, N, H)| 6^{σ∑}_{u=0}^{(σ}_u^) ·^{(N}_u^) · u! ·^(|x| + H − 1^{)N−u}(H!)^{−q}(r!)^{−1} 6 σ^σ ·^{N∑}_{u=0}^{(N}_u^{)(}|x| + H − 1^{)N−u}(H!)^{−q}(r!)^{−1} = σ^σ ( |x| + H )_N ( H^H H! )_q( H^r r! ) H^{−N} 6 σ^σ · e^{N+H} ·^(1 +^{|x|}_H^{)N} .

İâő ğăćěàèăěâ ďőłăğăâěńìáâćő ńěňňë 4.

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 35

x5. Ŋěàăćěŋáâćő Ńĺãćĺńńï

Ć äőàňãńĺàőćłě áńěďãîéěčő àěğãńìâăâă ĺáŕőńìğãěâáï ŕőŋïâĺě ďńĺŋë ňŋőčőçńěŋă f ∈ C [X_1 , . . . , X_n] (áň. § 1).

Ńěňňă 5 (ŋěàăćěŋáâćő Ńĺãćĺńńï). Ŕãáâì K | ŕőďŕőńě C , ïćńïîÄ éěěáï łőŋěçŋëň àăáèĺàěŋĺěň ŕőńï Q, áâěŕěŋì ěčő őąőğŋăçĺň ąãłÄ ćőľ D. Ďăńěě ŕãáâì α_1, . . . , α_n | íńěňěŋâë K ĺ f | ňŋőčőçńěŋ ĺğ łőńìæă Z[X_1, . . . , X_n] áâěŕěŋĺ ŋě ąőńěě N_i ŕő ŕěàěňěŋŋőľ X_i, ŋě őąàăéăîéĺľáï ć ŋãńì ć âőçłě (α_1, . . . , α_n). Šőčďă log | |f(α_1, . . . , α_n) | | ¿ −(D^′ − 1) · log L(f) − D^{′ n∑}_{i=1} Nih(αi), čďě D^′ = { D/2, ěáńĺ K ŋě ďěľáâćĺâěńìŋőě ŕőńě, D, ěáńĺ K ďěľáâćĺâěńìŋőě ŕőńě.

Ďőłăğăâěńìáâćő. Śň. [10, ńěňňă 9.2].

x6. Ďőłăğăâěńìáâćő őáŋőćŋőľ âěőàěňë

Ŕàěďŕőńőęĺň, çâő ć ãáńőćĺïå őáŋőćŋőľ âěőàěňë ćëŕőńŋïěâáï ŋěàăÄ ćěŋáâćő |e^θ − α| + |θ − β| < E^{−211DUV W} , (6.1) čďě U = 3.3D log(D + 2) + log E log E , V = 2E|θ| + D log A + 6 log E log E , W = log B + log log A + 4 log D + 2 log(E|θ|_+) + 10 log E . Ğăňěâĺň, çâő U ¿ 1, V ¿ 6, W ¿ 2.

a) Łőŋáâàãłæĺï ŋěŋãńěćőčő őŕàěďěńĺâěńï D. Ć ďőłăğăâěńìáâÄ

ćě őáŋőćŋőľ âěőàěňë ĺáŕőńìğãîâáï łőňŕńěłáŋëě ăŋăńĺâĺçěáłĺě äãŋłæĺĺ őďŋőčő ŕěàěňěŋŋőčő ´(z, τ, H)e^{θtz}, ďńï ŋěőâàĺæăâěńìŋëå æěńëå çĺáěń τ, H ĺ æěńőčő t. Ŕàőĺğćőďŋăï âăłőľ äãŋłæĺĺ ŕőàïďłă σ, ćğïâăï ć âőçłě s ∈ Z, ĺňěěâ ćĺď γ^{σs}_{τt} = ( d dz )_σ( ´(z, τ, H)e^{θtz} )| |_{z=s} = min(τ,σ) ∑ k=0 σ! (σ − k)!k! · ´^{(k)}(s, τ, H) · (tθ)^{σ−k} · e^{θts}. (6.2)

3*

36 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Ćëąěàěň ŕăàăňěâàë T , T_1, S, S_1 ĺ H:

S = [10.5UV ], S_1 = [12DW + 0.5],

T = [20.2DV W ], T_1 = [4.2U + 0.5], H = [1.5W log E]

ĺ őčàăŋĺçĺňáï ĺŋâěàćăńăňĺ 0 6 τ 6 T, |t| 6 T1, 0 6 σ 6 S, |s| 6 S1. Ğăňěŋïï çĺáńă e^θ ŋă α ĺ θ ŋă β ć (6.2), ňë ŕőńãçĺň ăńčěąàăĺçěáłĺě çĺáńă min(τ,σ) ∑ k=0 σ! (σ − k)!k! · ´^{(k)}(s, τ, H) · (tβ)^{σ−k} · α^{ts},

åőàőèő ŕàĺąńĺęăîéĺě γ^{σs}_{τt} . Ć áőőâćěâáâćĺĺ á ńěňňőľ 4 çĺáńő

a^{σs}_{τt} = d_σ · min(τ,σ) ∑ k=0 σ! (σ − k)!k! · ´^{(k)}(s, τ, H) · (tβ)^{σ−k} · α^{ts}, (6.3)

ąãďěâ ňŋőčőçńěŋőň őâ α, α^{−1}, β á æěńëňĺ łőíääĺæĺěŋâăňĺ.

Őąőğŋăçĺň âăłęě L = (T + 1)(2T_1 + 1) łőńĺçěáâćő ćőğňőęŋëå ŕăà (τ, t). Ńěňňă 6. Śãéěáâćãěâ ňŋőęěáâćő { (σ_μ, s_μ); 1 6 μ 6 L } íńěÄ ňěŋâőć ĺğ Z × Z âăłĺå, çâő 0 6 σ_μ 6 S, |s_μ| 6 S_1 ĺ őŕàěďěńĺâěńì D = det^‖a^{σμ}τ^{sμ}_t^‖, 0 6 τ 6 T, |t| 6 T1, 1 6 μ 6 L, L × L-ňăâàĺæë őâńĺçěŋ őâ ŋãńï.

Ďőłăğăâěńìáâćő. Ŕãáâì C [X, Y, Y^{−1}] | łőńìæő ňŋőčőçńěŋőć őâ X,

Y , Y^{−1} ĺ δ | ďĺääěàěŋæĺăńìŋëľ őŕěàăâőà ŋă łőńìæě C [X, Y, Y^{−1}], őŕàěÄ ďěńěŋŋëľ àăćěŋáâćőň δ =^∂_{∂X} + βY^∂_{∂Y} . Šőčďă δ^σ ( ´(X, τ, H)Y^t ) = min(τ,σ) ∑ k=0 σ! (σ − k)!k! · ´^{(k)}(X, τ, H) · (tβ)^{σ−k} · Y^t ĺ

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 37 a^{σs}_{τt} = d_σδ^σ ( ´(X, τ, H)Y^t )| (X,Y )=(s,αs). Ŕàěďŕőńőęĺň, çâő àăŋč ňăâàĺæë ‖a^{σs}_{τt} ‖, 0 6 τ 6 T, |t| 6 T_1, 0 6 σ 6 S, |s| 6 S_1, ňěŋìèě L. Šőčďă áãéěáâćãîâ łőňŕńěłáŋëě çĺáńă c_{τt}, 0 6 τ 6 T , |t| 6 T_1, ŋě ćáě àăćŋëě ŋãńî, âăłĺě, çâő ňŋőčőçńěŋ R(X, Y ) = ∑ (τ,t) c_{τt}´(X, τ, H)Y^t ∈ C [X, Y, Y^{−1}] őâńĺçěŋ őâ âőęďěáâćěŋŋőčő ŋãńï ĺ ãďőćńěâćőàïěâ àăćěŋáâćăň δ^σR(X, Y ) | |_{(X,Y )=(s,αs)} = 0, 0 6 σ 6 S, |s| 6 S_1. Ŋő íâő ŕàőâĺćőàěçĺâ ńěňňě 2 á P (X, Y ) = Y^{T1} R(X, Y ), D_0 = T , D_1 = 2T_1, M = 2S_1 + 1, ξ_s = s, η_s = α^s ĺ S, ğăňěŋěŋŋëň ŋă S + 1: ďěľáâćĺâěńìŋő, ć áĺńã ŋěàăćěŋáâć

2S_1 + 1 ¿ 24DW, 2T_1 + 1 6 10.4U, S + 1 ¿ 10.5UV, T 6 20.2DV W,

V ¿ 6 ĺ

(T + 2S_1 + 1)(2T_1 + 1)

(S + 1)(2S_1 + 1) = 2T_1 + 1 S + 1 · ( T 2S_1 + 1 + 1 )

< 10.4 10.5V · ( 20.2V 24 + 1 ) 6^{104}_{105} ·^{( 101}_{120} +^1_6^) < 1

ğăłńîçăěň, çâő P = 0. İâő ğăćěàèăěâ ďőłăğăâěńìáâćő ńěňňë 6.

b) Őæěŋłă áćěàåã ďńï |D|. Ňë ąãďěň ĺáŕőńìğőćăâì ńěňňã 3 á λ,

ğăňěŋěŋŋëň ŋă (τ, t), ďńï L äãŋłæĺľ f_{τt}(z) = ´(z, τ, H) · e^{θtz}, 0 6 τ 6 T, |t| 6 T_1, á âőçłăňĺ ζ_μ = s_μ, 1 6 μ 6 L, á ε = E^{−211DUV W} ĺ b_{τtμ} ćňěáâő b_{λμ} ĺğ ńěňňë 3, őŕàěďěńěŋŋëňĺ á ŕőňőéìî àăćěŋáâć d^{−1}_σ · a^{σμ}_τ^{sμ}_t = γ^{σμ}_τ^{sμ}_t + ε · b_{τtμ}.

38 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Ŋěàăćěŋáâćă

T + 1 6 20.2DV W + 1 6 ( 20.2 +^1_{12} ) DV W, T_1 +^1_2 6 5.2U,

őğŋăçăîâ, çâő L = (T + 1)(2T_1 + 1) < 211DUV W (6.4) ĺ ε < E^{−L}. Ĺğ ńěňňë 4 ĺ (6.2) ŋăåőďĺň

max |z|6E | |f^{(σ)}_{τt} (sz) | | 6 max_{|z|}6_E^{min(τ,σ)∑}_{k=0}^{σ!}_{(σ − k)!k!}^|´^{(k)}(sz, τ, H)^| · |tθ|^{σ−k}e^{|θzts|} 6 S^S · e^{H+T} ·^(1 +^{ES1}_H^{)T} ·^(|θ|+T1^{)S} · e^{|θ|ET1S1} 6 e^M , čďě M = S log S+H+T +T log ( 1+ ES_1 H ) +S log ( E|θ|_+T_1 ) +E|θ|S_1T_1+S_1T_1.

Ĺğ (6.1) áńěďãěâ, çâő max ( |β|, |θ|) 6 |θ|_+(1 + (2S)^{−1}), max ( |α|, |α|^{−1}, |e^θ|, |e^{−θ}| ) 6 e^{|θ|} ·^(1 + (2S1T1 + 2)^{−1)},

ĺ ďńï ńîąëå æěńëå k ĺ ℓ á 0 6 k 6 S ĺ |ℓ| 6 S_1T_1, |β^kα^ℓ − θ^ke^{θℓ}| 6 |β|^k · |α^ℓ − e^{θℓ}| + |e^θ|^ℓ · |β^k − θ^k| 6 ε · |θ|^k_+ · e^{(|ℓ|+1)|θ|} ·^(1 +^1_{2S}^{)k} × ( 1 + 1 2S_1T_1 + 2 )_{|ℓ|+1} · max(|ℓ|, k) 6 εe|θ|^S_+ · e^{2S1T1|θ|} · max(S, S1T1). Šěŕěàì ćőáŕőńìğãěňáï ŋěàăćěŋáâćăňĺ eS 6 e^S 6 E^S, eS1T1 6 e^{S1T1}

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 39

ĺ ąãďěň ŕĺáăâì σ ĺ s ćňěáâő σ_μ ĺ s_μ. Ĺğ (6.2), (6.3) ĺ ńěňňë 4 ŋăåőďĺň ε · |b_{τtμ}| = |d^{−1}_σ · a^{σs}_{τt} − γ^{σs}_{τt} | 6^{min(τ,σ)∑}_{k=0}^{σ!}_{(σ − k)!k!} ·^|´^{(k)}(s, τ, H)^| · |t|^{σ−k} × |β^{σ−k}α^{ts} − θ^{σ−k}e^{θts}| 6 S^S · e^{H+T +1} ·^(1 +^{S1}_H^{)T} · T^S_1 · |θ|^S_+e^{2|θ|T1S1} max(S, S1T1) · ε 6 ε · e^M . Šăł łăł log d_σ 6^{107}_{103} SH, ĺğ ńěňňë 3 áńěďãěâ 1 L · log |D| 6 − L 2 · log E +^{107}_{103} SH + S log S + H + T

+ T log ( 1 + ES_1 H ) + S log ( E|θ|_+T_1 ) + |θ|ES_1T_1 + S_1T_1 + S log E + log(2LE). (6.5)

c) Őæěŋłă áŋĺğã ďńï |D|. Őŕàěďěńĺň ŕőńĺŋőňë q^{σs}_{τt} (X, Y ) = d_σ min(τ,σ) ∑ k=0 σ! (σ − k)!k! ´^{(k)}(s, τ, H) × (tX)^{σ−k} · Y^{ts} ∈ Z[X, Y, Y^{−1}], ĺ R(X, Y ) = det ‖ q^{σμ}_τ^{sμ}_t (X, Y ) ‖ , 0 6 τ 6 T, |t| 6 T1, 1 6 μ 6 L. Ĺğ (6.3) áńěďãěâ, çâő a^{σs}_{τt} = q^{σs}_{τt} (β, α) ĺ D = R(β, α). Ś ŕőňőéìî ŋěàăÄ ćěŋáâć deg_X q^{σs}_{τt} (X, Y ) 6 S, deg_Y q^{σs}_{τt} (X, Y ) 6 |t|S_1, deg_Y �1 q^{σs}_{τt} (X, Y ) 6 |t|S_1

ŋăåőďĺň âěŕěàì deg_X R(X, Y ) 6 LS, deg_Y R(X, Y ) 6^1_4 LS_1(T_1 + 0.5), deg_Y �1 R(X, Y ) 6^1_4 LS_1(T_1 + 0.5).

40 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Ĺğ ńěňňë 4 áńěďãěâ, çâő L ( q^{σs}_{τt} (X, Y ) ) 6 exp^{( 107}_{103} SH^) · S^S · e^{H+T} ·^(1 +^{S1}_H^{)T} · T^S_1 ĺ L ( R(X, Y ) ) 6 L^L · ( exp (_{107} 103 SH ) · S^S · e^{H+T} · ( 1 + S_1 H )_T · T^S_1 )_L . Šěŕěàì á ŕőňőéìî ńěňňë 5 ŋăåőďĺň 1 L · log |D| ¿ −(D − 1) ( log L +^{107}_{103} SH + S log S + H + T

+ T log ( 1 + S_1 H ) + S log T_1 ) − DS log B −^1_2 DS_1(T_1 + 0.5) log A. (6.6)

d) Łőŋěæ ďőłăğăâěńìáâćă âěőàěňë 1. Śàăćŋĺć őæěŋłã áćěàåã (6.5)

ďńï |D| ĺ őæěŋłã áŋĺğã (6.6), ňë ŕőńãçĺň L 2 log E 6^1_2 S_1(T_1 + 0.5) ( D log A + 2E|θ| + 2 )

+ ( DT log ( 1 + S_1 H ) + DT + T log E )

+ DS ( log B + log S + log ( E|θ|_+T_1 )) + DH + DSH^{107}_{103} + S log E + log(2E) + D log L.

Ĺáŕőńìğãï őŕàěďěńěŋĺï ćáěå ŕăàăňěâàőć, ŋăåőďĺň 1 2 S_1(T_1 + 0.5) ( D log A + 2E|θ| + 2 ) 6 0.5 · 12.25 · 5.2DUV W log E = 31.85DUV W log E, (6.7) log ( 1 + S_1 H ) 6 log^(1 + 12.25^D_{log E}^) 6 log 13.25 + log D 6 2.6 + log D, DT log ( 1 + S_1 H ) + DT + T log E 6 20.2(D^2V W log D + 3.6D^2V W

+ DV W log E)

6 20.2DV W^(log E + 3.3D log(D + 2)^) 6 20.2DUV W log E, (6.8)

Ő ŔŘĹĄŃĹĘĚŊĹĹ ĂŃČĚĄŘĂĹŮĚŚŁĹŇĹ ŮĹŚŃĂŇĹ 41

U 6 1 + 3.3D log(D + 2) 6 4.7D^{3/2}, V 6 9.8E|θ|+D log A, (6.9) log ( ST_1E|θ|_+ ) 6 log^(50U^2V E|θ|+^) 6 log log A + 4 log D + 2 log^(E|θ|+^) + 10, DS ( log B + log S + log ( E|θ|_+T_1 )) 6 10.5DUV^(log B + log log A

+ 4 log D + 2 log ( E|θ|_+ ) + 10 ) 6 10.5DUV W log E. (6.10)

Őæěŋłĺ (6.4) ĺ (6.9) őğŋăçăîâ, çâő

log L 6 log(211DUV W )

6 10 + 3.5 log D + log^(E|θ|+^) + log log A + log W 6 W log E + log W 6 1.4W log E 6 0.24UV W log E. Ś ŕőňőéìî íâĺå őæěŋőł ĺ ŋěàăćěŋáâć DSH 6 15.75DUV W log E, DH 6 1.5DW log E 6 0.25DUV W log E, S log E 6 10.5UV log E 6 5.25DUV W log E, log(2E) 6 2 log E 6^1_6 DUV W log E,

ŕőńãçăěň

DH +^{107}_{103} DSH + S log E + log(2E) + D log L

6^(15.75 ·^{107}_{103} + 5.25 + 0.49 +^1_6^)DUV W log E

< 22.28DUV W log E. (6.11)

Ŋăłőŋěæ, ĺğ (6.6){(6.11) áńěďãěâ L 2 log E 6 (31.85 + 20.2 + 10.5 + 22.28)DUV W log E = 84.83DUV W log E < (T + 1)(2T_1 + 1) 2 · log E = L 2 log E. Ŕőńãçĺćèěěáï ŕàőâĺćőàěçĺě őğŋăçăěâ ńőęŋőáâì ŋěàăćěŋáâćă (6.1) ĺ ğăÄ ćěàèăěâ ďőłăğăâěńìáâćő âěőàěňë 1.

Universit«e P. et M. Curie Institut de Math«ematiques de Jussieu Ňőáłőćáłĺľ čőáãďăàáâćěŋŋëľ ãŋĺćěàáĺâěâ ĺň. Ň.Ć. Ńőňőŋőáőćă

Ŕőáâãŕĺńő 01.05.95

42 Ň. ĆĂŃĲĎŸŇĹĎŠ, đ.Ć. ŊĚŚŠĚŘĚŊŁŐ

Śŕĺáőł ńĺâěàăâãàë

[1] Ňăâćěěć Ě. Ň. Őą ăàĺäňěâĺçěáłĺå áćőľáâćăå ğŋăçěŋĺľ őąőąéěŋŋëå ąĺŋőÄ ňĺăńìŋëå ňŋőčőçńěŋőć // Ňăâěň. ğăňěâłĺ. 1993. Š. 54. ò4. Ś. 76{81.

[2] Ťěńìďňăŋ Ŋ. Ĺ. Ăŕŕàőłáĺňăæĺï ŋěłőâőàëå âàăŋáæěŋďěŋâŋëå çĺáěń // ĎĂŊ ŚŚŚŘ. 1949. Š. 66. ò4. Ś. 565{567.

[3] Ťěńìďňăŋ Ŋ. Ĺ. Ăŕŕàőłáĺňăæĺï ŋěłőâőàëå âàăŋáæěŋďěŋâŋëå çĺáěń. I // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1951. Š. 15. ò1. Ś. 53{74.

[4] Ťěńìďňăŋ Ŋ. Ĺ. Ő ňěàě âàăŋáæěŋďěŋâŋőáâĺ çĺáńă π // Ĺğć. ĂŊ ŚŚŚŘ. Śěà.

ňăâěň. 1960. Š. 24. ò3. Ś. 357{368.

[5] Ťěńìďňăŋ Ŋ. Ĺ. Ő ŕàĺąńĺęěŋĺĺ ăńčěąàăĺçěáłĺňĺ çĺáńăňĺ ńőčăàĺäňőć ăńÄ čěąàăĺçěáłĺå çĺáěń // Ĺğć. ĂŊ ŚŚŚŘ. Śěà. ňăâěň. 1960. Š. 24. Ś. 475{492.

[6] Ťěńìďňăŋ Ŋ. Ĺ. Ł ćőŕàőáã ő ňěàě âàăŋáæěŋďěŋâŋőáâĺ çĺáńă e // ŞŇŊ. 1963.

Š. 18. ò3(111). Ś. 207{213.

[7] Ťěńìďňăŋ Ŋ. Ĺ. Ł ćőŕàőáã ő ňěàě âàăŋáæěŋďěŋâŋőáâĺ çĺáńă π // ŞŇŊ.

1963. Š. 18. ò3(111). Ś. 207{213.

[8] Ťěńìďňăŋ Ŋ. Ĺ. Şńãçèěŋĺě őæěŋłĺ ńĺŋěľŋőľ äőàňë őâ ńőčăàĺäňőć ăńčěąÄ àăĺçěáłĺå çĺáěń // Ňăâěň. áą. 1968. Š. 77(119). ò3. Ś. 256{270.

[9] Feldman N. I. Approximation of number π by algebraic numbers from special ˛elds // J. Number Th. 1977. V. 9. P. 48{60.

[10] Ťěńìďňăŋ Ŋ. Ĺ. Śěďìňăï ŕàőąńěňă Čĺńìąěàâă. Ň.: Ĺğď-ćő ŇČŞ, 1982. [11] Ťěńìďňăŋ Ŋ. Ĺ. Ŕőáâőïŋŋăï ć őæěŋłě ňěàë âàăŋáæěŋďěŋâŋőáâĺ çĺáńă π // Ďĺőäăŋâőćë ŕàĺąńĺęěŋĺï / àěď. Ŕ.Ń. Şńìïŋőć. Śą. áâăâěľ. Š. I. Ň.: Ĺğď-ćő ŇČŞ, 1985. Ś. 97{106.

[12] Ťěńìďňăŋ Ŋ. Ĺ., Ÿĺďńőćáłĺľ Ă.Ą. Řăğćĺâĺě ĺ áőćàěňěŋŋőě áőáâőïŋĺě âěÄ őàĺĺ âàăŋáæěŋďěŋâŋëå çĺáěń // ŞŇŊ. 1967. Š. 22. ò3(135). Ś. 3{81.

[13] Baker A. A sharpening of the bounds for linear forms in logarithms // Acta Arith. 1972. V. XXI. P. 117{129.

[14] Borel E. Sur la nature arithm«etique du nombre e // C.R. Acad Sci. Paris.

1899. V. 128. P. 596{599.

[15] Cijsouw P. L. Transcendence measure of exponentials and logarithms of algeÄ braic numbers // Comp. Math. 1974. V. 28. P. 163{178.

[16] Diaz G. Une nouvelle minoration de | log α − β|, |α − exp β|, α et β alg«ebriques // Acta Arith. 1993. V. LXIV. P. 43{57; // S«eminaire d’Arithm«etique Univ. St. Etienne 1990{91{92. ò4. P. 49{58.

[17] Lang S. Introduction to Transcendental Numbers. Reading: Addison Wesley, 1966.

[18] Laurent M. Sur quelques r«esultats r«ecents de transcendance // Journ«ees arithm«etiques Luminy, 1989, Ast«erisque. 1991. V. 198{200. P. 209{230.

[19] Laurent M. Linear forms in two logarithms and interpolation determinants // Acta Arith. 1994. V. LXVI. ò2.

[20] Laurent M., Mignotte M., Nesterenko Yu. Formes lin«eaires en deux logaÄ rithmes et d«eterminants d’interpolation // J. Number Th. (to appear).

[21] Waldschmidt M. Transcendence measures for numbers connected with the exponential function // J. Austral. Math. Soc. 1978. V. 25. P. 445{465.

[22] Kunrui Yu. Linear forms in p-adic logarithms // Acta Arith. 1989. V. LIII.

P. 107{186; (II) // Comp. Math. 1990. V. 74. P. 15{113.