Submitted to Pro c. Japan. Acad.

Quadratic relations bet ween logarithms of algebraic num bers

By Damien ROY and Michel WALDSCHMIDT

Univ ersit é d’Otta wa, Facult é des Sciences, CP 450 OTT AWA ONT ARIO CANAD A K1N 6N5

Institut de Math ématiques de Jussieu, Case 247, 4, Place Jussieu, 75252 PARIS Cedex 05 FRANCE

Communicated by

So far, the four exponentials conjecture has been solved only in one special case, namely when the transcendence degree of the field which is spanned by the four logarithms is 1. We produce a new proof of this statemen t, and we announce a generalization: we replace the determinan t of a 2 × 2 matrix by any homogeneous polynomial of degree 2.

§1. The results. The following statemen t provides a solution of the four exponentials conjecture in transcendence degree 1.

Theorem 1. – Let x_1 and x_2 be two complex numbers which are linearly independent over Q, and similarly let y_1,y_2 be two Q-linearly independent complex numbers. Assume that the field Q(x_1,x_2,y_1,y_2) has transcendence degree 1 over Q. Then one at least of the four numbers e^{x 1 y1} , e^{x 1 y2} , e^{x 2 y1} , e^{x 2 y2}

is transcenden tal.

For a proof of this result, we refer to [1] Cor. 7 and [6] Cor. 4. Our goal is to introduce a new sketch ofproof, where Gel’fond’s transcendence criterion [3] (Chap. III, §4, lemma VII) is replaced by a diophan tine approximation result due to Wirsing [8] §3. This new argumen t allows us to use Lauren t’s interp olations determinan ts [4] §6.

A generalization of theorem 1 can be achieved with the same argumen ts. Here we merely state the result; a complete proof (of a more general statemen t) will be given in another paper.

We denote by L the Q-vector space of logarithms of algebraic numbers:

L = exp^{− 1}(Q^× ) = � z ∈ C ; e^z ∈ Q^× � ⊂ C, where Q is the algebraic closure of Q in C and Q^× is the multiplicativ e group of non-zero algebraic numbers.

Theorem 2. — Let V ⊆ C^n be the set of zeroes in C^n of a non-zero homogeneous polynomial P ∈ Q[X_1,...,X_n ] of degree ≤ 2 and let (λ_1,...,λ_n ) be a point in V with coordinates in L. Assume that the field Q(λ_1,...,λ_n ) has transcendence degree 1 over Q. Then (λ_1,...,λ_n ) is contained in a vector subspace of C^n which is defined over Q and contained in V.

Theorem 1 is the special case of Theorem 2 when P is X_1X_4 − X_2X_3 with n = 4.

§2. Wirsing’s theorem. When α is a complex algebraic number of degree d = [Q(α) : Q], we denote by M(α) its Mahler’s measure, which is related to its absolute logarithmic height h(α) by dh(α) = logM(α).

The main tool of this paper is the following theorem of Wirsing [8] :

Theorem 3. – Let θ be a complex transcenden tal number. For any integer D ≥ 2 there exist infinitely many algebraic numbers α which satisfy

[Q(α) : Q] ≤ D and |θ − α| ≤ M(α)^{− D /4}.

§3. Lauren t’s interp olation determinan ts. A proof of the six exponentials theorem which does not rest on Dirichlet’s box principle has been given by M. Lauren t in [4] : he replaces the construction of an auxiliary function (which involves Thue-Siegel lemma) by an explicit determinan t.

The following result is a variant of Prop osition 9.5 of [7]: here, we include derivatives.

Prop osition. — Let L be a positive integer, E and U be positive real numbers with 0 < logE ≤ 4U. For 1 ≤ λ ≤ L, let φ_λ be a complex function of one variable, b_{λ1},...,b_{λL} be complex numbers and M_λ a real number; further, for 1 ≤ μ ≤ L, let ζ_μ be a complex number and σ_μ be a non-negativ e integer. Assume that, for 1 ≤ λ ≤ L, we have

M_λ ≥ log sup_{|z|= E} max_{1≤ μ≤ L} � (d/dz)^{σ μ} φ_λ � (zζ_μ ) � and M_λ ≥ log max_{1≤ μ≤ L} |b_{λμ} |.

Finally, let ϵ be a complex number with |ϵ| ≤ e^{− U} . Then the logarithm of the absolute value of the determinan t

Δ = det � (d/dz)^{σ μ} φ_λ (ζ_μ ) + ϵb_{λμ} � 1≤ λ,μ ≤ L

is bounded by

log|Δ | ≤ − LU +

U^2 2logE

+ U + L log(2L) + L� μ=1 σ_μ logE + L� λ=1 M_λ .

§4. Philipp on’s zero estimate. Let Γ be a finitely generated subgroup of C × (C^× )^2. We fix a finite set of generators γ_1,...,γ_ℓ of Γ, and for any positive integer S we define a subset Γ(S) of Γ by

Γ(S) = � s_1γ_1 + ···+ s_ℓ γ_ℓ ; (s_1,...,s_ℓ ) ∈ Z^ℓ , 0 ≤ s_j ≤ S,(1 ≤ j ≤ ℓ) � . We denote by Γ_1 the projection of Γ on (C^× )^2 and by Γ_1(S) the same projection of Γ(S). With these notations, we will need the following special case of Philipp on’s zero estimate [5] .

Lemma. — Let a and b be two complex numbers and D the derivative operator

(∂/∂X_0) + aX_1(∂/∂X_1) + bX_2(∂/∂X_2).

Let T_0, T_1, S_0 and S_1 be positive integers which satisfy

S_1 > 18T_1 and S_0 > 18T_0.

Assume that there exists a non-zero polynomial P ∈ C[X_0,X_1,X_2], of degree ≤ T_0 with respect to X_0, of degree ≤ T_1 with respect to each of the variables X_1 and X_2, such that

D^σ P (γ) = 0 for all γ ∈ Γ(S_1) and 0 ≤ σ ≤ S_0.

Then either Γ_1 is of rank ≤ 1, or else there exists an algebraic subgroup G_1 of G^2_m , of dimension 1, such that Γ_1 ∩ G_1 is of finite index in Γ_1.

Proof. Consider the algebraic group G = G_a × G^2_m and identify its tangen t space at the origin with C^3 so that the exponential map exp_G of the complex Lie group G(C) = C × (C^× )^2 be given by exp_G (z_0;z_1,z_2) = � z_0;e^{z1} ,e^{z2} � ∈ G(C). The assumption is that the polynomial P vanishes at each point of Γ(S_1) with a multiplicit y ≥ S_0 + 1 along the one-parameter analytic subgroup A = exp_G (W) where W = C � 1;a, b � ⊂ C^3. By virtue of théorème 2.1 of [5](which, in this case, holds with c = 1), there exists a connected algebraic subgroup G^′ of G with G^′ ≠ G such that, if we write G^′ = G^{δ0}_a × G_1 with G_1 ⊂ G^2_m , then we have [S_0/3]^{1− δ0} [S_1/3]^{ℓ ′}T^{δ0}_0 T^{δ1}_1 ≤ 3!T_0T^2_1

where δ_1 = dim(G_1), ℓ^′ = rank(Γ_1/(Γ_1 ∩ G_1(C))) and the brackets [·] denote the integral part. Since S_i > 18T_i for i = 1,2, we deduce δ_1 < 2 and ℓ^′ < 2 − δ_1. If δ_1 = 0, this gives rank(Γ_1) < 2. If δ_1 = 1, we get rank(Γ_1/(Γ_1 ∩ G_1(C))) = 0.

§5. Sketc h of pro of of theorem 1. Let x_1, x_2, y_1, y_2 be four complex numbers in a field of transcendence degree 1 over Q such that the four numbers α_{ij} = e^{x i yj} , (i = 1,2, j = 1,2) are algebraic. For simplicity we assume that there exists a complex number θ such that

x_i = A_i(θ), (i = 1,2) and y_j = B_j (θ), (j = 1,2), where A_1, A_2, B_1, B_2 are four polynomials in Q[X].

Our proof involves analytic functions of one variable: for non-negativ e integers τ, t_1, t_2, define φ_{τt} (z) = z^τ e^{(t 1 x 1 + t 2 x 2 )z} ,

where the subscript t stands for (t_1,t_2). Further, when σ, s_1, s_2 are non-negativ e integers, we define polynomials P^{σs}_{τt} in Q[X] by

P^{σs}_{τt} =

min { σ,τ } � κ=0 σ!τ!

κ!(σ − κ)!(τ − κ)!

(t_1A_1 + t_2A_2)^{σ− κ} (s_1B_1 + s_2B_2)^{τ− κ} α^{t 1 s 1}_{11} α^{t 1 s 2}_{12} α^{t 2 s 1}_{21} α^{t 2 s 2}_{22} .

According to this definition, it is readily checked that we have

P^{σs}_{τt} (θ) = � d dz �_σ φ_{τt} (s_1y_1 + s_2y_2).

The numbers c_1,c_2,c_3,c_4,c_5 which appear below denote effectively computable constan ts, which depend only on the absolute value of θ and the heights and degrees of the algebraic numbers α_{ij} and well as the heights and degrees of the coefficien ts of the polynomials A_i and B_j . We let c > 0 denote an integer which is say 16 times larger than the maximum of the c_i’s. Next, we choose a positive integer D, which is bounded from below by some function of c which could be made explicit. Finally we choose a positive integer N_0, which is large compared with D, and we use Wirsing’s theorem 3: there exists an algebraic number α which satisfies

[Q(α) : Q] ≤ D, N = logM(α) ≥ N_0 and � �θ − α � �≤ e^{− D N/4}.

We define positive integers T_0, T_1, S_0, S_1 by the following conditions:

T_0 = � c^{− 2}D � , T_1 = � c^{− 1}N^{1/2} � , S_0 = cT_0, S_1 = cT_1.

We set L = (T_0 + 1)(T_1 + 1)^2 and we choose any ordering of the set of L triples (τ,t_1,t_2) which satisfy 0 ≤ τ ≤ T_0, 0 ≤ t_1 ≤ T_1, 0 ≤ t_2 ≤ T_1.

Similarly we choose any ordering of the set of triples (σ,s_1,s_2) which satisfy

0 ≤ σ ≤ S_0, 0 ≤ s_1 ≤ S_1, 0 ≤ s_2 ≤ S_1.

This enables us to build a matrix M (X) = � P^{σs}_{τt} (X) � with coefficien ts in Q[X]. We wish to prove that the specialization M (α) of this matrix at the point α has rank < L. In order to achieve this goal, we consider an arbitrary subset of triples (σ,s_1,s_2) with L elements, and we introduce the determinan t Δ( X) of the corresp onding L × L matrix. We claim that Δ( α) vanishes.

We use the proposition of §3 for the functions φ_{τt} with

E = D, U = DN/4 and ϵ= e^{− U} .

For all (τ,t, σ,s) ∈ [0,T_0]× [0,T_1]^2 × [0,S_0]× [0,S_1]^2, we define a complex number b^{σs}_{τt} by

ϵb^{σs}_{τt} = P^{σs}_{τt} (α) − P^{σs}_{τt} (θ),

and we observe that the estimates

sup_{|z|= E} log � �(d/dz)^σ μ φ_{τt} �z(s_1y_1 + s_2y_2)� � �≤ M and log|b^{σs}_{τt} | ≤ M

hold with M = c_1 � T_0 log(T_0S_1E) + S_0 log(T_1S_0) + T_1S_1E � . Since U^2 2L logE + U L + log(2L) + S_0 logE + M < 1 2 U, we conclude |Δ( α)| ≤ e^{− LD N/8}.

The number Δ( α) is the value of a polynomial Q, with rational integer coefficien ts, at an algebraic point; the coordinates of this algebraic point are α, α_{11} , α_{21} , α_{12} , α_{22} , as well as the coefficien ts of the polynomials A_1, A_2, B_1, B_2. The length of Q is at most L! � c_2T_1S_0

�_{LS 0} � c_2T_0S_1

�_{LT 0} . The degree of Q with respect to the variable corresp onding to α is at most c_3L(T_0 + S_0); for i = 1,2 and j = 1,2, the degree with respect to the variable corresp onding to α_{ij} is at most LT_1S_1; finally the degree with respect to each of the other variables is at most L max{T_0,S_0}. From Liouville’s inequalit y (see for instance [2] Lemma 9.2) we deduce that either Δ( α) ≠ 0 or else 1 L log|Δ( α)| ≥ − c_4D � T_0 log(T_0S_1) + S_0 log(T_1S_0) + T_1S_1 � − c_4(T_0 + S_0) logM(α)

≥ − c_5c^{− 1}DN.

According to the previous upper bound for |Δ( α)|, we deduce Δ( α) = 0.

This completes the proof of our claim: the matrix M (α) has rank < L. Therefore, if we set, for s = (s_1,s_2) ∈ Z^2,

γ_s = � s_1B_1(α) + s_2B_2(α); α^{s 1}_{11} α^{s 2}_{12} ,α^{s 1}_{21} α^{s 2}_{22} � ∈ C × (C^× )^2,

and if D denotes the derivative operator

(∂/∂X_0) + A_1(α)X_1(∂/∂X_1) + A_2(α)X_2(∂/∂X_2), then there exist complex numbers p_{τt} , not all of which are zero, such that the polynomial

P (X_0,X_1,X_2) =

T_0�

τ=0

T_1�

t_1 =0

T_1�

t_2 =0

p_{τt} X^τ_0 X^{t 1}_1 X^{t 2}_2 ∈ C[X_0,X_1,X_2]

satisfies D^σ P (γ_s ) = 0 for 0 ≤ σ ≤ S_0, 0 ≤ s_i ≤ S_1, (i = 1,2).

We define Γ_1 as the subgroup of (C^× )^2 which is generated by (α_{11} ,α_{21} ) and (α_{12} ,α_{22} ). From the zero estimate (lemma in section 4), we deduce that either Γ_1 is of rank ≤ 1, or else there exists an algebraic subgroup G_1 of G^2_m of dimension 1 such that Γ_1 ∩ G_1(C) is of finite index in Γ_1. It follows that either x_1 and x_2 are linearly dependent over Q, or else y_1 and y_2 are linearly dependent over Q. This completes the sketch of proof of Theorem 1. References

[1] Brownawell, W.D.: The algebraic independence of certain numbers related to the exponential function; J. Number Th., 6 (1974), 22–31.

[2] Fel’dman, N.I.: Hilbert’s seventh problem; Moscow, Moscow State University, 1982, pp. 1–311.

[3] Gel’fond, A.O.: Transcendental Number Theory; Moscow, 1952; Engl. transl., Dover Publ., N.Y., 1960.

[4] Lauren t, M.: Sur quelques résultats récents de transcendance; Journ ées arithm étiques Luminy 1989, Astérisque, 198–200 (1991), 209–230.

[5] Philipp on, P.: Lemme de zéros dans les groupes algébriques commutatifs; Bull. Soc.

Math. France, 114 (1986), 355–383, and 115 (1987), 397–398.

[6] Waldschmidt, M.: Solution du huitième problème de Schneider; J. Number Th., 5 (1973), 191–202.

[7] Waldschmidt, M.: Linear Independence of Logarithms of Algebraic Numbers; IMSc Report No 116 (1992), The Institute of Mathematical Sciences, Madras.

[8] Wirsing, E.: Approximation mit algebraisc hen Zahlen beschränkten Grades, J. r.

angew. Math. (Crelle), 206 (1961), 67-77.