Transcendenceand algebraicindependenceof Liouville-like numbers

Michel WALDSCHMIDT

June 14, 1998

Abstract - We investigate the arithmetic nature of complex numbers which are well approximated by algebraic numbers. In particular we construct such algebraically independent numbers.

1 - In tro duction

It has been shown recently [2], [3], [4], [5] that complex numbers which generate a field of “small” transcendence degree can be simultaneously well approximated by algebraic numbers. This enables one to produce proofs of algebraic independence: given complex numbers, if we can establish a lower bound for their approximation by algebraic numbers, then we can deduce a lower bound for the transcendence degree of the field they generate. Here is such a precise statemen t ([4] Théorème 3.1 and [5], Corollary 1.2).

THEOREM 1 Let θ_1,...,θ_m be complex numbers such that

trdeg_QQ(θ_1,...,θ_m ) ≤ 1.

There exists a constant c > 0 with the following property. For any h ≥ c, and for infinitely many positive integers D, there exists a m-tuple (γ_1,...,γ_m ) of algebraic numbers satisfying

[Q(γ_1,...,γ_m ) : Q] ≤ D, max_{1≤ i≤ m} h(γ_i) ≤ h, and max 1≤ i≤ m

|θ_i − γ_i| ≤ e^{− D 2h/c}.

A natural question is whether the converse holds. Here we show that the answer is negativ e: our main goal is to construct algebraically independent complex numbers which admit good simultaneous approximation by algebraic numbers of bounded height. These numbers are of the form α^{ξi} where α is an algebraic number (in fact we choose α = 2) and ξ_i are Liouville-type numbers, that is real numbers which have very good (simultaneous) rational approximations.

First we investigate the transcendence of such numbers. In section 2 we deduce from Liouville’s inequalit y the transcendence of α^ξ under rather strong conditions on the approximations of ξ. Next in section 3 we obtain the transcendence of such numbers assuming only that ξ is a Liouville number; the proof rests on Baker-Fel’dman’s measure of linear independence for logarithms of algebraic numbers. The main result is Theorem 2 in section 4 where we produce algebraically independent numbers having good simultaneous algebraic approximations.

It is a pleasure to thank here Dimitrios Poulakis for his invitation to participate to this meeting in Thessaloniki, François Gramain for useful remarks on a preliminary version of this paper, and David Masser for further very clever suggestions (including - but not restricted to - the final comments).

2 - Consequence of a Liouville-T yp e Transcendence Criterion

The usual height H(γ) of an algebraic number γ is the maximum absolute value of the coefficien ts of its minimal polynomial over Z. For instance the usual height of a rational number p/q with gcd(p,q) = 1 and q > 0 is

H(p/q) = max{|p|,q}.

PR OPOSITION 1 Let θ be a complex number. Assume that for any κ > 0, there exists an algebraic number γ of degree [Q(γ) : Q] = d and usual height H(γ) = H satisfying

0 < |θ − γ| < exp � − κ max{d,logH} � . Then θ is transcendental.

The statemen t of Prop osition 1 involves the usual height H(γ), but it is also convenient to introduce the absolute logarithmic height h(γ) which we now define. Let γ be an algebraic number. Write the minimal polynomial of γ over Z as a_0(X − γ_1) ···(X − γ_d)

where a_0 > 0 is the leading term, d = [Q(γ) : Q] is the degree of γ and γ_1,...,γ_d are the conjugates of γ. Then Mahler’s measure of γ is defined by

M(γ) = a_0 d� i=1 max{1,|γ_i|}

and the absolute logarithmic height of γ is

h(γ) = 1 d logM(γ).

For instance the absolute logarithmic height of a rational number p/q ∈ Q is h(p/q) = logmax{|p|,q} = logM(p/q) = logH(p/q).

In general, for an algebraic number γ of degree d, we have

H(γ) ≤ 2^de^{dh(γ)} and e^{dh(γ)} ≤ √ d + 1H(γ).

Therefore one can replace the hypothesis of Prop osition 1 by the following one: for any κ > 0, there exists an algebraic number γ of degree [Q(γ) : Q] = d and absolute logarithmic height h(γ) = h satisfying

0 < |θ − γ| < exp � − κd max{1,h} � .

Pr oof of Pr oposition 1. Assume θ is algebraic. Define d_0 = [Q(θ) : Q]. According to Liouville’s estimate (for instance [1] Chap I, § 1.7, Th. 1.5), for any algebraic number γ ≠ θ of degree [Q(γ) : Q] = d and usual height H(γ) = H, we have

|θ − γ| ≥ 2^{− D+1} e^{− Dh(θ)}e^{− Dh(γ)}

where D = [Q(γ,θ) : Q] is bounded by D ≤ d_0d. Since dh(γ) ≤ d + logH, we deduce |θ − γ| ≥ e^{− κ max {d,log H }}

where κ = d_0(3 + h(θ)). This completes the proof of Prop osition 1.

We deduce from Prop osition 1 the following result:

(^∗) Let ξ be a real number. Assume that for any κ > 0, there exists a rational number p/q satisfying 0 < � � �ξ − p q � � �< e^{− κq}.

Then, for any non zero algebraic number α and for any non zero logarithm logα of α, the number α^ξ = e^{ξlog α}

is transcenden tal.

We shall check the hypotheses of Prop osition 1 for the number θ = α^ξ. Fix first κ > 0 and then κ^′ with

κ^′ ≥ 2d_0κ � 1 + (1 + |ξ|)h(α) � , e^{κ′} ≥ |logα| and e^{κ′/2} ≥ 2|logα||θ|,

where d_0 = [Q(α) : Q]. We apply the hypothesis of (^∗) with κ replaced by κ^′: there exists a rational number p/q satisfying 0 < � �ξ − p q � �< e^{− κ′q}.

Define γ = α^{p/q} = exp{(p/q) logα}.

Since γ^q ∈ Q(α), the degree d = [Q(γ) : Q] of γ is bounded by d ≤ qd_0. From h(γ) = |p| q h(α) ≤ (|ξ| + 1)h(α),

we deduce an upper bound for the usual height H = H(γ) of γ:

logH ≤ qd_0(h(γ) + log2) ≤ qd_0 � 1 + (|ξ| + 1)h(α) � . Since e^{κ′} ≥ |logα|, we can use the estimate

0 < |e^z − 1| ≤ 2|z| for 0 < |z| ≤ 1

with z = (ξ − p q ) logα

and get 0 < |θ − γ| ≤ 2|θlogα| · � � �ξ − p q � � �.

From the choice of κ^′ we conclude

0 < |θ − γ| < e^{− κ′q/2} ≤ exp � − κ max{d,logH} � . Therefore the assumptions of Prop osition 1 are satisfied and θ is transcendental.

3 - Linear Forms in Logarithms of Liouville Numbers.

The proof of Prop osition 1 was elementary, using only Liouville’s inequalit y. We now improve (^∗) by means of a measure of linear independence for two logarithms of algebraic numbers.

Let us recall the definition: A Liouville number is a real number ξ with the following property: for any κ > 0 there exists a rational number p/q with q ≥ 2 such that 0 < � � �ξ − p q � � �< 1 q^κ . Any Liouville number is transcenden tal ([1], Chap. I, § 1.6). We want to prove:

(^∗) If ξ is a Liouville number, then for any non zero algebraic number α and any non zero logarithm of α, the number α^ξ is transcenden tal.

Indeed take a non zero algebraic number α^′ and fix a value logα^′ of its logarithm. For a sufficien tly large κ, let p/q a rational number such that 0 < � �ξ − p q � �< 1 q^κ . For sufficien tly large κ we have plogα ≠ qlogα^′. Indeed, this is trivial if (log α^′)/(log α) is irrational (!), and it is also trivial if ξ = (log α^′)/(log α) because ξ ≠ p/q. In the remaining case where

logα^′ logα = p_0 q_0

≠ ξ

with p_0/q_0 ∈ Q, then for κ ≥ κ_0 with κ_0 defined by 1 2^{κ0} = � � �ξ − p^0 q_0 � � �, we have p/q≠ p_0/q_0.

According to Th. 4.9 in [1], Chap.4, § 1, we have

|plogα − qlogα^′| ≥ max{|p|,q}^{− c}

where c > 0 depends only on logα and logα^′. One easily deduces ξlogα ≠ logα^′, which proves (^∗).

The same argumen t yields further related results. Indeed, from measures of linear independence of logarithms of algebraic numbers (see for instance [6] Th. 1.1) one can deduce the transcendence of numbers of the form

log(αξ), e^{βξ}, α^{βξ}, (αξ)^β , ξlogα, logα logξ

when ξ is a Liouville number and α, β are non zero algebraic numbers with logα ≠ 0. More generally, when a_1,...,a_n , b_0,b_1,...,b_n are complex numbers which are simultaneously very well approximated by algebraic numbers, then b_1 loga_1 + ···+ b_m loga_m and e^{b0} a^{b1}_1 ···a^{bm}_m

are transcenden tal.

It follows that such numbers as a^b, loga_1/loga_2 are transcenden tal when a, a_1, a_2 and b are Liouville-like numbers.

Here is an example:

PR OPOSITION 2 Let ℓ_1,...,ℓ_n be complex numbers such that, for 1 ≤ i ≤ n, the number α_i = e^{ℓi} is algebraic. Let b_0,b_1,...,b_n be complex numbers. Assume that for any κ > 0, there exist algebraic numbers β_0,β_1,...,β_n such that β_0 + β_1ℓ_1 + ···+ β_n ℓ_n ≠ 0

and_n � j =0

|b_j − β_j | < H^{− κD n +2} ,

where D = [Q(β_0,...,β_n ) : Q] and H = max{e,H(β_0),...,H(β_n )}.

Then b_0 + b_1ℓ_1 + ···+ b_n ℓ_n ≠ 0.

Pr oof. According to [6] Th. 1.1, we have |β_0 + β_1ℓ_1 + ···+ β_n ℓ_n | ≥ H^{− cD n +2} for some constan t c > 0 which depends only on ℓ_1,...,ℓ_n . Prop osition 2 easily follows. Example. Let ξ_0,...,ξ_m be complex numbers. Assume either the number ξ_0 does not vanish, or else the numbers 1,ξ_1,...,ξ_m are linearly independent over Q. Let logα_1,...,logα_m be logarithms of non zero algebraic numbers. Assume (log α_1,...,logα_m ) ≠ (0,...,0).

Assume further that for any κ > 0, there exists a tuple (γ_0,...,γ_m ) of algebraic numbers such that max 0≤ j ≤ m

|ξ_j − γ_j | < H^{− κD m +4} where

D = [Q(γ_0,...,γ_m ) : Q] and H = max{e, max_{0≤ j ≤ m} H(γ_j )}. Then the number e^{ξ0} α^{ξ1}_1 ···α^{ξm}_m is transcenden tal. Pr oof. Assume e^{ξ0} α^{ξ1}_1 ···α^{ξm}_m is algebraic. Define logα_{m+1} = ξ_0 + ξ_1 logα_1 + ···ξ_m logα_m .

Let (ℓ_1,...,ℓ_n ) be any basis of the Q-vector subspace of C spanned by logα_1,...,logα_{m+1} . For 1 ≤ i ≤ n and 1 ≤ j ≤ m + 1, let c_{j i} ∈ Q be the component of logα_j in the basis (ℓ_1,...,ℓ_n ): logα_j = n� i=1 c_{j i}ℓ_i (1 ≤ j ≤ m + 1).

Further, let b_0 = ξ_0 and b_i = − c_{m+1 ,i} + m� j =1

c_{j i}ξ_j (1 ≤ i ≤ n).

From the definition of logα_{m+1} we deduce b_0 + b_1ℓ_1 + ···+ b_n ℓ_n = 0.

Define β_0 = γ_0 and β_i = − c_{m+1 ,i} + m� j =1

c_{j i}γ_j (1 ≤ i ≤ n). There is a constan t c > 0 which depends only on m and the c_{ij} ’s such that max 0≤ i≤ n

H(β_i) ≤ H^{cD} . Indeed we have h(γ_j ) ≤ 1 d_j logH(γ_j ) + 1 2d_j log(d_j + 1) ≤ 2logH where d_j = [Q(γ_j ) : Q], and for 1 ≤ i ≤ n h(β_i) ≤ m max_{1≤ j ≤ m} h(γ_j ) + log(m + 1) + m+1�

j =1

h(c_{j i}). From the estimate H(β_i) ≤ 2^D e^{Dh(βi )} our claim on the existence of c follows.

Using Prop osition 2 with H replaced by H^{cD} and m by n, we deduce that for infinitely many κ > 0, the tuple (γ_0,...,γ_m ) satisfies γ_0 + n� i=1 β_iℓ_i = 0.

Since ℓ_1,...,ℓ_n are Q-linearly independent, Baker’s Theorem implies β_0 = β_1 = ···= β_n = 0: γ_0 = 0 and m� j =1

c_{j i}γ_j = c_{m+1 ,i} for 1 ≤ i ≤ n.

Recall that the tuple (γ_0,...,γ_m ) depends on κ. These relations hold for infinitely many κ, hence ξ_0 = 0 and m� j =1

c_{j i}ξ_j = c_{m+1 ,i} for 1 ≤ i ≤ n.

From ξ_0 = 0 the numbers 1,ξ_1,...,ξ_m are linearly independent over Q, hence c_{j i} = 0 for 1 ≤ i ≤ n and 1 ≤ j ≤ m + 1, which implies logα_j = 0 for 1 ≤ j ≤ m + 1. This is not compatible with our assumptions, hence the number e^{ξ0} α^{ξ1}_1 ···α^{ξm}_m cannot be algebraic.

We refer to [6]§6 for further statemen ts related to simultaneous algebraic approximation, including results of algebraic independence.

4 - Algebraically Indep enden t Num bers.

Here is the main result of this paper.

THEOREM 2 Let φ : N → N be a strictly increasing function such that φ (D)/D → ∞ as D tends to infinity. Let Φ : N → N be another positive valued increasing function such that

Φ( n + 1) ≥ 2φ (2^{nΦ( n)})

for all n ≥ 0. For a ∈ R in the range 0 ≤ a < 1/2, define

ξ_a = � n≥ 1

[n^a]2^{− Φ( n)} and θ_a = 2^{ξa} .

Then the family {θ_a ; 0 ≤ a < 1/2} is algebraically independent. Moreover, for any m ≥ 1 and any tuple (a_1,...,a_m ) of real numbers in the range [0,1/2), there exist infinitely many integers D > 0 having the following property: there exist algebraic numbers γ_1,...,γ_m of absolute logarithmic height ≤ 1 such that

[Q(γ_1,...,γ_m ) : Q] ≤ D and m� i=1 |θ_{ai} − γ_i| ≤ e^{− φ (D)}.

Pr oof. We start with the second part of the conclusion, which is the existence of good simultaneous algebraic approximations. Fix a sufficien tly large integer n. We shall check the desired property with D = 2^{mΦ( n)}. Define, for 1 ≤ i ≤ m,

r_i = n� ν=1 [ν^{ai} ]2^{− Φ( ν)}, γ_i = 2^{ri} .

Further, set q = 2^{Φ( n)}. Since the numbers

p_i = qr_i = n� ν=1 [ν^{ai} ]2^{Φ( n)− Φ( ν)} (1 ≤ i ≤ m)

are positive rational integers, we have γ^q_i = 2^{pi} ∈ Z, and therefore [Q(γ_i) : Q] ≤ q for 1 ≤ i ≤ m.

The upper bound [Q(γ_1,...,γ_m ) : Q] ≤ q^m = D plainly follows.

We estimate r_1,...,r_m from above as follows. Since φ is strictly increasing we have φ (n) ≥ n for any n ≥ 0.

We deduce Φ(1) ≥ 2, Φ(2) ≥ 8, Φ(3) ≥ 2^{17},...

The inequalit y Φ( ν) ≥ 4ν for ν ≥ 2 is sufficien t to get

r_i ≤ n� ν=1 [ν^{1/2}]2^{− Φ( ν)} ≤ 1 4 + n� ν=2 √ ν ·2^{− 4ν} < 1 3 . The estimates h(γ_i) = r_i log2 < 1 (1 ≤ i ≤ m) plainly follow.

Recall that n is sufficien tly large. Since Φ( ν) > ν+ Φ( n+ 1) for ν > n+ 1 we have ξ_{ai} − r_i = ∞� ν= n+1

[ν^{ai} ]2^{− Φ( ν)} ≤ 2 √ n2^{− Φ( n+1)} .

Using once more the inequalit y |e^z − 1| ≤ 2|z| for 0 < |z| ≤ 1 with z = (ξ_{ai} − r_i) log2 we obtain

0 < θ_{ai} − γ_i = θ_{ai} (1 − 2^{ri − ξa i} ) ≤ 2θ_{ai} (log 2)(ξ_{ai} − r_i).

From the upper bound θ_{ai} ≤ 1 log2 we deduce_m � i=1 |θ_{ai} − γ_i| ≤ 4m √ n2^{− Φ( n+1)} .

We claim that the right hand side is bounded by e^{− φ (D)}. Indeed, since D = 2^{mΦ( n)}, we have Φ( n + 1) ≥ 2φ (D) and therefore it suffices to check

(2 log2 − 1)φ (D) > 2log2 + logm + 1 2 logn.

This inequalit y plainly follows from the conditions on φ and Φ.

Now the algebraic independence proof. The fact that the family

{θ_a ; 0 ≤ a < 1/2}

is algebraically free means that for any m ≥ 1, any tuple (a_1,...,a_m ) of pairwise distinct real numbers in the range [0,1/2), and any non zero polynomial P ∈ Z[X_1,...,X_m ], the number P (θ_{a1} ,...,θ_{am} ) does not vanish. Obviously there is no loss of generalit y to assume a_1 < a_2 ... < a_m < 1/2 and a_1 = 0.

Denote by deg P the total degree of P (which may be assumed to be ≥ 1). We start with the following observation:

• For any tuple (b_1,...,b_m ) of positive integers satisfying

b_i > b_{i− 1} deg P for 2 ≤ i ≤ m,

and for any tuple (λ_1,...,λ_m ) of non zero complex numbers, the polynomial Q(X) = P (λ_1X^{b1} ,...,λ_m X^{bm} ) does not vanish and has degree ≤ b_m deg P .

Indeed if we write

P (X_1,...,X_m ) = � i∈ N^m

p_iX^{i1}_1 ···X^{im}_m and if j ∈ N^m is the maximal index for the lexicographic ordering on (j_m ,j_{m− 1},...,j_1) such that p_j ≠ 0, then the degree of Q is

b_1j_1 + ···+ b_m j_m ≤ b_m (j_1 + ···+ j_m ) ≤ b_m deg P

and its leading coefficien t is

p_j λ^{j 1}_1 ···λ^{j m}_m .

Let L be an integer with L ≥ deg P . Our second observation is:

• There exist infinitely many integers N for which the following holds:

[n^{ai} ] = [N^{ai} ]

for 1 ≤ i ≤ m and for any n in the range N ≤ n ≤ N + L[N^{am} ].

Here is a proof of this claim. Fix a sufficien tly large integer N_0. From the inequalities

([N^{ai}_0 ]+ 2)^{1/ai} > (N^{ai}_0 + 1)^{1/ai} > N_0 + � N_0

we deduce that for any n in the range N_0 ≤ n ≤ N_0 + √ N_0, the number [n^{ai} ] is either [N^{ai}_0 ] or else [N^{ai}_0 ]+ 1. For 1 ≤ i ≤ m denote by M_i the largest integer in the range N_0 ≤ n ≤ N_0 + √ N_0 such that [M^{ai}_i ] = [N^{ai}_0 ]. Since a_m < 1/2, there exists a subinterval N ≤ n ≤ N + L[N^{am} ] of the interval N_0 ≤ n ≤ N_0 + √ N_0 which does not contain any of M_1,...,M_m . Then N satisfies the required property.

This completes the proof of our second observation and enables us to fix such a sufficien tly large integer N . Further, we set M = N + L[N^{am} ]. For any n in the range N ≤ n ≤ M and any index i with 1 ≤ i ≤ m, we define

q^{(n)} = 2^{Φ( n)}, r^{(n)}_i = n� ν=1 [ν^{ai} ]2^{− Φ( ν)},

p^{(n)}_i = q^{(n)}r^{(n)}_i and γ^{(n)}_i = 2^{r (n )i} . For N ≤ n < M and 1 ≤ i ≤ m we have

r^{(n+1)}_i − r^{(n)}_i = [(n + 1)^{ai} ]2^{− Φ( n+1)} = b_i2^{− Φ( n+1)} with b_i = [N^{ai} ]. Since a_1 = 0, we have b_1 = 1 and we deduce, for N ≤ n < M, γ^{(n+1)}_i γ^{(n)}_i

= 2^{r (n +1)i − r (n )i} = � γ^{(n+1)}_1 γ^{(n)}_1

�_{bi} . Therefore γ^{(n+1)}_i (γ^{(n+1)}_1 )^{bi} = γ^{(n)}_i (γ^{(n)}_1 )^{bi} for N ≤ n < M and 1 ≤ i ≤ m .

We write these relations

γ^{(n)}_i = λ_i(γ^{(n)}_1 )^{bi} (N ≤ n ≤ M), where λ_i = γ^{(N )}_i (γ^{(N )}_1 )^{bi} . The point is that λ_i does not depend on n in the interval N ≤ n ≤ M. From the conditions 0 = a_1 < a_2 < ···< a_m we derive b_i b_{i− 1} = [N^{ai} ] [N^{ai− 1} ] > 1 2 N^{ai − ai− 1} > deg P for 2 ≤ i ≤ m.

Hence, according to our first observation, the polynomial

Q(X) = P (λ_1X^{b1} ,...,λ_m X^{bm} ) ∈ C[X]

does not vanish and has degree ≤ b_m deg P ≤ M − N. Since

r^{(N )}_1 < r^{(N +1)}_1 < ···< r^{(M )}_1 ,

the numbers γ^{(n)}_1 , (N ≤ n ≤ M), are pairwise distinct, hence one at least of the numbers Q(γ^{(n)}_1 ) (N ≤ n ≤ M) does not vanish. We fix an integer n in this range such that Q(γ^{(n)}_1 ) ≠ 0 and we write γ_i in place of γ^{(n)}_i , so that

P (γ_1,...,γ_m ) = Q(γ_1) ≠ 0.

From the estimate_m � i=1 |θ_{ai} − γ_i| ≤ e^{− φ (D)},

we deduce |P (θ_{a1} ,...,θ_{am} ) − P (γ_1,...,γ_m )| < e^{− 12 φ (D)}.

On the other hand Liouville’s estimate yields

|P (γ_1,...,γ_m )| > 2e^{− 12 φ (D)}.

Hence |P (θ_{a1} ,...,θ_{am} )| > e^{− 12 φ (D)}.

We conclude P (θ_{a1} ,...,θ_{am} ) ≠ 0, which completes the proof of Theorem 2.

Final commen ts. We include two clever remarks from David Masser.

• (A) In Theorem 2, the condition a < 1/2 can be relaxed to a < 1.

The key remark is that the polynomials Q(X) in the proof have O(1) terms independent of the b’s. Therefore, by Descartes’s Rules of Signs, they have O(1) real zeroes. So any large interval N ≤ n ≤ N + C will suffice for the “zero estimate”. It only remains to check that there are arbitrarily long sequences of consecutiv e positive integers on which the functions [n^{a1} ],...,[n^{am} ] are simultaneously constan t. Here is the proof of this last fact. It suffices to avoid the “jump points” ν ≥ 2 satisfying [(ν − 1)^a] ≠ [ν^a] for a = a_1,...,a_m . Here [n^a] jumps by at least 1. If n ranges over {1,2,...,X}, then [n^a] starts with 1 and ends with [X^a]; so the number of jump points is at most [X^a]− 1 ≤ X^a. Thus altogether there are at most X^{a1} + ···+ X^{am} jump points ν ≤ X. Because this is o(X), the result follows.

• (B) Since the height of each γ_i in Theorem 2 is bounded (by 1) and since the set of tuples (γ_1,...,γ_m ) is infinite, one deduces that the degree of the number field Q(γ_1,...,γ_m ) is not bounded. So there are infinitely many values of D for which the conclusion holds with

[Q(γ_1,...,γ_m ) : Q] = D.

Another small modification allows one to make the D’s explicit: for sufficien tly large n define D_n = 2^{Φ( n)}. Since the γ_i’slie in K = Q(2^{1/q}), with q = D_n the upper bound

[Q(γ_1,...,γ_m ) : Q] ≤ D_n

still holds. And one can easily restrict to n’s with say [n^{a1} ] odd: e.g. start with an interval where [n^{a1} ] is odd and constan t, and then find a large subinterval containing none of the jump points of the other functions. It follows that r_1 = p_1/q with p_1 odd, so Q(γ_1) = K, which has degree exactly q = D_n . So

[Q(γ_1,...,γ_m ) : Q] = D_n .

References

[1] N.I. Fel ’dman and Yu.V. Nesterenk o, Number theory IV — Transcendental Numbers. Encyclopaedia of Mathematical Sciences, 44. Springer-Verlag, Berlin, 1998.

[2] M. La urent et D. Roy, Sur l’approximation algébrique en degré de transcendance un. Annales Instit. Fourier, to appear.

[3] P. Philippon , Une appro che méthodique pour la transcendance et l’indépendance algébrique de valeurs de fonctions analytiques. J. Number Theory 64 (1997), no. 2, 291–338.

[4] D. Roy et M. Waldschmidt , Approximation diophan tienne et indépendance algébrique de logarithmes. Ann. scient. Ec. Norm. Sup., 30 (1997), no 6, 753–796.

[5] D. Roy and M. Waldschmidt , Simultaneous approximation and algebraic independence. The Raman ujan Journal, 1 Fasc. 4 (1997), 379–430.

[6] M. Waldschmidt , Simultaneous approximation of numbers connected with the exponential function. J. Austral. Math. Soc., 25 (1978), 466–478.

[7] M. Waldschmidt , Indépendance algébrique de nombres de Liouville.

Cinquan te ans de polynômes (Paris, 1988), 225–235, Lecture Notes in Math., 1415 , Springer, Berlin-New York, 1990.

Michel WALDSCHMIDT Institut de Math ématiques de Jussieu Probl èmes Diophan tiens Case 247 4, place Jussieu F–75252 PARIS CEDEX 05 e-mail: miw@math.jussieu.fr internet: http://www.math.jussieu.fr/∼ miw/