[Page 553]

Integer valued entire functions

on Cartesian products

Michel Waldschmidt

À Andrzej Schinzel pour son 60-ème anniversaire

Abstract. Our goal is to study entire functions of n complex variables which take integer values (in Z) on a Cartesian product X_1 × . . . × Xn ⊂ C^n , where X_1, . . . , Xn are subsets of C . Our main result states that several such functions which satisfy some growth condition are then linearly dependent, provided that each set Xν has sufficiently many points.

One application concerns integer valued entire functions of a single variable on a set of products x_1x_2 (x_1 ∈ X_1, x_2 ∈ X_2): to such a function f we associate the function of two complex variables (z, w) → f(zw). This question had already been considered in previous papers by the author by means of Laurent’s interpolation determinants. Here we use an auxiliary function.

Introducing the function (z, w) → f(z + w) enables us to consider also integer valued entire functions on a set of sums x_1 + x_2 (x_1 ∈ X_1, x_2 ∈ X_2).

Finally we shall consider also integer valued entire functions on geometrical progressions q^n (n ≥ 1).

1991 Mathematics Subject Classification: 11J81, 30D15, 32A15.

1. Linear dependence of integer valued entire functions

We investigate the arithmetic nature of the values of several functions φ_1, . . . , φ_L at the points of a Cartesian product. For simplicity we assume that the functions are entire, and that the values are rational integers. Under suitable assumptions we show that these functions are then linearly dependent over Q.

Notice that if we have only one integer valued function f, then we find further ones by considering f^2, f^3, . . . More generally, if we start with finitely many functions f_1, . . . , f_d, then we construct new ones by considering monomials f^{t1}_1 · · · f^{td}_d ((t_1, . . . , t_d) ∈ N^d ). This is how our criterion of linear dependence (Theorem 1.1) will give rise to criteria of algebraic dependence (see §2). This remark has often been used. However there is another way of constructing several functions starting from a single one: if, say, f is an entire function of a single variable and X, Y two subsets of C such that f(xy) ∈ Z for any x ∈ X, y ∈ Y, then for any positive integers δ and λ, and for any δλ-tuple (t_{hk}) 1ˇhˇδ_1ˇ_kˇ_λ ∈ N^{δλ} , the function f(z_hw_k)^{thk} takes values in Z at the points of the Cartesian product X^δ ×Y^λ ⊂ C^{δ+λ} . This remark yields a new proof of the Six Exponentials Theorem; we provide the details only for the proof of the weaker statement that one at least among six numbers of the form e^{xiyj} is not an integer (see Corollary 2.7), but the same proof produces transcendence results.

The results we get are close to our previous ones in [17], but the proofs are different. We compare both approaches. We also use the main result of [17] in order to study integer valued entire functions of a single variable at points of the form x + y where each of x and y runs over a subset of C .

a) Statement of the criterion

For R ≥ 0, we denote by D(0, R) the closed complex disc of center 0 and radius R: D(0, R) = { z ∈ C ; |z| ≤ R^}. Theorem 1.1. Let n be a positive integer, r_1, . . . , r_n, R_1, . . . , R_n and ψ—maps from N into the set of positive real numbers. We assume, for 1 ≤ ν ≤ n and for all sufficiently large integer N,

r_ν (N) ≤ r_ν (N + 1) ≤ R_ν (N) and

R_ν (N)^2 + r_ν (N + 1)^2 2R_ν (N)r_ν (N + 1) ≥ e^{1/ψ(N)}. (1.1) We also assume that the function N/ψ(N) is increasing^{1)}, and that

lim inf N→∞ N ψ(N) log N > 6n. (1.2) There exists a positive real number L_0 with the following property. Let L ≥ L_0 be an integer, φ_1, . . . , φ_L entire functions in C^n and X_1, . . . , X_n subsets of C . Assume, for 1 ≤ λ ≤ L, φ_λ(X_1 × . . . × X_n) ⊂ Z. Assume also that for any integer N ≥ (L/4)^{1/n}, the two following estimates hold:

Card ( X_ν ∩ D ( 0, r_ν (N) )) ≥ N (1 ≤ ν ≤ n) (1.3) and log max 1≤λ≤L sup { |φ_λ(z)| ; z = (z_1, . . . , z_n), |z_ν | ≤ R_ν (N) (1 ≤ ν ≤ n) }

≤ N 2ψ(N) . (1.4)

Then the functions φ_1, . . . , φ_L are linearly dependent over Q.

1) We use the word “increasing” where some other authors would say “non-decreasing”.

Remark. Several generalizations of this result are possible:

• Derivatives can be included.

• One can extend the result to meromorphic functions in place of entire functions: in this case one only needs to add suitable hypotheses which ensure that the points are not too close to the sets of zeroes of the denominators of the meromorphic functions (see for instance [14]).

• Integer values can be replaced by algebraic values: in this case one only needs to add suitable hypotheses on the growth of the height of these values.

• Other sets than Cartesian products can be considered, provided that we know a Schwarz’ Lemma for such sets.

• One can replace the assumption that the functions take integer or algebraic values by the weaker assumption that the values are closed to integers or to algebraic numbers (see [8]). In order to do so, one needs either an interpolation formula (which is known only for certain subsets of C^n ) or else a zero estimate (which is available only for certain sets of functions).

• Finally p-adic analogs are also worth of study.

b) Auxiliary lemmas

We recall two auxiliary results: the first one is the well-known Thue-Siegel Lemma whose proof involves Dirichlet’s box principle; we use here the original formulation of Siegel [12] which in fact is sharper than some more recent versions. The second tool is a Schwarz’ Lemma for Cartesian products for the proof of which we refer to [15].

Lemma 1.2. Let N and M be two positive integers with N > M. Let a_{νμ} (1 ≤ ν ≤ N, 1 ≤ μ ≤ M) be rational integers, and let A be a positive integer satisfying

A ≥ max 1≤μ≤M N∑ ν=1 |a_{νμ}|. There there exist rational integers x_1, . . . , x_N such that N∑ ν=1 a_{νμ}x_ν = 0 (1 ≤ μ ≤ M) and 0 < max 1≤ν≤N |x_ν | ≤ A^{M/(N−M)}.

Proof. See [12]. ⊓⊔

Lemma 1.3. Let n, N be positive integers and E, r_1, . . . , r_n, R_1, . . . , R_n positive real numbers. Assume E ≥ 1 and, for 1 ≤ ν ≤ n,

R_ν ≥ r_ν and

R^2_ν + r^2_ν 2R_ν r_ν ≥ E. For 1 ≤ ν ≤ n, let X_ν be a subset of D(0, r_ν ), with at least N elements. Further, let F be an entire function in C^n which vanishes on the Cartesian product X_1 × . . . × X_n. Define

|F |_r = sup { |F (z)| ; |z_ν | = r_ν (1 ≤ ν ≤ n) } and |F |_R = sup { |F (z)| ; |z_ν | = R_ν (1 ≤ ν ≤ n) } . Then |F |_r ≤ E^{−N} |F |_R.

Proof. Lemma 1.3 is obtained by introducing Blaschke products (see for instance Lemma 2.2 of [17]) into the proof of Proposition 7.2.1 of [15]. Notice that the statement is homogeneous: replacing F by

F̃ (z_1, . . . , z_n) = F (r_1z_1, . . . , r_nz_n),

and, for 1 ≤ ν ≤ n, X_ν by X̃_ν = { x/r_ν ; x ∈ X_ν } and R_ν by R̃_ν = R_ν /r_ν , we may assume r_1 = . . . = r_n = 1. Also, replacing R_1, . . . , R_n by R = E + √ E^2 − 1, we may assume R_1 = . . . = R_n = R and R^2 + 1 = 2ER. ⊓⊔

Remark. For simplicity we did not include multiplicities. For the record, here is the well known Schwarz’ Lemma in one variable:

Let F be an entire function of a single variable. For r > 0, denote by n(F, r) the number of zeros (counting multiplicities) of F in the closed disc of radius r. Then for 0 < r ≤ R we have |F |_r ≤ ( R^2 + r^2 2Rr )_{−n(F,r)} |F |_R.

We shall use the following consequence:

Lemma 1.4. Let F be a non-constant entire function of one variable. Then there exists r_0 ≥ 0 such that, for any θ > 1 and any r > r_0, we have n(F, r) log ( θ^2 + 1 2θ ) < log |F |_{θr}.

Proof. Since F is not constant, there exists r_0 ≥ 0 be such that |F |_{r0} ≥ 1. Then for any r > r_0, we have 1 < |F |_r ≤ ( θ^2 + 1 2θ )_{−n(F,r)} |F |_{θr}. ⊓⊔ Remark. A variant of Lemma 1.4 may also be proved by means of Jensen’s formula. See Lemma 2.3.4 p. 193 of [3].

c) Schneider’s method with an auxiliary function

In this section we prove Theorem 1.1.

Define N_0 = [ (L/4)^{1/n} ] + 1. Using hypothesis (1.3) we select, for 1 ≤ ν ≤ n and N ≥ N_0, a subset X_ν (N) of X_ν ∩ D ( 0, r_ν (N) ) such that

Card ( X_ν (N) ) = N. For any N ≥ N_0, we define X(N) = X_1(N) × . . . × X_n(N) ⊂ C^n .

The first step of the proof is the construction of an auxiliary function: we apply lemma 1.2 in order to solve the system of equations L∑ λ=1 p_λφ_λ(x) = 0 for all x = (x_1, . . . , x_n) ∈ X(N_0), (1.5)

where the unknowns p_1, . . . , p_L are rational integers. The coefficients φ_λ(x) of this system of equations are rational integers. We have L unknowns, and N^n_0 equations, with N^n_0 L − N^n_0 < 1 2 . From (1.4) we deduce, for x ∈ X(N_0), L∑ λ=1 |φ_λ(x)| ≤ L · max_{1≤λ≤L} |φ_λ(x)| ≤ Le^{N0/(2ψ(N0))}. Using (1.2) we obtain (recall that L is sufficiently large)

N_0/ψ(N_0) > 6 log L.

Lemma 1.2 shows that there exists a solution (p_1, . . . , p_L) ∈ Z^L \ {0} to (1.5) with max 1≤λ≤L |p_λ| ≤ L^{1/2}e^{N0/(4ψ(N0))}, hence_L ∑ λ=1 |p_λ| < e^{N0/(2ψ(N0))}. (1.6)

The second step of the proof is an inductive argument. Define F = L∑ λ=1 p_λφ_λ. We shall now prove, for any integer N ≥ N_0, (i)_N F (x) = 0 for all x = (x_1, . . . , x_n) ∈ X(N), and (ii)_N log sup { |F (z)| ; |z_ν | ≤ r_ν (N + 1), (1 ≤ ν ≤ n) } < − N 2ψ(N) + N_0 2ψ(N_0) . Our construction of F shows that (i)_{N0} is true. Since the set X_ν (N +1) is contained in the disc of center 0 and radius r_ν (N + 1), since F (x) is a rational integer for x ∈ X(N + 1), and since the right hand side of (ii)_N is ≤ 0, we readily see that property (ii)_N implies (i)_{N+1}. Further, if property (ii)_N holds for any N ≥ N_0, since the right hand side of (ii)_N tends to −∞ as N tends to ∞, we deduce F = 0.

Therefore the proof of Theorem 1.1 will be completed once we have checked that (i)_N implies (ii)_N . We assume that (i)_N holds for some N ≥ N_0, and we are going to check |F (z)| < e^{−N/(2ψ(N))} · e^{N0/(2ψ(N0))} for all z = (z_1, . . . , z_n) ∈ C^n with |z_ν | ≤ r_ν (N + 1) for 1 ≤ ν ≤ n. This will prove that (ii)_N holds.

We use Lemma 1.3 with

E = e^{1/ψ(N)}, r_ν = r_ν (N + 1), R_ν = R_ν (N) (1 ≤ ν ≤ n). The conditions R_ν > r_ν and

R^2_ν + r^2_ν 2R_ν r_ν ≥ E for 1 ≤ ν ≤ n follow from the assumptions of Theorem 1.1. Therefore, with the notations of Lemma 1.3, we get

log |F |_r ≤ −N log E + log |F |_R ≤ − N ψ(N) + log |F |_R.

Notice that the left hand side of (ii)_N is nothing else that log |F |_r.

On the other hand from (1.4) we derive

log |φ_λ|_R ≤ N 2ψ(N) , and therefore (1.6) yields the bounds

log |F |_R ≤ log (_L∑ λ=1 |p_λ| ) + log max_{1≤λ≤L} |φ_λ|_R <

N_0 2ψ(N_0) + N 2ψ(N) . Hence log |F |_r < N_0 2ψ(N_0) − N 2ψ(N) , which is the desired estimate. ⊓⊔

2. Algebraic dependence of integer valued entire functions

Applying Theorem 1.1 to a set of functions f^{t1}_1 · · · f^{td}_d yields a criterion for algebraic independence. The special case n = 1 provides a simple statement. An example is a variant of Pólya’s Theorem on integer valued entire functions.

a) Consequence of the criterion for linear dependence

Corollary 2.1. Let n, d be two positive integers and c, θ_1, . . . , θ_n, μ_1, . . . , μ_d be positive real numbers satisfying

μ_1 + . . . + μ_d ≤ d − n. (2.1)

There exists a positive real number η with the following property. Let f_1, . . . , f_d be entire functions in C^n , and let X_1, . . . , X_n be subsets of C such that f_i(X_1 × . . . × X_n) ⊂ Z (1 ≤ i ≤ d). We assume that for all sufficiently large R, the two following estimates hold:

Card ( X_ν ∩ D(0, R^{θν} ) ) ≥ cR (1 ≤ ν ≤ n) (2.2) and, for 1 ≤ i ≤ d,

log sup { |f_i(z)|; z = (z_1, . . . , z_n), |z_ν | ≤ R^{θν} , (1 ≤ ν ≤ n) } ≤ ηR^{μi} . (2.3) Then the functions f_1, . . . , f_d are algebraically dependent over Q.

Proof. We first check that there is no loss of generality to assume μ_i < 1 for 1 ≤ i ≤ d. Indeed, assume that Corollary 2.1 is proved in this special case. Consider the subset I of {1, . . . , d} such that μ_i < 1 for i ∈ I and μ_i ≥ 1 for i ∉ I. Then from (2.1) we deduce ∑ i∈I μ_i ≤ d∑ i=1 μ_i − d + |I| ≤ |I| − n. Therefore we can apply (the special case of) Corollary 2.1 to the set of functions {f_i ; i ∈ I}, with d replaced by |I|.

We also notice that assumption (2.1) implies d > n, hence d ≥ 2. Define, for 1 ≤ ν ≤ n and for sufficiently large N,

r_ν (N) = (N/c)^{θν} and R_ν (N) = 6r_ν (N).

We now check the hypotheses of Theorem 1.1 with ψ(N) = 1. Notice that r_ν (N) and R_ν (N) have been chosen so that, for sufficiently large N, the estimates (1.1) are satisfied. By assumption there exists R_0 ≥ 1 such that (2.2) and (2.3) hold for R ≥ R_0. Define L_0 = 4(cR_0)^n. Let L and N be two integers with L ≥ L_0 and N ≥ (L/4)^{1/n}. Since N ≥ cR_0, we may apply (2.2) with R = N/c in order to check (1.3).

Define positive integers T_1, . . . , T_d by

T_i = [ L^{(1−μi)/(d−μ1−...−μd)} ] + 1 (1 ≤ i ≤ d),

so that T_1 · · · T_d ≥ L. Hence we can choose { φ_1, . . . , φ_L } as a subset of { f^{t1}_1 · · · f^{td}_d ; 0 ≤ t_i < T_i (1 ≤ i ≤ d) } with pairwise distinct (t_1, . . . , t_d).

Define θ_∗ = min{θ_1, . . . , θ_n}. For 1 ≤ ν ≤ n we have

R^{θν}_0 ≤ R_ν (N) = 6(N/c)^{θν} ≤ ( 6^{1/θ}�c^{−1}N )_{θν} . For x ∈ R, define log^+ x = log max{x, 1}. Using (2.3) with R = 6^{1/θ}�N/c we deduce that for 1 ≤ i ≤ d and for any z = (z_1, . . . , z_n) ∈ C^n satisfying |z_ν | ≤ R_ν (N) (1 ≤ ν ≤ n), we have

log^+ |f_i(z)| ≤ η_iN^{μi} with η_i = η6^{μi/θ}�c^{−μi} .

Therefore, for the same z, we deduce from (2.1) and from the estimate T_i ≤ 2L^{(1−μi)/(d−μ1−...−μd)} (1 ≤ i ≤ d), that we have

log max 1≤λ≤L |φ_λ(z)| ≤ d∑ i=1 T_i log^+ |f_i|_{Rν (N)} ≤ 2N d∑ i=1 η_i4^{(1−μi)/(d−μ1−...−μd)}. Assuming η sufficiently small, so that max 1≤i≤d ( 4dη6^{μi/θ}�c^{−μi} )_{d−μ1−...−μd} 4^{1−μi} ≤ 1, we deduce log max 1≤λ≤L |φ_λ(z)| ≤ N/2 and (1.4) follows.

Therefore we may use Theorem 1.1: the functions φ_1, . . . , φ_L are linearly dependent over Q, hence the functions f_1, . . . , f_d are algebraically dependent over Q. This completes the proof of Corollary 2.1. ⊓⊔

b) Application to entire functions of a single variable

Here is a consequence of Corollary 2.1 in the case n = 1.

Corollary 2.2. Let d ≥ 2 be an integer, c, ℓ, ϱ_1, . . . , ϱ_d, positive real numbers satisfying ϱ_1 + . . . + ϱ_d ≤ (d − 1)ℓ.

There exists a positive real number η with the following property. Let f_1, . . . , f_d be entire functions in C , and let X be a subset of C such that f_i(X) ⊂ Z (1 ≤ i ≤ d). We assume that for all sufficiently large R, the two following estimates hold:

Card ( X ∩ D(0, R) ) ≥ cR^ℓ, and log |f_i|_R ≤ ηR^{ϱi} (1 ≤ i ≤ d). Then the functions f_1, . . . , f_d are algebraically dependent over Q.

Proof. In Corollary 2.1 take n = 1, θ_1 = 1/ℓ and μ_i = ϱ_i/ℓ (1 ≤ i ≤ d). ⊓⊔

Remark. Corollary 2.2 also follows from Théorème 2.1 of [6]. It is interesting to compare it with Schneider’s Satz II in [10] and with [13] Théorème 2.2.1: a weaker result follows from these two references, where the assumption ϱ_1 + . . . + ϱ_d ≤ (d − 1)ℓ needs to be replaced by the stronger one ϱ_1 + . . . + ϱ_d < (d − 1)ℓ. However Satz II in [10] allows derivatives, while Théorème 2.2.1 in [13] allows algebraic values in place of rational integers. Obviously it is possible to generalize Corollary 2.2 so that it includes not only these two statements, but also Satz III in [10], and the later transcendence criteria by Th. Schneider in [11], by S. Lang in [7], and by K. Ramachandra in [9].

Here is another corollary to Theorem 1.1, dealing again with integer valued entire functions: it is a variant of Pólya’s Theorem (see [14]):

Corollary 2.3. For any ϑ ≥ 1/2 there exists a positive constant η with the following property. Let f be an entire function of one complex variable and X an infinite subset of Z such that f(X) ⊂ Z. Assume, for all sufficiently large real number r,

Card ( X ∩ D(0, r) ) ≥ r/ϑ and log |f|_r ≤ ηr. Then f is a polynomial.

Proof. The proof involves the binomial functions ( z 0 ) = 1 and ( z h ) = z(z − 1) · · · (z − h + 1) h! for h ≥ 1.

For R > 0, H > 0, |z| ≤ R and 0 ≤ h ≤ H, the estimate | | | | ( z h )| | | ≤ e^H ( R H + 1 )_H (2.4) follows from the inequalities e^H ≥ H^h h! and (R + H)^h h! ≤ e^H ( R H + 1 )_H . Choose positive real numbers h_0, k_0 and ℓ_0, which are subject to the following conditions:

h_0k_0 ≥ 4, (2.5)

h_0 + h_0 log ( ℓ_0 h_0 + 1 ) + h_0 log(2ϑ) + 1 2 log 2 ≤ 1 4 log ℓ_0 (2.6) and ηk_0ℓ_0ϑ ≤ 1 4 log ℓ_0. (2.7)

For instance fix h_0 < 1/4, define k_0 = 4/h_0 so that (2.5) holds, next select ℓ_0 sufficiently large so that (2.6) is satisfied, and finally assume η is sufficiently small in order that (2.7) is true.

Let L_0 be a sufficiently large integer, L an integer ≥ L_0 and N an integer ≥ L/4. From (2.5) we deduce that the set { (h, k) ; 1 ≤ h ≤ h_0N, 0 ≤ k < k_0 } contains at least L elements. Let {φ_1, . . . , φ_L} be any subset of the set of functions ( z h ) f(z)^k (1 ≤ h ≤ h_0N, 0 ≤ k < k_0).

We are going to apply Theorem 1.1 with n = 1, X = X_1,

r_1(N) = ϑN, R_1(N) = ℓ_0r_1(N), ψ(N) = 1 log(ℓ_0/2) . Condition (1.3) follows from

Card ( X ∩ D(0, ϑN) ) ≥ N. Next from (2.4) we deduce max 1≤λ≤L log |φ_λ|_{R1(N)} ≤ h_0N + h_0N log ( ℓ_0ϑ h_0 + 1 ) + ηk_0ℓ_0ϑN. Using (2.6) together with ϑ ≥ 1/2, we obtain

h_0 + h_0 log ( ℓ_0ϑ h_0 + 1 ) ≤ h_0 + h_0 log ( ℓ_0 h_0 + 1 ) + h_0 log(2ϑ) ≤ 1 4ψ(N) − 1 4 log 2

while from (2.7) we deduce

ηk_0ℓ_0ϑ ≤ 1 4ψ(N) + 1 4 log 2.

Therefore (1.4) holds. It follows that the two functions z and f(z) are algebraically dependent over Q, and since f is entire, we may conclude f ∈ Q[z]. ⊓⊔

c) Cartesian products

We consider a single function φ of n variables taking integer values at the points of a Cartesian product X_1 × . . . × X_n ⊂ C^n .

Corollary 2.4. Let c, α_1, . . . , α_n and μ be positive real numbers with μ < 1. There exists a positive real number η with the following property. Let φ be an entire function in C^n , and let X_1, . . . , X_n be subsets of C such that φ(X_1 × . . . × X_n) ⊂ Z. Assume that for all sufficiently large R, the following estimates hold: Card ( X_ν ∩ D(0, R) ) ≥ cR^{αν} (1 ≤ ν ≤ n) and log sup { |φ(z_1, . . . , z_n)| ; |z_ν | ≤ R^{1/αν} (1 ≤ ν ≤ n) } ≤ ηR^μ. Let δ_1, . . . , δ_n be positive integers satisfying μ ≤ 1 − δ_1 + . . . + δ_n δ_1 · · · δ_n . Then the δ_1 · · · δ_n functions φ(z^{(1)}_{h1} , . . . , z^{(n)}_{hn} ) (1 ≤ h_ν ≤ δ_ν , 1 ≤ ν ≤ n) of δ_1 + . . . + δ_n variables z^{(1)}_1 , . . . , z^{(1)}_{δ1} , . . . z^{(n)}_1 , . . . , z^{(n)}_{δn} are algebraically dependent over Q.

Remark. The assumptions imply n ≥ 2.

Proof. Use Corollary 2.1 with d = δ_1 · · · δ_n for the functions of δ_1 +. . .+δ_n variables φ(z^{(1)}_{h1} , . . . , z^{(n)}_{hn} ) with

θ_i = 1 α_ν (δ_1 + . . . + δ_{ν−1} < i ≤ δ_1 + . . . + δ_ν , 1 ≤ ν ≤ n),

and μ_1 = . . . = μ_d = μ, so that μ_1 + . . . + μ_d = dμ = δ_1 · · · δ_nμ ≤ d − (δ_1 + . . . + δ_n). ⊓⊔

Remark. It is instructive to compare the case n = 2 of Corollary 2.4 with Theorem 3.1 below (which is Proposition 4.1 in [17]). The assumptions of both statements are similar (however Theorem 3.1 allows μ = 1), but the conclusions are substantially different. Also the methods of proofs are quite different.

d) Integer valued functions on sets of products

We apply Corollary 2.4 with n = 2 to a function of the form φ(z, w) = f(zw) in order to get a result concerning the values of a function of a single variable f at a set of products xy, where x and y run over the sets X,Y respectively.

Corollary 2.5. Let c_0, c_1, c_2, α, β and ϱ be positive real numbers with 1 α + 1 β < 1 ϱ , f an entire function in C and X, Y subsets of C such that f(xy) ∈ Z for any (x, y) ∈ X × Y. Assume, for all sufficiently large R,

log |f|_R ≤ c_0R^ϱ and Card ( X ∩ D(0, R) ) ≥ c_1R^α, Card ( Y ∩ D(0, R) ) ≥ c_2R^β .

Then f is a polynomial.

Remark. Again it is interesting to compare Corollary 2.5 with Corollary 3.2 below (which is Theorem 1.1 in [17]). In Corollary 3.2, the main assumption is only (1/α) + (1/β) ≤ 1/ϱ (but c_0 is replaced by a sufficiently small η).

Proof. Select a real number ϱ_1 in the range ϱ < ϱ_1 < αβ α + β . Let δ and λ be two positive integers satisfying ϱ_1 α + ϱ_1 β + 1 δ + 1 λ ≤ 1. We apply Corollary 2.4 with

n = 2, X_1 = X, X_2 = Y, α_1 = α, α_2 = β, c = min{c_1, c_2},

δ_1 = δ, δ_2 = λ, μ = ϱ_1 α + ϱ_1 β . We deduce that the δλ functions f(z_hw_k) (1 ≤ h ≤ δ, 1 ≤ k ≤ λ) are algebraically dependent over C . Corollary 2.5 now follows from the next lemma. ⊓⊔

Lemma 2.6 (J.-P. Bézivin). Let δ and λ be positive integers and f an entire function of one variable. Assume that the δλ functions f(z_hw_k) (1 ≤ h ≤ δ, 1 ≤ k ≤ λ) of δ + λ variables z_1, . . . , z_δ, w_1, . . . , w_λ are algebraically dependent over C (z_1 , . . . , z_δ, w_1, . . . , w_λ). Then f is a polynomial.

Proof. We prove this result by induction on δ + λ. For δ = λ = 1, the hypothesis is that the three functions z, w and f(zw) of two variables z and w are algebraically dependent. Hence f is an algebraic function, and since f is entire, f is a polynomial.

We now assume δ + λ > 1. By symmetry we may assume δ > 1. Let P be a polynomial in δ + λ + δλ variables X_1, . . . , X_δ, Y_1, . . . , Y_λ and Z_{hk} (1 ≤ h ≤ δ, 1 ≤ k ≤ λ) which vanishes (as a function of δ + λ variables) when one substitutes to the variables respectively z_1, . . . , z_δ, w_1, . . . , w_λ and f(z_hw_k). Assume f is not a polynomial; we want to prove P = 0.

We write P as a polynomial in X_1, Z_{11}, . . . , Z_{1λ}, with coefficients which are polynomials in the other variables: P = ∑ i ∑ j1 · · · ∑ j_λ B_{ij} (X, Y, Z)X^i_1Z^{j1}_{11} · · · Z^{jλ}_{1λ}. where B_{ij} (X, Y, Z) stands for B_{ij1...jλ} (X_2, . . . , X_δ, Y_1, . . . , Y_λ, Z_{21}, . . . , Z_{2λ}, . . . , Z_{δ1}, . . . , Z_{δλ}). For each tuple (ij) = (i, j_1, . . . , j_λ), define a function g_{ij} of δ + λ − 1 variables z_2, . . . , z_δ, w_1, . . . , w_λ by g_{ij} (z_2, . . . , z_δ, w_1, . . . , w_λ) = B_{ij} ( z_2, . . . , z_δ, w_1, . . . , w_λ, f(z_2w_1), . . . , f(z_2w_λ), . . . , f(z_δw_1), . . . , f(z_δw_λ) ) . From our assumption P ( z_1, . . . , z_δ, w_1, . . . , w_λ, f(z_1w_1), . . . , f(z_1w_λ), . . . , f(z_δw_1), . . . , f(z_δw_λ) ) = 0 we deduce ∑ i ∑ j1 · · · ∑ j_λ g_{ij} (z_2, . . . , z_δ, w_1, . . . , w_λ)z^i_1f(z_1w_1)^{j1} · · · f(z_1w_λ)^{jλ} = 0. (2.8)

For j ≥ 0, consider the Taylor expansion of f(z)^j at the origin:

f(z)^j = ∑ n≥0 a_{nj} z^n. For any n ≥ 0, the coefficient of z^n_1 in the Taylor expansion of the left hand side of (2.8) vanishes: ∑ n1+...+n_λ+i=n ∑ j1 · · · ∑ j_λ g_{ij} (z_2, . . . , z_δ, w_1, . . . , w_λ)a_{n1j1} · · · a_{nλjλ} w^{n1}_1 · · · w^{nλ}_λ = 0. We use our induction hypothesis: since f is not a polynomial, this is a trivial relation between z_2, . . . , z_δ, w_1, . . . , w_λ and f(z_hw_k ) (2 ≤ h ≤ δ, 1 ≤ k ≤ λ). This means that for each n ≥ 0 the polynomial ∑ n1+...+n_λ+i=n ∑ j1 · · · ∑ j_λ B_{ij} a_{n1j1} · · · a_{nλjλ} Y^{n1}_1 · · · Y^{nλ}_λ in X_2, . . . , X_δ, Y_1, . . . , Y_λ and Z_{hk} (2 ≤ h ≤ δ, 1 ≤ k ≤ λ) vanishes. We substitute (w_1, . . . , w_λ) to (Y_1, . . . , Y_λ), multiply by z^n_1 and sum for n ≥ 0: for any complex tuple (z_1, w_1, . . . , w_λ), the polynomial P (z_1, X_2, . . . , X_δ , w_1, . . . , w_λ, f(z_1w_1), . . . , f(z_1w_λ), Z_{21}, . . . , Z_{δλ}) vanishes. According to the case δ = 1 (which we take for granted thanks to the induction hypothesis) this implies P = 0. ⊓⊔ From Corollary 2.5 we deduce the following special case of the Six Exponentials Theorem:

Corollary 2.7. Let {x_1, . . . , x_d} and {y_1, . . . , y_ℓ} be two sets of Q-linearly independent real numbers, with dℓ > d + ℓ. Then one at least of the dℓ numbers e^{xiyj} (1 ≤ i ≤ d, 1 ≤ j ≤ ℓ) is not in Z.

Proof. Assume that the dℓ numbers e^{xiyj} are all rational integers. Choose f(z) = e^z, X = {t_1x_1 + . . . + t_dx_d ; (t_1, . . . , t_d) ∈ N^d } and Y = {s_1y_1 + . . . + s_ℓy_ℓ ; (s_1, . . . , s_ℓ) ∈ N^ℓ }.

Then e^{xy} ∈ Z for any x ∈ X and y ∈ Y . Using the assumption dℓ > d + ℓ, we may apply Corollary 2.5 with ϱ = 1, c_0 = 1, α = d, β = ℓ, c_1 = (|x_1| + . . . + |x_d|)^{−d}, c_2 = (|y_1| + . . . + |y_ℓ|)^{−ℓ}.

Since the exponential function is not a polynomial, we reach the expected contradiction. ⊓⊔

3. Schneider’s method with interpolation determinants

We compare the preceding results with those in [17]. Further, we also consider integer valued functions on a set of sums.

a) Cartesian products (again)

The following result is Proposition 4.1 of [17].

Theorem 3.1. Consider two sequences (x_0, x_1, x_2, . . .) and (y_0, y_1, y_2, . . .) of pairwise distinct complex numbers with |x_0| ≤ |x_1| ≤ |x_2| ≤ . . . , lim_{t→∞} |x_t| → ∞, |y_0| ≤ |y_1| ≤ |y_2| ≤ . . . , lim_{s→∞} |y_s| → ∞.

Let 1 < θ_0 ≤ θ_1 ≤ θ_2 ≤ . . . be an increasing sequence of real numbers such that, if we set E_n = (θ^2_n + 1)/(2θ_n), then the sequence (n log E_n) is increasing. Let φ be an entire function in C^2 satisfying

φ(x_t, y_s) ∈ Z for any t ≥ 0 and any s ≥ 0.

Define M(t, s) = log sup { |φ(u, v)|; |u| = θ_t|x_t|, |v| = θ_s|y_s| } . Assume that for any sufficiently large integer L, any sequence t_1 < t_2 < . . . < t_L of non-negative integers, any sequence s_1 < s_2 < . . . < s_L of non-negative integers, and any τ ∈ S_L,

log(L!) + L∑ λ=1 M ( t_λ, s_{τ (λ)} ) < max {_L∑ λ=1 t_λ log E_{tλ} , L∑ μ=1 s_μ log E_{sμ} } . (3.1)

Then the Q-vector space V spanned by the functions w −→ φ(x_t, w) (t ≥ 0) is finite dimensional, the same holds for the Q-vector space W spanned by the functions z −→ φ(z, y_s) (s ≥ 0), and dim V = dim W .

b) Integer valued entire functions of a single variable

As it was already observed in [17], Corollary 2.7 also follows from Theorem 3.1. We now recall Theorem 1.1 of [17] (see also Theorem 3.1 in [16]).

Corollary 3.2. Let c_1, c_2, α, β and ϱ be positive real numbers with 1 α + 1 β ≤ 1 ϱ . (3.2)

There exists a positive real number η with the following property. Let f be an entire function in C , and let X, Y be subsets of C such that f(xy) ∈ Z for any (x, y) ∈ X × Y. Assume, for all sufficiently large R,

Card ( X ∩ D(0, R) ) ≥ c_1R^α, Card ( Y ∩ D(0, R) ) ≥ c_2R^β , and log |f|_R ≤ ηR^ϱ. Then f is a polynomial.

It was shown in [17] (equation (5.2)) that η = 1 20 c^{ϱ/α}_1 c^{ϱ/β}_2 min { 1, 1 ϱ^2 }

is an admissible value.

A much stronger statement than Corollary 3.2 might be true, with (3.2) replaced by ϱ ≤ max{α, β}. To stay on the safe side, we only propose:

Conjecture 3.3. Corollary 3.2 holds for any η > 0.

A consequence of Conjecture 3.3 is the following special case of the Four Exponentials Conjecture (which is still open—see [16]):

Let a and b be two positive integers which are multiplicatively independent, namely a^mb^n = 1 with m and n in Z implies m = n = 0.

Let t be a real number. If a^t and b^t are both integers, then t ∈ Q.

Remark. Denote by Q the set of algebraic numbers (algebraic closure of Q in C ). Assuming X ⊂ Q and taking derivatives would enable one to prove a variant of Corollary 3.2 which contains the Theorem of Gel’fond-Schneider on Hilbert’s seventh problem. Moreover, assuming also Y ⊂ Q , one can get a generalization of Hermite-Lindemann’s Theorem on the transcendence of e^α.

We now study a similar question for sums in place of products.

Corollary 3.4. Given positive real numbers ϱ and c, there exists a positive constant η with the following property. Let X, Y be subsets of C and f an entire function of a single complex variable such that f(x + y) ∈ Z for any (x, y) ∈ X × Y. Assume, for all sufficiently large R,

Card ( X ∩ D(0, R) ) ≥ cR^ϱ, Card ( Y ∩ D(0, R) ) ≥ cR^ϱ (3.3) and log |f|_R ≤ ηR^ϱ. Then f is an exponential polynomial.

Remark. We shall prove that Corollary 3.4 holds with η = ec 5 · 2^{ϱ+3} min { 1, 1 ϱ^2 } . (3.4)

This formula is homogeneous, as it should, under the transformation z → λz,

λ ∈ C^× (in other terms there is no loss of generality to assume c = 1).

Applying Corollary 3.4 with X = Y = Nγ_1 + . . . + Nγ_ℓ yields

Corollary 3.5. Let γ_1, . . . , γ_ℓ be complex numbers which are linearly independent over Q. There exists a positive constant η > 0 with the following property. Let f be an entire function such that

f(s_1γ_1 + . . . + s_ℓγ_ℓ) ∈ Z for any (s_1, . . . , s_ℓ) ∈ N^ℓ .

Assume, for all sufficiently large R, log |f|_R ≤ ηR^ℓ. Then f is an exponential polynomial.

Exponential polynomials satisfying the assumptions of Corollary 3.5 do occur: let a_1, . . . , a_ℓ be multiplicatively independent positive integers with ℓ ≥ 2; define γ_j = log a_j ; then any polynomial in e^z satisfies the hypotheses of Corollary 3.5. Another simple example is f(z) = z with ℓ = 1 and γ_1 = 1.

There is no analog of Conjecture 3.3 for sets of sums: a first example with ℓ = 1 is f(z) = g(z) sin(πz/γ_1) where g is any entire function of order < 1 which is not a polynomial. Other examples with ℓ = 2 are given by Weierstraß sigma functions (i.e. canonical products associated with discrete lattices in C ).

Nevertheless a sharper estimate than (3.4) would have interesting consequences, in connection with the following open problem (which is again a special case of the Four Exponentials Conjecture):

Conjecture 3.6. Let a and b be multiplicatively independent positive integers and c a positive integer. Then

(log a)(log b) ≠ (log c)^2.

From Gel’fond-Schneider’s Theorem, it follows that an equivalent formulation is:

Let a ≥ 2 be a positive integer and t > 0 a real number. Assume that a^t and a^{t2} are both integers. Then t is rational.

Here is the connection with Corollary 3.5: take f(z) = e^{z2} , ϱ = 2, ℓ = 2, γ_1 = √ log a, γ_2 = √ log b. Unfortunately (3.4) gives a value of η which is < 1.

Another connection between integer valued functions on sets of sums on one hand, and the Six Exponentials Theorem on the other, involves the double exponential function e^{ez} , together with the sets, X = { log(t_1x_1 + . . . + t_dx_d) + 2iπτ ; (t_1, . . . , t_d) ∈ N^d \ {0}, τ ∈ Z } and Y = { log(s_1y_1 + . . . + s_ℓy_ℓ) + 2iπσ ; (s_1, . . . , s_ℓ) ∈ N^ℓ \ {0}, σ ∈ Z } .

Indeed, one deduces from Theorem 3.1 the following variant of Corollary 3.4, which is another generalization of Corollary 2.7.

Corollary 3.7. Let c_0, c_1, c_2, α, β and ϱ be positive real numbers with 1 α + 1 β < 1 ϱ , f an entire function in C and X, Y subsets of C such that f(x + y) ∈ Z for any (x, y) ∈ X × Y. Assume, for all sufficiently large R, log |f|_R ≤ c_0e^{ϱR} and Card ( X ∩ D(0, R) ) ≥ c_1e^{αR}, Card ( Y ∩ D(0, R) ) ≥ c_2e^{βR}. Then f is an exponential polynomial.

Remark. Corollary 2.5 can be deduced from Corollary 3.7 as follows: if f, X, Y satisfy the assumptions of Corollary 2.5, one checks that f̃(z) = f(e^z), X̃ = {x̃ ∈ C ; e^{x̃} ∈ X}, Ỹ = {ỹ ∈ C ; e^ỹ ∈ Y } satisfy the assumptions of Corollary 3.7 (there is no loss of generality to assume that X ∩ D(0, 1) is empty). Therefore, according to Corollary 3.7, f̃ is an exponential polynomial. The conclusion then follows from the next lemma:

Lemma 3.8. Let f be an entire function and let λ ∈ C , λ ≠ 0. Assume that the function f(e^{λz}) is an exponential polynomial. Then f is a polynomial.

Proof. This follows from Lemma 3.1 of [5]. Though the proof is easy, we reproduce it here. The function f̃(z) = f(e^{λz}) is periodic with period ω = 2iπ/λ. Write f̃(z) = a_1(z)e^w1^z + . . . + a_s(z)e^ws^z

with s ≥ 0, non-zero polynomials a_1, . . . , a_s in C [z] and pairwise distinct complex numbers w_1, . . . , w_s. Since the functions z → e^{wj z} (1 ≤ j ≤ s) are linearly independent over C [z], we deduce from the periodicity of f̃: a_j (z) = e^{wj ω}a_j (z + ω) (1 ≤ j ≤ s).

Therefore each w_j ω/2iπ = w_j /λ is a rational integer, say m_j ∈ Z, and each a_j (z) is a constant, say a_j ∈ C . Define d = min{m_j ; 1 ≤ j ≤ k, } so that P (z) = a_1z^{m1−d} + . . . + a_sz^{ms−d} is a polynomial with P (0) ≠ 0. Now f̃(z) = e^{λdz}P (e^{λz}), and therefore f(z) = z^dP (z). Since f is analytic at the origin, we conclude d ≥ 0 and f ∈ C [z]. ⊓⊔

c) Proof of Corollary 3.4

We may assume f is not a constant. Since f(X + Y ) ⊂ Z, it follows that Xand Y are both discrete subsets of C . We order them with increasing modulus X = { x_0, x_1, . . . , x_t, . . . } and Y = { y_0, y_1, . . . , y_s, . . . } with |x_0| ≤ |x_1| ≤ . . . ≤ |x_t| ≤ . . . and |y_0| ≤ |y_1| ≤ . . . ≤ |y_s| ≤ . . . so that |x_t| → ∞ as t → ∞, and also lim_{s→∞} |y_s| = ∞. From (3.3) we deduce, for sufficiently large t and s, |x_t| ≤ c^{−1/ϱ}t^{1/ϱ} and |y_s| ≤ c^{−1/ϱ}s^{1/ϱ}. Our first goal is to prove that the vector space V spanned over Q by the functions w → f(x + w) (x ∈ X) has finite dimension. We shall use Theorem 3.1. We take the sequence (θ_0, θ_1, . . .) constant equal to θ = e^{min{1,1/ϱ}}, so that

θ^{−ϱ} log ( θ^2 + 1 2θ ) > e 20 min { 1, 1 ϱ^2 } . We assume η satisfies 2^{ϱ+1}η < cθ^{−ϱ} log ( θ^2 + 1 2θ )

(compare with (3.4)). Define R(t, s) = θ(|x_t| + |y_s|) and M(t, s) = log sup { |f(u + v)|; |u| = θ|x_t|, |v| = θ|y_s| } . For |u| = θ|x_t| and |v| = θ|y_s| we have |u + v| ≤ R(t, s), hence M(t, s) ≤ log |f|_{R(t,s)} ≤ ηR(t, s)^ϱ as soon as t and s are sufficiently large. Since R(t, s) ≤ θc^{−1/ϱ}(t^{1/ϱ} + s^{1/ϱ}) ≤ 2θc^{−1/ϱ} max{t ; s}^{1/ϱ}, we have R(t, s)^ϱ ≤ (2θ)^ϱc^{−1} max{t ; s} ≤ (2θ)^ϱc^{−1}(t + s) and we deduce M(t, s) ≤ η(2θ)^ϱc^{−1}(t + s) provided that t and s are sufficiently large. However one easily checks that the same estimate holds as soon as t + s is sufficiently large, say t + s > c_3. Define

c_4 = ∑ t+s≤c3 M(t, s).

Then, for any τ ∈ S_L, L∑ λ=1 M ( t_λ, s_{τ (λ)} ) ≤ c_4 + η(2θ)^ϱc^{−1} (_L∑ λ=1 t_λ + L∑ μ=1 s_μ )

≤ c_4 + 2η(2θ)^ϱc^{−1} max {_L∑ λ=1 t_λ ; L∑ μ=1 s_μ } . Since the number ϵ = log ( θ^2 + 1 2θ ) − 2η(2θ)^ϱc^{−1} is positive, for L sufficiently large, we may bound log(L!) by

log(L!) ≤ ϵ 4 L(L − 1) ≤ ϵ 2 L∑ λ=1 t_λ. Therefore (3.1) is satisfied, and we deduce from Theorem 3.1 that V has finite dimension.

Denote by V the vector space spanned over C by the functions w → f(x + w). Of course V has also finite dimension. Let f(ξ_1 + w), . . . , f(ξ_n + w) be a basis of V. For each x ∈ X there exist complex numbers c_i(x) (1 ≤ i ≤ n) such that f(x + w) = c_1(x)f(ξ_1 + w) + . . . + c_n(x)f(ξ_n + w).

Since the functions f(ξ_1 + w), . . . , f(ξ_n + w) are linearly independent over C , there exist complex numbers ζ_1, . . . , ζ_n such that the matrix ( f(ξ_i + ζ_j ) ) 1≤i,j≤n is non- singular. Therefore there exist complex numbers γ_{ij} (1 ≤ i, j ≤ n) such that c_i(x) = γ_{i1}f(x + ζ_1) + . . . + γ_{in}f(x + ζ_n).

We deduce f(x + w) = n∑ i=1 n∑ j=1 γ_{ij} f(x + ζ_j )f(ξ_i + w). Fix w ∈ C . The function F : z −→ f(z + w) − n∑ i=1 n∑ j=1 γ_{ij} f(z + ζ_j )f(ξ_i + w)

vanishes on X. We apply Lemma 1.4: if F does not vanish identically, then for any sufficiently large r, n(F, r) log ( θ^2 + 1 2θ ) < log |F |_{θr}. Put c_1 = 1 + n∑ i=1 n∑ j=1 |γ_{ij} f(ξ_i + w)| and c_2 = max { |w|, |ζ_1|, . . . , |ζ_n| } , so that, for any R > 0, |F |_R ≤ c_1|f|_{R+c2} . We apply this estimate with R = θr, and r sufficiently large so that

η(θ + c_2r^{−1})^ϱ + r^{−ϱ} log c_1 < c log ( θ^2 + 1 2θ ) . Therefore n(F, r) < cr^ϱ, which is not compatible with (3.3).

Hence f satisfies the functional equation

f(z + w) = n∑ i=1 n∑ j=1 γ_{ij} f(z + ζ_j )f(ξ_i + w). We take derivatives with respect to z, and then set z = 0. It follows that the n + 1 functions f, f^′, f^{′′}, . . . , f^{(n)} belong to V, hence they are linearly dependent, and f satisfies an homogeneous linear differential equation with constant coefficients. Therefore f is an exponential polynomial. ⊓⊔

The proof of Corollary 3.7 is similar and is left to the reader (Hint: select θ in the range 1 < θ < αβ ϱ(α + β) and apply Theorem 3.1 with θ_n = θ for all n ≥ 0).

d) On a Theorem of Gel’fond

A Theorem of A.O. Gel’fond states that for β ∈ Z with |β| > 1, an entire function f which satisfies f(β^n) ∈ Z for any n ∈ N and |f|_R < ϵ(R) exp ( 1 4 (log R)^2 log |β| )

for all sufficiently large R, with ϵ(R) → 0 for R → ∞, is a polynomial (see [4]; see also [1]). A similar result, without the assumption β ∈ Z, is due to F. Gramain: for

q ∈ C with |q| > 1, an entire function f which satisfies f(q^n) ∈ Z for any n ∈ N and log |f|_R < η (log R)^2 log |q| for all sufficiently large R with η < 0.079730 . . . is a polynomial (as pointed out by F. Gramain, this is in fact what is proved in [5], Proposition 4.3). Using Gramain’s method, P. Bundschuh [2] produced another proof of Gel’fond’s result on entire functions f satisfying f(β^n) ∈ Z when β ≥ 2 is an integer, but he needs the assumption log |f|_R < η (log R)^2 log β

with η = 1/13.657 . . .

Following a suggestion of J.-P. Bézivin, we deduce from Theorem 3.1 the following weaker form of Gramain’s result.

Corollary 3.9. Let q ∈ C satisfy |q| > 1 and let f be an entire function such that f(q^n) ∈ Z for any n ∈ N. Assume that there exists η < 1/16 such that, for all sufficiently large R log |f|_R < η (log R)^2 log |q| . (3.5)

Then f is a polynomial.

Proof. We first deduce from Corollary 3.5 the weaker assertion with η < 1/16 replaced by η < η_0 where η_0 > 0 may depend on q. Choose a complex logarithm log q of q and consider the entire function f̃(t) = f(q^t), which is periodic with period 2iπ/ log q. Put ℓ = 2, γ_1 = 1, γ_2 = 2iπ/ log q. From (3.5) we deduce log |f̃|_R < η | log q|^2 log |q| R^2.

Assuming η is sufficiently small (depending on q), Corollary 3.5 then shows that the entire function f̃ is an exponential polynomial. From Lemma 3.8 (with λ = log q) we deduce f ∈ C [z].

In order to check that assumption (3.5) with any η < 1/16 is sufficient, we shall apply Theorem 3.1 to the function φ(u, v) = f(uv) with x_t = q^t, y_s = q^s and θ_n = |q|^n for n ≥ 1 and θ_0 = |q|.

One easily checks that the sequence E_n = (θ^2_n+1)/(2θ_n) is increasing. Moreover, for sufficiently large n, say for n ≥ n_0, we have log E_n ≥ (1 − ϵ)n log |q|.

Let R_0 > 0 be such that (3.5) holds for R ≥ R_0. Define K = log |f|_{R0} . Further, select ϵ in the range 0 < ϵ < 1 − 16η.

Let L_0 be sufficiently large so that, for any L ≥ L_0,

L(K + log L) + (1 − ϵ)(log |q|) n0∑ n=1 n^2 < (1 − ϵ − 16η)(log |q|) L∑ n=1 n^2. (3.6)

For |u| = θ_t|x_t| and |v| = θ_s|y_s|, we have |uv| = |q|^{2(t+s)} and log |φ(u, v)| = log |f(uv)| ≤ max { K , η (log R)^2 log |q| } with R = |q|^{2(t+s)}.

We deduce the estimate, valid for all t ≥ 0 and s ≥ 0: M(t, s) ≤ 4η(t + s)^2 log |q| + K.

Let L ≥ L_0 be a positive integer, t_1 < t_2 < . . . < t_L, and s_1 < s_2 < . . . < s_L two sequences of non-negative integers and τ ∈ S_L. Using the estimate (in the Euclidean space R^L )

(x_1 + y_1)^2 + . . . + (x_L + y_L)^2 ≤ 4 max{x^2_1 + . . . + x^2_L , y^2_1 + . . . + y^2_L}

which holds for any real numbers x_1, . . . , x_L, y_1, . . . , y_L, we deduce

log(L!) + L∑ λ=1 M ( t_λ, s_{τ (λ)} ) ≤ L log L + L∑ λ=1 ( 4η(t_λ + s_{τ (λ)})^2 log |q| + K )

≤ L(K + log L) + 16η(log |q|) max {_L∑ λ=1 t^2_λ ; L∑ μ=1 s^2_μ } . On the other hand L∑ λ=1 t_λ log E_{tλ} ≥ (1 − ϵ)(log |q|) L∑ λ=1 t_λ≥n0 t^2_λ

≥ (1 − ϵ)(log |q|) L∑ λ=1 t^2_λ − (1 − ϵ)(log |q|) n0∑ n=1 n^2.

Using (3.6), we deduce that (3.1) holds. Hence the functions f(q^nz) (n ≥ 0) span

a Q-vector space of finite dimension. This implies that f is solution of a functional

equation f(q^nz) = a_1f(q^{n−1}z) + . . . + a_{n−1}f(qz) + a_nf(z). The conclusion that f is a polynomial can now be achieved by three different ways: either one considers the growth of R → |f|_R, or (like P. Bundschuh in [2]) one looks at the Taylor expansion of f at the origin, or else, following [5], one studies the periodic function f(q^z) which satisfies a functional equation. ⊓⊔

Acknowledgment. The author is thankful to Jean-Paul Bézivin for several useful remarks on a preliminary version of this paper, and for providing the clue for the proof of Lemma 2.6. He is also very much indebted to François Gramain for his careful reading of this paper and his many corrections and suggestions which improved the text.

References

[1] Bézivin, J.-P., Suites d’entiers et fonctions entières arithmétiques. Ann. Fac. Sci.

Toulouse Math. (6) 3 (1994), 313–334.

[2] Bundschuh, P., A theorem of Gel’fond via Schneider’s method. In: New trends in probability and statistics, vol. II (Palanga 1991) (ed. by F. Schweiger and E. Manstavičius), 9–15. VSP, Utrecht 1992.

576 M. Waldschmidt

[3] Francoise, J.-P., Yomdin, Y., Bernstein inequalities and applications to analytic geometry and differential equations. J. Funct. Anal. 146 (1997), 185–205.

[4] Gel’fond, A., Sur les fonctions entières, qui prennent des valeurs entières dans les point β^n, β est un nombre entier positif et n = 1, 2, 3, . . . (Russian, French abstract). Mat. Sb. 40 (1933), 42–47.

[5] Gramain, F., Fonctions entières d’une ou plusieurs variables complexes prenant des valeurs entières sur une progression géométrique. In: Cinquante ans de polynômes (Paris, 1988) (ed. by M. Langevin and M. Waldschmidt; Lecture Notes in Math. 1415), 123–137. Springer, Berlin 1990.

[6] Gramain, F., Mignotte, M., Waldschmidt, M., Valeurs algébriques de fonctions analytiques. Acta Arith. 47 (1986), 97–121.

[7] Lang, S., Introduction to transcendental numbers. Addison-Wesley, Reading 1966. [8] Mignotte, M., Waldschmidt, M., Approximation des valeurs de fonctions transcendantes. Indag. Math. 37 (1975), 213–223.

[9] Ramachandra, K., Contributions to the theory of transcendental numbers I, II. Acta Arith. 14 (1967/68), 65–72, 73–88.

[10] Schneider, Th., Transzendenzuntersuchungen periodischer Funktionen. J. Reine Angew. Math. 172 (1934), 65–74.

[11] — Einführung in die transzendenten Zahlen. Springer, Berlin 1957. French translation: Introduction aux nombres transcendants, traduit par P. Eymard. Gauthier- Villars, Paris 1959.

[12] Siegel, C.L., Über einige Anwendungen diophantischer Approximation. Abh. Preuss.

Akad. Wiss. Phys.-Math. Kl. 1929, Nr. 1, 70 pp. Gesammelte Abhandlungen, vol. I, 209–266. Springer, Berlin 1966.

[13] Waldschmidt, M., Nombres transcendants (Lecture Notes in Math. 402). Springer, Berlin 1974.

[14] — Pólya’s theorem by Schneider’s method. Acta Math. Acad. Sci. Hungar. 31 (1978), 21–25.

[15] — Nombres transcendants et groupes algébriques. Complété par deux appendices de D. Bertrand et J.-P. Serre. Astérisque, 69–70 (1979).

[16] — Extrapolation with interpolation determinants. In: Special functions and differential equations (ed. by K. Srinivasa Rao et al.), 356–366. Allied Publishers, New Delhi 1997.

[17] — Integer valued functions on products. J. Ramanujan Math. Soc. 12 (1997), 1–24.