9 Décem bre 1996

Densit y measure of rational poin ts

on ab elian varieties by Mic hel WALDSCHMIDT (^∗)

Abstract

Let A be a simple abelian variety of dimension g over Q, and let ℓ be the rank of the Mordell- Weil group A(Q). Assume ℓ ≥ 1. A conjecture of Mazur asserts that the closure of A(Q) into A(R) for the real topology contains the neutral component A(R)^0 of the origin. This is known only under the extra hypothesis ℓ ≥ g^2 − g + 1. We investigate here a quantitativ e refinemen t of this question: for each given positive H, the set of points in A(Q) of height ≤ H is finite, and we study how these points are distributed into A(R)^0. More generally we consider an abelian variety A over a number field K embedded in R, and a subgroup Γ of A(K) of sufficien tly large rank. The effective result of density we obtain relies on an estimate of diophan tine approximation, namely a lower bound for linear combinations of determinan ts involving abelian logarithms.

§1. In tro duction

Let K be a number field with a given real embedding. Let V be a smooth variety over K. Denote by Z the closure, for the real topology, of V(K) in V(R). In his paper [9] on the topology of rational points, Mazur assumes that K = Q and that V(Q) is Zariski dense; he asks whether Z is a union of connected components of V(R). However an example is given in [2]of a smooth surface V over Q, whose Q-rational points are Zariski-dense, but such that the closure Z in V(R) of the set of Q-points is not a union of connected components.

We consider here a quantitativ e refinemen t. Assume that V is embedded, as a quasi-pro jective variety, into a projective space P_N over K. Denote by h the absolute logarithmic height (Weil height) on P_N (K). Further, choose a metric on P_N . For each sufficien tly large real number H, define η_V (H) as follows:

η_V (H) = inf � ϵ> 0 ;

for any ζ ∈ Z, there exists γ ∈ V(K) with h(γ) ≤ logH and dist(ζ,γ) ≤ ϵ � . Since V(K) is dense in Z, lim_{H →∞} η_V (H) = 0.

An upper bound for η_V (H) can be considered as a measure of the density in Z of the rational points V(K).

(^∗) Work partially supp orted by the Japan Societ y for the Promotion of Science: gran t JSPS 96029

AMS 1991 MathematicsSubjectClassification:11G1011J8914G0514K15