Madras, IMSc, Jan uary 20, 1997

Extrap olation with interp olation determinan ts

by Michel WALDSCHMIDT

Abstract

Let f_1,...,f_L be analytic functions and ζ_1,...,ζ_L be points where the functions are defined. Sharp upper bounds are known for the absolute value of the determinan t of the L × L matrix � f_λ (ζ_μ ) � 1≤ λ,μ ≤ L . These estimates play an importan t role in transcenden tal number theory. We give a report on this topic and we announce a new application to integer valued entire functions on a set of products.

References

[AE 1944] L. Alaoglu and P. Erdős. – On highly composite and similar numbers; Trans. Amer. Math. Soc., 56 (1944), 448–469.

[Am 1996] F. Amoroso. – Algebraic numbers close to 1 and variants of Mahler’s measure; J. Number Theory 60 (1996), 80–96.

[Am 1997] F. Amoroso. – Algebraic numbers close to 1: results and metho ds; in: Pro c. Conf. Trichy 1996, Contemp orary Math., Amer. Math. Soc., to appear.

[Ba 1966] A. Baker. – Linear forms in the logarithms of algebraic numbers; (I), Mathematica, 13 (1966), 204–216; (II), id., 14 (1967), 102–107; (III), id., 14 (1967), 220–228; (IV), id., 15 (1968), 204–216.

[BW 1988] F. Beukers and J. Wolfart. – Algebraic values of hypergeometric functions; in: New Advances in Transcendence Theory, (ed. A. Baker), Pro c. Conf. Durham 1986, Cambridge Univ. Press (1988), chap. 5, 68–81.

[Bu 1997]Y. Bugeaud. – Algebraic numbers close to 1 in non-Archimedean metrics; The Raman ujan J., to appear.

[BuLau 1995] Y. Bugeaud et M. Lauren t. – Minoration effective de la distance p-adique entre puissances de nombres algébriques; J. Number Theory, 61 (1996), 311-342

[BuMiNo 1995] Y. Bugeaud, M. Mignotte et F. Normandin. – Nombres algébriques de petite mesure et formes linéaires en un logarithme; C. R. Acad. Sci. Paris, Sér. I 321 (1995), 517–522.

[CS 1982] D.C. Cantor and E.G. Straus. – On a conjecture of D.H. Lehmer; Acta Arith., 42 (1982), 97–100.

[Co 1992] P. Corvaja. – Le théorème de Roth par un déterminan t d’interp olation; C. R. Acad. Sci. Paris, Sér. I 315 (1992), 517–521.

[Do 1979] E. Dobrowolski. – On a question of Lehmer and the number of irreducible factors of a polynomial; Acta Arith., 34 (1979), 391–401.

[Du 1995] A. Dubickas. – On algebraic numbers of small measure; Liet. Mat. Rink. 35 (1995), 421–431.

[Ge 1929] A.O. Gel’fond. – Sur les propri étés arithm étiques des fonctions entières; Tohoku Math. J. 30 (1929), 280–285.

[Ge 1934] A.O. Gel’fond. – On Hilbert’s seventh problem; Dokl. Akad. Nauk SSSR, 2 (1934), 1–3 (in Russian) and 4–6 (in French); Sur le septième problème de Hilbert; Izv. Akad. Nauk SSSR, 7 (1934), 623–630.

[Gr 1981] F. Gramain. – Sur le théorème de Fukasawa–Gel’fond; Invent. Math. 63 (1981), 495–506.

[Ha 1917] G.H. Hardy. – On a theorem of Mr. G. Pólya; Pro c. Cambridge Phil. Soc., 19 (1917), 60–63; Collected papers of G.H. Hardy, Oxford 1969, vol. IV, 605–609.

[He 1873] C. Hermite. – Sur la fonction exponentielle; C. R. Acad. Sci. Paris, 77 (1873), 18– 24; 74–79; 226–233; 285–293; Oeuvres III, 150–181. See also Oeuvres III, 127–130, 146–149, and Correspondance Hermite-Stieltjes , II, lettre 363, 291–295.

[La 1966] S. Lang.– Nombres transcendan ts; Sém. Bourbaki 18ème année (1965/66), N^∘ 305, 8 pp.; nouvelle édition, Maison de la SMF, 1996.

[La 1966] S. Lang. – Intr oduction to Transcendental Numbers; Addison-W esley, 1966.

[Lau 1989] M. Lauren t. – Sur quelques résultats récents de transcendance; Journ ées arithm étiques Luminy 1989, Astérisque, 198–200 (1991), 209–230.

[Lau 1994] M. Lauren t. – Linear forms in two logarithms and interp olation determinan ts; Appendix of [W 1992] and Acta Arith., 66 (1994), 181–199.

[LMN 1995] M. Lauren t, M. Mignotte et Yu.V. Nesterenk o. – Formes linéaires en deux logarithmes et déterminan ts d’interp olation; J. Number Theory, 55 (1995), 285–321.

[Le 1933] D.H. Lehmer. – Factorization of certain cyclotomic functions; Ann. of Math. 34 (1933), 461–479.

[Ma 1996a] E.M. Matveev. – A relationship between the Mahler measure and the discriminan t of algebraic numbers; (in russian) Mat. Zametki, 59 N^∘ 3 (1996), 415–420; engl. transl.: Math. Notes, 59 (1996), 293–297.

[Ma 1996b] E.M. Matveev. – On algebraic numbers of small logarithmic height; (in russian) (en russe) Mat. Zapiski, 2 Diophantine approximations, Proceedings of papers dedicated to the memory of Prof. N. I. Feldman, ed. Yu. V. Nesterenk o, Centre for applied research under Mech.-Math. Faculty of MSU, Moscow (1996), 90–98. [MiW 1993] M. Mignotte and M. Waldschmidt. – On algebraic numbers of small height: linear forms in one logarithm; J. Number Theory, 47 (1994), 43–62. [Ph 1997] P. Philipp on. – Une appro che méthodique pour la transcendance et l’indépendance algébrique de valeurs de fonctions analytiques; J. Number Theory, 64 (1997), 291-338. [Pi 1993] J. Pila. – Geometric and arithmetic postulation of the exponential function; J. Austral. Math. Soc., 54 (1993), 111–127. [Po 1915] G. Pólya. – Über ganzwertige ganze Funktionen; Rend. Circ. Math. Palermo, 40 (1915), 1–16; Collected papers (ed. R.P. Boas), vol. I, Singularities of analytic functions, M.I.T. Press (1974), 1–16. [Ra 1968] K. Ramac handra. – Contributions to the theory of transcenden tal numbers; Acta Arith., 14 (1968), 65–88. [Ra 1969] K. Ramac handra. – Lectures on Transcendental Numbers; The Raman ujan Institute, Vol. I, Univ. of Madras, 1969. [R 1915] S. Raman ujan. – Highly composite numbers; Pro c. London Math. Soc., 2 14 (1915), 347– 409; collected papers of Srinivasa Raman ujan (ed. G.H. Hardy, P.V. Seshu Aiyar and B.M. Wilson), Chelsea 1927, 78–128. [Sc 1934] Th. Schneider. – Transzendenzun tersuc hungen periodischer Funktionen; J. reine angew. Math., 172 (1934), 65–74. [Si 1929] C.L. Siegel. – Über einige Anwendungen diophan tischer Approximationen; Abh. Preuss. Akad. Wiss., Phys.-Math., 1 (1929), 1–70; Gesam. Abh. I, Springer Verlag 1966, 209–266. [St 1978] C.L. Stewart. – Algebraic integers whose conjugates lie near the unit circle; Bull. Soc. Math. France, 106 (1978), 169–176. [T 1908] A. Thue. – Om en generel i store hele tal uløsbar ligning; Kra. Vidensk. Selsk. Skrifter. I. Mat. Nat. Kl., (1908) N^∘ 7; Über Annäherungsw erte algebraisc her Zahlen; J. reine angew. Math., 135 (1909), 284–305; Selected mathematical papers of Axel Thue, Universitetsforlaget 1977, N^∘ 11, 219–231 and 232–253. [V 1996] P. Voutier. – An effective lower bound for the height of algebraic numbers; Acta Arith., 74 (1996), 81–95. [W 1987] M. Waldschmidt. – Some transcenden tal aspects of Raman ujan’s work ; Pro c. Raman ujan Centennial Intern. Conf. Annamalainagar, Raman ujan Math. Soc., 1 (1988), 67-76. [W 1992]M. Waldschmidt. – Linear Independence of Logarithms of Algebraic Numbers; IMSc Report No 116 (1992), The Institute of Mathematical Sciences, Madras, 158 pp. [W 1993] M. Waldschmidt. – Extrap olation et alternan ts; Group e d’études sur les problèmes diophantiens 1992–1993, Publ. Math. Univ. P. et M. Curie, 108 (1994), N^∘ 11, 15 pp. [W 1997a] M. Waldschmidt. – Approximation diophan tienne dans les groupes algébriques commutatifs — (I) : Une version effective du théorème du sous-group e algébrique ; J. reine angew. Math., à paraître. [W 1997b] M. Waldschmidt. – Integer valued functions on products; Journal of the Raman ujan Mathematical Society, 12 (1997), 1–24.