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Section 1- m-Dyck paths

Definitions, notations
Grafting m-Dyck paths

Enumerating prime m-Dyck paths

The m-Tamari lattice
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m-Dyck paths of size n

- It is a path in (R*)*2, starting at (0,0) and ending at (2nm, 0),
consisting of up steps (m, m) and down steps (1, —1)

- It is prime if it only meets the x-axis at these two points.

(2,2,3), not prime (2,3,3), prime

- Notation:
» x=(x1,...,%y): the list of heights of the summits of x. Note that
X1 =m
» Dy}": the set of m-Dyck paths of size n; dp, , its cardinal.
» PDy.": the set of prime m-Dyck paths of size n; pp,, its cardinal.
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Grafting m-Dyck paths

(X1, Xp) Xi (W1, s Yq) = (X1, Xpoy1 oo Yg + 1), 0< i< xp

Example

(2,3,3) x2(2,3) =(2,3,3,4,5)

The operation X is associative. |t corresponds to the concatenation.

Any y € Dy writes uniquely as

y= Y x0... xo 47

with yi) e PDyy and >.;nj=n

m—
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Generalization: grafting m-Dyck paths along a partition

The notation x X, y
® x=(x1,...,%p) € Dy}
o y=yM xq... xg ¥ has r prime components, in Dyg'

@ Xp > ji1 > ... 2> py > 0 an rpartition compatible with x, denoted 1

5%y = (o (3 X YD) Xy YD) X ) X A

Example

(2, 3, 3) X221 (2, 3; 2) = (2, 3, 3, 4-, 5, 3)
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Enumerating prime m-Dyck paths
e Fuss-Catalan numbers: A¢(p,r) = Sp;r(s”:')

® dnp= mnl+1 ) ((m+1)n) =Api(m+1,m+1)=A,(m+1,1)

n

Proposition (?; L-Ronco)

- 1((m +1)n— 2)

Forn,m>1

n—1

Idea of the proof:

e Concatenation of prime m-Dyck paths gives Dp,(x) = 15’,’;,(11)(())()

@ use Riordan convolution formula
As(p,r+ 1) = 350 Alp, ) As—i(p, 1)
to get
Pm,n = An—l(m +1, m)
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The m-Tamari lattice [Bergeron, Préville-Ratelle;
Bousquet-Mélou, Fusy, Préville-Ratelle]

covering relations:

H=(2,3,3)

H=(2,3.4)
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Section 2— Results by Lopez, Préville-Ratelle, Ronco,
arxiv 1508.01252+ JPAA 2020

Split of associativity, Dyckn-algebras
@ The structure of Dyck,-algebra on the vector space spanned by
m-Dyck paths

» Labeling the down steps

» The valuation map

» The formula
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Split of associativity
see also Novelli and the notion of m-Dendriform algebras.
Definition

A Dyck,, algebra D is a vector space endowed with bilinear products x*;,
0 < i< m satisfying the relations

o xxj(y*jz) = (x*jy)*jz, for 0 <i<j<m,

I m
° Zx*,-(y*jz) = Z(X*ky) % Z,
j=0 k=i

for any elements x, y and zin D.

Facts
O &= Zf;o *; IS associative

@ m =0, *q is associative

@ m=1, ¢ and %; satisfy the dendriform relations
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Free Dyck,,-algebras

Theorem (Lopez;Préville-Ratelle;Ronco)

The free Dyck-algebra generated by one element has for underlying
vector space the span of the set of m-Dyck paths.

Moreover, for x € Dy, y € Dy, there exists an interval Ji(x,y) in the
m-Tamari lattice Dy, . such that:

X*jy = Z z

zeJi(x,y)
.
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Labeling the down steps of an m-Dyck path

(2,3,3)

=] & = E DAl
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The valuation map of an m-Dyck path x = (xg, ..., x,)
val(x; =) : [xa] = [m] ={0,..., m}

Example (x = (3,4,6) € Dy3)

I & & & X & I
O R B NN N W

[} = =
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The valuation map of an m-Dyck path x = (xg, ..., x,)
val(x; =) : [xa] = [m] ={0,..., m}

Example (x = (3,4,6) € Dy3)

I & & & X & I
O R B NN N W

Idea
x*; y will involve x x; y with val(x; j) = i.
More complicated if y is not prime.
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The Formula
Theorem

x=(x1,...,%p) € Dy}, y € Dyg' with r prime componentes.
X*jy= Zx Xy y
m

where xp > p1 ... > pr and val(x; pr) = i,
is the sum of every elements in an m-Tamari interval.

Example

x=(2,3); val: (0,1,2,3) — (0,1,1,2)

To compute (2,3) %1 (2,2), we need the partitions of the form
3> p1 > po avec up € {1,2}.
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Example

(2,3) %1 (2,2) =(2,3) x3>2(2,2) +(2,3) x2>2(2,2)
+(2,3) X321 (2,2) +(2,3) x2>1(2,2) +(2,3) x1>1(2,2)

=(2,3,5,4)+(2,3,4,4) +(2,3,5,3) +(2,3,4,3) + (2,3,3,3)
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Section 3— Operad, cooperad structures on m-Dyck paths

@ Quick introduction to operads and co-operads
@ The structure of co-operad on Dy".

@ Reinterpreting the results by L-PR-R
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(non symmetric) operad P

A collection of sets (or vector spaces) P(n), n > 1
Operations o;: P(n) x P(n') = P(n+n' —1),1<i<n

"
Sopy

A unit in P(1)
@ Relations:

m—a
Al ua i
o

gy

parallel sequential
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Keep in mind, a non-symmetric operad consists of
graded objects, that we can either
e graft, as leaves;

@ or insert, as boxes;

@ The endomorphism operad P(n) = Map(X*", X)
@ The terminal operad P(n) = *p, *p Oj %y = *pip/—1

@ The operad on the symmetric group, P(n) = ¥,

o=2[3l1) o3 7=(231) = (2,453,1)

00001
0 0 1 00 1 10000
1 0 0| o3 |T00 = |000T10
0o [1] o 010 01000

00100
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(non symmetric) co-operad C

Definition
co-operad
@ A collection of sets (or vector spaces) C(n),

e Co-operations 6;""/ :C(n+n —1)—=C(n)xC(n'),1<i<n

T 1
= m(P") || w68 7() |

@ A co-unit in C(1) and Co-relations

Remark
@ Co-operad structure "excision of a sub-object”
e If C is a co-operad in Vect, then P(n) = C(n)* forms an operad.

o If P is an operad in Vect, and P(n) is finite dimensional Vn, then
C(n) = P(n)* forms a co-operad.

—_— == =
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Example: 65° : Dy2 — Dy2 x Dy?3

x=1(2,4,3.4,5,4,6)

v
=] & = E A
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Example: 62’2 : Dy? — Dy% x Dy3

x=1(2,4,3.4,5,4,6)

m(55°(x) = (2.4,3,4,4,6)
o =3 = E DAl
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Operadic interpretation of the results by L., P.-R. and R.

Theorem

@ For1l < i< p, the collection of maps
" : Dypl w_1 — Dyg x Dyp

endows {C(n) := Dy} >1 with a co-operadic structure, in Sets

e For (x,y) € Dy x Dy we have (6?’”/)_1(x, y) is an interval in
Dy, v_1 for the m-Tamari order.

@ The operad C* in vector spaces is the operad Dyck,.

Idea of proof

There is a morphism of operads Dyck,, — C* sending *; to (m, m + i)*.

v
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Operadic interpretation of the results by L., P.-R. and R.

Theorem

@ Forl < i< p, the collection of maps

5;”"/ : Dyt v_1 — Dy x Dy

n/
endows {C(n) := Dy} ,>1 with a co-operadic structure, in Sets

@ For (x,y) € Dy x Dym we have (6;”"l)_1(x, y) is an interval in
Dy, v_1 for the m-Tamari order.

@ The operad C* in vector spaces is the operad Dyckp,.

Corollary
D oxx Y y= > 2
xeDy,'; yEDyZ’ zeDygqu
v
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Section 4— Two algebraic structures on prime m-Dyck
paths

Poincaré-Birkoff-Witt Theorem

Brace algebras

m-brace algebras

Prime m-Dyck paths and binary planar rooted trees

A formula
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Motivation: Poincaré Birkoff-Witt Theorem

cas Lie
U
Liealg L ASalg
[_7]
U
Lieyg 1 Aspig
Prim
SLAV)) = T(V), & i) —1 = 2
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Definition
A brace algebra is a vector space B equipped with operations
My, : B®™1 — Bfor n > 0, satisfying Mo = Id and
Mln(er(X; Yi, .. a}/r); 21y .- 7Zn) =
Z Mlu(X; 2(1)7 Ml,az (yl; 2(2))7 2(3)7 ceey
Z2r-1)s M1,2, (Vs 2(21))> Z(2r4+1))

where the sum is taking over all the words (possibly empty) such that the
concatenation z(y)....Z(2r41) = 21 - - - Zp.

Example

M11(M11(x y1); z1) = Mi1(x, Mia(y1; z1)) + Maz(x y1, 21) + Mia(x; 1, y1).
It is in particular right symmetric (pre-Lie), thus a Lie algebra.

v
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Motivation: Poincaré Birkoff-Witt Theorem

U
Dend,¢

Brag
Theorem (Ronco)

U
_—
Bra/g AL Dendbig

Prim

is an equivalence of categories; furthermore,

T°(Br(V)) = Dend(V)

It amounts to say that: Dend(V) has for basis 1-Dyck paths labelled by V
and Br(V) prime 1-Dyck paths labelled by V.

v
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Definition
An m-brace algebra is a brace algebra B equipped with operations
o;: B®? — Bfor 1< i< m— 1, satisfying some relations

@ Quadratic relations involving e; and e;

@ Relations of the form My (xe;y, z1,...,2,) = ...

Towards a Poincaré-Birkoff-Witt Theorem
]

_—
m — Bryg 1 m— Dyckalg
M
U
_—
m — Bryg L m — Dycky;,
Prim

T<(Brm(V)) = Dyckm(V): there should be an m-brace structure on prime
m-Dyck paths!
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prime m-Dyck paths and rooted planar binary trees

There is a bijection PDy}" — Y7, where Y] is a subset of planar binary
trees with n leaves and vertices labelled by elements in {1,..., m}.
sC YT <= VtCs t=tV;t, the root of t has label > i.

= (2) x1 [((2) x2 ((2) x1(2))) %2 (2)] = (2) x1 (2454) = (23565)
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prime m-Dyck paths and rooted planar binary trees

There is a bijection PDy}" — Y7, where Y] is a subset of planar binary
trees with n leaves and vertices labelled by elements in {1,..., m}.
sEYN <= VtCs,t= t'\v; t', the root of t has label > i.

= (2) x1[((2) x2 ((2) %1 (2))) x2 (2)] = (2) x1 (2454) = (23565)

Proposition

Let X be a basis of a vector space V. Let Y™ (X) be the vector space
spanned by trees in Y with leaves labelled by X. Then Y™(X) is the
m-brace algebra generated by V.
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Exercise
Let

Pm(X) =S Z Pm,an
Prove that

n>1

m+1
Pol(x) = (-1
k=1

<k'j1>xk.

=] & = E DAl
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Exercise
Let

Prove that

Pm(X) =S Z Pm,an
n>1

m+1

Pol(x) = (-1
k=1

<kT1>xk.

Thanks you for your attention!
o =) = = nac




