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The main picture

E; : C — SpSe
Definition (&,)
Let f be a morphism in C.

f € & <E/(f) is a quasi-isomorphism
<= EZ3(f) is an isomorphism, Vs > r

Questions
o Can we describe the homotopy category C[&,1]?
o Can we compare them when r varies?
e For F:C — D, what can we say on the induced C[£;1] — DIE1]? )
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The main picture

E
2—mCR
l E
N-mCp mCr tCr —2' fCxr —E > SpSe

DiGraph NMet

Notation
o fCg filtered complexes; fsSet filtered simplicial sets
@ mCg multicomplexes and tCg twisted complexes
@ N-mCp truncated versions of multicomplexes
o DiGraph directed graphs; NMet metric spaces
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Plan of the talk

E
2-mCg
l £
Tot E
N-mCg mCr tCr ——> fCg SpSe

A
cn MPSS

fsSet

DiGraph NMet

@ The first line of the diagram
@ Homotopy theory
© Homological invariants of directed graphs
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Section 1

mCpg, fC; and SpSe



Spectral sequences

R is the underlying ring.
Definition
A spectral sequence (A,v) is

@ a family of complexes of R-modules {(A;, d;)}>0.
e a family of isomorphisms of R-modules {¢), : Hi(A;) < Art1}r>0
called characteristic maps

A morphism of spectral sequences is a family of morphisms of complexes
{f, : Ay — B },>0 which is compatible with characteristic maps.

SpSe is the category of spectral sequences.
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Spectral sequences: convention and properties

{(Ar, dr)}r>0 a spectral sequence.

In practice: A, is bigraded (over Z x Z) and d, has bidegree (£r, £r +1).

Today: °

d, is of bidegree (—r,r — 1) &

(Ar,d;) is called *w

an r-bigraded complex £d°
Proposition

The category SpSe is
@ an additive category

@ not complete, not cocomplete
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The categories mCg and tCp

@ Same class of objects
@ mCg has strict morphisms and tCgr has oo-morphisms
A multicomplex or twisted complex (A, d) is
@ a bigraded R-module A
o for every i >0 a map d; : A — A of bidegree (—i,i — 1) such that

> +didi=0, VI > 0.
i+j=I

M. Livernet Nested family of homotopy theories 8/29



The categories mCgr and tCp

@ Same class of objects

@ mCg has strict morphisms and tCgr has oo-morphisms
A multicomplex or twisted complex (A, d) is
@ a bigraded R-module A

o for every i >0 a map d; : A — A of bidegree (—i,i — 1) such that
> +didi=0, VI > 0.
i+j=1

Morphisms in tCg are families of maps f; : (A, d) — (A’, d’) of bidegree
(—1, i) satisfying for all / >0,

> di= 3" +1a
i+j=I i+j=I
Morphisms in mCg are strict morphisms : f; =0,i > 0.
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The categories mCr and N-mCpg

An N-multicomplex is a multicomplex (A, d) such that d; =0,/ > N. The
category N-mCgp is the full subcategory of mCg of N-multicomplexes.

Example

@ N =1: vertical bicomplexes (bigraded)
o N =2 : bicomplexes.

o N=4:
dg = di =0
dod1 — didy = dzdo — dads =
dods — d? + dady = d3dy — d3 + dyd3 =0
dods — didy + dody — dsdy =0
Symmetry d; <> dy_1_;
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The functor Tot : tCr — fCpr

Theorem (Cirici, Egas Santander, L., Whitehouse, 2018)

Tot : tCr — fCp

is an equivalence of categories when restricted to its essential image.

TOt HAIHI@@AIHI FTOtA)n' HAlnl

i<0 i>0 i<p
d(a)i ==Y  +dm(aiym), (Tot(f)(a))i =Y +fm(airm)
m>0

m>0

There is an enriched version in vertical bicomplexes (1-mCg).
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Recognizing multicomplexes

Proposition

o If a filtered complex C has a decomposition
C=@F,C/F,_1C

then it is a multicomplex.

@ (Lapin Ds,-module) if in a complex (C,d) we have

d=> d

i>0

and we can put an extra grading so that d; has bidegree (—i,i — 1)
then it is a multicomplex.
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Examples of multicomplexes in the litterature

o C.T.C. Wall, Resolutions for extensions of groups, proc. Camb. Philos. Soc. (1961)
o J.-P. Meyer, Acyclic models for multicomplexes, puke Math. J. (1978)

o A. Banyaga, D.E. Hurtubise, Morse-Bott homology, Tawms (2010)
°

J. Cirici, S. Wilson, Dolbeault cohomology for almost complex
manif0|ds, adv. in math 2021.
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From tCr to SpSe

tCr —°% fCr —E - SpSe
\_/

Eic

Theorem (L., Whitehouse, Ziegenhagen 2020)
Eic(A) = (Z°(A)/B"(A), A)

Zr(A) = {ao eA ’ dai,...,a, 1,
diag = Z +dia; , forall 0 <1 <r— 1},

i+j=I
j>0

r—1
drag + Z idr—iai]

i=1

Allao] =
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Exercise

in tCg el o ol o
dol o2
.T' 0?0
1
E ° °
° °
E2

.vAXzId °

°

YO
[ ]
o = = E DA
Livernet Nested family of homotopy theories



Section 2

Homotopy Theory



Recall the main picture

EZ : C — SpSe

Definition (&,)
Let f be a morphism in C.

f € & <E/(f) is a quasi-isomorphism

<= EZ3(f) is an isomorphism, Vs > r

Questions

o Can we describe the homotopy category C[&,1]?

o Can we compare them when r varies?

@ For F : C — D, what can we say on the induced C[£;}] — D[£71]?
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Quillen model category structure

Definition (Quillen model category structure on C)

C complete and cocomplete. It has 3 classes of morphisms:
Cof(<), Fib(—) and W(~) satisfying some axioms, among them

X U X < Cyl(X) > X (cylinder object)

X S Path(X)—X x X (path object)

giving the notion of homotopies (left and right).

Theorem (Quillen)
If C is a model category, then

cw =/~
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Comparing Quillen model category structures

Definition (Quillen adjunction)
An adjunction
_t,

C : D
R

between two model category structures is a Quillen adjunction, if
L(—) C— and R(—) C— .
It is a Quillen equivalence if it induces an equivalence of categories

cwz = D'

Model category structure is a useful tool to prove comparison theorems.
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Model category structure on chain complexes

Theorem

The category of (unbounded) chain complexes admits a model category
structure, where:

@ weak equivalences are quasi-isomorphisms

e fibrations are surjective morphisms
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The model category structures on mCpgr and fCp

N-mCr —> mCgr —2% fCr —E°~ SpSe

Theorem
Let C be the category N-mCgr, mCg or fCr and r > 0. The category C
admits a model category structure, denoted C,, where:
® weak equivalences are morphisms in &,
o fibrations are morphisms satisfying surjectivity conditions (E'(f) is
bidegree-wise surjective for 0 < i < r, or closely related conditions).

v

o filtered complexes, bicomplexes [Cirici-Egas-Santander-L-Whitehouse
2020]
o (truncated) multicomplexes [Fu—Guan—L-Whitehouse 2022]
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Comparisons

Theorem (Cirici-Egas-Santander—L-Whitehouse 2020)

Via the Deligne adjunction "shift” and "decalage”, the model category
structures (fCr), and (fCg),+1 are Quillen equivalent.
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Comparisons

Theorem (Cirici-Egas-Santander—L-Whitehouse 2020)

Via the Deligne adjunction "shift” and "decalage”, the model category
structures (fCr), and (fCg),+1 are Quillen equivalent.

Theorem (X. Fu, A. Guan, L., Whitehouse, 2022)
For2 < n< /< o0 andr > 0 the adjunction

Pi,n
(n-mCg), <;—> (I-mCg),

II,n

is a Quillen equivalence.
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The relative category (SpSe, &,)

SpSe is not complete, nor cocomplete: no model category structure.

Theorem (L., Whitehouse, HHA 24)

(SpSe, &,) is an almost Brown category of fibrant objects.
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The relative category (SpSe, &,)

SpSe is not complete, nor cocomplete: no model category structure.

Theorem (L., Whitehouse, HHA 24)

(SpSe, &,) is an almost Brown category of fibrant objects.

Theorem (L., Whitehouse, arxiv 2406.02777)

o (SpSe, &) is a relative category which is homotopically full in a
model category (ESpSe, &).
= the relative category (SpSe, &) is an (oo, 1)-category in the model
of Barwick-Kan.

o (SpSe, &) has (SpSe, &) as fibrant replacement in the model of
Barwick-Kan.
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Section 3

Directed graphs and metric spaces.



Directed graphs and N-metric spaces

o DiGraph
» Objects: a directed graph G is a pair of sets (Vg, Eg) with
AVGCEGCVGXVG
» Morphisms: f: Vg — Vg such that (f x f)(Eg) C E¢.

G a1 ar G/ EN ar
o —> 0 £ o —> 0
/! N — /! N
a e ® a3 a e ® a3
o NMet

» Objects: (X,d), d: X x X = NU {oo}, satisfying triangular inequality
and d(x,y) =0 x=y.
» Morphisms: 1-Lipschitz maps.
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From Directed graphs to N-metric spaces

X(—): DiGraph NMet

G= (V, E)lﬁ“(v, dmin)

G EN a G/ a1 a
e —> e e —> e
/! N /! N
a @ @33 a @ @33
d(al, ao) =40 d(al,ag) =1
d(ao, 83) =3 d(ao,a3) =1
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From N-metric spaces to filtered simplicial sets

Definition (The nerve of a metric space (X, d))

n—1
FoN(X)n = {(x0, - Xn), Y _ d(xi, xi41) < p}
i=0

DiGraph — NMet —> fsSet — > fCr —E > SpSe
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From N-metric spaces to filtered simplicial sets

Definition (The nerve of a metric space (X, d))

n—1
FoN(X)n = {(x0, - %n), Y _ d(xi,xi+1) < p}
i=0

tCr
7 .
/ 7 lTot £
N 7 Cpy .
DiGraph NMet fsSet fCr SpSe

Key Lemma
The normalized chain complex Cy : fsSet — fCg factorizes through

Tot : tCr — fCp.

= E*(G), E*(X) via LWZ formulas.
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A litlle bit of history

@ Magnitude Homology: Richard Hepworth and Simon Willerton.
Categorifying the magnitude of a graph. wna, 2017.

e Path Homology: Alexander Grigor'yan, Yong Lin, Yuri Muranov, and
Shing-Tung Yau. pure Appl. Math. Q. 2014.

@ The magnitude path spectral sequence: Yasuhiko Asao. Magnitude

homology and path homology. sull. Lond. Math. Soc., 2022.
denoted MPSS(G) ( = E*(G)).
» E'(G) magnitude homology
» E?(G)po path homology
» E2(G) bigraded path homology, after R. Hepworth and E. Roff
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Results of R. Hepworth and E. Roff

Theorem (Mayer—Vietoris)

Let i: A= X be a cofibration, and f: A — B be any map in DiGraph.
Their pushout

A—f B
v '
X —>XU,B

gives rise to a long exact sequence on page 2 of the magnitude-path
spectral sequence:

— E2 J(A) = E2 (X)® E} ((B) = E2 (X Ua B) = E}_5 411 (A) —

v
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Cofibration category?

Theorem (D.Carranza, B. Doherty, K. Kapulkin, M. Opie, M.
Sarazola, and Liang Ze Wong, to appear in Algebr. Comb)

(DiGraph, Cof, PathHom.) is a Brown category with cofibrant objects

Question

Is there a notion of r-cofibration, such that (C, r—cof, ;) is a Brown
category of cofibrant objects where C is DiGraph or NMet?
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