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Level Algebra

Definition : A level algebra (A,x) is a com-
mutative algebra (non associative) satisfying

(a*xb)*(cxd) = (ax*xc)*(bxd)

Fundamental example : Carlsson unstable
module over A» :

K = FQ[EMZ € Z]7 ||£z|| — (2_7;7 1)
K@) =T <[z} | L5k =i, Lap=7>.
Sqt(z;) = 27,1+ Cartan formula.

Proposition : (K(i),*) is a level algebra

(T2 = q1&" = 1235185

Action of A, satisfies Cartan.



Level trees

Planar rooted binary tree

kdistinguished node

Equivalence relation : exchanging part
above same level

Proposition : (Davis-Miller)

K(1)" =<1z, * +<— {n-level trees}

% =1,Ya,=n>



Operads

Definition : Operad P = (P(n))n>1
— X p-action on P(n).
—0;: P(n)@P(m) -Pn+m-—1)
P-algebra A : P(n) @ A" — A.

Free

{Operads} % {>~ — modules}

Type of algebra | Product | Relation

Commutative 2, com |3, as

Associative 2 3, as

Level 2, com |4, (a*b)*(c*d)
=(a*c)*(b*d)

Type P || Operad P P(n)

com Free(k)/Rcom k

As Free(k[Zo])/Ras | k[En]

Lev Free(k)/R| oy ?




The operad Lev

Definition : A n-labelled level tree is a n-level
tree where the summits are labelled.

Remark : {n-labelled level trees} is in 1-to-
1 correspondance with the set of all ordered
partition of {1,...,n}, I = (I;);>0 such that

© I=(0,{1},{4}.{2,3})

Theorem : (L., Schwartz) The collection of
vector spaces generated by {n-labelled level
trees} defines an operad. This operad is Lev.

Corollary : K(1) is the free level algebra on
one generator .



E--operads over [

Definition : a Fx-operad is a (Free(V),d)
with

— V(n) is a F[>X,]-projective module

— (Free(V),d) — Com.

A E-.-algebra is a Free(V)-algebra.

Importance of F-operads :

— C*(X) is a Exc-algebra.

— (Mandell) This structure determines the
homotopy type of X.

— (Chataur) There exists a structure of Foo-
algebra on H*(X;F) inducing the usual com-
mutative structure.

Problem : Understand the combinatorics of
FE~-operads to make computation, e.g. find a
“nice” FE~o-operad (McClure-Smith, Berger-
Fresse).



Steenrod operations in E-operads
(May) A E~c-algebra is an algebra over B-.

— Where can we read Steenrod operations ?
via U;-products in £(2)
— Where can we read Adem and Cartan re-
lations ?
A priori in £(4), or using a resolution of
level operads

— Can we find higher order cohomology ope-
rations 7



A major ingredient

(P,d) is a dg operad ;
(A,04) is a dg P-algebra, means the evalua-
tion map

P(n) @ A" — A
PRaAIR...0an — play,...,an)

satisfies the Leibniz rule

0a(p(a,...,an)) = (dp)(ay,...,an)+

n
> +p(ay,...,04a;,...,an).
1=1

If 04 = 0, then (dp)(ai,...,an) = 0.

This gives a relation between elements in A.



Application :
U;,-products and Steenrod operations

Let £ be an F~-operad: since
£(2) 5 Ccom(2) = F,, we can choose

ER)_; =Fr[Xo] =T < e, 7€ >
de; = ej_1 + Tej—1

Corollary : A a Ex-algebra, z,y € A.
rU;y =e;(x,y); S¢'(x) == Ulg|—i T-

1. 04 =0 impliesszU;y=yU; x
2. Sq*(z) =0 if i > ||
3. S¢l*l(x) = 2.



Adem relations, Cartan formula

Adem relations : : < 23

o [4]
S¢'S¢dz = ) (
k=0

J—k =g itj—ke k

Sq' T Sq .
oy )S0TSd
equality

e;(ep(z, 1), e (w, ) = Sgl¥lmI=ksglel=k(g)

implies this formula reads in £
Ryq(x) = (dp)(x,z,z,x) for p € £(4)

Cartan formula :

Sq"(zy) = Y Sq'(x)Sq (y),
1+Jj=n

em(eO(x7 y)) GO(ZU, y)) —
Y. eolex(z, ), e(y, v))

k+l=m
implies this formula reads in £
Rog(x) = (dg)(x,z,y,y) for g € £(4).



Using the level operad

Main idea : Associativity of the product is
not involved in Cartan and Adem relations.
= replace Com by Lev and find a resolution
of it.

Theorem : (Chataur,L.) there exists a cofi-
brant operad LevAC satisfying

1. Lev4C(2) = £(2)

2. there is a fibration f : LevAC — Lev s.t.
f induces an iso HO(LevA%) ~ Lev.

and boundaries in LevAC give

— EXxplicit operadic description of Cartan for-
mula

— EXxplicit operadic description of Adem re-
lations



Relation with E-algebras

Since Lev — Com then LevA¢ —s Com can be
lifted to LevAaC — &.

Corollary : If A is an Ex-algebra, with 94 =
O, then A is an algebra over the extended
Steenrod algebra Bs.



Secondary cohomological operations

We have an evaluation map

LevAC(4) @ H*(X,F5)®* — H*(X,F»)

Theorem : there are elements G € LevAC(4)
such that for z € H*(X,Fy), G (x,z,x,x)
coincides with the stable secondary cohomo-
logical operations of Adams.



Idea of construction of LevA¢

Construction by adjoining cells to Free(£)(4).
Let um,n € Free(£)(4) defined by

Umn = Dk em(eg; Tken—k)

= em(Qen)

First step : Attach G} in degree —n with the
relation

dG; 1 = (id+ (12)(34))G} +uon+ (23)un.0.

Proposition : If A is a LevAC-algebra, with
04 = 0, then A satisfies the Cartan formula.

Proof : (dG}L_H)(x,a:,y,y) — 0O reads

Z eO(ek(x7 ZIZ), en—k(ya y)) — en(eO(x7 y)) 60(x7 y))
k



Idea of construction of LevA4C

Higher steps : by induction, we attach some
cells G for m > 1 in degree —n with n > m.

Proposition : If A is a LevAC-algebra, with
04 = 0, then A satisfies the Adem relation.

Proof : (dGZq’_I_l)(a:,x,x,x) — 0 gives an Adem
relation.



Prospects

— Determine a diagonal in LevAC

— Operadic description of higher order co-
homology operations

— Problem of realisability



