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0. Introduction

The notions of props and operads arose in the work of Mac Lane [12], in the aim of encoding algebraic
structures. While operads encode products with a single output, props allow for working with algebraic
structures involving operations with multiple outputs. Such structures include Hopf algebras, Frobenius
algebras, or Lie bialgebras, which arouse interest after the discovery of quantum groups for instance, see
[2,3]. A prop is a symmetric monoidal category with objects the natural numbers and whose symmetric
monoidal structure ® is given by the sum of integers on objects. The notions of operads and props are
intrinsically related: one can consider the prop freely generated by a given operad and to any prop, one can
associate its underlying operad. Working with set operads, it is well known that the prop freely generated
by the terminal operad Com is the category of surjections Surj, see e.g. [5].

The present paper focuses on the graded linear prop £ freely generated by the operadic suspension of
the commutative operad. In this context, the suspension gives rise to signs. Let K denote the underlying
ground field of characteristic zero. As a graded K-vector space, the space £°(m,n) is concentrated in degree
m — n, where we have an isomorphism

EM™(m,n) ~ K[Surj(m,n)] .

In [8], the authors exhibit a system of generators having the advantage that the monoidal structure simply
corresponds to the disjoint union of sets. However, the composition involves signs. In Section 1, we provide
another system of generators which has the advantage that the left and right actions of the symmetric groups
are by sign, and the composition agrees with the set composition of surjections. Considering idempotents
of the symmetric groups, one can construct various categories out of the prop &£, defined as subcategories
of its Karoubi envelope. The general construction is recalled in Section 2. In particular, for any prop C, one
can consider a certain subcategory AC of the Karoubi envelope of C. It is equivalent to a category Cy where
the vector space of morphisms is obtained from C by taking the quotient by the symmetric group actions.
Its composition is described in Theorem 2.7. In the case of the prop &, the space £} (m,n) is concentrated
in degree m — n and is spanned by partitions of m into n parts. The category structure, coming from that
of £, is described in Section 3. Nonetheless, the monoidal product of £, does not induce any prop structure
on &x. In Theorem 3.10, we introduce a different monoidal product which turns the category £, into a prop
and thus leads to a particular prop structure on partitions.

Our interest in these props comes from their link with extensions between functors from free groups
which is explored in Section 4. In fact, functor homology turned out to be a useful tool for computing
stable homology with twisted coefficients of various families of groups, and in particular of automorphism
groups of free groups Aut(Z*"), for n € N. Djament proved in [1] that stable cohomology of Aut(Z*")
with coefficients given by a reduced polynomial covariant functor is governed by Ext-groups in the category
F(gr) of functors from finitely generated free groups to K-vector spaces. From this perspective, [13] gives
an explicit computation of the graded K-vector spaces

ExtSgn ((T" 0a) @K, (T™ 0a) ® K) ,
where a is the abelianization functor and T™ is the n-th tensor power functor. Together with the Yoneda
product and external product of extension, this family forms a prop which is shown to be isomorphic to the
prop &. This prop structure was leveraged to give explicit computations of stable homology of Aut(Z*")
with coefficients given by particular contravariant functors, see [13, Theorem 4]. The aforementioned results
were extended in [8,1] in order to deal with bivariant coefficients. One can study extensions between other
functors, by replacing T™ by exterior power functors A" for example. By [13], the extensions between these
functors are concentrated in one degree and are spanned by partitions. A prop structure on these groups
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can thus be derived from that of £4. We conclude this paper by exploiting the construction of Section 2 in
order to give some other explicit computations of extension groups between simple functors.

Notation.

(1) Let K be a characteristic zero field and let grVectx be the symmetric monoidal category of graded
vector spaces over K. We use the cohomological grading convention V*, and the degree of an element z
in V is denoted d(z). For every set S, we denote by K[S] the K-vector space spanned by S.

(2) We denote by |S| the cardinal of a finite set S.

(3) The set of surjections from {1,...,m} to {1,...,n} is denoted Surj(m,n). Composition of surjections
is denoted o. Given f € Surj(m,n) and g € Surj(m/,n’) we denote by f X g the element in Surj(m +
m',n +n') defined by

(fxg)(i):{f@’ forisism

gi—m)+n, form+1<i<m+m.

(4) The symmetric group on n letters is denoted S,,.

(5) 7 i+1 denotes the transposition of S,, that permutes ¢ and i+ 1. e(0) denotes the sign of the permutation
o.

(6) A (p,q)-unshuffle is the inverse of a (p,¢)-shuffle permutation, that is, a permutation o such that
o) <...<o M p)and o7 (p+1) < ... <o 1 (p+q). Similarly we define a (p1, ..., p,)-unshuffle.
For a surjection f € Surj(m,n), we denote by Shy the set of (p1,...,p,)-unshuffles with p; = |f~1(4)].

(7) We denote by Surj,,(m,n) the set of order-preserving surjections. For f € Surj(m,n), there is a unique
decomposition f = so« with s € Surj,,(m,n) and « € Shy.

(8) A partition A of m into n parts is a sequence of positive integers A; > ... > X, > 1 such that ), \; = m.
We denote by Part(m, n) the set of partitions of m into n parts. To a surjection f € Surj(m,n), we can
associate a partition of m into n parts given by ordering the cardinals of its fibers in the decreasing
order. We denote by

proj : Surj(m,n) — Part(m,n)
this map. By linear extension we have a surjective morphism
proj : K[Surj(m,n)] — K[Part(m,n)] .
Acknowledgments. We would like to thank the Hausdorff Research Institute for Mathematics for hosting
the Women in Topology IV workshop and for financial support. We would also like to thank the Foundation

Compositio Mathematica, the Foundation Nagoya Mathematical Journal and the K-theory Foundation for
financial support for this event.

1. A graded linear prop spanned by surjections

The aim of this section is to give an explicit description of the prop freely generated by the suspension of
the commutative operad. We emphasize a choice of generators for which the symmetric group actions are
given by the sign and which behave well with respect to the composition of maps.
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1.1. Recollections on props

This section recalls the definition of a prop and the freely generated prop associated to an operad. We
refer the reader to [10] for more details on props and to [9] for more details on operads.

Definition 1.1 (Graded linear prop). A graded linear prop, or simply prop, is a symmetric monoidal category
(C,®,1), enriched over the category of graded vector spaces grVectg, with objects the natural numbers and
whose symmetric monoidal structure ® is given by the sum of integers on objects. In other words, a graded
linear prop is the data of a collection {C(m,n)},, nen of graded K-vector spaces together with compatible
morphisms:
. a vertical composition given by the categorical composition,
o: C(n,l)®C(m,n) — C(m,l)
. an horizontal composition coming from the monoidal product,
®: C(m,n)@C(m',n') — C(m+m',n+n)
. isomorphisms s, m € C(m +m’/, m + m’) such that we have
(—1)*DUD (g @ f) 0 smmr = snw @ (f @ 9),
for all f € C(m,n) and all g € C(m’,n’).

Throughout the paper, we will use the terminology prop to refer to a graded linear prop.

Remark 1.2. The isomorphisms S, s induce a morphism of K-algebras ¢ : K[S,,] — C(n,n). This gives a
K[S;]-right action and K[S,]-left action on C(m,n) defined for o € S,,, 7 € S;,, and f € C(m,n) by

o-f-T=g(0)ofop(r) (1)

In particular, one can find an equivalent definition in the literature of prop using only the action of the
symmetric groups and its compatibility with vertical and horizontal compositions, see e.g. [6].

Remark 1.3. For every prop (C,®, 1), the collection {C(n,1)},en forms an operad in grVectg where the
composition maps are given for all k,ny,...,ng = 0 by

Clk,1)®C(n1,1)®...®0C(ng,1) = C(k, 1) ®C(ny + ...+ ng, k) > C(n1 + ... + ng, 1) ,

where the first map is induced by the monoidal product ® and the second map by the composition in the
category C. We will refer to it as the underlying operad of the prop (C,®,1). This leads to a forgetful functor
from the category of props to the one of operads. Its restriction to reduced props and operads admits a left
ajoint €2 which associates to any reduced operad P, the prop QP freely generated by P.

Definition 1.4 (Freely generated prop). Let P be a reduced operad in grVectg (i.e. P(0) = 0). The graded
linear prop QP freely generated by P is given by the following data.
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. The collection {SQYP(m,n)}m nen: It is defined by

QP(m,n)= P  Pl)®@...@ P(pn) ®s,, x...x5,, K[Sn]
pi+...+pn=m

= P rurOhe...oPlfw).

fe€Surj(m,n)
We denote by QP the summand corresponding to a surjection f € Surj(m,n) in the previous decomposition.
. The monoidal product is obtained by concatenation, i.e. we consider

.’If®y€QPf><g,

for all x € QP and all y € QP,,.
« The S,-left action is defined for all o € S, all f € Surj(m,n) and all z = 21 ® ... ® &, € QPy, where
z; € P(|f~1(i)|) by the formula

U~x=i$0—1(1)®...®$g—l(n) GQPaof ) (2)

where =+ is the Koszul sign rule induced by the degrees of each element x;.

« The S,,-right action is defined for 7 € S,,, f € Surj(m,n) and z = 21 @ ... ® x, € QP as follows.
Decompose f as soa with s € Surj,,(m,n) and o € Shy, and decompose aoT as aoT = (01 X ... X 0p)0U
with o; € Sjy-1(;)| and u € Shy. Then, we have

(1®...Qxp) T=(21-01)Q...8 (zn - 0p) € XPfor. (3)
« The composition morphisms
QP (m,n) @ QP(l,m) = QP(l,n)

are described as follows. Let s € Surj,,(m, n) be an order-preserving surjection and let g € Surj(l, m). Let us
consider r =21 ®...®x, € QP and y = y1 ® ...y, € QP,, with y; = y} @... @ y?" where p; = |s71(i)|.
Then, we have

zoy=(-1)v(z1;91) ® ... ® ¥(Tn; Yn) € QPsog, (4)

where v denotes the composition in the operad P and w is given by the Koszul sign rule, namely

n

w = Zd(yi—l) (d(xz) +o d(xn)) .

i=1

For f € Surj(m,n), let us consider the decomposition f = s o« with s € Surj,,(m,n) and o € Shy. Let us
denote by z, € QP, the unique element satisfying z, - « = v € QP;. Then, we have

xoy=(zrs-a)oy=zs0(a-y),

which can be computed through the composition with an order-preserving surjection and the left action of
the symmetric group already defined.

. The isomorphisms s, , € QP(n+m,n+m) are defined as s, ,, = 19" € QP, where o is the unshuffle
defined as (i) =m+ifor 1 <i<nando(i)=i—nforn+1<i<n+m.

. The map ¢ : K[S,] = QP(n,n) sends o to 1¥™ € QP, where 1 € P(1) denotes the unit of the operad P.
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1.2. The prop freely generated by the operadic suspension of Com

Let us consider sCom the operadic suspension of the commutative operad, see [9, Section 7.2.2] for more
details. The graded operad sCom is generated by a single operation ps, of degree 1 and arity 2, subject to
the relation

M2 O1 Ho = — M2 O2 U2 ,

and the action of Sy on w2 is by sign. By using the conventions of [8, Section 9], we have that sCom(n) =
Ku, ® sgn,, is concentrated in degree n — 1, and

M3 = W2 O1 {2 = —[2 Oz U2 ,
so that

(_1)(1'71)(/%71)

Mn Of U = Hn+k—1 »

where p7 = 1 is the unit of the operad sCom. The operadic composition in sCom is then given by

L (fhpy s - - s frp, ) = (1)@ )y

where

n

K1, apn) = D (0 = D1+ +pim1) =Y pr(prer — 1+ +pa— 1) (5)
j=1 k=1

Notation 1.5. Let us denote by £ the graded linear prop 2sCom freely generated by the operad sCom.

By Definition 1.4, for f € Surj(m,n), we have

oo _ sCom(|f~Y (D)) ®@...® sCom(|f~t(n)]) ~K if e=m —n and m > n,
70 otherwise

as a graded vector space. In order to give an explicit description of this prop using Definition 1.4 we need
to choose, for any f € Surj(m,n), a generator in the vector space £;"~". In [8], the authors consider the
generators py = fp, @ ... ® pp, of " for f € Surj(m,n) and p; = |f~1(i)|. For these generators the
composition ¢ and the action of the symmetric groups give rise to complicated signs whereas the monoidal
structure is simply given by concatenation without signs. More precisely, the left action by 7; ;41 is given
by

Tiitl  Jf = (71)(101'*1)(13#1*1)#7_0}(. . (6)

For the right action, following Definition 1.4, we decompose f as f = s o «, with s € Surj,,(m,n) and
a € Shy. Given 7 € S,,, there exist 0 = (01 X ... X 0y,),0; € Sp, and u € Shy such that a o7 = o o u. The
right action on 2sCom is given by sign, so that

pg - T =€(0)pifor - (7)

We give below an alternative choice of generators in 5}”7” having the advantage that the description of
the composition ¢ is easy and that the action of the symmetric groups on these generators on both sides is
given by sign.
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Notation 1.6. Let f € Surj(m,n) be a surjection such that p; = |f~1(i)| and let x(f) be the integer
K(p1,...,pn) defined in (5). Let us denote

vi = e(a)(=1)" Py, @ @ pp, = e(@)(=1)"Dpy

where s o « is the decomposition of f with s € Surj,,(m,n) and a € Shy. Let us note that v, = e(o)p, for
all 0 € S,,,, or equivalently that ¢(0) = €(0)v,. The degree is given by d(vy) = m —n and

EfM =Ky .
The following theorem describes the prop structure on £° in terms of the generators vy.
Theorem 1.7. Let £ be the graded linear prop QsCom.
(a) The S,-left action and the S,,-right action are given by
o-vi T =¢€(0)e(T)Voofor ,

for all f € Surj(m,n), alloc €S, and all 7 € S,,.
(b) Let s € Surjo(m,n) and t € Surj,,(m’,n’) be order-preserving surjections. The monoidal product is

given by the concatenation up to a sign, i.e.
Vg ® Vy = (71)d(ljt)ml/sxt .

If f and g are not order-preserving surjections, the formula for vy @ v can be derived by decomposing
f and g into order-preserving surjections and unshuffles.
(¢) The composition is defined for f € Surj(m,n) and h € Surj(l,m) by

Vi OVp = Vfoh -
Proof. Let f € Surj(m,n) be a surjection which decomposes uniquely as s o « with s € Surj,,(m,n) and
« € Shy. Let us denote p; = |f~1(i)| = [s7*(i)|. We have x(f) = (s).

Let us prove Point (a). The S,,-right action is given for 7 € S,,, as follows. Let us write a o7 = cou
with 0 = (01 X ... X 0y,),0; € S, and u € Shy. By definition of 1y and Relation (7), we have

v 7 = (1) De(@)e()psor
Since soo = s, we have f o1 = sowu and
for = e(w)(~1) Do, .
This leads to vy - 7 = €(T)Vfor.
The S,-left action is given for o € S,, as follows. Let s € Surj,,(m,n) be an order preserving surjection

such that p; = [s71(i)| and let us write 0 o s = t o 3 with ¢ € Surj,,(m,n) and 8 € Shyos. First, we claim
that

6(0)0 “Hs = 6(/8)(_1)2?:1 pi(g(i)ii),ufaos

Since this formula is clearly multiplicative, it is enough to prove it for o = 7; ;41. By Formula (6), we have
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Tiitl  fs = (_1)(;071—1)(;071+1—1)

[hr iir0s 5
and €(5) = (—1)PiPi+1 | since 5 exchanges the fibers ¢ and i + 1, which gives the desired formula. It leads to
0 v = (“) 0ty = (1) e(o)e() ()T PO

One can prove that

(_1)*@(005) - (_DR(S)(_DZLIpf,(a(i)—i) ,
which gives

0 - ve = (1) "7e(0)e(D)pgos = €(0)iros

We get the result for any surjection f € Surj(m,n) using its decomposition f = s o @ and the formula of
the right action.

Let us prove Point (b). Let s € Surj,, (m,n) and t € Surj, (m’,n’) be order-preserving surjections. It is
sufficient to prove that

k(s x t) = k(s) + k(t) + (m' —n')m .

We have k(s x t) = k(s) + &(t) + Zil(ql — 1)m, for ¢; = [t~1(i)|, which gives the desired result.
Let us prove Point (c). For any h € Surj(l,m), the surjection a o h decomposes as t o § with ¢ an
order-preserving surjection and g an unshuffle. We have

viovy =€(a)(Vs - @) 0 Vp = Vs O Vaon = €(f) (Vs 0 11) - B.

Hence, it is sufficient to prove the result for order-preserving surjections s € Surj,,(m,n) and ¢ € Surj,, (I, m).
Let us denote

mi
my=|s"1(1)|, my=m-—mq, = Z t71(i)| and Iy =1-1; .
i=1

We proceed by induction on n. For n = 1, it is a consequence of the operadic composition in sCom and the
definition of k. We decompose s = s1 X $3 with s1 € Surj,,(m1,1), s2 € Surj, (me,n — 1) and t = t; X o
with ¢; € Surj,, (I3, m1) and t2 € Surj,,(l2, m2). We have

Vg OVp = l/sl><52 <>l/t1><t2
= (=)t ACIb (y @ v, ) o (v ® 1)
— (_1)(d(Vs2)+d(Vf,2 ))11V51Ot1 ® Vsyots

= V(slotl)x(szotz)

= Vsot - O
2. On subcategories of the Karoubi envelope of a prop

In this section, we recall the construction of the Karoubi envelope of a category (also called idempotent
completion or pseudo-abelian hull), see [7, Section 1.2]. This construction aims to add objects and morphisms
to a category so that every idempotent, i.e. every endomorphism e : A — A satisfying eq o eq = ey, is
split.
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Definition 2.1 (Karoubi envelope). The Karoubi envelope of a given category C is the category Kar(C) defined
by the following data.

. The objects are the pairs (A, e4) where A is an object in C and e4 : A — A is an idempotent.

« A morphism f : (A,es) = (B,ep) between two objects in Kar(C) is a morphism f: A — B in C such
that f=foeas=epof=epofoea.

. The composition is the same as the one in C and the identity morphism on (4,e4) is e4.

There is a fully faithful functor ne : C — Kar(C) defined as follows. For an object A in C, we have that
ne(A) = (A4,14) and for a morphism f in C, we have that ne(f) = f.

Remark 2.2. A morphism f : A — B in a category C is a morphism in Kar(C) from (A,e4) to (B,ep) if
and only if f =ego foeq.

Proposition 2.3. Suppose that (C,®, 1) is a symmetric monoidal structure on C. Then (Kar(C),®, (I,1r)) is
a symmetric monoidal category with

(AveA) ® (BaeB) = (A®BveA®eB)
f®g=fog.

Proof. We observe that e4 ® ep is an idempotent. For f : (A,ea) — (A’,ea’) and g : (B,ep) — (B',ep’)
two morphisms in Kar(C), we have that f ® ¢ is a morphism from (4,e4) ® (B,eg) to (A’,ea) ® (B',ep)
since

(ea ®ep)o(f®g)o(ea®ep)=(eaofoes)®(epogoep)=[fQg.

If p is the left unitor in C, that is, a natural isomorphism defined by p4 : A® I — A, then by naturality
one has eq 0 pa = pao(ea®1y). Hence pac,) :=eaopao(ea® 1) is a well defined morphism in Kar(C)
from (A4,e4)®(I,11) to (A, ea). It is natural and it is an isomorphism. The associator, the right unitor and
the swap map are defined similarly, and the desired diagrams between the natural transformations (the
commutative pentagon, hexagon, and triangle) commute. O

Let C and D be two categories. A semifunctor F' : C — D maps objects (resp. arrows) in C to objects (resp.
arrows) in D, preserving domain, codomain and composition, see [11, Section 4]. The difference between
semifunctors and functors is that semifunctors need not preserve identities.

Definition 2.4. There is a forgetful semifunctor e¢ : Kar(C) — C defined as follows. For (A4, e4) an object
of Kar(C), we have that ec(A,eq) = A and any morphism is sent to itself. In particular, the identity e4 of
(A,eq) is sent to e4 which is not equal to 14 in general.

Let (C,®,1) be a prop. By Remark 1.2, the morphism ¢ : K[S,] — C(n,n), maps any idempotent e in
K[S,] to an idempotent in C(n,n). Via an abuse of notation, we will denote the idempotents ¢(e) by e, so
that by relation (1), the action - of the symmetric group on C corresponds to the composition ¢ in the prop
C.

There is a well-known construction of a set of primitive orthogonal idempotents of K[S,,] indexed by the
partitions of n (see [4, Section 4.1]). For A a partition of n, we denote by ey the associated idempotent. For
example, we have:

1 1
eam = Z e(o)o  and e, = o Z o

" oeS, " o€S,
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In this section, we are interested in particular subcategories of Kar(C) built from the idempotents e(;n).

Definition 2.5. Let (C,®, 1) be a prop. We denote by AC the full subcategory of Kar(C) whose objects are
given by (n,e(n)) for all n € N.

By Definition 2.1 and Remark 2.2, an element of AC((m, e(1m)), (n,e(1n))) is necessarily of the form
1
eany © foeqmy = por o Z e(o)e(r)o- f -1,
T 0€S,,TEST

with f € C(m,n). In what follows, we denote objects in AC simply n instead of (n, e(iny).

In order to give in Section 3, an explicit description of the composition of partitions we introduce the
category Cn which is equivalent to AC. More generally, if the graded vector spaces C(m,n) are endowed
with a basis such that composition of elements of the basis is up to a sign an element of the basis, then the
combinatorics of the category C, is more easily understood than that of AC.

Definition 2.6. Let (C,®,1) be a prop. We denote by Cx(m, n) the quotient of C(m,n) by the relation
f~el)e(r)r-f-0, forTe€S,,0€S,, .

The normalization map f + e(n) ¢ f ¢ €m) induces an isomorphism

Ca(m,n) = AC(m,n) ,

for all m,n € N. Via these isomorphisms, one can define a category C, isomorphic to the category AC. Next
Theorem gives the explicit composition in Cp induced by that in AC.

Theorem 2.7. Let C be a prop and ¢ : K[S,] = C(n,n) be the map induced by the action of the symmetric
group. For [f] € Cx(m,n) and [g] € Ca(l,m), the composition [f] = [g] in the category Cp has the following
form

Aeld=—1 3 co)lfowlo)og]

" ocESm
Proof. For all n € N, let us denote e, := e(1ny. Let f € C(m,n) and g € C(l,m). The normalization map
sends any [f] in Cp(m,n) to e, o f ¢ ey in AC(m,n). The composition of e, ¢ f ¢ e, with e,, ¢ goe; in the
category AC, or equivalently in the category C, is:
enofoepoencgoe=e,ofoenogoe
which is the image of [f ¢ e, ¢ g] € Ca(l,n) by the normalization map. This leads to
[+ 1g] = [f © em o .

In addition, we have [1,,] * [g] = [em ©¢g] = [g] and [f] * [1,n] = [foen] =[f]. O

Remark 2.8. Note that the family of quotient maps C(m,n) — Ca(m,n) does not provide a functor from C
to Cp. The equivalence of categories AC — C, is, on morphisms, the composition of the restriction of the
semi-functor
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€c: Kar(C)((m, 6(1m)), (’I’L, 6(1n))) - C(m7 TL)
to the category AC((m,e@m)), (n,exn))) with the quotient map.
3. A graded linear prop spanned by partitions

In Section 2, we associate to every prop C a category Cp, which is equivalent to a subcategory AC of the
Karoubi envelope of C. This section focuses on the particular case of the prop £ = QsCom (see Section 1) and
its associated category £ (see Section 2). The Karoubi envelope Kar(€) inherits a prop structure from that
of £, see Proposition 2.3. However, it does not induce a prop structure at the level of a given subcategory
of Kar(€) in general. For A€, a necessary condition would be that

e(lm,) ® e(ln) = 6(1w1+n) 5

in £ which is not the case. Nonetheless, in Section 3.2, we extend the category £, into a graded linear prop
by introducing another monoidal product ©.

3.1. The composition in the category Ep

In this section, we describe the category structure £, given by Theorem 2.7 in the case of C = £. We
start by proving that this category is spanned by partitions.

Proposition 3.1. For all n,m € N, there is an isomorphism

K [Part (m,n)] ife=m—mn, and m > n,

Ex(m,n) = { .

otherwise
where Part (m,n) denotes the partitions of m into n parts.
Proof. The result follows directly from Lemma 3.2. O

Lemma 3.2. For all f, g € Surj(m,n), the following propositions are equivalent:

(1) [vsl = [vg] € EX " (m,n)
(43) there exist T € Sy, and 0 € Sy, such that g=oco forT;
(iéd) proj(f) = proj(g),

where proj : Surj(m,n) — Part(m,n) is the map defined in Notation (8).
Proof. We have [v¢] = [v,] if and only if there exist 7 € S;,, and o € S,, such that
vy =€(0)e(T)o Vi T =Vsofor -

This proves the equivalence (i) <= (i7). The implication (i¢) = (4i7) is immediate. Conversely, we assume
that proj(f) = proj(g) and let us denote by A; > ... > A, this partition. There is a unique s € Surj,,(m,n)
such that [s7!(i)] = A;, for all i and there exists a permutation € S, such that [f~1(i)] = Agg). In
particular, the surjection S o f writes uniquely as f o f = s ou with u € Shgof, so that f decomposes as
B~ o s 0 u. Similarly, there exist v € S,,,v € S,,, such that g = y~! 0 s 0 v. By construction, 0 = 7" o

and 7 = u~! o v are such that g = o o f o 7, which proves (iii) = (7). O



12 C. Emprin et al. / Topology and its Applications 376 (2025) 109442

Notation 3.3. For a given partition \ € Part(m,n), we denote
px = [vy] € EX " (m, )
the class of v¢, where f is any surjection such that proj(f) = A.

Theorem 3.4. The composition of two basis elements in the category En is a weighted average of basis
elements, i.e. for A € Part(m,n) and p € Part(l,m), we have

PX* Pu = Z Cg\f”ﬂa

a€Part(l,n)
where mlcy* € N and Y, ey = 1. The identity morphisms are given by pmy € Ex(m,m).

Proof. Let f € Surj(m,n) and g € Surj(l,m) such that proj(f) = A and proj(g) = p. By Theorem 2.7 we
have

[vs] * [v] = ,Z o)y o p(o) o vyl

m: oc€S,,

and ¢(o) = €(0)v,, see Notation 1.6. This leads to
1
[vy] = = Z Vfooog] - (8)
€Sm
Corollary 3.5. For any partition A =X > ... = A, € Part(m,n), we have

PXx* P(2,1m-1) = Z/\ LEIONTRND VRO VIS 1D PRI W )] )

where s(p1,...,pn) denotes the unique order-preserving surjection s € Surj,,(m,n) such that [s71(i)| = p;
andm=py+---+pn.

Proof. Let f = s(\y,...,\,) € Surj,(m,n) and g = s(2,1,...,1) € Surj, (m + 1,m). By Formula (8), we
have

1
PX ¥ P(2,1m-1) = ﬁ Z [Vfocrog] .
" ocESm

For o € S,,, there is a unique decomposition o o g =t o u with t € Surj,(m + 1,m) and u € Shyo,. For all
1 < j < m, we have that

=2 = o(1)=j.

There are (m — 1)! permutations o such that (1) = j. In that case, we have t = s(1771,2,1™77). By
Lemma 3.2, we have [Vfotou] = [Vfot], SO that

m

1
PX* P(2,1m-1) = m Z[Vfos(li—l,Q,lm—j)]'
j=1

Finally, we decompose the sum as
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m n o Attt AioitA;
[Vfos(lj—1,2,1’"'—-7)] = E E [Vfos(lj—l,Q,lm_j)] .
j=1 i=1 j=A14-+Ai_1+1

We conclude by noting that for Ay +... + A1 +1 <7< A+ ...+ X1 + \;, we have

[Vfos(ljfl,Q,lm*j)] = [VS(A1 ,,,,, >\1‘,—11>\i+11>\i+17---7)\n)] -0

Example 3.6. The formula of Corollary 3.5 gives

(6p(4,3,1) + P(3,3,2)) -

3| =

1
P(3,3,1) * P(2,16) = ?(3[%(4,3,1)] +3[vs@,an)] + Vsi3,2)]) =
3.2. A particular prop structure

In this section, we introduce a particular monoidal product ® which turns the category £, into a prop.

Notation 3.7. Let us define a family of elements P, ,, € £{"""(m,n) for m > n as follows:

(1) Ppm = pam) € EY(m,m),
(2) Pm7m_1 = pP(2,1m—2) € Ell\(m, m — 1),
(3) P = Prgin*...% Py € EL " (m,n).

Lemma 3.8. The element Py, ,, € ' "(m,n) satisfies
P 1 > = s >
mm = T o N\ sl = o= 7 N\ proj(s) -
|SU.I"]O,,(m, n)| seSurj, (m,n) \Surjor(m, n)‘ s€Surj,, (m,n)

Proof. Let us prove the result by induction on m > n. For m = n, we have by definition P, , = p(1») and
there is only one s € Surj,,(n,n) such that proj(s) = (1™). Similarly, Part(n + 1,n) has only one element,
so that the formula boils down to

Poi1n = pein-1) -

Assume the formula is true for Py, ,. We have Py,11,n = P * Pyyi1,m, that is,

1
Poyin=G—F—— Vs] % prg.gm—1y -
= ey B SRR A

By Theorem 3.4, we know that P, 11, is a weighted average of the elements py, where A runs in Part(m +

1,n). For s = s(p1,...,pn) the order-preserving surjection such that [s~1(i)| = p;, we have
1 n
[Vs] * p(2,1m*1) = E Zpi[ys(pl ..... Di—1,Pi+1,Dit1,-s p")] 5
i=1

by Proposition 3.5. Let s(q1,...,qn) € Surj,(m + 1,n). In the composition P, ,, * p(2,1m-1), the element
[Vs(qr,....q, )] @appears with weight

n

;Z( .fl)le_”
m[Sutiy (m,n)| 2=~ T m[Surj,, (m, n)

=1
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which is independant of the chosen order-preserving surjection in Surj,,(m + 1,n). This gives the desired
result. We also obtain that for m + 1 > n,

m

[Surjo (m + 1,n)| = \SUfjor(mﬂ)\m :

Remark 3.9. One can also express P, , in the basis py with A € Part(m,n), by counting the number of
order-preserving surjections s such that proj(s) = A. As an example, we have

Ps3 = —(3pu1,1) +6p321) +Pe22) -

1

10¢

Theorem 3.10. For a € Part(m,n) and g € Part(m/,n’), the monoidal product defined as
Pa © ppg = (_1)d(pa)n/Pm+m’,n+n’ )

endows the category Ep with a structure of symmetric monoidal category.

Proof. It is immediate to prove that the product ® is associative. Let us prove the compatibility between
the composition * and the monoidal product ®. Let us consider

A € Part(m,n), Ag € Part(mg,n2), 8 € Part(l,m), and B2 € Part(l2, ma) .
On the one hand, we have

(pk © p)\z) * (pﬂ © pﬂz) = (_1)d(p>\)n2+d(p5)m21Dl+l2,n+n2 ,

and on the other hand, we have

(o7 # P8) @ (P % pa) = D edP )220 @ pay = (1)1 (3" AP )22 ) Prity ngny -
a€ePart(l,n) a€Part(l,n)
ag€ePart(la,n2) ag€ePart(la,n2)

By Theorem 3.4, we obtain that

(Px © pag) * (pp @ pg,) = (1)1 (py s pg) @ (p, * ) -

Finally, let us set
Sm,m’ = (*1)mm/p(1m+m’) S EA(m + m', m + m/) .

We have

’

(_1)d(pa)d(p6) (P8 © Pa) * Smm! = Sn * (Pa @ pg) = (=1)™" Pt gnr - O

Remark 3.11. The underlying operad associated to the prop £ is isomorphic to the operad sCom via the
isomorphism given by

m(m—1)

P(m) € “:A(mv 1) — (_1) 2 Hm -

For dimension reasons, the prop £, is nevertheless not isomorphic to the prop freely generated by the
operad sCom, and thus to £. Let us note that the prop &, is also not finitely generated since any family of
generators would necessary contain a generator in each £§ (m,m — 1).
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Additional computations suggest the following conjecture.

Conjecture 3.12. The prop structure given by Theorem 3.10 is the unique prop structure on the category £
which is the sum of integers on objects and such that for all m > 0,

Py © pamy = pam+1y  and  p1y © pa,1m) = P(2,1m+1) -
4. Relation with functor homology on free groups

This work is motivated by the relation between the prop freely generated by the operadic suspension
of Com and the extension groups between the tensor powers of the abelianization functor obtained in [13].
More precisely, let gr be the category of finitely generated free groups, ab the category of finitely generated
free abelian groups and Vectg the category of K-vector spaces. We denote by F (gr) the category of functors
from gr to Vectg. Let a : gr — ab be the abelianization functor and let 7" : Vectg — Vectg be the n'"
tensor product functor. Let us consider the functor

ag = a @K : gr — Vecti .
Z

We consider the category Er enriched in graded K-vector spaces whose objects are the integers N and whose
morphisms are given by

Er(m,n) = Extyr g (T" oag, T™ o ak)

with the composition given by the Yoneda product. It was shown in [13] that, together with the external
product of extensions, this category forms a prop which is freely generated by its underlying operad. This
operad is identified in [8, Section 9] as being the suspension of Com. The authors introduce the generator

[7®"] € €77 (n, 1)
and they define an isomorphism of props ¢ : & — £ given by
(TP @ ... @ [7®P"] € Er(m,n) — tp, @ ... @ p,, -
By Section 1.2 we have an isomorphism £ = £ given for every surjection f € Surj(m,n) by,

grn o gpm
p, ® . ® iy, — Vg

The composition of ¢ with the previous isomorphism leads to a natural equivalence:
Kar(&r) — Kar(€) .

Let A™ : Vectg — Vectg be the n'” exterior power functor. We consider the category A&y whose objects
are the integers and whose morphisms are given by

Aér(m,n) = Ext¥ (g (A" cag, A" oak) ,
with the composition given by the Yoneda product. The prop isomorphism &r ~ £ induces isomorphisms

AEr ZAEZEy .
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Thus, we recover the following isomorphism established in [13, Theorem 4.2]

K[Part(m,n)] ife=m—n

Ext}(gr) (A" oag, A" oag) = { 0 otherwise

and A&p inherits a prop structure from that of £4. The Yoneda product of AEr coincides with the compo-
sition and Theorem 3.4 thus gives an explicit formula.

Remark 4.1. We could hope that the monoidal product of AEr corresponds to an external product defined
on extensions of exterior powers functors, as it was the case for £. However, this is not the case: exploiting
the Hopf structure of the functor A, one can actually define an external product on AEr but it is not
compatible with the Yoneda product.

Recall that the regular representation of the symmetric group Sy decomposes as

K[Sq) = @) 5745,
Ad

where S}, is the simple module indexed by the partition A of d. Moreover, a simple K[S;]-module is isomorphic
to Sy for a unique partition A of d. We deduce from the previous decomposition that

Td o ax ~ @ S%dim(sk)
ARd

where
Sy = (T%0ak) ® S\
Sa
is a simple functor. For A\ a partition of m and p a partition of n we have:
Kar(&r)((m, ex), (n,eu)) = ey - Ext g (T" o ag, T™ o ag) - ex = Ext¥ (g (Su,Sa)
and thus
Ext%(gr) (S Sa) = e - E(m,n) - ex . (9)

Using Formula (9) and the generators vy introduced in Notation 1.6, one can compute these extension
groups. We conclude by giving some examples below.

Example 4.2. For all n and all m, we have
AST(m,n) = EXt}(gr) (S(ln), S(lm)) .
For example, we have

EXt_l;-(gr) (8(12)7 S(la)) ~e(12) - £(3,2) - €(13), with

1

1
6(12) = 5(1 77‘172) and 6(13) = 6 Z 6(0)0’ .

o€eSs3

By Theorem 1.7, any surjection f € Surj(3,2) satisfies
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1
6(12) cVf 6(13) = 6 Z Vg,
g€Surj(3,2)

confirming that Ext}f(gr) (S(12), S(13)) is 1-dimensional.
Example 4.3. We recover the following result of [13, Theorem 4.2]:

K ifn=m and e =0,

EXt;:(gr) (Tn o aK, S™ o aK) =
0 else.

We already know that the graded vector space is concentrated in degree m — n. For m = n,

Extg_-(gr) (T™oag,S™oak)

12

is one dimensional, generated by the image of the idempotent e(,,) of S,, via the isomorphism KI[S,,]
E(m,m). If m # n, we can assume m > n. Working in the Karoubi envelope of £, we have

Kar(&r)((m, e(m)), (n,id)) = Ext¥ (g (T" 0 ag, S™ o ak) =~ E(m, n) - e(m)-

Let f € Surj(m,n) be a surjection which decomposes as s o a with s € Surj,, (m,n). Since vy = e(a)vs -

L

it is enough to prove that vy - €,y = 0. Let us denote p; = [s7'(i)|. Any o € S,, writes uniquely as
o= (01 X...xo0,)ouwith o; € S; and u € Shy, so that s o 0 = s o u. Hence

Vs -0 =¢€(01)...€(0n)e(U)Vson -

If m > n, then there exists ¢ such that p; > 1. In particular, in S;, there are as many odd permutations as
even permutations, so that v, - €m) = 0.

Example 4.4. With the help of Formula (9), let us compute

1 1
Extr(g) (Sa2),S@e1) and  Extr (Se).Sen) -

Following [4, Section 4], we have
1 1 1
€12) = 5(1 —T1,2), €(2) = 5(1 + 71,2) and €(2,1) = 5(1 — 71,3+ 712 — (132))

where (132) is the cyclic permutation. Using Theorem 1.7, we obtain that Ext}(gr) (S(12),S(2,1)) is 1-
dimensional, generated by e(2) - vy - €21y with f € Surj(3,2) defined by f(1) = 1 and f(2) = f(3) = 2.
Similarly, we obtain that Extlf(gr) (8(2)78(271)) is 1-dimensional, generated by e() - vy - e 1) with f €
Surj(3,2) defined by f(1) =1 and f(2) = f(3) = 2. Indeed, one can check that

1
Vi €(2,1) = §<Vf + Vfory s — 2Vf‘37'1,2) .
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