
manuscripta math. 96, 295 – 315 (1998) c© Springer-Verlag 1998

Muriel Livernet

Rational homotopy of Leibniz algebras

Received: 19 September 1997 / Revised version: 23 February 1998

Abstract. We construct a non-commutative rational homotopy theory by replacing the
pair (Lie algebras, commutative algebras) by the pair (Leibniz algebras, Leibniz-dual
algebras). Both pairs are Koszul dual in the sense of operads (Ginzburg–Kapranov). We
prove the existence of minimal models and the Hurewicz theorem in this framework. We
define Leibniz spheres and prove that their homotopy is periodic.

Introduction

In rational homotopy theory, Sullivan models ([Su]) deal with differential
graded commutative algebras, whereas Quillen models ([Qu1]) deal with
differential graded Lie algebras. The interest of these models lies in the fact
that they both contain all rational homotopy and homology information of the
simply connected space. The aim of this paper is to develop a similar theory
in the non-commutative case. For that, we decide to replace Lie algebras by
a non-commutative version, which are theLeibniz algebras. More precisely,
a Leibniz algebraL is a vector space equipped with a bracket satisfying the
identity

[x, [y, z]] = [[x, y], z] − [[x, z], y], ∀x, y, z ∈ L (see [Lo1]).

If the antisymmetric relation is assumed, this identity is equivalent to the
Jacobi relation. Hence, an antisymmetric Leibniz algebra is a Lie algebra.
This raises the question of what will replace commutative algebras in order
to construct a Sullivan-type model. From the work of Ginzburg and Kapranov
([G-K]), we know that Lie algebras and commutative algebras are algebras
over Koszul operads which are dual to each other. This suggests to replace
commutative algebras byLeibniz-dual algebraswhich are algebras over the
dual operad defining the Leibniz algebras. More explicitly, a Leibniz-dual
algebraM is a vector space together with a product satisfying the identity

(x · y) · z = x · (y · z)+ x · (z · y), ∀x, y, z ∈ M.
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The main goal of this paper is to show that Leibniz algebras and Leibniz-
dual algebras are suitable for a non-commutative rational homotopy theory.
We define the homotopy and the homology of a differential graded Leibniz
algebra and we prove that a construction of minimal models is valid in this
framework. Moreover, these minimal models contain all the homotopy and
homology information of the Leibniz algebra.

Our second goal is to see whether the classical theorems and constructions
hold. We prove a Leibniz version of the Hurewicz theorem: if a differential
graded Leibniz algebra isn-connected, then the Leibniz Hurewicz morphism
is an isomorphism fork ≤ 2n (see theorem 4.3). We deduce immediately a
Leibniz version of the Freudenthal suspension theorem (see theorem 4.6). We
constructn-Leibniz spheres, which are differential graded Leibniz algebras
whose cohomology is trivial except in degreen. We prove the uniqueness of
such an object. Moreover, we compute its homotopy which turns out to be
periodic of periodn − 1 (see theorem 5.3). We compare Leibniz spheres to
classical ones and we obtain that the Lie algebra associated to then-Leibniz
sphere is exactly the Quillen model of the classicaln-sphere (theorem 5.4).
Finally, as the Quillen model of the classical sphere is a Lie algebra, it is a
Leibniz algebra. We prove the periodicity of its Leibniz homology, in theorem
5.5.

Contents. All definitions and properties of Leibniz algebras and Leibniz-
dual algebras used in this article are recalled in the first section. The second
section is devoted to minimal models. In the third section, we define a pair of
adjoint functors between the category of Leibniz algebras and the category
of reduced Leibniz-dual coalgebras which allow us to define the homotopy
and the homology of a Leibniz algebra. We prove two theorems linking
minimal models and the homotopy and homology of a Leibniz algebra (see
theorems 3.10 and 3.11). The Leibniz version of the Hurewicz theorem and
the Freudenthal suspension theorem are the subject of the fourth section.
The fifth section focus on spheres. We define Leibniz spheres and compare
them to classical spheres. Finally, we compute the Leibniz homology of the
classical sphere.

Notation. We work over a fixed fieldK of characteristic 0. LetV be a graded
vector space. The suspension ofV is (sV )n = Vn−1 if V is lower graded, and
(sV )n = V n+1 if V is upper graded. The graded vector spaceV is said to be
reduced(resp. 2-reduced) if V0 = 0 (resp.V0 = V1 = 0) orV 0 = 0 (resp.
V 0 = V 1 = 0). The graded vector spaceV is said to befinite dimensional
if its dimension is finite in every degree. The group of permutations onn

elements is denoted bySn.
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1. Definitions and properties of Leibniz algebras and Leibniz-dual
algebras

Leibniz algebras were introduced by J.-L. Loday (see [Lo1] for a survey).
Leibniz algebras are algebras over a certain quadratic operad, denoted by
Leib. We refer to [G-K] concerning the theory of quadratic operads. The
operadLeib admits a Koszul dual denoted byLeib! , and algebras over this
operad are called Leibniz-dual algebras. In this section we recall the notion
of graded algebras, differential graded algebras and prove that the operads
Leib andLeib! are Koszul operads.

Let V be a graded vector space and denote byT (V ) the graded vec-
tor spaceV ⊕ V ⊗2 ⊕ · · · ⊕ V ⊗n ⊕ · · · . A tensor inV ⊗n is written either
(a1, · · · , an) or a1⊗ · · · ⊗an. The symmetric groupSn acts onV ⊗n on the
left by σ · (a1⊗ · · · ⊗an) = εK(σ )aσ−1(1)⊗ · · · ⊗aσ−1(n), or on the right by
(a1⊗ · · · ⊗an) · σ = εK(σ )aσ(1)⊗ · · · ⊗aσ(n). The signεK(σ ) is theKoszul
signassociated toσ . We say that the action onV ⊗n by the groupSn is the
signed action, if it is the same action as before multiplied by the signature of
the permutation.

Definition 1.1. A graded Leibniz algebraL is a lower graded vector space
together with a bracket of degree0 satisfying the identity

[x, [y, z]] = [[x, y], z] − (−1)|y||z|[[x, z], y], ∀x, y, z ∈ L.
Let V be a graded vector space. By [Lo1], we know thatT (V ) has a

unique structure of graded Leibniz algebra which may be described by

[x, (a1, · · · , an)] =(x, (a1⊗ · · · ⊗an) · µn),
∀x ∈ V ⊗m, ∀(a1, · · · , an) ∈ V ⊗n.

The elementµn ∈ K[Sn] is defined by induction as
µ1 = Id,
µn+1 = µn + (−1)n+1µn ◦ τ−1

n+1,
whereτn is the cycle(12· · · n) of Sn. Here, the action ofSn is the right signed
action. Note thata1⊗ · · · ⊗ak = [[ · · · [a1, a2], · · · ], ak], ∀ a1⊗ · · · ⊗ak ∈
V ⊗k. With this structure, the vector spaceT (V ) is the free graded Leibniz
algebra generated byV .

By reversing arrows in the definition of a Leibniz algebra we deduce the
definition of a Leibniz coalgebra.

Definition 1.2. A graded Leibniz coalgebraC is an upper graded vector
space together with a comultiplication1 of degree0 satisfying the identity

(id ⊗1) ◦1 = (1⊗ id − (id ⊗ T ) ◦ (1⊗ id)) ◦1,
whereT (a ⊗ b) = (−1)|a||b|b ⊗ a.
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The vector spaceT (V ) can be equipped with a comultiplication1 so
that it becomes the free Leibniz coalgebra generated byV if V 0 = 0. More
explicitly

1(a1, · · · , an) =
n−1∑
k=1

(a1, · · · , ak)⊗ µn−k(ak+1, · · · , an),

∀(a1, · · · , an) ∈ V ⊗n, n ≥ 1,

where the action ofSn is the left signed action.

Definition 1.3. A graded Leibniz-dual algebraM is an upper graded vec-
tor space equipped with a multiplication of degree0 satisfying the identity

(x · y) · z = x · (y · z)+ (−1)|y||z|x · (z · y), ∀x, y, z ∈ M.
Proposition 1.4. LetM be a graded Leibniz-dual algebra. Denote by∗ the
productx ∗ y = x · y + (−1)|x||y|y · x. This product makesM into a graded
associative and commutative algebra.

Let V be a graded vector space. The free graded Leibniz-dual algebra
generated byV is T (V ) equipped with the following product

(v1⊗ · · · ⊗vp) · (vp+1⊗ · · · ⊗vp+q) =
(Id ⊗ shp−1,q)(v1⊗ · · · ⊗vp+q), ∀v1, · · · , vp+q ∈ V,

where
shp,q =

∑
σ =(p,q)−shuffle

σ andSn acts on the left.

We refer to [Lo2] for the proof. Note thatv1⊗ · · · ⊗vk = v1 · (v2 · (· · · (vk−1 ·
vk) · · · )).

By reversing arrows in the definition of a Leibniz-dual algebra we obtain
the definition of a Leibniz-dual coalgebra.

Definition 1.5. A graded Leibniz-dual coalgebra B is a lower graded
vector space together with a comultiplication1 of degree0 satisfying the
identity

(1⊗ id) ◦1 = (id ⊗1+ id ⊗ (T ◦1)) ◦1.
The vector spaceT (V ) can be equipped with a comultiplication1 so that

it becomes the free graded Leibniz-dual coalgebra onV if V0 = 0 (see [O]):

1(a0, · · · , ap)

=
p−1∑
k=0

Jk(a0, (a1, · · · , ap) · shk,p−k), ∀(a0, · · · , ap) ∈ V ⊗p+1, p ≥ 1,

whereSn acts on the right. The mapJk : T (V ) → T (V )⊗ T (V ) is defined
by Jk(a0, a1, · · · , ap) = (a0, · · · , ak)⊗ (ak+1, · · · , ap) if 0 ≤ k ≤ p − 1.
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Definition 1.6. A differential of graded Leibniz algebrasφ is a morphism of
degree−1 which is a derivation of graded Leibniz algebras. More explicitly:

φ([a, b]) = [φ(a), b] + (−1)|a|[a, φ(b)].

A differential of graded Leibniz coalgebrasφ is a morphism of degree1
which is a coderivation of graded Leibniz coalgebras. More explicitly, if one
denotes by(C,1) a graded Leibniz coalgebra, then using Sweedler notation
(1(x) =∑

(x)

x(1) ⊗ x(2))(cf. [Sw]),

1(φ(x)) =
∑
(x)

φ(x(1))⊗ x(2) + (−1)|x(1)|x(1) ⊗ φ(x(2)).

A differential graded Leibniz algebra (resp. coalgebra) is a graded Leibniz
algebra (resp. coalgebra) together with a differential. We have obviously the
notion of a differential graded Leibniz-dual algebra and a differential graded
Leibniz-dual coalgebra.

Definition 1.7. Let φ be a morphism between differential graded Leibniz
algebras. Ifφ induces an isomorphism in homology, thenφ is said to be a
weak equivalence.

Since we have defined a certain type of algebras, we are interested in their
homology. One can find their theoretic description in [G-K], or concerning
the homology of Leibniz algebras in [Lo2], and the homology of Leibniz-
dual algebras in [Bal]. The definition of the homology of a differential graded
Leibniz algebra will be seen in definition 3.1.

Definition 1.8. Let (M, d) be a reduced differential graded Leibniz-dual
algebra. Thehomology of M, denoted byHLD(M) is the cohomology of
the total complex(Cl(M), ∂) = (T (sM), ∂1 + ∂2), where

∂1(sx1⊗ · · · ⊗sxn) =
n∑
i=1

−(−1)ui−1sx1⊗ · · · ⊗sdxi⊗ · · · ⊗sxn

∂2(sx1⊗ · · · ⊗sxn) = (−1)|sx1|s(x1 · x2)⊗ · · · ⊗sxn

+
n−1∑
i=2

(−1)ui sx1⊗ · · · ⊗s(xi ∗ xi+1)⊗ · · · ⊗sxn

andui =
i∑

j=1

|sxj |. The product∗ is defined in proposition 1.4. Note that∂

is a differential of degree1.
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Theorem 1.9. Let(M, d) = (T (V ), d) be a reduced differential free graded
Leibniz-dual algebra. Its homology is the cohomology of the suspension of
the indecomposable elements. More precisely,

HLDn(T (V )) = Hn+1(V , d̄),

whered̄ is the differential induced byd on the indecomposable elements.

Proof. We define the bicomplexCp,q = (sM)
⊗p+1
q−p with the differentials

∂1 : Cp,q → Cp,q+1 and∂2 : Cp,q → Cp−1,q defined in 1.8. The homology
ofM is the homology of the total complexC. We will prove that the homology
of theq − th row is concentrated in degree 0 and is exactlyV q+1. We fix
q and setDp = Cp,q for 0 ≤ p ≤ q andD−1 = V q+1. The differential
on D is ∂2 in degrees> 0 and the projection of(s T (V ))q on V q+1 in
degree 0. There is a homotopyh between the identity and the zero morphism
given by:h−1 : D−1 → D0 is the embedding of(sV )q into (s T (V ))q ,
andhn−1 : Dn−1 → Dn is given byhn−1(sa1 · · · ak ⊗ sx2⊗ · · · ⊗sxn) =
(−1)|sa1|sa1 ⊗ sa2 · · · ak ⊗ sx2⊗ · · · ⊗sxn if k > 1, and is 0 otherwise. It is
easy to check thathn−1 ◦ d + d ◦ hn = idDn, ∀n ≥ 0. ut

The definition 1.8 is exactly the one given by Ginzburg and Kapranov (in
[G-K]) for the homology of an algebra over a quadratic operad, in the case
of the operadLeib! . Hence, we have the following corollary.

Corollary 1.10. The operadLeib! and the operadLeib are Koszul operads.

2. Minimal models of differential graded Leibniz algebras and
Leibniz-dual algebras

The theory of minimal models of differential graded commutative algebras
was first developped by Sullivan in [Su]. We refer to [Ta] or [Gr-M] for a
survey. Later, it was proved that there exists a minimal model of a differential
graded Lie algebra (see for instance [Ba-L] or [Ne]). In this section we prove
that a differential graded Leibniz algebra or Leibniz-dual algebra, satisfying
certain hypotheses, admits a minimal model unique up to isomorphism.

Definition 2.1. A minimal differential graded Leibniz algebra is a differ-
ential free graded Leibniz algebra generated by a reduced vector spaceV ,
together with a decomposable differential, that is a differentiald satisfying
d(V ) ⊂ T (V ) · T (V ).
Definition 2.2. A minimal differential graded Leibniz-dual algebra is a
differential free graded Leibniz-dual algebra generated by a2-reduced vector
spaceV , together with a decomposable differential, that is a differentiald

satisfyingd(V ) ⊂ T (V ) · T (V ).
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Definition 2.3. Let (M, d) be a differential graded Leibniz algebra (resp.
Leibniz-dual algebra). Aminimal model of M is a minimal differential
graded Leibniz algebra (resp. Leibniz-dual algebra)(M ′, d ′) together with
a weak equivalenceφ : (M ′, d ′) → (M, d).

Theorem 2.4. Any reduced differential graded Leibniz algebra(L, ∂)admits
a minimal model unique up to isomorphism.

Theorem 2.5. Any differential graded Leibniz-dual algebra(M, d) whose
cohomology is2-reduced, admits a minimal model unique up to isomorphism.

The proof of the theorem 2.5 is quite similar to the proof of the theorem 2.4.
Let us prove theorem 2.4. The proof of the existence in the case of differential
graded Lie algebras (see [Ne]) remains valid in our case. Uniqueness is proved
using proposition 2.6 and the lifting lemma 2.9.

Proposition 2.6. A weak equivalence between minimal differential graded
Leibniz algebras is an isomorphism.

Proof. Let f : (X = T (V ), d) → (Y = T (W), d ′) be such a weak equiva-
lence. SetX[n] = T (V1 ⊕ · · · ⊕ Vn), andY [n] = T (W1 ⊕ · · · ⊕Wn), ∀n ≥
1. The vector spaceX[n] (resp.Y [n]) is a sub-Leibniz algebra ofX (resp.Y ).
We will prove, by induction onn, thatf induces an isomorphism between
X[n] andY [n].

Forn = 1, sinceV is reduced andd is decomposable, we haved(V2) = 0.
HenceH1(X) = V1,H1(Y ) = W1 andH1(f ) : V1 → W1 is an isomorphism.
We deduce thatf restricted toX[1] = T (V1) is an isomorphism intoY [1].

Assume thatf induces an isomorphism betweenX[n] and Y [n]. The
short exact sequence associated to the inclusionX[n] → X, yields the long
exact sequence in cohomology

Hn+1(X[n]) → Hn+1(X) → Hn+1(X/X[n]) → Hn(X[n]) → Hn(X)

o ↓ Hn+1(f ) o ↓ Hn+1(f ) ↓ Hn+1(f ) Hn(f )↓ o Hn(f )↓ o

Hn+1(Y [n]) → Hn+1(Y ) → Hn+1(Y/Y [n]) → Hn(Y [n]) → Hn(Y ).

Hence, applying the five lemma, we get that

Hn+1(f ) : Hn+1(X/X[n])−→Hn+1(Y/Y [n])

is an isomorphism. ButHn+1(X/X[n]) is isomorphic toVn+1, thereforef
verifies the induction hypothesis at rangen+ 1. ut
Definition 2.7. Let (Y, d) be a differential graded Leibniz algebra, and
3(t, dt) be the differential free graded commutative algebra generated by
t in degree0 and dt in degree−1, satisfyingd(t) = dt, d(dt) = 0.
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The vector spaceY ⊗ 3(t, dt) is a differential graded Leibniz algebra:
the bracket is given by[y ⊗ a, y ′ ⊗ a′] = (−1)|a||y

′|[y, y ′] ⊗ aa′, and its
differential is given byd(y ⊗ a) = dy ⊗ a + (−1)|y|y ⊗ da. We denote
byY (t, dt) the differential graded Leibniz algebraY ⊗ 3(t, dt) in degrees
n ≥ 1 and Y (t, dt)0 = Ker(d : (Y ⊗ 3(t, dt))0 → (Y ⊗ 3(t, dt))−1.

Definep0, p1 : Y (t, dt) → Y by p0(y ⊗ (a(t) + b(t)dt)) = a(0)y and
p1(y⊗ (a(t)+b(t)dt)) = a(1)y. Two morphismsf, g : (X, d) → (Y, d ′) of
differential graded Leibniz algebras are said to behomotopic if there exists
a morphismh : X → Y (t, dt) such thatp0 ◦ h = f andp1 ◦ h = g.

Remark 2.8.Sincep0 andp1 are weak equivalences, iff is homotopic tog,
thenH(f ) = H(g).

Lifting lemma 1. Letπ : A → B be a weak equivalence between differen-
tial graded Leibniz algebras. LetX be a minimal differential graded Leibniz
algebra andf : X → B be a morphism. Then, there exists a morphism
f̃ : X → A such thatπ ◦ f̃ is homotopic tof .

Proof. We setX = (T (V ), d) andX[n] = T (V1 ⊕ · · · ⊕ Vn), if n ≥ 1.
We will construct, by induction onn, some morphisms̃f : X[n] → A and
G : X[n] → B(t, dt) satisfyingp0 ◦G = π ◦ f̃ andp1 ◦G = f .

Assumen = 1 and fixv ∈ V1. Sincedf (v) = f (dv) = 0 ∈ B1, there
existsy ∈ A1 such thatdy = 0 and [π(y)] = [f (v)] in H1(B). Hence, there
existsy ∈ A1 andb ∈ B2 such thatπ(y) = f (v)+db. We setf̃ (v) = y and
G(v) = (f (v)+db)⊗1−db⊗ t −b⊗dt , and check that these morphisms
satisfy the hypothesis.

Assume that these morphisms are built fork ≤ n. Fix (xα)α∈I a basis of
Vn+1. We want to extend̃f toX[n, xα] = T (V1 ⊕ · · · ⊕ Vn ⊕Kxα). Denote
by cα the elementdxα of X[n]. Sincedf̃ (cα) = 0, applying remark 2.8,
we have the identity [π ◦ f̃ ](cα) = [f ](cα) = 0 in H(B). By hypothesis
π induces an isomorphism in homology, thus there existsη ∈ An+1 such
that f̃ (cα) = d(η). We setf̃ (xα) = η and aim to extendG. ExtendingG is
equivalent to the existence of a morphism̄G : X[n, xα] → B(t, dt) making
the following diagram commute

X[n]
G−→ B(t, dt)

↓ ↓ ρ:=(p0,p1)

X[n, xα]
r:=(π◦f̃ ,f )−−−−−→ B × B.

Claim 1. The obstruction to extendG to Ḡ lies inHn(Kerρ).

Proof. As ρ is surjective in degrees≥ 1, we may choosea ∈ B(t, dt) such
that ρ(a) = r(xα), and we defineθ = d(a) − G(cα). It is easy to check
thatθ ∈ Zn(Kerρ), and that its class inHn(Kerρ), denoted by [θ ], does not
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depend on the choice ofa. ThenG extends toḠ if and only if there exists
ν ∈ B(t, dt), satisfyingρ(ν) = r(xα) andd(ν) = G(cα), so if and only if
[θ ] = 0. ut

The elementa = π(η) + (f (xα) − π(η))t satisfiesρ(a) = r(xα). We
defineθ = d(a)−G(cα) ∈ Zn(Kerρ). The next claim computes [θ ].

Claim 2. If θ ∈ Zn(Kerρ), then there existsu ∈ Zn+1B such that[θ ] =
[udt ].

Proof. Consider the following short exact sequence

0 → Kerρ
i−→B(t, dt)

ρ−→B × B → 0.

We haveH(B(t, dt)) = H(B), H(B × B) = H(B) × H(B) andH(ρ) is
the diagonal map which is injective. Therefore, in the long exact sequence in
homology associated to the previous sequence, we obtainH(i) = 0. Thus,
the connecting morphismδ∗ : Hn+1(B × B) → Hn(Kerρ) is surjective and
is given byδ∗([α, β]) = [(−1)n+1(β − α)dt ], ∀(α, β) ∈ Zn+1(B × B). ut

We are now able to finish the proof of the lifting lemma. We must modify
f̃ (xα) so that there is no more obstruction to extendG. According to claim
2 and the hypothesis, there existsu ∈ Zn+1B and ū ∈ Zn+1(A) such that
[π(ū)] = [u] and [θ ] = [π(ū)dt ]. We definef̃ (xα) = η + (−1)n+1ū. There
existsa′ such thatρ(a′) = (π(η) + (−1)n+1π(ū), f (xα)); for instance, we
takea′ = a + (−1)n+1π(ū)(1 − t). Sinceθ ′ = d(a′) − G(cα) = da −
π(ū)dt −G(cα) = θ −π(ū)dt , we obtain [θ ′] = 0. Then, we conclude with
claim 1. ut
Proof of uniqueness in theorem 2.4.Let φ : X → M andψ : Y → M

be minimal models of(M, d). Sinceφ is a weak equivalence, by the lifting
lemma 2.9, there exists a morphism̃ψ : Y → X such thatφ ◦ ψ̃ is homotopic
to ψ . Applying remark 2.8, we getH(φ) ◦ H(ψ̃) = H(ψ), henceH(ψ̃) is
an isomorphism. Proposition 2.6 allows us to conclude.ut

3. Relations between Leibniz algebras and Leibniz-dual algebras

In classical rational homotopy theory ([Qu1], [Ta]), differential graded Lie
algebras are related to reduced differential graded cocommutative coalgebras
through functorsC andL. We define adjoint functorsL! andL between the
categories of differential graded Leibniz algebras and reduced differential
graded Leibniz-dual coalgebras. We prove that these functors as well as the
unit and the counit of the adjunction preserve weak equivalences. We then de-
fine the homotopy and the homology of a differential graded Leibniz algebra
and prove that minimal models contain all the homotopy and the homology
information of the Leibniz algebra.
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Definition 3.1. The functorL! : {differential graded Leibniz algebras} →
{reduced differential graded Leibniz-dual coalgebras} is defined as follows:
let (L, ∂) be a differential graded Leibniz algebra, then

L!(L, ∂) := (T (sL), d = d1 + d2),

whereT (sL) is the free graded Leibniz-dual coalgebra onsL (see definition
1.5),

d1(sx1⊗ · · · ⊗sxn) =
n∑
i=1

− (−1)εi sx1⊗ · · · ⊗s∂xi⊗ · · · ⊗sxn,

d2(sx1⊗ · · · ⊗sxn) =
∑

1≤i<j≤n
(−1)ti,j sx1⊗ · · · ⊗s[xi, xj ]⊗ · · · ⊗sxn,

with ti,j = (

i∑
k=1

| sxk |)+ | sxj | (
j−1∑
k=i+1

| sxk |) andεi =
i−1∑
j=1

| sxj | .

It is easy to check thatd1 and d2 are differentials of graded Leibniz-
dual coalgebra, and the structure of a Leibniz algebra onL implies the same
statement ford. The definition 3.1 is exactly the one given by Ginzburg and
Kapranov (in [G-K]) for the homology of an algebra over a quadratic operad,
in the case of the operadLeib. Since this operad is a Koszul operad (see
corollary 1.10), we are able to compute the homology of a free object.

Theorem 3.2. Let (L, ∂) = (T (V ), ∂) be a differential free graded Leibniz
algebra. The homology ofL!(L, ∂) is the homology of the suspension of the
indecomposable elements. More precisely,

Hn(L
!(L, ∂)) = Hn−1(V , ∂̄),

where∂̄ is the differential induced by∂ on the indecomposable elements.

Definition 3.3. The functorL : {reduced differential graded Leibniz-dual
coalgebras} → {differential graded Leibniz algebras} is defined as follows:
for any reduced differential graded Leibniz-dual coalgebra(B, d),

L(B, d) := (T (s−1B), ∂ = ∂1 + ∂2),

whereT (s−1B) is the free graded Leibniz algebra generated bys−1B (see
definition 1.1), where∂1 is induced byd and∂2 is given by

∂2(s
−1x1⊗ · · · ⊗s−1xn) =

∑
(x1)

(−1)s
−1x1(1) s−1x1(1) ⊗ s−1x1(2)⊗ · · · ⊗s−1xn

+
n∑
i=2

(−1)

i−1∑
j=1

|s−1xj |∑
(xi )

(−1)|s
−1xi(1)|s−1x1⊗ · · · ⊗s−1xi(1) ⊗ s−1xi(2)⊗ · · · ⊗s−1xn

−
∑
(xi )

(−1)|s
−1xi(1)|+|s−1xi(1)||s−1xi(2)|s−1x1⊗ · · · ⊗s−1xi(2) ⊗ s−1xi(1)⊗ · · · ⊗s−1xn.
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Theorem 3.4. The functorL is left adjoint toL! .

Proof. For any differential graded Leibniz algebra(L, ∂) and any reduced
differential graded Leibniz-dual coalgebra(B, d), we denote by
ε : LL!(L, ∂) → (L, ∂) the counit and byη : (B, d) → L!L(B, d) the unit
of the adjunction. SinceLL!(L, ∂) = T (s−1L!(L, ∂)) is a free graded Leib-
niz algebra, it is sufficient to makeε explicit ons−1L!(L, ∂) = s−1 T (sL).

We setε = 0 ons−1 T (sL)
≥2

andε(s−1sx) = x ons−1sL. Similarly, apply-
ing the universal property for free Leibniz-dual coalgebras,η is the unique
morphism fromB to L!L(B, d) extending the map̃η : B → s T (s−1B)

defined byη̃(x) = ss−1x. ut

Theorem 3.5. The functorL! preserves weak equivalences.

Proof. Letψ : (L, ∂) → (L′, ∂ ′) be a weak equivalence between differential
graded Leibniz algebras. By definition 3.1,L!(L, ∂) = (T (sL), d = d1 +
d2). There is a natural filtration onL! given byFp = (T (sL))≤p =

p⊕
k=1

(sL)⊗k andF ′p = (T (sL′))≤p, ∀p ≥ 0. Note thatF 0 = F ′0 = 0, F 1 =
sL, F ′1 = sL′, the pair(Fp, d) (resp.(F ′p, d ′)) is a sub-complex ofL!(L, ∂)

(resp.L!(L′, ∂ ′)), andL!(ψ) mapsFp to F ′p. Thus, we have the following
commutative diagram with exact rows

0 −→ Fp−1 −→ Fp −→ Fp/Fp−1 −→ 0

L!(ψ)↓ ↓ L!(ψ)

0 −→ F ′p−1 −→ F ′p −→ F ′p/F ′p−1 −→ 0.

Since the complexFp/Fp−1 is isomorphic to((sL)⊗p, d1) and d1 coin-
cides, up to sign, with∂ on sL, thenH(Fp/Fp−1) ' (sH(L))⊗p and
H(L!(ψ)) is an isomorphism. Applying the long exact sequence in homol-
ogy as well as the five lemma in the previous diagram, we deduce that, if
the mapHL!(ψ) : H(Fp−1) → H(F ′p−1

) is an isomorphism, then the
mapHL!(ψ) : H(Fp) → H(F ′p) is also an isomorphism. Because it is an
isomorphism forp = 0 andp = 1 and becauseHk(L!(L, d)) = Hk(F

k),
we getHL!(ψ) is an isomorphism. ut

Theorem 3.6. The functorL preserves weak equivalences between2-redu-
ced differential graded Leibniz-dual coalgebras.

Proof. This proof is similar to the previous one. Letψ : (B, d) → (B ′, d ′)
be a weak equivalence between 2-reduced differential graded Leibniz-dual
coalgebras. Recall definition 3.3:L(B, d) = (T (s−1B), ∂ = ∂1 + ∂2). The
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filtration onL, given byFp = T (s−1B)
≥p

, provides the following commu-
tative diagram with exact rows

0 −→ Fp+1 −→ Fp −→ Fp/Fp+1 −→ 0

L(ψ)↓ ↓ L(ψ)

0 −→ F ′p+1 −→ F ′p −→ F ′p/F ′p+1 −→ 0.

This implies that, if the mapH(L(ψ)) : H(Fp+1) → H(F ′p+1
) is an

isomorphism, then the mapH(L(ψ)) : H(Fp) → H(F ′p) is also an iso-
morphism. By hypothesis,B is 2-reduced, soHk(Fp+1) = Hk(F

′p+1
) =

0, ∀k ≤ p and we can conclude.ut
Theorem 3.7. For any reduced differential graded Leibniz-dual coalgebra
(B, d), the unit of the adjunctionη : (B, d) → L!L(B, d) is a weak equiva-
lence. For any reduced differential graded Leibniz algebra(L, ∂), the counit
of the adjunctionε : LL!(L, ∂) → (L, ∂) is a weak equivalence.

Proof. The first part of the theorem is straightforward using theorem 3.2. We
will prove the second part of the theorem in two steps. The first step consists
in proving the weak equivalence for a minimal differential graded Leibniz
algebra. The second step is the conclusion. Indeed, let(L, ∂) be a reduced
differential graded Leibniz algebra. By theorem 2.4,(L, ∂) admits a minimal
model(L̃, ∂̃). We have the following diagram

LL!(L, ∂)
εL−→ L

LL!(φ)↑ ↑ φ

LL!(L̃, ∂̃)
ε
L̃−→ L̃

Sinceφ andεL̃ are weak equivalences as well asLL!(φ) by theorems 3.5
and 3.6, we deduce thatεL is a weak equivalence. Let’s prove the first step.

Let (L, ∂) = (T (V ), ∂) be a minimal differential graded Leibniz algebra.
We recall thatV0 = 0 and∂ is decomposable. There is a natural filtration
on L given byFp(L) = T (V )

≥p
. Since the differential is decomposable,

∂(Fp(L)) ⊂ Fp+1(L). In the spectral sequence associated to this filtration,
theE0 term isL′ = (T (V ), 0). Since the filtration is bounded, the spectral se-
quence converges. We introduce a filtration onLL!(L, ∂) = T (s−1 T (sL)).
Fix an elementary elementy = y1⊗ · · · ⊗yp of LL!(L, ∂) where eachyi is

of the forms−1sxi1⊗ · · · ⊗sxiqi and eachxij ∈ V ⊗lij . We define the degree of

yi by Deg(yi) =
qi∑
j=1

lij and the degree ofy by Deg(y) =
p∑
i=1

Deg(yi). LetAp

be the sub-vector space ofLL!(L, ∂) generated by the elements of degree
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p and we denote bỹFp(LL!(L, ∂)) the filtration
⊕
k≥p

Ak. The filtration is

a filtration of complex andεL preserves the filtration. Using the definitions
of the differential onL!(L, ∂) (see definition 3.1) and onLL!(L, ∂) (see
definition 3.3), we check that

F̃ pLL!(L, ∂)/F̃ p+1LL!(L, ∂) ' F̃ pLL!(L′)/F̃ p+1LL!(L′).

But we have the following isomorphism of complexes⊕
k≥1

F̃ pLL!(L′)/F̃ p+1LL!(L′) ' LL!(L′).

Hence theE0-term associated to the filtratioñF is LL!(L′), and the spectral
sequence converges. Moreover,L′ can be writtenL(C) whereC is a trivial
Leibniz-dual coalgebra with the zero differential. The first part of the theorem
gives thatη : C → L!L(C) is a weak equivalence, and sinceC is 2-reduced
andL preserves weak equivalence, we deduce thatLη is a weak equivalence.
But the composite

L(C)
Lη−→LL!L(C)

εL(C)−→L(C)

is the identity, henceεL(C) is a weak equivalence. By Zeeman’s theorem of
comparison of spectral sequences, we deduce thatεL is a weak equivalence.
ut
Definition 3.8. The homotopy of a differential graded Leibniz algebra
(L, ∂), denoted byπλ(L), is the graded vector spaceπλ∗(L) = H∗(sL, ∂).
ThehomologyofL, denoted byHλ(L), is the graded Leibniz-dual coalgebra
Hλ∗(L) = H∗(L!(L, ∂)). ThecohomologyofL is

Hλ∗(L) = H ∗Hom(L!(L, ∂),K).

Note that since the linear dual of a differential graded Leibniz-dual coal-
gebra is a differential graded Leibniz-dual algebra, the cohomology of a
differential graded Leibniz algebra has the structure of a graded Leibniz-dual
algebra.

Definition 3.9. A differential graded Leibniz algebraL is said to ben-
connectedif πλk(L) = 0, ∀k ≤ n.

In the next theorems, we show that the theory of minimal models devel-
opped in section 2, is strongly related to the homotopy and the homology of
a differential graded Leibniz algebra.
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Theorem 3.10. Let (L, ∂) be a reduced differential graded Leibniz algebra
and(T (V ), ∂ ′) be its minimal model. The homotopy ofL is the homology of
the suspension of its minimal model, and the homology ofL is the suspension
of the indecomposable elements of its minimal model. More precisely, we
have

πλ∗(L) ' H∗(s T (V ), ∂ ′)
Hλ∗(L) ' V∗−1

.

Proof. The first part of the theorem comes from the definition of a minimal
model. We have a weak equivalenceφ : (T (V ), ∂ ′) → (L, ∂), and by the-
orem 3.5, the functorL! preserves weak equivalences. Hence,H∗(L!(φ)) :
H∗(L! T (V ), ∂ ′) → Hλ∗(L) is an isomorphism. Hence the theorem 3.2
combined with the fact that the differential∂ ′ is decomposable allows us to
conclude. ut

Theorem 3.11. Let(L, ∂)be a reduced finite dimensional differential graded
Leibniz algebra. Let(T (V ), d) be the minimal model of the differential
graded Leibniz-dual algebraHom(L!(L, ∂),K). The cohomology ofL is
the cohomology of the complex(T (V ), d), and the homotopy ofL is the
linear dual of the indecomposable elements ofT (V ). More precisely

Hλ∗(L) ' H ∗(T (V ), d)
πλ∗(L) ' Hom(V ∗,K)

Proof. The first part of the theorem comes from the definition of a minimal
model. To prove the second part of the theorem, we use the functorCl defined
in definition 1.8. In fact, for any finite dimensional 2-reduced differential
graded Leibniz-dual algebra(M, d), we have

L(Hom(M,K),t d) ' Hom((Cl(M, d),t ∂),K).

SinceL is finite dimensional, we have a weak equivalenceψ : L!(L, ∂) →
Hom(T (V ),K). But the functorL preserves weak equivalences between
2-reduced differential graded Leibniz-dual coalgebras, hence

L(ψ) : LL!(L, ∂) → LHom(T (V ),K)

is a weak equivalence. Applying theorem 3.7, we deduce that the homology
of the left member iss−1πλ∗(L). Using the previous remark, we deduce
that the homology of the right member isHom(H ∗(Cl(T (V )),K), which is
equal toHom(sV,K) by theorem 1.9. ut
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4. Hurewicz and Freudenthal theorems for Leibniz algebras

In the previous section, we have constructed the homology and the homotopy
of a differential graded Leibniz algebra. We prove a theorem analogous to the
classical Hurewicz theorem for Leibniz algebras. We give a definition of the
suspension of a Leibniz algebra and prove a Freudenthal suspension theorem
similar to the classical one.

Let (L, ∂) be a differential graded Leibniz algebra. We want to give an
other description of the homotopy and the homology ofL in terms of a
bicomplex, denoted by(C∗,∗, d). Explicitly Cp,q = (sL⊗p+1)p+q, ∀p, q ≥
0, andd = d1 + d2 whered1 : Cp,q → Cp,q−1 andd2 : Cp,q → Cp−1,q are
defined in definition 3.1.

Lemma 4.1. With this new notation we have

(πλ)n(L) = Hn(C0,∗, d1),

(Hλ)n(L) = Hn((T otCp,q)∗, d = d1 + d2).ut
Definition 4.2. The embedding of complexes(C0,∗, d1) → ((T otCp,q)∗, d)
induces a morphism in homologyφλ∗ : πλ∗ −→ Hλ∗ called theHurewicz
morphism.

Theorem 4.3. Let (L, ∂) be a differential graded Leibniz algebra. IfL is
n-connected, then the Hurewicz morphism is an isomorphism for allk ≤ 2n
and an epimorphism fork = 2n + 1. If L is 1-connected andHλk(L) =
0, ∀k ≤ n, then the Hurewicz morphism is an isomorphism for allk ≤ 2n
and an epimorphism fork = 2n+ 1.

Proof. The Künneth formula for chain complexes gives

H(sL⊗k) = (H(sL))⊗k, ∀k ≥ 1,

where the differential onsL is d1.
Assume thatπλk = 0, ∀k < n+ 1. By lemma 4.1, we haveHk(C0,∗) =

0, ∀k < n + 1. By the K̈unneth formula we see thatHs(sL⊗r ) = 0, ∀s <
(n + 1)r. This gives us information about the homology of the columns of
the bicomplex. SinceHu(Cr,∗) = Hu+r (sL⊗r+1), we getHu(Cr,∗) = 0 if
u+ r < (n+1)(r+1). Forr ≥ 1, if u ≤ 2n, thenHu(Cr,∗) = 0. As a result,
theE∞ term of the spectral sequence associated to the bicomplexC is 0 for
p ≥ 1 andq ≤ 2n. We can conclude.

To prove the second statement, we use the previous result by induction.
If n = 1, we apply the first part of the theorem. Assume that the result is true
at rangen−1 and thatHλk = 0, ∀k ≤ n. Then by the induction hypothesis,
πλk = 0, ∀k ≤ n − 1 and, applying the first part of the proof, we obtain
Hu(Cr,∗) = 0, ∀r ≥ 1, u ≤ 2(n − 1). Thusπλn = Hλn = 0 and we go
back to the first part. ut
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Remark 4.4.This theorem implies a Leibniz version of the Hurewicz theo-
rem: if L is (n − 1)-connected, thenHλk(L) = 0, ∀k ≤ n − 1 andφλn is
an isomorphism.

In classical rational homotopy theory, the suspension of a topological
spaceS, denoted by6S, has for Quillen modelπ∗(�6S) ⊗ Q which is a
free graded Lie algebra onQ equipped with the trivial differential. Moreover
Hn(S) is isomorphic toHn+1(6S). The Freudenthal suspension theorem
states that ifS is n-connected, then the suspension morphism6r : πr(S) →
πr+1(6S) is an isomorphism for 1≤ r ≤ 2n and an epimorphism for
r = 2n+ 1. We prove that we can define the suspension of a Leibniz algebra
such that an analogous theorem holds.

Definition 4.5. Let(L, ∂) be a differential graded Leibniz algebra. Thesus-
pensionofL, denoted by6(L, ∂), is the differential graded Leibniz algebra
(T (Hλ∗(L, ∂)),0). Of course we have

Hλn+1(6(L, ∂)) = Hn+1(L
!(6(L, ∂)), d = d2)

which is equal to(Hλ)n(L, ∂) by theorem 3.2. Note thatπλn+1(6L) =
T (Hλ∗(L, ∂))n. TheFreudenthal suspension morphism, denoted by6λ,
is the composite

6λn : πλn(L)
φλn−→Hλn(L)

in−→ T (Hλ(L))n = πλn+1(6L).

Theorem 4.6. Let (L, ∂) be an-connected differential graded Leibniz alge-
bra. The Freudenthal suspension morphism is an isomorphism fork ≤ 2n
and an epimorphism fork = 2n+ 1.

Proof. Theorem 4.3 asserts that the Hurewicz morphismφλk is an isomor-
phism fork ≤ 2nand an epimorphism fork = 2n+1. MoreoverHλk(L) = 0
for k ≤ n, soT (Hλ(L, ∂))k = Hλk(L, ∂), ∀k ≤ 2n + 1. Henceik is an
isomorphism fork ≤ 2n+ 1. ut

5. Leibniz spheres and classical spheres

In rational homotopy theory, it is well known that a rational space, which has
the cohomology of a sphere, has in fact the same homotopy type. The aim of
this section is to construct an-Leibniz sphere: a differential graded Leibniz
algebraL such thatHλn(L) = K and is zero elsewhere. We prove that such
an object is unique up to homotopy type. We compute its homotopy, which
turns out to be periodic.

Definition 5.1. Two reduced differential graded Leibniz algebras are said to
have thesame homotopy typeif their minimal model are isomorphic.
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Definition 5.2. Let n ≥ 2. Then-Leibniz sphere, denoted bySλn, is the
differential free graded Leibniz algebra generated by one generator in degree
n− 1, equipped with the zero differential.

Theorem 5.3. For n ≥ 2, the cohomology of then-Leibniz sphere isK in
degreenand is0elsewhere. Its homotopy is periodic of periodn−1. Explicitly
πλj (Sλn) = K if j = k(n− 1)+ 1, k ≥ 1 and is0 otherwise. Besides, any
differential graded Leibniz algebra which has the same cohomology as the
n-Leibniz sphere has the same homotopy type.

Proof. The homotopy calculation is immediate. Since the Leibniz sphere
Sλn is a minimal Leibniz algebra, its homology isK in degreen and is 0
elsewhere (see theorem 3.10). Hence, the cohomology is the same. Let(L, ∂)

be a reduced differential graded Leibniz algebra whose cohomology is the
same as the cohomology ofSλn. Let (T (V ), ∂ ′) be its minimal model. By
theorem 3.10, we deduce thatV is necessarily concentrated in degreen− 1
and thatVn−1 ' K. Let z be a generator ofVn−1. Since∂ ′ is decomposable
of degree -1, we deduce immediatly that∂ ′(z) = 0. Thus, the minimal model
of (L, ∂) is (T (Kn−1), 0) which is isomorphic toSλn. ut

We would like now to compare Leibniz spheres and classical spheres.
The Quillen model of the classicaln-sphere will be denoted bySn. It is
the free graded Lie algebra generated by one generator in degreen − 1
together with the zero differential. To any graded Leibniz algebraL, we
can associate a graded Lie algebra, taking the quotient ofL by the relations
[x, y] + (−1)|x||y|[y, x], ∀x, y ∈ L (see [Lo1]). Theorem 5.4 asserts thatSn
is the Lie algebra associated toSλn.

Since a Lie algebra is obviously a Leibniz algebra, the Leibniz homotopy
and Leibniz homology ofSn can be computed. Clearly we haveπλ(Sn) =
π(Sn). Theorem 5.5 computes the homology ofSn.

Theorem 5.4. The graded Lie algebra associated to then-Leibniz sphere is
the Quillen model of the classicaln-sphere.

Theorem 5.5. For n ≥ 2, the Leibniz homology of the classicaln-sphere
is periodic of periodn if n is odd and of period3n − 1 if n is even. More
precisely

a) If n is oddHλi(Sn) ' K, if i = kn, k ≥ 1, andHλi(Sn) = 0 otherwise.
b) If n is evenHλi(Sn) ' K for i = n + k(3n − 1), k ≥ 0, or for i =
k(3n− 1), k ≥ 1, andHλi(Sn) = 0 otherwise.

Proof. Recall thatSn is the free graded Lie algebra generated by one gener-
atoryn in degreen− 1 together with the zero differential. Hence the Leibniz
homology ofSn is the homology of(L!(L(Kyn)), d2) = (T (sL(Kyn)), d2),
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whered2 is given by

d2(sx1⊗ · · · ⊗sxl) =
∑

1≤i<j≤l
(−1)ti,j sx1⊗ · · · ⊗s[xi, xj ]⊗ · · · ⊗sxl.

a) Sincen is odd, [yn, yn] = 0 ; thusd2 = 0 and the result follows.
b) In casen is even,L(Kyn) is a graded vector space generated byyn in

degreen−1 and by [yn, yn] in degree 2(n−1). Hence(T (sL(Kyn), d2) =
(T (Ky ⊕Kz), d), where|y| = n, |z| = 2n − 1. We callelementary
elementan elementx = x1⊗ · · · ⊗xl such thatxi is eithery or z. The
differentiald is given on elementary elements by

d(x) =
∑

(i,j),xi=y,xj=y
1≤i<j≤n

(−1)ti,j x1⊗ · · · ⊗xi−1 ⊗ z⊗ xi+1⊗ · · · ⊗x̂j⊗ · · · ⊗xl,

whereti,j denotes the number ofz in the decomposition ofx lying before
xi .

Let x = x1⊗ · · · ⊗xl be an elementary element ofT (Ky ⊕Kz). De-
fine a(x) (resp.b(x)) to be the number of occurences ofy (resp. ofz) in
x. The sub-vector space ofT (Ky ⊕Kz) generated by the set ofx such
that a(x) + 2b(x) = k is denoted byAk. SinceAk is stable underd,
it is in fact a subcomplex of(T (Ky ⊕Kz), d) and we have the identity
(T (Ky ⊕Kz), d) = ⊕k≥1(Ak, d). Thus, it is sufficient to compute the ho-
mology ofAk, k ≥ 1. ut

Lemma 5.6. The homology of the complexesA3k, A3k+1 andA3k+2 is peri-
odic of period3n− 1. More precisely,

Hi(A3k) ' K for i = k(3n− 1), k ≥ 1, and is 0 otherwise,
Hi(A3k+1) ' K for i = n+ k(3n− 1), k ≥ 0, and is 0 otherwise,
Hi(A3k+2) = 0, ∀ i, ∀k.

Proof. This lemma is proved by induction onk. The lemma is true forA1 and
A2: A1 is concentrated in degreen and its differential is zero; the complex
(A2, d) is 0 → K(y⊗y) → Kz → 0 with d(y⊗y) = z, thenA2 is acyclic.
Assume that the lemma is true forA3(k−1)+1 andA3(k−1)+2 and prove it for
A3k, A3k+1 andA3k+2.

We have the following natural short exact sequence

0 → Ak−2
φ−→Ak

ψ−→Ak−1 → 0,

where

φ(x1⊗ · · · ⊗xl) = z⊗ x1⊗ · · · ⊗xl, ψ(y ⊗ x1⊗ · · · ⊗xl) = x1⊗ · · · ⊗xl
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andψ(z ⊗ x1⊗ · · · ⊗xl) = 0. It is easy to check thatd ◦ φ = −φ ◦ d,
d ◦ ψ = ψ ◦ d, φ is injective,ψ is surjective and Imφ = Kerψ . It yields a
long exact sequence in homology

· · · → Hp(Ak−2)
φ−→Hp+2n−1(Ak)

ψ−→Hp+n−1(Ak−1)
γ−→Hp−1(Ak−2) → · · ·

whereγ is the connecting morphism. Actually, the connecting morphism is
induced by the morphism

γ : Ak → Ak−1

x = x1⊗ · · · ⊗xl 7→
∑
i|xi=y

x1⊗ · · · ⊗x̂i⊗ · · · ⊗xl.

Let us prove thatA3k satisfies the lemma. The result is obtained by combin-
ing the induction hypothesis forA3(k−1)+1 = A3k−2 andA3(k−1)+2 = A3k−1

with the long exact sequence in homology. Moreoverφ induces an isomor-
phism

Hn+(k−1)(3n−1)(A3(k−1)+1)
φ−→Hk(3n−1)(A3k).

Let t3(k−1)+1 be a cycle whose homology class generatesHn+(k−1)(3n−1)

(A3(k−1)+1). Then, the homology class ofφ(t3(k−1)+1) = z⊗ t3(k−1)+1 =: t3k
generatesHk(3n−1)(A3k).

We prove, as above, thatA3k+1 satisfies the lemma. Moreoverψ induces
the following isomorphism

Hn+k(3n−1)(A3k+1)
ψ−→Hk(3n−1)(A3k).

Let t3k+1 be a cycle whose homology class generatesHn+k(3n−1)(A3k+1),
and such thatψ(t3k+1) = t3k. Necessarilyt3k+1 = y ⊗ t3k + z ⊗ β and
d(t3k+1) = z ⊗ γ (t3k) − z ⊗ d(β) = 0. For instance,β = y ⊗ t3(k−1)+1 is
suitable.

Remark.We have constructed, step by step, generators ofHi(3n−1)(A3i), 1 ≤
i ≤ k (resp.Hn+i(3n−1)(A3i+1), 0 ≤ i ≤ k), with one representative inA3i

(resp. inA3i+1) denoted byt3i (resp.t3i+1) satisfying
t1 = y,

t3i = z⊗ t3(i−1)+1,

t3i+1 = y ⊗ t3i + z⊗ y ⊗ t3(i−1)+1.

Finally, let us prove thatA3k+2 satisfies the lemma. Applying last results
and the long exact sequence in homology, we deduce thatHi(A3k+2) = 0
for i 6= k(3n − 1) + 2n andi 6= k(3n − 1) + 2n − 1. The following exact
sequence remains (setl = k(3n− 1))

0 → Hl+2n(A3k+2)
ψ−→Hl+n(A3k+1)

γ−→Hl(A3k)
φ−→Hl+2n−1(A3k+2) → 0.
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It suffices to prove thatγ is an isomorphism. Butγ (t3k+1) = t3k + y ⊗
γ (t3k) + z ⊗ γ (β). Observing thatd(y ⊗ β) = z ⊗ γ (β) + y ⊗ d(β) =
z⊗γ (β)+y⊗γ (t3k), we deduce [γ (t3k+1)] = [t3k]. Henceγ maps generator
to generator, soγ is an isomorphism. ut
Corollary 5.7. a) If n > 1 is odd, then the Leibniz cohomology of the clas-

sical n-sphere is the free graded Leibniz-dual algebra generated by one
generator in degreen.

b) If n is even, then the Leibniz cohomology of the classicaln-sphere is
the graded Leibniz-dual algebra generated by two elements, denoted by
a and b, such that|a| = 3n − 1, |b| = n, and satisfying the relations
b ·b = a ·b = 0. Letak be the producta ·ak−1, witha1 = a. Then,ak is a
generator ofHλk(3n−1)(Sn) andb · ak is a generator ofHλk(3n−1)+n(Sn).

Proof. The casen is even is immediate. We know that the homology of a
graded Leibniz algebra is a graded Leibniz-dual coalgebra, so its cohomol-
ogy is a graded Leibniz-dual algebra. Let1 be the comultiplication defining
the structure of graded Leibniz-dual coalgebra onL!(Sn). From an induc-
tion equality for1 (see [O]) and the definition 1.5 of graded Leibniz-dual
coalgebra we deduce the graded Leibniz-dual coalgebra structure1̃ on the
homology of then-sphere. More explicitly,̃1 is defined on the generatorst3k
andt3k+1 by 1̃(t1) = 0, 1̃(t3) = 0, and

1̃(t3k+1) =
k−1∑
i=0

γ ki t3i+1 ⊗ t3(k−i), ∀k ≥ 1,

1̃(t3k) =
k−1∑
i=1

γ k−1
i−1 t3i ⊗ t3(k−i), ∀k ≥ 2,

whereγ ki is given by induction:

γ k0 =1, ∀k ≥ 1,

γ ki =γ k−1
i−1 + (−1)i(k−i)γ k−1

k−i−1, ∀ k ≥ 1, ∀ 1 ≤ i < k.

Denote byak (resp.bk) the linear dual oft3k (resp.t3k+1). Henceak is a
generator ofHk(3n−1)(Sn) for k ≥ 1 andbk is a generator ofHn+k(3n−1)(Sn)
for k ≥ 0. Then, we have the relations

bi · ak−i = γ ki bk, ∀ 0 ≤ i ≤ k − 1, ak−i · bi = 0, ∀ 0 ≤ i ≤ k − 1,
ai · ak−i = γ k−1

i−1 ak, ∀ 1 ≤ i ≤ k − 1, bi · bj = 0 ∀i, j.
By settinga = a1 andb = b0, it is easy to check that these conditions are
equivalent to the conditionsb · b = a · b = 0. ut
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