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Abstract. Various recent works show that certain arithmetic groups — that generalize
the modular group — can have ‘a lot’ of torsion in their homology. Among these groups
are the finite index (congruence) subgroups of SL3 (Z) or SL2 
(Z[i]). In the latter case
homology reduces to abelianization. In particular, for Γ0 (N ) = ( ac db ) ∈ SL2 (Z[i]) N |c
(N ∈ Z[i]), one may ask about the structure of the finitely generated Z-module Γ0 (N )ab =
Γ0 (N )/[Γ0 (N ) : Γ0 (N )]. It has a finite torsion part Γ0 (N )ab
tors and Akshay Venkatesh and
I have conjectured that, as N tends to ∞ among primes, we have:
log |Γ0 (N )ab
λ
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→
,
|N |2
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More generally one may ask: how does the amount of torsion in the homology of an
arithmetic group grow with the level N ? We propose a conjectural partial answer. This
contribution presents ideas for how to attack this conjecture and discusses recent progress
towards it.
This topic interacts with more classical questions of geometry (analytic torsion, GromovThurston norm, (higher) cost, rank and deficiency gradient ...) and number theory (BSD
conjecture, ABC conjecture ...). A big motivation is provided by (one of) Peter Scholze’s
recent breakthrough(s): very roughly a mod p torsion class in Γ0 (N )ab
tors parametrizes a
field extension K/Q(i) whose Galois group is a subgroup of GL2 (Fp ). Moreover, it is
anticipated that there is a corresponding ‘torsion Langlands program.’
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1. Introduction
Since their first appearance in Premier complément à l’Analysis Situs [49] torsion
classes in homology have been quite a mystery that one often choose to ignore
by tensoring with the rational numbers. However our knowledge about torsion
homology classes of arithmetic groups is starting to accumulate. In this paper I
will survey some recent advances in our understanding of these torsion classes. I
will mainly focus on finite index subgroups of
SLn (Z) (n ≥ 2)

or

SL2 (Od )

√
where Od is the ring of integers √
of some quadratic field Q( d); for our purposes
one may as well replace Od by Z[ d]. Results about general arithmetic groups are
stated in Section 7.
∗ The author was a member of the Institut Universitaire de France while a large part of this
research was conducted.
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Let R be either Z or some Od as above. Take some element N ∈ R (or more
generally an ideal). We shall first consider the congruence group


Γ0 (N ) = ac db ∈ SL2 (R) N |c
and ask about the structure of the finitely generated abelian group defined as its
abelianization:
Γ0 (N )ab = Γ0 (N )/[Γ0 (N ), Γ0 (N )].
The link with homology is that this abelianization is well-known (by the Hurewicz
theorem) to be isomorphic to the first homology group H1 (Γ0 (N ), Z). The structure of Γ0 (N )ab appears to be very different depending on our choice of ring R.
The case R = Z. Then Γ0 (N ) acts properly discontinuously on the Poincaré
upper half-plane H with quotient Γ0 (N )\H of finite area. As a finitely generated
Z-module Γ0 (N )ab has a free part and a finite torsion part. The free part is wellknown to be of deep arithmetic interest; let us just say that after tensoring with
C it can essentially be identified with the space of level N weight 2 modular cusp
forms. On the contrary the size of the torsion part is bounded, uniformly in N ,
and appears to be of little arithmetic interest, solely related to the torsion of the
modular group SL2 (Z) itself.
The case R = Od with d > 0. Then Γ0 (N )ab is finite and ‘small.’ This is
related to the fact that Od , being the ring of integers of a real quadratic field, has
infinitely many units. Indeed if u ∈ Od× then

0
x = u0 u−1
and y = ( 10 11 )
both belong to Γ0 (N ) and
[x, y] = xyx−1 y −1 =

1 u2 −1
0 1



.

It follows that the commutator subgroup is ‘big.’
In fact, when R = Od is real quadratic, the group Γ0 (N ) acts properly discontinuously on H × H and one should rather consider the middle degree homology group
H2 (Γ0 (N ), Z). Analogously to the case R = Z, the free part of H2 (Γ0 (N ), Z) is
of deep arithmetic interest — related to Hilbert modular forms — and the torsion
part is small, see e.g. [25].
The case R = Od with d < 0. Then the group of units Od× is finite and it was
experimentally noticed already 35 years ago by J. Elstrodt, F. Grunewald and J.
Mennicke [28] that, as N grows, the finitely generated Z-modules Γ0 (N )ab tend to
have a free part of ‘small rank’ and a torsion part of ‘very large’ size. Here are some
more recent computations by H. Şengün [54] that confirm these first observations.
Examples. Take d = −1 so that Od = Z[i].
• If N = 9 + 4i we have Γ0 (N )ab ∼
= Z/5Z ⊕ Z/3Z ⊕ (Z/2Z)6 .
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• If N = 41+56i we have Γ0 (N )ab ∼
= Z/4078793513671Z⊕Z/292306033Z⊕. . .
• If N = 118 + 175i we have Γ0 (N )ab ∼
= Z ⊕ T where T is finite of size > 10310 .
As N gets larger, the prime numbers dividing the order of Γ0 (N )ab tend to be
rapidly gigantic and distributed ‘at random.’
Organization of the paper. In Section 2, using elementary algebraic topology,
we prove a crude upper bound (1) on the size of Γab
tors when Γ is a finite index
subgroup of a fixed finitely presented group (such as SL2 (Od )). When d is negative the size of Γ0 (N )ab
tors tends to be as large as authorized by the crude bound
(1). In Section 3 we state a precise conjecture. To do so it is useful to relate the
groups SL2 (Od ), when d is negative, to hyperbolic geometry. We then explain why
random hyperbolic manifolds are expected to also have ‘as large as possible’ torsion homology groups. Beyond the guilty pleasure of exhibiting gigantic randomly
distributed primes there are more supposedly serious reasons to study torsion homology of arithmetic groups. In Section 4 we explain that, very
√ roughly, a mod
p torsion class in Γ0 (N )ab parametrizes a field extension K/Q( d) whose Galois
group is a subgroup of GL2 (Fp ). We also discuss how conjectures that conversely
associate torsion classes to certain field extensions provide further explanations
on the observed drastically different behavior in the imaginary and real quadratic
cases. This motivates a general conjecture on the expected growth of the torsion
homology of a general arithmetic group. We state the precise conjecture for finite
index subgroups of SLn (Z) in Section 5. Coming back to the basic case of arithmetic hyperbolic manifolds, we outline a possible way to prove our conjecture in
Section 6. General (unconditional) results are finally stated in Sections 7 and 8.
I would like to express my deep gratitude to Akshay Venkatesh. A large part of my work on these
matters is joint with him. Besides this I learnt a lot from many conversations with him. I would
also like to thank my collaborators Miklos Abért, Damien Gaboriau, Jos Leys, Mike Lipnowski,
Jean Raimbault and Haluk Şengün for letting me include some of our joint works. I am grateful
to Nathan Dunfield and Paul Gunnels for lending me some of their computational data. Finally
I thank Laurent Clozel, Hélène Eynard-Bontemps and Étienne Ghys for their remarks on a first
version of this paper.

2. A ‘trivial’ bound on torsion
By classical reduction theory that goes back to Bianchi [10] the groups SL2 (Od ) are
finitely presented.1 In general consider the group associated to a finite presentation
hX | Ri. Each relation r ∈ R is a reduced word in the generators in X. Denote by
` the maximal ‘length’ of a word in R. Now let Γ be a subgroup of finite index I.
We will prove that
I|X|
|Γab
.
(1)
tors | = |H1 (Γ, Z)tors | ≤ `
1 See

[33] for a far more general result.
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Indeed, the group presented by hX | Ri is the fundamental group of a finite 2dimensional CW-complex whose 1-skeleton is the wedge product of |X| circles.
The 2-complex is obtained by gluing disks on all paths of the 1-skeleton labelled
by a relator r ∈ R. It has a degree I cover, associated to Γ, which is a finite
2-complex K with I vertices, I|X| edges and I|R| 2-cells whose boundaries are
all of length less than `. The first homology group H1 (Γ, Z) = Γab is contained
in the cokernel C1 (K)/image ∂ of the boundary operator ∂ : C2 (K) → C1 (K) in
the chain complex of K. We shall deduce (1) from general considerations on finite
rank Z-modules.
Given a finite rank free Z-module A, so that A ⊗ R is endowed with a positive
definite inner product h·, ·i (a metric for short), we define vol(A) to be the volume
of A ⊗ R/A. When mentioned without further explanation a based free Z-module
Za (a ∈ N∗ ) will be endowed with its canonical metric. Let a and b be two positive
integers and f : Za → Zb be a Z-linear map.
Define det0 (f ) to be the positive square root of the product of the nonzero
eigenvalues of f f ∗ . We have a metric rank formula (see e.g. [9]):
det0 (f ) = vol(image f )vol(ker f ).

(2)

Here we understand the metrics on (ker f ) ⊗ R and (image f ) ⊗ R as those induced
from Ra and Rb . Let Q = coker(f ) be the cokernel of f . It is a finitely generated
Z-module that decomposes into a torsion part and a free part: Q = Qtors ⊕ Qfree .
The following lemma follows easily from the metric rank formula (see e.g. [9]).
Lemma 2.1. We have:
|Qtors | = det0 (f )

vol(Qfree )
≤ det0 (f ).
vol(ker(f ))

Here the metric on Qfree ⊗ R is obtained by identifying it to (image f )⊥ .
∼ ZI|R| and B = C1 (K) ∼
Proof of the ‘trivial’ bound (1). Set A = C2 (K) =
= ZI|X|
and let f : A → B be the boundary operator. Since the norm of f is bounded by
`, we have det0 (f ) ≤ `dim B = `I|X| and lemma 2.1 implies that
I|X|
|Γab
.
tors | = |H1 (Γ, Z)tors | ≤ |Qtors | ≤ `

Considering higher dimensional cell complexes we may similarly bound torsion
in higher homology groups. It follows in particular from these general considerations that for any integer n ≥ 2, there exists a positive constant C = C(n) such
that if Γ is a torsion free finite index congruence subgroup of SLn (Z), for every
integer q we have:
|Hq (Γ, Z)tors | ≤ C [SLn (Z):Γ] .
(3)
See [52, 31] for bounds of a similar nature along residual chains of finite covers of
a closed manifold.
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3. Bianchi groups and hyperbolic 3-manifolds
The groups SL2 (Od ), with d < 0, are called Bianchi groups. The ‘trivial’ bound (1)
implies that, as N tends to infinity, we have:
log |H1 (Γ0 (N ), Z)tors | = O([SL2 (Od ) : Γ0 (N )]).

(4)

We shall now see that this crude bound is in fact expected to be the true growth
rate. In other words: the size of the torsion part of H1 (Γ0 (N ), Z) tends to be ‘as
large as possible.’ To state a precise result and write down the expected constant
in the big O we need to go beyond general considerations of algebraic topology and
relate Bianchi groups to hyperbolic geometry. We shall then explain why ‘random’
hyperbolic manifolds are expected to have similar behavior.
3.1. Arithmetic hyperbolic manifolds. As discrete subgroups of SL2 (C), Bianchi
groups act properly and discontinuously on the 3-dimensional space
H3 = {(z, y) ∈ C × R y > 0}
p
by transformations preserving the hyperbolic metric y1 |dz|2 + dy 2 .

Figure 1. A fundamental domain for the tiling of H3 associated to SL2 (Z[i]), by J. Leys

The corresponding quotient has finite volume, in other words Bianchi groups
are lattices in SL2 (C). In general one may measure the complexity, or size, of a
lattice in SL2 (C) by considering the volume of the quotient Γ\H3 or equivalently
the volume of a fundamental domain for the action of Γ on H3 . The precise
‘complexity’ of SL2 (Od ) is computed by Humbert volume formula (see [29]):
3

vol(SL2 (Od )\H3 ) =

|D| 2
ζ √ (2),
4π 2 Q( d)

√
D = discriminant(Q( d)).

That of the finite index subgroup Γ0 (N ) is then obtained by multiplying this
constant by the index [SL2 (Od ) : Γ0 (N )]. The following conjecture is a particular
case of a more general conjecture (see [9]). It refines the ‘trivial’ bound (4) and
would imply that the latter captures the true growth rate.
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Conjecture 3.1. As N tends to infinity, we have:
log |H1 (Γ0 (N ), Z)tors |
1
→
≈ 0.053051.
vol(Γ0 (N )\H3 )
6π
Remark. As N tends to infinity among primes we have: [SL2 (Od ) : Γ0 (N )] ∼ |N |2 .
And, since
ζQ(i) (2) = ζ(2)L(2, χQ(i) ) =

1
1
1
π2
(1 − +
−
+ . . .),
6
9 25 49

Conjecture 3.1 specializes to the statement in the abstract thanks to Humbert
volume formula above (recall that when d = −1 we have D = −4).
Conjecture 3.1 motivated Şengün’s computations mentioned in the Introduction. Şengün more generally collected data in the fives cases d = 1, 2, 3, 7, 11 with
N a prime ideal. Ignoring the first 500 entries in each case, the average ratios
log |H1 (Γ0 (N ),Z)tors |
read 0.054291, 0.053140, 0.055386, 0.053206, 0.053131 respecvol(Γ0 (N )\H3 )
tively. The range of his computations being up to norm 45000, 30000, 45000,
21000, 21000 respectively. This gives strong support to Conjecture 3.1. We refer
1
to Section 6 for explanations on the presence of the constant 6π
.
3.2. Random hyperbolic manifolds. Arithmetic objects often behave as much
as possible as random ones. And indeed in the model of random (compact connected orientable) 3-manifolds suggested by N. Dunfield and W. Thurston [26],
‘big torsion’ (but maybe less than exponentional in the volume) happens with
high probability.
More precisely, the 3-manifolds of Dunfield and Thurston are obtained as follows: one fixes first an integer g at least 2, then a finite symmetric set of generators
of the mapping class group of a closed (topological) surface of genus g, then one
forms the random walk on the mapping class group with respect to this set of generators. Now, given any mapping class φ, take two handlebodies of genus g (which
are compact 3-manifolds with boundary, the boundary being a standard surface of
genus g), then glue them together by identifying the two boundaries (which are,
topologically, the same surface) with the help of the homeomorphism φ.
The abelianization of the fundamental group of the resulting manifold Mφ is
H1 (Mφ , Z) ∼
= Z2g /hJ, φ∗ Ji, for some free rank g subgroup J in Z2g , where φ acts
2g
on Z through its identification with the first homology group of the boundary
surface of genus g. This formula suggests that ‘generically’ the homology group
of a 3-manifold should be finite because, equally generically, the lattice J and its
image under the mapping class should be transverse and span a sub-module of full
rank together. This was checked qualitatively by Dunfield and Thurston, and E.
Kowalski [36] proves an exponential decay (in terms of the length of the random
walk) of the probability that the homology is infinite.
Now fixing a prime p, the analogous formula H1 (Mφ , Fp ) ∼
= F2g
p /hJ ⊗Fp , φ∗ (J ⊗
Fp )i holds for the homology with coefficient in the finite field with p elements, which
is also equal to H1 (Mφ , Z) ⊗ Fp . However, there is now a definite probability, of
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size roughly 1/p, that this homology group be non-zero (roughly it is the probability that a determinant modulo p, which is mostly equidistributed, vanishes). If
these events were independent the expected value of the torsion size would then
Q 1
be p p p . Since this product diverges, this suggests that not only should the first
homology group of a random 3-manifold (in this sense at least) be typically finite,
but it should be divisible by many primes (and hence be quite large). Kowalski
makes this quantitative and proves that the growth is superpolynomial (but potentially less than exponential) in the volume. If one could show that the primes
dividing the order are not always too small (a property which is clearly visible in
the arithmetic examples studied by Şengün) exponential growth would follow. We
refer to [51] for similar discussions in other models of random 3-manifolds.
In a deterministic direction H. Sun [58] proves that for any finite abelian group
A, and for any closed hyperbolic 3-manifold M , the manifold M admits a finite
c, such that A is a direct summand of H1 (M
c, Z). Very recently Yi Liu
cover M
[40] has proved that every uniform lattice of SL(2, C) admits an exhausting nested
sequence of sublattices with exponential homological torsion growth. However, the
constructed sublattices are not normal in general.

4. Some motivations and heuristics
There are deep number-theoretical motivations to study torsion in the homology
of arithmetic manifolds. Let Γ = Γ0 (N ) be as in the Introduction. We shall see
ab
that, very
√ roughly, a mod p torsion class in Γ0 (N ) parametrizes a field extension
K/Q( d) whose Galois group is a subgroup of GL2 (Fp ). Finally, we shall discuss
how conjectures that conversely associate torsion classes to certain field extensions
provide some insights on the expected growth of torsion in the homology of an
arithmetic group. But to state precise results we first have to recall the notion of
Hecke operators.
4.1. Hecke operators. Given a subgroup Γ0 of Γ the inclusion Γ0 → Γ induces
a map p : (Γ0 )ab → Γab . If moreover Γ0 is of finite index in Γ then for any α ∈ Γ
0
0
the element α[Γ:Γ ] belongs to Γ0 . Moreover the class of α[Γ:Γ ] in (Γ0 )ab depends
only on the class of α in Γab . It corresponds a map q : Γab → (Γ0 )ab such that
p ◦ q = [Γ : Γ0 ]idΓab .
Now Hecke operators arise from ‘almost-automorphisms’ of Γ associated to
actual isomorphisms between finite index subgroups of Γ: let Γ1 and Γ2 be two
finite index subgroups of Γ and ϕ : Γ1 → Γ2 an isomorphism. We then have an
ab
induced isomorphism ϕ∗ : Γab
1 → Γ2 between abelianizations and using the maps
ab
ab
ab
ab
q1 : Γ → Γ1 and p2 : Γ2 → Γ we just described we get an endomorphism of
Γab :
q1
ϕ∗
ab p2
ab
H1 (Γ, Z) = Γab −→ Γab
= H1 (Γ, Z).
(5)
1 −→ Γ2 −→ Γ
In general there are similar operators on homology groups of any degree; these
are called Hecke operators. The prototypical example, for Γ = SL2 (Z), is the
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endomorphism H1 (Γ, Z) → H1 (Γ, Z) (usually denoted as Tp ) arising from (5) and
the following data:



Γ1 = Γ0 (p), Γ2 = ac db ∈ SL2 (Z) p|b and ϕ = conjugation by p0 10 .
Arithmetic groups admit many such ‘almost-automorphisms’2 ; for example, for
Γ = SL2 (Z) (or even SLn (Z)), taking ϕ to be conjugation by any element of SL2 (Q)
(or SLn (Q)) works, for suitably chosen Γ1 and Γ2 . Remarkably, all the resulting
endomorphisms commute with one another. If Γ = Γ0 (N ), one slightly restricts
the (Γ1 , Γ2 , ϕ) in order to obtain a commutative algebra, namely, we consider only
Hecke operators Tp with p prime to N . In this way one obtains a commutative
algebra of endomorphisms of H1 (Γ, Z) = Γab .
4.2. From Hecke eigenclasses in Γab to Galois representations. Here again
we distinguish between the classical case where R = Z and the Bianchi case where
R = Od with d negative.
The classical case R = Z. Consider a class in Γab = H1 (Γ, Z) that is an
eigenvector under the action of the Hecke operators and corresponds to a weight 2
(level N ) modular cusp form f with integral Fourier coefficients an . Then Eichler
and Shimura have associated to f an elliptic curve Ef defined over Z[ N1 ] such
that for any prime p that is prime to N , the number of points in Ef modulo
p is related to the coefficient ap by the formula: |Ef (Fp )| = p + 1 − ap . Given
a prime ` one associates to (the abelian group) Ef (Q) its `-adic Tate module
T` (Ef ) = lim← Ef [`n ] where Ef [`n ] is the `n -torsion of Ef (Q) and the inverse
limit is over positive integers with transition morphisms Ef [`n+1 ] → Ef [`n ] given
by the multiplication by ` map. It is a Z` -module isomorphic to Z2` . Furthermore,
since the absolute Galois group Gal(Q/Q) acts continuously on each of the Ef [`n ],
we get a continuous action of Gal(Q/Q) on T` (Ef ), or a continuous homomorphism
Gal(Q/Q) → GL2 (Z` ), which is an `-adic representation ρf . For any prime p that
is prime to N we have: trace ρf (Frp ) = ap .
The Bianchi case R = Od (d < 0). In that case the quotients Γ0 (N )\H3
are only real manifolds and the rich tools of algebraic geometry are no more at
our disposal. Moreover there is now a lot of torsion in the homology. However,
in a recent fantastic breakthrough, P. Scholze [53] was able to extend part of the
classical picture. Let us consider a very particular case of his theorem: assume for
simplicity that there exists some prime p which occurs with multiplicity one in the
prime decomposition of |Γab
tors |. (Şengün’s computations provide many such examples.) A class α ∈ H1 (Γ, Z)p−part ∼
= Z/pZ is then necessarily
√ a Hecke eigenclass
and Scholze associates to it a representation ρ : Gal(Q/Q( d)) → GL2 (Fp ) s.t.
(1) ρ is unramified outside N p, and
(2) for each prime q that is prime to N p we have Tq α = (trace ρ(Frq )) · α.
2 According

to a theorem of Margulis this even characterizes arithmetic groups among lattices.
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Rather than to define what ‘unramified’ means
here, let us simply remark that it
√
corresponds to ρ a finite extension K of Q( d) whose Galois group is the image of ρ.
Condition (1) above then means that the only primes that divide the discriminant
of K are prime factors of N p.
Remark. Scholze’s work is not limited to Bianchi groups. One can e.g. replace
SL2 (Od ) by SLn (Z) and obtain Galois representations with images in GLn (Fp ).
4.3. From Galois representations to torsion classes and some heuristics.
Conjectures of A. Ash [4] and others (see e.g. [9, Conjecture 6.3]), generalizing
Serre’s conjecture, suggest a converse to Scholze’s theorem. Let F be a number field and p a prime number. To any continuous semi-simple representation
ρ : Gal(F /F ) → GLn (Fp ) that is odd3 (plus some mild extra conditions) should
correspond a Hecke eigenclass in some mod p homology group of an arithmetic
group Γ — such as the above congruence subgroups Γ = Γ0 (N ) — of SLn (F )
such that Frobenius and Hecke eigenvalues match up. Heuristics, suggested by
M. Bhargava, on the asymptotic count of such Galois representations then suggest
that the ‘likelihood’ of the existence of a mod p class in the homology of Γ should
be of size ∼ p−δ , where δ is a nonnegative integer which depends only on the
isomorphism class of SLn (F ⊗ R).


.
Examples. 1. If F = Q, we have SLn (F ⊗ R) ∼
= SLn (R) and δ = n−1
2


2
∼
.
2. If F is a real quadratic field, we have SLn (F ⊗ R) = SLn (R) and δ = 2 n−1
2
3. If F is a complex quadratic field, we have SLn (F ⊗ R) ∼
= SLn (C) and δ = n − 1.
Q
−δ
The product p pp is infinite if and only if δ ≤ 1. When δ = 0, as it happens
when Γ = Γ0 (N ) ⊂ SL2 (R) with R = Z or Od and d > 0, this amounts simply
to the fact that there is abundant characteristic zero homology. This is no more
the case when δ = 1. It rather suggests an abundance of torsion as observed
with congruence subgroups Γ0 (N ) of Bianchi groups. These observations lead to
a general conjecture which can roughly be considered as predicting three different
types of behavior:
(1) If δ = 0, then there is little torsion whereas the rational homology is large;
the torsion is almost entirely ‘absorbed’ by the characteristic zero homology.
(2) If δ = 1, then there is ‘a lot’ of torsion but the rational homology is small.
(3) If δ ≥ 2, there is ‘relatively little’ torsion or characteristic zero homology.
In the latter case we conjecture ‘relatively little’ in the weakest possible sense:
there is not exponential growth of torsion along congruence covers. This is not to
suggest there is no torsion, nor that the torsion that exists is uninteresting; quite
the contrary as we will explain below. We state the precise conjecture for finite
index subgroups of SLn (Z) in the next section.
3 See

[9, §6.2.7] for a definition.
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5. Finite index subgroups of SLn (Z)
For finite index subgroups of SLn (Z) the general conjecture we alluded to in the
preceding section can be stated as follows.
Conjecture 5.1. Let (Γi )i∈N be a sequence of distinct finite index subgroups of
log |Hq (Γi ,Z)tors |
SLn (Z). Then, as i tends to ∞, we have:
→ 0 unless we are in one
[SLn (Z):Γi ]
of the following two cases
• n = 3 & q = 2 in which case
• n = 4 & q = 4 in which case

log |H2 (Γi ,Z)tors |
[SL3 (Z):Γi ]
log |H4 (Γi ,Z)tors |
[SL4 (Z):Γi ]

→
→

ζ(3)
√
25 3 3π 2

≈ 0.0007324, and

√
31 2
25 32 5π 6 ζ(3)ζ(4)

≈ 0.0000412.

Notice that δ(SLn (R)) = 1 precisely when n = 3 and n = 4. The limits,
especially the part involving values of the Riemann zeta function, are here again
related to the volume of the quotient SLn (Z)\SLn (R).
5.1. Some motivations. The homological degrees in which big torsion should
occur deserve some explanations. The group SLn (Z) acts properly and discontinuously on the contractible space S of positive definite, symmetric, real-valued n × n
− 1. If d is
matrices A with det(A) = 1. The latter is of dimension d = n(n+1)
2
odd we refer to q = d−1
as
the
‘middle
degree’
for
torsion
classes:
for
compact
2
quotients there is a duality between torsion in degrees q and d − 1 − q, see [49].
In the n = 3 case the dimension d is equal to 5 and the ‘middle degree’ for
torsion classes is 2. However the quotient SL3 (Z)\S is not compact. But the virtual
cohomological dimension of SL3 (Z) is 3. And, by the universal coefficients theorem,
if Γ is a torsion-free subgroup of SL3 (Z) we have Hq−1 (Γ, Z)tors ∼
= H q (Γ, Z)tors .
We are therefore reduced to consider homological degrees 1 and 2 only.
0.0025
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0.0015

0.001
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0
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100

200

300
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400
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Figure 2. Computational data extracted from work-in-progress by Gunnels and Yasaki

In degree 1 there is little torsion. This can be deduced from the congruence
subgroup property (CSP). In fact there exists a uniform constant c such that
|H1 (Γ, Z)| = |Γab | ≤ [SL3 (Z) : Γ]c , see e.g. [2, §5.1]. We are left with degree 2
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where big torsion groups indeed show up in computational recent works of P. Gunnels and D. Yasaki, see Figure 2.
In this graph black dots correspond to H 3 (Γ, Z). These numbers are all the
ratios log |torsion|/index and Gunnels and Yasaki have observed huge primes in the
decomposition of |H 3 (Γ, Z)tors |. Purple dots correspond to H 2 (Γ, Z). We see very
little torsion here in agreement with CSP. Green dots correspond to H 1 (Γ, Z).
Notice that this is trivial only when Γ is torsion-free. Actually there is quite a
bit of torsion here, but it comes from the torsion of Γ itself and consists only of
2- and 3-torsion and should not affect the asymptotic. Finally the red dots are
the alternating sum black - purple + green and the black line corresponds to the
constant predicted in Conjecture 5.1.
The n = 4 case is quite similar: the ‘middle degree’ for torsion classes is 4, here
again CSP implies that torsion is small in degree 1 and Gunnels and Yasaki have
collected data supporting Conjecture 5.1.
5.2. Geometric upper bounds. M. Abért, T. Gelander and N. Nikolov [2] have
recently devised a geometric way to bound |H1 (Γ, Z)| without appealing to CSP.
This applies in particular to some arithmetic lattices Γ where CSP is not known.
Let us briefly sketch their method on SLn (Z). Start with a fixed finite presentation
hX | Ri of it and let ` be the maximal length of a relation r ∈ R. It follows from (1)
that if Γ is a finite index subgroup in SLn (Z), we have:
log |H1 (Γ, Z)tors |
≤ |X| × log(`).
[SLn (Z) : Γ]
To get a better bound one needs to find a presentation for Γ with few generators. This is related to cost an invariant in geometric group theory introduced
by G. Levitt and D. Gaboriau [32]. Let us describe a combinatorial version of it
introduced be G. Elek [27]. Consider a sequence (Γi )i∈N of distinct finite index
subgroups of SLn (Z). Let Gi = G(SLn (Z)/Γi ) be the associated Schreier graphs
with respect to our fixed generating set X.
Definition 5.2. 1. A rewiring of the sequence (Gi )i∈N is another sequence of
graphs (G0i )i∈N on the same vertex sets Vi = V (Gi ) such that the bi-Lipschitz distortion of the identity map id : (Vi , dGi ) → (Vi , dG0i ) stays bounded uniformly in i,

in other words such that max max(x,y)∈E(Gi ) dG0i (x, y), max(x,y)∈E(G0i ) dGi (x, y)
stays bounded.
2. The combinatorial cost cc(Gi ) of the sequence (Gi )i∈N is the infimum over all
|E(G0 )|
rewirings (G0i )i∈N of their edge densities lim inf i→∞ |V (Gi0 )| .
i

This definition makes sense for any graph sequence. One instructive example
is the sequence of Schreier graphs Gi = Zn /(iZ)n with respect to the standard
generators of Zn , for some fixed n ≥ 2. Figure 3 below exhibits a rewiring. It
easily follows that cc(Gi ) = 1.
It turns out that SLn (Z), when n ≥ 3, behaves in a similar way: it admits
a finite generating set {g1 , . . . , gm } such that each gk is of infinite order and
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Figure 3. A rewiring with edge density 1 +

1
3

and distortion ≤ 3 (Image by J. Leys)

[gk , gk+1 ] = 1 for k = 1, . . . , m − 1. As observed by Gaboriau [32] this is enough to
prove that cc(Gi ) = 1 and adapting Gaboriau’s proof Abért, Gelander and Nikolov
prove the following:
Proposition 5.3. There exists a polynomial P , a zero converging sequence (εk )k∈N
and a sequence of rewirings (Gki )i∈N of (Gi )i∈N such that for each k,
• the edge density lim inf i→∞

|E(Gk
i )|
|V (Gk
i )|

= 1 + εk , and

• the bi-Lipschitz distortion of the identity map id : (Vi , dGi ) → (Vi , dGki ) is
bounded by P ( ε1k ).
To each Gki it corresponds a presentation hXik | Rik i of Γi with |Xik | = |E(Gki )|−
|V (Gki )|+1 = O ([SLn (Z) : Γi ]εk + 1) and where the maximal length of a relation in
Rik with respect to the word metric associated to the generating set Xik is bounded
by P ( ε1k )`. Then Lemma 2.1 implies that
   O([SLn (Z):Γi ]εk +1)
1
log |H1 (Γi , Z)|
|H1 (Γi , Z)tors | ≤ P
`
and therefore
→ 0.
εk
[SLn (Z) : Γi ]
The related following ‘philosophical remark’ was made with Abért.
Remark. Let (Γi )i∈N be a sequence of distinct finite index congruence subgroups
of SL2 (Od ) with d < 0. On one hand it is expected that the combinatorial cost
of the family of Schreier graphs G(SL2 (Od )/Γi ) is 1. This would indeed follow
from a positive answer to ‘Fixed price problem’ for SL2 (Od ), see e.g. [3]. On the
other hand Conjecture 3.1 predicts exponential torsion growth. This suggests that
‘efficient’ rewirings (leading to combinatorial cost 1) require exponential distortion.
This might philosophically explain that the ‘Rank vs. Heegaard genus’ conjecture
on hyperbolic 3-manifolds is incompatible with the Fixed price problem: geometers
tend to stay away from exponential distortion which seems to be necessary to build
presentation of small rank.
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In work in progress with Abért and Gaboriau, we deal with higher degree
homology groups. In particular we can prove that if (Γi )i∈N is a residual chain of
finite index normal subgroups of SLn (Z), then log |H2 (Γi , Z)| = o([SLn (Z) : Γi ]) as
i tends to infinity.
This is related to higher cost and to the problem of bounding the deficiency
|X| − |R| with controlled distortion.
As explained above CSP gives a stronger bound on the growth of H1 (Γ, Z)
along finite index subgroups Γ ⊂ SLn (Z). Similarly, recent results of F. Calegari
and M. Emerton should in principle allow to refine the above statement. Very
roughly, the point is that in low degree the homology of Γ will be ‘trivial,’ in the
sense that each Hecke operator T simply acts by multiplication by deg(T ), and
this allows Calegari and Emerton [21, 16] to explicitly describe the possible source
of homology. Apart from small contributions coming from the K-theory of Z and
Fp , the groups Hq (Γ, Z) should basically be no bigger than something roughly like
H1 (Γ, Z)q , as long as n is sufficiently big compared to q.

6. Analytic torsion
Let us come back to congruence subgroups Γ of the Bianchi groups SL2 (Od ), with
d < 0. The quotients Γ\H3 are particular congruence arithmetic quotients of the
hyperbolic 3-space. The other arithmetic hyperbolic quotients are compact. The
following conjecture generalizes Conjecture 3.1:
Conjecture 6.1. Let (Mi → M0 )i∈N be a sequence of congruence covers of a
fixed arithmetic congruence hyperbolic 3-manifolds M0 such that vol(Mi ) goes to
1
1 (Mi ,Z)tors |
converges to 6π
as i tends to infinity.
infinity. Then the sequence log |Hvol(M
i)
From now on I will assume the manifolds Mi to be closed. Our theoretical
motivations for Conjecture 6.1 come from the study of Ray-Singer analytic torsion.
Consider more generally a closed Riemannian manifold M of dimension d. The
Ray-Singer analytic torsion τ (M ) is defined as
d

τ (M ) =

1X
(−1)k k log(det 0 ∆k ).
2
k=0

Here ∆k denotes the Laplace operator on differential forms of degree k; it is a
self-adjoint (unbounded) operator with eigenvaluesP1 = λ0 < λ1 ≤ λ2 ≤ . . . and
λn tends to ∞ with n. The zeta function ζ∆k (s) = n λ1s is absolutely convergent
n
in some half-plane Re(s)  0; it is known that ζ∆k extends to a meromorphic
0
function of s which is analytic in s = 0. We then define log det 0 ∆k = −ζ∆
(0).
k
Example. Let M = R/`Z be the circle of length `. The Laplace operator acts on
smooth functions f : M → C by ∆(f ) = −f 00 . The eigenvalues of ∆ are given by
4π 2 `−2 n2 (n ∈ Z) and
ζ∆ (s) = 2

1−2s 2s −2s

` π

+∞
X
1
= 21−2s `2s π −2s ζ(2s)
2s
n
n=1

14

Nicolas Bergeron

0
where ζ is the Riemann zeta function. We get ζ∆
(0) = −4 log(2π`−1 )ζ(0) + 4ζ 0 (0).
Since ζ 0 (0) = − 12 log(2π) and ζ(0) = − 12 , it follows that log det 0 ∆ = −2 log(`).

The celebrated ‘Cheeger-Müller Theorem’ [22, 46] (the former Ray-Singer Conjecture) relates τ (M ) to a product of the sizes of the torsion homology groups by
regulators, where we define the Hq -regulator of M as the volume of the free part
of Hq (M, Z) with respect to the metric on Hq (M, R) defined by harmonic forms
— the ‘harmonic metric;’ that is,
R

det γk ω`
Rq (M ) = p
(6)
dethωk , ω` i
where γk ∈ Hq (M, Z) project to a basis for Hq (M, Z)/Hq (M, Z)tors and ω` are a
basis for the space of L2 harmonic forms on M . Note that R0 (M ) = √ 1
,
vol(M )
p
Rd (M ) = vol(M ) and, by Poincaré duality, we have: Rj (M ) · Rd−j (M ) = 1. In
the special case d = 3, the theorem of Cheeger and Müller implies that
−τ (M ) = log |H1 (M, Z)tors | − log(vol(M )) − 2 log(R1 (M )).

(7)

(Compare with Lemma 2.1.)
Remark. Formula (7) is similar to that expressing the central value of the Lfunction of an elliptic curve in terms of the rank and the size of the Tate-Shafarevic
group. In fact, one could express the various quantities involving the determinants
of Laplacians in terms of the central values of corresponding Selberg Zeta functions,
making the analogy quite clear.
6.1. Benjamini-Schramm convergence. For a hyperbolic manifold M we define M<R to be the R-thin part of M , i.e. the part of M where the local injectivity
radius is less than R. Following [1] we say that a sequence (Mi )i∈N of closed hyperbolic 3-manifolds BS-converges towards H3 if for all positive R, the sequence
vol(Mi )<R
converges to 0 as i tends to infinity. It follows from [1, Theorem 1.12]
vol(Mi )
that if (Mi → M0 )i∈N is a sequence of closed arithmetic congruence hyperbolic 3manifolds such that vol(Mi ) goes to infinity then (Mi )i∈N BS-converges towards H3 .
Consider a general sequence (Mi )i∈N of closed hyperbolic 3-manifolds that BSconverges towards H3 . The main theorem of [1] implies that for every degree k,
the spectral measure of the Laplace operator ∆k acting on Mi converges weakly
towards the spectral measure of the Laplace operator on square integrable differentiable k-forms on H3 . It is then natural to define a L2 version of analytic torsion.
In general L2 analytic torsion was introduced by V. Mathai. In our particular case
1
J. Lott [41] computed the L2 analytic torsion of H3 to be equal to − 6π
and one
expects the following to hold.
Conjecture 6.2. Let (Mi → M0 )i∈N be a sequence of closed hyperbolic 3-manifolds
that are coverings of a fixed manifold M0 and such that (Mi )i∈N BS-converges
τ (Mi )
1
converges to − 6π
as i goes to infty.
towards H3 . Then the sequence vol(M
i)

Torsion homology growth in arithmetic groups

15

Since small eigenvalues can only contribute positively to the limit, it follows
from the proof of [9, Theorem 4.5] and the weak convergence of the spectra that
lim inf
i→+∞

τ (Mi )
1
≥− .
vol(Mi )
6π

(8)

If we moreover assume that the first Betti numbers of the Mi ’s vanishes there is
no contribution of the regulator in (7) and we recover a result of Thang Le [37].
Theorem 6.3. Let (Mi → M0 )i∈N be a sequence of closed hyperbolic 3-manifolds
that BS-converges towards H3 and such that b1 (Mi ) = 0 for all i. Then we have:
1
1 (Mi ,Z)tors |
≤ 6π
.
lim supi log |Hvol(M
i)
There could however be an accumulation of eigenvalues of ∆1 near 0. A big
amount of data nevertheless supports Conjecture 6.2, see e.g. [55, 13]. In fact one
can prove Conjecture 6.2 under the ‘few small eigenvalues’ condition: for every
ε > 0 there exists some positive real number c such that
lim sup
i→+∞

X
1
| log λ| ≤ ε.
vol(Mi )

(9)

0<λ≤c

Here λ ranges over eigenvalues of the 1-form Laplacian ∆1 on Mi . See [6, Theorem
1.2].
Remark. Heuristically, we expect the ‘few small eigenvalues’ condition (9) to be
valid with very few exceptions. Indeed: in the basic models for the distribution of
the λ’s either λj+1 − λj has a Poisson distribution or the λ’s are the eigenvalues
of a random symmetric or hermitian matrix (see e.g. [44] where the spectra of
hyperbolic surfaces is considered). In each of these models (9) is easy to check.
Unfortunately one has little in the way of techniques to attack this question. Finally, note that in the non-arithmetic case the distribution is expected to follow
a random matrix distribution where the repulsion between eigenvalues is bigger.
This may suggest that the ‘few small eigenvalues’ condition (9) should hold even
more strongly than in the arithmetic setting (which should be more ‘Poissonian’).
6.2. The regulator contribution. Assuming Conjecture 6.2 and according to
Equation (7) Conjecture 6.1 would follow from
lim

i→+∞

log |R1 (Mi )|
= 0.
vol(Mi )

(10)

While we shall see that bounding R1 (M ) from below seems subtle, it is much easier
to bound R1 (M ) from above. Indeed, consider a sequence (Mi → M0 )i∈N of closed
hyperbolic 3-manifolds such that vol(Mi ) goes to infinity. One can find a set of
representatives for a generating set of H1 (Mi , Z)free whose lengths are all bounded
from above by O(vol(Mi )). Hadamard inequality then implies that
|R1 (Mi )|  vol(Mi )Cb1 (Mi ) ,
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where the implicit constants only depend on M
 0 . It follows
 that the left-hand side
vol(Mi )
of (10) is non-positive as long as b1 (Mi ) = o log vol(Mi ) . The latter is expected
to be always valid; see [18, 7] for quite general situations where it indeed holds.
Bounding |R1 (Mi )| from below seems more related to arithmetic. Indeed,
J. Brock and Dunfield have considered the 34 hyperbolic 3-orbifolds of [17, Section
7]. These are quite similar topologically but some are arithmetic and others are
not. They have tabulated the values of


log |H1 (M, Z)tors | log(vol(M ))
T (M ) := 6π
−
.
vol(M )
vol(M )
As the second term of T (M ) is asymptotically negligible as vol(M ) → ∞, Conjecture 6.1 is equivalent to T (Mi ) → 1. The second term in T (M ) is included so that
when b1 (M ) = 0 we have that T (M ) is precisely −6π · τ (M ).
In Figure 4 below we reproduce the data of Brock and Dunfield [13]. On
the left, 14990 congruence covers of prime levels of norm in [500, 15000] of the 11
orbifolds of [17, Section 7] that are arithmetic are plotted. The red dots correspond
to manifolds with positive first Betti number while the blue dots correspond to
manifolds whose first Betti number vanishes. On average the red dots appear to
be lower than the blue dots. This reflects the fact that when the first Betti number
is positive the analytic torsion τ (M ) gets a contribution from the regulator R1 (M ).
T (M )

T (M )
1.4

1.4

1.2

1.2

1

1

0.8

0.8

0.6

0.6

0.4

0.4

0.2
vol(M )

0

10,000

20,000

30,000

vol(M )
0

10,000

20,000

30,000

40,000

Figure 4. Congruence covers of arithmetic and non-arithmetic orbifolds.
Blue dots indicate b1 = 0 and red dots b1 > 0.

On the right, 31391 ‘congruence’ covers of the remaining 23 orbifolds of [17, Section 7] that are non-arithmetic are plotted. As predicted by Conjecture 6.2, when
the first Betti number vanishes, one continues to have T (M ) → 1 as vol(M ) → +∞.
In fact as was suggested by the remark following Equation (7), the convergence
of T (M ) to 1 even appears to be faster than in the arithmetic case. On the contrary, when b1 (M ) > 0, there are many examples where T (M ) is much less that
1 even when vol(M ) is quite large. This suggests that, in general, beating the
‘trivial’ bound |R1 (M )|  e−Cvol(M ) might require M to vary through a sequence
of congruence arithmetic manifolds. These experiments of Brock and Dunfield are
consistent with those of Şengün [55].
We shall discuss the question of bounding |R1 (M )| from below in more details
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in Section 8. Before, let us state some unconditional results following the plan of
proof of Conjecture 6.1 suggested above.

7. Unconditional results
Recall that in the classical case where Γ0 (N ) ⊂ SL2 (Z) the first homology group
H1 (Γ0 (N ), C) can essentially be identified with the space of level N weight 2 modular cusp forms. But the space of modular forms of weight k ≥ 2 is equally
interesting. The Eichler–Shimura isomorphism — which goes back to Poincaré
[48] in this case — essentially identifies the latter with the first homology group
H1 (Γ0 (N ), Vk ). Here Vk is the space of polynomials of degree ≤ 2k − 2. It defines
a

a b · P (z) =
local system ofcoefficients
through
the
action
of
SL
(R)
on
V
by
2
k
c d

(cz + d)2k−2 P

az+b
cz+d

that turns Vk into a finite dimensional irreducible represen-

tation equivalent to the (2k − 2)-th symmetric power representation of SL2 (R).
There is a similar story in the Bianchi case: let k1 and k2 be two non-negative
integers. Consider Mk1 ,k2 = Symk1 (Z[i]2 ) ⊗ Symk2 (Z[i]2 ) as an SL2 (Z[i])-module.
In his thesis R. Taylor [60] proved that if k1 6= k2 , there exists a congruence
subgroup Γ ⊂ SL2 (Z[i]) such that the homology groups H1 (Γ, Mk1 ,k2 ) have a nontrivial torsion subgroup. The recent breakthrough of Scholze mentioned in §4.2
equally applies to these classes.
It turns out that for certain non-trivial local systems the plan of proof of Conjecture 6.1 sketched in the previous section can be made unconditional.
7.1. A general theorem. Consider a connected algebraic group G over Q and
Γ ⊂ G(Q) a congruence lattice. Let G = G(R), let K ⊂ G be a maximal compact
subgroup and let S = G/K be the associated global symmetric space. We fix
an ‘arithmetic’ Γ-module M ; by this we mean that M is a finite rank free Zmodule, and there exists an algebraic representation of G on M ⊗ Q such that
Γ preserves M . One can consider the homology groups H• (Γ, M ). From the
perspective of Langlands’ program these homology groups are as interesting as the
groups H• (Γ, Z). In this respect, the free part of the groups H• (Γ, M ) have been
studied to a great extent and, in light of Scholze’s work, the torsion part appears
as interesting.
Define the ‘deficiency’ δ(G) to be the difference rankC (G) − rankC (K). This is
precisely the integer δ we have encountered in §4.3. In [9] we prove a general result
in support of the conjecture that ‘torsion is large’ when δ = 1. With the notation
above, we say that M is strongly acyclic if the spectra of the (form) Laplacian on
square integrable M ⊗ C-valued q-forms on Γ\S are uniformly bounded away from
0, for all Γ, q. In that case the analogue of the ‘few small eigenvalues’ condition is
trivially satisfied, there are no small eigenvalues. In particular if Γ\S is compact,
this implies that Hq (Γ, M ) is torsion and therefore the (generalized) regulators
vanish. The plan of proof sketched in the previous section can then be worked
through. In [9] we compute the L2 analytic torsion of S with coefficients in M ⊗ C.
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It is non-zero precisely when δ(G) = 1. Denoting by cG,M its absolute value we
obtain the following:4
Theorem 7.1. Suppose that δ(G) = 1 and that Γ\S is compact. Then strongly
acyclic arithmetic Γ-modules M always exist; moreover, for any such and for any
sequence (Γi )i∈N of distinct congruence subgroups of Γ, we have:
lim inf
i→+∞

X
1
log |Hq (Γi , M )tors | ≥ cG,M > 0.
vol(Γ\S) q

Here the sum can be taken over integers q with the same parity as

dim S−1
.
2

7.2. Some examples. The SL2 (Z[i])-module Mk1 ,k2 is strongly acyclic precisely
when k1 6= k2 . Theorem 7.1 does not apply to this case, since the lattice is
not cocompact. Here is a twisted variant where Theorem 7.1 applies: let B be a
quaternion division algebra over an imaginary quadratic field. The division algebra
B determines an algebraic group SL1 (B) over F which is an inner form of SL2 |F ;
the group of its F -rational points is the set B 1 of elements of norm 1 in B. Let
o ⊂ B be an order in B and let o1 = o ∩ B 1 . Then o1 is a discrete subgroup of
B 1 . Now the C-algebra B ⊗F C is isomorphic to M2 (C). Let Γ be the image of
o1 through this isomorphism. Then Γ is a cocompact arithmetic lattice in SL2 (C).
For k ∈ N let Vk = Symk (F 2 ) be the k-th symmetric power of F 2 . For each even
k there exists a F -rational representation of SL1 (B) on Vk which is equivalent to
the k-th symmetric power of the standard representation of SL2 (C) over C; see e.g.
[45, Lemma 3.1]. Using this representation it follows that for each even k there is a
lattice Mk ⊂ Vk which is stable under Γ with respect to the k-th symmetric power
of the standard representation of SL2 (C). Let M k be the complex conjugated
lattice and Mk1 ,k2 = Mk1 ⊗ M k2 ; it is a finite rank free Γ-module that is strongly
acyclic precisely when k1 6= k2 . The proof of Theorem 7.1 implies the following:
Theorem 7.2. Let k1 , k2 ∈ N be even with k1 6= k2 . Put a = k1 + k2 + 2 and
b = |k1 − k2 |. Then for any sequence (Γi )i∈N of distinct congruence subgroups of
Γ, we have:
lim

i→+∞

log |H1 (Γi , Mk1 ,k2 )tors |
1
=
(a − b)(a2 + 4ab + b2 ).
vol(Γ\H3 )
48π

In [50] J. Raimbault partially extends this theorem to Bianchi groups Γ =
SL2 (Od ) (and for k1 and k2 not necessary even). Theorem 7.1 also applies to
(Γi ,M )tors |
> 0.
uniform lattices in SL3 (R) for which lim inf i log |H2[Γ:Γ
i]
7.3. Symmetric spaces of higher deficiency. In that case we conjecture ‘relatively little’ torsion growth but this is not to suggest there is no torsion, nor that
the torsion that exists is uninteresting, quite the contrary! With M. Lipnowski
[8] we consider the case of the group of complex points of a real semi-simple Lie
4 Notice

that cG,M depends on a choice of a Riemannian metric on S as does vol(Γ\S).
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group whose fundamental rank is equal to 1, e.g. G = SL2 (C) × SL2 (C) or SL3 (C).
Then the deficiency δ of G is 2 and, using base change, we exhibit sequences of
lattices where the torsion homology grows exponentially with the square root of
the volume.
7.4. Comparison to p-adic methods. Let G be an algebraic group semisimple over Z which is smooth over Z[N −1 ]. As a byproduct of their study of
completed cohomology [20], Calegari and Emerton are able to prove non-trivial
upper and lower bounds on cohomology growth for the family of groups Γpm =
ker (G(Z) → G(Z/pm Z)) for any prime p that does not divide N. Using Poincaré
duality for completed cohomology, they show dimFp H• (Γpm , Fp )  pm(n−d) where
d = dim(G/K) and n = dim G; Calegari and Emerton prove this for (Γpm )m∈N
a family of 3-manifold groups in [19] and Calegari extends this to general G in
[14]. According to conjectures of Calegari and Emerton, the true amount of mod
p torsion in these tower should be: dimFp H• (Γpm , Fp ) ∼ pm(n−δ) . This agrees
with our conjecture according to which as the deficiency δ grows, one expects less
torsion.
For any strongly acyclic Γ1 -module M arising from a rational representation of
G, Calegari and Emerton deduce from their lower bound that
d

log |H• (Γpm , M )tors |  [Γ1 : Γpm ]1− n .

(11)

It is noteworthy that nd = 12 if G is a complex Lie group. The resulting lower bound
obtained by (11) is of the same quality as the one we obtain from quadratic base
change of groups with δ = 1. The torsion classes arising from these two methods
should however conjecturally be very different: homology classes accounted for
by (11) are an aggregate of mod p congruences between (mod p) automorphic
representations of G of arbitrary level. On the other hand, in the quadratic base
change case, the homology classes conjecturally arise by base change transfer over
Z, see [15, 39]. Partial evidence for this transfer occurs in [9, 39]. This leads us
to expect that torsion homology classes coming from base change are supported
at the same primes as torsion in the homology of a locally symmetric spaces with
δ = 1; computations suggest that the latter primes are large and irregular. On the
other hand, torsion witnessed through (11) is supported at a single prime p and
gives no information about the prime to p part of torsion homology.

8. Regulators
Regulators are fascinating objects! They are related to the topological complexity of cycles in arithmetic manifolds. In [6] we conjecture that, roughly speaking,
homology classes on arithmetic manifolds are represented by cycles of low complexity.
We study this in detail in a simple interesting case, namely, that of
arithmetic hyperbolic 3-manifolds. To simplify matters, we study only sequences
that are coverings of a fixed base manifold M0 .
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Conjecture 8.1. There is a constant C = C(M0 ) such that, for any arithmetic
congruence hyperbolic 3-manifold M → M0 , there exist immersed surfaces Si of
genus ≤ vol(M )C such that the [Si ] span H2 (M, R).
To relate Conjecture 8.1 with R1 (M ) we study the relationship between two
norms on the second homology group H2 (M ) of a hyperbolic 3-manifold: the
purely topological Gromov–Thurston norm and the more geometric ‘harmonic’
norm on H2 . Refining [6, Proposition 4.1] Brock and Dunfield [12] show that these
two norms are roughly proportional with explicit constants depending only on the
volume and injectivity radius of M . Now, assuming Conjecture 8.1, each [Sj ] has
Gromov–Thurston norm — and therefore harmonic norm — which is bounded
by a polynomial in vol(M ). Thus Hadamard’s inequality shows that R2 (M ) 
vol(M )Cb1 (M ) . It follows that R1 (M )  vol(M )−Cb1 (M ) and we conclude:
Theorem 8.2. Let (Mi → M0 )i∈N be a sequence of arithmetic congruence hyperbolic 3-manifolds s.t. M0 is compact and Vi = vol(Mi ) goes to infinity. Assume the ‘few small eigenvalues’ condition and the ‘small Betti numbers’ condition:
b1 (Mi ) = o( logViVi ). Then, if Conjecture 8.1 holds, as i → ∞, we have:
log |H1 (Mi , Z)tors |
1
−→
.
Vi
6π

(12)

In [6] we verify Conjecture 8.1 in the two following cases:
(i) When M0 arises from a division algebra B⊗F where B is a quaternion algebra
over Q and F is an imaginary quadratic field, M is defined by a principal
congruence subgroup, and all the cohomology of M is of base-change type;
(ii) When M0 is a Bianchi manifold, and the cuspidal cohomology of M is 1dimensional, associated to a non-CM elliptic curve, for which we assume
the (equivariant) BSD conjecture and the Frey–Szpiro conjecture (see [35,
F.3.2]).
The Langlands program predicts that when the cuspidal cohomology of M has
dimension one — or, indeed, when one is given a Hecke eigenclass with rational
eigenvalues — there should be an associated rank 2 motive over F with Hodge
numbers (0, 1), (1, 0) and coefficient field equal to Q (see [23]). Such a motive
arises either from an elliptic curve over F , which does not have CM by F , or from
an abelian variety A/F whose algebra of F -endomorphisms is a quaternion division
algebra (see [59]). The Frey–Szpiro conjecture is a conjecture in Diophantine analysis which follows from the ABC conjecture (and thus is very strongly expected
from a heuristic viewpoint). It asserts that the height of an elliptic curve cannot
be too large relative to its conductor.
From a strictly arithmetic perspective, what may be most interesting is that
the proof of (ii) gives a relationship between the complexity of H2 -cycles and the
height of the elliptic curve (i.e., the minimal size of A, B so it can be expressed as
y 2 = x3 + Ax + B.) Thus, ‘the topological complexity of cycles in H2 reflects the
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arithmetic height of E.’ This may be a general phenomenon (it was also suggested
in [15]).
We note that both case (i) and case (ii) are quite common over imaginary
quadratic fields! We present data in [6]. Also, (i) and (ii) illustrate two different
extremes: for (i), it is easy to think of candidate surfaces in H2 — the challenge is,
rather, that the dimension of H2 is increasing rapidly and it is not clear that the
candidate surfaces span ‘enough’ homology. For (ii) the challenge is instead that
there are no obvious cycles in H2 .

9. Some regrets
Many other interesting questions could (should?) have been discussed in this
survey, like growth of homological torsion along ramified cyclic coverings of knots
[34, 56, 38], relations with algebraic K-theory and the Vandiver conjecture [57, 30],
growth of homological torsion for a fixed lattice as the module M varies [45, 47, 11],
etc. There is also a purely geometric approach to the questions discussed above,
see in particular the survey by W. Lück [43]. Finally the p-adic view point that we
only alluded to through the works of Calegari and Emerton is very promising and
not having discussed it enough is a good excuse to suggest [24, 61] as additional
reading!
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