INTRODUCTION TO THE WEYL-HORMANDER
CALCULUS OF PSEUDODIFFERENTIAL OPERATORS

NicorLAs LERNER

ABSTRACT. In this series of lectures, we introduce the basic elements for the understanding
of the Weyl-Hérmander calculus of pseudodifferential operators. We begin with introducing
a few elements of symplectic algebra and the basic facts about the Hermann Weyl quanti-
zation of Hamiltonians. Next we discuss the notion of metrics on the phase space, along
with several examples and give a version of the Heisenberg uncertainty principle, linked to
these metrics. We introduce the notion of confinement, and give a detailed proof of the
biconfinement estimates, a basic tool established in a joint paper with J.-M.Bony. We give
the main results of the symbolic calculus and a version of Cotlar’s lemma, which allows us
to prove a L2-boundedness result.
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CHAPTER 1

THE STRUCTURE OF THE PHASE SPACE

1.1. Basic facts

Symplectic algebra. Let us consider a finite dimensional real vector space E (the
configuration! space R”) and its dual space E* (the momentum space Rg) The phase
space is defined as ® = EF @ E* ; its running point will be denoted in general by a capital
letter (X = (z,£),Y = (y,7n)). The symplectic form on ® is given by

(1.1.1) [(2,€), ()] = (&) e-5 — (0, 2) 5=

where (-,-)g+ g stands for the bracket of duality. The symplectic group Sp(n) is the
subgroup of the linear group of ® preserving (1.1.1). With

°T (—Io?w) 0 *))’

we have for X, Y € @, [X,Y] = (¢X,Y)s- o, so that the equation of the symplectic
group is
A*cA =o.

One can describe a set of generators for the symplectic group Sp(n), identifying ® with

Ry x Rg: the mappings

(i) (z,6) — (Tz,! T~¢), where T is an automorphism of E,
(i) (g, &) — (& , —xg), and the other coordinates fixed,
(iii) (,§) — (z,€ + Sz), where S is symmetric from F to E*.

Fourier transform. For a function u in the Schwartz space S(R™) of rapidly de-

creasing functions, we shall use the following definition for the Fourier transform,

(1.1.2) u(§) = /n e 2 (@8 (z)d.

IWe shall identify the configuration space E with R™, but the reader may keep in mind that all the
theory can be developed without this identification.
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The Fourier transform is an isomorphism of the space S(R™) and the Fourier inversion

formula gives

(1.1.3) u(z) = / ) 2™ @) 5 (€)de.

One of the advantages of this normalization, due to Laurent Schwartz, is that the function

ua(z) = exp —m(Az, x), where A is a positive definite matrix, has the Fourier transform
(1.1.4) A(€) = (det A) Y2 exp —m(ATLE €).

Also, the same formula works, mutatis mutandis, for the Fourier transform of the tem-
perate distribution vp(x) = expin(Bx,z), where B is a real symmetric nondegenerate
matrix,
Up(§) = | det B|71/2e! T8 exp —im (B¢, ),

where the signature of B, signB is the number of positive eigenvalues minus the number
of negative eigenvalues. The formula (1.1.4) can also be extended by analytic continuation
to symmetric and complex-valued matrices A whose real part is positive definite. The
Fourier transform is also a unitary isomorphism of L?(R™) and can be extended to the

temperate distributions S’(R™) with the duality formula
(T, p)sr.s = (T, @)s.s-

The Fourier inversion formula

'ﬂ>><

=T
holds for T' € §’'(R™): here the operator “stands for @(z) = u(—=z) which can be extended
by duality to §’'(R™). For a = (e, ..., ;) € N™, denoting |a| = Y 7 a;, we define
D2 = (2im)~ 1o . ogn
so that we have, with % = &7 ... {5, for u € S'(R™)
(1.1.5) Dgu(€) = £ ().
Wigner function. For u,v € S(R™), we define the Wigner function H(u,v) on the

phase space by the formula

(1.1.6) H(u,v)(z,€) = /u(ac + g)@(ac - %)efmﬂyfdy.

The mapping (u,v) — H(u,v) is sesquilinear continuous from S(R™) x S(R") to S(R?").
Since H(u, v) is the partial Fourier transform of the function (x,y) — u(x+y/2)v(z—y/2),
the Wigner function also satisfies,

||H<uvv)||L2(R2”) = ||u||L2(]Rn) ||v||L2(]R{”) J
(1.1.7) H(u,v)(x,8) = 2"(0,cu, V) L2 (R"),

with  (0g.¢u)(y) = u(2z — y) exp —dim(x —y) - £

and the so-called “phase symmetries” ox are unitary and selfadjoint on L?(R"™).



1.2. Quantization formulas

Let a be temperate distribution on R2". The Weyl quantization rule associates to this
function the operator a® defined formally on functions u € S(R™) by

(1.2.1) (a%u)(z) :// e2im(@=y)-¢ a(x—;y,f) u(y)dyd§.

The previous formula does not obviously make sense, so we use the Wigner function
(1.1.6) to provide a weak definition,

(awu, /U)S*(]Rn)”s(Rn): <CL, H(U, U))S’(RQ"),S(Rzn)a
where the S*(R"™) is the antidual of S(R™). For instance we have
(-8 =(x-Dy+ Dy -7)/2,

with D, = ﬁ 8% whereas the classical quantization rule would map the Hamiltonian x-&

to the operator = - D,. A nice feature of the Weyl quantization rule, introduced in 1928
by Hermann Weyl in [Wy], is the fact that real Hamiltonians get quantized by (formally)
self-adjoint operators. Let us recall that the classical quantization of the Hamiltonian

a(z,§) is given by the operator Op(a) acting on functions u(x) by

(12.2) (Op(a)u) (z) = / P o, €) T(E)dE.

In fact, introducing the following one-parameter group J* = exp 2intD, - Dy, given by

the integral formula
-n —2imt Ly
(Fa)(e, &) = H7" [ [ e v ma(o -+ y.¢ + n)dyd,
we see that

(Op((J*a))u) <sc>=/ / P 4((1 = 1)z + ty, €)uly)dyd.

In particular one gets a® = Op(J'/2a). Moreover since (Op(a))* = Op(Ja) we obtain

(a*)* = Op(J(J'/2a)) = Op(J'/%a) = (a)",

yielding formal self-adjointness for real a. Formula (1.2.1) can be written as

(1.2.3) (a“u,v) = // a(x, ) H(u,v)(x,&)dxdE,



where the Wigner function H is defined by (1.1.6). We have also ([Un], [Wy]),

(1.2.4) a®’ = / a(X)2"oxdX = a(Z) exp(2in= - M)d=,
R2n R2n

where 2- M =3 -2+ & - D, (here = = (z, é)) These formulas give in particular
(1.2.5) HawHL(L?) < min(2" ||a||L1(R2n) ) ||aHL1(R2”))7

where £(L?) stands for the space of bounded linear maps from L?(R") into itself.

We then describe the metaplectic group, introduced by André Weil [Wi]. The meta-
plectic group Mp(n) is the subgroup of the group of unitary transformations of L?(R™)
generated by

%) (Mpu)(z) = |det T|~Y2u(T~'2), where T is an automorphism of F,
(i) Partial Fourier transformation, with respect to x; for k=1,...,n,

(i) Multiplication by exp(im(Sx,z)), where S is symmetric from F to E*.
There exists a two-fold covering (the 71 of both Mp(n) and Sp(n) is Z)
™ : Mp(n) — Sp(n)
such that, if y = 7(M) and u, v are in L?(R"), H(u,v) is their Wigner function,
H(Mu, Mv) = H(u,v) o x .

This is Segal formula [Se] which could be rephrased as follows. Let a € S’(R?*") and
X € Sp(n). There exists M in the fiber of x such that

(1.2.6) (aox)” =M*"a"M.

In particular, the images by 7 of the transformations (j), (jj), (jjj) are respectively (i),
(i), (iii) in section 1.1. Moreover, if y is the phase translation, x(x, &) = (z + z¢,& + &),
(1.2.6) is fulfilled with M = 75, ¢,, the phase translation given by

(Tao.eot) (1) = uly — @) 2=,

If x is the symmetry with respect to (xg,&), M in (1.2.6) is, up to a unit factor, the
phase symmetry o, ¢, defined above. This yields the following composition formula
a”b® = (afb)™ with

(1.2.7) (ath)(X) = 22" / / e~ WX =Y X=Z](Y)b(Z)dY dZ,
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with an integral on R?” x R?". We can compare this with the classical composition
formula,

Op(a)Op(b) = Op(a o b)
(cf.(1.2.2)) with

(1.2.8) (@ob)(w.) = [[ 2™ ala + bty + 2,E)dy,

with an integral on R"™ x R".

REMARK. The symplectic invariance of the Weyl quantization given by formula (1.2.6)
is its most important property. The fact that the Weyl formula quantizes real Hamilto-
nians into formally selfadjoint operators is shared with other quantizations such as the

Feynman quantization, given by
(Op( )+ Op(Ja)), that is

// 2im(z—y)§ %(a(m,f)+a(y,§))u(y)dyd§, so that
(aF)* = 5(opua) 1 Op(J7a)) = %(Op(Jc‘z) 1 Op(a)) = a”.

It is convenient to give an asymptotic version of these compositions formulae, e.g. in
the semi-classical? case. Let m be a real number. A smooth function a(z, &, \) defined
on Ry x RY x [1,400) is in the symbol class S if

scl

sup |D§‘D?a(m,§, MAT A < 0.
(w,§)ER?" A>1

Then one has for a € S_}' and b € S

.| » the expansion

_1)8l
(1.2.9) (afb)(z,&) = > 27% Y ( P' Dgofa D70+ ry(a,b),
0<k<N ||+ 8=k '8!

with ry(a,b) € 87t T™2~N  The beginning of this expansion is thus ab+ 5-{a, b}, where

scl

(1.2.10) {a,b} = Y 0c,a 0p,b— 0a;a O,

1<j<n
is the Poisson bracket and ¢ = 2mi. The sums inside (1.2.9) with k even are symmetric
in a,b and skew-symmetric for £ odd. This can be compared to the classical expansion
formula

(00b)(r,6) = 3 i Dga b+ tu(a,b),

la| <N

2We have developed a taste for using a large parameter )\ instead of a small Planck constant h.
writing A = 1/h will give back the more familiar picture.
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with ¢y (a,b) € ST ~N_ The proof of these expansion formulas will be given later on

in a general context. We can nevertheless note the following formulas, for a, b as above,

(1.2.11) afb = ab + l{a, b} + S;Zlﬁ-mz 2
(1.2.12) afb + bifa = 2ab + S$11+m2—2

1
(1.2.13) ath —bga = —{a, b} + Sl T,

It will turn out that these formulas are true for very general class of symbols. They can

also be compared to the less symmetric ordinary quantization with

1
aob=ab+ —3§a Opb + Smatm2=2

scl

aob+boa=2ab+ — (8§a Opb + Ogb - Opa) + ST Tm272)

scl

aob—boa:_{a7b}+5m1+m2 2
L

scl

The formula (1.2.10) can be precised by the computation of the term where k£ = 2 in
(1.2.8). We get

1 ]' 1 2 2 ’ITL1+’I7’7,2 3
ath = ab-+ 3-{a,b} + 553 2—(35618 b~ 20c0,00¢0,b + 62a02b) + ST
where
1 1 1 9%a 8%b 9%a 9%
~02ad?b =Y —0fa b= =2 t2 D
¢ Wz 13 x 2 2 ) . !
2! o2 a! 2 2 085 Ox; < Then 0€;0&, Ox;0xy,
S oledjor= 3 goi o
005,00 0zb = O¢'0ya 0. 0,b =
jal=1=18| 1< 08500k 008,
1 1 0%a 02b 0%a  0%b
82 0z = —0ya 0gb =~ — == +2 :
21 |a|z—2 a! 2 1S5en al‘? 35]2 1§j§§n 8xjal'k 8538&
Also, for a,b in S(R?"), the formula (1.2.7) can be written as
L
(1.2.14) (0)(X) = (exp(5 [Dx. Dy))(a(X) @ b(¥)) )
As a matter of fact, the expansion (1.2.9) is the value on the diagonal x = y,£ = 1 of
¢ 1 1.2 2
ab + §L—2(8§8y -0 8m)a(a:,§)b( y,m) + 51 22 —~ (856 — Oy x) a(z,&)b(y,n) +
1
—ab+ {a "+ (8£a82 — 200,00¢0,b + 02a02b) +

Note that
02adzb = (Y 0¢,0,,)*(a®@b) Z 0% ¢, a0; 1, b
J

which corresponds to the formulas given above.



CHAPTER 1II

METRICS ON THE PHASE SPACE

2.1. Introduction

The standard class. Let us first review a few classical examples of pseudodifferential
operators. The most classical case is to consider smooth functions a(z, £) defined on R?"
such that, for all multi-indices «, 3, there exists C,5 such that for all (z,¢) € R?",

(2.1.1) (0707 a)(2,€)] < Cap(1 + g™,

where m is a given real number. This class of functions is usually called S77. In particu-
lar, it contains the smooth functions homogeneous of degree m for |£| > 1, i.e. functions
such that, for all £ with [{| > 1 and A > 1,

a(z, \) = \"a(x,§).

That class is sufficient to construct parametrices of differential operators with smooth
coefficients and to prove that, if P is a differential operator with smooth coefficients in

an open set 2 of R"
(2.1.2) WFPu C WF(u) C WF(Pu) U char P

where

char P = {(z,€) € T*(Q), pm(z, &) = 0},

with p,, the principal symbol of the operator P and T* () the cotangent bundle minus the
zero section. The second inclusion is most interesting, since Pu is known, and one obtains
an information on the location of the singularities of u. Pseudodifferential operators are
useful to prove the second inclusion in (2.1.2), since taking (z¢,&p) ¢ W F(Pu) and such
that pp, (2o, &o) # 0 will be enough to get that (xo,&) ¢ WE(u). In fact, there is a conic
neighborhood of (zg, &) on which p,, does not vanish and thus the function

_ x(@,8)
a(z,§) = )



belongs to the class Sy ", if x is an appropriate cut-off function. One can use the operator
Op(a) as a first step to invert the operator P so that

APyYu =u+ Ru

where R is an operator with symbol r € S?’O such that r € Sy (1) in a conic neighborhood of
(0,&0). Then it is not difficult to iterate that procedure and to obtain (2.1.2). It means
that this class of pseudodifferential operators is useful to invert elliptic or microelliptic
operators. In fact the parametrices of these elliptic operators belong to that class, which

remains one of the most useful tool in classical analysis.

Parametrices of hypoelliptic operators with constant coefficients. An oper-
ator with smooth coefficients is said to be microhypoelliptic if

W F(u) = WF(Pu)

i.e. according to (2.1.2), if WF(u) C WF(Pu). The operator P is said to be hypoel-
liptic if singsupp u = singsupp Pu, that is singsuppu C singsupp Pu. Clearly, since the
projection of the wave-front-set is the singular support, microhypoellipticity implies hy-
poellipticity (the converse is not true). When P is elliptic, the inclusions (2.1.2) prove
that it is hypoelliptic. However some non-elliptic operators are indeed hypoelliptic,® such
as the heat operator,

O — Ly, teRzeRL

In the late fifties, Hormander gave a characterization of hypoellipticity of constant coef-
ficients differential operators: P(D) is hypoelliptic if and only if

Im¢ - o0 if(—ooon{¢eC" P()=0}.

The properties of symbols of hypoelliptic operators led to the introduction of the following
class of pseudodifferential operators. Let m € R, 0 < § < p < 1,0 < 1. A function
a € C*(R?") belongs to S7’; means that

(2.1.3) (0200 a) (2, €)] < Cap(1+ [¢])m—PIAIH2lel,

The parametrices of hypoelliptic operators with constant coefficients have a symbol in
such a class.

REMARK. The study of hypoelliptic operators with variable coefficients is of a con-

siderable difficulty, and no simple geometric characterization is in sight. In fact, the

3We speak here about the C* hypoellipticity. Other notions of hypoellipticity cabn be considered
such as the analytic hypoellipticity. For operators with constant coefficients, analytic hypoellipticity is
equivalent to ellipticity.
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parametrices of these operators are not in general pseudodifferential operators, even for
quite simple examples such as

0%, + 2103,
which is hypoelliptic in R2. In fact, even the simpler hypoelliptic operator 92 .+ x%@iz

does not have a parametrix in a simple class of pseudodifferential operators. The most

widely known hypoelliptic operators with variable coefficients are the Hormander sum of

>, X

1<j<m

squares [Ho1]

with X; real vector fields such that the Lie algebra generated by the X; spans the whole
tangent space at each point. L.Boutet de Monvel in [Bo] introduced a specific class of
pseudodifferential operators for studying hypoelliptic operators with double character-
istics and the paper [BGH] introduces a class of hypoelliptic operators with a pseudo-
differential parametrix. Also pseudodifferential operators are useful for proving the key
estimates needed to get hypoellipticity, but not always for the direct construction of a
parametrix.

The class S;’?(; defined in (2.1.3) is already quite difficult to handle, and the L>-
boundedness of operators with symbols in the class Sg’ s (0 < 1) is due to A.Calderén
and R.Vaillancourt [CV].

Global classes of pseudodifferential operators. For applications in spectral the-
ory, were introduced the following classes of symbols, denoted by 37", m € R, p € (0,1]:
a smooth function on R?" belongs to 27" means that

(2.1.4) (9207) (2, )] < Cap(1 + fu] + ¢y Ple1=eld1

This class is useful for studying the spectral properties of globally defined operators and

can be generalized in different directions, with applications in global analysis.

The Beals-Fefferman revolution. In 1973, R.Beals and C.Fefferman proved the
sufficiency of condition (P) for the local solvability of differential equation. The main
tool in their proof was a new microlocalization scheme, going much beyond what has

been done before. Their classes of symbols were defined with properties like
(2.1.5) (0507 a)(w,6)] < Capp(a, &)™ 1 D(, )M 17

where ¢, ® are positive functions satisfying various requirements. The most original
idea in their work was that, starting with a classical homogeneous symbol, a Calderon-
Zygmund procedure would lead to a class with optimal properties for the given symbol.
For instance, if a € S%’O, they define a weight depending on a by

(2.1.6)  Aa,8) = la(z,§)] + ()|0za(z, &)1 + (6) Hdwa(z, P +1, (&) =1+¢].
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Then one has obviously the following estimates
lal <X, |0za] <AV, [0eal < ATV,

and more generally

18] la] _ 18]

(21.7) (0200 a) (@, &)] < Cap! =5 () 5= 15

Note that (2.1.7) for |a| + || > 2 is a direct consequence of a € Sj,: we know that
|(8§‘8§a)(ac, £)| < Cop(€)*~18 and thus it suffices to prove that

=)

| | 18]

()77, forla|+[8] =2,

N

(1P < ox—E -

that is

|| +|B]—2 lal+|B8]=2
2 2

A < C(8)

which is true since, from (2.1.6) and a € S}, we have A < C(£). Now due to the
properties of A, one is essentially reduced to study some normal forms, depending on
which term is the largest in the rhs of (2.1.6). We shall go back to this later on, but the
examples above show that, at the end of seventies, there was a need for some synthesis on
the notion of pseudodifferential operator which is such a versatile tool. It was certainly
necessary to think about general conditions that make a pseudodifferential calculus pos-
sible. We shall describe below the approach provided by L.Hérmander in 1979 in [H52],
with some generalizations of the paper [BL]|. The works of R.Beals and C.Fefferman [BF|
and by A.Unterberger[Un| were also important for the understanding of the conditions

to impose to get a useful pseudodifferential calculus.

2.2. Symbol classes defined by metrics

Preliminaries. We have already seen several examples of classes of symbols, and we
can try to get some unified understanding of these examples. The class 575 defined in
(2.1.3) is related to a metric on the phase space

d 2 d 2 2 2
. <|£ f'% N Lgflp’ e for (t,7) € R™ X R, guc(t7) = Qf'% N <|g>|2p7

SiIlCG, with k = |O[| + |ﬁ|, €; = (<§j,k>1§k§n70R")a €5 = (ORn, (5j,k)1§k§n)7 we have

(2.2.1)

(020a)(z,6) = a®)(z,8) et enelt el
——
k-multilinear form

so that the conditions (2.1.3) can be written as

a® (2, et . epmel g | < Cap@)™ ] gre(e)®® I gwele;)”?

1<j<n 1<j<n

= Cap()™(€)°1°1(e) =
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and using the notation X = (z,£) for the running point of the phase space, we can

reformulate (2.1.3) as

(2.2.2) ) (X)(T1, ..., To)| < CeM(X) ] ox(T)V?,

1<i<k
with M (z,&) = (£)". The metric linked to the class (2.1.4) is

_|daf? + |dg)?
L [a]2 + €2

gm,ﬁ

and the metric linked to (2.1.7) is

B S L (Idfcl2 |d§|2> (€) o |da|* | |dE”

(2.2.3) Gpe = = + =L > '
MO MO L@y e

The initial strategy to define a general class of pseudodifferential operator is thus to use

some Riemannian structure on the phase space and define the symbols by conditions

(2.2.2). The metric g will have to satisfy some requirements as well as the “weight” M

in (2.2.2). The next section describes these conditions.

Slowly varying metrics. Let us consider a metric on R?", i.e. a measurable mapping
from R?" to C, the cone of positive definite quadratic forms on R?". For X € R?", we
shall note that quadratic form gx: for T € R?", gx(T) is a positive definite quadratic
form in the variable T, with coefficients depending on X. The first important property
that we shall require is the slow variation of the metric g: 3C > 0,3r > 0,VX,Y,T € R?",

(2.2.4) gx(Y = X) <r? = C gy (T) < gx(T) < Cgy (T).
REMARK 2.2.1. Note that for checking (2.2.4), it is enough to verify that
(2.2.5) 3C > 0,VX,Y, T e R*", gx (Y — X) < C7! = ¢y (T) < Cgx(T).

In fact, once (2.2.5) is proven, we see that assuming gx (Y — X) < C~2 implies gy (Y —
X) < C~! and from (2.2.5), we get the missing gx (T) < Cgy (T).

A SIMPLE EXAMPLE. If we consider for a positive Lipschitz function p defined on R?",

and an Euclidean norm ||| on R?", the metric defined by

2
_ Izl
p(X)?
one can check easily that g is slowly varying: assuming gx (Y — X) < r? means that
Y — X|| < rp(X) so that, if L is the Lipschitz constant of p, we have

gx(T)

p(X) < p(Y)+ L[| X =Y <p(Y)+ Lrp(X).
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Choosing r = 1/2L gives the desired property.
Using remark 2.2.1, it is very easy to verify that the metric of ST, is slowly varying.
Assuming € —n| < (£)/2, we get

() =1+ <1+[E=n[+n <) +(£/2= (&) <2(n),

To prove that the metric (2.2.1) of 57 is slowly varying if p < 1, we assume |§ — 7| <
(€)P/2, and we get, using p < 1,

and (assuming n = 1), for £ > 1 with £ = k,n = k?/Ink, we have | —n| ~ kP/Ink <
kP ~ (£)P, so that

€ —nl _ i t—mY2 L 0 b @Nkp_llk—>
€ gue(x —2,§ =) e ut (&) /In k_)+oo+oo'

Let us prove that (2.2.3) is slowly varying. We want to find r,C' > 0 such that

|z —y|? € =l < 2 Mz, )" Mz, (€) < C.

Cosl® =y &= = ST ¥ Smaw = A

2 2
Since Gy ¢ 2 @ + |<d§>|2 , the fact that the smaller metric is slowly varying implies that

r > 0 can be chosen so that (§) ~ (n), that is the ratio (£)/(n) is bounded above and
below by fixed constants. We write now the Taylor expansion

a(x, &) = a(y,n) + 0za(y,n)(x —y) + decaly,n)(& —n)
+ Oz —yl* + |z — yl|€ —n| + (&)1 E—n?)

which implies

la(z, )| < laly,n)| + (n)~2|0zaly, n)||lz — y|(€)* + (n)'/?|0¢aly, n)||€ — nl(€) /2
+ (2N (@, (€)™Y + A (@, ©)V2(E) T 2 A(x, €)M (£) /2
+ ()T A (2, £)(€)
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so that

la(z, )] < laly, n)| + (n) " 0zaly, n)* + r* Az, &) + (Mdealy,n)|* < Ay, n) + r*A(z,€).

Similarly, using the Taylor expansions

Oza(z, &) = 0za(y,n) + O((&)|x — y| + 1§ —nl),
Oea(z,€) = dealy,n) + O(lz — y| + () 11E —nl),

we get

(&) Hoza(z, &)* < ()~ Hozaly, > + (&) 7HE*r* M, £)(€) " + (&) 1Az, £)(E)
S Ay.n) + r*A(x,€)

and

()]0ea(z, > S (M)|Oealy,m)” + (€)r*A(w, (€)™ + (£)(€) *r* Az, £) ()
S Ay, n) + 172 M, €).

Eventually, we obtain, with a constant Cy depending only on the dimension,
)\(.I’, f) < CO)‘(y7 ”7) + 0072)‘(377 5)

We can then choose r such that Cor? < 1/2 and obtain the desired result. We invite the
reader to check carefully in the reasoning above that the constant Cy depend only on the
dimension: in particular, this is the case in the constants occurring above with the O()
and our signs a < b meaning that a < C1b where C] is a constant depending only on the
dimension.

We define also the notion of slowly varying weight: a measurable function M : R?" —

10, +o0] is a slowly varying weight for the metric g if

S

(2.2.6) 3C > 0,VX,Y c R gx (Y - X)<C ' = C1 < (X)

= M) <C.

It is easy to verify that (£) is a slowly varying weight for the metric (2.2.1) when p <1
and also to check that A(z, &) is a slowly varying weight for the metric (2.2.3). Note also
that products of slowly varying weights for g are still slowly varying weights for g, and
more generally that M? is a slowly varying weight if M is a slowly varying weight and
0 € R.

Symbol classes defined by a metric on the phase space.
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DEFINITION 2.2.2. Let g be a metric defined on the phase space R?" and let M be a

slowly varying weight for g. The space of symbols S(M,g) is defined as the set of C'*
functions on R?” such that Yk € N,3C,, VX, T},...T) € R?",

(2.2.7) a®(X)(Ty, .. To)l < ChM(X) [ g9x ()2
1<5<k

For a € S(M, g), we shall denote

(2.2.7) Ha(k)||g7M = sup |a(k)(X)(T1, LT M(X)TE
gXi(’lz“f):1
We can check readily that

|dax|? |d£!2)
(=20 (&%

s = S((f}m, (see (2.2.1)),

|dz|? + |d€]
> = S((1 m 2.1.4
= S((1+|z] +[€]) ,(1+|x‘2+‘€‘2>p) (see (2.1.4)),
o ldz? |dg)?
(2.1.5) defines S(®M ¢ ,% +%),

(2.1.7) defines S(A\,G), where G is defined by (2.2.3).

SOME COMMENTS. It is not difficult to illustrate the meaning of the localization via

a slowly varying metric. Around each point X, one may draw the ball
By(X,r) ={Y,gx (Y - X) < r?}

and if 7 is chosen small enough, uniformly with respect to X the shape and size of B, (Y, r)
will be equivalent to the shape and size of By(X,r) for Y € By(X,r). R.Beals and
C.Fefferman in [BF]| preferred to speak about “boxes”, since their metrics were defined
by (2.1.5) and they would consider

Bla,&r) = {(y,n%maX(lOy(;g» l&;g) = r}'

The picture on next page shows the metric related to the simple S; ¢ class.

The uncertainty principle. Let us start with some more symplectic algebra. Let
I" be a positive definite quadratic form on the symplectic space R?". We define the dual
quadratic I' with respect to the symplectic form o form by
7,07 _ (0T, U)?

2.2.8 I'(T) = sup ——— = sup ~————,
(2.28) ) vz [(U) vz (TUU)
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PI1CcTURE 1. THE METRIC OF THE CLASS S19. THE TYPICAL BOX

15 {(2,8), [z — xol S 1,16 — ol S [&ol}-
where the brackets are brackets of duality between the phase space and its dual (which
is canonically isomorphic). We can consider the phase space ® as an Euclidean vector

space with the dot product X - Y = (I'X,Y )4+ o, and the symplectic form o can be

identified to an antisymmetric nondegenerate matrix 2: defining {2 with the identity
<O’X, Y)q;*@; =Q0X .Y = <FQX, Y>q>*’q>, that is o = FQ,
we have

QX Y = (06X, Vg =—(0Y, X)gr 0 = —QV - X == QX - Y = Q0= -Q.
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Then, we have

T,U)? TOT, U)? OT - U)?

- =QT-QT
vzo0 (LU U)  yzo (PU,U) vzo U-U

and with T =TS, (c*ToT,T) = (S,I'S) = S - S. But we know that o7 = I'QT, so
that S = QT. Thus we obtain

I’ =0T 1o

We have seen that, considering the phase space ® as an Euclidean vector space with
the dot product X - Y = (I'X,Y )¢~ ¢, the symplectic form o can be identified to an
antisymmetric nondegenerate matrix. Then there exists an orthonormal basis (for the
dot product above) (ej,€;)1<j<n such that o(ej,er) = A;jd; 1 with X\; > 0, o(ej,€x) =

0,0(ej, ex) = 0. Eventually, we have, for X = >, . 2; A/ 1/2 e; +€; A 1/26]’

\——v——’

€j €5

TX,X)= ) A'(af+&).

1<5<n

We note that the I'-orthogonal basis (€;,€;)1<j<n is also symplectic, i.e. such that
O’(gj,ék) == (5]‘7]@, O’(gj,gk) = O, O(éj,ék) = 0.
In that set of coordinates, we have, using (2.2.8),

X, X)= Y N3 +&)).

1<5<n

Note also that, for I given with symplectic coordinates by » _, <j<n h; x? + kjsz, then I'?
is Y 4 <j<n kj_lsci + hj_lfj?. We can remark also that, for I'y, Iy positive definite quadratic
forms on R2", we have

I <T'y, =19 <IY.

The uncertainty principle is asserting some limitations on the localization in a sym-
plectic plane. Our formulation, will thus be that, for all j, A\; > 1, namely the positive

definite quadratic form I' will be said to satisfy the uncertainty principle whenever
(2.2.9) r<r°.
When dealing with a metric gx on the phase space, we shall always require that

(2.2.10) VX e R™, gx < g%,
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and define
- 1/2
. I9x (T))
2.2.11 Ag(X) = inf | =—= >1 from(2.2.10)).
2211) =t (53) 7 1 rom(22.10)
For instance for the (constant with respect to X) metric I' above, we have A\r = min; ;.

Going back to our examples of metrics above, we check easily that for

|da*  |dEJ? |da|? | |dEJ? =
= + , g% = + , A= (&)”° see (2.2.1)),
O g U g T A=W (e 221)
|dx|? + |dE|? 2 2 2 2 2 2
= i 1 =
9= J g = (bl P el + 1), A= 1+ o+ P
da* |d€)* , da* | |dEJ? .
= 902 + o2’ g = H—2 ¢_27 )\:q)gp (Or H?HQJSOJ%
|d|? |d¢|?

G7 =

A1) + AL(E) where G is defined by (2.2.3), Mg = A

THEOREM 2.2.3. Let g be a metric on the phase space such that the uncertainty
principle (2.2.10) is satisfied. Let my,mq be two slowly varying weights for g (cf.(2.2.6))
and a; € S(mj,g). Then, with X defined in (2.2.11), we have

ajas € S(mlmg,g), {al,ag} S S(mlmg)\_l,g)

and more generally

(2.2.12) wN(al,CLg) = (%[DXI,DXQDN (al(Xl) X GQ(XQ)) S S(m1m2)\*N,g).

|X1:X2

PROOF. Using the fact that there exists a symplectic basis (possibly depending on

X) such that
gx = Z A7 (ldy; P + |dn[?),  minX; = A(X),
, j
1<j<n
it is enough to check 9y;a10,;a2,0,,a10,, a2 € S(mimaA~1, g), which is obvious since we
have
—1/2 —1/2 _ _
|0y, 010, a2| S mi; / maA; /2 mimaA; V< mymar™t,

and similar estimates hold for the derivatives. O

NotA BENE. This theorem also gives an asymptotic composition formula
S(ma, g)/S(miA™, g)xS(m2,g)/S(maA™, g)—S(mima, g)/S(m1m2 A7, g)
(a1, az) = k>0 wr(a1, az)
where S(mA=>,g) = Nn>0S(mA™Y,g) and the infinite sum on the right should be
understood as a symbol a such that
VYN >0, a-— Z wi(ay,az) € S(mlmg)\_N,g).
0<k<N

The existence of such a symbol is obtained with a Borel-type argument. However, this
result is uninteresting if A is bounded above, and does not replace the study of the actual

composition formula given by the integral (1.2.7).
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Temperance. Let us start again with some linear algebra. We consider I'1,I's two
positive definite quadratic forms on a finite dimensional real vector space. We define,

the “infimum” of I'y, 'y by the formula

(2.2.13) (T AT)(T) = 2 +1rT1f:T(F1(T1) +To(Tn)) < 2I(T), j=1,2.

Note that
Ty AT, =207+ 1517, (sothat TAT =T),

that is the harmonic mean of T';,I'y. In fact, for T = (I'[' + T, 1)Z, we have
2T+ 1Y) H(T) =2((0 + T, )7, T)
=2(5,(T7 +T;HE) = 2(5, TT'E) + 2(5, 5 '=)
= 2(IT1, T) + 2(T'2T3, Tz),

~

and T = (F1_1 + F;I)E, = =111y = T'sTy, andthus T = T; + T5. Moreover, we

have

2T (11 + 9), (T1 + 9)) + 2(T2 (T2 — 5), (T2 — 5))
= 21T, 1) + 2(ToT3, To) + 4(T1 Ty, S) — 4215, S) +2(I'1 S, S) + 2(I'2S, S),

—a(r 4Ty )L (T) =0 =0
so that (I'y AT9)(T) =27 +T5H)~YT), qed. Defining

I'h+1s
9 )

(2.2.14) ISRAPES

we see that (T'; VIp)™' = 2(; + )"t = 7t ATy! and, going back to (2.2.8), we
obtain, on the symplectic R?",

(2.2.15) TIATS =o' T o Ao* T o = o* (TP AT, Do = (I V).

Apart from (2.2.4) and (2.2.11), we shall need a global condition on the metrics g.

DEFINITION 2.2.4. TEMPERATE METRIC. Let g be a metric on R?" (see (2.2.4)). We
shall say that ¢ is temperate if

(2.2.16) 3C >0,3N >0,VX,Y,T € R?", <C(1+ (g% N gP)(X =)™,

REMARK 2.2.5. The definition in [H62] looked less symmetrical and weaker, since
the rhs of the inequality in (2.2.16) was (1+ g% (X — Y))N. The definition (2.2.16) was
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introduced in [BL] to handle pseudodifferential calculus on an open set of R?™. Let us
show now that these conditions are equivalent when considering metrics defined on the
whole R?". For X,Y € R?", there exists Z € R?" such that

(9% Aoy )(X =Y) = 29% (X = 2) + 297 (2 = Y).
Now from the weak version of (2.2.16), we know that
o Ny o o o Ny
gx < Cigz(1+ g% (X — 2)) and also g% < Cigy (1+g5(Y — Z)) .

Then we get

Ni+1 Ni(N1+1)

97(Z-Y) < Ci(1+g5(Y — 2)) and thus gz < Cogy (1+47(Z-Y))

We obtain

C; (14 9% (X — 2))™

—_—

9z
gy
Nl(N1+1) (1 _|_gg((X _ Z))Nl

)
)

<Ci1C(1+¢5(Z -Y))
< (4 ))NI(N1+1)

(1+20%(X = 2) +293(Z ~Y

o o N1 N1 1
= C5(1 4 (g% A gg)(X — v)) N mFY,

qed.

We can go back to our examples and check that, for the metric (2.2.1) the temperance
holds whenever § < p < 1,0 < 1. In particular, the metric of the class S; 1 is not
temperate since that would imply

(€) < Oy (1+1]6—nl/E)Y,

which cannot hold for n = 0 and unbounded &.
Admissible metric.

DEFINITION 2.2.6. ADMISSIBLE METRIC AND WEIGHTS. Let g be a metric on R?",
which is slowly varying (see (2.2.4)), satisfies the uncertainty principle (see 2.2.10) and
is temperate (see (2.2.16)). We shall say then that g is an admissible metric. Let m be
a slowly varying weight for g (see (2.2.6)) such that

(2.2.17) 3C,N,VX,Y € R*",

<C(1+ (g% A gP)(X V)™,

then we shall say that m is an admissible weight for g.
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REMARK 2.2.7. Note that, for an admissible metric g, the function A\, defined in
(2.2.11) is an admissible weight: first A, is a slowly varying weight for g, since for r > 0
small enough, gx (Y — X) < r? implies gx ~ gy and thus g% ~ g%, so that

~—

N g5 (T
gy (T
— A\ (X)2 < A(V)2C1 (1 + (0% A g9) (X —Y)) ™

< Ci(1+ (g% N gy )(X = Y))

~—

Naturally, the powers of A\, are also admissible weights.

Nota BENE. The class S is SE™, <|§C§L—Eé + }Z)pr) and, for this metric A = (£)P=9.

The weights are multiplicative whereas the “orders” of standard classes are additive ;
although we shall not use this terminology, it would be natural to say that the symbols

of order p related to the metric g are those in S(A\, g).
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CHAPTER III

THE KEY ESTIMATES

3.1. More results on admissible metrics

Partitions of unity. Let g be a metric on R?”. We note
(3.1.1) Ux,={Y e R gx(Y — X) <%},

the closed gx-ball of center X and radius r.

THEOREM 3.1.1. Let g be a slowly varying metric on R®™ (see (2.2.4)). Then there
exists o > 0 such that, for all r € (0,7¢], there exists a family (py)yerzn of functions

uniformly in S(1,g) (i.e. according to (2.2.7)", Vk,supy ||cp§f) g.M < 00) supported in

Uy, such that, for all X € R2",

/ ey (X)|gy|V/?dY =1,
R2n

where |gy | is the determinant of gy (with respect to the standard Euclidean norm).

PROOF. Let xo € C*°(R; [0, 1]) nonincreasing such that xo(t) = 1 ont < 1/2, xo(t) =
0 on t > 1. Let us assume that, with r¢ > 0, for all X,Y, T, we have

Y -X)<r2=C'<
gY( )— 0 0 _gy(T)

We define, for 0 < r < rg, w(X,r) = [gon Xo(r 29y (X — Y))|gy |*/2dY. We have

w(X,r) > / Xo(r2Cogx (X —Y))|gx|"/2Cy"dY = / xo(Col| Z|?)Cy " dZ,
R2n R2n

N J/
-~

a positive constant

and an estimate from above of the same type. Also we see that, using the notation
IT|ly = gy (T)}? and (,)y for the associated dot product, we have

SENT = [ X7 IX = VI3 22X - Y), Thylav]2aY.
R2n
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which entails immediately for all k, |w® (X, r)T*| < Crgx(T)*/2, so that w(-,r)~" and
w(-,r) belong to S(1,g). As a consequence, we get that

1= / X0 (T_Zgy(X — Y))w(X, r)~t |gy|1/2dY,
R2n J/

-~

=y (X)

where the family (py )y cgren satisfies the requirements of the theorem. [
An immediate consequence of Theorem 3.1.1 is the following

THEOREM 3.1.2. Let g be an admissible metric on R?™ and M be an admissible weight
for g. Let a be a symbol in S(m, g). Then there exists ro > 0 such that, for all0 < r < rg,

%)= [ ax(X)gv |2y

where ay € S(m(Y'), gy) uniformly and supp ay C Uy .

Main distance function. Let g be an admissible metric on R?". We define, for
X,Y € R?” and r > 0,

(3.1.2) 6 (X,Y) =1+ (9% N9y )(Ux,r — Uy,r)-
We note that
5,(X,Y) <1+ 2min(¢% (Ux,r — Uy.), 93 (Uxr — Uy.r)),

and since g is temperate, for X’ € Ux ,,Y’ € Uy, we have, for r small enough,

—N —N

9% NGy ~ 9% Ng% 2 9% (1+ (9% Age (X' =Y")) 7 ~ g% (14 (9% N g7 ) (X' —Y7))

which implies g% A g9 2> 9%0-(X,Y )™ and thus ¢%& (Ux,, — Uy,) < 6,-(X, Y)VTL

LEMMA 3.1.3. Let g and 6, be as above, and (2.2.16) satisfied with N = Ny. Then,
there exist C1,Cy and rog > 0 such that, for 0 <r < rg,

(3.1.3) 0,(X,Y)<C (1 +min(g9% (Ux,r — Uyr), 95 (Uxr — UY,T)))

<Cy (1 + max (g% (Ux,r — Uy,r), 95 (Ux,r — UY,r))) < Cob (X, Y)Noth,
There exists C such that for 0 < r <1y and for all X,Y,T € R?",

(3.1.4) J < C6 (X, V)N
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There exists N such that

(3.1.5) sup 5-(X,Y) Ngy|2dY < .
XeER2n JR2n

Forr <rq and gx(Y — X) > Cr?,

(3.1.6) MX) +MY) <Co,.(X, V)N,

PROOF. The estimates (3.1.3) are proven above. We note that, with the same nota-
tions as before the lemma,

ol S+ (g% Agyg )X =Y") " ~ (14 (9% Agy) (X' —=Y7))°

which gives (3.1.4). Moreover, using the same notations, we have

I+gx(X =Y) S1+gx(X = X)+gx (X' =Y )+ gx (Y =Y)
So(X YY)V (1+gx(X = X) +gx (X' =Y) + gy (Y = Y))
(X Y)YV (14 g3 (X —Y") S6-(X, V)N (14 g% A gy (X —Y))
SJ 67’(X7 Y)2N0+1,

and since 1217% < §-(X,Y)"No we obtain (3.1.5). We have

|gX|1/2 ~
MX)?gx (X' =Y") < g%(X' = Y") S6,(X,YV)Vg% A gP (X' —Y") < 6,(X, V)Nt

As a consequence, for C' large enough, if gx (X —Y) > Cr? we get gx (X' —Y') > r?
(otherwise gx (X' —Y’) < r? and gx ~ gy with gx(X —Y) < Cor?). The previous
inequality gives A\(X) < ,(X,Y)™ and the other follows from (3.1.4). [

3.2. Confinement estimates

Preliminaries. We need now to attack the hardest part of our job, namely, we
should provide an argument to prove that the composition formula (1.2.7) holds for
a € S(mi,g),b e S(ma,g) and that afb € S(myms,g). Our idea is to use Theorem 3.1.2
above so that the problem is reduced to handle

//R . (avib2)lgy[2lgz] *dY dz.
’I’L>< n

In fact, to show a convergence result for that integral, it will be enough to study carefully
the compositions ayfiby. The first thing that we realize is that ay bz is not compactly
supported, since it is an entire function on C?™, as it is apparent on (1.2.7). Nevertheless,
we should expect some localization properties of some sort for that symbol. In particular,
if Y = Z, that symbol should be “small” far away from Y. In the next section, we give

a precise quantitative version of these assertions.
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DEFINITION 3.2.1. CONFINED SYMBOLS. Let g be a positive definite quadratic form
on R?" such that g < ¢°. Let a be a smooth function in R?” and U C R?". We shall say
that a is g-confined in U if Vk € N,VN > 0,3Cy n such that, for all X, T € R?"

(3.2.1) ™ (X)T*| < Crng(T)F* (1 + g7 (X — U))_N/Q'
We shall set
N " N/2

(3.2.2) lallGonsign = _sup, 1a®(X)TH(1+¢7(X 1)

9(T)=1
and

! k,N
(3.2.3) lallytr = , e lalGonsy 0 -

When U is compact, any smooth function supported in U is confined in U.

REMARKS. Let us note first that it is a trivial point of commutative algebra to check
that 77 ® --- ® T}, is a linear combination of powers S ® --- ® § with k factors; this
means in particular that the estimates above are equivalent to estimates controlling
a®) (X)T} ® - -- @ Tj. We see also that, as a set, Conf(g, U) coincides with the Schwartz
class. Naturally, the set of semi-norms (3.2.2) will be most important for our purpose as

well as uniform estimates with respect to g.
Biconfinement estimates. Our most important technical result is the following.

THEOREM 3.2.2. Let g1, go be two positive definite quadratic forms on R?™ such that
g5 < g7 and let aj,j = 1,2 be confined in U;, a g;-ball of radius < 1. Then, for all k.,
for all X, T € R?",

(3.2.4)  |(a18az)OT!|

—k/2
< Awa(gr +9) () (1+ (97 AgEIX = U0) + (67 AgS)(X = T2))

with

Apr = v,k Dllad IS Nlazl T, mo=2n+ 14k + L.

COROLLARY 3.2.3. Under the assumptions of theorem 3.2.2, for all (p, N), there
exists ¢ = q(p, N) and C = C(p, N), such that

(32.5) Jlartazll™, ,, v, + llartazll™, ., o,

-N
< Clarllyl, lazlly, (1 + (67 A 95)(UL ~T2)
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Corollary 3.2.3 follows from Theorem 3.2.2 by applying the triangle inequality to the
quadratic form g7 Agg. O

PROOF OF THEOREM 3.2.2. We start from the formula (1.2.7)
(@1802)(X) = [ [ an()aa(vae 205N gy
and for Y7, X given in R?" we define 0 = Oy, x € R?™ such that
g0 =1, [0,V —X]=g3(Y1—X)Y2  (see (2.2.8)).
Then for k € N,
<%<9, Dy2>—|—1> " (exp —2u[¥1— X, Ya— X]) = (1465 (Y — X)) exp —2u[Y1 — X, Y- X,
Consequently, we have

(a1faz)(X)

with a[zl} = (?) agl)Hl. As a consequence, for all k, k1, N, we get

o —k1/2 o —k/2
(arfa2)(X)| < / lar 1% (1 + g7 (v3 — 00) /> (1 + g5 (i — X))

lasll 58 (1 + g5 (Yo — Us)) "V 2dy1dys22m .

We notice then that

(14 g7V —U))" 21+ g5 (Vi = X)) > (14 g7 (V1 — Uy) + g3 (Vi — X))*/?

_ - o k1/2
> 27k1/2(1 4 (g7 A g2)(X — 7))

so that for k = ki + ko,

—k1/2

0,k1 k,N o o
(artaz)(X)] < flaa |5 laz | 550 (1 + (97 A g3)(X — UL))

. —kg/2 o —N/2 " k1
//(1 3V — X)) TP (14 g8 (Ve — Un)) VP avidy, 22t s
Since U, is a go-ball of radius < 1 with center X5, we have for Z € Us,

1+ 92(Yo— Xo) <142g2(Ya — Z) +2g2(Z — X3) < 3(1 + g2(Y2 — Z))
<3(1+935(Ya - 2))



27

which implies 1 + g2(Y2 — X2) < 3(1+ g3 (Y2 — Us)). As a consequence, we get

(0,k1) (k,N) —k1/2

[(arfa2)(X)] < llally, v, lazllg, v, (1+ (97 A g5)(X = Un))

k)2 —N/2 bl FL
[ a0 - x0)7 (04 a0 - ) amavipe g

Since the product of the determinants of g» and ¢9 is 1, choosing ks = N = 2n + 1, we
obtain

0,k1) 2n+1+kq,2n+1 o o —k1/2
(axta) (0] < laa| 0% faall 757420 (1 4+ (g7 A g3)(X = U) ™/2C k).

Analogously, we get

0,k1 2n+1+ky,2n+1 . o —k1/2
(a18a2) ()| < [laz | V5 lay | b HE2m D (14 (g5 A g8)(X — Ua)) /20 (krum).

Taking the minimum of the rhs in the two previous inequalities, we obtain with k; = k,

(3.2.6) |(a1faz)(X)| S;(j(k,n>2k/2ma1m(2n+1+k)ma2m(2n+1+k)

g1,U1 g2,U2

x (14 (g7 A g8)(X = Th) + (7 A g§)(X —Ta)) ™2,

which is indeed (3.2.4) for [ = 0. Writing (1.2.7) as
(3.2.7) (arfasg)(X) = 22" / / e 202l (V) 4+ X)ag(Ya 4+ X)dY1dYs,

we realize that if D a derivation, we have D(ajfas) = Dajfas + aiDas, so that applying
(3.2.6) to the previous formula gives (3.2.4) for [ > 1. The proof of Theorem 3.2.2 is
complete. [

We need now to get the analogous result for the expansion of aifias.
THEOREM 3.2.4. Let ay,as as in Theorem 3.2.2. For v € N, we define

1

L J
Ry (a1,a2)(X) = aiflag — Z il (§[DX17DX2]> (a1 ® 02) | 4i0gonar-

0<j<v

Then, for all k,l,v, for all X,T € R?",

(32.8) |(Ru(a1,a2)) VT < Aprn(gr + g2)(T)V2ALY

—k/2
x (14 (97 AgD)(X = U0 + (of AgE)X —U2))

. 2 1+k+1 2 1+k+1
with Aj, = C(k,n,z,y)||ya1m;j,jl R g, |||;2n;2 HeHAY) nd

(3.2.9) AL2:i%f(QﬂZQ)U2::%f(figg)wz.
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REMARKS. First of all, note that we can get a result similar to the corollary 3.2.3: for
all (p, N,v), there exists ¢ = q(p, N,v) and C = C(p, N,v), such that

(3.2.10) ||Ru(a1,a) I, ,, v, + IR (a1, a2)I,,, 0,

(9) (@ r—v o o -N
< Cllally, v, lazlly, o, Av s (1 + (97 Ng5)(Ur — Uz)) :

Next, let us give a proof of the identity (3.2.9). We have, using (2.2.8),

g7 (T) _ _[TUr]*  _ g2(T)g8(Ur) _ 95 (Ur)
92(T) — 91(Ur)g2(T) — q1(Ur)g2(T) — 91(Ur)
(( )) <infp (( T)) and since the mapping T — Uy is an isomorphism,* we

get (3.2.9).

PROOF OF THEOREM 2.3.4. We have from (1.2.7),

(arfaz)(X) = / / a1 (X + Y1)ag(Ya)e 2o 0Ye=X) gy, gy, 22"
1 -
= // a (X + 50_1E)a2(Y2)6_L<:’Y2_X>dEdYg

1 -
= /al(X + 50—15)@(5)6427“@

and consequently,

(@) () = 3 (0 [ 2y @@

0<y<v
1 v—1
1-06 . 0 - =
+/ W/(a—lz)“ag )(X+50_1E)a2(5)eL<“’X>dEd9
0 - .
1
= > 0 (X) =55 (07 Dx)az(X) + Ry (a1, a2)(X),
0<j<v J:
with
1 v—1
(1 B 0) — 11—\ v 0 — 11—\ A~ /r— U= —
le(alga/Q)(X) :/(; m (O' 1\:) CL:([ )(X+ 50’ 1:)@2(Z)€< ’X>d\:d9,
and thus

L(1—et v
R, (a1,a)(X) = /O (@%1)' / 7"al") (X + 02)a3(202)e" 2% X) dZd92%"

1 1 — v—1
:/ ((u 9)1) / o\ (X +02) 2" as(Ya)e! 27 2X) 1 2:202) g 74go2n
. (=1

:/ y—1 // (X + 00 — X)) (Y — X)"as(Y2)
672L[Y1fX,Yng]dyldY'QZQndQ'

4For a positive definite quadratic form T', using the notations of the discussion following (2.2.8), we

2 2
have I'?(T') = supy % = supy (Qg]ﬂ:g) = QT - QT so that Ur = QT and since o0 =I'Q, Q is an

isomorphism.
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We consider now T = Ty, x such that go(T) = 1 and [T, Y] — X] = g5 (Y1 — X)'/2. Then
for k € N,

(%(T, Dy,) + 1)ke2L[Y1X,Y2X] — e 2 -X Y- X) (1 4 ge(y; — X)U/2)k,
As a consequence we get
IR, (a1, a2)(X
</ / OO a4 1+ g7 X + 003 — )~ 0) ™

91(Y1 — X)L+ g5 (V1 — X))

(k. V) (1 + g5 (Y2 — Uz)

927U2

N2 v av,de.

laz]l

Since 6 € [0,1], we have g3(Y1 — X) > ¢9(6(Y1 — X)) and for kK = k1 + ko + v and
N=27’L+1=k52,

’R (a1;a2
n V,R1 o —k1/2
/// O O g2y 03] (14 g7 X+ 01— X) — 0) ™
ko+v
A1y g3 (Yl X)V/2(1 + g5 (0(Y1 _X)))fé(l +g95 (Y1 — X))~ E
lao| D) (14 g5 (Vo — U5) " 2avidvsas.

We use now that
297 (X +0(Y1 — X) —Uy) + 293 (0(X —Y1)) > (97 A g3 )(X = Uy)
and we obtain

v,k k,2n+1 —k1
Ry (a1, a2)(X)| < Clk,n,v)as |5 azl BT VAT (1 + (97 A g8)(X — Uy))~F/?

//(1 (Y — X)) F (14 g5(Ya — Un) "V 2ayidy,,

Reasoning as in the proof of Theorem 3.2.2, we get (3.2.8) for [ = 0, which is easy to
generalize to [ > 1. The proof of Theorem 3.2.4 is complete. [
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CHAPTER IV

THE CALCULUS

4.1. Symbolic calculus

THEOREM 4.1.1. Let g be an admissible metric on R?™, m1, ms two admissible weights
for g, a; € S(mj,g),j =1,2. Then, for all v € N,

1 /¢ J —
aifaz — Z F <§[DX17DX2]) (a1 ® a2)|diagona1 < S(mﬂngx\g ,g)
0<j<v

Proor. We shall first consider
//(al,ylﬁaz,yz)(Xﬂgyl 12| gy, |/ 2dY1dYs

and notice that, from Theorem 3.2.2,

[(a1,y, a2y, ) (X)| < Cnoar6r (Y, Y2) "N (14 (95, A g9,)(X — Uyir))~ma (Y1) ma(Ya)

v, o
m2( 2) < Codr(Y17Y2)N07 g% < CO6T(Y1,Y2)NO
TTLQ( 1) ng

so that

[(a1,y, fa2,y, )(X)|
<6, (1, Ya) NN (14 (g3 A g% ) (X — Uy, 1)) (mama) (Y1)
< (mama) (Y1) (1 + g9, (X — Uyl,r))_Mér(Yl, Ya)~NH+No+NoM
< (mimg)(Y1)6,(Y1, X)™M6,.(Y1, Yo )~V T No+NoM
< (mimg)(X)6, (Y, X)~MTNogs (Yq, Yo) N NotNoM,

Choosing now M — Ny large enough, then N — Ny — Ny M large enough, we get |ajfas| <
mimes. To obtain the estimate for the derivatives is analogous as well as the estimate for

the expansion, using Theorem 3.2.4. [
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4.2. L? boundedness

THEOREM 4.2.1. Let g be an admissible metric on R*™, a € S(1,g). Then a¥ is

bounded on L*(R™) and |a*[|z 12y can be estimated by a seminorm of the symbol a.
We start with a precised version of Cotlar’s lemma

LEMMA 4.2.2. Let H be a Hilbert space and (2, A,v) a measured space such that v is
a o-finite positive measure. Let (Ay)ycq be a measurable family of bounded operators on
H such that

Sup/ ||AZAZ||1/2dy(z)§M, sup/ | A, A%V 2dv(2) < M.
yeQ J O yeQ JQ

Then for all u € H

(4.2.1) //Qm Ay, A dv(y)di(z) < M2 Jul?

which implies the strong convergence of

A:/Aydy(y) and ||A]| < M.
Q

REMARKS. We shall use this result here with Q = R?" and dv(Z) = |gz|'/?dZ. The
novelty of this lemma does not rely on the generalization to a measured space, but on the
estimate (4.2.1), which is optimal. In the more familiar discrete framework, the lemma

implies that for a sequence (A;) of bounded operators on H, the conditions

sup || A5 Ag||'/? < M, sup||A; Af||'? < M
J J

imply 37, [(Aju, Agu)| < M? |ul> and the strong convergence of A = >, Aj with
1Al < M.

PROOF. From the o-finiteness of v, we know that 2 is a countable union of sets w
with v(w) < oco. Moreover since y — ||A,|| is everywhere finite, we have Ugen{y €
w, |Ay|l < k} = w. Then Q is a countable union of sets K such that v(K) < oo and
sup ek |4yl < oo. We consider then such a K and for a measurable function 0(y, z)

with modulus smaller than 1, we define

Ty = / A ALy, 2)dv(y)dv(2).
KxK
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2 * 4 * * 2m * m
We have (|T||" = 7T, [|T|" = |T*TT*T|/, ... T = [[(T*T)™| for m (e.g. a

power of 2), so that

Tk _H/ AL Ay A Ay AL A A Ay T 026005 2))

1<j<m

vy vz dv () v (=) |

Using then the standard Cotlar’s trick, we take the above operators two by two, beginning

with the first or the second, we get inside the integral the estimates from above
I 2 1 o 2 e (2 PO o PG | A e o |
1<j<m 1<j<m
so that, taking the geometric mean, we have
ol <swp A, [ TT 1424y 12045 A 1
1<5<m

IT 14y,45 117214 A

1<j<m

V2|Ay,, Ay 12

Zj41 H

du(yj)dy(zj)dy(y;-)dy(z}).

Integrating with respect to z/ , will give a quantity depending on y/. but < M,
Integrating with respect to y,, will give a quantity depending on y,, but < M,
Integrating with respect to y,, will give a quantity depending on z,, but < M,
Integrating with respect to z,, will give a quantity depending on 2/, ; but < M,

and iterating this process up to j = 2, we get

ITicol™ < sup 4, M

x /K AL, Ay I AT, A2 Ay Ay 12 () (1) (9o (21,

< sup |4, || M*1u(K),

and taking the 2m-th root, letting m go to infinity, we obtain || Tk || < M?2. We consider

now ug € H and 6(y, z) mesurable with modulus one such that
<A UO,A UQ>9( ) = |<A Uo,A U/0>|
We have thus

M? |Jug||® > (Tug, uo) :/ (Ayuo, A ug)0(y, z)dv(y)dv(z)
K2

B /K2 |[(Ayuo, Azuo)|dv(y)dr(z)

and then (4.2.1), completing the proof of the lemma. [
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LEMMA 4.2.3. Let g be a positive definite quadratic form on R?"™ such that g < ¢°.
Let a be a smooth function in R*™ and U be a g-ball with radius < 1 such that a is

g-confined in U (see definition 3.2.1). Then
(422) l0® e zacany < CONalys ™.

ProoF. For k integer, we have

a(-2) = /a(X)(l + (g7 Dx, E)) e X Edx (14 (915, E) .
With X standing for the center of U, we have, with X’ € U,
1+ g(X — Xo) <1+29(X — X') +29(X" — Xo) <3+2¢7(X — X')

and consequently 1+ g(X — Xo) < 3(1+ ¢7(X — U)), so that

A(-B)| < (L4 (g7'55) " flall 2

X /(1 + g7 (X —U)) " ldX (ggTIE, g7 E)
< (L4 (g7 'E3) 7 lall 2 3 g ().

As a consequence, the L'-norm of a is bounded above by the rhs of (4.2.2), and using
the estimate (1.2.5) we get (4.2.2). O

PROOF OF THEOREM 4.2.1. It is now a simple matter to obtain the L?- boundedness.

We write
0 = [ aglgv]dy

and we note that from Lemma 4.2.3, supy |ap|| 2y < o0o0. Moreover, the estimate
(3.2.4) implies that, for all I,k = ki + ko,
(aytaz) T
1/2 o o o o —k/2
< Aralgy +92)(T)"2 (14 (9% A 95)(X = Uy) + (97 A 93)(X — Uz))
—ka/2

< Apagy (T)26,.(Y, Z2)NU5,.(Y, Z) 75 (1 + g3 (X — Uy))
< Agagy (T)2(1 + g3 (X — Uy)) /2

6.(Y, Z)Nokz
5,(Y, Z)Noka+Nol—ks
so that, for [, N, M given one can choose
ko =N, ki — NoN — Nol>M
and get that ayfay is gy-confined in Uy and with lemma 4.2.3,
1/2 1/2

max(|afal | Y2z, lafag |2 < Card(Y, 2)™

for all M. To conclude, we note that (3.1.5) implies that the assumptions of Lemma
4.2.2 are fulfilled. The proof of Theorem 4.2.1 is complete.
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