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1. Elementary Fourier analysis via wave packets

1.1. The Fourier transform of Gaussian functions. Let u be a function in the Schwartz
class of rapidly decreasing functions S(Rn): it means that u is a C∞ function on Rn such
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that for all multi-indices1 α, β

sup
x∈Rn

|xα∂β
xu(x)| = Cαβ <∞.

A simple example of such a function is e−|x|
2
, (|x| is the Euclidean norm of x) and more

generally if A is a symmetric positive definite n× n matrix the function

(1.1.1) v
A
(x) = e−π〈Ax,x〉

belongs to the Schwartz class. The Fourier transform of u is defined as

(1.1.2) û(ξ) =
∫

Rn

e−2iπx·ξu(x)dx.

It is an easy matter to check that the Fourier transform sends S(Rn) into itself2. Moreover,
for A as above, we have

(1.1.3) v̂A(ξ) = (detA)−1/2e−π〈A−1ξ,ξ〉.

In fact, diagonalizing the symmetric matrix A, it is enough to prove the one-dimensional
version of (1.1.3), i.e. to check∫

e−2iπxξe−πx2
dx =

∫
e−π(x+iξ)2dxe−πξ2

= e−πξ2
,

where the second equality can be obtained by taking the ξ-derivative of
∫
e−π(x+iξ)2dx.

Using (1.1.3) we calculate for u ∈ S(Rn) and ε > 0, dealing with absolutely converging
integrals,

uε(x) =
∫
e2iπxξû(ξ)e−πε2|ξ|2dξ

=
∫∫

e2iπxξe−πε2|ξ|2u(y)e−2iπyξdydξ

=
∫
u(y)e−πε−2|x−y|2ε−ndy

=
∫ (

u(x+ εy)− u(x)
)︸ ︷︷ ︸

with absolute value≤ε|y|‖u′‖L∞

e−π|y|2dy + u(x).

Taking the limit when ε goes to zero, we get the Fourier inversion formula

(1.1.4) u(x) =
∫
e2iπxξû(ξ)dξ.

So far we have just proved that the Fourier transform is an isomorphism of the Schwartz
class and provided an explicit inversion formula. This was devised to refresh our memory
on this topic and we want now to move forward with the definition of our wave packets.

1α = (α1, . . . , αn) ∈ Nn, xα = xα1
1 . . . xαn

n , β ∈ Nn, ∂β
x = ∂β1

x1 . . . ∂βn
xn .

2Just notice that

ξα∂β
ξ û(ξ) =

Z
e−2iπxξ∂α

x (xβu)(x)dx(2iπ)|β|−|α|(−1)|β|.
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1.2. Wave packets and the Poisson summation formula. We define for x ∈ Rn,
(y, η) ∈ Rn × Rn

(1.2.1) ϕy,η(x) = 2n/4e−π(x−y)2e2iπ(x−y)·η = 2n/4e−π(x−y−iη)2e−πη2

where for ζ = (ζ1, . . . , ζn) ∈ Cn, we set

(1.2.2) ζ2 =
∑

1≤j≤n

ζ2
j .

We note that the function ϕy,η is in S(Rn) and with L2 norm 1. In fact, ϕy,η appears as
a phase translation of a normalized Gaussian. The following lemma introduces the wave
packets transform as a Gabor wavelet.

Lemma 1.2.1. Let u be a function in the Schwartz class S(Rn). We define

Wu(y, η) = 〈u, ϕy,η〉L2(Rn) = 2n/4

∫
u(x)e−π(x−y)2e−2iπ(x−y)·ηdx

= 2n/4

∫
u(x)e−π(y−iη−x)2dxe−πη2

.(1.2.3)

For u ∈ L2(Rn), the function Tu defined by

(Tu)(y + iη) = eπη2
Wu(y,−η) = 2n/4

∫
u(x)e−π(y+iη−x)2dx

is an entire function. The mapping u 7→ Wu is continuous from S(Rn) to S(R2n) and
isometric from L2(Rn) to L2(R2n). Moreover, we have the reconstruction formula

(1.2.4) u(x) =
∫∫

Rn×Rn

Wu(y, η)ϕy,η(x)dydη.

Proof. For u in S(Rn), we have

Wu(y, η) = e2iπyηΩ̂
1
(η, y)

where Ω̂
1

is the Fourier transform with respect to the first variable of the S(R2n) function
Ω(x, y) = u(x)e−π(x−y)22n/4. Thus the function Wu belongs to S(R2n). It makes sense to
compute

2−n/2〈Wu,Wu〉L2(R2n) =

lim
ε→0+

∫
u(x1)u(x2)e−π[(x1−y)2+(x2−y)2+2i(x1−x2)η+ε2η2]dydηdx1dx2.
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Now the last integral on R4n converges absolutely and we can use the Fubini theorem.
Integrating with respect to η involves the Fourier transform of a Gaussian function and we
get ε−ne−πε−2(x1−x2)

2
. Since

2(x1 − y)2 + 2(x2 − y)2 = (x1 + x2 − 2y)2 + (x1 − x2)2,

integrating with respect to y yields a factor 2−n/2. We are left with

〈Wu,Wu〉L2(R2n) = lim
ε→0+

∫
u(x1) u(x2)e−π(x1−x2)

2/2ε−ne−πε−2(x1−x2)
2
dx1dx2.

Changing the variables, the integral is

lim
ε→0+

∫
u(s+ εt/2) u(s− εt/2)e−πε2t2/2e−πt2dtds = ‖u‖2L2(Rn)

by Lebesgue’s dominated convergence theorem: the triangle inequality and the estimate
|u(x)| ≤ C(1 + |x|)−n−1 imply, with v = u/C,

|v(s+ εt/2) v(s− εt/2)| ≤ (1 + |s+ εt/2|)−n−1(1 + |s+ εt/2|)−n−1

≤ (1 + |s+ εt/2|+ |s− εt/2|)−n−1

≤ (1 + 2|s|)−n−1.

Eventually, this proves that

(1.2.5) ‖Wu‖2L2(R2n) = ‖u‖2L2(Rn)

i.e.
W : L2(Rn) → L2(R2n) with W ∗W = idL2(Rn).

Noticing first that
∫∫

Wu(y, η)ϕy,ηdydη belongs to L2(Rn) (with a norm smaller than
‖Wu‖L1(R2n)) and applying Fubini’s theorem, we get from the polarization of (1.2.5) for
u, v ∈ S(Rn),

〈u, v〉L2(Rn) = 〈Wu,Wv〉L2(R2n)

=
∫∫

Wu(y, η)〈ϕy,η, v〉L2(Rn)dydη

=
〈∫∫

Wu(y, η)ϕy,ηdydη, v

〉
L2(Rn)

yielding the result of the lemma u =
∫∫

Wu(y, η)ϕy,ηdydη.

The following lemma is in fact the Poisson summation formula for Gaussian functions in
one dimension.
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Lemma 1.2.2. For all complex numbers z, the following series are absolutely converging
and

(1.2.6)
∑
m∈Z

e−π(z+m)2 =
∑
m∈Z

e−πm2
e2iπmz.

Proof. We set ω(z) =
∑

m∈Z e
−π(z+m)2 . The function ω is entire and 1-periodic since for all

m ∈ Z, z 7→ e−π(z+m)2 is entire and for R > 0

sup
|z|≤R

|e−π(z+m)2 | ≤ sup
|z|≤R

|e−πz2
|e−πm2

e2π|m|R ∈ l1(Z).

Consequently, for z ∈ R, we obtain, expanding ω in Fourier series3,

ω(z) =
∑
k∈Z

e2iπkz

∫ 1

0

ω(x)e−2iπkxdx.

We also check, using Fubini’s theorem on L1(0, 1)× l1(Z)∫ 1

0

ω(x)e−2iπkxdx =
∑
m∈Z

∫ 1

0

e−π(x+m)2e−2iπkxdx

=
∑
m∈Z

∫ m+1

m

e−πt2e−2iπktdt

=
∫

R
e−πt2e−2iπkt = e−πk2

.

So (1.2.6) is proved for real z and since both sides are entire functions, we conclude by
analytic continuation. �

It is now straightforward to get the n-th dimensional version of lemma 1.2.2: for all
z ∈ Cn, using the notation (1.2.2), we have

(1.2.7)
∑

m∈Zn

e−π(z+m)2 =
∑

m∈Zn

e−πm2
e2iπm·z.

3Note that we use this expansion only for a C∞ 1-periodic function. The proof is simple and requires only

to compute 1 + 2Re
P

1≤k≤N e2iπkx =
sin π(2N+1)x

sin πx
. Then one has to show that for a smooth 1-periodic

function ω such that ω(0) = 0,

lim
λ→+∞

Z 1

0

sin λx

sin πx
ω(x)dx = 0,

which is obvious since for a smooth ν (here we take ν(x) = ω(x)/ sin πx), |
R 1
0 ν(x)sin λxdx| = O(λ−1) by

integration by parts.
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Theorem 1.2.3. The Poisson summation formula. Let n be a positive integer and u
be a function in S(Rn). Then

(1.2.8)
∑

k∈Z n

u(k) =
∑

k∈Z n

û(k),

where û stands for the Fourier transform (1.1.2).

Proof. We write, according to (1.2.4) and to Fubini’s theorem

(1.2.9)

∑
k∈Z n

u(k) =
∑

k∈Z n

∫∫
Wu(y, η)ϕy,η(k)dydη

=
∫∫

Wu(y, η)
∑

k∈Z n

ϕy,η(k)dydη.

Now, (1.2.7), (1.2.1) and (1.1.3) give∑
k∈Z n

ϕy,η(k) =
∑

k∈Z n

ϕ̂y,η(k),

so that (1.2.9), (1.2.4) and Fubini’s theorem imply (1.2.8). �

It is a simple matter to introduce at this point the dual space of the Fréchet S(Rn), that
is the space S ′(Rn) of tempered distributions (the continuous linear forms on S(Rn)). We
can define the Fourier transform on S ′(Rn) by duality4:

(1.2.10) 〈T̂ , ϕ〉S′(Rn),S(Rn) = 〈T, ϕ̂〉S′(Rn),S(Rn),

so that the inversion formula (1.1.4) still holds for T ∈ S ′(Rn) and reads

T =
ˇ̂̂
T , with 〈Ť , ϕ〉 = 〈T, ϕ̌〉, ϕ̌(x) = ϕ(−x).

Using duality, it is a matter of routine left to the reader to give a version of lemma 1.2.1
for tempered distributions. Now theorem 1.2.3 can be given a more compact version saying
that the tempered distribution D0 =

∑
k∈Zn δk is such that D̂0 = D0.

We shall need as well a parametric version of wave packets, and we state here a lemma
analogous to lemma 1.2.1, whose proof is left to the reader.

1.3. Toeplitz operators. We define for x ∈ Rn, (λ, y, η) ∈ R∗
+ × Rn × Rn,

(1.3.1) ϕλ
y,η(x) = (2λ)n/4e−πλ(x−y)2e2iπ(x−y)·η = (2λ)n/4e−πλ(x−y−iλ−1η)2e−πλ−1η2

.

We note that the function ϕλ
y,η is in S(Rn) and with L2 norm 1.

4In the formula below, we deal with real duality, so that, if T, ϕ are in L2(Rn), 〈T, ϕ〉S′(Rn),S(Rn) =

〈T, ϕ〉L2(Rn).
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Lemma 1.3.1. Let u be a function in the Schwartz class S(Rn). We define, for (λ, y, η) ∈
R∗

+ × Rn × Rn,

Wλu(y, η) = 〈u, ϕλ
y,η〉L2(Rn) = (2λ)n/4

∫
u(x)e−λπ(x−y)2e−2iπ(x−y)·ηdx

= (2λ)n/4

∫
u(x)e−πλ(y−iλ−1η−x)2dxe−πλ−1η2

.(1.3.2)

For u ∈ L2(Rn), the function Tλu defined by

(1.3.3) (Tλu)(y + iη) = λ−n/4eπλη2
Wλu(y,−λη) = 2n/4

∫
u(x)e−πλ(y+iη−x)2dx

is an entire function. The mapping u 7→ Wλu is continuous from S(Rn) to S(R2n) and
isometric from L2(Rn) to L2(R2n). Moreover, we have the reconstruction formula for each
positive λ,

(1.3.4) u(x) =
∫∫

Rn×Rn

Wλu(y, η)ϕλ
y,η(x)dydη.

We shall see in the sequel that the actual rôle of the Gaussian functions is in fact quite
limited, except for the very explicit inversion formulas, essentially due to (1.1.3).

2. On the Weyl calculus of pseudodifferential operators

2.1. A few classical facts. Let a(x, ξ) be a classical Hamiltonian defined on Rn × Rn.
The Weyl quantization rule associates to this function the operator aw defined on functions
u(x) as

(2.1.1) (awu)(x)=
∫∫

e2iπ(x−y)·ξ a(
x+ y

2
, ξ) u(y)dydξ.

For instance we have (x · ξ)w = (x ·Dx +Dx · x)/2, with Dx = 1
2iπ

∂
∂x whereas the ordinary

quantization rule would map the Hamiltonian x · ξ to the operator x ·Dx. A nice feature of
the Weyl quantization rule, introduced in 1928 by Hermann Weyl in [Wy], is the fact that
real Hamiltonians get quantized by (formally) self-adjoint operators. Let us recall that the
classical quantization of the Hamiltonian a(x, ξ) is given by the operator Op(a) acting on
functions u(x) by

(2.1.2) (Op(a)u) (x) =
∫
e2iπx·ξ a(x, ξ) û(ξ)dξ.

In fact, introducing the following one-parameter group J t = exp 2iπtDx ·Dξ, given by the
integral formula

(J ta)(x, ξ) = |t|−n

∫∫
e−2iπt−1y·ηa(x+ y, ξ + η)dydη,
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we see that (
Op(J ta)u

)
(x)=

∫∫
e2iπ(x−y)·ξ a

(
(1− t)x+ ty, ξ

)
u(y)dydξ.

In particular one gets aw = Op(J1/2a). Moreover since
(
Op(a)

)∗ = Op(Jā) we obtain

(aw)∗ = Op(J(J1/2a)) = Op(J1/2ā) = (ā)w,

yielding formal self-adjointness for real a.

Remark 2.1.1. Many other formulas of quantization yielding formal selfadjointness for real
Hamiltonians have been used, e.g. the Feynman quantization a 7→ aF defined by

(aFu)(x) =
∫∫

1
2
(
a(x, ξ) + a(y, ξ)

)
e2iπ(x−y)·ξu(y)dydξ.

Using the previous notations we see that 2aF = Op(a) + Op(Ja), so that(
2aF

)∗ = Op(Jā) + Op(J Ja) = Op(Jā) + Op(ā) = 2āF

and for a real-valued,
(
aF

)∗ = aF . However, we shall see in section 2.2 that the important
property of symplectic invariance is true for the Weyl quantization and fails for the Feynman
and the ordinary quantizations. Since it turns out that this symplectic invariance is actually
a very important property, we shall stick with the Weyl quantization as our quantization of
reference.

Formula (2.1.1) can be written as

(2.1.3) (awu, v) =
∫∫

a(x, ξ)H(u, v)(x, ξ)dxdξ,

where the Wigner function H is defined as

(2.1.4) H(u, v)(x, ξ) =
∫
u(x+

y

2
)v̄(x− y

2
)e−2iπy·ξdy.

The mapping (u, v) 7→ H(u, v) is sesquilinear continuous from S(Rn)× S(Rn) to S(R2n) so
that aw makes sense for a ∈ S ′(R2n) (here u, v ∈ S(Rn) and S∗ stands for the antidual):

〈awu, v〉S∗(Rn),S(Rn) = 〈a,H(u, v)〉S′(R2n),S(R2n).

The Wigner function also satisfies, since H(u, v) is the partial Fourier transform of the
function (x, y) 7→ u(x+ y/2)v̄(x− y/2),

‖H(u, v)‖L2(R2n) = ‖u‖L2(Rn) ‖v‖L2(Rn) ,

H(u, v)(x, ξ) = 2n〈σx,ξu, v〉L2(Rn),(2.1.5)

with (σx,ξu)(y) = u(2x− y) exp−4iπ(x− y) · ξ.
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and the phase symmetries σX are unitary and selfadjoint operators on L2(Rn). We have
also ([Un], [Wy]),

(2.1.6) aw =
∫

R2n

a(X)2nσXdX =
∫

R2n

â(Ξ) exp(2iπΞ ·M)dΞ,

where Ξ ·M = x̂ · x+ ξ̂ ·Dx (here Ξ = (x̂, ξ̂)). These formulas give in particular

(2.1.7) ‖aw‖L(L2) ≤ min(2n ‖a‖L1(R2n) , ‖â‖L1(R2n)),

where L(L2) stands for the space of bounded linear maps from L2(Rn) into itself.

2.2. Symplectic invariance. As shown below, the symplectic invariance of the Weyl
quantization is actually its most important property. Let us consider a finite dimensional
real vector space E (the configuration space Rn

x) and its dual space E∗ (the momentum
space Rn

ξ ). The phase space is defined as Φ = E ⊕E∗ ; its running point will be denoted in
general by a capital letter (X = (x, ξ), Y = (y, η)). The symplectic form on Φ is given by

(2.2.1) [(x, ξ), (y, η)] = 〈ξ, y〉E∗,E − 〈η, x〉E∗,E ,

where 〈·, ·〉E∗,E stands for the bracket of duality. The symplectic group is the subgroup of
the linear group of Φ preserving (2.2.1). With

σ =
(

0 Id(E∗)
−Id(E) 0

)
,

we have for X,Y ∈ Φ, [X,Y ] = 〈σX, Y 〉Φ∗,Φ, so that the equation of the symplectic group is
A∗σA = σ. One can describe a set of generators for the symplectic group Sp(n), identifying
Φ with Rn

x × Rn
ξ : the mappings

(x, ξ) 7→ (Tx,t T−1ξ), where T is an automorphism of E,(i)

(xk, ξk) 7→ (ξk ,−xk), and the other coordinates fixed,(ii)

(x, ξ) 7→ (x, ξ + Sx), where S is symmetric from E to E∗.(iii)

We then describe the metaplectic group, introduced by André Weil [Wi]. The metaplectic
group Mp(n) is the subgroup of the group of unitary transformations of L2(Rn) generated
by

(MTu)(x) = |detT |−1/2u(T−1x), where T is an automorphism of E,(j)

Partial Fourier transformation, with respect to xk for k = 1, . . . , n,(jj)

Multiplication by exp(iπ〈Sx, x〉), where S is symmetric from E to E∗.(jjj)
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There exists a two-fold covering (the π1 of both Mp(n) and Sp(n) is Z)

π : Mp(n) → Sp(n)

such that, if χ = π(M) and u, v are in L2(Rn), H(u, v) is their Wigner function,

H(Mu,Mv) = H(u, v) ◦ χ−1.

This is Segal formula [Se] which could be rephrased as follows. Let a ∈ S ′(R2n) and χ ∈
Sp(n). There exists M in the fiber of χ such that

(2.2.2) (a ◦ χ)w = M∗awM.

In particular, the images by π of the transformations (j), (jj), (jjj) are respectively (i), (ii),
(iii). Moreover, if χ is the phase translation, χ(x, ξ) = (x + x0, ξ + ξ0), (2.2.2) is fulfilled
with M = τx0,ξ0 , the phase translation given by

(τx0,ξ0u)(y) = u(y − x0) e2iπ〈y− x0
2 ,ξ0〉.

If χ is the symmetry with respect to (x0, ξ0), M in (2.2.2) is, up to a unit factor, the phase
symmetry σx0,ξ0 defined above.

Remark 2.2.1. Going back to the remark 2.1.1 on the Feynman quantization, let us prove
that this quantization is not invariant by the symplectic group: we assume that n = 1 and
consider the symplectic mapping χ(x, ξ) = (x, ξ + Sx) where S is a non-zero real number.
We shall prove now that one can find some a ∈ S(R2n) such that

(a ◦ χ)F 6= M∗aFM,

where M is the unitary transformation of L2(R) given by (Mu)(x) = eiπSx2
u(x). We

compute

2〈(a ◦ χ)Fu, v〉 =
∫
e2iπ(x−y)ξ

(
a(x, ξ + Sx) + a(y, ξ + Sy)

)
u(y)v(x)dydxdξ

=
∫
e2iπ(x−y)(ξ−Sx)a(x, ξ)u(y)v(x)dydxdξ +

∫
e2iπ(x−y)(ξ−Sy)a(y, ξ)u(y)v(x)dydxdξ

=
∫
e2iπ(x−y)ξ

(
a(x, ξ)e−iπS(x−y)2 + a(y, ξ)eiπS(x−y)2

)
(Mu)(y)(Mv)(x)dydxdξ

so that (a ◦ χ)F = M∗KM where the kernel k of the operator K is given by

2k(x, y) = â2(x, y − x)e−iπS(x−y)2 + â2(y, y − x)eiπS(x−y)2 .

On the other hand the kernel l of the operator aF is given by

2l(x, y) = â2(x, y − x) + â2(y, y − x).

Checking the case S = 1, a(x, ξ) = e−π(x2+ξ2), we see that

2k(1, 0) = −e−2π − e−π, 2l(1, 0) = e−2π + e−π,

proving that K 6= aF and the sought result.
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2.3. Composition formulas. We have the following composition formula awbw = (a]b)w

with

(2.3.1) (a]b)(X) = 22n

∫∫
e−4iπ[X−Y,X−Z]a(Y )b(Z)dY dZ,

with an integral on R2n × R2n. We can compare this with the ordinary composition formula,

Op(a)Op(b) = Op(a ◦ b)

(cf.(2.1.2)) with

(2.3.2) (a ◦ b)(x, ξ) =
∫∫

e−2iπy·ηa(x, ξ + η)b(y + x, ξ)dydη,

with an integral on Rn × Rn. It is convenient to give an asymptotic version of these compo-
sitions formulae, e.g. in the semi-classical5 case. Let m be a real number. A smooth function
a(x, ξ, λ) defined on Rn

x × Rn
ξ × [1,+∞) is in the symbol class Sm

scl if for any multi-indices
(α, β), we have

(2.3.3) γαβ(a) = sup
(x,ξ)∈R2n,λ≥1

|Dα
xD

β
ξ a(x, ξ, λ)|λ−m+|β| <∞.

Then one has for a ∈ Sm1
scl and b ∈ Sm2

scl , the expansion

(2.3.4) (a]b)(x, ξ) =
∑

0≤k<N

2−k
∑

|α|+|β|=k

(−1)|β|

α!β!
Dα

ξ ∂
β
xa D

β
ξ ∂

α
x b+ rN (a, b),

with rN (a, b) ∈ Sm1+m2−N
scl . The beginning of this expansion is thus ab+ 1

2ι{a, b}, where

{a, b} =
∑

1≤j≤n

∂ξja ∂xj b− ∂xja ∂ξj b

is the Poisson bracket and ι = 2πi. The sums inside (2.3.4) with k even are symmetric in
a, b and skew-symmetric for k odd. This can be compared to the classical expansion formula

(2.3.5) (a ◦ b)(x, ξ) =
∑
|α|<N

1
α!
Dα

ξ a ∂
α
x b+ tN (a, b),

with tN (a, b) ∈ Sm1+m2−N
scl .

Theorem 2.3.1. Let m be a real number and a(x, ξ, λ) be in Sm
scl. Then the operator awλ−m

is bounded on L2(Rn) with a norm bounded above by a semi-norm (2.3.3) of a.

This theorem is a consequence of the much more general

5We use a large parameter λ instead of a small Planck constant h. Writing λ = 1/h will give back the

more familiar picture.
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Lemma 2.3.2. Let b(x, ξ) be a function defined on R2n, bounded as well as all its deriva-
tives. Then the operators aw,Op(a),Op(J ta) are bounded on L2(Rn).

Proof. Let us check the classical quantization with u, v ∈ S(Rn), assuming that b ∈ C∞c (R2n)

〈b(x,D)u, v〉 =
∫
e2iπ(x−y)ξb(x, ξ)u(y)v̂(η)e−2iπxηdηdydxdξ.

Integrating by parts with respect to x gives with a polynomial P

P (Dx)
(
e2iπx(ξ−η)

)
= e2iπx(ξ−η)P (ξ − η),

so that with Pk(ξ) = (1 + |ξ|2)k/2 for k ∈ 2N, we get

〈b(x,D)u, v〉 =
∫
e2iπ(x−y)ξPk(ξ − η)−1(Pk(Dx)b)(x, ξ)u(y)v̂(η)e−2iπxηdηdydxdξ.

Now we integrate by parts with respect to ξ so that 〈b(x,D)u, v〉 =∫
e2iπ(x−y)ξPk(x− y)−1Pk(Dξ)

(
Pk(ξ − η)−1(Pk(Dx)b)

)
(x, ξ)u(y)v̂(η)e−2iπxηdηdydxdξ.

As a result we obtain that 〈b(x,D)u, v〉 =∑
l

∫
e2iπ(x−y)ξPk(x− y)−1ϕl(ξ − η)bkl(x, ξ)u(y)v̂(η)e−2iπxηdηdydxdξ,

where the sum is finite, |ϕl(ζ)| ≤ (1 + |ζ|)−k, bkl = ∂α
x ∂

β
ξ b, with |α| ≤ k, |β| ≤ k. We get

that 〈b(x,D)u, v〉 is a finite sum of terms of type
(2.3.6)∫∫

e2iπxξbkl(x, ξ)︸ ︷︷ ︸
bounded

(∫
e−2iπyξPk(x− y)−1u(y)dy

) (∫
ϕl(ξ − η)v̂(η)e−2iπxηdη

)
dxdξ.

Assuming that k > n/2, we get that Pk and ϕl are in L2(Rn). It is then enough to check
that

(2.3.7)
∥∥∥∥∫

e−2iπyξPk(x− y)−1u(y)dy
∥∥∥∥

L2(R2n
x,ξ)

≤ C ‖u‖L2(Rn) .

In fact, using (2.3.7) we will get from the Cauchy-Schwarz inequality in L2(R2n) that (2.3.6)
is bounded above by C ′ ‖u‖L2(Rn) ‖v‖L2(Rn), which gives the result of the lemma. Finally,
we have to verify (2.3.7), which is indeed obvious since the integral inside the norm on the
lhs of (2.3.7) is the partial Fourier transform of the L2(R2n

x,y) function Pk(x− y)u(y) whose
L2 norm is

∥∥P−1
k

∥∥
L2(Rn)

‖u‖L2(Rn). �

Remark 2.3.3. The reader may have noticed that this quite original method of proof, due
to I.L.Hwang [Hw], is also giving the sharp number of derivatives, as proven in [CM] and in
particular the result

‖Op(a)‖L(L2(Rn)) ≤ C(n) sup
(x,ξ)∈R2n

|α|≤[n/2]+1,|β|≤[n/2]+1

|∂α
x ∂

β
ξ a(x, ξ)|

where [x] stands for the largest integer ≤ x and C(n) depends only on the dimension n.
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3. Definition and first properties of the Wick quantization

3.1. Definitions. Let us consider a symplectic vector space Φ, i.e. a finite dimensional
real vector space equipped with a nondegenerate alternate bilinear form σ. The form σ can
be identified to an isomorphism

σ : Φ → Φ∗, σ∗ = −σ, the form is 〈σX, Y 〉Φ∗,Φ.

Then the dimension of Φ is even: take e1 a nonzero vector in Φ and define ε1 = σ−1e∗1 where
e∗1 ∈ Φ∗ is such that 〈e∗1, e1〉Φ∗,Φ = 1. We have thus

〈σε1, e1〉Φ∗,Φ = 〈e∗1, e1〉Φ∗,Φ = 1.

Let us now consider the vector space V(ε1, e1): since the form is alternate, this is a plane
(ε1 cannot be proportional to e1 and satisfy 〈σε1, e1〉 = 1 ) and its symplectic orthogonal
Ψ = V(ε1, e1)σ has dimension dim Φ− 2 (σ is nondegenerate); now we can restrict the form
σ to Ψ. It is of course bilinear alternate; let us check that it is nondegenerate. Assuming
σ(X,Y ) = 0 for some X ∈ Ψ and all Y ∈ Ψ, we get also since X ∈ V(ε1, e1)σ

σ(X, e1) = σ(X, ε1) = 0

so that X is σ-orthogonal to Φ and thus is zero. Using an induction on the dimension, we
can indeed find a symplectic basis that is a basis ε1, e1, . . . , εn, en, such that

〈σεj , ek〉 = δj,k, 〈σεj , εk〉 = 〈σej , ek〉 = 0.

Writing X =
∑

1≤j≤n ξj ~εj + xj ~ej , Y =
∑

1≤j≤n ηj ~εj + yj ~ej we get back to the familiar

[X,Y ] = ξ · y − η · x, or σ =
∑

j

dξj ∧ dxj .

Let us now assume that our symplectic vector space Φ is equipped with a positive definite
quadratic form Q. The form σ can be identified to a skew-symmetric isomorphism A of the
Q-Euclidean Φ, via the identity Q(AX,Y ) = 〈σX, Y 〉Φ∗,Φ, and this formula implies that

Q(X,AY ) = Q(AY,X) = 〈σY,X〉Φ∗,Φ = −〈σX, Y 〉Φ∗,Φ = −Q(AX,Y )

so that A∗ = −A (duality induced by Q). As a consequence the spectrum of A is purely
imaginary and there exist X1, X2 ∈ Φ, λ ∈ R∗, such that (X1, X2) 6= (0, 0) and

A(X1 + iX2) = iλ(X1 + iX2), i.e. AX1 = −λX2, AX2 = λX1.
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This implies that λQ(X1, X2) = Q(AX2, X2) = 0 = Q(X1, X2), so the vectors X1, X2 are
Q-orthogonal and independent (X2 = αX1 would imply αAX1 = λX1 and λQ(X1, X1) = 0,
i.e. X1 = 0 = X2). Moreover the plane V(X1, X2) is invariant by A and its Q-orthogonal
(the X such that Q(X,X1) = Q(X,X2) = 0) coincides with its symplectic orthogonal (the
X such that Q(AX,X1) = Q(AX,X2) = 0), so that V(X1, X2)⊥Q is also invariant by A.
Using an induction on the dimension, we can find a symplectic basis ε1, e1, . . . , εn, en, which
is also orthogonal for Q, whose expression will be

(3.1.1)
∑

1≤j≤n

λj(ξ2j + x2
j ), λj > 0.

A more concise argument (in fact the same) for this simultaneous diagonalization is that
the Hermitian form iσ can be diagonalized in the complex vector space equipped with the
dot product Q. From this short discussion, we have to keep in mind that a positive definite
quadratic form can be reduced to (3.1.1), via a suitable choice of symplectic coordinates. In
the case of a semi-definite quadratic form or in the hyperbolic case, some normal forms are
known but the discussion is much more involved; we refer the reader to the section 21.5 of
[H2] and to the theorem 21.5.3 there.

Let Γ be an Euclidean norm on R2n, identified with a 2n × 2n symmetric matrix ; we

define Γσ = σ∗Γ−1σ, where σ =
(

0 In
−In 0

)
. We shall say that Γ is a symplectic norm

whenever Γ = Γσ. The basic examples of symplectic norms that we are going to use are

(3.1.2) Γλ = λ|dx|2 +
|dξ|2

λ
=

(
λIn 0
0 λ−1In

)
,

where λ is a positive parameter. Our construction of the Wick quantization could be carried
out for any symplectic norm, however, for simplicity, we shall limit ourselves to the norms
(3.1.2). The following definition contains also some classical properties.

Definition 3.1.1. Let Y = (y, η) be a point in R2n and λ > 0. We define first the operator

Σλ
Y =

[
2ne−2πΓλ(·−Y )

]w
.(3.1.3)

This is a rank-one orthogonal projection: using the notations (1.3.1-2), we have

(3.1.4) Σλ
Y u = (Wλu)(Y )ϕλ

Y = 〈u, ϕλ
Y 〉L2(Rn)ϕ

λ
Y .

Let a be in L∞(R2n). The Wick(λ) quantization of a is defined as

(3.1.5) aWick(λ) =
∫

R2n

a(Y )Σλ
Y dY.

To check (3.1.3), starting from (3.1.4) is an easy exercise on the Weyl quantization left
to the reader.
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Proposition 3.1.2. Let λ be a positive number and a be in L∞(R2n). Then

(3.1.6) aWick(λ) = W ∗
λa

µWλ, 1Wick(λ) = IdL2(Rn)

where Wλ is the isometric mapping from L2(Rn) to L2(R2n) given in (1.3.2), and aµ the
operator of multiplication by a in L2(R2n). The operator πHλ

= WλW
∗
λ is the orthogonal

projection on a closed proper subspace Hλ of L2(R2n). Moreover, we have

‖aWick(λ)‖L(L2(Rn)) ≤ ‖a‖L∞(R2n) ,(3.1.7)

a(X) ≥ 0 =⇒ aWick(λ) ≥ 0,(3.1.8) ∥∥Σλ
Y Σλ

Z

∥∥
L(L2(Rn))

≤ 2ne−
π
2 Γλ(Y−Z).(3.1.9)

Moreover the kernel of πH = π1
H is e−

π
2 ‖X−Y ‖2e−iπ[X,Y ], [X,Y ] = 〈σX, Y 〉.

Proof. Here we assume that λ = 1 and omit the indexation by λ. The calculations are
analogous for other positive values of λ. The first properties and (3.1.8) are immediate
consequences of lemma 1.3.1. The operator πH is an orthogonal projection on its range,
which is the same as the range of W and the latter is closed since W is isometric. On
the other hand, πH is not onto, otherwise πH would be the identity of L2(R2n) and for all
u ∈ S(Rn), we would have

‖u‖2L2(Rn) = 2Re〈Dx1u, ix1u〉L2(Rn) = 2 Re〈ξWick
1 u, ixWick

1 u〉L2(Rn)

= 2 Re〈ξ1Wu, iπHx1Wu〉L2(R2n) = 2Re〈ξ1Wu, ix1Wu〉L2(R2n) = 0.

Now, with L2(Rn) dot-products, we have

|〈aWicku, v〉| =
∣∣∣∣∫

R2n

a(Y )〈ΣY u, v〉dY
∣∣∣∣ =

∣∣∣∣∫
R2n

a(Y )〈ΣY u,ΣY v〉dY
∣∣∣∣

≤ ‖a‖L∞(R2n)

∫
R2n

‖ΣY u‖L2(Rn) ‖ΣY v‖L2(Rn) dY

≤ ‖a‖L∞(R2n)

(∫
R2n

‖ΣY u‖2L2(Rn) dY

)1/2 (∫
R2n

‖ΣY v‖2L2(Rn) dY

)1/2

= ‖a‖L∞(R2n) ‖u‖L2(Rn) ‖v‖L2(Rn) ,

yielding (3.1.7). For Y, Z ∈ R2n a straightforward computation shows that the Weyl symbol
of ΣY ΣZ is, as a function of the variable X ∈ R2n, setting Γ1(T ) = |T |2

e−
π
2 |Y−Z|2e−2iπ[X−Y,X−Z]2ne−2π|X−Y +Z

2 |2 .

Since for the Weyl quantization, one has ‖aw‖L(L2(Rn)) ≤ 2n ‖a‖L1(R2n) , we get the result
(3.1.9). The very last assertion is left as an (easy) exercise for the reader. �
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Remark. The positivity property (3.1.8) is not satisfied for the Weyl quantization since the
Wigner function H(u, u) (see (2.1.4)) is not always non-negative, although it is actually
positive if u is a Gaussian function. We leave to the reader the computation of

H(u1, u1)(x, ξ) = 4π2ne−2π(|x|2+|ξ|2)(ξ21 + x2
1 −

1
4π

), u1(x) = 2n/4x12π1/2e−π|x|2 .

which is negative in a neighborhood V of the origin. Now, choosing a non-negative a(x, ξ) ∈
C∞c (V ) and using (2.1.3) we get 〈awu1, u1〉 < 0. On the other hand we have the familiar

H(u0, u0)(x, ξ) = 2ne−2π(|x|2+|ξ|2), u0(x) = 2n/4e−π|x|2 .

3.2. The G̊arding inequality with gain of one derivative.

Proposition 3.2.1. Let m be a real number and p(x, ξ, λ) be a symbol in Sm
scl (see (2.3.3)).

Then

(3.2.1) pWick(λ) = pw + r(p)w,

with r(p) ∈ Sm−1
scl so that the mapping p 7→ r(p) is continuous. Moreover, r(p) = 0 if p is a

linear form or a constant.

Proof. From the definition 3.1.1, one has pWick(λ) = p̃w, with

(3.2.2) p̃(X) =
∫

R2n

p(X + Y ) e−2πΓλ(Y )2ndY

= p(X) +
∫ 1

0

∫
R2n

(1− θ)p′′(X + θY )Y 2e−2πΓλ(Y )2ndY dθ.︸ ︷︷ ︸
r(p)(X)

We note now that the estimates (2.3.3) of Sm
scl on p are equivalent to

|p(k)(X)T k| ≤ Ckλ
m− k

2 Γλ(T )
k
2 or |p(k)(X)|Γλ

≤ Ckλ
m− k

2 .

Thus we get

|r(p)(k)(X)|Γλ
≤ Ck+2λ

m− k+2
2

∫
R2n

Γλ(Y )e−2πΓλ(Y )2n−1dY,

and since det(Γλ) = 1, the integral above is a constant and this implies that r ∈ Sm−1
scl .

The last point in the proposition follows from the formula (3.2.2) showing that r(p) depends
linearly on p′′. �

Remark. For further understanding of our results, it would be better to use symbol classes
defined by a metric in the phase space, as introduced in the chapter 18 of [H2]. As we have
seen above,

Sm
scl = S(λm, λ−1Γλ),
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that is symbols such that

|a(k)(X)T k| ≤ γk(a)λm− k
2 Γλ(T )

k
2 ,

or more accurately, for all k ∈ N,

γk(a) = sup
X∈R2n,λ≥1,

T∈R2n,Γλ(T )=1

|a(k)(X)T k|λ−m+ k
2 < +∞.

The following theorem was proven in 1966 by L.Hörmander and a generalization to sys-
tems was given the same year by P.Lax & L.Nirenberg. The reader can check the theorem
18.6.14 in [H2] for a (much) wider generalization of this statement. The name given to this
inequality by the aforementioned authors was “Sharp G̊arding inequality”, a terminology
that may look inappropriate nowadays since, in the scalar case, a drastic improvement of
that sharpness was given in 1978 by C.Fefferman & D.H.Phong in [FP] (see our section 5
below). However, in the vector-valued case, the Fefferman-Phong inequality is not true in
general, as observed in [Br]; a class of counterexamples were studied more systematically in
[Pa].

Theorem 3.2.2. Let a(x, ξ, λ) be a symbol in S1
scl (cf. (2.3.3)), taking nonnegative values.

Then the operator aw is semi-bounded from below in L2(Rn), and more precisely, there exists
a semi-norm γαβ(a) of a and a constant Cn, depending only on the dimension such that

(3.2.3) aw + Cnγαβ(a) ≥ 0, as an operator.

Proof. It appears as an immediate consequence of the propositions 3.2.1 and of (3.1.8): we
have from (3.2.1)

aw = aWick(λ)−r(a)w, r(a) ∈ S0
scl thus −r(a)w ∈ L(L2(Rn)) ,

and from (3.1.8) aWick(λ) ≥ 0, yielding the result. �

3.3. Variations. In this section, we show that using the method of proof of the theorem
18.1.14 in [H2], we can in fact obtain a stronger result than the theorem 3.2.2.

Let φ(x, ξ) an even L2 function on R2n with L2 norm 1. We define, using (2.3.2), Ψ =
φ∗ ◦φ, with φ∗ standing for the standard symbol of the adjoint. We note that Ψ is even and
that

(3.3.1)
∫∫

Ψ(x, ξ)dx = 1.
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In fact, we have

Ψ(x, ξ) =
∫∫

φ∗(x, ξ + η)φ(x+ y, ξ)e−2iπyηdydη

=
∫∫∫∫

φ̄(x+ z, ζ + ξ + η)e−2iπzζφ(x+ y, ξ)e−2iπyηdzdydζdη

=
∫∫∫∫

φ̄(x+ z, ξ + η)e−2iπzζφ(x+ y, ξ)e−2iπy(η−ζ)dzdydζdη

=
∫∫∫∫

φ̄(z, η)e−2iπ(z−x)ζφ(y, ξ)e−2iπ(y−x)(η−ζ−ξ)dzdydζdη

=
∫∫

φ̄(y, η)φ(y, ξ)e−2iπ(y−x)(η−ξ)dydη,

and since φ is even we obtain

Ψ(−x,−ξ) =
∫∫

φ̄(y, η)φ(y,−ξ)e−2iπ(y+x)(η+ξ)dydη

=
∫∫

φ̄(−y,−η)φ(−y,−ξ)e−2iπ(−y+x)(−η+ξ)dydη

=
∫∫

φ̄(y, η)φ(y, ξ)e−2iπ(y−x)(η−ξ)dydη = Ψ(x, ξ).

Moreover we have∫∫
Ψ(x, ξ)dxdξ =

∫∫∫∫
φ̄(y, η)φ(y, ξ)e−2iπ(y−x)(η−ξ)dydxdηdξ

=
∫∫

φ̄(y, ξ)φ(y, ξ)dydξ = 1.

We consider now the symbol a[ defined by

a[(x, ξ) =
∫∫

a(x+ y, ξ + η)Ψ(y, η)dydη =
∫∫

a(y, η)Ψ(x− y, ξ − η)dydη.

(3.3.2)

Recalling the definition of section 2.2, we use the phase translation

(τy,ηu)(x) = u(x− y)e2iπ(x− y
2 )η, so that τ∗y,η = τ−y,−η

and we get

(3.3.3) 0 ≤ τy,ηOp(φ∗(x, ξ))Op(φ(x, ξ))τ∗y,η = τy,ηOp(Ψ(x, ξ))τ∗y,η

= Op((x, ξ) 7→ Ψ(x− y, ξ − η)),
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since

(τy,ηOp(Ψ(x, ξ))τ∗y,ηu)(x) = e2iπ(x− y
2 )η

∫
Ψ(x− y, ξ)e2iπ(x−y)ξ τ̂∗y,ηu(ξ)dξ

= e2iπ(x− y
2 )η

∫∫
Ψ(x− y, ξ)e2iπ(x−y−z)ξ(τ∗y,ηu)(z)dzdξ

= e2iπ(x− y
2 )η

∫∫
Ψ(x− y, ξ)e2iπ(x−y−z)ξu(z + y)e−2iπ(z+ y

2 )ηdzdξ

= e2iπ(x− y
2 )η

∫∫
Ψ(x− y, ξ)e2iπ(x−z)ξu(z)e−2iπ(z− y

2 )ηdzdξ

=
∫∫

Ψ(x− y, ξ)e2iπ(x−z)(ξ+η)u(z)dzdξ

=
∫∫

Ψ(x− y, ξ − η)e2iπ(x−z)ξu(z)dzdξ

=
∫

Ψ(x− y, ξ − η)e2iπxξû(ξ)dξ

=
(
Op((x, ξ) 7→ Ψ(x− y, ξ − η))u

)
(x).

From (3.3.2) and a ≥ 0, we get

(3.3.4) Op(a[) =
∫∫

a(y, η)Op(Ψ(x− y, ξ − η))dydη ≥ 0, as an operator.

Lemma 3.3.1. Let a be a function defined on R2n such that a′′ ∈ S0
0,0 (smooth bounded

functions as well as all their derivatives). Then with a[ defined in (3.3.2), a− a[ belongs to
S0

0,0.

Proof. We have

2a[(x, ξ)− 2a(x, ξ) =
∫∫ (

a(x+ y, ξ + η) + a(x− y, ξ − η)− 2a(x, ξ)
)
Ψ(y, η)dydη

=
∫∫

a[2]
y,η(x, ξ)Ψ(y, η)dydη,

with

a
[2]
Y (X) =

∫ 1

−1

(1− |θ|)a′′(X + θY )Y 2dθ, Y = (y, η), X = (x, ξ),

a symbol which belongs to S0
0,0 with semi-norms controlled by semi-norms of a′′× |Y |2. We

have

2a[(X)− 2a(X) =
∫ 1

−1

∫
R2n

(1− |θ|)a′′(X + θY )Y 2Ψ(Y )dY dθ.

We may also assume that Ψ belongs to L1(R2n) and is rapidly decreasing, entailing that for
all semi-norms γ in S0

0,0,

γ(a[ − a) ≤
∫∫

γ(a[2]
y,η)|Ψ(y, η)|dydη <∞. �

As a consequence, we get the
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Theorem 3.3.2. Let a be a nonnegative function defined on R2n such that the Hessian
a′′ ∈ S0

0,0. Then the operators aw and Re(a(x,D)) are semi-bounded from below.

Proof. We have from the lemma 3.3.1 and the lemma 2.3.2

Op(a) ∈ Op(a[) + Op(S0
0,0) ⊂ Op(a[) + L(L2(Rn)),

so that using (3.3.4), we get that Re Op(a) is semi-bounded from below. We can also change
the quantization and consider a symbol a satisfying the assumptions of the theorem 3.3.2:
with aw = Op(J1/2a), we see from our section 2.1 that J1/2a ∈ a+ iπDx ·Dξa+S0

0,0 so that

aw ∈ Op(a) + Op(iπDx ·Dξa) + L(L2(Rn))

and taking real parts of the operators we have

(3.3.5) aw ∈ Re Op(a) + Re Op(iπDx ·Dξa) + L(L2(Rn)).

We check now, using that a is real-valued (entailing iπDx ·Dξa ∈ iR),

2 Re Op(iπDx ·Dξa) = Op(iπDx ·Dξa+ JiπDx ·Dξa) = Op((Id−J)iπDx ·Dξa)

which belongs to Op(S0
0,0). As a consequence, (3.3.5) is giving that aw is semi-bounded from

below since Re Op(a) is already proven so. �

It is interesting to see that the non-asymptotic result of theorem 3.3.2 implies the asymp-
totic statement of theorem 3.2.2; as a matter of fact, if we consider a nonnegative symbol
a(x, ξ, λ) in S1

scl, the operator a(x, ξ, λ)w is unitarily equivalent to a(xλ−1/2, ξλ1/2, λ)w and
from the estimates (2.3.3), we get that the nonnegative symbol

b(x, ξ) = a(xλ−1/2, ξλ1/2, λ)

satisfies indeed the assumptions of the theorem. As a result, the operator bw (and thus the
unitarily equivalent aw) is semi-bounded from below.

As said above, that proof of the sharp G̊arding inequality is borrowed from [H2]. This is a
general idea of mollifying the symbol by a normalized function of type φ∗◦φ. Nothing else at
this stage is really needed and the classical so-called coherent states method is simply dealing
with a Gaussian function φ, with the only but no crucial advantage that the computations
of φ∗ ◦ φ can be made explicitely with other Gaussians. This point of view is precisely the
most synthetic and seems suitable to tackle a group situation.

Our last remark is dealing with the standard classes of pseudodifferential operators and
with the asymptotic point of view, which plays an important role for PDE. The standard
classes of symbols Sm

ρ,δ on Rn are well-known. Sticking for simplicity with the case ρ =
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1, δ = 0 and calling Sm = Sm
1,0, one can get standard continuity and composition results.

However the statement of the sharp G̊arding inequality is: let a be a nonnegative symbol in
S1, then

(3.3.6) Re〈Op(a)u, u〉+ C ‖u‖2L2 ≥ 0.

This result is in fact a consequence of Theorem 3.3.2. Let us sketch the proof of the non-
semi-classical (3.3.6), using Theorem 3.3.2.

(1) Using a Littlewood-Paley decomposition, one writes

a(x, ξ) =
∑
ν∈N

ϕν(ξ)a(x, ξ), Op(a) =
∑
ν∈N

ψν(D)Op(ϕνa)ψν(D) +R

with ψν = 1 on the support of ϕν ; R belongs to S−∞ (it is not completely obvious
because of the summation in ν).

(2) We are reduced to prove a semiclassical statement, since the conditions on the deriva-
tives of ϕνa are expressed in terms of the frequency 2ν = 1/h. Essentially, the state-
ment to be proven is: for b smooth nonnegative bounded with bounded derivatives
the operator h−1Op(b(x, hξ)) is semi-bounded from below (uniformly in h ∈]0, 1]).

(3) We note that the previous operator is unitarily equivalent to

h−1Op(b(h1/2x, h1/2ξ))

and that the seminorms in S0
0,0 of A′′ where

A(x, ξ) = h−1b(h1/2x, h1/2ξ)

are bounded for h ∈]0, 1]. It is indeed the case and we can use Theorem 3.3.2 to
conclude.

4. Energy estimates via the Wick quantization

4.1. Subelliptic operators satisfying condition (P ). We intend to illustrate in this
section the usefulness of Wick quantization to prove energy estimates. We want to give a
simple proof of a well-known theorem on subellipticity for differential operators. In this
case, the proof of the theorem conjectured in the papers of Egorov [Eg] is known since 1971
with the work of Treves [Tr]. Our method here falls short of giving a proof in the general
case (i.e. for pseudo-differential operators) . Hörmander gave a complete proof in 1979 of
the general theorem on subellipticity which can be found in chapter 27 of [H2]. We will go
a little beyond the differential case, proving the theorem when the zero set of the imaginary
part is included in its critical set (see theorem 4.1.3) below. Moreover, we believe that this
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elementary proof, reducing actually the problem to simple ordinary differential equations,
is a good example of the wave-packet technique.

Let P be a principal type pseudodifferential operator on a manifold M whose principal
symbol p satisfies condition (ψ):

(4.1.1) (ψ)
{
∀z ∈ C, Im(zp) does not change sign from + to −

along the oriented bicharacteristic curves of Re(zp).

Assume also that for some z ∈ C and in some conic open set Ω ⊂ T ∗(M)\0 and some integer
k

(4.1.2) Hk
Re(zp)(Im(zp)) 6= 0.

The following condition is equivalent to (ψ) for differential operators

(4.1.3) (P )
{
∀z ∈ C, Im(zp) does not change sign

along the oriented bicharacteristic curves of Re(zp).

Theorem 4.1.1. Let P be a properly supported principal type pseudo-differential operator
of order m on a manifold M satisfying (4.1.2− 4.1.3). Then P is subelliptic on Ω with loss
of k/(k + 1) derivatives: for any real s

(4.1.4) u ∈ D′(M), Pu ∈ Hs(Ω) =⇒ u ∈ Hs+m− k
k+1 (Ω) .

Here, k is necessarily an even integer.

After classical reductions, theorem 4.1.1 in n + 1 dimensions will follow from theorem
4.1.3 below. We need first to state a

Definition 4.1.2. Let n be an integer and AΛ(t, x, ξ) be a family of smooth functions on
Rt×Rn

x ×Rn
ξ , depending on a parameter Λ ≥ 1. Let m be a real number. We shall say that

(AΛ) ∈ Sm
n if for each (l, α, β) ∈ N× Nn × Nn,

sup
Λ≥1,(t,x,ξ)∈R2n+1

|(Dl
tD

α
xD

β
ξAΛ)(t, x, ξ)|Λ−m+

|α|+|β|
2 = Clαβ <∞,(4.1.5)

suppAΛ ⊂ [−1, 1]× {x ∈ Rn, |x| ≤ Λ1/2} × {ξ ∈ Rn, |ξ| ≤ Λ1/2}.(4.1.6)

The semi-norms of the family (AΛ) are defined as the constants Clαβ in (4.1.5). Note that
for each t, the function (x, ξ) 7→ AΛ(t,Λ1/2x,Λ−1/2ξ) belongs to Sm

scl as defined by (2.3.3).

We can now state the
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Theorem 4.1.3. Let n be an integer and QΛ(t, x, ξ) be a family of smooth functions such
that (QΛ) ∈ S1

n. Assume moreover that

(4.1.7) QΛ(t, x, ξ) = 0 =⇒ dx,ξQΛ(t, x, ξ) = 0.

(4.1.8) inf
Λ≥1,|2t|≤1,

|2x|≤Λ1/2,|2ξ|≤Λ1/2

|Dk
tQΛ(t, x, ξ)|Λ−1 = δ0 > 0.

Let χΛ(t, x, ξ) be a family of smooth functions such that the family (χΛ( t
2 ,

x
2 ,

ξ
2 ))Λ ∈ S0

n.
There exists a positive constant δ1, such that, for any u(t, x) ∈ C∞c ((− 1

2 ,
1
2 )

t
,S(Rn

x)),

(4.1.9) ‖Dtu+ iQΛ(t, x,Dx)u‖L2(Rn+1) + ‖u‖L2(Rn+1) ≥ δ1Λ
1

k+1 ‖χΛ(t, x,Dx)u‖L2(Rn+1) .

Note that δ1 depends only on the dimension n, δ0 and the semi-norms of the families
(QΛ), (χΛ).

Let us note right now that condition (4.1.7) is satisfied by nonnegative (and nonposi-
tive) functions. Properties (4.1.2-4.1.3) imply that, q ≥ 0 or q ≤ 0 in some conic open
neighborhood of a point where (4.1.2) is satisfied.

4.2. Polynomial behaviour of some functions.

Lemma 4.2.1. Let k ∈ N∗, δ > 0 and C > 0 be given. Let I be an interval of R and
q : I −→ R be a Ck function satisfying

(4.2.1) inf
t∈I

|q(k)(t)| ≥ δ.

Then, for any h > 0, the set

(4.2.2) {t ∈ I, |q(t)| ≤ Chk} ⊂ ∪1≤l≤kJl,

where Jl is an interval with length h(αkCδ
−1)1/k, αk = 22kk!. As a consequence the Lebesgue

measure of {t ∈ I, |q(t)| ≤ Chk} is smaller than

h(
C

δ
)1/k4k(k!)1/k ≤ h

(
C

δ

)1/k

4k2.

Proof. Let k ∈ N∗, h a positive number and set Ek(h,C, q) = {t ∈ I, |q(t)| ≤ Chk}. Let
us first assume k = 1. Assume that t, t0 ∈ E1(h,C, q); then the mean value theorem and
(4.2.1) imply

2Ch ≥ |q(t)− q(t0)| ≥ δ|t− t0|



24 nicolas lerner

so that E1(h,C, q) ∩ {t, |t− t0| > h2C/δ} = ∅: otherwise we would have 2Ch > hδ2C/δ. As
a result for any t0, t ∈ E1(h,C, q), |t− t0| ≤ h2C/δ. Either E1(h,C, q) is empty or it is not
empty and then included in an interval with length ≤ h4C/δ.

Let us now assume that k ≥ 2. If Ek(h,C, q) = ∅, (4.2.2) is true. We assume that there
exists t0 ∈ Ek(h,C, q), and we write for t ∈ I,

(4.2.3) q(t) = q(t0) +
∫ 1

0

q′
(
t0 + θ(t− t0)

)
dθ︸ ︷︷ ︸

Q(t)

(t− t0).

Then, if t ∈ Ek(h,C, q), we have 2Chk ≥ |Q(t)(t − t0)|. Now, for a given ω > 0, either
|t − t0| ≤ ωh/2 and t ∈ [t0 − ωh/2, t0 + ωh/2], or |t − t0| > ωh/2 and from the previous
inequality we infer |Q(t)| ≤ ω−14Chk−1, i.e. we get that

(4.2.4) Ek(h,C, q) ⊂ [t0 − ωh/2, t0 + ωh/2] ∪ Ek−1(h, ω−14C,Q).

But the function Q satisfies the assumptions of the lemma with k − 1, δ replaced by δ/k:
in fact for t ∈ I, Q(k−1)(t) =

∫ 1

0
q(k)

(
t0 + θ(t − t0)

)
θk−1dθ, and if q(k)(t) ≥ δ on I, we get

Q(k−1)(t) ≥ δ/k. By induction on k and using (4.2.4), we get that

(4.2.5) Ek(h,C, q) ⊂ [t0−ωh/2, t0+ωh/2]∪1≤l≤k−1Jl, |Jl| ≤ h(4Cω−1kδ−1αk−1)1/(k−1).

We choose now ω = (4Cω−1kδ−1αk−1)1/(k−1), i.e. ωk = 4Cδ−1kαk−1, that is

ω = (Cδ−14kαk−1)1/k

yielding the result if αk = 4kαk−1, i.e. αk = (4k)(4(k−1)) . . . (4×2)α1 = 4k−1k!22 = 22kk!.
The proof of the lemma is complete. �

Lemma 4.2.2. Let f : R 7→ [0,+∞) be a C1 function so that (distribution derivative)
f ′′ ∈ L∞(R). Then for all x ∈ R,

(4.2.6) f ′(x)2 ≤ 2f(x) ‖f ′′‖L∞(R) .

Proof. The following formula is true for f distribution , h ∈ R given :

f(x+ h) = f(x) + f ′(x)h+
∫ 1

0

(1− θ)f ′′(x+ θh)dθh2.

Then, since f ∈ C1, for all h ∈ R, we get 0 ≤ f(x) + f ′(x)h + 1
2 ‖f

′′‖L∞(R) h
2. The

nonpositivity of the discriminant of this polynomial is given by (4.2.6). �

It is easy to extend this lemma to functions whose zero set is included in the critical set :
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Remark 4.2.3. If f : R 7→ R is twice differentiable, f ′′ ∈ L∞ and f ′(x) = 0 when f(x) = 0,
then

(4.2.7) f ′(x)2 ≤ 2|f(x)| ‖f ′′‖L∞(R) .

In fact, for f ∈ C1 , F (x) = |f(x)| is such that F ′(x) = f ′(x)f(x)/|f(x)| on f(x) 6= 0.
Moreover, if f(x) = 0 then f ′(x) = 0 so that

F (x+ h)− F (x) = |f(x+ h)| = |f(x) + f ′(x)h+ o(h)| = o(h),

so that F ′(x) = 0 there. We get then that F is C1 with

F ′(x) = s(x)f ′(x), s(x) =
f(x)
|f(x)|

for f(x) 6= 0, s(x) = 0 elsewhere.

Moreover, if f(x) = 0,

(4.2.8) F ′(x+ h)− F ′(x) = s(x+ h)[f ′(x) + f ′′(x)h+ o(h)] = s(x+ h)[f ′′(x)h+ o(h)].

If f ′′(x) 6= 0, s(x + h) =sign[f(x) + f ′(x)h + f ′′(x)h2/2 + o(h2)] = sign(f ′′(x)) for h small
enough, we get F ′′(x) = |f ′′(x)| there. If f ′′(x) = 0, we get from (4.2.8) that F ′′(x) = 0.
We can apply the lemma 4.2.2 to F and obtain (4.2.7).

Lemma 4.2.3. Let q be a smooth real-valued function defined on (−1, 1) such that

(4.2.9) q(t) > 0 and s > t =⇒ q(s) ≥ 0.

Let Φ ∈ C∞c ((−1, 1)) be given . There exists a function S : (−1, 1) 7→ {± 1
2 ,±

3
2} such that

for any ρ > 0 and Λ ≥ 1,

(4.2.10) 2 Re〈ρDtΦ + iΛqΦ, iSΦ〉L2(R) ≥ ρ ‖Φ‖2L∞(R) +
∫

Λ|q(t)||Φ(t)|2dt.

If in addition q satisfies (4.2.1)

(4.2.11) [
γ(k, δ)
ρ

+ 2] 2Re〈ρDtΦ + iΛqΦ, iSΦ〉L2(R) ≥
∫

[ Λ|q(t)|+ Λ
1

k+1 ] |Φ(t)|2dt ,

where γ(k, δ) is a positive constant depending only on k, δ. As a consequence we have

(4.2.12) 2[
γ(k, δ)
ρ

+ 2] ‖ρDtΦ + iΛqΦ‖L2(R) ‖Φ‖L2(R) ≥
∫

[ Λ|q(t)|+ Λ
1

k+1 ] |Φ(t)|2dt .

Proof. We define θ = sup{t ∈ (−1, 1), q(t) < 0} and θ = −1 if this set is empty. The
condition (4.2.9) implies readily

q(t) sign(t− θ) = |q(t)|.
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We compute then, with a given T ∈ (−1, 1), H the characteristic function of R+,

(4.2.12)

2 Re〈ρDtΦ + iΛqΦ, i[H(t− T )H(T − θ)−H(T − t)H(θ − T ) +
1
2

sign(t− θ)]Φ〉L2(R)

= ρ|Φ(T )|2 + 2H(T − θ)
∫ 1

T

Λ|q(t)| |Φ(t)|2dt+ 2H(θ − T )
∫ T

−1

Λ|q(t)| |Φ(t)|2dt

+
∫ 1

−1

Λ|q(t)| |Φ(t)|2dt+ ρ|Φ(θ)|2.

This implies (4.2.10). To get (4.2.12), we notice first, applying lemma 4.2.1 (L stands for
the Lebesgue measure) and (4.2.10), that the following inequalities hold:

Λ
1

k+1

∫
|Φ(t)|2dt = Λ

1
k+1

∫
{|Λq(t)| < Λ

1
k+1 }

|Φ(t)|2dt+ Λ
1

k+1

∫
{|Λq(t)|≥Λ

1
k+1 }

|Φ(t)|2dt

≤ Λ
1

k+1 ‖Φ‖2L∞(R) × L[{t ∈ (−1, 1), |q(t)| ≤ Λ−
k

k+1 }] +
∫
|Λq(t)| |Φ(t)|2dt

≤ γ(k, δ) ‖Φ‖2L∞(R) + 2Re〈ρDtΦ + iΛqΦ, iSΦ〉L2(R)

≤ [
2γ(k, δ)

ρ
+ 2]Re〈ρDtΦ + iΛqΦ, iSΦ〉L2(R),

which gives (4.2.12). The proof of the lemma 4.2.3 is complete. �

Lemma 4.2.4. Let (QΛ) be a family of smooth functions in S1
n(def.4.1.2). Assume that

(4.1.8) is satisfied as well as (4.2.9) for each q(t) = QΛ(t, x, ξ). There exists a constant C,
such that for any Φ ∈ C∞c (Rt × Rn

x × Rn
ξ ) supported in

max{|2t|, |2xΛ−1/2|, |2ξΛ−1/2|} ≤ 1,

the following inequality holds (here Rd
X = Rn

x × Rn
ξ and the norms are L2(Rt × Rd

X))

(4.2.13) C ‖DtΦ + iQΛΦ‖ ‖Φ‖ ≥ Λ
1

k+1 ‖Φ‖2 +
∫∫

|QΛ(t,X)||Φ(t,X)|2dtdX.

Moreover, for Φ ∈ C∞c ((−1, 1),S(R2n))

(4.2.14) C ‖DtΦ + iQΛΦ‖ ‖Φ‖ ≥
∫∫

|QΛ(t,X)||Φ(t,X)|2dtdX.

Note that C depends only on the dimension, the semi-norms of the family (QΛ) and δ0 in
(4.1.8).

Proof. We want to apply the lemma 4.2.3 to

(4.2.15) q(t) = Λ−1QΛ(
t

2
, X), whenever X = (x, ξ) such that max{|2x|, |2ξ|} ≤ Λ1/2
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with δ in (4.2.1) given by 2−kδ0 , δ0 defined in (4.1.8). From (4.2.12), we get, for each
X = (x, ξ) and Ψ(t,X) smooth supported in

|t| < 1× {|2xΛ−1/2| ≤ 1} × {|2ξΛ−1/2| ≤ 1},

the inequality

(4.2.16) 2[
γ(k, δ)
ρ

+ 2]
∥∥∥∥ρDtΨ(t,X) + iQΛ(

t

2
, X)Ψ(t,X)

∥∥∥∥
L2(Rt)

‖Ψ(t,X)‖L2(Rt)
≥∫

[|QΛ(
t

2
, X)|+ Λ

1
k+1 ]|Ψ(t,X)|2dt.

Integrating (4.2.16) with respect to X, the Cauchy-Schwarz inequality gives the result in
(4.2.13), with Ψ(t,X) = Φ( t

2 , X) and ρ = 2. To get (4.2.14), we only need to use (4.2.10)
and integrate with respect to X. �

4.3. Energy identities.

Lemma 4.3.1. Let (QΛ) be a family of smooth functions satisfying the assumptions of
the lemma 4.2.4. We write Qµ

Λ
for the operator of multiplication by QΛ(t,X) on L2(R2n).

If πH is defined in proposition 3.1.2 (for λ = 1), we have the following estimate for the
commutator: for any Ψ ∈ L2(R2n)

(4.3.1) ‖[πH , Q
µ
Λ]Ψ‖2L2(R2n) ≤ cnC

∫
|QΛ(t,X)||Ψ(X)|2dX + cnC ‖Ψ‖2L2(R2n) ,

where cn depends only on the dimension and C = max|α|+|β|=2 C0αβ (these constants are
the semi-norms of the family (QΛ) defined in (4.1.5)).

Proof. From the proposition 3.1.2, the kernel of the commutator is
(4.3.2)

e−
π
2 |X−Y |2 e−iπ[X,Y ]

[
QΛ(t, Y )−QΛ(t,X)

]
= e−

π
2 |X−Y |2 e−iπ[X,Y ]

[
dXQΛ(t, Y )(Y −X)−

∫ 1

0

QΛ
′′(t, Y + θ(X − Y ))dθ(Y −X)2

]
.

The second term in the bracket gives rise to a bounded operator, thanks to (4.1.5). Since the
multiplication by dXQ(t,X) can be estimated by (4.2.7), we get the result of the lemma. �

Proof of Theorem 4.1.3. We apply now the lemma 4.2.4 to a function

Φ(t,X) = χ(X)(Wu)(t,X)

where W is given in the proposition 3.1.2, u(t, x) is in C∞c ((−1, 1),S(Rn)), χΛ(X) satisfies
(4.1.5) with m = 0 and

(4.3.3) suppχΛ ⊂ {X = (x, ξ), 2Λ−1/2|x| ≤ 1, 2Λ−1/2|ξ| ≤ 1}.
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We get, with L2(Rt × R2n
x,ξ) norms

(4.3.4) C ‖DtχΛWu+ iQΛχΛWu‖ ‖χΛWu‖ ≥

Λ
1

k+1 ‖χΛWu‖2 +
∫∫

|QΛ(t,X)| |χΛWu(t,X)|2dtdX,

which implies, with πK = Id−πH ,

(4.3.5)
C

(
‖πH [DtWu+ iQΛWu]‖2 + ‖πK [DtWu+ iQΛWu]‖2

)1/2

‖Wu‖ ≥

Λ
1

k+1 ‖χΛWu‖2 +
∫∫
|QΛ(t,X)| |χΛWu(t,X)|2dtdX .

Moreover, from the lemma 4.2.4 we have

(4.3.6) C ‖DtWu+ iQΛWu‖ ‖Wu‖ ≥
∫∫

|QΛ(t,X)||Wu(t,X)|2dtdX,

We obtain

(4.3.7)
C ‖W [Dtu+ iW ∗QΛWu]‖ ‖Wu‖+ C ‖[πH , QΛ ]Wu]‖ ‖Wu‖ ≥

Λ
1

k+1 ‖χΛWu‖2 +
∫∫
|QΛ(t,X)||Wu(t,X)|2dtdX.

Using now the lemma 4.3.1, we estimate the bracket in (4.3.7) :
(4.3.8)
C ‖W [Dtu+ iW ∗QΛWu]‖ ‖Wu‖+ C1ε

∫∫
|QΛ(t,X)||Wu(t,X)|2dtdX + C1ε

−1 ‖Wu‖2 ≥

Λ
1

k+1 ‖χΛWu‖2 +
∫∫

|QΛ(t,X)||Wu(t,X)|2dtdX.

We get (4.1.9), choosing ε small enough, using the fact that W is isometric (proposition
3.1.2), and that

W ∗QΛW −QΛ(t, x,Dx)

is uniformly bounded on L2(Rn)(proposition 3.1.2). The proof of Theorem 4.1.3 is complete.

5. The Fefferman-Phong inequality

5.1. The semi-classical inequality. We consider a function a ∈ C∞(R2n) bounded as
well as all its derivatives. The (semi-classical) Fefferman-Phong inequality states that, if a
is a nonnegative function, there exists C such that, for all u ∈ L2(Rn) and all h ∈ (0, 1)

Re〈a(x, hD)u, u〉L2(Rn) + Ch2 ‖u‖2L2 ≥ 0,

or equivalently (with an a priori different constant C)

a(x, hξ)w + Ch2 ≥ 0.
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The constants C above depend only a finite number of derivatives of a. Let us ask our first
question:

Q1: How many derivatives of a are needed to control C?

From the proof by Fefferman and Phong ([FP]), it is clear that the number N of derivatives
of a needed to control C should be

N = 4 + ν(n).

Since the proof is using an induction on the dimension, it is not completely obvious to answer
to our question with a reasonably simple ν. We remark that, with a unitary equivalence,

h−2a(x, hξ)w ≡ h−2a(xh1/2, h1/2ξ)w.

Defining A(x, ξ) = h−2a(xh1/2, h1/2ξ), we see that the following property holds:

(]) A(x, ξ) ≥ 0, A(k) is bounded for k ≥ 4.

Bony proved in 1998 ([Bo1]) that

(]) =⇒ Aw + C ≥ 0.

Naturally, from the above identities, this implies the Fefferman-Phong inequality. This result
shows a twofold phenomenon:

· Only derivatives with order ≥ 4 are needed.
· The control of these derivatives is quite weak, of type S0

0,0. In particular, the deriva-
tives of large order do not get small (the class S0

0,0 does not have an asymptotic
calculus).

Our second question is

Q2: Is it possible to relax (]) by asking only A(4) ∈ A,

where A is a suitable Banach algebra containing S0
0,0? We shall in fact prove a result

involving a Wiener-type algebra introduced by Sjöstrand in [S1]. To formulate this, we need
first to introduce that algebra.

5.2. The Sjöstrand algebra. Let Z2n be the standard lattice in R2n
X and let 1 =∑

j∈Z2n χ0(X − j), χ0 ∈ C∞c (R2n), be a partition of unity. We note χj(X) = χ0(X − j).

Definition 5.2.1. Let a ∈ S ′(R2n). We shall say that a belongs to A whenever ωa ∈
L1(R2n), with ωa(Ξ) = supj∈Z2n |F(χja)(Ξ)|. A is a Banach algebra for the multiplication
with the norm ‖a‖A = ‖ωa‖L1(R2n).

The next three lemmas are propositions 1.2.1, 1.2.3 and lemma A.2.1 in [LM].
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Lemma 5.2.2. We have S0
0,0 ⊂ S0

0,0;2n+1 ⊂ A ⊂ C0(R2n) ∩ L∞(R2n), where S0,0;2n+1 is
the set of functions defined on R2n such that |(∂α

ξ ∂
β
xa)(x, ξ)| ≤ Cαβ for |α| + |β| ≤ 2n + 1.

The algebra A is stable by change of quantization, i.e. for all t real, a ∈ A ⇐⇒ J ta =
exp(2iπtDx ·Dξ)a ∈ A.

We recall that (a1]a2)w = aw
1 a

w
2 with

(a1]a2)(X) = 22n

∫∫
R2n×R2n

a1(Y1)a2(Y2)e−4iπ[X−Y1,X−Y2]dY1dY2.

Lemma 5.2.3. The bilinear map a1, a2 7→ a1]a2 is defined on A×A and continuous valued
in A, which is a (noncommutative) Banach algebra for ]. The maps a 7→ aw, a(x,D) are
continuous from A to L(L2(Rn)).

Lemma 5.2.4. Let b be a function in A and T ∈ R2n, t ∈ R. Then the functions τT b, bt
defined by τT b(X) = b(X − T ), bt(X) = b(tX) belong to A and

sup
T∈R2n

‖τT b‖A ≤ C ‖b‖A , ‖bt‖A ≤ (1 + |t|)2nC ‖b‖A .

Comments on the Wiener Lemma. The standard Wiener’s lemma states that if a ∈ `1(Zd)
is such that u 7→ a∗u = Cau is invertible as an operator on `2(Zd), then the inverse operator
is of the form Cb for some b ∈ `1(Zd). Sjöstrand has proven several types of Wiener lemmas
for A ([S2]). First a commutative version, saying that if a ∈ A and 1/a is a bounded
function, then 1/a belongs to A. Next, a noncommutative version of the Wiener lemma for
the algebra A: if an operator aw with a ∈ A is invertible as a continuous operator on L2,
then the inverse operator is bw with b ∈ A. In a paper by Gröchenig and Leinert ([GL]), the
authors prove several versions of the noncommutative Wiener lemma, and their definition
of the twisted convolution is indeed very close to (a discrete version of) the composition
formula above.

The main result of this chapter is the following

Theorem 5.2.5. There exists a constant C such that, for all nonnegative functions a
defined on R2n satisfying a(4) ∈ A, the operator aw is semi-bounded from below and, more
precisely, satisfies

aw + C‖a(4)‖A ≥ 0.

The constant C depends only on the dimension n.

Note that this answers positively to our question (about relaxing the assumption on a(4)),
and as a byproduct gives the answer 4+2n+ε for the number of derivatives needed to control
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C in the Fefferman-Phong inequality6. Some results of this type were proven by Sjöstrand
in [S2], namely the standard G̊arding inequality with gain of one derivative for his class,
a ≥ 0, a′′ ∈ A =⇒ a(x, hξ)w + Ch ≥ 0. A version of the Hörmander-Melin inequality with
gain of 6/5 of derivatives (see [H1]) was given by Hérau ([Hé]) who used a limited regularity
on the symbol a, only such that a(3) ∈ A.

The chapter 2 implies readily the improvement of the G̊arding inequality with gain of
one derivative. Take a ≥ 0 such that a′′ ∈ A: then aw = aWick − r(a)w ≥ −r(a)w, with
r(a)(X) =

∫ 1

0

∫
R2n(1 − θ)a′′(X + θY )Y 2e−2π|Y |22ndY dθ. Since A is stable by translation

(see the lemma 5.2.4), we see that r(a) ∈ A and thus r(a)w is bounded on L2(Rn) from the
lemma 5.2.3.

5.3. Composition formulas. The next three lemmas are lemmas 2.2.1, 2.3.1, 2.3.3 in
[LM].

Lemma 5.3.1. Let a be a function defined on R2n such that the fourth derivatives a(4)

belong to A. Then we have

aw =
(
a− 1

8π
trace a′′

)Wick

+ ρ0(a(4))w,

with ρ0(a(4)) ∈ A: more precisely ‖ρ0(a(4))‖A ≤ Cn‖a(4)‖A.

One should not expect the quantity a− 1
8π trace a′′ to be nonnegative: this quantity will

take negative values even in the simplest case a(x, ξ) = x2 + ξ2, so that the positivity of the
quantization expressed by the lemma 4 is far from enough to get our result.

Remark. We note that, from the lemma 5.3.1 and the L2 boundedness of operators with
symbols in A, the theorem is reduced to proving

a ≥ 0, a(4) ∈ A =⇒
(
a− 1

8π
trace a′′

)Wick

+ C ≥ 0.

Lemma 5.3.2. For p, q ∈ L∞(R2n) real-valued with p′′ ∈ L∞(R2n), we have

Re
(
pWickqWick

)
=

(
pq − 1

4π
∇p · ∇q

)Wick

+R, with ‖R‖L(L2(Rn)) ≤ C(n) ‖p′′‖L∞ ‖q‖L∞ .

Lemma 5.3.3. For p measurable real-valued function such that p′′, (p′p′′)′, (pp′′)′′ ∈ L∞,
we have

pWickpWick =
∫ [

p(Z)2 − 1
4π
|∇p(Z)|2

]
ΣZdZ + S,

‖S‖L(L2(Rn)) ≤ C(n)
(
‖p′′‖2L∞ + ‖(p′′p′)′‖L∞ + ‖(pp′′)′′‖L∞

)
.

6This threshold was improved recently by A.Boulkhemair [B3] who proved that only 4+n+ ε derivatives

were needed.
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Remark 5.3.4. Further reduction. To get our theorem, we shall prove

a ≥ 0, a(4) ∈ L∞(R2n) =⇒
(
a− 1

8π
trace a′′

)Wick

+ C ≥ 0.

We leave now the arguments of harmonic analysis and we will use a structure theorem
on nonnegative C3,1 functions as sum of squares of C1,1 functions to write the operator(
a− 1

8π trace a′′
)Wick

as a sum of squares of operators, up to L2-bounded operators, thanks
to the last two lemmas.

5.4. Sketching the proof. Our main argument relies on a decomposition theorem for
nonnegative functions as sum of squares.

Theorem 5.4.1. Let m ∈ N. There exists an integer N and a positive constant C such
that the following property holds. Let a be a nonnegative C3,1 function defined on Rm such
that a(4) ∈ L∞; then we can write

a =
∑

1≤j≤N

b2j

where the bj are C1,1 functions such that b′′j , (b
′
jb
′′
j )′, (bjb′′j )′′ ∈ L∞. More precisely, we have

‖b′′j ‖2L∞ + ‖(b′jb′′j )′‖L∞ + ‖(bjb′′j )′′‖L∞ ≤ C‖a(4)‖L∞ .

Note that this implies that each function bj is such that b2j is C3,1 and that N and C depend
only on the dimension m.

Part of this theorem is a consequence of the classical proof of the Fefferman-Phong in-
equality in [FP] and of the more refined analysis of Bony ([Bo1]) (see also the papers by Guan
[Gu] and Tataru [Ta]). However the control of the L∞ norm of the quantities (b′jb

′′
j )′, (bjb′′j )′′

seems to be new and is important for us.
Sketching the proof. We use a Calderón-Zygmund method and define

ρ(x) =
(
|a(x)|+ |a′′(x)|2

)1/4
, Ω = {x, ρ(x) > 0},

assuming as we may ‖a(4)‖L∞ ≤ 1. Note that, since ρ is continuous, the set Ω is open. The
metric |dx|2/ρ(x)2 is slowly varying in Ω: ∃r0 > 0, C0 ≥ 1 such that

x ∈ Ω, |y − x| ≤ r0ρ(x) =⇒ y ∈ Ω, C−1
0 ≤ ρ(x)

ρ(y)
≤ C0.

The constants r0, C0 can be chosen as “universal” constants, thanks to the normalization on
a(4) above. Moreover the nonnegativity of a implies with γj = 1 for j = 0, 2, 4, γ1 = 3, γ3 = 4,

|a(j)(x)| ≤ γjρ(x)4−j , 1 ≤ j ≤ 4.
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Remark. We shall use the following notation: let A be a symmetric k-linear form on real
normed vector space V . We define the norm of A by

‖A‖ = sup
‖T‖=1

|AT k|.

Since the symmetrized products of T1 ⊗ · · · ⊗ Tk can be written as a linear combination of
k-th powers, that norm is equivalent to the natural norm

|‖A‖ = sup
‖Tj‖=1,

1≤j≤k

|AT1 . . . Tk|

and in fact, when V is Euclidean, we have the equality ‖A‖ = |‖A‖ (see [Ke]). For an
arbitrary normed space, the best estimate is |‖A‖ ≤ kk

k! ‖A‖ (see the remark 3.1.2 in [LM]).
The basic properties of slowly varying metrics are summarized in the following lemma

(see e.g. section 1.4 in [H2]).

Lemma 5.4.2. Let a, ρ,Ω, r0 be as above. There exists a positive number r′0 ≤ r0, such
that for all r ∈]0, r′0], there exists a sequence (xν)ν∈N of points in Ω and a positive number
Mr, such that the following properties are satisfied. We define Uν , U

∗
ν , U

∗∗
ν as the closed

Euclidean balls with center xν and radius rρν , 2rρν , 4rρν with ρν = ρ(xν). There exist two
families of nonnegative smooth functions on Rm, (ϕν)ν∈N, (ψν)ν∈N such that

∑
ν

ϕ2
ν(x) = 1Ω(x), suppϕν ⊂ Uν , ψν ≡ 1 on U∗ν ,

suppψν ⊂ U∗∗ν ⊂ Ω. Moreover, for all integers l, we have

sup
x∈Ω,ν∈N

‖ϕ(l)
ν (x)‖ρl

ν + sup
x∈Ω,ν∈N

‖ψ(l)
ν (x)‖ρl

ν <∞.

The overlap of the balls U∗∗ν is bounded, i.e.⋂
ν∈N

U∗∗ν 6= ∅ =⇒ #N ≤Mr.

Moreover, ρ(x) ∼ ρν all over U∗∗ν (i.e. the ratios ρ(x)/ρν are bounded above and below by a
fixed constant, provided that x ∈ U∗∗ν ).

Since a is vanishing on Ωc, we obtain

a(x) =
∑
ν∈N

a(x)ϕ2
ν(x).
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Definition 5.4.3. Let a, ρ,Ω be as above. Let θ be a positive number ≤ θ0, where θ0 < 1/2
is a fixed constant. A point x ∈ Ω is said to be

(i) θ-elliptic whenever a(x) ≥ θρ(x)4,
(ii) θ-nondegenerate whenever a(x) < θρ(x)4 : we have then ‖a′′(x)‖2 ≥ ρ(x)4/2.

Let us first consider the “elliptic” indices ν such that xν is θ-elliptic. For x ∈ U∗∗ν , we
have a(x) ∼ ρ4

ν , so that with

bν(x) = a(x)1/2ψν(x), b2ν = aψ2
ν , ϕ2

νb
2
ν = aϕ2

ν

and on suppϕν (where ψν ≡ 1),

b′ν = 2−1a−1/2a′,

b′′ν = −2−2a−3/2a′
2 + 2−1a−1/2a′′,

b′′′ν = 3× 2−3a−5/2a′
3 − 3

4a
−3/2a′a′′ + 2−1a−1/2a′′′,

b
(4)
ν = − 15

16a
−7/2a′

4 + 9
4a

−5/2a′
2
a′′ − 3

4a
−3/2a′′

2

−a−3/2a′a′′′ + 1
2a

−1/2a(4),

yielding easily the result. The whole difficulty is concentrated on the next case.
The nondegenerate indices ν are those for which xν is θ-nondegenerate. Since a′′ is large,

according to our scaling, we may choose the coordinates on Uν such that

∂2
1a(x) ≥ ρ2

ν/2 for |x− xν | . ρν .

Since we know also that a is small at some point in Uν (if the constant θ0 is suitably
chosen, cf. the lemma A.1.5 in [LM]), we get that ∂1a vanishes somewhere in Uν . From
the implicit function theorem, there exists α such that ∂1a(α(x′), x′) = 0 and thus, with

β = x1 − α(x′), R =
(∫ 1

0
(1− t)∂2

1a
(
α(x′) + t(x1 − α(x′)), x′

)
dt

)1/2

,

a(x) = a(x1, x
′) = R2β2 + a(α(x′), x′)

=
∫ 1

0

(1− t)∂2
1a

(
α(x′) + t(x1 − α(x′)), x′

)
dt

(
x1 − α(x′)

)2 + a(α(x′), x′).

We find easily |α(x′)− xν1| . ρν , |α′(x′)| . 1, |α′′(x′)| . ρ−1
ν , |α′′′(x′)| . ρ−2

ν . Following
Bony’s argument, we compute the derivatives of

x′ 7→ a(α(x′), x′) = c(x′).

We have, denoting by ∂2 the x′-partial derivative,

c′ = α′∂1a+ ∂2a = ∂2a,

(here we have used the identity ∂1a(α(x′),x′) ≡ 0),

c′′ = α′∂1∂2a+ ∂2
2a,

c′′′ = α′′∂1∂2a+ α′
2
∂2
1∂2a+ 2α′∂1∂

2
2a+ ∂3

2a,

c′′′′ = α′′′∂1∂2a+ 3α′′α′∂2
1∂2a+ 3α′′∂1∂

2
2a

+ α′
3
∂3
1∂2a+ 3α′2∂2

1∂
2
2a+ 3α′∂1∂

3
2a+ ∂4

2a,
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so that |c′| . ρ3, |c′′| . ρ2, |c′′′| . ρ, |c′′′′| . 1.

This forces the function B(x) = R(x)2(x1 − α)2 to be C3,1 with a j-th derivative bounded
above by ρ4−j

ν (0 ≤ j ≤ 4), since it is the case for a and c. Defining b(x) = R(x)
(
x1−α(x′)

)
we see that

a = b2 + c, |(b2)(j)| = |B(j)| . ρ4−j
ν , 0 ≤ j ≤ 4.

As a consequence, we have

R2β2 =

=0︷ ︸︸ ︷
B(α(x′), x′) +

∈C2,1︷ ︸︸ ︷∫ 1

0

∂1B(α(x′) + θ(x1 − α(x′)), x′)dθ β,

|β(j)| . ρ1−j , 0 ≤ j ≤ 3,

and since the open set {β 6= 0} is dense,

R2β =
∫ 1

0

∂1B(α(x′) + θ(x1 − α(x′)), x′)dθ ∈ C2,1,

|(R2β)(j)| . ρ3−j
ν , 0 ≤ j ≤ 3.

Also we have 0 < R2 = ω ∈ C1,1, ω ∼ ρ2
ν and

|ω(j)| . ρ2−j
ν , 0 ≤ j ≤ 2,

entailing that with R = ω1/2,

|R′ =
1
2
ω−1/2ω′| . 1, |R′′ = −1

4
ω−3/2ω′

2 +
1
2
ω−1/2ω′′| . ρ−1

ν .

Using Leibniz’ formula, we get

(R2β)′′′ = (ωβ)′′′ = ω′′′β + 3ω′′β′ + 3ω′β′′ + ωβ′′′,

which makes sense since ω′′′ is a distribution of order 1 and β is C2,1. We know that (ωβ)′′′

is L∞, and since it is also the case of ω′′β′, ω′β′′, ωβ′′′, we get that ω′′′β is bounded. On the
other hand we have, since ω = R2,

ω′′′ = 6R′R′′ + 2 R︸︷︷︸
C1,1

R′′′︸︷︷︸
distribution
of order 1

entailing that β(6R′R′′+2RR′′′) is L∞ and since it is the case of βR′R′′, we get that βRR′′′

is L∞ . With b = Rβ, we get b′b′′ = (R′β + Rβ′)(R′′β + 2R′β′ + Rβ′′) and to check that
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(b′b′′)′ is in L∞, it is enough to check the derivatives of R′′βR′β, R′′βRβ′ which are, up to
bounded terms,

R′′′βR′β = R′′′βRR′
β

R
, R′′′βRβ′

which are bounded according to the estimates above. Note that b′′ is bounded. We want
also to verify that (bb′′)′′ is bounded. We use that (b2)(4) is bounded and since we have

(b2)′′′′︸ ︷︷ ︸
bounded

= 2(b′ ⊗ b′ + bb′′)′′ = 2 (b′ ⊗ b′′ + b′′ ⊗ b′)′︸ ︷︷ ︸
bounded

+2(bb′′)′′,

we obtain the boundedness of (bb′′)′′. We can conclude by using an induction on the dimen-
sion (c is defined on Rm−1) and a standard argument due to Guan ([Gu]) on slowly varying
metrics.

Lemma 5.4.4. Let a be a nonnegative function defined on R2n such that a(4) belongs to
L∞(R2n). We have from the theorem 5.4.1 the identity a =

∑
1≤j≤N b2j along with some

estimates on each bj and its derivatives. Then we have

(
a− 1

8π
trace a′′

)Wick

=
∑

1≤j≤N

[(
bj −

1
8π

trace b′′j
)Wick

]2

+R

where R is a L2-bounded operator such that ‖R‖L(L2(Rn)) ≤ C‖a(4)‖L∞(R2n), C depending
only on the dimension n.

This lemma is Lemma 3.2.1 in [LM] and is a direct consequence of section 5.3 and of the
theorem 5.4.1. It allows us to obtain the reduction of remark 5.3.4 and to get the proof of
the theorem 5.2.5.

A final comment. One may ask the following question: why did we not apply the induction
argument on the Sjöstrand algebra A directly, and avoid that complicated detour with the
Wick calculus? The answer to that interrogation is simple: as seen above the Fefferman-
Phong induction procedure requires a cutting process (this is the metric dX2/ρ(X)2) and
also a bending of the phase space (the function α is not linear). Although the cutting part
may respect A, it is not very likely that the rigid affine structure of A would survive the
bending. We were somehow forced to push the induction procedure in some other corner, far
away from the quantization business, and our theorem on nonnegative functions, although
proven by induction on the dimension, is collecting all the information on lower dimensions.

6. Appendix

6.1. Cotlar’s lemma. We recall the statement of the celebrated Cotlar’s lemma in a
version given in the paper [BL](lemme 4.2.3′) (see also [H1],[Un]).
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Lemma 6.1.1 (Cotlar’s lemma). Let (Ω,M, µ) be a σ-finite measured space where µ is
a positive σ-finite measure and let H be a Hilbert space. Let ω 7→ Aω be a weakly measurable
mapping from Ω into L(H). We assume that

M = max
(

sup
ω∈Ω

∫
Ω

‖A∗ωAω′‖1/2
dµ(ω′), sup

ω∈Ω

∫
Ω

‖AωA
∗
ω′‖

1/2
dµ(ω′)

)
< +∞.

Then the operator A =
∫
Ω
Aωdµ(ω) is bounded on H with norm less than M .

Lemma 6.1.2. Let ω be a measurable function defined on R2n × R2n such that

|ω(Y, Z)| ≤ γ0

(
1 + |Y − Z|

)N0
.

Then the operator
∫∫

ω(Y, Z)ΣY ΣZdY dZ is bounded on L2(Rn) with L(L2(Rn)) norm boun-
ded above by a constant depending on γ0, N0.

Proof. Writing
ΣY ΣZΣY ′ΣZ′ = ΣY ΣZ ΣZΣY ′ ΣY ′ΣZ′

we see that it is an immediate consequence of the lemma 6.1.1 and of the formula (3.1.9). �
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[Wi] A.Weil, Sur certains groupes d’opérateurs unitaires, Acta Math. 111 (1964), 143–211.

[Wy] H.Weyl, Gruppentheorie und Quantenmechanik, Verlag von S.Hirzel, Leipzig, 1928.
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