Borel ranks and Wadge degrees of

context free ω-languages

Olivier Finkel

Equipe de Logique Mathématique U.F.R. de Mathématiques, Université Paris 7 2 Place Jussieu 75251 Paris cedex 05, France

finkel@logique.jussieu.fr.

Abstract. We determine completely the Borel hierarchy of the class of context free ω-languages, showing that, for each recursive non null ordinal α, there exist some Σ^0_α-complete and some Π^0_α-complete ω-languages accepted by Büchi 1-counter automata.

Keywords: 1-counter Büchi automata; context free ω-languages; Cantor topology; topological properties; Borel hierarchy; Borel ranks; Wadge degrees.

1 Introduction

Languages of infinite words accepted by finite automata were first studied by Büchi to prove the decidability of the monadic second order theory of one successor over the integers. The theory of the so called regular ω-languages is now well established and has found many applications for specification and verification of non-terminating systems; see [Tho90,Sta97,PP04] for many results and references. More powerful machines, like pushdown automata, Turing machines, have also been considered for the reading of infinite words, see Staiger’s survey [Sta97] and the fundamental study [EH93] of Engelfriet and Hoogeboom on Xautomata, i.e. finite automata equipped with a storage type X. A way to study the complexity of ω-languages is to study their topological complexity, and particularly to locate them with regard to the Borel and the projective hierarchies. On one side all ω-languages accepted by deterministic X-automata with a Muller acceptance condition are Boolean combinations of Π^0_2-sets hence Δ^0_3- sets, [Sta97,EH93]. This implies, from Mc Naughton’s Theorem, that all regular ω-languages, which are accepted by deterministic Muller automata, are also Δ^0_3- sets. On the other side, for non deterministic finite machines, the question, posed by Lescow and Thomas in [LT94], naturally arises: what is the topological complexity of ω-languages accepted by automata equipped with a given storage type X? It is well known that every ω-language accepted by a Turing machine (hence also by a X-automaton) with a Muller acceptance condition is an analytic set. In previous papers, we proved that there are context free ω-languages, accepted by Büchi or Muller pushdown automata, of every finite Borel rank, of infinite Borel rank, or even being analytic but non Borel sets, [DFR01,Fin01b,Fin03a,Fin03b].

In this paper we determine completely the Borel hierarchy of ω-languages accepted by X-automata, for every storage type X such that 1-counter automata can be simulated by X-automata. In particular, we show that, for every recursive non-null ordinal α, there are some Σ^0_α-complete and some Π^0_α-complete ω-languages accepted by real time 1-counter Büchi automata, hence also in the class CF L_ω of context free ω-languages.

We think that the surprising result obtained in this paper is of interest for both logicians working on hierarchies arising in recursion theory or in descriptive set theory, and also for computer scientists working on questions connected with non-terminating systems, like the construction of effective strategies in infinite games, [Tho02,Wal00].

The paper is organized as follows. In Section 2 we define multicounter automata which will be a useful tool in the sequel. Recall on Borel hierarchy is given in Section 3. In Section 4 is studied the Borel hierarchy of ω-languages accepted by real time 8-counter automata. Our main result is proved in Section 5.

2 Multicounter automata

We assume the reader to be familiar with the theory of formal (ω)-languages [Tho90,Sta97]. We shall use usual notations of formal language theory. When Σ is a finite alphabet, a non-empty finite word over Σ is any sequence x = a_1 . . . a_k , where a_i ∈ Σ for i = 1, . . . , k , and k is an integer ≥ 1. The length of x is k, denoted by |x|. The empty word has no letter and is denoted by λ; its length is 0. For x = a_1 . . . a_k, we write x(i) = a_i and x[i] = x(1) . . . x(i) for i ≤ k and x[0] = λ. Σ^⋆ is the set of finite words (including the empty word) over Σ. The first infinite ordinal is ω. An ω-word over Σ is an ω -sequence a_1 . . . a_n . . ., where for all integers i ≥ 1, a_i ∈ Σ. When σ is an ω-word over Σ, we write σ = σ(1)σ(2) . . . σ(n) . . ., where for all i, σ(i) ∈ Σ, and σ[n] = σ(1)σ(2) . . . σ(n) for all n ≥ 1 and σ[0] = λ.

The prefix relation is denoted ⊑: a finite word u is a prefix of a finite word v (respectively, an infinite word v), denoted u ⊑ v, if and only if there exists a finite word w (respectively, an infinite word w), such that v = u.w. The set of ω-words over the alphabet Σ is denoted by Σ^ω. An ω-language over an alphabet Σ is a subset of Σ^ω.

Definition 1. Let k be an integer ≥ 1. A k-counter machine (k-CM) is a 4- tuple M = (K, Σ, Δ, q_0), where K is a finite set of states, Σ is a finite input alphabet, q_0 ∈ K is the initial state, and the transition relation Δ is a subset of K × (Σ ∪ {λ}) × {0, 1}^k × K × {0, 1, −1}^k. The k-counter machine M is said to be real time iff: Δ ⊆ K × Σ × {0, 1}^k × K × {0, 1, −1}^k, i.e. iff there are not any λ-transitions.

If the machine M is in state q and c_i ∈ N is the content of the i^{th} counter C_i then the configuration (or global state) of M is the (k + 1)-tuple (q, c_1, . . . , c_k).

For a ∈ Σ ∪ {λ}, q, q^′ ∈ K and (c_1, . . . , c_k) ∈ N^k such that c_j = 0 for j ∈ E ⊆ {1, . . . , k} and c_j > 0 for j /∈ E, if (q, a, i_1, . . . , i_k, q^′, j_1, . . . , j_k) ∈ Δ where i_j = 0 for j ∈ E and i_j = 1 for j /∈ E, then we write:

a : (q, c_1, . . . , c_k) →_M (q^′, c_1 + j_1, . . . , c_k + j_k)

→^⋆_M is the transitive and reflexive closure of →_M. (The subscript M will be omitted whenever the meaning remains clear). Thus we see that the transition relation must satisfy:

if (q, a, i_1, . . . , i_k, q^′, j_1, . . . , j_k) ∈ Δ and i_m = 0 for some m ∈ {1, . . . , k}, then j_m = 0 or j_m = 1 (but j_m may not be equal to −1).

Let σ = a_1a_2 . . . a_n be a finite word over Σ. An sequence of configurations r = (q_i, c^i_1, . . . c^i_k)_{1≤i≤p}, for p ≥ n + 1, is called a run of M on σ, starting in configuration (p, c_1, . . . , c_k), iff:

1. (q_1, c^1, . . . c^1_k) = (p, c_1, . . . , c_k) 2. for each i ≥ 1, there exists b_i ∈ Σ ∪ {λ} such that b_i : (q_i, c^i_1, . . . c^i_k) →_M (q_{i+1}, c^{i+1}_1 , . . . c^{i+1}_k ) 3. a_1.a_2.a_3 . . . a_n = b_1.b_2.b_3 . . . b_p

Let σ = a_1a_2 . . . a_n . . . be an ω-word over Σ. An ω-sequence of configurations r = (q_i, c^i_1, . . . c^i_k)_{i≥1} is called a run of M on σ, starting in configuration (p, c_1, . . . , c_k), iff: 1. (q_1, c^1, . . . c^1_k) = (p, c_1, . . . , c_k) 2. for each i ≥ 1, there exists b_i ∈ Σ ∪ {λ} such that b_i : (q_i, c^i_1, . . . c^i_k) →_M (q_{i+1}, c^{i+1}_1 , . . . c^{i+1}_k ) such that either a_1a_2 . . . a_n . . . = b_1b_2 . . . b_n . . . or b_1b_2 . . . b_n . . . is a finite prefix of a_1a_2 . . . a_n . . .

The run r is said to be complete when a_1a_2 . . . a_n . . . = b_1b_2 . . . b_n . . . For every such run, In(r) is the set of all states entered infinitely often during run r.

A complete run r of M on σ, starting in configuration (q_0, 0, . . . , 0), will be simply called “a run of M on σ”.

Definition 2. A Büchi k-counter automaton is a 5-tuple M = (K, Σ, Δ, q_0, F ), where M^′ = (K, Σ, Δ, q_0) is a k-counter machine and F ⊆ K is the set of accepting states. The ω-language accepted by M is

L(M) = {σ ∈ Σ^ω | there exists a run r of M on σ such that In(r) ∩ F ≠ ∅}

Definition 3. A Muller k-counter automaton is a 5-tuple M = (K, Σ, Δ, q_0, F), where M^′ = (K, Σ, Δ, q_0) is a k-counter machine and F ⊆ 2^K is the set of accepting sets of states. The ω-language accepted by M is

L(M) = {σ ∈ Σ^ω | there exists a run r of M on σ such that ∃F ∈ F In(r) = F }

The class of Büchi k-counter automata will be denoted BC(k). The class of real time Büchi k-counter automata will be denoted r-BC(k). The class of ω-languages accepted by Büchi k-counter automata will be denoted

BCL(k)_ω .

The class of ω-languages accepted by real time Büchi k-counter automata will be denoted r-BCL(k)_ω.

It is well known that an ω-language is accepted by a (real time) Büchi k-counter automaton iff it is accepted by a (real time) Muller k-counter automaton [EH93]. Notice that it cannot be shown without using the non determinism of automata and this result is no longer true in the deterministic case.

Remark that 1-counter automata introduced above are equivalent to pushdown automata whose stack alphabet is in the form {Z_0, A} where Z_0 is the bottom symbol which always remains at the bottom of the stack and appears only there and A is another stack symbol. The pushdown stack may be seen like a counter whose content is the integer N if the stack content is the word Z_0.A^N . In the model introduced here the counter value cannot be increased by more than 1 during a single transition. However this does not change the class of ωlanguages accepted by such automata. So the class BCL(1)_ω is equal to the class 1-ICL_ω, introduced in [Fin01c], and it is a strict subclass of the class CFL_ω of context free ω-languages accepted by Büchi pushdown automata.

3 Borel hierarchy

We assume the reader to be familiar with basic notions of topology which may be found in [Mos80,LT94,Kec95,Sta97,PP04]. There is a natural metric on the set Σ^ω of infinite words over a finite alphabet Σ which is called the prefix metric and defined as follows. For u, v ∈ Σ^ω and u ≠ v let δ(u, v) = 2^{−lpref (u,v)} where l_{pref(u,v)} is the first integer n such that the (n + 1)^{st} letter of u is different from the (n+1)^{st} letter of v. This metric induces on Σ^ω the usual Cantor topology for which open subsets of Σ^ω are in the form W.Σ^ω, where W ⊆ Σ^⋆. A set L ⊆ Σ^ω is a closed set iff its complement Σ^ω − L is an open set. Define now the Borel Hierarchy of subsets of Σ^ω:

Definition 4. For a non-null countable ordinal α, the classes Σ^0_α and Π^0_α of the Borel Hierarchy on the topological space Σ^ω are defined as follows: Σ^0_1 is the class of open subsets of Σ^ω, Π^0_1 is the class of closed subsets of Σ^ω, and for any countable ordinal α ≥ 2:

Σ^0_α is the class of countable unions of subsets of Σ^ω in ⋃ γ<α Π^0_γ .

Π^0_α is the class of countable intersections of subsets of Σ^ω in ⋃ γ<α Σ^0_γ .

For a countable ordinal α, a subset of Σ^ω is a Borel set of rank α iff it is in Σ^0_α ∪ Π^0_α but not in ⋃ γ<α(Σ^0_γ ∪ Π^0_γ ).

There are also some subsets of Σ^ω which are not Borel. In particular the class of Borel subsets of Σ^ω is strictly included into the class Σ^1 of analytic sets which are obtained by projection of Borel sets, see for example [Sta97,LT94,PP04,Kec95] for more details. The (lightface) class Σ^1_1 of effective analytic sets is the class of sets which are obtained by projection of arithmetical sets. It is well known that a set L ⊆ Σ^ω, where Σ is a finite alphabet, is in the class Σ^1_1 iff it is accepted by a Turing machine with a Büchi or Muller acceptance condition [Sta97]. We now define completeness with regard to reduction by continuous functions. For a countable ordinal α ≥ 1, a set F ⊆ Σ^ω is said to be a Σ^0_α (respectively, Π^0_α, Σ^1)-complete set iff for any set E ⊆ Y^ω (with Y a finite alphabet): E ∈ Σ^0_α (respectively, E ∈ Π^0_α, E ∈ Σ^1) iff there exists a continuous function f : Y^ω → Σ^ω such that E = f^{−1}(F ). Σ^0_n (respectively Π^0_n)-complete sets, with n an integer ≥ 1, are thoroughly characterized in [Sta86].

4 Borel hierarchy of ω-languages in r-BCL(8)_ω

It is well known that if L ⊆ Σ^ω is accepted by a Turing machine with a Büchi acceptance condition and is a Borel set of rank α, then α is smaller than ω^{CK}_1 , where ω^{CK}_1 is the first non-recursive ordinal, usually called the Church-Kleene ordinal. Moreover for every non null countable ordinal α < ω^{CK}_1 , there exist some Σ^0_α-complete and some Π^0_α-complete sets in the class Σ^1_1 of ω-languages accepted by Turing machines with a Büchi acceptance condition. On the other hand it is well known that every Turing machine can be simulated by a (non real time) 2-counter automaton. Thus for every non null countable ordinal α < ω^{CK}_1 , there exist some Σ^0_α-complete and some Π^0_α-complete ωlanguages in the class BCL(2)_ω . We shall prove the following proposition.

Proposition 5. For every non null countable ordinal α < ω^{CK}_1 , there exist some Σ^0_α-complete and some Π^0_α-complete ω-languages in the class r-BCL(8)_ω.

In order to prove this result, we first state the two following lemmas.

Let Σ be an alphabet having at least two letters, E be a new letter not in Σ, S be an integer ≥ 1, and θ_S : Σ^ω → (Σ ∪ {E})^ω be the function defined, for all x ∈ Σ^ω, by:

θ_S (x) = x(1).E^S .x(2).E^{S2} .x(3).E^{S3} .x(4) . . . x(n).E^{Sn} .x(n + 1).E^{Sn+1} . . .

Lemma 6. Let Σ be an alphabet having at least two letters and let L ⊆ Σ^ω be a Σ^0_α-complete (respectively, Π^0_α-complete) subset of Σ^ω for some ordinal α ≥ 2. Then the ω-language θ_S (L) is a Σ^0_α-complete (respectively, Π^0_α-complete) subset of (Σ ∪ {S})^ω.

Lemma 7. Let Σ be an alphabet having at least two letters and let L ⊆ Σ^ω be an ω-language in the class BCL(2)_ω . Then there exists an integer S ≥ 1 such that θ_S (L) is in the class r-BCL(8)_ω.

5 Borel hierarchy of ω-languages in r-BCL(1)_ω

We shall firstly prove the following result.

Proposition 8. Let k ≥ 2 be an integer. If, for some ordinal α ≥ 2, there is a Σ^0_α-complete (respectively, Π^0_α-complete) ω-language in the class r-BCL(k)_ω, then there is some Σ^0_α-complete (respectively, Π^0_α-complete) ω-language in the class r-BCL(1)_ω.

To simplify the exposition of the proof of this result, firstly, we are going to sketch the proof for k = 2. Next we shall explain the modifications to do in order to infer the result for the integer k = 8 which is in fact the only case we shall need in the sequel. (However our main result will show that the proposition is true for every integer k ≥ 2).

For that purpose we define first a coding of ω-words over a finite alphabet Σ by ω-words over the alphabet Σ ∪ {A, B, 0} where A, B and 0 are new letters not in Σ. We shall code an ω-word x ∈ Σ^ω by the ω-word h(x) defined by

h(x) = A.0^6.x_1.B.0^{62} .A.0^{62} .x_2.B.0^{63} .A.0^{63} .x_3.B . . . B.0^{6n} .A.0^{6n} .x_n.B . . .

This coding defines a mapping h : Σ^ω → (Σ ∪ {A, B, 0})^ω. The function h is continuous because for all ω-words x, y ∈ Σ^ω and each positive integer n, it holds that δ(x, y) < 2^{−n} → δ(h(x), h(y)) < 2^{−n}.

Lemma 9. Let Σ be a finite alphabet and (h(Σ^ω))^− = (Σ∪{A, B, 0})^ω −h(Σ^ω). If L ⊆ Σ^ω is Σ^0_α-complete (respectively, Π^0_α-complete), for a countable ordinal α ≥ 2, then h(L) ∪ h(Σ^ω)^− is a Σ^0_α-complete (respectively, Π^0_α-complete) subset of (Σ ∪ {A, B, 0})^ω.

In order to apply Lemma 9, we want now to prove that if L(A) ⊆ Σ^ω is accepted by a real time 2-counter automaton A with a Büchi acceptance condition then h(L(A))∪h(Σ^ω )^− is accepted by a 1-counter automaton with a Büchi acceptance condition. We firstly prove the following lemma.

Lemma 10. Let Σ be a finite alphabet and h be the coding of ω-words over Σ defined as above. Then h(Σ^ω)^− = (Σ ∪ {A, B, 0})^ω − h(Σ^ω) is accepted by a real time 1-counter Büchi automaton.

We would like now to prove that if L(A) ⊆ Σ^ω is accepted by a real time 2- counter automaton A with a Büchi acceptance condition then h(L(A)) is in BCL(1)_ω. We cannot show this, so we are firstly going to define another ωlanguage L(A) accepted by a 1-counter Büchi automaton and we shall prove that h(L(A)) ∪ h(Σ^ω)^− = L(A) ∪ h(Σ^ω)^−.

We shall need the following notion. Let N ≥ 1 be an integer such that N = 2^x.3^y.N_1 where x, y are positive integers and N_1 ≥ 1 is an integer which is neither divisible by 2 nor by 3. Then we set P_2(N) = x and P_3(N) = y. So 2^{P2(N)} is the greatest power of 2 which divides N and 2^{P3(N)} is the greatest power of 3 which divides N.

Let then a 2-counter Büchi automaton A = (K, Σ, Δ, q_0, F ) accepting the ωlanguage L(A) ⊆ Σ^ω. The ω-language L(A) is the set of ω-words over the alphabet Σ ∪ {A, B, 0} in the form

A.u_1.v_1.x_1.B.w_1.z_1.A.u_2.v_2.x_2.B.w_2.z_2.A . . . A.u_n.v_n.x_n.B.w_n.z_n.A . . .

where, for all integers i ≥ 1, v_i, w_i ∈ 0^+, u_i, z_i ∈ 0^⋆, |u_1| = 5, |u_{i+1}| = |z_i| and there is a sequence (q_i)_{i≥0} of states of K and integers j_i, j^′_i ∈ {−1; 0; 1}, for i ≥ 1, such that for all integers i ≥ 1:

x_i : (q_{i−1}, P_2(|v_i|), P_3(|v_i|)) →_A (q_i, P_2(|v_i|) + j_i, P_3(|v_i|) + j^′_i) and |w_i| = |v_i|.2^{ji} .3^{j′i}

Moreover some state q_f ∈ F occurs infinitely often in the sequence (q_i)_{i≥0}. Notice that the state q_0 of the sequence (q_i)_{i≥0} is also the initial state of A.

Lemma 11. Let A be a real time 2-counter Büchi automaton accepting ω-words over the alphabet Σ and L(A) ⊆ (Σ ∪{A, B, 0})^ω be defined as above. Then L(A) is accepted by a 1-counter Büchi automaton B.

Lemma 12. Let A be a real time 2-counter Büchi automaton accepting ω-words over the alphabet Σ and L(A) ⊆ (Σ ∪ {A, B, 0})^ω be defined as above. Then L(A) = h^{−1}(L(A)), i.e. ∀x ∈ Σ^ω h(x) ∈ L(A) ←→ x ∈ L(A).

Proof. Let A be a real time 2-counter Büchi automaton accepting ω-words over the alphabet Σ and L(A) ⊆ (Σ ∪ {A, B, 0})^ω be defined as above. Let x ∈ Σ^ω be an ω-word such that h(x) ∈ L(A). So h(x) may be written

h(x) = A.0^6.x_1.B.0^{62} .A.0^{62} .x_2.B.0^{63} .A.0^{63} .x_3.B . . . B.0^{6n} .A.0^{6n} .x_n.B . . .

and also

h(x) = A.u_1.v_1.x_1.B.w_1.z_1.A.u_2.v_2.x_2.B.w_2.z_2.A . . . A.u_n.v_n.x_n.B.w_n.z_n.A . . .

where, for all integers i ≥ 1, v_i, w_i ∈ 0^+, u_i, z_i ∈ 0^⋆, |u_1| = 5, |u_{i+1}| = |z_i| and there is a sequence (q_i)_{i≥0} of states of K and integers j_i, j^′_i ∈ {−1; 0; 1}, for i ≥ 1, such that for all integers i ≥ 1:

x_i : (q_{i−1}, P_2(|v_i|), P_3(|v_i|)) →_A (q_i, P_2(|v_i|) + j_i, P_3(|v_i|) + j^′_i) and |w_i| = |v_i|.2^{ji} .3^{j′i}

some state q_f ∈ F occurring infinitely often in the sequence (q_i)_{i≥0}. In particular, u_1 = 0^5 and u_1.v_1 = 0^6 thus |v_1| = 1 = 2^0.3^0. We can prove by induction on the integer i ≥ 1 that, for all integers i ≥ 1, |w_i| = |v_{i+1}| = 2^{P2(|wi|)}.3^{P3(|wi|)}. Moreover, setting c^i_1 = P_2(|v_i|) and c^i_2 = P_3(|v_i|), we can prove that for each integer i ≥ 1 it holds that

x_i : (q_{i−1}, c^i_1, c^i_2) →_A (q_i, c^{i+1}_1 , c^{i+1}_2 )

But there is some state q_f ∈ K which occurs infinitely often in the sequence (q_i)_{i≥1}. This implies that (q_{i−1}, c^i_1, c^i_2)_{i≥1} is a successful run of A on x thus x ∈ L(A).

Conversely it is easy to see that if x ∈ L(A) then h(x) ∈ L(A). This ends the proof of Lemma 12. □

Remark 13. The simulation, during the reading of h(x) by the 1-counter Büchi automaton B, of the behaviour of the real time 2-counter Büchi automaton A reading x, can be achieved, using a coding of the content (c_1, c_2) of two counters by a single integer 2^{c1} .3^{c2} and the special shape of ω-words in h(Σ^ω) which allows the propagation of the counter value of B. This will be sufficient here, because of the previous lemmas, and in particular of the fact that h(Σ^ω)^− is in the class r-BCL(1)_ω. and we can now end the proof of Proposition 8.

End of Proof of Proposition 8. Let α ≥ 2 be an ordinal. Assume that there is a Σ^0_α-complete (respectively, Π^0_α-complete) ω-language L(A) ⊆ Σ^ω which is accepted by a real time 2-counter Büchi automaton A. By Lemma 9, h(L) ∪ h(Σ^ω)^− is a Σ^0_α-complete (respectively, Π^0_α-complete) subset of (Σ∪{A, B, 0})^ω. On the other hand Lemma 12 states that L(A) = h^{−1}(L(A)) and this implies that h(L(A)) ∪ h(Σ^ω)^− = L(A) ∪ h(Σ^ω)^−. But we know by Lemmas 10 and 11 that the ω-languages h(Σ^ω)^− and L(A) are in the class BCL(1)_ω thus their union is also accepted by a 1-counter Büchi automaton. Therefore h(L(A)) ∪ h(Σ^ω)^− is a Σ^0_α-complete (respectively, Π^0_α-complete) ω-language in the class BCL(1)_ω.

We can now easily show that there is a Σ^0_α-complete (respectively, Π^0_α-complete) ω-language in the class r-BCL(1)_ω, using the two following facts. (1) h(Σ^ω)^− is accepted by a real time 1-counter Büchi automaton; (2) L(A) is accepted by a (non real time) 1-counter Büchi automaton B but at most 5 consecutive λtransitions can occur during the reading of an ω-word x by B (see the proof of Lemma 11 in the full version of this paper).

In order to prove Proposition 8 for the integer k = 8, we reason in a similar way. We first replace the integer 6 = 2.3 by the product of the eight first prime numbers:

K = 2.3.5.7.11.13.17.19 = 9699690

and the mapping h by the mapping h_K , defined for all x ∈ Σ^ω, by:

h_K (x) = A.0^K .x_1.B.0^{K2} .A.0^{K2} .x_2.B.0^{K3} .A.0^{K3} .x_3.B . . . B.0^{Kn} .A.0^{Kn} .x_n.B . . .

We define also, for every 8-counter Büchi automaton A, an ω-language L(A), accepted by a 1-counter Büchi automaton, such that L(A) = h^{−1}_K (L(A)). The essential change is that now the content (c_1, c_2, . . . , c_8) of eight counters is coded by the product 2^{c1} .3^{c2} . . . . .(17)^{c7} .(19)^{c8} .

Details will be included in the full version of this paper. □

From the results of Section 4 and Proposition 8, we can now state the following result.

Theorem 14. Let C be a class of ω-languages such that:

r-BCL(1)_ω ⊆ C ⊆ Σ^1_1 .

(a) If L ∈ C is a Borel set of rank α, then α is smaller than ω^{CK}_1 . (b) For every non null countable ordinal α < ω^{CK}_1 , there exists some Σ^0_αcomplete and some Π^0_α-complete ω-languages in the class C.

The Wadge hierarchy is a great refinement of the Borel hierarchy, [Dup01,Wad83]. Looking carefully at the proofs given in this paper, we can easily show the following strengthening of Theorem 14 (see the proof in the full version of this paper).

Theorem 15. The Wadge hierarchy of the class r-BCL(1)_ω , hence also of the class CF L_ω, or of every class C such that r-BCL(1)_ω ⊆ C ⊆ Σ^1_1 , is the Wadge hierarchy of the class Σ^1_1 of ω-languages accepted by Turing machines with a Büchi acceptance condition.

6 Concluding remarks

We have completely determined the Borel hierarchy of classes r-BCL(1)_ω and CF L_ω and showed that their Wadge hierarchy is also the Wadge hierarchy of the class Σ^1_1 . The methods used in this paper are different from those used in previous papers on context free ω-languages [Fin01b,Fin01a,Fin03a,Fin03b], where we gave an inductive construction of some Δ^0_ω context free ω-languages of a given Borel rank or Wadge degree, using work of Duparc on the Wadge hierarchy of Δ^0_ω Borel sets, [Dup01]. However it will be possible to combine both methods for the effective construction of ω-languages in the class r-BCL(1)_ω, and of 1-counter Büchi automata accepting them, of a given Wadge degree among the ε_ω degrees obtained in [Fin01a] for Δ^0_ω context free ω-languages. Finally we mention that in a forthcoming paper we apply similar methods to the study of topological properties of infinitary rational relations and we prove that their Wadge and Borel hierarchies are equal to the corresponding hierarchies of of the classes r-BCL(1)_ω, CF L_ω or Σ^1_1 , [Fin04].

References

[Ber79] J. Berstel. Transductions and context free languages. Teubner Studienbücher Informatik, 1979.

[CG77] R.S. Cohen and A.Y. Gold. Theory of ω-languages, parts one and two. Journal of Computer and System Science, 15:169–208, 1977.

[DFR01] J. Duparc, O. Finkel, and J.-P. Ressayre. Computer science and the fine structure of Borel sets. Theoretical Computer Science, 257(1–2):85–105, 2001.

[Dup01] J. Duparc. Wadge hierarchy and Veblen hierarchy: Part 1: Borel sets of finite rank. Journal of Symbolic Logic, 66(1):56–86, 2001.

[Dup03] J. Duparc. A hierarchy of deterministic context free ω-languages. Theoretical Computer Science, 290(3):1253–1300, 2003.

[EH93] J Engelfriet and H. J. Hoogeboom. X-automata on ω-words. Theoretical Computer Science, 110(1):1–51, 1993.

[Fin01a] O. Finkel. On the Wadge hierarchy of omega context free languages. In Proceedings of the International Workshop on Logic and Complexity in Computer Science, held in Honor of Anatol Slissenko for his 60th Birthday, pages 69–79, Créteil, France, 2001.

[Fin01b] O. Finkel. Topological properties of omega context free languages. Theoretical Computer Science, 262(1–2):669–697, 2001.

[Fin01c] O. Finkel. Wadge hierarchy of omega context free languages. Theoretical Computer Science, 269(1–2):283–315, 2001.

[Fin03a] O. Finkel. Borel hierarchy and omega context free languages. Theoretical Computer Science, 290(3):1385–1405, 2003.

[Fin03b] O. Finkel. On omega context free languages which are Borel sets of infinite rank. Theoretical Computer Science, 299(1-3):327–346, 2003.

[Fin04] O. Finkel. On the accepting power of two-tape Büchi automata. 2004.

preprint.

[HU79] J. E. Hopcroft and J. D. Ullman. Introduction to automata theory, languages, and computation. Addison-Wesley Publishing Co., Reading, Mass., 1979. Addison-Wesley Series in Computer Science.

[Kec95] A. S. Kechris. Classical descriptive set theory. Springer-Verlag, New York, 1995.

[LT94] H. Lescow and W. Thomas. Logical specifications of infinite computations.

In J. W. de Bakker, Willem P. de Roever, and Grzegorz Rozenberg, editors, A Decade of Concurrency, volume 803 of Lecture Notes in Computer Science, pages 583–621. Springer, 1994.

[Mos80] Y. N. Moschovakis. Descriptive set theory. North-Holland Publishing Co., Amsterdam, 1980.

[Niv78] M. Nivat. Sur les ensembles de mots infinis engendrés par une grammaire algébrique. RAIRO Informatique Théorique et Applications, 12(3):259–278, v, 1978.

[PP04] D. Perrin and J.-E. Pin. Infinite words, automata, semigroups, logic and games, volume 141 of Pure and Applied Mathematics. Elsevier, 2004.

[Sim92] P. Simonnet. Automates et théorie descriptive. PhD thesis, Université Paris VII, 1992.

[Sta86] L. Staiger. Hierarchies of recursive ω-languages. Elektronische Informationsverarbeitung und Kybernetik, 22(5-6):219–241, 1986.

[Sta97] L. Staiger. ω-languages. In Handbook of formal languages, Vol. 3, pages 339–387. Springer, Berlin, 1997.

[SW74] L. Staiger and K. Wagner. Automatentheoretische und automatenfreie Charakterisierungen topologischer Klassen regulärer Folgenmengen. Elektron. Informationsverarbeit. Kybernetik, 10:379–392, 1974.

[Tho90] W. Thomas. Automata on infinite objects. In J. van Leeuwen, editor, Handbook of Theoretical Computer Science, volume B, Formal models and semantics, pages 135–191. Elsevier, 1990.

[Tho02] W. Thomas. Infinite games and verification (extended abstract of a tutorial).

In Proceedings of the International Conference on Computer Aided Verification CAV 2002, volume 2404 of Lecture Notes in Computer Science, pages 58–64. Springer, 2002.

[Wad83] W. Wadge. Reducibility and determinateness in the Baire space. PhD thesis, University of California, Berkeley, 1983.

[Wag79] K. Wagner. On ω-regular sets. Information and Control, 43(2):123–177, 1979. [Wal00] I. Walukiewicz. Pushdown processes: games and model checking. Information and Computation, 157:234–263, 2000.