Chap. 5. Affine Lie algebras: untwisted case

o
12. THE LIE ALGEBRA g AND ITS LOOP ALGEBRA

Let R be a finite, irreducible root system with basis {a1, ..., a,}.
Let ;1 be its Cartan matrix and
Gg=ntohon = ( D §a> oho ( D E,a)
a€ER* a€ER*
the corresponding KM-algebra, with generators ¢;, f; for i = 1,...,n
(since As invertible, f; is spanned by the o) = [e;, fi]).*

Definition 12.1. Denote by S the Laurent polynomial ring K[t,¢!].
Let
L) =Sexg=Pt' ®g
r€Z
be the S-Lie algebra obtained by extension of scalars.

Definition 12.2. Let £ be a K-Lie algebra. A central extension of L
by a vector space C' is a Lie algebra £ such that:

(a) L = C & L as vector spaces.

(b) C is central, i.e. [C, £] = 0.

(c) For every =,y € L, one has

(121) [l’,y] - 1/)(%9) + [xvy]ﬁ7

where [, |~ is the given bracket on £ and ) is a bilinear map on £ with
values in C.

The condition [z, x] = 0 is equivalent to 1 (x,z) = 0, i.e. 1) must be
alternating. Further, one sees that the Jacobi identity is equivalent to
the following condition, for all z,y, z € L:

(12'2) Q/J([.CE, y]£> Z) + w([yv z]ﬁa ZL’) + ¢([Z’ x]£> y) = 0.

An alternating bilinear map ¢ : £ — C satisfying (12.2) is called a
2-cocycle with values in C.

Definition 12.3. Let £ be a Lie algebra over K and D a derivation
of £, i.e. a K-linear endomorphism D of £ such that

(12.3) D([z,y]) = [D(x),y] + [z, D(y)] for all z,y € L.

OVersion of 23,/2/26.

n other words, E is a split simple Lie algebra over K, with split Cartan subal-

o
gebra b.
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On the vector space L=LaK D, there is a Lie bracket defined for all
x,y € Land A\, u € K by:

(12.4) [+ AD,y + uD] = [z,y] + AD(y) — uD().

Note that [D, £] C £, hence £ is an ideal of L.

Lemma 12.4. Let (|) be an invariant symmetric bilinear form on g.
On L = E(ﬁ), the bilinear form 1 defined by:

(12.5) P(t" @zt @y) =1 (z|y)

15 a 2-cocycle.

Proof. Firstly, if s = r then rd, _, = 0, hence 9 is alternating. Now,
let x,y,z € ﬁ and r,s,u € Z. Seta=t"®@z, b=t*®yand c =" ® z.
Then, one has:

(7 + 8)0rysruo ([7,9] | 2)
U([b, C]zxa) =t (s + u)drpsruo ([, 2] | @)

Y(le,ale, b) = 7 (A 7)0rapuo ([2, 2] | )

(
(
Further, using the symmetry and invariance of (
Y
Y

{ ([y, 2] | 2) = (2 | ly, 2]) = ([z, 9]
([ 2] 1y) = (2 | [z, 9]) = ([z, 9]

), one obtains:
(12.6) :

z),
2).
It follows that

¥([a, bz, c) +¥([b, ]z, a) + ¢(le, ale, t°0) =

2tr+s+u(r + S+ u)(sr+s+U,0 (['% y] | Z) = 0.

This proves that 1 it a 2-cocycle with values in K. 0
Definition 12.5. Let £(g) be the central extension of £(g) by K
defined by 1, i.c. £(g) = K¢ ® L£(g), with ¢ central, and one has:
(12.7) '@zt @yl =t"" @ [z, y] + 1o, —s(z | y)e.

Remark 12.6. We chose ¢ = 1 as the generator of the vector space K. If one
replaces the given invariant form ¢y = (|) be a multiple ¢ = zpy, for some z € K*,

the resulting central extension E(E)g@ is isomorphic to Z(E;) via the isomorphism
sending c to zc.

Lemma 12.7. Let d be the endomorphism of L£(g) which kills ¢ and
d o ~ o
acts by t% on L(g). Then d is a derivation of L(g).
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Proof. Let us prove that d([a, b]) = [d(a), b]+[a, d(b)] for all a, b € L(g).
Since ¢ is central and killed by d, it suffices to treat the case where
a=t"®xand b =1"®y. Then

d([a,b]) = (r+ s)t"" @ [2,y]
and
(%) [d(a), 8] + [a,d(D)] = (r + s)t"™ @ [2,y] + ¥(ra,b) + ¥(a, sb).
But ¢(a, sb) = rsd, s (x| y) while

Y(ra,b) =10, (z | y) = —rsd,—s (x| ).
Hence the RHS of () equals d([a, b]). This proves that d is a derivation
of £(g). O

Definition 12.8. The Lie algebra £(g) ® Kd = Kc ® L(g) ® Kd is
denoted by E(a)

Remark 12.9. A more conceptual way to define (and understand) the cocycle
of (12.5) is as follows. Let Res : S — K be the residue map, i.e. Res(t") = 0 if
r # —1 and Res(t7!) = 1. One has an exact sequence

0 g M g _Res_ p 0.

For P € S, denote dP/dt simply by P’. Consider the K-bilinear form on S with
values in K defined for all P,Q € S by:

(12.8) ©(P, Q) = Res(P'Q) = — Res(PQ’).
For all P,Q,U € S, one has (PQ)'U + (QU)'P + (UP)'Q = 2(PQU)’ and hence:
(12.9) e(PQ,U) + ¢(QU, P) + p(UP,Q) = 0.

Now, for P =" and @ = t* one has ¢(P, Q) = Res(rt"~'7*) = r§, _; and hence
(12.5) can be rewritten as follows:

(12.10) P(Pez,Qey) = (v]y) e(PQ).
Then, using (12.6) and (12.9), one obtains that ¢ satisfies the condition (12.2).

13. L(g) AS A KM-ALGEBRA

13.1. Generators of 2(5) Firstly, we identifiy E; with the Lie subal-
gebra 1 ®Ej of £(5)

Notation 13.1. Set Set h = hd Kch Kdand n™ = n- @@r21 t”’@ﬁ
and nt = nt @ Do ' ® g. Each is a Lie subalgebra of g.
Since R is irreducible, it has a unique maximal root

(13.1) v = Zaiai
i=1
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which is the highest weight of the adjoint representation. Choose gen-
erators e, and e_., of aw and 3_7 respectively, such that [e,,e_,] = 7",
and set g =t ®e_, and fo =t ®e,.

Lemma 13.2. The Lie subalgebra n~ 1is generated by fo, f1,..-, fn-
Similarly, n" is generated by eg, eq, ..., e,

Proof. Note that fy, fi,..., f. belong to n=. Let N be the Lie subal-
gebra that they generate.

Firstly, we know that fi,..., f, generate n-. Further, since e, is
a highest weight vector of 5, it generates El as a n -module. Since
fo = 71 @ e, it follows that A contains ¢~ @ g. Next, since g is
simple one has [B, B] = g and hence A contains

et leog =t =t2cg

By induction one obtains that N contains ™" ® E for every r € N*.
Thus, N/ = n~. This proves the first assertion, and the second is
obtained similarly. O

13.2. The subalgebra h and its roots in E(&)

Notation 13.3. Recall that § = b & Kc & Kd.

(a) We identify (h)* with the orthogonal of K¢ @® Kd in b*.

(b) Let d be the element of h* defined by 5([; +Kc)=0and d(d) = 1.
One sets:
(13.2) ag =0 —1.

o

Then IT = (ay,...,q,) is a K-basis of (h)* @ KJ§. Further, with the
notation of (13.1), one has:

(13.3) ‘52040—1—7:a0+a1a1+-~+anan.

Let us consider the adjoint action of h on g. Since c¢ is central, it

suffices to consider elements of h of the form h = hy + zd, with hg € b
and z € K. Fora € RU{0} and a = " ® x, with r € Z and z € g,
note that [ho, a] = t" ® [ho, x] since the term 76, (ho | ) ¢ is 0. Hence,
for h = hg + zd one has:

(13.4)  [h,a] = zd(a) +t" ® [h,x] = rza + a(hy)a = (rd + a)(h)a.

This shows that " ® E;a has weight 76 + a. In particular, t" ® h has
weight 9. Thus, we obtain the following:
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Lemma 13.4. For the adjoint action of by, the non-zero weights of g
are:

(1) rd + «, with « € R and r € Z, with multiplicity 1.
(2) rd, with r € Z — {0}, with multiplicity n.
In particular, using definition (13.2), we see that ey (resp. fo) has
weight g (resp. —ap). We set af = [eo, fol-
2

ol
(ay,...,a)) is a K-basis of h & Ke.

n

\

)c—fy.

Lemma 13.5. One has of = In particular, 11V =

Proof. Since eg =t ® e_, and fo =t ' @ e,, one has

leo, fo] = [e—y €] + (= [ ey) e = =77+ (e— | &) c.
Also, by assertion (2) of Th. 10.7 one has [e,,e_,] = (e, | e—,) 771(7),
whereas by (10.5) one has 7(y") = 2v/(v | 7). Thus, our assumption
that [e,,e_,] =" is equivalent to (e, | e—,) = 2/(7 | 7). This proves
the lemma. O
Notation 13.6. The normalised invariant symmetric bilinear form

(]) on g is the one such that for the induced form on (h)* one has
(v | v) = 2. From now on, we choose this form. With this choice, the
previous lemma gives:

(13.5) c=ay+7".
and this element c is called the canonical central element of EA(B)

Definition 13.7. Since (o, ..., ;) is a basis of the dual root system
RY| there exist a unique n-tuple (¢i, ..., ¢,) € N such that

(13.6) V=) -+ e

Then, (13.5) can be rewritten as:

(13.7) c=qf +aaf + -+ ).

13.3. The Cartan matrix A and the isomorphism g(A4) ~ E(a)

Proposition 13.8. Set a;; = () fori,5=0,...,n.

(1) The matriz A = (a;j)i j—o,. n 15 a Cartan matriz of rank n. More
precisely, Ker(A) and Ker(A") are spanned, respectively, by the trans-
pose of the row vectors

(13.8) (1,a1,...,a,) and (Lcp, o ycn).
(2) (h,I1,11Y) is a realisation of A.
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Proof. A contains the n x n submatrix A which is invertible, hence A
has rank at least n.
One has ap = 5 v and o = ¢ —~". Since 0 and ¢ are orthogonal

to h + K¢ and (F)) + Kd respectively, one has agy = y(7") = 2 and,
fori=1,... n

apn = —y(ay) and ag; = —a; ().
All these are integers. Moreover, for ¢ = 1,...,n one has:
2(a; |y o; | oy
(139) oi(r) = 21 _ (109,

(v 1) (v 1)

Since « is the highest weight of the adjoint representation, one has
v(a)) € Nfori=1,...,n. Together with (13.9), this implies that a
and ag; both belong to Z~ and are simultaneously zero or non-zero.
This shows that A is a Cartan matrix.

For every row vector & = (xg,...,1,), Ax' is the column vector
(>, xjaj)(a;/))izo,__’n. Since ap+ Y iy @iy = g+ = 0 is orthog-
onal to af, ...,/ one obtains that A(1,as,...,a,)" = 0.

Similarly, for every row vector y = (yo,-..,Yn), YA is the row vec-
tor (a; (30, yia;/»j:(),...,n' Since oy + >0 o) = of +9Y = ¢ is
orthogonal to ay, ..., a,, one obtains that (1,¢,...,¢,)A = 0, hence
At (1,¢1,...,¢,)" = 0. This completes the proof of assertion (1).

Assertion (2) follows, because A has size n + 1 and h has dimension
2(n + 1) —rank(A) = n + 2, and II and IIV are linearly independent
sets in h* and b respectively. O

Theorem 13.9. E(E{) is the KM-algebra g(A).

Proof. We have seen that b is a realisation of A and that E(E;) =
n~ ®bhe&nt, where n~ and nt are the Lie subalgebras generated by
fo,. .., fn and eq, ..., e, respectively.

Further, these generators satisfy the defining relations of the auxil-

iary Lic algebra g(A). Therefore, £(g) is the quotient of §(A) by some
ideal t" such that ¥ N'h = (0). Hence, to prove that E(ﬁ) = g(A),
i.e. v =1, it suffices to prove that £(g) has no ideal I # (0) such that
Inh=(0).

Assume that I is such an ideal. Since EA(B) is the sum of its weight
spaces, I must contain a weight vector a = " ®xz, with r € Z and x # 0
in g, for some € RU {0} where r and « are not both 0 (otherwise

a would be in f)) Let y € g_,, such that (z | y) # 0. Then I contains
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the element

(z]y)(T7Ha) +rc) if o #0;

(@t @yl = [z,y]+r(@|y)c= {r(x ly)e else.

In both cases, the RHS is a nonzero element of I Nh, contradicting the
hypothesis. This proves the theorem. 0
13.4. Invariant form on h and imaginary roots.

Proposition 13.10. The Cartan matrix A is symmetrisable. The re-
sulting symmetric bilinear form on b satisfy (d | d)y = 0 and:

(13.10) () | d)y = b0i fori=0,...,n;
(13.11) (ag | h)y = —y(h) forallh € f;@ Ke;
2 o
(13.12) () | h)y = a;(h) fori=1,....,n and h € ho Kc.
(o | i)
In particular, one has:
(13.13) (claf)y=0 fori=0,...,n;
(13.14) (0} 1 ad)y = 2;
and, identifying f(; with its dual via (|):
(13.15) (ag | )y = (=7 |a)) fori=1,...,m;
(13.16) (of | a))y = (o) | ) fori,j=1,...,n.

Thus, the restriction of (| )y to b is the normalised invariant form.

Proof. Set 5y = —v and B; = o; for i = 1, ..., n. Identifying b with its
dual via (| ), one obtains 8, = 25,;/(8; | p;) for i = 0,...,n.

Let D be the diagonal matrix whose i-th entry is 2/(5; | §;). Then
DA is the symmetric matrix B = ((8; | 5;)) . Thus A sym-

metrisable.

3,7=0,...n

Noting that Doy = % = 1 and using Def. 10.1 of Chap. 4, one
obtains that (| )y is deﬁledyby (d | d)y =0 and, for all h € b:
ag(h) if i = 0;
(*) (o [ h) = Disai(h) = 2 ) ii=1...m
(ai | )

Since a;(d) =0 fori=1,...,n and 1 = §(d) = ao(d) + >, a;(d),

one obtains (13.10). And since ag = 0 — y and ¢ vanishes on h @ Ke,
one obtains (13.11). And (13.12) follows immediately from (x).
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Since ay, ..., a, and 0 vanish on ¢, one obtains (13.13). Further, let
7 be the isomorphism b — (h)* induced by (|). Then for all A € (h)*
and h € b, one has (A | 7(h)) = A(h). Since, for i = 1,...,n, one has:

one obtains (— 7 | ?—(%V)) = —v(a) = (o | @))p. This gives (13.15)
where in the RHS we have written, by abuse of notation, o instead of

o

7(e). Similarly, for i, j = 1,...,n one has:
2 2 [¢] [¢] [e]
Tayel) = (g ey 7)) = Ga) i)
This gives (13.16), with the same abuse of notation as above. U

Let wy be the element of h* defined by wy(h+ Kd) = 0 and wy(c) = 1.
Then (ayp, ..., an,wp) is a K-basis of h*.

Corollary 13.11. The isomorphism 7 : b — b* induced by (
satisfies T(d) = wo, 7()) = 20, /(e | o) fori=1,...,n and 1(c) =
Further, one has (o) = ap and

{ (0] ai)p» =0 fori=0,...,n, hence (0 | §) = 0;
(0 | o)y = (i | ;) fori,j=1,...,n.

o

In particular, the restriction of (| )+ to (h)* is the normalised invariant
form.

)
d.

(13.17)

Proof. For h € h one has 7(d)(h) = (d|h) =0if h€ h & Kd, and =1
if h = ay. Thus 7(d) = wy. Note also that since ¢ = af + > 1, ¢},
one has (d | ¢) = 1.

Next, one has 7(c)(a) = (¢ | o) = 0 for i = 0,...,n, hence
7(c) = 20 for some z € K. Since 7(c)(d) = (¢ | d) = 1, one obtains
z = 1. Thus 7(¢) = §. We have seen in the proof of Prop. 13.10 that
7(o)) = 20, /(e | o) for i = 1,...,n. This gives (13.17).

Further, one has 7(ag)(h) = (o | h) = —v(h) for all h € 6 ® Kec.
Thus, 7(a) = —y+29, for some z € K. Since 7(ay )(d) = (d | o) = 1,
one has z =1 and hence 7(a) =6 — v = ap. O

Remark 13.12. The equalities 7(c¢) = 6 and 7(oy)) = o give the following equal-
ity:

n

n n 261
a0+ aies =d = (o) + 3 eir(al) = a0+ 3 =S
=1 =1 =1
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2 .
Therefore, one has a; = % for i = 1,...,n. This can be seen directly, as
o5 | O
2
follows. Since (7 | 7) = 2 one has, on the one hand, 7" = ny =y=3" .
2¢;
And one has 7V = Y"1 oy =300, ( |C’ )ozi on the other hand.
QG | Qg

Remark 13.13. If « is a real root, there exists w € W such that wa
is a simple root «;, and hence one has (o | o) = (o; | ;) > 0. Thus,
since (6 | 6) = 0, the roots k0, with k € Z*, are imaginary. By the
proposition below, these are the only imaginary roots. For this reason,
0 is called the fundamental imaginary root.

Note that, since (6 | a') = 0 one has s;0 = ¢ for i = 0,...,n, hence
0 is invariant by the Weyl group W.

o

Lemma 13.14. (1) As a vector space, (§)* is spanned by the short roots, and also
by the long roots.

(2) There exists a positive short root o such that (o | vV) = 1.

Proof. We know that E = (h)* is spanned by the set of simple roots. Thus, if all
simple roots have the same length, they are both short and long, and (1) follows.

So, assume that g, « are adjacent simple roots, with g long and « short. Then
(| BY) =—1and (8| ) = —p with p = 2 or 3, hence sg(a) = o+ S and
sa(B) = B+ pa. .

We know that all roots of the same length are conjugate under W, the Weyl
group of R. Let R, resp. Ry, be the subset of short, resp. long, roots of R and
let E, resp. Ey, be the subspace of E spanned by R,, resp. Ry. Both E; and Ej

are stable by W. Since 8 = sg(a) — a and a = (1/p)(sa(8) — ), we see that E,
contains 3, hence all long roots, and E, contains «, hence all short roots. Therefore,
E,=E=E,.

(2) By (1), 7y cannot be orthogonal to all short roots, hence there exists a positive
short root « such that (v | «) is non-zero; then it must be positive since v is a
dominant weight. Finally, since « is a short root, one must have (a |yV)=1. O

Proposition 13.15. For every o € R and k € 7Z, the root ké + « is
real.

Proof. Note first that ®f contains R™ and ag = 6 — . Hence it

contains also 6 — wvy for each w € W. Hence @} contains all roots
d — B, with 8 € Ry. Let k > 2 and suppose that ®} contains 76 + Ry
forr =1,...,k—1. Then it contains also so((k—2)d+), which equals:

(k=2)0 47— ((k=2)0+7, ag)ao = (k=2)0+7+ (7, 7") (6 —7) = kd —7,

and hence @ contains k0 + R,. By induction, one obtains that it
contains kd + R, for all £ € N*.



70

Suppose now that R contains roots of different lengths. By Lemma
13.14, there exists o € R} such that (« | v¥) = 1. Suppose that @
contains kd + «, which is true for £ = 0. Then it contains so(kd + ),
which equals:

ké+a — (kd+a, o )yap = ko+a + (a,v") (6 — ) = (k + 1)d+s,a.

Hence @ contains (k + 1)d+ws.,«, for all w € W, ie. it contains
(k+1)0+Rs. By induction, it follows that ® contains kd 4+ R, for all
k € N*. This proves the proposition. U

13.5. The Dynkin diagram of EA(O) We give below the Dynkin di-
agram of A, using Carter’s notation Xn, which is a bit shorter than

Kac’s notation X\"”. Each diagram X is obtained from the finite di-
agram X, by addlng a vertex indicated in bold, which corresponds to
the simple root ay. Further, we replace the vertices o by the integers
(1,a4,...,a,) of Prop.13.8.

When 3 is of type A,,, D,,, E,, where all roots have the same length,

the Cartan matrix A is symmetric. Thus, the vector (1,¢y,...,¢,) of
Prop. 13.8 is the same as (1, a4, ...,a,) and we do not repeat it.
zzfl 1—1
Zn, n>2 1 1 - 1 1
\ 1 /
l~)n, n>4 1 2 .. ) 1
l l

Eg 1 2 3 2 1

:

l
E; 1 2 3 3 2 1

DN —— v~
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3

When E; is of type B,,, C,, or F; or GG, we obtain the following Dynkin
diagrams, where the additional coordinates cg, ¢y, ..., ¢, are indicated
as subscripts or supscripts.

In type C, (n > 2), the highest root is v = a, + 237" a; and ~"
is the highest short root in type B, which is af +---+ /. So we get:

C,m>2 1—2 2 p—
1 1 1 1 1

In type B, (n > 3), the highest root is v = oy +23 ", a; and 7" is
the highest short root in type C,,, which is o +2ay +-- - +2a | + ..
So we get:

B,, n>3

|l
DO o
DO o
DO =

1
1

In type Fy, the highest root is v = 2a; + 3an + 4z + 20y, while 7Y is
the highest short root in type F)’ ~ Fy, which is 2ay + 3ay +2ay + o .
So we get:

Ey l1—2—3=—4——
1 2 3 2

=D

In type G, the highest root is v = 2a; + 3aw, while 7Y is the highest
short root in type GY ~ Go, which is 2oy + ay. So we get:

G2 1—2=—72=3
1 2 1
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