
Chap. 5. Affine Lie algebras: untwisted case

12. The Lie algebra
◦
g and its loop algebra

Let R be a finite, irreducible root system with basis {α1, . . . , αn}.
Let

◦
A be its Cartan matrix and

◦
g =

◦
n+ ⊕

◦
h⊕ ◦

n− =
( ⊕

α∈R+

◦
gα

)
⊕

◦
h⊕

( ⊕
α∈R+

◦
g−α

)
the corresponding KM-algebra, with generators ei, fi for i = 1, . . . , n

(since
◦
A is invertible,

◦
h is spanned by the α∨

i = [ei, fi]).
1

Definition 12.1. Denote by S the Laurent polynomial ring K[t, t−1].
Let

L(◦g) = S ⊗K
◦
g =

⊕
r∈Z

tr ⊗ ◦
g

be the S-Lie algebra obtained by extension of scalars.

Definition 12.2. Let L be a K-Lie algebra. A central extension of L
by a vector space C is a Lie algebra L̃ such that:

(a) L̃ = C ⊕ L as vector spaces.

(b) C is central, i.e. [C, L̃] = 0.
(c) For every x, y ∈ L, one has

(12.1) [x, y] = ψ(x, y) + [x, y]L,

where [ , ]L is the given bracket on L and ψ is a bilinear map on L with
values in C.

The condition [x, x] = 0 is equivalent to ψ(x, x) = 0, i.e. ψ must be
alternating. Further, one sees that the Jacobi identity is equivalent to
the following condition, for all x, y, z ∈ L:

(12.2) ψ([x, y]L, z) + ψ([y, z]L, x) + ψ([z, x]L, y) = 0.

An alternating bilinear map ψ : L → C satisfying (12.2) is called a
2-cocycle with values in C.

Definition 12.3. Let L be a Lie algebra over K and D a derivation
of L, i.e. a K-linear endomorphism D of L such that

(12.3) D([x, y]) = [D(x), y] + [x,D(y)] for all x, y ∈ L.

0Version of 23/2/26.
1In other words,

◦
g is a split simple Lie algebra over K, with split Cartan subal-

gebra
◦
h.
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On the vector space L̂ = L⊕KD, there is a Lie bracket defined for all
x, y ∈ L and λ, µ ∈ K by:

(12.4) [x+ λD, y + µD] = [x, y] + λD(y)− µD(x).

Note that [D,L] ⊂ L, hence L is an ideal of L̂.

Lemma 12.4. Let ( | ) be an invariant symmetric bilinear form on
◦
g.

On L = L(◦g), the bilinear form ψ defined by:

(12.5) ψ(tr ⊗ x, ts ⊗ y) = r δr,−s (x | y)

is a 2-cocycle.

Proof. Firstly, if s = r then r δr,−r = 0, hence ψ is alternating. Now,

let x, y, z ∈ ◦
g and r, s, u ∈ Z. Set a = tr ⊗ x, b = ts ⊗ y and c = tu ⊗ z.

Then, one has:

ψ([a, b]L, c) = tr+s+u(r + s)δr+s+u,0 ([x, y] | z)
ψ([b, c]L, a) = tr+s+u(s+ u)δr+s+u,0 ([y, z] | x)
ψ([c, a]L, b) = tr+s+u(u+ r)δr+s+u,0 ([z, x] | y).

Further, using the symmetry and invariance of ( | ), one obtains:

(12.6)

{
([y, z] | x) = (x | [y, z]) = ([x, y] | z),
([z, x] | y) = (z | [x, y]) = ([x, y] | z).

It follows that

ψ([a, b]L, c) + ψ([b, c]L, a) + ψ([c, a]L, t
sb) =

2 tr+s+u(r + s+ u)δr+s+u,0 ([x, y] | z) = 0.

This proves that ψ it a 2-cocycle with values in K. □

Definition 12.5. Let L̃(◦g) be the central extension of L(◦g) by K

defined by ψ, i.e. L̃(◦g) = Kc⊕ L(◦g), with c central, and one has:

(12.7) [tr ⊗ x, ts ⊗ y] = tr+s ⊗ [x, y] + r δr,−s(x | y)c.
Remark 12.6. We chose c = 1 as the generator of the vector space K. If one
replaces the given invariant form φ0 = ( | ) be a multiple φ = zφ0, for some z ∈ K×,

the resulting central extension L̃(◦g)φ is isomorphic to L̃(◦g) via the isomorphism
sending c to zc.

Lemma 12.7. Let d be the endomorphism of L̃(◦g) which kills c and

acts by t
d

dt
on L(◦g). Then d is a derivation of L̃(◦g).
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Proof. Let us prove that d([a, b]) = [d(a), b]+[a, d(b)] for all a, b ∈ L̃(◦g).
Since c is central and killed by d, it suffices to treat the case where
a = tr ⊗ x and b = ts ⊗ y. Then

d([a, b]) = (r + s)tr+s ⊗ [x, y]

and

(∗) [d(a), b] + [a, d(b)] = (r + s)tr+s ⊗ [x, y] + ψ(ra, b) + ψ(a, sb).

But ψ(a, sb) = rs δr,−s (x | y) while
ψ(ra, b) = r2 δr,−s (x | y) = −rs δr,−s (x | y).

Hence the RHS of (∗) equals d([a, b]). This proves that d is a derivation

of L̃(◦g). □

Definition 12.8. The Lie algebra L̃(◦g) ⊕ Kd = Kc ⊕ L(◦g) ⊕ Kd is

denoted by L̂(◦g).
Remark 12.9. A more conceptual way to define (and understand) the cocycle ψ
of (12.5) is as follows. Let Res : S → K be the residue map, i.e. Res(tr) = 0 if
r ̸= −1 and Res(t−1) = 1. One has an exact sequence

0 // S
d/dt // S

Res // K // 0.

For P ∈ S, denote dP/dt simply by P ′. Consider the K-bilinear form on S with
values in K defined for all P,Q ∈ S by:

(12.8) φ(P,Q) = Res(P ′Q) = −Res(PQ′).

For all P,Q,U ∈ S, one has (PQ)′U + (QU)′P + (UP )′Q = 2(PQU)′ and hence:

(12.9) φ(PQ,U) + φ(QU,P ) + φ(UP,Q) = 0.

Now, for P = tr and Q = ts one has φ(P,Q) = Res(rtr−1+s) = rδr,−s and hence
(12.5) can be rewritten as follows:

(12.10) ψ(P ⊗ x,Q⊗ y) = (x | y)φ(P,Q).

Then, using (12.6) and (12.9), one obtains that ψ satisfies the condition (12.2).

13. L̂(◦g) as a KM-algebra

13.1. Generators of L̂(◦g). Firstly, we identifiy
◦
g with the Lie subal-

gebra 1⊗ ◦
g of L(◦g).

Notation 13.1. Set Set h =
◦
h⊕Kc⊕Kd and n− =

◦
n−⊕

⊕
r≥1 t

−r⊗ ◦
g

and n+ =
◦
n+ ⊕

⊕
r≥1 t

r ⊗ ◦
g. Each is a Lie subalgebra of g.

Since R is irreducible, it has a unique maximal root

(13.1) γ =
n∑

i=1

aiαi
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which is the highest weight of the adjoint representation. Choose gen-

erators eγ and e−γ of
◦
gγ and

◦
g−γ respectively, such that [eγ, e−γ] = γ∨,

and set e0 = t⊗ e−γ and f0 = t−1 ⊗ eγ.

Lemma 13.2. The Lie subalgebra n− is generated by f0, f1, . . . , fn.
Similarly, n+ is generated by e0, e1, . . . , en

Proof. Note that f0, f1, . . . , fn belong to n−. Let N be the Lie subal-
gebra that they generate.

Firstly, we know that f1, . . . , fn generate
◦
n−. Further, since eγ is

a highest weight vector of
◦
g, it generates

◦
g as a

◦
n−-module. Since

f0 = t−1 ⊗ eγ, it follows that N contains t−1 ⊗ ◦
g. Next, since

◦
g is

simple one has [
◦
g,

◦
g] =

◦
g and hence N contains

[t−1 ⊗ ◦
g, t−1 ⊗ ◦

g] = t−2 ⊗ [
◦
g,

◦
g] = t−2 ⊗ ◦

g.

By induction one obtains that N contains t−r ⊗ ◦
g for every r ∈ N∗.

Thus, N = n−. This proves the first assertion, and the second is
obtained similarly. □

13.2. The subalgebra h and its roots in L̂(◦g).

Notation 13.3. Recall that h =
◦
h⊕Kc⊕Kd.

(a) We identify (
◦
h)∗ with the orthogonal of Kc⊕Kd in h∗.

(b) Let δ be the element of h∗ defined by δ(
◦
h+Kc) = 0 and δ(d) = 1.

One sets:

(13.2) α0 = δ − γ.

Then Π = (α0, . . . , αn) is a K-basis of (
◦
h)∗ ⊕ Kδ. Further, with the

notation of (13.1), one has:

(13.3) δ = α0 + γ = α0 + a1α1 + · · ·+ anαn.

Let us consider the adjoint action of h on g. Since c is central, it

suffices to consider elements of h of the form h = h0 + zd, with h0 ∈
◦
h

and z ∈ K. For α ∈ R ∪ {0} and a = tr ⊗ x, with r ∈ Z and x ∈ ◦
gα,

note that [h0, a] = tr ⊗ [h0, x] since the term rδr,0 (h0 | x) c is 0. Hence,
for h = h0 + zd one has:

(13.4) [h, a] = zd(a) + tr ⊗ [h0, x] = rza+ α(h0)a = (rδ + α)(h)a.

This shows that tr ⊗ ◦
gα has weight rδ + α. In particular, tr ⊗

◦
h has

weight rδ. Thus, we obtain the following:
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Lemma 13.4. For the adjoint action of h, the non-zero weights of g
are:

(1) rδ + α, with α ∈ R and r ∈ Z, with multiplicity 1.
(2) rδ, with r ∈ Z− {0}, with multiplicity n.

In particular, using definition (13.2), we see that e0 (resp. f0) has
weight α0 (resp. −α0). We set α∨

0 = [e0, f0].

Lemma 13.5. One has α∨
0 =

2

(γ | γ)
c − γ∨. In particular, Π∨ =

(α∨
0 , . . . , α

∨
n) is a K-basis of

◦
h⊕Kc.

Proof. Since e0 = t⊗ e−γ and f0 = t−1 ⊗ eγ, one has

[e0, f0] = [e−γ, eγ] + (e−γ | eγ) c = −γ∨ + (e−γ | eγ) c.
Also, by assertion (2) of Th. 10.7 one has [eγ, e−γ] = (eγ | e−γ) τ

−1(γ),
whereas by (10.5) one has τ(γ∨) = 2γ/(γ | γ). Thus, our assumption
that [eγ, e−γ] = γ∨ is equivalent to (eγ | e−γ) = 2/(γ | γ). This proves
the lemma. □

Notation 13.6. The normalised invariant symmetric bilinear form

( | ) on
◦
g is the one such that for the induced form on (

◦
h)∗ one has

(γ | γ) = 2. From now on, we choose this form. With this choice, the
previous lemma gives:

(13.5) c = α∨
0 + γ∨.

and this element c is called the canonical central element of L̂(◦g).

Definition 13.7. Since (α∨
1 , . . . , α

∨
n) is a basis of the dual root system

R∨, there exist a unique n-tuple (c1, . . . , cn) ∈ Nn such that

(13.6) γ∨ = c1α
∨
1 + · · ·+ cnα

∨
n .

Then, (13.5) can be rewritten as:

(13.7) c = α∨
0 + c1α

∨
1 + · · ·+ cnα

∨
n .

13.3. The Cartan matrix A and the isomorphism g(A) ≃ L̂(◦g).

Proposition 13.8. Set aij = αj(α
∨
i ) for i, j = 0, . . . , n.

(1) The matrix A = (aij)i,j=0,...,n is a Cartan matrix of rank n. More
precisely, Ker(A) and Ker(At) are spanned, respectively, by the trans-
pose of the row vectors

(13.8) (1, a1, . . . , an) and (1, c1, . . . , cn).

(2) (h,Π,Π∨) is a realisation of A.
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Proof. A contains the n× n submatrix
◦
A which is invertible, hence A

has rank at least n.
One has α0 = δ − γ and α∨

0 = c− γ∨. Since δ and c are orthogonal

to
◦
h + Kc and (

◦
h)∗ + Kd respectively, one has a00 = γ(γ∨) = 2 and,

for i = 1, . . . , n:

ai0 = −γ(α∨
i ) and a0i = −αi(γ

∨).

All these are integers. Moreover, for i = 1, . . . , n one has:

(13.9) αi(γ
∨) =

2(αi | γ)
(γ | γ)

=
(αi | αi)

(γ | γ)
γ(α∨

i ).

Since γ is the highest weight of the adjoint representation, one has
γ(α∨

i ) ∈ N for i = 1, . . . , n. Together with (13.9), this implies that ai0
and a0i both belong to Z− and are simultaneously zero or non-zero.
This shows that A is a Cartan matrix.

For every row vector x = (x0, . . . , xn), Ax
t is the column vector(

(
∑n

j=0 xjαj)(α
∨
i )
)
i=0,...,n

. Since α0+
∑n

i=1 aiαi = α0+γ = δ is orthog-

onal to α∨
0 , . . . , α

∨
n , one obtains that A(1, a1, . . . , an)

t = 0.
Similarly, for every row vector y = (y0, . . . , yn), yA is the row vec-

tor
(
αj(

∑n
i=0 yiα

∨
i )
)
j=0,...,n

. Since α∨
0 +

∑n
i=1 ciα

∨
i = α∨

0 + γ∨ = c is

orthogonal to α0, . . . , αn, one obtains that (1, c1, . . . , cn)A = 0, hence
At (1, c1, . . . , cn)

t = 0. This completes the proof of assertion (1).

Assertion (2) follows, because A has size n+ 1 and h has dimension
2(n + 1) − rank(A) = n + 2, and Π and Π∨ are linearly independent
sets in h∗ and h respectively. □

Theorem 13.9. L̂(◦g) is the KM-algebra g(A).

Proof. We have seen that h is a realisation of A and that L̂(◦g) =
n− ⊕ h ⊕ n+, where n− and n+ are the Lie subalgebras generated by
f0, . . . , fn and e0, . . . , en respectively.

Further, these generators satisfy the defining relations of the auxil-

iary Lie algebra g̃(A). Therefore, L̂(◦g) is the quotient of g̃(A) by some

ideal r′ such that r′ ∩ h = (0). Hence, to prove that L̂(◦g) = g(A),

i.e. r′ = r, it suffices to prove that L̂(◦g) has no ideal I ̸= (0) such that
I ∩ h = (0).

Assume that I is such an ideal. Since L̂(◦g) is the sum of its weight
spaces, I must contain a weight vector a = tr⊗x, with r ∈ Z and x ̸= 0

in
◦
gα for some α ∈ R ∪ {0}, where r and α are not both 0 (otherwise

a would be in
◦
h). Let y ∈ ◦

g−α such that (x | y) ̸= 0. Then I contains
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the element

[tr ⊗x, t−r ⊗ y] = [x, y] + r(x | y)c =

{
(x | y)

(
τ−1(α) + rc

)
if α ̸= 0;

r(x | y) c else.

In both cases, the RHS is a nonzero element of I ∩h, contradicting the
hypothesis. This proves the theorem. □

13.4. Invariant form on h and imaginary roots.

Proposition 13.10. The Cartan matrix A is symmetrisable. The re-
sulting symmetric bilinear form on h satisfy (d | d)h = 0 and:

(α∨
i | d)h = δ0i for i = 0, . . . , n;(13.10)

(α∨
0 | h)h = −γ(h) for all h ∈

◦
h⊕Kc;(13.11)

(α∨
i | h)h =

2

(αi | αi)
αi(h) for i = 1, . . . , n and h ∈

◦
h⊕Kc.(13.12)

In particular, one has:

(c | α∨
i )h = 0 for i = 0, . . . , n;(13.13)

(α∨
0 | α∨

0 )h = 2;(13.14)

and, identifying
◦
h with its dual via ( | ):

(α∨
0 | α∨

i )h = (−γ | α∨
i ) for i = 1, . . . , n;(13.15)

(α∨
i | α∨

j )h = (α∨
i | α∨

j ) for i, j = 1, . . . , n.(13.16)

Thus, the restriction of ( | )h to
◦
h is the normalised invariant form.

Proof. Set β0 = −γ and βi = αi for i = 1, . . . , n. Identifying
◦
h with its

dual via ( | ), one obtains β∨
i = 2βi/(βi | βi) for i = 0, . . . , n.

Let D be the diagonal matrix whose i-th entry is 2/(βi | βi). Then
DA is the symmetric matrix B =

(
(βi | βj)

)
i,j=0,...,n

. Thus A sym-

metrisable.

Noting that D00 =
2

(γ | γ)
= 1 and using Def. 10.1 of Chap. 4, one

obtains that ( | )h is defined by (d | d)h = 0 and, for all h ∈ h:

(∗) (α∨
i | h) = Dii αi(h) =


α0(h) if i = 0;

2

(αi | αi)
αi(h) if i = 1, . . . , n.

Since αi(d) = 0 for i = 1, . . . , n and 1 = δ(d) = α0(d) +
∑n

i=1 aiαi(d),

one obtains (13.10). And since α0 = δ − γ and δ vanishes on
◦
h ⊕Kc,

one obtains (13.11). And (13.12) follows immediately from (∗).
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Since α1, . . . , αn and δ vanish on c, one obtains (13.13). Further, let
◦
τ be the isomorphism

◦
h

∼−→ (
◦
h)∗ induced by ( | ). Then for all λ ∈ (

◦
h)∗

and h ∈
◦
h, one has (λ | ◦

τ(h)) = λ(h). Since, for i = 1, . . . , n, one has:

◦
τ(α∨

i ) =
2

(αi | αi)
αi,

one obtains
(
− γ | ◦

τ(α∨
i )
)
= −γ(α∨

i ) = (α0 | α∨
i )h. This gives (13.15)

where in the RHS we have written, by abuse of notation, α∨
i instead of

◦
τ(α∨

i ). Similarly, for i, j = 1, . . . , n one has:

2

(αi | αi)
αi(α

∨
j ) =

( 2

(αi | αi)
αi

∣∣ ◦
τ(α∨

j )
)
=

(◦
τ(α∨

i ) |
◦
τ(α∨

j )
)
.

This gives (13.16), with the same abuse of notation as above. □

Let ω0 be the element of h∗ defined by ω0(
◦
h+Kd) = 0 and ω0(c) = 1.

Then (α0, . . . , αn, ω0) is a K-basis of h∗.

Corollary 13.11. The isomorphism τ : h
∼−→ h∗ induced by ( | )h

satisfies τ(d) = ω0, τ(α
∨
i ) = 2αi/(αi | αi) for i = 1, . . . , n and τ(c) = δ.

Further, one has τ(α∨
0 ) = α0 and

(13.17)

{
(δ | αi)h∗ = 0 for i = 0, . . . , n, hence (δ | δ) = 0;

(αi | αj)h∗ = (αi | αj) for i, j = 1, . . . , n.

In particular, the restriction of ( | )h∗ to (
◦
h)∗ is the normalised invariant

form.

Proof. For h ∈ h one has τ(d)(h) = (d | h) = 0 if h ∈
◦
h⊕Kd, and = 1

if h = α∨
0 . Thus τ(d) = ω0. Note also that since c = α∨

0 +
∑n

i=1 ciα
∨
i ,

one has (d | c) = 1.
Next, one has τ(c)(α∨

i ) = (c | α∨
i ) = 0 for i = 0, . . . , n, hence

τ(c) = zδ for some z ∈ K. Since τ(c)(d) = (c | d) = 1, one obtains
z = 1. Thus τ(c) = δ. We have seen in the proof of Prop. 13.10 that
τ(α∨

i ) = 2αi/(αi | αi) for i = 1, . . . , n. This gives (13.17).

Further, one has τ(α∨
0 )(h) = (α∨

0 | h) = −γ(h) for all h ∈
◦
h ⊕ Kc.

Thus, τ(α∨
0 ) = −γ+zδ, for some z ∈ K. Since τ(α∨

0 )(d) = (d | α∨
0 ) = 1,

one has z = 1 and hence τ(α∨
0 ) = δ − γ = α0. □

Remark 13.12. The equalities τ(c) = δ and τ(α∨
0 ) = α0 give the following equal-

ity:

α0 +

n∑
i=1

aiαi = δ = τ(α∨
0 ) +

n∑
i=1

ciτ(α
∨
i ) = α0 +

n∑
i=1

2ci
(αi | αi)

αi.
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Therefore, one has ai =
2ci

(αi | αi)
for i = 1, . . . , n. This can be seen directly, as

follows. Since (γ | γ) = 2 one has, on the one hand, γ∨ =
2

(γ | γ)
γ = γ =

∑n
i=1 aiαi.

And one has γ∨ =
∑n

i=1 ciα
∨
i =

∑n
i=1

2ci
(αi | αi)

αi on the other hand.

Remark 13.13. If α is a real root, there exists w ∈ W such that wα
is a simple root αi, and hence one has (α | α) = (αi | αi) > 0. Thus,
since (δ | δ) = 0, the roots kδ, with k ∈ Z×, are imaginary. By the
proposition below, these are the only imaginary roots. For this reason,
δ is called the fundamental imaginary root.

Note that, since (δ | α∨
i ) = 0 one has siδ = δ for i = 0, . . . , n, hence

δ is invariant by the Weyl group W .

Lemma 13.14. (1) As a vector space, (
◦
h)∗ is spanned by the short roots, and also

by the long roots.

(2) There exists a positive short root α such that (α | γ∨) = 1.

Proof. We know that E = (
◦
h)∗ is spanned by the set of simple roots. Thus, if all

simple roots have the same length, they are both short and long, and (1) follows.

So, assume that β, α are adjacent simple roots, with β long and α short. Then
(α | β∨) = −1 and (β | α∨) = −p with p = 2 or 3, hence sβ(α) = α + β and
sα(β) = β + pα.

We know that all roots of the same length are conjugate under
◦
W , the Weyl

group of R. Let Rs, resp. Rℓ, be the subset of short, resp. long, roots of R and
let Es, resp. Eℓ, be the subspace of E spanned by Rs, resp. Rℓ. Both Es and Eℓ

are stable by
◦
W . Since β = sβ(α) − α and α = (1/p)(sα(β) − β), we see that Es

contains β, hence all long roots, and Eℓ contains α, hence all short roots. Therefore,
Es = E = Eℓ.

(2) By (1), γ cannot be orthogonal to all short roots, hence there exists a positive
short root α such that (γ | α) is non-zero; then it must be positive since γ is a
dominant weight. Finally, since α is a short root, one must have (α | γ∨) = 1. □

Proposition 13.15. For every α ∈ R and k ∈ Z, the root kδ + α is
real.

Proof. Note first that Φ+
re contains R+ and α0 = δ − γ. Hence it

contains also δ − wγ for each w ∈
◦
W . Hence Φ+

re contains all roots
δ − β, with β ∈ Rℓ. Let k ≥ 2 and suppose that Φ+

re contains rδ + Rℓ

for r = 1, . . . , k−1. Then it contains also s0((k−2)δ+γ), which equals:

(k−2)δ+γ−⟨(k−2)δ+γ, α∨
0 ⟩α0 = (k−2)δ+γ+⟨γ, γ∨⟩(δ−γ) = kδ−γ,

and hence Φ+
re contains kδ + Rℓ. By induction, one obtains that it

contains kδ +Rℓ for all k ∈ N∗.
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Suppose now that R contains roots of different lengths. By Lemma
13.14, there exists α ∈ R+

s such that (α | γ∨) = 1. Suppose that Φ+
re

contains kδ + α, which is true for k = 0. Then it contains s0(kδ + α),
which equals:

kδ+α− ⟨kδ+α, α∨
0 ⟩α0 = kδ+α + ⟨α, γ∨⟩(δ − γ) = (k + 1)δ+sγα.

Hence Φ+
re contains (k + 1)δ+wsγα, for all w ∈

◦
W , i.e. it contains

(k+1)δ+Rs. By induction, it follows that Φ+
re contains kδ+Rs, for all

k ∈ N∗. This proves the proposition. □

13.5. The Dynkin diagram of L̂(◦g). We give below the Dynkin di-

agram of A, using Carter’s notation X̃n, which is a bit shorter than

Kač’s notation X
(1)
n . Each diagram X̃n is obtained from the finite di-

agram Xn by adding a vertex indicated in bold, which corresponds to
the simple root α0. Further, we replace the vertices ◦ by the integers
(1, a1, . . . , an) of Prop. 13.8.

When
◦
g is of type An, Dn, En, where all roots have the same length,

the Cartan matrix A is symmetric. Thus, the vector (1, c1, . . . , cn) of
Prop. 13.8 is the same as (1, a1, . . . , an) and we do not repeat it.

Ã1 1 ks +3 1

Ãn, n ≥ 2 1 1 · · · 1 1

1

D̃n, n ≥ 4 1 2 · · · 2 1

1 1

Ẽ6 1 2 3 2 1

2

1

Ẽ7 1 2 3 4 3 2 1

2
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Ẽ8 2 4 6 5 4 3 2 1

3

When
◦
g is of type Bn, Cn or F4 or G2, we obtain the following Dynkin

diagrams, where the additional coordinates c0, c1, . . . , cn are indicated
as subscripts or supscripts.

In type Cn (n ≥ 2), the highest root is γ = αn + 2
∑n−1

i=1 αi and γ
∨

is the highest short root in type Bn, which is α∨
1 + · · ·+α∨

n . So we get:

C̃n, n ≥ 2 1
1

+3 2
1

2
1

· · · 2
1

ks 1
1

In type Bn (n ≥ 3), the highest root is γ = α1 + 2
∑n

i=2 αi and γ
∨ is

the highest short root in type Cn, which is α∨
1 +2α∨

2 + · · ·+2α∨
n−1+α

∨
n .

So we get:

B̃n, n ≥ 3
1

1
2

2 · · ·
2

2 +3
1

2

1
1

In type F4, the highest root is γ = 2α1+3α2+4α3+2α4, while γ
∨ is

the highest short root in type F∨
4 ≃ F4, which is 2α∨

1 +3α∨
2 +2α∨

3 +α
∨
4 .

So we get:

F̃4 1
1

2
2

3
3

+3 4
2

2
1

In type G2, the highest root is γ = 2α1+3α2, while γ
∨ is the highest

short root in type G∨
2 ≃ G2, which is 2α∨

1 + α∨
2 . So we get:

G̃2 1
1

2
2

*4 3
1
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