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I'LL recall how to construct algebraic Poisson varieties by gluing pieces of surface
with wild boundary conditions (extending the q-Hamiltonian framework), and then move on
to discuss the link to quiver varieties and how this may be generalised, leading to a
theory of "diagrams" for the wild character varieties (1.e. the wild nonabelian Hodge
modull spaces in their Bettli algebraic structure). Much of this 1is motivated by quite

straightforward questions about classifying rational Lax representations of finite
dimensional 1integrable systems.

Some references:

--The first examples of fission spaces were really in Birkhoff's 1913 paper; they were
shown to be g-Hamiltonian 1in arXiv:math/0203161, but they weren't given this name until
Ann. Inst. Fourier 59, 7 (2009), and the story was then extended to the general case 1in
arXiv:1111.6228, arXiv:1512.08091 (joint with Yamakawa)

--The theory of diagrams 1s 1n arXiv:1907.11149 (with Yamakawa), and has been extended
by Doucot arXiv:2107.02516.




D‘.@mms, fission spaces
g 3/oba/ Lie they

Philip Boalch , 1h3-pR6 & CARS Parss

8 new results Jmt with Daisube Yaumakawe /Ti/odnlv. Science)
axrfv: 1902-1149 , CRAS 2020
o or by Sewn Dougol arkiv: 2107 02516

» 3@ alio ghort suay argv: 1702 for prere bckground






(’omm‘»m _X,. 3

Global Lie zheory

Conhectimm (g,) Jziérq?i}i‘)d



— exp(x)
Conhechirn ?XT' —‘Z? H 4 ymmc/ro‘fh/
GHobal Lie zjheory
i monddcom
Connec{vm (g, ?) <=l ZZ-—a }—f )di— — ZS&hes%afa
: . * N ,'
modul} peces: M N ‘MB wldV:(%clv

(zome’ drmen spon)



(’omm‘im _X,. 3

G’(‘Oba’ Lie zheor 74

Conmechim (QH o ﬁ_ﬂ'.)df > mé’"sdgdfgzﬁm
modul: speces: (/UI N ‘MVR = ‘MB wild charucter

Vars ety
(seme émens;m)



(’omm‘im _X,. 3

G’(‘Oba’ Lie zheor 74

Conmechim (QH o ﬁ_ﬂ'.)df > mé’"sdgdfgzﬁm
modul: speces: (/UI N ‘MVR = ‘MB wild charucter

Voryely
~ (some * dimen spom)

wild haemeni ¢ bundes
Ml sedulty)



N
Contectien _X,. £k > ymmc(ro‘m/

G’(‘Oba’ Lie zheor 74

' d
Conmechim (QH e f"}‘z—a .)0(2- —> mé’"g“ﬁfgzﬁm
modul: speces: (/UI N ‘MVR = ‘MB wild charucter

Vs el
wild penebedlon I-’—-"
Hm{;e

(some * dimen spom)
wild harmin: ¢ bundes
peomti ‘M o > M "l ety
339

e



N
Contectien ~X,. £k > ymmc(ro‘m/

Global Lie &COFV

i d
et (€151} — TP
medul: eees:  * s, 2 ,\ wid chaqucter

Vors el

wid pne b#/m, I., \ (some “drmen siom)
Hor{fe

e~ ik haemini ¢ bunds
o =M 0 ity

merom
Higs bundeg

(;UOHGM;M HOJJ@ gfﬁf e\\
C!aSS';(')/ Yid a(.'aJmms‘Z (e;,- srmetms M¥ & a GuiRA Vaf}eb/)



Fisskm spaceS




FiSS)(m Spaces V= @ V, 1 3ﬂld€d veclol Spacc

ceL

G = 6Ly D H= Grhutv)g TT 6LV



FiSS)(m Spaces V= @ V, 1 3ﬂld€d veclor spacc

ceL

G = 6Ly D H= Grhutv)g TT 6LV
» 2k Zfanwfo/( punefures o




FiSS)(m Spaces V= @ V, 1 3ﬂld€d veclor spacc

ceL

G = 6Ly D H= Grhutv)g TT 6LV
v 2k Zfanwfo/( PMcttMe_S o

Uy, U = ( 0>c @(gﬁéffs)




(:iSS)(m Spaces V= @ V, 1 3ﬂld€d veclor spacc

ceL

G = 6Ly D H= Grhutv)g TT 6LV
v 2k Zfanwfo/( PMcttMe_S o

Uy, U = ( 0>c 6—’—{56,,,,%;3)
T = S £h b}) <WIUSwﬁ@ce)




(:iSS)(m Spaces V= @ V, 1 3ﬂld€d veclol Spacc

ceL

G =6L0Y) D H= Grhut(V)e T 6LV
v 2k Zfanwfo/( PMcttMe_S o
i o[
T=T (S {bbi) <WIUSwﬁ@ce)
gV "‘G—U4H = HOW$(7776')

T G xH x(u+xU—)h
 $Sples ol ycdons rome at ,62}




(:iSS)(m Spaces V= @ V, 1 3ﬂld€d veclol Spacc

ceL

G = 6Ly D H= Grhutv)g TT 6LV
v 2k Zfanmlfo/( pMcttWS o

e Th
T = I(S {bb}) <WIUSwﬁ@ce)

A = G—U4H = HOW$(7775’)

T G xHx ((/h— aU - )h
gsmes local syctems framel ot b bZ}
:@‘ﬂ A S q cwa;,valtomam GxH space  wilh memnb %
map gz A=3G2H , plp)=(p(3),p(3,))

(2002 H="T (any &), 2000 any 4,6 (R=1), 201l m gortral]




Tame chacacter vadehes (' affer Alebecov. Nolhin-/lemvenben 199g )
@g\@ 2
Thm. P = HO‘W(T (53,;) 6’— i a ;«as,Ha/m/famm G -gpace

2 69, u=L[AB]- (48] L—E
Lab] = aba™ b




Tame chacacter vadehes (' affer Alebecov. Nolhin-/lemvenben 199g )
m 2
Thm. P = HO‘W(T (53,;) G’— i a W"/G’/"/fd'»;am G -gpace
2 69, u=[AB]-[AHL]: LDGC
Labl = aba™ b
* = /G s a fasom el

"fh@ syfrplecﬁc laes are ./48/6) /4”(6)/@ £ox
@nd,u(?ae/ C a,cses € cé

Eq Ma(5y) = R =" (1)/6 = {rbe [T CARI1T/6




“Tame choractey yareties  (affer Alebseev. Molkin-Memvenben 199g)

S

NGl S

Thm. P = Ha‘vn("rr’ (%,,)} @—) S a Vas,Ha'm/fmw G -space
69, us[hB]-CAE]: L—E
Lab] = aba™ b
* M= /6 15 a fagom vrtely
"rhe symplechic lewves are JQB/C) /4"(6)/@ foc

(and,u(?ae oy O bggeS € e &
o Com fuse smple pieces: =P --- @ , W= 2(S,,.)




“Tame choractey yareties  (affer Alebseev. Molkin-Memvenben 199g)

S

NGl S

¢ & fuym -CD reduction (//G—)
Mg(€)= @ - @/v@c,@--@em//&



“Tame choractey yareties  (affer Alebseev. Molkin-Memvenben 199g)

D7D

= (ia,z) =9 (H)é" Cx ¢ "Joqb(e“
' @ fugm o D reducion ( //@)
Now add Lission Space$ A = G J:;L A G H, k

= loft of new aljehmic sympledic/Pnsom varetes
“ L varielies” == (unbusded) wild chroder varieties




Wild character vareties

E-S- giThho’ﬂF 1913 wiole pﬂ’sehllctﬁms " 8cncr;c Sefﬁ'ig:
(', spp 5P€1) - (C b SEp0 -+ S =
( See &%bav/?mef“(/wo 1981 ewf)r» 2-46')



Wild character vareties

ES Birkheff 1913 wiobe p«sen?fccﬁms in 3cncnc Sel‘l%\?
( c'h, 52(2, 57" CI) (Cm hm 5'51’:3., MC'") =/
( See Z)’mbavﬂmef — Uemo 1981 e¢aaﬁm 2-46')

2= A @ hzg égeuff'" o 1"y &
= =
3 DO//CS (&a)

Thm  Reduchimg with fixed h €T ore s}/mplecl‘lc
(MM /VOH'» 2007 ”)rfﬁ. /%/yah &L‘f Y, abebra,’c (l/uas,—Hm]Itan,an af)PraagL 20-02)




Wild choracter vartebes
S’im;laf()/ m (jonoral {zvam/ 4\/5' comnecting ov tuasted éfbam’/es)

(5250, ) - (Co b SC -+ 5 ) T, T st =1

%@.,.,@D

Thm_ Uil character vareyy Mg = Him, (T7,6) /H s u lison yaciely vith
ymﬂ’ecﬁc leawes de 17}/ Hxmg (ﬁ" {Ca’”j"j“}’ Cleges of " formal yrpnod amy

ve fn. st Fouder 29 , arkw:llll6228 | ewfiv:1512-0800] (Lrth, ﬂyaMafwwa)




Wild choqacter variete’
E-S' G c/ﬂr /61 o TxlUs x U

S thes o noatnens Poigsom vagiely (with Hamitmom T—actim)



Wild character vareties

E'S‘ 6’04',T /6’_ o TxlU,s x U-
s thus o noalmenr foissom variely (with Hamiltyniam T—actim)

T (Drinfid [ Somenty Tram Sansky  Jeomems Pocesi 19¢3)
acI, (0} W&'zeﬁ a Phrissom Wndy G Telle s li-

Thm (98 Wyenl. Malh Zd?”)
* = G'(A,T/G’ es a Poissom W%ay

_CO_ﬁ 'The Dﬁnee(dﬂ'mbo quntzwh W S maglq,a/r

J
(Ccrmes Gom yedul of rmredions em ccm/e5>




Wild character vareties

:
E'S‘ Gv4+/ /GxH & (HX U+xM-)//,/
15 am Q{jeﬁmlc Porsson Vmeé/ with Sﬂnp/tcﬁc (eures

‘/IB(C/é>=: g M,S',/S'z / héey/h-g;fzeé;/g
for @jugecy diges CcH, ec &



Wild character vareties

E’S‘ 6'04:'1 /G:xl'l < (HX Us x M-)/[,/

15 om Q{jeﬁmlc Porsson Vmeé/ with Syf"p/tcﬁc (eures

‘/IB(C/é>=: g M,S',/S'z / héey/hﬂfzecff/g
for @jugecy diges CcH, ec &

Thm ( Fourttr-iaglce, Malgrange 1991)
This class of vadelres = all fome genus eero Charadter vorrebes

Tim  — symplectc structures match oo (PB arkv 1307)
-——am{ fhe h)/perk&hler VneLCrBCS (SZ-SZabO avXw ]4'07)

~—s tobirn of  “represuntations™ of  abstradt malulr 3puce




Safai‘s yuﬁrn

Plato to Pamlevé (Mckay— Hhemd ) cf 18 0706-265¢

Exercrse S



Safai‘s yuﬁrn

Plato to Pamlevé (Mckay— Hhemd ) cf 18 0706-265¢
Exercise 3

3r ows: “Tetro. (cta. Icasa. c 30 Cip)




Safai‘s yesz‘lm

Plato to Pamlevé (Mckay— Hhemd ) cf 18 0706-265¢

Exercse 3
3r ows: “Tetro. (cta. Icasa. c 30 Cip)
~ ~ ~ T
b%5= T 0 T < SU, cSLE)



Safais yesﬁm

Plato to Pamlevé (Mckay— Hhemd ) cf 18 0706-265¢

Exercise 3
groups: “Tetra Octa.  Tcosa. < S’(J)\g (Ir)
D%S: T ] T < Su,cSl,a@

s;rgulwtiesr ‘5’2/? Cz/ﬁ C/T



Safai‘s yﬂﬁm

Plato to Pamlevé (Mckay— Hhemd ) cf 18 0706-265¢

Exercse 3
growps:  Tetr. Octa.  Teowa < S/(I)\g Cip)
Dives g T ] T < SU, cSL@)

s;rgulwtiesr ‘5’2/? Cz/ﬁ C/T
) T
(€0 ] yeé s X T Xo X yi



Safai‘s yesz‘lm

Plato to Pamlevé (Mckay— Hhemd ) cf 18 0706-265¢

Exercise 3
SrmApS: /}/etm. (cta. Icasa. C 503 ( /2)
/I\
sy e -~ Y T -k S U, c SZ,Z ((t)

b:? W‘&S T 0 I 2
Sinqultrities: Co /4 c/h /%

we: ¥ & X
(eolye s
+deform i AN Z‘

©

ct c”



Safai‘s yﬂﬁm

Plato to Pamlevé (Mckay— Hhemd ) cf 18 0706-265¢

Exercise 3
growps:  Tetr. Octa.  Tcosa. e SO,(CIR)
/I\
ey =T 0 T <o SupesL@
3 S N ~
Sinqultrities: s c/5 C/F
) )
cesolve: X Ko K
+deform ¢€ L i ;
%
c c; 5

Welaamps:  Wles)  WE]) 7 W/(Eg)



Safai‘s yeSﬁm

Plato to Pamlevé (Mckay— Hhemd ) cf 18 0706-265¢

Exercise 3

Srcrmps: “Tetra. Octa.  Teosa. < 505 (1R)

P N SN T
Diver ; T 0O T < Su, cSL@)
s;rgulmtiesr ‘5’2/? Cz/ﬁ C/T
resol 27(\ ,@ )/}<\

olye :

+defrm i A

b c” e?

J

W(’/(aﬂups: W(fg) W(E;z) Jh/(f-:g )

rmhermer: o smooth Db are complete hyper biihler < (oll¢
(mc’) o Canstruct in terms of affme V}Mm 57’”‘}72'



ach)
ec’ﬁc afpm

’/) ( Symp/

( he

SC

&

Ee

E-J.

—©®
f @

@

0—




E-g- Ee case (el sympledic afpmacl'))

l
K 2
_ 4



E'J' Ee cuse ( hel. §ymp/ec‘ﬁc afpmach)
@
0

L) V = Rep (1", *)

TN N T g
o @ ®  J @

r



E-g- Ee case (el sympledic afpmacl'))

l
K 2
_ 4



E-g- Ee case (el sympledic afpmacl'))

|
I 2

_ 4
o tf P — \V—RQP(FJCC)
- &= Gl (Cé)zT@Lo(,(C)



E-g- Ee case (el sympledic afpmacl'))

|
I 2

_ 4
o tf P — ‘V—RQP(FJCC)
- &= Gl (Cé)zT@Lo(,(C)

V= NAV (T, 4, d) = \V/\/o} - pl4]/¢

A€ Lel@)fe TEdE?) comtr



E-g- Es case (" hol. sympledic afpmac)

T

| (d/ma:(/l/> : 2-(d,d)
rk N f T V= Rep(T, *)
6= 6llet)=T el
V= NQV (1,2, 4) = \V{o; - n'(4)/ ¢

A€ Lel6)lz TedE”) cmbru



E-g- Es case (" hol. sympledic afpmac)

T

| < -—
i f | dmlt) < 2~ (4,9
o 0

d 1 2 3 =2 |

4

N 18 moduax & modul; Space of Fuchsiom systoms (M *



E-g- Ee case (el sympledic afpmael'))

| e

i f | dmf) < 2~ (4,4

N 18 moduax & modul; Space of Fuchsiom systoms (M *

= 8,x 8, «8; / elLzc) (@.-c ;7(3@))

d; b
g =84 6 +6 —(9-) =7  \Couyeme obe




E-g- Es case (" hol. sympledic afpmac)

T

f’; (dwnd:(/'/) = 2-(4,4)

- .
o—0—@
3 2

¢—@—O
)2 3

N 18 moduax & modul; Space of Fuchsiom systoms (M *

= 8,x 8, «8; / elLzc) (@.-c ;7(3@))

d; b
g =84 6 +6 —(9-) =7  \Couyeme obe




E-g- Ee case (el sympledic afpmael'))

| e

i f | dmf) < 2~ (4,4

N 18 moduax & modul; Space of Fuchsiom systoms (M *

= 8,x 8, «8; / elLzc) (@.-c ;7(3@))

d; b
g =84 6 +6 —(9-) =7  \Couyeme obe




E-g- Ee case (el sympledic afpmacl'))

| = -—
i f | dmlt) < 2~ (4,9
*—@- Yy —

d ) 2 3 =2 |

4

N 15 moduor & modul; Space of Fuchsiom systems (M *
z 0 « 8, x84 / @Lg(c) /@: < ﬁ(3@) \
(7==cﬁ- ALIS A +i}_>di‘ /4!@@2

z-q Z-ag Z-93

/



E-g- Es case (" hol. sympledic appmae)

— o

I 2

| am) = 2-(4d)

| e

d T L
A 2 |

N 18 moduax & modul; Space of Fuchsiom systoms (M *
£ 8,% 0, «8; / elye) [8c glz@)

V=d- [ A +742+i§_>d¥

~a Z-az  g-a3

/

A e G

WO 4 o st T e (R

o Get mullipleative vergm = choradtur vorely Mg

Mt o My > Mg il L thery®

e, & ez @e_g//ﬂg



3 on
e WMmoye Sé!f'shapec( aflme V/ﬂk/’n 97’0‘705'
N\ , |
94 ,’ fi , ~ Wa&m%dw-up < SUZ
l

, {z/ *
1 £ i'J‘/ik
W) & ¢ }”cowslumts

Rt 2 F
uchsian Systems with <7 ples ~s Cross rafy
g raffo E
meduler parametess” / f;(:/ ,% Z:'*

W\



3 one Moyt Sé!f'shapec( aflime V/ﬂk/’n 97’0‘705-'
A ! ~  glatemion P < su,
94 ” fi —— 7/[

|

, €21, 20, 2j, 2k}
W) & €% “congtmis
Rerh 2 Fuchsian systems wih 7 ples ~s Crossrafo € (Mog

. “modulex pocameters” / “bime®
—Fomiliar fom the Pamtend UL eyaﬁ'fnr (Rrchard Fuchs (90¢ )

o gk f f
NEWM Mg
: :

Kreman
ilbert

W\

Ho,4 Ho,4



3 one WMoyt Sé!f-shapec( afle V)/nk;n 97’0‘705-'

!
A s 7,005%)70’9 er/p < SlU,
z R $Xl, 20, %), 2 k]
| W) & C*  “constmis
Rk 2 Fuchsion systems with 7 ples ~» Cngsraflo € My ¥
“Wodulot pocameters” / i os®

~Familiar fiom the Ponesd UL equaton: (Pekecd Fuks (505
{ f

W\

&
NEWM Mg
V- .,4,.___.[./ Q 1 R 1 (/('f ’FﬁCbQ lf(lem«V ?.t
Y=y z w{f) / Tt 8= cub S%‘&ceg
(f“u"yf)y Lyz + xTtyCig®
+ i)y S’f/t')
S (e ) i) V| ax thy + o+

&,ﬁ 73Y4 C re (/'{0/4 f\foﬂ}

Ho,4 Ho,4



3 one WMoyt Sélf-shapec( afle V)/nk;n 9ro‘ph-'

/
N ~ 7/’0&"’7"”"67’&@ < .S'UZ
Dy S PR €21, £i, tiyjxkf

| W) & €% “constonts

Rath 2 Fuchsion systems with <7 ples ~» Crssrafio € Mos
“Wodulen pacometens™ [ %4 ;,,/, ™

Obomalo 1987 = qffine  Wey( grrwp W[ @,)5(134 velaﬁaj Pur ewl%qs
{ f

W\

X
Ve Hg
2

Ve [Ly L ,L-’/)Q_’) 1 Rieman 1 M < Friche - Hlem-Ueagt
y ?’ )"’/ Y-'?,f 2/ —m%g'a 5 cubx S'H/ﬁalCe ﬁ
(et 7R) Lyz + xHyTagt =

F oyl yt W) o otle-)
%(m%»cﬁh&jﬁ) | \L | \L 6’<7C’+17y+02—+0(

GpNiSe C, 1€ Moz C\ o]

Ho,4 Ho,4



THE PAINLEVE EQUATIONS AND THE DYNKIN DIAGRAMS

Kazuo Okamoto
Department of Mathematics
College of Arts and Sciences

University of Tokyo
Tokyo, Japan

1 Painlevé Systems

Let § be a differential on C(t), i.e.
d
flt) being a rational function in ¢, and

H(t;q,p) € Clt, g, p),

a polynomial in three variables (f, g, p). We consider the Hamiltonian system of ordinary

differential equations:

aH
bg= —,

dp’

dH 0
lﬁp_ —a—q,

under the assumption that H is of the second degree with respect to p. Therefore, by
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