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Geometrically, what are the six Painlevé equations® trying to tell us?
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Geometrically, what is the Riemann-Hilbert-Birkhoff correspondence* trying
to tell us?

% Stokes, Birkhoff, Malgrange, Sibuya, Jurkat, Deligne, Ecalle, Martinet, Ramis, ...
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Much of the story can be summarised in the (slightly oversimplified) diagram:

Dolbeault De Rham Betti
Rational Lax matrices L Rational diff. op.s Stokes and
L =P, L] < —B monodromy data
[ [ [
Mero. Higgs bundles  wnaba Mero. connections RHB Stokes local
(E, D) (E,V) systems

U U U

Holom. Higgs bundles  nabn Holom. connections ru  Local systems/
(E, D) (E, V) T1-Tep.s
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In simple examples this growth/decay can be easily visualised in the Stokes dia-
gram, as in the example of ¢ = 27 in Figure 5, where the singularity is at a = oo
(so z = 27! is a local coordinate vanishing at a). For example we see on the positive
real axis that the function exp(z!'”) has maximal growth there, and there are 16 other
evenly spaced directions of maximal growth, interlaced with 17 directions of maximal

decay, the first at arg(z) = 7/17.

FIGURE 5. Stokes diagram for (z!7): the Stokes circle (z'7) is projected
to the plane so as to indicate the growth/decay of exp(x!7) near oo.
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FIGURE 6. The Stokes diagram of (22/2), from Stokes’ paper [?] on
the Airy equation. The points a, b, ¢ are the points of maximal decay.



Stokes diagram of the Weber equation, with Stokes arrows drawn.



There is a javascript program here:
https://webusers.imj-prg.fr/~philip.boalch/stokesdiagrams.html
to draw lots of other examples of Stokes diagrams, the Stokes diagrams of the “sym-
metric” or “hypotrochoid” irregular classes I(a:b) (see the explanation in the box at
the bottom there)."” In brief I(a:b) is the pull-back to the x-plane of the irregular

class (w'/?) under the map w = 2% It has k Stokes circles where k = (a,b) is the
highest common factor. Explicitly:

k-1
Ia:b) = | [(g2) T
i=0
where € = exp(27i/b). For example it is the irregular class at z = 0o of the Molins—
Turrittin equation y® = 2¥y, if a = v + b [?, ?]. Upto a constant I(1:q + 1) is also
the irregular class at oo of the differential equation for the hypergeometric series (Fj,.



10.5. Rank two examples. The simplest rank two Stokes diagrams are collected in
Figure 7. The left four are rigid in that their (symplectic) wild character varieties are
dimension zero. They come from the ODEs of Clifford, Airy, Whittaker, Hermite—
Weber. The next two, with 5 or 6 crossings, give the wild character varieties of
Painlevé I and II.

FIGURE 7. The simplest rank two Stokes diagrams I(k:2),k =1,2,...,8.



FIGURE 8. Example rank three Stokes diagram, 1(6:3).



FIGURE 9. Stokes diagram at oo for the “hyperairy” equation y¥ = xy



FIGURE 10. Another example rank four Stokes diagram, (12:4).



10.6. Example Stokes diagrams: Bessel’s equation.
Bessel’s differential equation is

2y + 2y + (22 — )y =0
where o € C. This has a regular singularity at 0 and an irregular singularity at
o0o. A short computation, or a glance at a book, shows that the irregular class
T = 00 is:
O = (ix) + (—iz)
and that a determines the local monodromy eigenvalues at 0. In particular the
singular directions are the two halves of the imaginary axis.

N
=/




10.7. Example Stokes diagrams: Bessel-Clifford equation.
The Bessel-Clifford equation (also known as the confluent hypergeometric limit
equation, Kummer’s second equation, or the oF} equation) is:

(10.1) 2y +ay =y.

If f is any solution of this, then 2z¢~!- f(—x?/4) solves the Bessel equation with
parameter o« = a — 1. The irregular class at x = oo is

<2x1/2>

and (if a € Z) the monodromy around 0 has eigenvalues 1, exp(—2mia).




9.5. Wild Riemann surfaces. The irregular class makes up the basic “new modular
parameters” that occur for irregular connections, behaving just like the modulus of
the underlying Riemann surface and the location of the marked points a.

In particular it behaves completely differently to the formal residue A.

This motivates the following definition:

Definition 9.5. A rank n wild Riemann _surface is a triple 3 = (X, a, ©) where
Y is a Riemann surface, a C X is a finite subset and © = {0, ‘ a € a} is the

data of a rank n irreqular class at each point a € a.

Here we are mainly interested in the case where X is compact. We will define the
character variety Mg(2) of any such wild Riemann surface, show that it is Poisson
and forms a local system of varieties under any admissible deformation of 3J.

Of course if all the irregular classes are trivial then X = (X, a, ©) just amounts to
choosing a Riemann surface with some marked points, and then Mg(X) will be the
usual (tame) character variety defined previously = Hom (7 (2°, b), GL,,(C))/GL,(C).

Notes: This definition is from [B2014] Defn 8.1, Rmk 10.6, [BY2015] §4. There are several minor variations that
we won't worry about here, but are sometimes useful: One can work with irregular types instead of irregular classes
(which were called “bare irregular types” in [B2014] Rmk 10.6); this is analogous to whether or not we order the
points a. Also one can work with smooth complex algebraic curves instead of Riemann surfaces (which doesn’t make
much difference in the compact case); the terms “irregular curve” or “wild curve” are sometimes used to replace the
term “wild Riemann surface” in the algebraic case. Op. cit. give the definition for any complex reductive group, not

just GL,, (C).
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MODULES DES SURFACES DE RIEMANN

par André WEIL

Par la combinaison des idées (récentes) de KODAIRA et SPENCER sur la variation
des structures complexes avec les idées (anciennes) de TEICHMULLER sur le probléme
des modules, la théorie a fait derniérement quelques progres qu'on se propose
d'exposer ici.

Soit Tb une surface orientée compacte de genre g , donnée une fois pour

toutes. Par une surface de Riemann de genre g , on entend, comme d'habitude, une
variété complexe compacte de dimension complexe 1 , de genre g , munie de son
orientation naturelle. Par une surface de ggiqhm@}lamu-da genre g , on entendra
une surface de Riemann S de genre g , munie de plus d'une classe (au sens de
1'homotopie) d'applications de Tb dans S , classe dont on suppose qu'elle con-
tient au moins un homéomorphisme conservant l'orientation ; c'est 13 une structure
(plus "riche" que celle de structure de surface de Riemann). Si 7(° désigne le

I1 est utile de définir une notion intermédiaire entre celle de surface de
Riemann et celle de surface de Teichmiiller : on 1'obtient en se donnant les images
0
des A, , non dans 71(S) , mais dans Hl(S) ; la donnée de ces images sur la

i
surface de Riemann S détermine ce qu'on appellera une "surface de Torelli", Au




Nonabelian Hodge theory on wild Riemann surfaces

Let X = (X,a,0) be a rank n wild Riemann surface whose underlying Riemann
surface X is compact. Choose some residue data R for X of (global) degree zero.
Recall that a “connection on %" means a good meromorphic connection on a parabolic
vector bundle on ¥ with poles/parabolic filtrations at a, and irregular class ©, at each
point a € a. Similarly for Higgs bundles on 3.

Let Mpr(2, R) be the holomorphic moduli space of stable connections on 3 with

residue data R. Similarly let Mpg (2, R) be the holomorphic moduli space of stable
Higgs bundles on 2 with residue data R. We suppose that the boundary data is
chosen so they are not empty.

Theorem 1.1 (Biquard-B. 2004). There is a hyperkdhler manifold 97t(32, R)
(equipped with a family of complex structures parameterised by P! = CU {oo})
that is a moduli space of irreducible wild harmonic bundles on X° = X \ a with
boundary conditions determined by 3, R such that:

1) In the complex structure determined by 1 € P! the space M(X,R) is iso-
morphic as a complex manifold to the moduli space Mpgr(2, R) of stable good

meromorphic connections,

2) In the complex structure determined by 0 € P! the space M(X, R) is iso-
morphic as a complex manifold to the moduli space Mpu (2, R) of stable good
meromorphic Higgs bundles,

3) If the residue data R is semisimple and there are no strictly semistable
connections on 3 with residue data R, then the hyperkdhler metric on M (X, R)
18 complete.




The boundary data is related by the following table:

Dolbeault | De Rham Betti
weights € [0,1),[0,1),R || [7] — 7 0 »=0+T

eigenvalues € C,C,C* || 2(¢+0) | A=7+0 | p=exp(2mi))

exponential factors %q q (q)

e In tame case (¢ = 0) most of this is due to Konno 1993 and Nakajima 1996
(using Biquard’s weighted Sobolev space approach), strengthening Simpson’s 1990
tame bijective correspondence in to a diffeomorphism. Even then the completeness
statement (beyond the finite energy “strongly parabolic” setting in Konno’s paper) is
new.

e In the wild case the construction of harmonic bundles from irreducible irregular
connections on meromorphic bundles (i.e. Betti weights zero) was established earlier

by Sabbah 1999.

e In the nonsingular/compact case (¢ = 0 = A = 0) it is due to Hitchin, Donaldson,
Corlette, Simpson, (Fujiki, Diederich—-Ohsawa).

e If also the Higgs field is zero this gives the Narasimhan—Seshadri theorem.
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THE PAINLEVE EQUATIONS AND THE DYNKIN DIAGRAMS

Kazuo Okamoto
Department of Mathematics
College of Arts and Sciences

University of Tokyo
Tokyo, Japan

1 Painlevé Systems

Let § be a differential on C(t), i.e.
d
flt) being a rational function in ¢, and

H(t;q,p) € Clt, g, p),

a polynomial in three variables (f, g, p). We consider the Hamiltonian system of ordinary

differential equations:

aH
bg= —,

dp’

dH 0
lﬁp_ —a—q,

under the assumption that H is of the second degree with respect to p. Therefore, by
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