DEGREE OF RECURRENCE OF GENERIC DIFFEOMORPHISMS

PIERRE-ANTOINE GUIHENEUF

ABSTRACT. We study the spatial discretizations of dynamical systems: can we
recover some dynamical features of a system from numerical simulations? Here,
we tackle this issue for the simplest algorithm possible: we compute long seg-
ments of orbits with a fixed number of digits. We show that the dynamics of the
discretizations of a C'' generic conservative diffeomorphism of the torus is very
different from that observed in the C° regularity. The proof of our results in-
volves in particular a local-global formula for discretizations, as well as a study of
the corresponding linear case, which uses ideas from the theory of quasicrystals.

REsSuME. Le probléme qui nous intéresse est celui de la discrétisation spatiale
des systémes dynamiques : est-il possible de retrouver certaines propriétés dy-
namiques d’un systéme & partir de simulations numériques ? Nous donnons ici
des éléments de réponse a cette question dans le cas ou les simulations se font
avec l'algorithme le plus simple possible : on calcule des segments d’orbites trés
longs, a précision décimale fixée. Nous démontrons que le comportement dyna-
mique des discrétisations d’un C*-diffeomorphisme conservatif générique du tore
est complétement différent de celui observé dans le cas de la régularite C°. La
preuve des résultats passe en particulier par l'obtention d’'une formule reliant
les comportement local et global des discrétisations, ainsi qu’une étude du cas
linéaire utilisant des concepts issus de la théorie des quasi-cristaux.
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1. INTRODUCTION

This paper is concerned with the issue of numerical experiments on dynami-
cal systems. More precisely, consider a discrete-time dynamical system f on the
torus T" = R"/Z" endowed with Lebesgue measure *, and define some spatial dis-
cretizations of this system in the following way: consider the collection (En)neN
of uniform grids on T"

i in
Ey=4(2 ... = A
N {(N ’N>ER/
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1. We will see in Appendix A a more general framework where our results remain true.
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and define a Euclidean projection Py on the nearest point of Ep; in other words
Py (z) is (one of) the point(s) of Exn which is the closest from z. This projection
allows to define the discretizations of f.

Definition 1. The discretization fn : En — En of f on the grid Fy is the map
In=Pyo figy-

Such discretizations fy are supposed to reflect what happens when segments of
orbits of the system f are computed with a computer: in particular, if we take
N = 10", the discretization models computations made with k decimal places. The
question we are interested in is then the following: can the dynamics of the system
f be inferred from the dynamics of (some of) its discretizations fn?

Here, we will focus on a number associated to the combinatorics of the dis-
cretizations, called the degree of recurrence. As every discretization is a finite map
fn : En — En, each of its orbits is eventually periodic. Thus, the sequence of sets
(f8(En))ken (the order of discretization N being fixed) is eventually constant,
equal to a set Q(fy) called the recurrent set®. This set coincides with the union of
the periodic orbits of fy; it is the biggest subset of En on which the restriction of
fn is a bijection. Then, the degree of recurrence of fy, denoted by D(fn), is the
ratio between the cardinality of Q(fx) and the cardinality of the grid Ey.

Definition 2. Let E be a finite set and ¢ : F — E be a finite map on E. The
recurrent set of o is the union Q(o) of the periodic orbits of o. The degree of
recurrence of the finite map o is the ratio

_ Card ((0))
Card(F)

This degree of recurrence D(fn) € [0, 1] represents the loss of information induced
by the iteration of the discretization fy. For example if D(fx) = 1, then fy is a
bijection. Also, a finite map with a degree of recurrence equal to 1 preserves the
uniform measure on Ep, and thus can be considered as conservative.

D(o)

The goal of this paper is to study the behaviour of the degree of recurrence D(fy)
as N goes to infinity and for a generic dynamics f of the torus T, n > 2. More
precisely, on every Baire space B it is possible to define a good notion of genericity:
a property on elements of B will be said generic if satisfied on at least a countable
intersection of open and dense subsets of B.

For our purpose, the spaces Diff"(T") and Diff" (T", Leb) of respectively C"-
diffeomorphisms and Lebesgue measure preserving C"-diffeomorphisms of T" are
Baire spaces for every r € [0, +00|, when endowed with the classical metric on C"-
diffeomorphisms®. Elements of Diff"(T") will be called dissipative and elements
of Diff"(T", Leb) conservative. Also, the spaces Diff’(T") and Diff’(T", Leb) of
homeomorphisms will be denoted by respectively Homeo(T") and Homeo(T", Leb).

We will also consider the case of generic expanding maps of the circle. Indeed, for
any r € [1, 400, the space D"(S') of O™ expanding maps * of the circle 8!, endowed
with the classical C" topology, is a Baire space.

The study of generic dynamics is motivated by the phenomenon of resonance that
appears on some very specific examples like that of the linear automorphism of the
torus (z,y) — (22 +y, = + y): as noticed by E. Ghys in [Ghy94],the fact hat this
map is linear with integer coefficients forces the discretizations on the uniform grids

2. Note that a priori, (fn)* # (f¥)n-.

3. For example, de1(f, g) = supyern d(f(2), 9(x)) + supyen | D fo — Dygal.
4. Recall that a C' map f is ezpanding if for every z € S', |f'(z)| > 1.
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to be bijections with a (very) small order (see also [DF92] or the introduction of
|Guilbcl). One can hope that this behaviour is exceptional; to avoid them, E. Ghys
proposes to study the case of generic maps.

To begin with, let us recall what happens for generic homeomorphisms. The
following result can be found in Section 5.2 of [Guil5d].

Theorem 3 (Guihéneuf). Let f € Homeo(T") be a generic dissipative homeomor-
phism. Then D(fn) — 0.
N—+o0

This theorem expresses that there is a total loss of information when a discretiza-
tion of a generic homeomorphism is iterated. This is not surprising, as a generic
dissipative homeomorphism has an “attractor dynamics” (see for example [AA13]).
The following result is the Corollary 5.24 of [Guilbc| (see also Section 4.3 of [Guil5d|
and Proposition 2.2.2 of [Mie05]).

Theorem 4 (Guihéneuf, Miernowski). Let f € Homeo(T", Leb) be a generic con-
servative homeomorphism. Then the sequence (D(fn))nen accumulates on the
whole segment [0, 1].

Thus, the degree of recurrence of a generic conservative homeomorphism accu-
mulates on the biggest set on which it can a priori accumulate. Then, the behaviour
of this combinatorial quantity depends a lot on the order N of the discretization
and not at all on the dynamics of the homeomorphism f. Moreover, as there exists
a subsequence (Ng)gen such that D(fn) N_>—+>OO 0, there exists “a lot” of discretiza-

tions that do not reflect the conservative character of the homeomorphism.

In this paper, we study the asymptotic behaviour of the degree of recurrence
in higher regularity. Our results can be summarized in the following theorem (see
Corollary 39, Theorem 41 and Corollary 49).

Theorem A. Let f be either

— a generic dissipative C-diffeomorphism of T";

— a generic conservative C-diffeomorphism of T";

— a generic C" expanding map® of the circle S, for any 1 < r < oo;
Then

D(fn) N

We must admit that the degree of recurrence gives only little information about
the dynamics of the discretizations. Theorem A becomes interesting when compared
to the corresponding case in C regularity: in the conservative setting, it indicates
that the bad behaviours observed for generic conservative homeomorphisms should
disappear in higher regularity: the behaviour of the rate of injectivity is less ir-
regular for generic conservative C' diffeomorphisms than for generic conservative
homeomorphisms(compare Theorems 4 and A). This big difference suggests that
the wild behaviours of the global dynamics of discretizations of generic conservative
homeomorphisms observed in [Guil5sd| may not appear for higher regularities. For
example, we can hope that — contrary to what happens for generic conservative
homeomorphisms — it is possible to recover the physical measures of a generic C!
conservative diffeomorphisin by looking at some well-chosen invariant measures of
the discretizations, as suggested by some numerical experiments (see also [Guilbe]).

5. This point was previously announced by P.P. Flockerman and O. E. Lanford, but remained
unpublished, see [Flo02].
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Despite this, Theorem A shows that when we iterate the discretizations of a
generic conservative diffeomorphism, we lose a great amount of information. More-
over, although f is conservative, its discretizations tend to behave like dissipative
maps. This can be compared with the work of P. Lax [Lax71]|: for any conservative
homeomorphism f, there is a bijective finite map arbitrarily close to f. Theorem A
states that for a generic conservative C' diffeomorphism, the discretizations never
possess this property.

But the main interest of Theorem A lies in the techniques used to prove it: we
will link the global and local behaviours of the discretizations, thus reduce the proof
to that of a linear statement.

Firstly, as it can be obtained as the decreasing limit of finite time quantities, the
degree of recurrence is maybe the easiest combinatorial invariant to study: we will
deduce its behaviour from that of the rate of injectivity.

Definition 5. Let n > 1, f : T™ — T" an endomorphism of the torus and ¢ € N.
The rate of injectivity in time t and for the order N is the quantity

Card fN t EN
Card(EyN)
Then, the upper rate of injectivity of f in time t is defined as
7'(f) = limsup 7*(fn), (1)
N—+o0

and the asymptotic rate of injectivity of f is
(f) = lim 7(f)

t—-+o0

(as the sequence (78(f)); is decreasing, the limit is well defined).

The link between the degree of recurrence and the rates of injectivity is made by
the trivial formula:

— i t
D(fn) = lim 7°(fn).
Furthermore, when N is fixed, the sequence (7¢(fn)); is decreasing in ¢, so D(fn) <
7t(fn) for every t € N. Taking the upper limit in N, we get

limsup D(fn) < 7'(f)
N—+o00

for every t € N, so considering the limit ¢ — 400, we get

limsup D(fy) < lim 7'(f) = 7°(f). (2)
N—+o0 t—+oo

In particular, if we have an upper bound on 7°°(f), this will give a bound on

limsupy_, oo D(fn). This reduces the proof of Theorem A to the study of the

asymptotic rate of injectivity 7°°(f).

For generic dissipative C'-diffeomorphisms, the fact that the sequence (D(fn))n
converges to 0 (Theorem A) is an easy consequence of Equation 2 and of a theorem
of A. Avila and J. Bochi (Theorem 37, see also [AB06]).

For conservative diffeomorphisms and expanding maps, the study of the rates
of injectivity will be the opportunity to understand the local behaviour of the dis-
cretizations: we will “linearize” the problem and reduce it to a statement about
generic sequences of linear maps.

Let us first define the corresponding quantities for linear maps: as in general a
linear map does not send Z™ into Z", we will approach it by a discretization. For
any A € GL,(R) and any z € Z", A(z) is defined as the point of Z" which is
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the closest from A(z). Then, for any sequence (Ag)x of linear maps, the rate of
injectivity TF(Aq, -+, Ag) is defined as the density of the set (Apo---0A1)(Z") (see
Definition 7):

(A1, -, Ag) = limsup ard ((Aj o --- 0 41)(Z") N B(0, R))

€lo, 1],
R toc Card (Z" N B(0, R)) 10,1]

and the asymptotic rate of injectivity 7°°((Ay)x) is the limit of 7F(Ay, -, Ay) as k
tends to infinity. These definitions are made to mimic the corresponding definitions
for diffeomorphisms. Then, the following statement asserts that that the rates of
injectivity of a generic map are obtained by averaging the corresponding quantities
for the differentials of the diffeomorphism, and thus makes the link between local
and global behaviours of the discretizations (Theorem 26).

Theorem B. Let r € [1,400], and f € Diff"(T") (or f € Diff"(T", Leb)) be a
generic diffeomorphism. Then TF(f) is well defined (that is, the limit superior in
(1) is a limit) and satisfies:

Tk(f) - / +k (Dfx7 .. ,fokfl(z)) d Leb(x).
The same kind of result holds for generic expanding maps (see Theorem 31).

For conservative diffeomorphisms, the core of the proof of Theorem A is the study
of the rate of injectivity of generic sequences of matrices with determinant 1, that
we will conduct in Section 2. Indeed, applying Theorem B wich links the local and
global behaviours of the diffeomorphism, together with Rokhlin tower theorem and
a statement of local linearization of diffeomorphisms (Lemma 42 combined with the
smoothing result |Avil0| of A. Avila), we reduce the proof of Theorem A to the
main result of Section 2 (Theorem 9).

Theorem C. For a generic sequence of matrices (A)i>1 of £>°(SL,(R)), we have
7 ((Ag)k=1) = 0.

This linear statement has also nice applications to image processing. For example
— the result remains true for a generic sequence of isometries —, it says that if
we apply a naive algorithm, the quality of a numerical image will be necessarily
deteriorated by rotating this image many times by a generic sequence of angles (see
[Guil5b]). Theorem C is also the central technical result of [Guilbe], wich study the
physical measures of discretizations of generic conservative C'!-diffeomorphisms.

The proof of Theorem C (which is the most difficult and most original part of the
proof of Theorem A) uses the nice formalism of model sets, developed initially for
the study of quasicrystals. Using an equidistribution property, this allows to get a
geometric formula for the computation of the rate of injectivity of a generic sequence
of matrices (Proposition 12): the rate of injectivity of a generic sequence Ay, --- , Ay
of matrices of SL,(R) can be expressed in terms of areas of intersections of cubes in
R"*_ This formula, by averaging what happens in the image sets (Ao - -0 A} )(Z"),
reflects the global behaviour of these sets. Also, it transforms the iteration into
a passage in high dimension. These considerations allow to prove Theorem C, by
geometric considerations about the volume of intersections of cubes, without having
to make “clever” perturbations of the sequence of matrices (that is, the perturbations
made a each iteration are chosen independently from that made in the past or in
the future).

Note that the fact that the local-global formula is true for C"-generic diffeomor-
phisms does not help to conclude about the degree of recurrence of such maps: a
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priori, we need to perturb the derivative of such maps on a large subset of the torus.
However, it is likely that Theorem 41 remains true for these higher regularities, at
least on some generic sets of open subsets of Diff” (T™, Leb).

The end of this paper is devoted to the results of the simulations we have con-
ducted about the degree of recurrence of C'-diffeomorphisms and expanding maps;
it shows that in practice, the degree of recurrence tends to 0, at least for the exam-
ples of diffeomorphisms we have tested.

Recall that we will see in Appendix A that the quite restrictive framework of the
torus T equipped with the uniform grids can be generalized to arbitrary manifolds,
provided that the discretizations grids behave locally (and almost everywhere) like
the canonical grids on the torus.

To finish, we state some questions related to Theorem A that remain open.

— What is the behaviour of the degree of recurrence of discretizations of generic
C"-expanding maps of the torus T, for n > 2 and r > 17 In the view of
Theorem A, we can conjecture that this degree of recurrence tends to 0. To
prove it we would need a generalization of Lemma 45 to bigger dimensions.

— What is the behaviour of the degree of recurrence of discretizations of generic
C"-diffeomorphisms of the torus T for r > 17 These questions seem to be
quite hard, as it may require some perturbation results in the C" topology for
r > 1.

Acknowledgments. Je tiens a remercier tous ceux qui m’ont aidé, de prés ou de
loin, pendant ces recherches, et en particulier Yves Meyer, qui m’a fait découvrir
les ensembles modéle, ainsi que Francois Béguin, pour son soutien constant, ses
innombrables relectures et ses conseils éclairés.

2. THE LINEAR CASE

We begin by the study of the linear case, corresponding to the “local behaviour”
of C' maps. We first define the linear counterpart of the discretization.

Definition 6. The map P : R — Z is defined as a projection from R onto Z. More
precisely, for 2 € R, P(z) is the unique® integer k& € Z such that k —1/2 < z <
k + 1/2. This projection induces the map
m: R" — Z"
(Ii)lﬁiﬁn — (P(xi))lgign
which is an Euclidean projection on the lattice Z". For A € M, (R), we denote by
A the discretization of A, defined by

A zv — 27
r — w(Ax).

This definition allows us to define the rate of injectivity for sequences of linear
maps.

6. Remark that the choice of where the inequality is strict and where it is not is arbitrary.
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FIGURE 1. Successive images of Z? by discretizations of random matrices in
SLy(R), a point is black if it belongs to (;17€ o---0 A1)(Z?). The A; are cho-
sen randomly, using the singular value decomposition: they are chosen among the
matrices of the form RygD; Ry, with Ry the rotation of angle 8 and D, the diagonal
matrix Diag(ef,e™?), the 6, 6 being chosen uniformly in [0,27] and ¢ uniformly in
[—1/2,1/2]. From left to right and top to bottom, k =1, 3, 20.

Definition 7. Let Ay,---, A € GL,(R). The rate of injectivity of Aq,--- | Ay is
the quantity

Ay Ay) = lim sup S (A 00 A)(Z) 1 Br))
R—+00 Card (Z" N Bg)

€10, 1],

and for an infinite sequence (Ay)i>1 of invertible matrices, as the previous quantity
is decreasing in k, we can define the asymptotic rate of injectivity

> ((A = lim 7F(4,---,A 0,1].
T (( k:)k:Zl) kilfmT( 1,0, Ak) € 0,1]

For a typical example of the sets (;1; o0---0 ;1\1)(Z2), see Figure 1. Finally, we
define a topology on the set of sequences of linear maps.

Definition 8. We fix once for all a norm || - || on M, (R). For a bounded sequence
(Ag)g>1 of matrices of SL,(R), we set

[[(Ak)klloo = sup [ Ag].
k>1
In other words, we consider the space £°°(SL,(R)) of uniformly bounded sequences
of matrices of determinant 1 endowed with this natural metric.
We can now state the main result of this section.
Theorem 9. For a generic sequence of matrices (Ag)r>1 of {*°(SLy(R)), we have
7 ((Ak)k=1) = 0.

Moreover, for everye > 0, the set of(Ay)g>1 € £°°(SLy(R)) such that TOO((Ak)kzl) <
€ is open and dense.

Remark 10. The second part of this statement is easily deduced from the first by
applying the continuity of 7% on a generic subset (Remark 14).

Remark 11. The same statement holds for generic sequences of isometries (see also
[Guilbb)).

7. By definition, Br = B (0, R).
8. In the sequel we will see that the limsup is in fact a limit for a generic sequence of matrices.
It can also easily shown that it is a limit in the general case.
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We take advantage of the rational independence between the matrices of a generic
sequence to obtain geometric formulas for the computation of the rate of injectivity.
The tool used to do that is the formalism of model sets® (see for example [Moo00]
or [Mey12] for surveys about model sets, see also [Guilba] for the application to the
specific case of discretizations of linear maps).

Let us summarize the different notations we will use throughout this section.
We will denote by 0F the origin of the space R, and W* =] — 1/2,1/2]"F (unless
otherwise stated). In this section, we will denote Br = B (0, R) and D.(E) the
density of a “continuous” set E C R", defined as (when the limit exists)

. Leb(BR N E)
D.(E)= 1 _
o ) R%HJrrloo Leb(Br)

while for a discrete set £ C R", the notation Dy(E) will indicate the discrete
density of E, defined as (when the limit exists)

DAlB) = 0. Gt ey
We will consider (Ax)r>1 a sequence of matrices of SL,(R), and denote
T = (Ago---0A)(Z").
Also, Ay, will be the lattice My, ... a4, Z"*+D | with

A —1d
Ay —1d

My, ... A, = € Mn(kJrl)(R)v (3)

and Ay will be the lattice My, ... 4, Z"*, with

Ay —1d
A, —1Id
Ma, ... A, = € M,(R).
Ay —1d
Ay,

Finally, we will denote
(A1, Ag) = De (W 4 )
the mean rate of injectivity in time k of Ay, --- , A.

2.1. A geometric viewpoint to compute the rate of injectivity in arbi-
trary times. We begin by motivating the introduction of model sets by giving an

alternative construction of the image sets (;1; o0 )(Z"™) using this formalism.
Let Ay,---, A € GL,(R), then

T = (Ap o0 Ap)(Z")
= {pz()\) | Ar € Ag, plO‘) € Wk}
2292<Am (pfl(Wk)))v (4)

with p; the projection on the nk first coordinates and po the projection on the n
last coordinates. This allows us to see the set I'y, as a model set.

9. Also called cut-and-project sets.
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FIGURE 2. Geometric construction to compute the rate of injectivity: the green
points are the elements of A, the blue parallelogram is a fundamental domain of A
and the grey squares are centred on the points of A and have radii 1/2. The rate
of injectivity is equal to the area of the intersection between the union of the grey
squares and the blue parallelogram.

Here, we suppose that the set p1(Ag) is dense (thus, equidistributed) in the image
set im p; (note that this condition is generic among the sequences of invertible linear
maps). In particular, the set {pa(7) | ¥ € Ax} is equidistributed in the window W*.

The following property makes the link between the density of I'y, — that is, the
rate of injectivity of Ay,--- , A — and the density of the union of unit cubes centred
on the points of the lattice Ag (see Figure 2). This formula seems to be very specific
to the model sets defined by the matrix M4, .. 4, and the window Wk it is unlikely
that it can be generalized to other model sets.

Proposition 12. For a generic sequence of matrices (Ag)r of SL,(R), we have
Da(Ty) = De (W*+ Ke) =75(Ay, -+, Ay).

Remark 13. The density on the left of the equality is the density of a discrete set
(that is, with respect to counting measure), whereas the density on the right of the
equality is that of a continuous set (that is, with respect to Lebesgue measure). The
two notions coincide when we consider discrete sets as sums of Dirac masses.

Remark 14. Proposition 12 asserts that for a generic sequence of matrices, the rate
of injectivity 7% in time k coincides with the mean rate of injectivity 7*, which
is continuous and piecewise polynomial of degree < nk in the coefficients of the
matrix.

Remark 15. The formula of Proposition 12 could be used to compute numerically
the mean rate of injectivity in time k of a sequence of matrices: it is much faster
to compute the volume of a finite number of intersections of cubes (in fact, a small
number) than to compute the cardinalities of the images of a big set [—R, R]" NZ".

Proof of Proposition 12. We want to determine the density of I'y. By Equation (4),
we have

reTy <= xeZvand IA € Ay :z=pa(N\), p1(\) € WF.

But if 2 = py()), then we can write A = (X,07) + (0F=D7 —z ) with A € Ay.
Thus,

2 el < zeZ”and IX e Ay : (0F D —z) —XeWwF

— zeZ"and (0F D" 2) ¢ U X —W*.
Xexk
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Thus, z € T}, if and only if the projection of (0*~1" z) on R”’"’//NX;§ belongs to

ks X — Wk, Then, the proposition follows directly from the fact that the points

of the form (05~D7 z), with x € Z", are equidistributed in R"* /Ay,

To prove this equidistribution, we compute the inverse matrix of M A Ag'

L
—1 41 4-1  4—14-14-1 -1 —1
ATY A7 :412 A7 :412 ﬁ?’ Al_lmA’il
A3 Ay AS AP AL
-1 . ) .
MA1,~-~,Ak = . :
—1 —1 4-1
Ak’—l Ak—lAk’
At

Thus, the set of points of the form (0~D" 1) in R”k’/Kk corresponds to the image
of the action

A2_1 . A;l
Z">x+—> : x
—1 g-1
Ak—l_/llk
Ak
of Z" on the canonical torus R™ /Z"F. But this action is ergodic (even in restriction
to the first coordinate) when the sequence of matrices is generic. O

Recall the problem raised by Theorem 9: we want to make 7 tend to 0 as k tends
to infinity. By an argument of equidistribution stated by Proposition 12, generically,
it is equivalent to make the mean rate of injectivity 7% tend to 0 when k goes to
infinity, by perturbing every matrix in SL,(R) of at most § > 0 (fixed once for all).
The conclusion of Theorem 9 is motivated by the phenomenon of concentration of
the measure on a neighbourhood of the boundary of the cubes in high dimension.

Proposition 16. Let W be the infinite ball of radius 1/2 in RF and v* the vector
(1,---,1) € R*. Then, for every e,8 > 0, there exists ko € N* such that for every
k > ko, we have Leb (W* (W 4+ 6vb)) <e.

The case of equality 7" = 1 is given by Hajos theorem.

Theorem 17 (Hajos, [Haj4l]). Let A be a lattice of R™. Then the collection of
squares {Boo(\,1/2)}aca tiles R™ if and only if in a canonical basis of R™ (that is,
permuting coordinates if necessary), A admits a generating matriz which is upper
triangular with ones on the diagonal.

Remark 18. The kind of questions addressed by Hajés theorem are in general quite
delicate. For example, we can wonder what happens if we do not suppose that the
centres of the cubes form a lattice of R™. O. H. Keller conjectured in [Kel30] that
the conclusion of Hajés theorem is still true under this weaker hypothesis. This
conjecture was proven to be true for n < 6 by O. Perron in [Per40a, Per40b|, but
remained open in higher dimension until 1992, when J. C. Lagarias and P. W. Shor
proved in [LS92| that Keller’s conjecture is false for n > 10 (this result was later
improved by [Mac02] which shows that it is false as soon as n > 8; the case n =7
is to our knowledge still open).

Combining Hajos theorem with Proposition 12, we obtain that the equality 7% = 1
occurs if and only if the lattice given by the matrix My, ... 4, satisfies the conclusions
of Hajos theorem !°. The heuristic suggested by the phenomenon of concentration

10. Of course, this property can be obtained directly by saying that the density is equal to 1 if
and only if the rate of injectivity of every matrix of the sequence is equal to 1.
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of the measure is that if we perturb “randomly” any sequence of matrices, we will go
“far away” from the lattices satisfying Hajos theorem and then the rate of injectivity
will be close to 0.

2.2. A first step: proof that the asymptotic rate of injectivity is gener-
ically smaller than 1/2. As a first step, we prove that rate of injectivity of a
generic sequence of £>°(SL,(R)) is smaller than 1/2.

Proposition 19. Let (Ay)r>1 be a generic sequence of matrices of SL,(R). Then
there exists a parameter A €]0, 1] such that for every k > 1, we have 7%(Aq, - , Ay) <
(AF +1)/2. In particular, 7°((Ap)r) < 1/2.

To begin with, we give a lemma estimating the sizes of intersections of cubes
when the mean rate of injectivity 7% is bigger than 1/2.

Lemma 20. Let W* =] —1/2,1/2]F and A C RF be a lattice with covolume 1 such
that D.(W* + A) > 1/2. Then, for every v € R¥, we have

D ((WF+ A +v)n(WF+A)) >2D.(WF+A) - 1.

Proof of Lemma 20. We first remark that D.(A+WF) is equal to the volume of the
projection of W* on the quotient space R¥/A. For every v € R¥, the projection of
W* 4+ v on RF/A has the same volume; as this volume is greater than 1/2, and as
the covolume of A is 1, the projections of W* and W* + v overlap, and the volume
of the intersection is bigger than 2D.(W* + A) — 1. Returning to the whole space
R, we get the conclusion of the lemma. O

A simple counting argument leads to the proof of the following lemma.

Lemma 21. Let A1 be a subgroup of R™, Ao be such that A1 ® Ay is a lattice of
covolume 1 of R™, and C be a compact subset of R". Let Cy be the projection of C
on the quotient R™ /A1, and Cy the projection of C on the quotient R™ /(A1 @ Ag).
We denote by

ai:Leb{xeCl | Card{ A2 € Ay ]xeCl—i—/\Q}:i}
(in particular, )~ a; = Leb(C1)). Then,

a;

Leb(CQ) = .
i>1
In particular, the area of Cy (the projection on the quotient by A1 & As) is smaller

than (or equal to) that of Cy (the projection on the quotient by Aj). The loss of
area is given by the following corollary.

Corollary 22. With the same notations as for Lemma 21, if we denote by
D = Leb{ﬂf e C | Card{)\g €Ay ’ x € (Cy —|—)\2} > 2},

then,

Leb(CQ) § Leb(Cl) — %

Proof of Proposition 19. Let (Ay)i>1 be a bounded sequence of matrices of SL,(R)
and § > 0. We proceed by induction on k and suppose that the proposition is proved
for arank k € N*. Let A be the lattice spanned by the matrix Mg, ... p, and Wk =
] —1/2,1/2]"% be the window corresponding to the model set I'y, modelled on Ay
(the lattice spanned by the matrix Mp, ... B, , see Equation (3)). By Proposition 12,
if the sequence (Ag)g is generic, then we have

Tk(Bla"' ,By) = D, <Wk+Kk>
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Houw to read these figures : The top of the figure represents the set W + /N\k by the
1-dimensional set [—1/2,1/2] + vZ (in dark blue), for a number v > 1. The bottom
of the figure represents the set W*+! 4 Ap 1 by the set [—1/2,1/2)%2 + A, where
A is the lattice spanned by the vectors (0,7) and (1,1 — ¢) for a parameter ¢ > 0
close to 0. The dark blue cubes represent the “old” cubes, that is, the thickening
in dimension 2 of the set W* + Kk, and the light blue cubes represent the “added”
cubes, that is, the rest of the set W**! + Kk+l.

d [ [ i L

FIGURE 3. In the case where the rate  FIGURE 4. In the case where the rate is
is bigger than 1/2, some intersections smaller than 1/2, there is not necessarily
of cubes appear automatically between new intersections between times k and
times k and k + 1. k4 1.

We now choose a matrix By satisfying ||Ax+1 — Bg+1|| < 0, such that there
exists x1 € Z™ \ {0} such that ||Bg+171]lcc < 1 — ¢, with € > 0 depending only on
d and ||(Ag)k|| (and n): indeed, for every matrix B € SL,(R), Minkowski theorem
implies that there exists 1 € Z™ \ {0} such that ||Bz1]|e < 1; it then suffices to
modify slightly B to decrease ||Bz1|/~. We can also suppose that the sequence of

matrices By, -, Biy1 is generic. Again, Proposition 12 reduces the calculation of
the rate on injectivity 7%+1(By,--- , Bxy1) to that of the density of WK1 4+ 1~\k+1.
By the form of the matrix MBI,... By, this set can be decomposed into
~ on(k—1)
WEHL L Ry = WhH 4 (3,’:) + -1 |z~
Bj11

In particular, as |det(Byy1)| = 1, this easily implies that D, <Wk+1 + /~\k+1> <

D, (Wk + Kk).
What we need is a more precise bound. We apply Corollary 22 to
onr(k—1)
A= (A, 0"),  As=| —I1d |Z" and C=WwrL
Biy1

Then, the decreasing of the rate of injectivity between times k and k + 1 is bigger
than the D defined in Corollary 22: using Lemma 20, we have

Do ((WF+Ri) 0 (Wh+ R+ (07D, =) ) ) > 2Dg(T%) — 15
thus, as ||z1]|cc < 1 — € (see Figure 3),

Dy > e"(2Dg(T'y) — 1).
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From Corollary 22 we deduce that
Dy(Tk+1) = D (WkJr1 + /N\k+1>
<D (Wh+ 1) - %Dl
< Dg(Ty) — %a”(QDd(Fk) —1).
This proves the theorem for the rank k + 1. (Il

2.3. Proof of Theorem 9: generically, the asymptotic rate is zero. We now
come to the proof of Theorem 9. The strategy of proof is identical to that we used
in the previous section to state that generically, the asymptotic rate is smaller than
1/2 (Proposition 19): we will use an induction to decrease the rate step by step.
Recall that 7%(Ay, -+, Ag) indicates the density of the set W*+1 4 Ay

Unfortunately, if the density of W* + Ay — which is generically equal to the
density of the k-th image (/Tk 0---0 ﬁl)(Z”) — is smaller than 1/2, then we can
not apply exactly the strategy of proof of the previous section (see Figure 4). For
example, if we take

A = diag(100,1/100) and As = diag(1/10, 10),

then (;1\2 o E)(ZQ) = (2Z)?, and for every Bz close to the identity, we have
Tg(Al, AQ, Bg) = TQ(Al, Ag) == 1/100

Moreover, if we set A, = Id for every k > 2, then we can set By = A1, By = Ay
and for each k > 2 perturb each matrix Ay into the matrix By = diag(1+9,1/(1 +
9)), with 6 > 0 small. In this case, there exists a time ko (minimal) such that
70 (By,--- , By,) < 1/100. But if instead of Ay, = Id, we have A, = diag(1/5,5),
this construction does not work anymore: we should have set By, = diag(1/(1+9), 1+
). This suggests that we should take into account the next terms of the sequence
(Ag)g to perform the perturbations. And things seems even more complicated when
the matrices are no longer diagonal. ..

To overcome this difficulty, we use the same strategy of proof than in the case
where 7 > 1/2, provided that we wait for long enough time: for a generic sequence
(Ap)ge>1, if 78(A1, -+, Ag) > 1/¢, then 7FH1(Ay, - [ Apyy ) is strictly smaller
than 7%(Ay,---, Ag). More precisely, we consider the maximal number of disjoint
translates of W* + Ay in R™: we easily see that if the density of Wk 4 Ay is
bigger than 1/¢, then there can not be more than ¢ disjoint translates of W* 4 Ay,
in R™(Lemma 23). At this point, Lemma 24 states that if the sequence of matrices
is generic, then either the density of Whtl /~\k+1 is smaller than that of W + /N\k
(Figure 5), or there can not be more than ¢ — 1 disjoint translates of W*+! 4+ Ay,
in R™*+1)(see Figure 6). Applying this reasoning (at most) £ — 1 times, we obtain
that the density of Whtt=1 4 1~\k+z_1 is smaller than that of W + 1~\k For example
if D.(W" + Ay) > 1/3, then D, (W*+2 + Ajsn) < D(WF + Ay) (see Figure 7). To
apply this strategy in practice, we have to obtain quantitative estimates about the
loss of density we get between times k£ and k + ¢ — 1.

Remark that with this strategy, we do not need to make “clever” perturbations
of the matrices: provided that the coefficients of the matrices are rationally inde-
pendent, the perturbation of each matrix is made independently from that of the
others. However, this reasoning does not tell when exactly the rate of injectivity
decreases (likely, in most of cases, the speed of decreasing of the rate of injectivity is
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much faster than the one obtained by this method), and does not say either where
exactly the loss of injectivity occurs in the image sets.
We will indeed prove a more precise statement of Theorem 9.

Theorem 9. For a generic sequence of matrices (Ag)i>1 of (°(SLy(R)), for every
¢ € N, there exists Ay €]0, 1] such that for every k € N,

P (AL Aw) <M (5)
Also, for every v < 1, we have
(A1, Ax) = o(In(k) ™). (6)
In particular, the asymptotic rate of injectivity TOO((Ak)kzl) 1s equal to zero.

The following lemma is a generalization of Lemma 20. It expresses that if the
density of W* + Ay, is bigger than 1/¢, then there can not be more than ¢ disjoint
translates of W* 4+ A, and gives an estimation on the size of these intersections.

Lemma 23. Let WX =] —1/2,1/2]% and A C R* be a lattice with covolume 1 such
that D.(W* 4+ A) > 1/¢. Then, for every collection vi,--- v, € R there exists
i # 14 € [1,4] such that

(D .(WF+A)—1
(-1

Proof of Lemma 23. For every v € R¥, the density D.(W* + A 4 v) is equal to the
volume of the projection of W* on the quotient space R¥/A. As this volume is
greater than 1//, and as the covolume of A is 1, the projections of the W* 4 v;
overlap, and the volume of the points belonging to at least two different sets is
bigger than ¢D.(W* + A) — 1. As there are ¢(¢ — 1)/2 possibilities of intersection,
there exists i # i’ such that the volume of the intersection between the projections
of Wk 4+ v; and W + vy is bigger than 2(¢D.(W* + A) — 1)/(¢(¢ — 1)). Returning
to the whole space R¥, we get the conclusion of the lemma. O

Do (WF + A +v) N (WFE+ A+ ) >2

Recall that we denote A, the lattice spanned by the matrix
A —1Id
Ay —1Id
My, ... 4, = € My (R),
A1 —1d
Ay

and W the cube | —1/2,1/2]"%. The proof of Theorem 9 will reduce to the following
technical lemma.

Lemma 24. For every 6 > 0 and every M > 0, there exists € > 0 and an open set
of matrices O C SLy(R), which is §-dense in the set of matrices of norm < M, such
that if £ > 2 and Do > 0 are such that for every collection of vectors vy, - ,vp € R",
there exists j,j' € [1,4] such that

Dc((Wk + Ay, + (01, vj)) N (Wk + Ay, + (0= Uj’))) > Dy,

then for every B € O, if we denote by Kk-_l,_l the lattice spanned by the matriz
Ma, ... Ay,B;
(1) either Do(W*H! 4 A yy) < Do(WF + Ay) — eDg/ (40);
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(2) or for every collection of vectors wy,--- ,wy_1 € R™, there exists i # i’ €
[1,¢ — 1] such that

Dc((W’““ + At + (ok",wi)> N (W’““ + Ajr + (Ok",wi/)>> > Dy /2.

Remark 25. If £ = 2, then we have automatically the conclusion (1) of the lemma,
that easily implies Proposition 19.

In a certain sense, the conclusion (1) corresponds to an hyperbolic case, and the
conclusion (2) expresses that there is a diffusion between times k and k + 1.

Proof of Lemma 24. Let O be the set of the matrices B € SL,(R) satisfying: for
any collection of vectors wy,--- ,wp—1 € R™, there exists a set U C R"/BZ" of
measure > ¢ such that every point of U belongs to at least ¢ different cubes of the
collection (Bv + w; + Wl)ngn,1gz’§z—1~ In other words 11, every x € R™ whose
projection T on R™/BZ™ belongs to U satisfies

-1
Z Z 1x€Bv+wi+W1 > L. (7)

i=1 veZn

We easily see that the sets O, are open and that the union of these sets over £ > 0
is dense (it contains the set of matrices B whose entries are all irrational). Thus, if
we are given § > 0 and M > 0, there exists € > 0 such that O = O, is d-dense in
the set of matrices of SL,(R) whose norm is smaller than M.

We then choose B € O and a collection of vectors wq,--- ,wy_1 € R™. Letz € R"
be such that T € U. By hypothesis on the matrix B, z satisfies Equation (7), so
there exists £ + 1 integer vectors vi,--- ,vy and £ indices i1,--- ,4p such that the
couples (vj,1;) are pairwise distinct and that

Vj e [1,4], =x€ Buj+w;, +W (8)

The following formula makes the link between what happens in the n last and in
the n penultimates coordinates of R™*+1):

Wk+1 + Kk+1 + (O(kil)na 0717 wij) = Wk+1 + Kk+1 + (O(kil)n7 — Uy, wij + B'Uj)v (9)

(we add a vector belonging to Aj1).
We now apply the hypothesis of the lemma to the vectors —vy, -+, —vpgq: there
exists j # 7' € [1,£] such that

Dc<<Wk + A + (0%, —vj)> N (Wk + Ag + (0D, —vj,))> > Do, (10)

Let y be a point belonging to this intersection. Applying Equations (8) and (10),
we get that

(y,z) € Whtt 4 (Kk,O”) + (O(kfl)”, —vj, Wi, + ij) (11)

and the same for j’.
Two different cases can occur.

11. Matrices that does not possess this property for every € > 0 are such that the union of cubes
form a k-fold tiling. This was the subject of Furtwingler conjecture, see [Fur36], proved false by
G. Hajos. R. Robinson gave a characterization of such k-fold tilings in some cases, see [Rob79] or
[SS94, p. 29].
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F1GURE 5. First case of Lemma 24, in  FIGURE 6. Second case of Lemma 24,
the case ¢ = 3: the set W 4 /~\k+1 in the case £ = 3: two distinct ver-
auto-intersects. tical translates of WH*t! 4 Ay, inter-

sect (the first translate contains the dark

blue thickening of W* + Kk, the second
is represented in grey).

(i) Either i; = ij (that is, the translation vectors w;; and w;, are equal). As a
consequence, applying Equation (11), we have

(y,x) + (O(k_l)”,vj, —Buvj — wij) E(WkH + (Kk, O”))ﬂ
(W’f“ + (Mg, 0") + v’),
with
o' = (00", —(0 =), By — v))) € Apgr \ Ay
This implies that the set W*™ 4+ A, auto-intersects (see Figure 5).
(ii) Ord; #dj (that is, w;; # w;,). Combining Equations (11) and (9) (note that
(Klmon) - Kk’-i-l)7 we get

(y,z) € (Wk+1 + Agp1 + (Okn7wij)> N <Wk+1 + Aggr + (07, wij/)>-

This implies that two distinct vertical translates of W*+1 +Kk+]_ intersect (see
Figure 6).

We now look at the global behaviour of all the x such that T € U. Again, we
have two cases.

(1) Either for more than the half of such T (for Lebesgue measure), we are in the
case (i). To each of such T corresponds a translation vector w;. We choose wj
such that the set of corresponding T has the biggest measure; this measure is
bigger than ¢/(2(¢ — 1)) > £/(2(). Reasoning as in the proof of Proposition 19,
and in particular using the notations of Corollary 22, we get that the density
D of the auto-intersection of W ! + Agyq + (0,w;) is bigger than Doe/(2¢).

This leads to (using Corollary 22)
~ ~ D
De(WHH 4 Rjop1) < De(WF + Ay) — TO;

In this case, we get the conclusion (1) of the lemma.

(2) Or for more than the half of such 7, we are in the case (ii). Choosing the couple
(w;, wy) such that the measure of the set of corresponding T is the greatest, we
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FIGURE 7. Intersection of cubes in the case where the rate is bigger than 1/3. The
thickening of the cubes of W 4 Ay is represented in dark blue and the thickening of
the rest of the cubes of WF+1 +Kk+1 is represented in light blue; we have also repre-
sented another cube of W*+2 +1~\k+2 in yellow. We see that if the projection on the
z-axis of the centre of the yellow cube is smaller than 1, then there is automatically
an intersection between this cube and one of the blue cubes.

get
~ ~ D06
D (Wk+1 A 0™ s ) A (Wk+1 A R ) s e
c( + k+1+( 7wl) + k+l+( ,’(UZ) _(E—l)(€—2)
In this case, we get the conclusion (2) of the lemma.
]

We can now prove Theorem 9.

Proof of Theorem 9. As in the proof of Proposition 19, we proceed by induction on
k. Suppose that Ay, is such that D,(W* +A;) > 1/¢. Then, Lemma 23 ensures that
it is not possible to have £ disjoint translates of Wk + Ak Applying Lemma 24, we
obtain that either D.(W*+1 4 Ak+1) < D (W* 4 Ay), or it is not possible to have
¢ — 1 disjoint translates of Wk+1 4 Ak+1 And so on, applying Lemma 24 at most
¢ — 1 times, there exists ¥’ € [k + 1,k + ¢ — 1] such that W* + A has additional
auto-intersections. Quantitatively, combining Lemmas 23 and 24, we get

~ < (=1 D (WF 4+ Ay) — 1
DC(Wk'-l—f—l +Ak+€—1) < D(Wk+Ak) _ € (g%) ¢ (W + k)

40 o0 —1) ’
thus
1 ¢ ~
De(WHEH=1 4 Apypq) — 1/£ < (1 - (;2) ) (DC(W’c + Ax) - 1/€>,
in other words, if we denote 7% = 7%(By,--- , Bg) and A\ = 1 — (Z%)g’
TR g0 < ), (?’ﬂ - 1/12). (12)

This implies that for every £ > 0, the sequence of rates 7% is smaller than a se-

quence converging exponentially fast to 1/¢: we get Equation (5). In particular, the
asymptotic rate of injectivity is generically equal to zero.

We now prove the estimation of Equation (6). Suppose that 7% € [1/(£—2),1/(¢—
1)], we compute how long it takes for the rate to be smaller than 1/(¢ —1). We
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apply Equation (12) j times to £ and get
TR 10 < N7 —1/0),

with A =1 — (Z%)é. In the worst case, we have 7° = 1/(¢ — 2), thus if j satisfies

1 1 a1 1
S VA . 1
-1 <€—2 e)’ (13)

then j = [4] is such that 7*+7¢ < 1/(¢ — 1). Equation (13) is equivalent to

. _ _ b
J = Tog iy (log2 log<1 €_1>>.

And for ¢ very big, we have the equivalent (recall that Ay =1 — 3 (3)6)

02
2\
g~ <> 2log 2.
€

Thus, when ¢ is large enough, the time it takes for the rate to decrease from 1/({—2)

to 1/(£ — 1) is smaller than ¢2(t+1) = 2(t+1)logt,
On the other hand, if we set f(k)

1/(¢—2) to 1/(¢ —1) is equal to

e(e_l)l/u _ e(E_Q)l/V _ e((_l)l/u (1 _ 6(4_2)1/1/_(6_1)1/1/) - e(e_l)l/u

e
= (log k)", the time it takes for f to go from

when [ goes to infinity, thus smaller than =D "+ when £ s large enough. But we

have 2(¢+1)log ¢ = o((¢— DY+ 1). So, when ¢ is large enough, it takes arbitrarily
much more time for 7* to decrease from 1/(£—2) to 1/(£—1) than for f to decrease
from 1/(¢ —2) to 1/(£ —1). As a consequence, 7(k) = o(f(k)). O

3. A LOCAL-GLOBAL FORMULA FOR C"-GENERIC EXPANDING MAPS AND
C"-GENERIC DIFFEOMORPHISMS

The goal of this section is to study the rate of injectivity of generic C"-expanding
maps and C"-generic diffeomorphisms of the torus T". Here, the term expanding
map is taken from the point of view of discretizations: we say that a linear map
A is expanding if there does not exist two distinct integer points z,y € Z" such
that A(x) = A(y). This condition is satisfied in particular if for every x # 0, we
have ||Az|looc < ||Z|l0o; thus when n = 1 this definition coincides with the classical
definition of expanding map.

The main result of this section is that the rate of injectivity of both generic C'-
diffeomorphisms and generic C"-expanding maps of the torus T” is obtained from
a local-global formula (Theorems 26 and 31). Let us begin by explaining the case
of diffeomorphisms.

Theorem 26. Let r > 1, and f € Dift"(T™) (or f € Diff" (T", Leb)) be a generic
diffeomorphism. Then 7F(f) is well defined (that is, the limit superior in (1) is a
limit) and satisfies:

™(f) = /nTk (Dfxa"' 7fok71(x)) d Leb(z).

k

Moreover, the function ™ is continuous in f.

The idea of the proof of this theorem is very simple: locally, the diffeomorphism
is almost equal to a linear map. This introduces an intermediate mesoscopic scale
on the torus:

— at the macroscopic scale, the discretization of f acts as f;



DEGREE OF RECURRENCE OF GENERIC DIFFEOMORPHISMS 19

— at the intermediate mesoscopic scale, the discretization of f acts as a linear
map;

— at the microscopic scale, we are able to see that the discretization is a finite
map and we see that the phase space is discrete.

This remark is formalized by Taylor’s formula: for every € > 0 and every x € T",
there exists p > 0 such that f and its Taylor expansion at order 1 are e-close on
B(z, p). We then suppose that the derivative D f, is “good”™ the rate of injectivity
of any of its C''-small perturbations can be seen on a ball Bp of R" (with R uniform
in x). Then, the proof of the local-global formula is made in two steps.

— Prove that “a lot” of maps of SL,(R) are “good”. This is formalized by
Lemma 32, which gives estimations of the size of the perturbations of the
linear map allowed, and of the size of the ball Bgr. Its proof is quite technical
and uses crucially the formalism of model sets, and an improvement of Weyl’s
criterion.

— Prove that for a generic diffeomorphism, the derivative satisfies the conditions
of Lemma 32 at almost every point. This follows easily from Thom’s transver-
sality theorem.

As the case of expanding maps is more complicated but similar, we will prove

the local-global formula only for expanding maps; the adaptation of it for diffeo-
morphisms is straightforward.

Remark that the hypothesis of genericity is necessary to get Theorem 26. For
example, it can be seen that if we set

w=(1 ),

then 7(fo) = 1/2 whereas 7(fo + (1/4,3/4)) = 3/4. Thus, if g is a diffeomorphism
of the torus which is equal to fy + v on an open subset of T?, with v a suitable
translation vector, then the conclusions of Theorem 26 does not hold (see Example
11.4 of [Guil5c| for more explanations).

The definition of the linear analogue of the rate of injectivity of an expanding
map in time k is more complicated than for diffeomorphisms: in this case, the set
of preimages has a structure of d-ary tree. We define the rate of injectivity of a
tree — with edges decorated by linear expanding maps — as the probability of
percolation of a random graph associated to this decorated tree (see Definition 29).
In particular, if all the expanding maps were equal, then the connected component
of the root of this random graph is a Galton-Watson tree. We begin by the definition
of the set of expanding maps.

Definition 27. For » > 1 and d > 2, we denote by D"(T") the set of C" “Z"-
expanding maps” of T" for the infinite norm. More precisely, D" (T") is the set of
maps f : T" — T, which are local diffeomorphisms, such that the derivative f(l")
is well defined and belongs to C"~L"J(T™) and such that for every € T" and every
v e Z"\ {0}, we have | D frv]s > 1.

In particular, for f € D"(T"), the number of preimages of any point of T" is
equal to a constant, that we denote by d.

Remark that in dimension n = 1, the set D"(S') coincides with the classical set
of expanding maps: f € D"(S!) if and only if it belongs to C"(S') and f/(z) > 1
for every x € S'.

We now define the linear setting corresponding to a map f € D(T").
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Definition 28. We set (see also Figure 8)

k
L= | |14
m=1

the set of m-tuples of integers of [1,d], for 1 <m < k.
Fori = (i1, -+ ,im) € [1,d]™, we set length(¢) = m and father(¢) = (i1, ,im—1) €
[1,d]™=! (with the convention father(iy) = 0).

The set I, is the linear counterpart of the set |_|7’;:l f~™(y). Tts cardinal is equal
to d(1 —d*)/(1 —d).

Definition 29. Let £k € N. The complete tree of order k is the rooted d-ary tree
Ty, whose vertices are the elements of I together with the root, denoted by (), and
whose edges are of the form (father(z),%);cs, (see Figure 8).

Let (pi)icr, be a family of numbers belonging to [0, 1]. These probabilities will be
seen as decorations of the edges of the tree Ty,. We will call random graph associated
to (pi)ier, the random subgraph G ,,), of T, such that the laws of appearance the
edges (father(i),i) of G,,), are independent Bernoulli laws of parameter p;. In
other words, G(;,), is obtained from T} by erasing independently each vertex of Ty
with probability 1 — p;.

We define the mean density D((p;)s) of (pi)ier, as the probability that in G,
there is at least one path linking the root to a leaf.

%7

Remark that if the probabilities p; are constant equal to p, the random graph
G (p;); 18 a Galton-Watson tree, where the probability for a vertex to have i children

is equal to (?)pi(l —p)ti,

Definition 30. By the notation D((det D f; 1) ¢ p-m(y), 1<m<k), we will mean that
the mean density is taken with respect to the random graph G, associated to the
decorated tree whose vertices are the f~"(y) for 0 < m < k, and whose edges are
of the form (f(z),z) for x € f~™(y) with 1 <m < k, each one being decorated by
the number det Df, ! (see Figure 9).

Recall that the rates of injectivity are defined by (see also Definition 5)

Card ((fn)*(En)) .
k _ k(py k
T(fN) = Card(Ex) and  77(f) _ljl\frij-ngT (fn)-
1
detD.me,D Z(1,1)
- (1)
‘wa\ \
Q) — (1,1) Qe det D7 )
P ) y "z
0 i
R B S L S
T (2,2) ‘/;@f Z(2) —
deth\l Z(2,2)
FIGURE 8. The tree Ty for “(2,2)

d=2.
FiGURE 9. The probability tree associated to the
preimages of y, for kK = 2 and d = 2. We have

flzan) = f(xa2) = 2@), etc.
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Theorem 31. Let r > 1, f a generic element of D"(T™) and k € N. Then, 7¢(f)
is a limit (that is, the sequence (T*(fn))n converges), and we have

(f) = / D((det Df; Yiemer ) dLeb(y). (14)
" zEfT™(y)

Moreover, the map f — TF(f) is continuous in f.

The proof of Theorem 31 is mainly based on the following lemma, which treats
the linear corresponding case. Its statement is divided into two parts, the second
one being a quantitative version of the first.

Lemma 32. Let k € N, and a family (A;)icr, of invertible matrices, such that for
any © € I, and any v € Z™ \ {0}, we have | A;v||cc > 1.
If the image of the map
—1 4—1 -1
2" >a @ A’L Afather(i) e Afatherle"g“l(i)(i)x
i€},

projects on a dense subset of the torus R"Cad 1k /ZnCardl = then we have

D U (A\fatherk_l('i) -0 A\l)(zn) = b((det A;l)z)
ie[1,d]*

More precisely, for every {',c € N, there exists a locally finite union of positive
codimension submanifolds Vy of (GL,(R))“®4 1% such that for every n' > 0, there
exists a radius Ry > 0 such that if (A;)icr, satisfies d((Ai)s, Vo) > 1 for every q,
then for every R > Ry, and every family (v;)icr, of vectors of R™, we have 12

— 1
‘DE U (W(Afatherk_l(i) + vfatherk_l(i)) 00 7T<A@ + vz))(zn) - D((det A'L_l)@) < ?
i€[1,d]*
(15)
(the density of the image set is “almost invariant” under perturbations by transla-
tions), and for every m < k and every i € [1,d]*, we have

n n 1 1
D}, {JC € (Agatherm (5) + Vtatherm(s)) (Z") | d(z, (Z™)') < Cg,(QnJrl)} < (16)

(there is only a small proportion of the points of the image sets which are obtained
by discretizing points close to (Z™)').

The local-global formula (14) will later follow from this lemma, an appropriate
application of Taylor’s theorem and Thom’s transversality theorem (Lemma 35).

The next lemma uses the strategy of proof of Weyl’s criterion to get a uniform
convergence in Birkhoff’s theorem for rotations of the torus T" whose rotation
vectors are outside of a neighbourhood of a finite union of hyperplanes.

Lemma 33 (Weyl). Let dist be a distance generating the weak-* topology on P the
space of Borel probability measures on T™. Then, for every € > 0, there ezists a
locally finite family of affine hyperplanes H; C R™, such that for every n > 0, there
exists Mo € N, such that for every A € R" satisfying d(X, Hy) > n for every q, and
for every M > My, we have

1 M_l,
dist (M 7;)(57”)\, LebRn/Zn> <ég,

12. The map 7(A + v) is the discretization of the affine map A + v.
13. Where (Z™)" stands for the set of points of R™ at least one coordinate of which belongs to
Z+1/2.
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where 8, is the Dirac measure of the projection of x on R"™/Z".

Proof of Lemma 33. As dist generates the weak-* topology on P, it can be replaced
by any other distance also generating the weak-* topology on P. So we consider
the distance disty, defined by:

1

distw (1. v) = Y Srrn
keN™

)

/ ei27rk-$ d(,u _ I/)(:E) .
R /Z™

there exists K > 0 and ¢’ > 0 such that if a measure p € P satisfies

VeeN": 0<ky+ - +k, <K, / ek gy (x)
Rn/Zn

<, (17)

then dist(u, Leb) < e.
For every k € N™\ {0} and j € Z, we set

Hl ={AeR"|k-A=j}.

Remark that the family {H}}, with j € Z and k such that 0 < ky + -+~ + k, < K,
is locally finite. We denote by {H,}, this family, and choose A € R" such that
d(A, Hy) > n for every q. We also take

2
MO . e/ |1 _ ei27rn|’

Thus, for every k € N™ such that k; + --- + k, < K, and every M > My, the
measure

(18)

M-1

1 _
=g 2 o
m=0
satisfies
__i2rME-A
/ ez27rkxdu(x):1‘1 e'Qk}\'Sz 1'2k)\'
Rn/zn M 1_67’71-. M()’l_eZﬂ-.‘

By (18) and the fact that d(k - X\, Z) > n, we deduce that

/ ez’27rk:x d,u(x)
Rn/Zn

Thus, the measure p satisfies the criterion (17), which proves the lemma. O

<¢.

Proof of Lemma 32. To begin with, let us treat the case d = 1. Let Ay, -, Ay be
k invertible matrices. We want to compute the rate of injectivity of Ay o--- o0 A;.
Recall that we set
A —1d
Ay —1Id
MA17...7Ak = S Mnk(R),
A1 —1d
Ag

Ay = ]T[[/)\l,... 2 Z™ and WF =] —1/2,1/2]"%. Resuming the proof of Proposition 12,
we see that x € (A\k 0---0 f/l\l)(Z”) if and only if (0"*~1) z) € W* + A;. This
implies the following statement.
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~ D U (Apmers—2s) 0 -+ 0 43) (Z")

/
» ie1,d]*
bé)\’ father®—1(7)=1

D U (‘Zfatherkfl(i) ©--+0 A\’L)(Zn)

ief[1,d]*
%\
&
P4 ~

© n n
” D U (Afatherk72(i) 00 A’L)(Z )
ic[1,d]*
father®—1(7)=2

Ficure 10. Calculus of the density of the image set at the level k according to the
density of its sons.

Lemma 34. We have
det(Ay - A)D(Ag o0 A1)(Z") = v(pr.. 5, (W), (19)

(On(k:—l)’ Zn) of Rnk/xk

where v is the uniform measure on the submodule PrRouk /R,

In particular, if the image of the map
7" > x — @ (Ap) "l

projects on a dense subset of the torus R"*/Z"*_ then the quantity (19) is equal to
the volume of the intersection between the projection of W* on R/ Kk and a fun-
damental domain of Ay (see the end of the proof of Proposition 12 and in particular
the form of the matrix M ) By the hypothesis made on the matrices 4,,
that is, for any v € Z™\ {0} ||Amv||Oo > 1 — this volume is equal to 1 (simply
because the restriction to W* of the projection R™ R"k/Ak is injective). Thus,
the density of the set (A\k 0---0 f/l\l)(Z”) is equal to 1/(det(Ay--- A1)) .

We now consider the general case where d is arbitrary. We take a family (A;)scr,
of invertible matrices, such that for any ¢ € I and any v € Z" \ {0}, we have
|A;v]|so > 1. A point z € Z" belongs to

U (Afatherkfl(i) 00 Ai)(zn)
ie[1,d]*
if and only if there exists 4 € [1,d]* such that (0™~ z) € Wk 4 A;. Equivalently,
a point x € Z™ does not belong to the set

(‘A\fatherkfl(i) ©--+0 ;1\7/) (Zn)

if and only if for every i € [1,d]*, we have (0"*~1) z) ¢ W* + A;. Thus, if the
image of the map

n 1 54— -1
Z' 5w @ A Afather(z) o Afatherle"gth(z)( i)

i€l
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projects on a dense subset of the torus R™©ad/k /ZnCardk then the events x € S;,
with
Si = U (Afatherkfl(i) 0 A") (Zn)
ic[1,d]*
father®—1(¢)=4

are independent (see Figure 10), meaning that for every F' C [1,d], we have

D(ﬂ&):fﬁ%@. (20)

el ieF

Thus, by the inclusion-exclusion principle, we get

D U S, | = Z (_1)Card(F)+1 HD(Sz)

1€[1,d] 0AFC[1,d] ieF

Moreover, the fact that for any ¢ € I and any v € Z™ \ {0}, we have [|4;v]|c0 > 1
leads to

~

D(SZ) = det Afiaiherkfl(i) D U (Afatherkfz(i) O A\") (Z”)
i€[1,d]*

father® 1! (4)=i

These facts imply that the density we look for follows the same recurrence relation
as D((det A;');), thus

D U (A\fatherk_l('i) -0 A\l)(zn) = b((det A;l)z)
ie[1,d]*

The second part of the lemma is an effective improvement of the first one. To
obtain the bound (15), we combine Lemma 33 with Lemma 34 to get that for every
e > 0, there exists a locally finite collection of submanifolds V, of (GL,(R))“ad/k
with positive codimension, such that for every ' > 0, there exists Ry > 0 such that
if d((A;)i, Vg) > 1 for every ¢, then Equation (20) is true up to e.

The other bound (16) is obtained independently from the rest of the proof by a
direct application of Lemma 33 and of Lemma 34 applied to k = 1. U

Lemma 35 (Perturbations in C” topology). Let 1 < r < +oo and f a generic
element of D"(T™). Then, for every k € N, every £’ € N and every finite collection

(V) of submanifolds of positive codimension of (GL,(R))%™, there exists n > 0 such
that the set

T, = {y € T" | Vg, d((Dfx)lgmgk , V,;) > n}

z€f~™(y)

contains a finite disjoint union of cubes'*, whose union has measure bigger than

1—1/0.

Proof of Lemma 35. By Thom’s transversality theorem, for a generic map f €
D" (T™), the set
{y eT"

14. here, a cube is just any ball for the infinite norm.

Vg, (Dfy)i<m<k € Vq}
(¥)

xef~™
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if finite. Thus, the sets T,E are compact sets and their (decreasing) intersection over
7 is a finite set. So, there exists n > 0 such that Tg is close enough to this finite set
for Hausdorff topology to have the conclusions of the lemma. O

We can now begin the proof of Theorem 31.

Proof of Theorem 31. Let f € D"(T™). The idea is to cut the torus T™ into small
pieces on which f is very close to its Taylor expansion at order 1.

Let m € N, and Uy (¢ € N*) be the set of maps f € D"(T") such that the set of
accumulation points of the sequence (73(f))n is included in the ball of radius 1/¢
and centre

/ D((Dfz)1<m<k ) dLeb(y).

" z€fT(y)

(that is, the right side of Equation (14)). We want to show that U, contains an
open and dense subset of D"(T™). In other words, we pick a map f, an integer ¢
and 0 > 0, and we want to find another map g € D"(T") which is d-close to f for
the C" distance, and which belongs to the interior of U.

To do that, we first set £ = 3¢ and ¢ = d(1 — d*)/(1 — d) = Card(I}), and use
Lemma 32 to get a locally finite union of positive codimension submanifolds V; of
(GL,(R))€2dUk)  We then apply Lemma 35 to these submanifolds, to the § we
have fixed at the beginning of the proof and to ¢/ = 4/; this gives us a parameter
17> 0 and a map g € D"(T") such that der(f, g) < d, and such that the set

{yET”

is contained in a disjoint finite union C of cubes, whose union has measure bigger
than 1—1/(4¢). Finally, we apply Lemma 32 to ' = 1/2; this gives us a radius Ry >
0 such that if (A;)er, is a family of matrices of GL,,(R) satisfying d((A;)s, V) > n/2
for every ¢, then for every R > Ry, and every family (v;)icr, of vectors of R", we
have

Vg, d((Dgx)lgmgk ) Vq) < "7}

reg™™(y)

— 1
DE U (W(Afatherk_l(’i) + vfatherk'_l(i)) o---om(A; + vz))(Z”) — D((det A;l)i) < 37’
ie[1,d]*
(21)
and for every i, j,

1 1
D} A sy ) (2" yASE .
R {w < ( O (z))( ) d(%( )) < 36(2n+1)CardIk} < 3¢ Card I,
(22)

We now take a map h € D"(T") such that do1(g, h) < &, and prove that if § is
small enough, then h belongs to the interior of U,. First of all, we remark that if §’
is small enough, then the set

{yGT”

contains a set C’, which is a finite union of cubes whose union has measure bigger
than 1 —1/(3¢).

Let C be a cube of C'; y € C and = € f~™(y), with 1 < m < k. We write the
Taylor expansion of order 1 of h at the neighbourhood of z; by compactness we

v, d((th)lngk ; Vq) > 77/2}
z€RL™™(y)
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obtain

1
sup {Hh(m +2) — h(z) — Dhy(z)|| |z €C, z € B(O,p)} — 0.
Iz =0
Thus, for every € > 0, there exists p > 0 such that for all z € C' and all z € B(0, p),
we have
|h(z + z) — (h(z) + Dha(2)) ]| < ellz|| < ep. (23)
We now take R > Ry. We want to find an order of discretization N such that

the error made by linearizing h on B(z, R/N) is small compared to N, that is, for
every z € B(0, R/N), we have
1 1

|h(z + 2) = (h(z) + Dhe(2))|| < 30(2n+1)Cardl, N

To do that, we apply Equation (23) to
1
“ T 3RI2n +1)Card I},
to get a radius p > 0 (we can take p as small as we want), and we set N = [R/p]

(thus, we can take N as big as we want). By (23), for every z € B(0, R), we obtain
the desired bound:

Hh(x +z/N)— (h(x) + th(z/N))

1 1
< st@n ) cardty N

Combined with (22), this leads to

Card (h (B(z, B/N)) A Py (h(x) + Dho(B(0, R/N)))) _ 1
Card (B(z,R/N) N Ey) ~ 3¢Card I},

(24)

in other words, on every ball of radius R/N, the image of Exn by hy and the dis-
cretization of the linearization of h are almost the same (that is, up to a proportion
1/(3¢ Card I) of points).

We now set Ry = Ry||f'||%, and choose R > Ry, to which is associated a number
p >0 and an order N = [R/p], that we can choose large enough so that 2R/N <
|| |loo- We also choose y € C. As

Card (b} (En)NB(y, R/N)) = Card U W% (B(z,R/N)N Eyx) N B(y, R/N)
z€R™™(y)

and using the estimations (21) and (24), we get
2

Card (h%(En) N B(y, R/N)) — B
Card (B(y, R/N) N Ey) — D((det Df, )g;n_%(y)) <3

As such an estimation holds on a subset of T" of measure bigger than 1 — 1/(3¢),
we get the conclusion of the theorem. O

We can easily adapt the proof of Lemma 32 to the case of sequences of matrices,
without the hypothesis of expansivity.

Lemma 36. For every k € N and every ¢, c € N, there exists a locally finite union
of positive codimension submanifolds V, of (GL,(R))* (respectively (SLn(R))*)
such that for every n' > 0, there exists a radius Ry > 0 such that if (Ap)1<m<k
is a finite sequence of matrices of (GL,(R))* (respectively (SL,(R))*) satisfying
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d((Am)m, Vg) > 1 for every q, then for every R > Ry, and every family (vm)1<m<k
of vectors of R™, we have

~ ~ 1
‘DE ((Ak o oA1)<zn)) —det(A; - ATFR(A,, - ,Ak)( <z

(the density of the image set is “almost invariant” under perturbations by transla-
tions), and for every m < k, we have '

DY {az € (A + o) (Z7)

1 1
d(z,(Z")) < ————<p < —
(=, (2")) cl'(2n+1) } cl!
(there is only a small proportion of the points of the image sets which are obtained
by discretizing points close to (Z")").

With the same proof as Theorem 31, Lemma 36 leads to the local-global formula
for C"-diffeomorphisms (Theorem 26).

4. ASYMPTOTIC RATE OF INJECTIVITY FOR A GENERIC DISSIPATIVE
DIFFEOMORPHISM

First of all, we tackle the issue of the asymptotic rate of injectivity of generic
dissipative diffeomorphisms. Again, we will consider the torus T" equipped with
Lebesgue measure Leb and the canonical measures Ey, see Section A for a more
general setting where the result is still true. The study of the rate of injectivity for
generic dissipative diffeomorphisms is based on the following theorem of A. Avila
and J. Bochi.

Theorem 37 (Avila, Bochi). Let f be a generic C' maps of T". Then for every
e > 0, there exists a compact set K C T" and an integer m € IN such that

Leb(K) >1—¢ and Leb(f™(K)) < e.
This statement is obtained by combining Lemma 1 and Theorem 1 of [AB06].

Remark 38. As C' expanding maps of T and C! diffeomorphisms of T™ are open
subsets of the set of C' maps of T™, the same theorem holds for generic C'! expand-
ing maps and C' diffeomorphisms of T" (this had already been proved in the case
of Cl-expanding maps by A. Quas in [Qua99]).

This theorem can be used to compute the asymptotic rate of injectivity of a
generic diffeomorphism.

Corollary 39. The asymptotic rate of injectivity of a generic dissipative diffeomor-
phism f € Diff!(T™) is equal to 0. In particular, the degree of recurrence D(fn) of
a generic dissipative diffeomorphism tends to 0 when N goes to infinity.

Remark 40. the same statement holds for generic C! expanding maps.

Proof of Corollary 39. The proof of this corollary mainly consists in stating what
good properties can be supposed to possess the compact set K of Theorem 37.
Thus, for f a generic diffeomorphism and € > 0, there exists m > 0 and a compact
set K such that Leb(K) > 1 — ¢ and Leb(f™(K)) < e.

First of all, it can be easily seen that Theorem 37 is still true when the compact
set K is replaced by an open set O: simply consider an open set O’ O f™(K) such
that Leb(O’) < e (by regularity of the measure) and set O = f~™(0') D K. We

15. Recall that (Z™)’ stands for the set of points of R™ at least one coordinate of which belongs
to Z+1/2.



28 PIERRE-ANTOINE GUIHENEUF
then approach the set O by unions of dyadic cubes of T": we define the cubes of

order 2M on T
[ i+l
CM,i - H |:2]\/[7 QJW :| )

j=1

and set

Uy = Int U CM,Z‘ ,
Cm,iCO

where Int denotes the interior. Then, the union (J,;cn Uns is increasing in M and
we have UMGN Uy = O. In particular, there exists My € N such that Leb(Upy,) >
1 —¢, and as Uy, C O, we also have Leb(f™(Upy,)) < €. We denote U = Uyy,.
Finally, as U is a finite union of cubes, and as f is a diffeomorphism, there exists
d > 0 such that the measure of the J-neighbourhood of f™(U) is smaller than e.
We call V' this d-neighbourhood.

As U is a finite union of cubes, there exists Ny € N such that if N > Ny, then
the proportion of points of Ex which belong to U is bigger than 1 — 2e, and the
proportion of points of Enx which belong to V is smaller than 2e. Moreover, if Ny
is large enough, then for every N > Ny, and for every xy € Enx NU, we have
fM(xzn) € V. This implies that

Card(fy' (EN))
T Card(By) =

which proves the corollary. (I

5. ASYMPTOTIC RATE OF INJECTIVITY FOR A GENERIC CONSERVATIVE
DIFFEOMORPHISM

The goal of this section is to prove that the degree of recurrence of a generic
conservative C'-diffeomorphism is equal to 0.

Theorem 41. For a generic conservative diffeomorphism f € Diff'(T", Leb), we
have

lim 7%(f) = 0;

t—o00

more precisely, for every € > 0, the set of diffeomorphisms f € Diﬂfl(T", Leb) such
that limy_, 4 oo TF(f) < € is open and dense.
In particular'®, we have limy_, oo D(fn) = 0.

It will be obtained by using the local-global formula (Theorem 26) and the result
about the asymptotic rate of injectivity of a generic sequence of matrices (Theo-
rem 9). The application of the linear results will be made through the following
lemma of [ACW14], which allows to linearize locally a conservative diffeomorphism.

Lemma 42 (Avila, Crovisier, Wilkinson). Let C' be the unit ball of R™ for || - ||oo
and € > 0. Then, there exists 6 > 0 such that for every g1 € Diff*(R", Leb) such
that dci(g1)c,1d|c) < 6, there exists go € Diff°(R", Leb) such that:

(i) der (9210 9110) < &5
(i1) 9211-eyc = Idja-c)c;

(m) 92|ct = 91cC-

16. Using Equation (2) page 4.
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The proof of this lemma involves a result of J. Moser [Mos65|. The reader may
refer to [ACW14, Corollary 6.9] for a complete proof!'”. By a regularization result
due to A. Avila [Avil0], it is possible to weaken the hypothesis of regularity in the
lemma “g; € Diff>*(R™, Leb)” into the hypothesis “g; € Diff!(R™, Leb)”.

Proof of theorem 41. We show that for every £ € N and every € > 0, the set of
conservative diffeomorphisms such that limsup,_, . 72, < 1/£+ ¢ contains an open
dense subset of Diff'(T" Leb). To begin with, we fix f € Diff'(T", Leb) and
d > 0 (which will be a size of perturbation of f). By Theorem 9, and in particular
Equation (5), there exists a parameter A €]0, 1[ (depending only on 6, £ and || f||o1),
such that for every sequence (Ay)g>1 of linear maps in SL,(R), there exists a
sequence (By)r>1 of (generic) linear maps in SL,(R) such that for each k, we have
|Ax — Bil| < 6 and 7%(By,- -+, By) < A+ 1/¢ (as the sequence is generic, this
property remains true on a whole neighbourhood of (Bj)k>1, see Remark 14). From
that parameter A, we deduce a time kg > 0 such that

ko k
1 A 1— \ko
N N =2 100.
k:okZ:: [

Applying a classical technique in this context (see for example [Boc02]), we use
a Rokhlin tower of height kg with an open basis U:

— The sets U, f(U),--- , ffo~Y(U) are pairwise disjoint;

~ the measure of the union of the “floors” U U f(U) U --- U f*~1(U) is bigger

than 1 —¢/100;
for the existence of such towers, see for example [Guil2, Lemme 6.8] or [Hal56,
Chapter “Uniform topology”].

We then approach the basis U by a disjoint union of cubes of T" (as in page 28,
from now we suppose that U is a union of such cubes). If these cubes are small
enough, on each cube C, it is possible to perturb f into a diffeomorphism g such
that on each set (1 —¢/100)C, ¢ is affine and irrational, using Lemma 42, the reg-
ularization result of A. Avila [Avil0] and Franks lemma ® (see [Fra71] or [Cro06]).
We do the same thing on the kg — 1 first images of each cube and perturb g such
that on each set g*((1 — £/100)C), the perturbed diffeomorphism A is linear and
equal to Bg. By what we have said at the beginning of the proof, we can more-
over suppose that the sequence By, --- , By, of linear maps is generic, and satisfies
78(By,--+,By) < A 4+ 1/¢ for every k < ko — 1. By the choice of ky we have made,

17. Le 12/09/2015, cette version n’est pas encore en ligne. ..
18. Which is valid only in the C* topology.
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this implies that
ko—1
T (h) < Leb(hF(U)) 7™ (hypn1r))
k=0

+Leb (U U« U O)E) 7% (b ko1 0yy8)
ko—1

<3 Leb(RF(U)) T (i) + Leb (U U -~ U BR=1(U))E)
k=0

ko—1
1
<Leb(U) ) </\k0’“ + g> +¢/100
k=0
ko

1
< A+ 1)/2 10
_kokz_jl( +1)/2+¢/100

<1/l +¢/2.

Moreover, the differentials of h form generic sequences on a set of measure at least
1—¢/10. This implies that the rate of injectivity is continuous in h when restricted
to this subset of T™. Thus, the inequality 7%0(h) < 1/¢ + ¢ still holds on a whole
neighbourhood of h. This proves the theorem. O

6. ASYMPTOTIC RATE OF INJECTIVITY OF A GENERIC C" EXPANDING MAP

In this section, we prove that the asymptotic rate of injectivity of a generic
expanding map is equal to 0. Note that a local version of this result was already
obtained by P.P. Flockermann in his thesis (Corollary 2 page 69 and Corollary 3
page 71 of [Flo02]), stating that for a generic C'T® expanding map f of the circle,
the “local asymptotic rate of injectivity” is equal to 0 almost everywhere. Some
of his arguments will be used in this section. Note also that in C! regularity, the
equality 7°°(f) = 0 for a generic f is a consequence of Theorem 37 of A. Avila and
J. Bochi (see also Corollary 39); the same theorem even proves that the asymptotic
rate of injectivity of a generic C' endomorphism of the circle is equal to 0.

Definition 43. We define Z,,, as the number of children at the m-th generation in
G,y (see Definition 30).

Proposition 44. For every r €]1,+00|, for every f € D" (S') and every y € S!,
we have
P(Zy >0) — 0.

m——+00
FEquivalently,
ﬁ (det Df_1)1< <k — 0.
( e s
Lemma 45. The expectation of Z,, satisfies
E(Zn) = (£"1)(y),

where L is the Ruelle-Perron-Frobenius associated to f and 1 denotes the constant
function equal to 1 on S'. In particular, there ezists a constant X9 > 0 such that

E(Z,,) < %o for every m € N.

The second part of the lemma is deduced from the first one by applying the
theorem stating that for every C" expanding map f of S' (r > 1), the maps £™1
converge uniformly towards a Holder map, which is the density of the unique SRB
measure of f (see for example [FJ03]). The first assertion of the lemma follows from
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the convergence of the operators f3 acting on P (the space of Borel probability
measures) towards the Ruelle-Perron-Frobenius operator.

Definition 46. The transfer operator associated to the map f (usually called
Ruelle-Perron-Frobenius operator), which acts on densities of probability measures,
will be denoted by L. It is defined by

Lidly)=

zef~1(y)

¢(z)
f'(z)

Lemma 45 follows directly from the following lemma.

Lemma 47. Denoting Leby the uniform measure on En, for every C' ezpanding
map of S' and every m > 0, we have convergence of the measures (fi)™(An)
towards the measure of density ﬁ}”l (where 1 denotes the constant function equal to

1),

The proof of this lemma is straightforward but quite long. We sketch here this
proof, the reader will find a complete proof using generating functions in Section 3.4
of [Flo02] and a quantitative version of it in Section 12.2 of [Guil5c|.

Sketch of proof of Lemma 47. As f is C', by the mean value theorem, for every
segment I small enough, we have

Leb(f(1))

Leb(J) - f'(@o)

‘ <e.
Moreover, for every interval J,

Leb(J —.
eb() Card(Exy) |~ N

These two inequalities allows to prove the local convergence of the measures fx (An)

towards the measure with density £71. The same kind of arguments holds in arbi-

trary times, and allow to prove the lemma. [l

B Card(JﬂEN)‘ < 1

Lemma 48. We fiz an integer K > 0, and denote by Ax the event ‘0 < Z,, < K
for an infinite number of generations m”. Then the probability of Ax is equal to 0.

Proof of Lemma 48. We remark that we have the inequality

1 dK
P(Zm+1:0|Zm§K)2(1,> .
1"l

In particular, if Z,, < K, then with probability bigger than (1 — || f/||))?%, we will
have Z,,, = 0 for every m’ > m. Thus, the event Ag r : “Z,, < K for at least M
generations m and Z,,, > 0 for every m’” has probability

dK M
P(Agar) < (1 - (1 - ”f,l‘o) ) .

So, as A is obtained as the decreasing intersection Ax = (\y;en Ak, M, We have
P(Ax) = 0. O

Proof of Proposition 44. Let € > 0. We denote by B the event “there exists m € N
such that Z,, = 0”. It is obtained as the disjoint union

B= |_|N ((Zms1 = 0) N (Zim > 0)).
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So there exists My € N such that

Pl |] (Zn1=00nZn>0)|=P| |J Zu>0|B)| <e/2. (25)
m>My m> Mo

In other words, if there exists m € N such that Z,,, = 0, then the smallest m such
that this property holds is smaller than My with probability bigger than 1 — e/2.

We also denote by Ci the event “for all but a finite number of m € N, we have
Zm > K”. By Markov inequality and Lemma 45, we have

P(Z,, > 2%y/e) <e/2.
Thus, we have
P(Caxyye) < /2. (26)
We now take m > My and K = 2%/e. We remark that
P(Zy >0)=P((Zn >0)NAg) + P((Zn > 0)NB) + P((Zn > 0) N Ck)
< P(Ak)+P((Zn > 0) | B) + P(Ck).
Using Lemma 48 and the estimations (25) and (26), this leads to
P(Z, >0) <eg,
which proves the proposition. (I

Corollary 49. For a generic map f € D"(S'), we have 7°(f) = 0. In particular,
imy 400 D(fn) = 0.

Proof of Corollary 49. 1t is an easy consequence of the local-global formula (Theo-
rem 31), Proposition 44 and the dominated convergence theorem. O

7. NUMERICAL SIMULATIONS

0.45
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0.35
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02y

0151

01y

0.05f

FIGURE 11. Simulation of the degree of recurrence D(fn) of the conservative dif-
feomorphism f, depending on N, on the grids EFy with N =128k, k =1,--- ,150.

We have computed numerically the degree of recurrence of a diffeomorphism f,

which is C'-close to Id. It is defined by f = Q o P, with
P(x,y) = (z,y+p(z)) and Q(z,y) = (z+4q(y),y),

1 1 1
p(x) = 209 cos(2m x 17x) + 71 sin(27 x 27x) — 03 cos(2m x 35x),
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F1GURE 12. Simulation of the degree of recurrence D(gy) of the expanding map g,
depending on N, on the grids Ey with N =128k, k=1,---,1000.

1 1 1
q(y) = 257 cos(2m x 15y) + 203 sin(2m x 27y) — oI sin(27 x 38y).

On Figure 11, we have represented graphically the quantity D( fi2sx) for k from 1
to 150. It appears that, as predicted by Theorem 41, this degree of recurrence goes
to 0. In fact, it is even decreasing, and converges quite fast to 0: as soon as N = 128,
the degree of recurrence is smaller than 1/2, and if N 2 1000, then D(fy) < 1/10.
Note that, contrary to what is predicted by theory, this phenomenon was already
observed for examples of conservative homeomorphisms of the torus which have big
enough derivatives not to be considered as “typical from the C! case” (see [Guil5d]).

We also present the results of the numerical simulation we have conducted for
the degree of recurrence of the expanding map of the circle g, defined by

g(x) = 2z + €1 cos(2mx) + 2 sin(67x),

with €1 = 0.127943 563 72 and €9 = 0.008 247 359 61.

On Figure 12, we have represented the quantity D(gi2sr) for k from 1 to 1000.
It appears that, as predicted by Corollary 49, this degree of recurrence seems to
tend to 0. In fact, it is even decreasing, and converges quite fast to 0: as soon as
N = 128, the degree of recurrence is smaller than 1/5, and if N 2 25000, then

APPENDIX A. A MORE GENERAL SETTING WHERE THE THEOREMS ARE STILL
TRUE

Here, we give weaker assumptions under which the theorems of this paper are
still true: the framework “torus T" with grids En and Lebesgue measure” could be
seen as a little too restrictive.

So, we take a compact smooth manifold M (possibly with boundary) and choose
a partition My, --- , M, of M into closed sets '? with smooth boundaries, such that
for every i, there exists a chart ¢; : M; — R”. We endow R with the euclidean
distance, which defines a distance on M wia the charts ¢; (this distance is not

19. That is, |J, M; = M, and for i # j, the intersection between the interiors of M; and M; are
empty.



34 PIERRE-ANTOINE GUTHENEUF

necessarily continuous). From now, we study what happens on a single chart, as
what happens on the neighbourhoods of the boundaries of these charts “counts for
nothing” from the Lebesgue measure viewpoint.

Finally, we suppose that the uniform measures on the grids Ey = (J; En,; con-
verge to a smooth measure A on M when N goes to infinity.

This can be easily seen that these conditions are sufficient for Corollary 39 to be
still true.

For the rest of the statements of this paper, we need that the grids behave locally
as the canonical grids on the torus.
For every i, we choose a sequence (kn,;)ny of positive real numbers such that

KN N—> 0. This defines a sequence Ey; of grids on the set M; by En; =
—+o00

¢; 1(kn;Z™). Also, the canonical projection 7 : R™ — Z" (see Definition 6) allows
to define the projection 7y ;, defined as the projection on rx;Z" in the coordinates
given by ¢;:
TN, : Mi — EN,i
[ — (pi_l (/@Nm(m]_vlzgoz(x)»
We easily check that under these conditions, Theorems 26, 31 and 41 and Corol-
lary 49 are still true, that is if we replace the torus T™ by M, the uniform grids

by the grids Ey, the canonical projections by the projections my;, and Lebesgue
measure by the measure A.
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