
Eisenstein A Kronecker 9Yf?U�[7C2
Pierre Charollois Robert Sczechju,bO7 h5 Leopold Kro-

necker (s>bs)1)�?0,*�Æ=#*U�*E�H#SYS 1891 d 12 M~�U�'��*�Æmv3�-��H,*Y- F. von Dalwigk *A��L�Pi 
Kronecker! “Eisenstein (�0q�)2)��tZ” 	�h�*�%q�jW Eisenstein��tZ�̂ Y! e�EQUs! Eisen-

stein &j�Æ;^�&j�Y- “���gHy���”�*S��0INk���> André Weil ( �) _)�T�f (1976)
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?0� 15 ���
^YS 1891 d 12 M 29 ' 1), �S�%�U��d 68 }�jX�M`9� 5*US,'C5w (Saarbrücken) uw 2) �fl*E�?0,*�S�<jX_\,*�b)�.hs��0IM��fÆA*E�IH�
Z�*_�*EI5
Franz Lemmermeyer Bb��hO	^1\_W+	P=Vf\��,Lf?0,*�}�*�:F0�W� �_R2S�fl���tZ��D �#!�Mw<℄$h5 Kronecker �_.�$n�_�+� “�
��gsJ” ���)M�0Ie�Ed
Simone Schulze���-sS�fl�ye_;_R�Ytj��k�x~�*��n��_R(e� �:
�fl=~Æ�` P�����D&��ESj;D&�a
q��� [Cw]. 0IM℄ Schulze lS����0I
M℄ Franz-Josef Rosselli, �>_\��,Lf (S 19 U..f) . WEy�,"
 [Cw]._RY- Friedrich von Dalwigk*3���H�ÆYÆT}[?�N�Wh5$3�
θ yj�<S<, [vD]. ���von Dalwigk W A' (Marburg) uw 3)�)+jwBb (1897—1923). WkjHvZz�v 6 m?0 (#! Kronecker tU��U), _R�\ nn 120 $���$Æ0o$G3�G3F9- von Dalwigk �\��5 KroneckerÆX�Y*7�� Kronecker � “Nachlass4)”��ÆX$*7�,b�Dalwigk S_R�S���� {i “Nachlass”. �q
n�S Marburg ��V Hensel _��� O�jX,G�oq�#!�H Hensel z� Kronecker�0�ow<,�n Hasse5)� Edwards

[Ed] _��r�Kronecker�ÆXt"�"S)``9H{�D ��0q
�I(T�[GUÆ0℄~2#~�$^%���Q�R �S 1945d�j0~2�QY+�q4T�[�fl�ÆX^K��o*Weil S��,b [We 1] �AM�_��jW?
h�V;zY Eisenstein sM�-[(R{(Æ�ÆF9�1<*��jW_R�G�e��b)�Y6/��j!0IA�A%!�D�^Yt{\WÆ)f�*7����{2 Georg Cantor (k�') Y*^W���qjwZ� (DMV) �
Æ#�;��M��� Kronecker S 1891 d
Æmd�3�h℄i�%0In Kronecker Z
Georg Cantor �Æ<`��r�t{Sjm��3? Eisenstein“(��” �_.�S_<`��Kronecker7R#!��|� Fanni tU%A
I2h℄P��!k7R6Q"��#k�0q
_W?0,*^Y�)�M�Sh℄P�-�#S��^�)�

Kronecker ��YÆW#u�jw0��Syjw�j<3�- o$��h�bG�0Ij�z�� �� “�gsJ”. n�M�A��?� “�gsJ” tE�� �><�*E�$ Hilbert (:'>�) 
F)/	��` (h5Z�j>��0 Abel (

1) \a�\%4	+4�Kronecker &6 1891 e 12 N 23 (�—— E�T�� https://en.wikipedia.org/wiki/Leopold Kronecker41 Kronecker\	gv�

—— W�
2) Saarbrücken vx*6�r-(�aA-(D6x�—— W�
3) �VB(!5�zvx (Philipps-Universität Marburg), *6�r�1�B(!�—— W�
4) “Nachlass” Z�=|j�T*-�	w�" “%+8	�/”.—— !�
5) �lfE-�0 “[HH]” � “[Ha]”.—— W�
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&') �
�L6?W), jYY�yjj<�*H`�/	sÆ�u[5 Kronecker �
Eisenstein _.��T Stark GMZ` H/	�F9Ls (*75 20 U. 70 dy� 4u,b).n2oÆA�0IM�x`�Wh5 KroneckerSj<3_.�6�Il,G�
 1WY Siegel (8V') �f�P
L6j< (Advanced Analytic Number Theory)� [Si] �
 1 b�jÆb��Y?�+� Kronecker !HaP�$ÆX)+ (Kronecker h5 Pell

(s') 2Z�L). 
 2 WIl,GY André Weil �f� Eisenstein � Kronecker ��Hyj (Elliptic Functions According to Eisenstein and Kronecker) � [We 2]. ju?0,*��fq�o:�jWY Weil f��<�b)��^�X���Weil �fb N
Eisenstein �sMA(���	^a4nH��
Yo$ Eisenstein � Kronecker��.1V04v��I�0Id�*0�s�V^Y Kronecker S�<S<,s4HtUjw,Yow
Y�h	%��t2 Eisenstein ah0?�jwzY�h�
2. Kronecker B Eisenstein :=lb 1880 d 3 M 15 'Z Dedekind (w�P) �Æ<`���Kronecker S��,b��F0h5 “�gsJ” LW�7i�S_<`��Kronecker #S ��GM (�gsJ) �pS�*^T_�ÆWm)m> F ��0 Abel �
Y-ZWb0DYS F ���Hyj�qbv�~!)��"X?W��
^Yo�J)��H�I� j– A3��v��7R:��|��WpS�*����z�A�A�℄!#�Dj>e�u�"X�/	 (Hilbert 
F)/	), t�m)m>�Æd��(Le�10 d��S�h5�Hyj�?0�����F0�$h5�gsJ�_.�%Y#�X��f��o
Eisenstein �_.�EA��0IM�L\!JE Eisenstein �2,S Kronecker !���gsJ:M�pS�
oY	��E��
^Yo�0I>! Eisenstein S��,b [Eis 2] ���)��5.iJ�S0�j>� Abel �
j�+D8{�Æ�A�KE Kronecker�O*�, u !ÆWDj�:
AYnj�_Eq# Z + u ⊂ C\Z A�v(Cy�#k&j

φ(u) =
∑

m∈Z+u

1

m�GÆN�0S�����}YH&j:AYf!^���#k0I0/������nr�Æf Eisenstein �2,�0I���
φ(u) = lim

t→+∞

∑

m∈Z+u

|m|<t

1

m
=

1

u
+

∞
∑

n=1

(

1

u+ n
+

1

u− n

)

=
1

u
+

∞
∑

n=1

2u

u2 − n23OS40�&jYf!^���yj φ Y�yj�:
Y 1- �{��#k φ(1
2 ) = 0.
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AO�0Il7�ev φ(1
4 ), :
0I���

φ

(

1

4

)

=
∑

m∈Z+ 1
4

1

m
= 4

∑

ℓ∈4Z+1

1

ℓ

= 4

(

1−
1

3
+

1

5
−

1

7
+

1

9
+ · · ·

)

= 4

∫ 1

0

dx

1 + x2
= π.ES0Iq���� φ yj��)h��%2,aP �!k�0I, u, v, w ! 3 WDj��IgAYnj�
N� u+ v + w = 0. _E2Z

p+ q + r = 0 (1)S p ∈ Z + u, q ∈ Z + v, r ∈ Z + w H01�$WL�jXLq��t, p, q (�h q, r �h r, p) ��5����#! pqr 6= 0, 2Z (1) Z3!
1

pq
+

1

qr
+

1

rp
= 0.j�>3O�0�
PS2Z (1)��0L3-wg�2,Y Eisenstein2,����jY�SP�Hn��	B Schellbach _�w���#!���)	&jYÆ;^���0IRmk�S>�l7��nr�!k�0IuX 3 W6(�g�KIj α, β, γ, N�

α+ β + γ = 0. _E0I0
αp− βq = γq − αr = βr − γp,jN�0I0

∑

|αp−βq|<t

1

pq
+

∑

|γq−αr|<t

1

qr
+

∑

|βr−γp|<t

1

rp
= 0.�)�j`!#�� t > 0, jX&j�Yf!^���! �!H t → ∞, 0Ik�*A%��bJ 2.1

lim
t→∞





∑

|αp−βq|<t

1

pq



 = φ(u)φ(v) + π2signα signβ.h5jW%���o�pS�0IIl [Scz 3, �� 2]. .!ÆW�<�0I��
φ(u)φ(v) + φ(v)φ(w) + φ(w)φ(u) = π2, (2)j2Yyj φ �2,aP�! A+%� 2.1 �pS (2), 0IzkpS~,0: u, v 1h�#!� u = v = 1

4 , w = − 1
2 H�,0
5 π2. jY Eisenstein S2Z (2) �DOpS��+�2,�! }[{h)+�0I�t%+yj

c(u) =
φ(u)

φ(1/4)
=
φ(u)

π
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$~ Cayley (i�) 3�
e(u) =

c(u) + i

c(u)− i�Sb�{ π. -2,aP (2) �%��
e(u)e(v) = e(u+ v).-k%� e(u) = e2πiu � c(u) = cot(πu). !7	yj�2,aP

c(u+ v) =
c(u)c(v) − 1

c(u) + c(v)Tf�y���aP
c(nu) =

Un(c(u))

Vn(c(u))
, n = 1, 2, 3, 4, . . . , (3)~�$NP Un, Vn ∈ Z[t], �I-

Un(t) = Re(t+ i)n, Vn(t) = Im(t+ i)nDPZ`�(3) 
aPS 19 U.(U! “3� (transformation) aP”. (3) ��Hyj�u4S Kronecker�_.��� 	��.+�� u ∈ Q, ~9[ n > 1, 0I� `�j
c(u) �Y2Z Vn(t) = 0 �[�
^Yo� u Y6nj�0�jH�c(u) ^YKyjj�0Iq�JTjWJs�:
Z`ÆW℄2X��pS�_i 2.2 c(u) <K�w>V>�y0�y n p<K�.?>{(�4� n = pk, -X p <K�.?>�k > 0, ,% pc(u) <K�w>V>�tC�c(u) <xE�y0�y n� n/2 �p<.?>{(�;J 2.3 (Kronecker-Weber). 9>�� c(Q\Z) 7q Q {�v Abel �S{9ZP�

Kronecker !>jXJ<�o�b0m)m>���M.!�{V��Hyj�Æd℄Mb���O'�ÆW�`^Y�Hyj�2,aPÆ��Yyj��%AP7	yjÆd�_�Y0���`0I�r�* Kronecker �:M��gsJ�pSO�$
�W�1) b m)m>�0�j>�Æd (�� Kronecker �_.M	Jh), 0I=~�Ar� Hilbert 
F)/	Y>0L�j� Weierstrass (('q��q) �ÆWY���0Æ�h=�GÆWb0yj2,8�{hyj�EY�H���EYH���EY0����y�� φ(u) �&j�Kronecker ℄K�}[℄Æ��&j
φ(u, ξ) =

∞
∑

n=−∞

e(−nξ)

u+ n
= 2πi

e(ξu)

e(u)− 1
, 0 < ξ < 1, (4)~� u&YÆW6nj�Dj�%+
 2W3� ξ Y- Fourier (E�
) 96��R��jY6Q  �����!HÆd

lim
ξ→0
ξ>0

φ(u, ξ) = φ(u)− iπ,

1) Jm; [HH] �	M℄ (c) 1i	y��—— E�
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�> φ(u, ξ) : Eisenstein yj φ �=�� �2Z (4) �40)�3Y Bernoulli (&k�) $NP�[yj�>,0_hW u�N&j�0I�� Bernoulli $NP� Fourier_h��7	yj2,aP�3ipS2,)+� φ(u, ξ) 3�j2Z` Bernoulli$NP�2,aP�#!S9��0#� e(−nξ),H&j�^�h+7	&j�5�{Æ��}& YÆ;^��?0,*�ÆW)�F9Y}[ (4) ��Hyj�+�\. Kronecker�*|2Y�
Ser(ξ, η, u, τ) = lim

N→+∞
lim

M→+∞

N
∑

n=−N

M
∑

m=−M

e(−mξ + nη)

u+ nτ +m
, (5)~� ξ, η YÆ!K3��τ Y3�wO��ÆW��D3� u /n(H�SV Z + τZ S

C ���#��* u = στ + ρ ! τ � 1 b0K=j σ � ρ �Ih)��_EjW&jq�jWY�!K3� (ξ, η), (σ, ρ) �yj�
%YH?0	^���$��h5Æ;^��&j (5)�$���2P�S_R�0��<�̀ C��ÆWVK�S�0Æd�������v:�u�!HtZ1h�Kronecker���Js2Y>jX&j+ Jacobi (zq+) θ &j7r`��,
θ(z, τ) = θ1(z, τ) =

∑

n∈Z+ 1
2

e

(

n2τ

2
+ n

(

z −
1

2

)

)

= 2q
1
8 sin(πz)

∏

n≥1

(1− qn)(1 − qn
e(z))(1− qn

e(−z)),~� z YD3��τ Y3�wO��ÆW��q = e(τ).;J 2.4 (Kronecker). �6 0 < Imu < Imτ , o0 0 < ξ < 1. ,%
Ser(ξ, η, u, τ) = e(ξu)

θ′(0, τ)θ(u + η + ξτ, τ)

θ(u, τ)θ(η + ξτ, τ)
. (6)jWJs,0IM��+� Kronecker!HaP�| HaP:F0S?0,*��<�}v�Sj�2�qi�, τ, τ ′ !�WDj�~� Imτ > 0, Imτ ′ < 0,:, 0 ≤ ξ, η < 1!�WA�!(�Kj�, u = η − ξτ, v = η − ξτ ′, Z
)!HaPY�
P

(τ − τ ′)

2πi

∑

m,n

e(mξ + nη)

(mτ + n)(mτ ′ + n)
= − log

θ(u, τ)θ(v,−τ ′)

η(τ)η(−τ ′)
− πi

(u− v)2

τ − τ ′
, (7)~� η(τ) Y Dedekind η yj�:

P,0���k�� (m,n) = (0, 0) �NpbS��RÆm��^�hzYÆ;��#k0I/nl7 (5) ����nr�n�MA��?��Hyj�DYLf`m`ES Abel�_.��Kronecker?0,*�
 64—67 ���5+ Kronecker&j Ser (ξ, η, u, τ) �7R Abel �+��Hyj�j�oY_R�*	��F9sÆ �v�8��9����0q
 Kronecker �gsJ�LfY! Abel _.��}[�Js�

3. k℄Gg� Eisenstein �h Kronecker �O��n�<-Z|z��Mw0YS����%ys�0IZ`u	 Eisenstein ��tZ� Kronecker!5&j Ser (ξ, η, u, τ) ��� 2.4
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�m�'W*^*_�ÆW8�$i�
3.1 6T_� Eisenstein-Kronecker T8 p--FES

Weil S� 1976d�f�^�YjN�J� Eisenstein � Kronecker�2,q�tE�Z` Damerell h5�G5m)m>� Hecke (�s) �A"? (Grössencharacter)� L–yjv�yjh�Y�Js (1971).

Weil 
AM��I�2,q�+�}[jXyjj� p– Th��SEA�� 10 d��Manin (Ah)–Vĭsik, Katz � Yager 
"�_.�` jÆ'�ev�{�� p– TL\�! Z`!�<�ÆXJs�Md�0Ik�O7 Bannai-Kobayashi (T%d})�5 Kronecker&j�ÆWU{�_. (2010), �N��I�� ÆW�u�dW�0I�
 1W#5Y� Ser&j: Hecke=V��vÆW s–Ij�&j�=���, τ !3�wO��ÆWDj�:, A = Imτ
π !V Λ = Z + τZ ��)��O�b� π., ψ !�m ψ(z) = e

z−z̄
A . !5nj a ≥ 0, 0I%+ Kronecker-Eisenstein&j

K∗
a(z, w, s, τ) =

∗
∑

λ∈Λ

(z̄ + λ̄)a

|z + λ|2s
ψ(zw̄), Re(s) > a/2 + 1,~� ∗ �&�*s z ∈ Λ, _E��A�� λ = −z jÆN�jY�WIj z ∈ C\Λ� w ∈ C ��syj�:
�q�{h���nW s– wO�zq
S s = 0 (*s

a = 0, z ∈ Λ) � s = 1 (*s a = 0, w ∈ Λ) e0!��k���C%ÆWh� s e�
a+ 1− s ev�1y2Z�, w = η + ξτ, ξ, η !�WK3���0I!VA�O?��H�>�_v K∗

1 (z, w, 1, τ) 8\! K(z, w). �+ [We 1, §5, 
 72 �], ~6� z, w /∈ ΛH�jW�e�yj: Kronecker&j�t*A�
PJ�=
K(z, w) = K∗

1 (z, w, 1, τ) = Ser(ξ, η, z, τ),~� w = η + ξτ . +j�^�*|��� 2.4 q�	\W
K(z, w) = ezw̄/AΘ(z, w),~�

Θ(z, w) =
θ′(0, τ)θ(z + w, τ)

θ(z, τ)θ(w, τ)
(8)7R`ES2Z (6) �.!+�{hyj��>SEA��F9^�ÆW	��A/�#k0I>~U! “Kronecker θ yj”, j� [BK] ��h<Æ��Z�Æ!nj a ≥ 0, b > 0, �$Dj z0, w0 ∈ C, 0I�� Eisenstein-Kroneckerj!

e∗a,b(z0, w0, τ) = K∗
a+b(z0, w0, b, τ).� b > a+ 2 H�jXj�9��vf!^��F9 Hecke L– yj�v 1)

e∗a,b(0, 0, τ) =
∗
∑

λ∈Z+τZ

λa

λb
,

1) E-TBQ���}4P0! ∗, k� ∗ �'� λ B� 0 k�O�—— !�
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jq�j. Bernoulli j��Hyj�u4�*k�Eisenstein-Kroneckerj2q(��!ÆW?W&j�jW?W&jY7	yj�~Jh��yj φ(u, ξ) ��Hyj�u4�! ��ÆW+D{�)3C?W&j�0Izk�w��5��iJÆA Kronecker

θ yj2q�#%
e��
Θz0,w0(z, w) = e−

(z0+z)w0+wz0
A Θ(z0 + z, w0 + w).�S z = w = 0 GU� Laurent (��) _h�{_R Eisenstein-Kroneckerj�#��MW 3.1 	� z0, w0 ∈ C. Q z = w = 0 ���F&N4H Laurent R��

Θz0,w0(z, w) = ψ(w0z0)
δ(z0)

z
+
δ(w0)

w
+

∑

a≥0,b>0

(−1)a+b−1
e∗a,b(z0, w0, τ)

a!Aa
zb−1wa, (9)-Xy u ∈ Λ 8�δ(u) = 1; u 6∈ Λ 8�δ(u) = 0.+��*s τ YÆW CM ��:
 z0, w0 YV Λ 3��Wa��_EjX=jYyj��;J 3.2

1) # Λ = Z+ τZ D CX{K�����) C/Λ�N�r�-[B��<J�uP k {V>�{Z��o�6���)N�MQ+�>P F 5{Weierstrass*I
E: y2 = 4x3−g2x−g3. 	�V>N > 1. 2!��> z0 , w0,:zNz0, Nw0 ∈ Λ,,% (9)X
Laurent R�{G>m�Q>P F (E[4N2]) X 2). An|�~V�{ Eisenstein-Kronecker>

e∗a,b(z0, w0, τ)/A
a<w>{�h5pSq�Il [BK]��� 1��< 2.11. 3O�dWN� Bannai� Kobayashiq���jÆ2	^�� Damerell �Js�, p !ÆWyj�Bernoulli j� Bernoulli$NPC%Æ=#X p �Nm��7P�
^Y�+� “Kronecker �7P”. jX�7PSdW Kubota-Leopoldt (�
�� – #�;�) p– T ζ yj ζp(s) (s ∈ Zp) H0	�.+��IL\ Riemann (
D) ζ yjSFnje�vY-� Bernoulli jZ`���u��Eisenstein-Kronecker j
C%Æ=#�7P��IYdW)3C p– T L–yj��d�#! Bannai-Kobayashi S�I�e��
0?W&j��Iq� p– T�L\ Eisenstein-Kroneckerj�ARRP Katz �_.�_�zLe p S k �9$�Æd

(wQÆd), ��
Le p S k �mh�Æd (T�"�Æd).n2���Sj� p– T}5A�Kronecker !HaP (7) 
Y00����*_Y- Katz (1976)����:
(pSS�H{)!)� Euler (m�) =��}[�0!~	��.+�
1) �gÆ�/i	�:�"�� 3.2 ;1jK�—— W�
2) l	��	ZT�Y�e��kY>kr��wT^U	?��$l? F (E[4N2]) B��Z+/vY�—— !�
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! �WjW p–T}5�:!A,-�'�0IM��ÆA Colmez-Schneps [CS]h53i Manin-Vĭsik � Katz dW�ÆW�o�Colmez � Schneps l7 !)5m)m> k 3� n m�
 F � Hecke �m�Æ� (s��^Y n = 1�Æd). > F :AÆ��YÆW CM >��5 [Co] �(h��tL\n Kronecker
� n �7q�>W� ZWIh)�� Laurent _h%���jXyjj��Iq�dW F �ÆW p– T L– yj�j
n W?W&j��GÆW�SV Λ 3�a�e(Cv��V	 3.1– �� 3.2 n WD��N��Iq��+�I��
P [CS, 2Z (31)] > n = 1 �Æd�o�#� n ≥ 1 �Æd�
3.2 Hecke 3h^R8jN, (z0, w0)!V Λ��Æ!g�� N a��.!3� τ �yj�XdP e∗a,b(z0, w0, τ)Y��7�� Γ(N) � Eisenstein &j��9��w� Kronecker θ yjS z = w = 0 e� Laurent _h (9), Yg�lw}�	�\�Æ=# Eisenstein &j�ÆW?W&j�#k�S Hecke yj.+A�9Lz0 Eisenstein 9q�njWA��j��0Il7!� Kronecker θ 
>W� H�00��ER*?�j��Y��~6Slw 1 �Æd��v �0�	XdP��0�{$NP�`9�1)jY Zagier ,b [Za 1] ���Js�0IAO^�Qi��, Mk ! SL2(Z) 3�	 k ≥ 4 �XdP� C– Q�y7�, Sk ⊂ Mk !6�dP��y7�:(C� Petersson (-�w) 6�� (f, g), $~Æ)op�� Hecke )mdP� B

cusp
k . f ∈ Sk !)��{$NPYmj ≤ k − 2 �$NP�-

rf (X)−

∫ i∞

0

f(τ)(τ −X)k−2 dτ���Eichler (�s
)–Shimura (|p3�)–Manin �<Px�*8 f 7→ revf � f 7→ rod
f�Y{8�~� revf � rod

f 99Y$NP rf �$�Cmjz!oj�F9�z!�j�F9�k��*s f Yop�� Hecke )mdP�_E)3C$NP
Rf (X,Y ) =

revf (X)rod
f (Y ) + rod

f (X)revf (Y )

(2i)k−3(f, f)
∈ C[X,Y ]S σ ∈ Gal(C/Q) �.+A3! Rσ(f) = σ(Rf ), #k Rf �=jS f � Fourier =j?W�j>��.!J<�!GÆWnj k > 0, 0H�

Ccusp
k (X,Y, τ) =

1

(k − 2)!

∑

f∈B
cusp
k

Rf (X,Y )f(τ)g5 Q[X,Y ][[q]]. �tS Mk � Eisenstein &j�.+�Zagier�+Ai22�2,N�jW6�N℄2�'�!#�oj k > 0, , Bk !
 k W Bernoulli j�,
Ek(τ) = 1−

2k

Bk

∑

m≥1

(

∑

d|m

dk−1

)

qm

1) +V	�X7B'* [CPZ] ya"$�2x3$�	mx�1�v	K=X��—— E�
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! SL2(Z) 3�	 k �op� Eisenstein &j��S X−1Q[X ] ��Æ!�{yj-*A� (�o) 0�yj��
rod
Ek

(X) =
k
∑

h=0

Bh

h!

Bk−h

(k − h)!
Xh−1, revEk

(X) = Xk−2 − 1,�I:
�t*ApZK� Eisenstein &j�bG�
CEis

k (X,Y, τ) = −
(

revEk
(X)rod

Ek
(Y ) + rod

Ek
(X)revEk

(Y )
)

Ek(τ).j��Zagier ����
P!?W&j=� ÆWv�Æ��.aP
Cτ (X,Y, T ) =

(X + Y )(XY − 1)

X2Y 2T 2
+

∞
∑

k=2

(Ccusp
k + CEis

k )T k−2,�q�9LW�W Kronecker θ yj�Y��;J 3.3 (Zagier [Za1]) Q (XY T )−2Q[X,Y ][[q, T ]] X�F&N�
Cτ (X,Y, T ) = Θ(XT ′, Y T ′)Θ(T ′,−XY T ′)/ω2, (10)-X ω = 2πi, T ′ = T/ω.2Z (10) _R SL2(Z) 3#�M���	� Hecke )mdP���`9�:
h5�I��{$NP�`9
�vS 2Z40S T = 0e� Laurent_h��! TÆEq\jW ��ZagierS��AÆu<, [Za 2] �L\ *�n2Z (10) �� SL2(Z)3 Hecke {�� Eichler-Selberg �aP�_
pS��{$NPC%Æ=#S SL2(Z) .+A�Ihh=��+2Z (10),�t Kronecker

θ yjC%�ÆXh=���l7 jX3�h= [Za 1, 
 461 �]. ÆW�
���Y
Cτ (X,Y, T ) + Cτ

(

1−
1

X
,Y, TX

)

+ Cτ

(

1

1−X
,Y, T (1−X)

)

= 0, (11)jY�{yj�AiY�h=P�!)h=�
rf |1 + U + U2 = 0, U =

(

1 −1

1 0

)

.Sju,bAA��F9�0I>�L\([��nt� Eisenstein-Schellbach2,Y=�O? GLn(Z) 3Æ�� (n− 1)–3�h=�[�_b�jX3�9$� n W Kronecker

θ yj�Y��~�2Z (11) YÆW6Q�e�Æd�
3.3 GLn P8ODPK, 0 < a, b < 1 !�W0�j�x, y ∈ C\Z !�WDIj�0I* {t} ∈ (0, 1) !6nKj t �TjF9��ttE){��h5��oÆA%� 2.1, 0Iq���*A
45yj φ(u, ξ) 2,aP�h=P�

e(xa)e(yb)

(e(x) − 1)(e(y)− 1)
−

e((x+ y)a)e(y{b− a})

(e(x+ y)− 1)(e(y)− 1)
−

e((x+ y)b)e(x{a− b})

(e(x+ y)− 1)(e(x)− 1)
= 0. (12)o*,b [Scz 2]�.hx`�_��jW�
Pq�  �	^+ SL2(Z)�3����7R�~�d2Y�W.Ayj φ(u, ξ) �Y��Z��!j u = (u1, u2) � ξ = (ξ1, ξ2)

t,
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0I,
Φ(u, ξ) = φ(u1, ξ1)φ(u2, ξ2).!#�_l A = (a

c
b
d ) ∈ SL2(Z), �!) +ÆW_l σ = (1

0
a
c ) ∈ M2(Z), *s c 6= 0,0I��

Ψ

(

a b

c d

)

(u, ξ) = sign(c)
∑

µ∈Z2/σZ2

Φ(uσ, σ−1(µ+ ξ)).� c = 0 H�-��0 Ψ(A)(u, ξ) = 0. S,b [Scz 3, �<�
 598 �] �.h�� DÆ��� GLn(Z) � (n− 1)– 3��h=P�AO�V	y7 n = 2 �Æd�MW 3.4 # A,B ∈ SL2(Z) D!��U��O C2 XK�s'�1PX{3LK}
u, �3K�" ξ ∈ Q2, H=�/u 1– 5 
G;q�

Ψ(AB)(u, ξ)−Ψ(A)(u, ξ)− Ψ(B)(uA,A−1ξ) = 0.2,aP (12) !) jWV	� A = (0
1

−1
0 ) � B = ( 1

−1
1
0 ) �Æ��Æ�� (n− 1)– 3� Ψ S u = 0 e Laurent _h��=j[x0℄$�{h`9�[` [Scz 3, �� 1] ����Js�-ÆWmj! n ��K> F ���){)?W�

Abel �dW��� (n− 1)– .�: Ψ r!�q�Z` Dedekind ζ yjS6o�nje�v ζF (k), #%pK �I�0�h�j2�` Klingen-Siegel 0�hJs�ÆW<<u[5 Eisenstein-Schellbach 2,�^pS�- Charollois � Dasgupta ��%+�h53� Ψ ��9dP+�}[ ζF (k) v�nh�N�I���� Cassou-Noguès� Deligne (��g)–Ribet p– T L– yj�ÆW^dW�J��I�3��dW� Spiess *U�_.��IS [CD] �pS jX p– T L–yjS s = 0 e�SDF~6
5 Gross (V>q) GM��A"�F�jXJ<
�Yn Wiles (�'q) h5 Iwasawa (�[< ) �GM�pS��r �
3.4 aIdV<Q4L8Xe>TS*�jÆG�0I�^6YZ`.A3� Ψ � q– 9L�dWÆW�H3��~�yj φ(u, ξ) jWA/ES- Kronecker θ yj����0I>�

�j�0Is����.Ah=zY�HÆ�A q → 0 H�
^Y τ → i∞ H����

Kronecker :F0S���Hyj}[��+ Eisenstein-Schellbach 2,�AO0Ig�3�wO��� τ , :
S2Z (12) �`CEf3�3�
x← nτ + x,

y ← n′τ + y.0IEA�>jW2ZY3Æ!{)[ e(nr)e(n′s), ~� r, s ∈ Q,  �R! n, n′ ∈ Z ���0I* x0 = aτ + r, y0 = bτ + s, q = e(τ), N� x, x0, y, y0 �KF�mF)W 4 !K3��_E
ÆW��N3!
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S := e(xa)e(yb)
∑

n,n′∈Z

e(nr)qnaqn′b
e(n′s)

(qne(x)− 1)(qn′
e(y)− 1)

.3: 0 < a < 1 �p 1 > |qa| > |q|, ! qb 
�u�#kjW)	&jYf!^����
S q�  �\WY��dP�~v�t�s�mN+ Kronecker�� 2.4 ��%��

S = e(xa)e(yb)Θ(x, x0)Θ(y, y0).q�!2Z (12)�
 2N�
 3NTf�u���tZ�S!�I�a
#� e(xa+yb)8���0I���
P
Θ(x, x0)Θ(y, y0)−Θ(x+ y, x0)Θ(y, y0 − x0)−Θ(x+ y, y0)Θ(x, x0 − y0) = 0, (13)jW
Pq��tL6����b�h5Ij�H�h3:�2Z (13) zY Riemann θyj2,h=P�+Æ�dP��
� Fay .UI�
PrT�� τ → i∞ H��
�`2Z (12), �0Iu�Ij x = XT ′, x0 = Y T ′, y = −T ′, y0 = XY T ′ H��q��`2Z (11).℄Æ���!.A (n− 1)– 3� Ψ �	^��Z` �H (n− 1)– 3��0IU~! GLn(Z) 3� Eisenstein-Kronecker3� κ. �t, τ → i∞, 0I
q�n κ �� Ψ. κS(e Laurent _h��=jES_R XdP�VK3YÆXA��	�lw� n W

Eisenstein &j�Y�s���I�YÆWJ)� p– T0'��ÆF�l7-ÆWmj! n ��K> F ���){)CdW`�� (n− 1)– .��>~:3i�H (n − 1)– 3� κ r!�O? Hilbert X� SL2(OF ) 3� Hecke-Eisenstein &j����?W&j�~YQjN�{Y ζF (k) yjS6o�nj k ≤ 0 e�v�jXY��XdPS Siegel! Klingen-Siegel���DOpS��� !~	��.+�h5
Eisenstein-Kronecker3� κ �dW$~h�qIj [Ch].5HZ\
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[V] S. G. Vlădut. Kronecker’s Jugendtraum and modular functions. Translated from
Russian by M. Tsfasman. Studies in the Dev. of Modern Math 2, Gordon and
Breach Sc. Pub., New-York, 1991.

[We1] A. Weil. Book review: Gotthold Eisenstein, Mathematische Werke. Bulletin of the
AMS 82, vol. 5 (1976), 658–663. (and Oeuvres Sc., vol. III, [1976c], 368–403).
Also included as a Foreword to Gotthold Eisenstein’s Mathematische Werke in 2nd
Edition, Chelsea Pub. Comp., 1989, p. V-XI.

[We2] A. Weil. Elliptic functions according to Eisenstein and Kronecker. 2nd Edition,
Classics in Math. Springer-Verlag, Berlin, 1999. (1st Edition 1976.)

[Za1] D. Zagier. Periods of modular forms and Jacobi theta functions. Invent. Math. 104
(1991), 449–465.

[Za2] D. Zagier. Hecke operators and periods of modular forms. Israel Math. Conf. Proc.
3 (1990), 321–336.

(TÆ  $Y� V)

· 231 ·


