TOPOLOGICAL VECTOR SPACES

PIERRE COLMEZ AND WIESLAWA NIZIOL

ABsTRACT. Motivated by applications to duality theorems for p-adic pro-étale cohomology of
rigid analytic spaces, we study the category of Topological Vector Spaces in the setting of con-
densed mathematics. We prove that it contains, as full subcategories, both the category of
(topologically) bounded algebraic Vector Spaces and the category of perfect complexes on the
Fargues-Fontaine curve. Vector Spaces coming from p-adic pro-étale cohomology of smooth par-
tially proper rigid analytic varieties are examples of sheaves belonging to the former category.
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1. INTRODUCTION

Let p be a prime and let K be a complete discrete valuation field wi‘E\h a perfect residue field, of
mixed characteristic. Let K be an algebraic closure of K and let C' = K be the p-adic completion
of K.

Topological Vector Spaces (TVS, for short) were introduced in [I2] to geometrize p-adic period
morphisms for rigid analytic varieties, i.e., to make them vary over the category of perfectoid affi-
noids over C'. Once geometrized these period morphisms acquire rigidity that could be exploited to
extract actual comparison theorems from the long exact sequence provided by the basic comparison
theorems of [I1]. Topological Vector Spaces were defined as enriched presheaves on sympathetic
spaces over C' with values in locally convex vector spaces over Q,, (abelianized appropriately). The
enrichment condition meant that we consider only presheaves with restriction maps sensitive to
the topology on the mapping spaces between sympathetic spaces.

In this paper we study the condensed version of this category. This was mostly motivated by
the application to duality results in [I0], where the main examples of Topological Vector Spaces
come from cohomology of quasi-coherent sheaves on the Fargues-Fontaine curve hence live in the
condensed universe. In the condensed version, locally convex topological vector spaces are replaced
by condensed (or solid) Q,-modules and the sympathetic spaces are replaced by strictly totally
disconnected spaces. Roughly, this means that instead of imposing that the étale cohomology of
these spaces with values in Q,, is trivial in degrees > 1 we impose this triviality for any étale sheaf.
The enrichment condition puts us in the setting of topologically enriched presheaves once we equip
mapping spaces with a natural condensed structure. The key point of enrichment in this language
is the enriched Yoneda Lemma (see Section 3.1.5), which allows us to work homologically with
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topologically enriched presheaves in a way akin to algebraic presheaves. We note that this fails for
non-enriched topological presheaves.

Topological Vector Spaces are targets of two natural functors: one from Vector SpacesH (VS, for
short) and the other one from quasi-coherent sheaves on the Fargues-Fontaine curve. The main
result of the paper is the following theorem (see Section [4| for the notation):

Theorem 1.1. Let S € sPerf.
(1) (Enriched fully-faithfulness) The canonical functor from Vector Spaces to Topological Vec-
tor Spaces
R, : D(Sproétv Qp) - D(S, Qp)
tends to be fully faithful. More precisely, let F € D’(Sproct, Qp) be such that Rm,F e
D"(S,Q,) and let G € D* (Sproct, Qp). Then the canonical morphism in D(S, Q)

Rm.RHoms(F,G) - RHomgtop (R F,R7.G)
18 a quast-isomorphism.
(2) (Fargues-Fontaine fully-faithfulness) The functor
RT* : QCOh(XFRSb) g Q(S, Qp)

is fully faithful when restricted to perfect complexes. That is, for F,G € Perf(Xpp g ), the

natural map in D(Moda’ngs))
—P

RHomqcon(xyp o) (F,G) > RHomg  (R7:F,R7.G)

18 a quasi-isomorphism.
(8) (Compatibility of the algebraic and topological projections) The functor

Rri : QCOh(XFF’Sb) - D(Sproét7 Qp)

s compatible with the functor Rr, when restricted to nuclear sheaves. That is, the following
diagram commutes

7

Rr,
NuC(XFF’Sb) _— D(Sproé‘m Q;D)
R L
Rm.

D(S,Qp)-

The first claim of the theorem states that the canonical functor from Vector Spaces to Topological
Vector Spaces is fully faithful (in the enriched sense) once one imposes certain finiteness conditions.
This follows from the fact that algebraic Yoneda sheaves associated to strictly totally disconnected
spaces map to the topological ones and we have Yoneda Lemmas in both settings. The second
claim is a topological analog of a result of Anschiitz-Le Bras from [3] and follows from the latter,
the third claim of the theorem, and the following immediate corollary of the first claim of the
theorem:

Corollary 1.2. Let F,G ¢ {Ga,gp}. Then we have a natural quasi-isomorphism

Rm.RHoms q,(F,G) > RHomgwer q, (F,G).

Remark 1.3. (1) The above theorem and corollary mean that we can compute extensions of
Banach-Colmez spaces or on the Fargues-Fontaine curve, or in VS’s, or in TVS’s. Hence, in

D(S,Qp):
RHomstr q,(Qp, Qp) < Qp, RHomgror g, (Qp, Ga) < Ga,
RH0m5t0p7Qp((Ga, Ga) ~ (Ga (&) Ga[—l], Rﬂomstop)Qp (Ga, Qp) ~ Ga(—l)[—l].

IThat is, Q -sheaves on Perfc ;ro¢t, the pro-étale site of perfectoid affinoids over C.
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More generally, the first claim of the theorem can be applied to complexes of VS’s representing
pro-étale cohomology of smooth partially proper rigid analytic varieties (see Corollary .

(2) The second claim of the theorem holds in greater generality than stated though we did not
find a clean general statement.

(3) In the applications to geometric dualities in [I0] we work mostly with the solid version of
TVS’s, which allows us to do computations objectwise in the category of solid Q,-vector spaces.

(4) There is also a solid version of VS’s introduced by Fargues-Scholze in [I3] (see also [4]).
Certainly, there is a close relationship between these versions of VS’s and TVS’s but we do not
study it here.

Organization of the paper. We discuss three categories of (pre)sheaves on the category of perfec-
toid affinoids over C that expand the category of Banach-Colmez spaces in various directions, by
removing finiteness conditions:

— The VS—category (where VS stands for Vector Spaces), whose objects are sheaves of gp—vector
spaces (thus without topology) on perfectoid affinoids over C' equipped with pro-étale topology.
This topology "encodes" a topology on the VS’s.

— The NTVS—category (where NTVS stands for Naive Topological Vector Spaces), whose objects
are (pre)sheaves of topological gp—vector spaces; ("topological” in the sense of Clausen-Scholze) on
the category of perfectoid affinoids over C' equipped with pro-étale topology. There is a canonical
projection from the VS-category to the NTVS-category: the objectwise topology is induced from
the topology encoded by the pro-étale site.

— The TVS—category (where TVS stands for Topological Vector Spaces), which is the topolog-
ically enriched category of presheaves NTVS’s: we use the natural topology on the Hom-spaces
between perfectoid spaces to impose a continuity property on the presheaf functors. To make
this work we need to restrict perfectoid affinoids to the strictly totally disconnected ones. There
is a canonical projection from the VS-category to the TVS-category: the objectwise topology is
induced from the topology encoded by the pro-étale site and such objects are canonically enriched.

The key point to keep in mind is that the categories VS and TVS have Yoneda Lemmas and
suitable generating (projective) Yoneda objects correspond under the canonical projection from
VS to TVS.

The category VS was studied before; here we introduce the categories NTVS and TVS. This is
done at a rather pedestrian pace allowing us to get familiar with these new objects. Section 2 is
devoted to VS’s and NTVS’s, Section 3 to TVS’s, and Section 4 to fully-faitfulness.

Acknowledgments. We are immensely grateful to Akhil Mathew for many hours of discussions on the
constructions presented in this paper. We would also like to thank Johannes Anschiitz for helpful
comments on a draft of this paper and Ko Aoki, Guido Bosco, Juan Esteban Rodriguez Camargo,
Dustin Clausen, David Hansen, Shizhang Li, Zhenghui Li, Lucas Mann, Emanuel Reinecke, Peter
Scholze, and Bogdan Zavyalov for discussions concerning the content of this paper.

Parts of this paper were written during the authors’ stay at the Hausdorff Research Institute
for Mathematics in Bonn, in the Summer of 2023, and at IAS at Princeton in the Spring 2024. We
would like to thank these Institutes for their support and hospitality.

Notation and conventions. Let p be a fixed prime, Q, — the p-adic rational numbers. Let K be
a complete discrete valuation field with a Eerfect residue field, of mixed characteristic. Let K
be an algebraic closure of K and let C' = K be the p-adic completion of K. We will denote by
B.;, B, Bgr the crystalline, semistable, and de Rham period rings of Fontaine.

The category of affinoid perfectoid spaces over an affinoid perfectoid space S over C will be
denoted by Perfg. The pro-étale site of S will be the category Perfg endowed with the quasi-pro-
étale topology and will be denoted by Sprost-
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We denote by Cond, CondAb, Solid the condensed sets, condensed abelian groups, and solid
abelian groups, respectively. To simplify arguments, we fix a cut-off cardinal x and assume that
perfectoid spaces and condensed sets are x-small.

2. NAIVE TOPOLOGICAL VECTOR SPACES

We introduce and study here the category of Naive Topological Vector Spaces. This is a category
of topological sheaves, a simpler version of the category of Topological Vector Spaces that we
are mostly interested in retaining however many of its properties hence allowing us a gentler
introduction to our main object of study.

We start with the introduction of topological pro-étale site and examples of sheaves on it. Then
we introduce the NTVS-category of sheaves with values in condensed and solid abelian groups.
We prove that they form Grothendieck abelian categories, study their co-derived categories, the
solidification functors, and monoidal structures. Finally, we extend all of this to the categories of
gp—modules.

2.1. Topological pro-étale site. In this section, we introduce pro-étale topological sheaves.

2.1.1. Totally disconnected spaces. This brief review is based on [26, Sec. 7] and [20)].

e A perfectoid space X is totally disconnected (see [26], Def. 7.1, Lemma 7.2, Lemma 7.3]) if
it is qcgs and every open cover splits. Equivalently, if all connected components of X are
of the form Spa(K, K*) for some perfectoid field K with an open and bounded valuation
subring K* c K. Also equivalently, if for all sheaves of abelian groups F on X , one has
HY(X,F) =0, for i >0. By [26, Lemma 7.5], a totally disconnected space X is always an
affinoid.

A perfectoid space X is w-local (see [20, Def. 7.4]) if it is totally disconnected and the
subset X c X of closed points is closed.

e A perfectoid space X is strictly totally disconnected (see [26, Def. 7.15]) if it is qcgs
and every étale cover splits. Equivalently, if every connected component is of the form
Spa(K, K*), where K is algebraically closed. We note that every profinite set T is strictly
totally disconnected and that, by [26, Lemma 7.19], the product X x T of a strictly totally
disconnected space and a profinite set is strictly totally disconnected.

More generally (see [26, Def. 7.17|, a w-strictly local perfectoid space is a w-local
perfectoid space X such that for all z € X, the completed residue field K («) is algebraically
closed.

e A w-contractible space (see [20, Def. 1.1]) is a w-strictly local perfectoid space X such
that mo(X) is extremally disconnected. By [20, Lemma 1.2], if X is a diamond, the w-
contractible spaces in X;,;04¢ form a basis of Xproee. Moreover, if U € Xp,04¢ is w-contractible
then every pro-étale cover of U admits a section. In particular, for any sheaf F of abelian
groups on Xproet we have H'(Upost, F) = 0, for i > 0, and Xpos is replete.

2.1.2. Topological pro-étale site. Let S be an affinoid perfectoid over C. Let S;‘;Eét := Sproét X *proct

be the topological pro-étale site of S: its objects are pairs (Y,T'), where Y € Perfg, and T is a

profinite set, and pro-étale coverings are given by maps (Y',7') - (Y,T), where Y’ > Y is a
top
proét

the category Sh(Sproet, Cond) of sheaves on Sper with values in Cond. Similarly for sheaves of
abelian groups: we get the category Sh(Sprost, CondAb).
We have maps of sites

pro-étale covering and 7" — T is a surjective map. We note that sheaves of sets on S form

™ top 7
Sproét > Sproét > Sproét

given by YxT « (Y, T), (Y, *) « Y, respectively. We note that nm = Id. Here T = Spa(C(T,C),C(T,O¢))
is the adic space (an affinoid perfectoid) associated to T. (We will drop the hat from T if
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this does not cause confusion). We define the following pushforward functors 7, : Sh(Sprost) —
Sh(S;(;gét)vn* : Sh(Sf)?gét) - Sh(Sproét):
T F (Y, T) o F(Y xT)},  F € Sh(Spron):
e F Y > F(Y, %)}, FeSh(SiP,).
We have 7,7, =1d,. Thus the functor 7, is faithful.
If X is a topological space, we use the standard notation X to denote the associated condensed
set, i.e., the sheaf T+~ C(T, X) on *prost-

Example 2.1. We present some examples of topological sheaves on S € Perfe.
(1) The constant sheaf 9;7‘ Recall that the constant sheaf gp on Sprost is defined via

Q,: (Y ~ (V). Q).

One can see that, a priori just a presheaf, it is actually a sheaf (see [20, Lemma 3.14]). We define
the presheaf on S™P

proét
Q,: (v - C(v1.Q,)},
where C([Y],Q,) is equipped with the compact open topology. We claim that mgp o gp (as
presheaves for now). Indeed, we compute:

mQ A, T) > Q (Y xT) =C(|Y xT|,Qp)},
Q, {(Y,T) = C(T,C(IY],Qp))}-

But, since [Y|x T 5 |Y x T, the natural map

C(Y = T1,Qp) - C(T,C(IY], Qp))
is a bijectioxﬂ It follows that Qp is a sheaf (since so is . gp).
We note that the value QP(Y) € Solid. Indeed, if Y is a strictly totally disconnecte(ﬂ perfectoid

space then we have (see the proof of [20, Cor. 3.15| for an argument)
Q,(V) =C(¥1,Qy) < Clmo(¥). Q).

a Banach space since m(Y") is profinite. Our claim now follows because solid abelian groups are
closed under taking kernels.

If W is a Hausdorff locally convex topological vector space over Q,, we can analogously define
constant sheaves W on S™P. . We have that W(Y) € Solid. In what follows, if this does not cause

proét’

confusion, we simply write W in place of W. Similarly, on Spr0st and Slt;r’gét , if W' is profinite, we

have the constant sheaf W; on Spro¢t it is represented by the affinoid perfectoid space w.
(2) The sheaf G,. On Sprosr and 5P we have the presheaves

proét
Go:{Y =Spa(Ry, Ry) = Ry}, GP:{Y =Spa(Ry, Ry) = Ry},
respectively, where Ry is equipped with its natural Banach topology. The first presheaf is a sheaf
by |26, Th. 8.7]. We claim that 7.(G,) ~ G'°P (as presheaves). Indeed, we have
7.Ga t {(Y,T) > Ga(Y xT)}, GP: {(Y,T) = C(T, Ry )}.
But, since Ry is a Banach space, by [22, Cor. 10.5.4], we have a natural isomorphism
C(T,Ry) < Gua(Y xT) = Ry®q C(T,Q,).

It follows that G!°P on S*°P. is a sheaf (as so is 7.G,). We will skip the superscript (=)¥P if this

proét
does not cause COnquiOn.

2Since Qp is Hausdorff, the exponential law of mapping space with compact-open topology holds for locally
compact (not necessary Hausdorff spaces).
3Recall that this means that any étale covering has a section.
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(3) Period sheaves. For i > 0, on S;‘r)gét we have the presheaves

(2.2) Bip/t': {Y » Bir(Y)/t'}, By :{Y »BLP7 (V)

where the (objectwise) period rings are equipped with their canonical topologies. These are sheaves
of (solid) abelian groups. Indeed, for the first presheaf this follows, by dévissage on 4, from the
second example discussed above; for the second one — from the exact sequence of presheaves

(23) 0-Q (i) > By > Big/t' >0

and the two examples above. v
Similarly, we have period sheaves BER/ti and IB%;:“’ZPZ on Sprost (by forgetting the topology on
the period rings in (2.2)). We claim that there are natural isomorphisms

(24) mBin/t' < Bln/t', mBLe SBLE
Indeed, we have
T (Bin /1) = {(V.T) = Bl (Y x D)/}, mBLe™ = (V.T) = BL(Y <T)*7')
and the first map in can be defined as the composition
Bir(Y x T)/t' = Big(Ryxr)/t' > Big(C(T, Ry))/t' > C(T.Bir(Ry)/t") = C(T,Big (Y)/t).

Here the third map is constructed by going back to the definitions of period rings; it is seen to be
an isomorphism by dévissage reducing it to the case of 7 = 1, which was shown above. We argue
similarly for B,#7P".

The following lemma shows that the sheaves 9})7 G, and the period sheaves By Jt, IB%Z;“”:pi are
acyclic for the functor 7,:

Lemma 2.5. Let F ¢ {9p7 Ga,BQR/ti,B;“’:pi} be a sheaf on Sproet. We have Rim,F =0, fori> 0.

In particular, we have a natural quasi-isomorphism m,F - R F in D(Sprost, CondAb).
Proof. 1t suffices to show that
(2.6) H! e (Y xT,F) =0, i>0,

for a strictly totally disconnected perfectoid space Y over C' and a profinite set 7. (We note that
Y x T is a strictly totally disconnected perfectoid.)

If F=G, follows from Tate acyclicity for perfectoid affinoid spaces for pro-étale topology
(see |26, Prop. 8.8]). By dévissage it yields the result for B}y /t".

If F = Qp’ we compute (set Z:=Y xT):

RFprOét(Z,gp) (: Rrproét(Z7Zp)[]-/p:|a Rrproét(za Zp) _N> RliTI’LHRFproét(Z, Z/pn)a
RFproét(Z7 Z/pn) < Rrét(Za Z/pn)-
The first quasi-isomorphism holds because Y is quasi-compact; the third quasi-isomorphism fol-
lows from [26, Prop. 14.7, Prop. 14.8]. And H},(Z,Z/p"), i > 0, because Z is strictly totally
disconnected. This yields (2.6]).

Combining the above with the fundamental exact sequence (2.3), we get the claim of the lemma
for B#=7", O

2.2. Naive Topological Vector Spaces. We will discuss here the topological sheaves on Spost,
for S € Perfe, in the condensed and solid settings.
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2.2.1. Condensed and solid modules. For the convenience of the reader we will recall briefly the
basic properties of condensed and solid modules.

Proposition 2.7. (Clausen-Scholze [8, Prop. 7.5]) Let A be an analytic ring with an underlying
condensed Ting A.
(1) The full subcategory of solid A-modules (inside the category of condensed A-modules)
(2.8) Mod"! ¢ Mod§™
is a Grothendieck abelian subcategory, stable under all limits, colimits, and extensions. The
inclusion (2.8)) admits a left adjoint
(2.9) Mod$™" —» Mod}" : M = M @4 A,

which preserves all colimits and is symmetric monoidal.
(2) The canonical functor

(2.10) D(Mod"™) > D(Mod ™

cond

is fully faithful. It preserves all limits and colimits. A complex M € D(Mody™) is in
D(Mod3") if and only if H'(M) is in Mod>X", for all i. The functor admits a
left adjoint
(2.11) D(Mod™) - D(Mod}"™) : M = M &} A,
which is the left derived functor of . It is symmetric monoidal.
(3) For M,N € D(Mod*"""), we have the derived internal Hom

RHom , (M, N) € D(Mod5").

The natural map RHom 4, (M, N) — RHomé(M, N) is a quasi-isomorphism.

Remark 2.12. In the context of the above proposition, we set M~ := M ®4 A, for M € Modzmd,
and M := M &} A, for M e D(Mod™).

2.2.2. Condensed sheaves. We list here properties of topological sheaves with values in condensed
abelian groups.

(o) Sheaves of condensed abelian groups. Consider first the category Sh(Sproct, CondAb) =

Sh(S;‘;gét,Ab) of sheaves with values in condensed abelian groups. It is a Grothendieck abelian

category, which inherits a closed symmetric monoidal structure from that of CondAb: For F,G €
Sh(Sprost, CondAb), their tensor product F®G is defined by sheafifying the presheaf tensor product

(Y > F(Y)®G(Y) € CondAb}, Y € Sproc.
The internal Hom, Homgtos (F,G), can be defined as a presheaf by
{Y » Homy vop (Fy,Gy ) € CondAb}, Y € Sprosts

where we set

(2.13) mimymp(fy,gy):ker( [[ Hom(F(11),6(Y1)) - [] @(F(Y1)7Q(Y2)))~

Y Y Y-V

It is actually a sheaf (see [25], Prop. 2.2.14|). It is the (internal) right adjoint of the tensor product
[25, Prop. 2.2.16].
By Remark and Lemma below, the category Sh(Sprost, CondAb) is generated by the

set
(2.14) {Z[h3]®Z[T]}, Y €Perfg,T - profinite set.

Here the sheaf h‘; is defined by Y; — Homg(Y7,Y"), where the Hom is given discrete topology.
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Lemma 2.15. The set (2.14) for w-contractible Y ’s and extremally disconnected T’s generates
Sh(Sprost, CondAb). Moreover, these generators are compact and projective.

Proof. Take Z[h3] ® Z[T] as in (2.14). For compactness we need to show that the functor
HOmStop(Z[hay] ® Z[T],-) commutes with filtered colimits. But
(2.16)
Homgror (Z[h3,] ® Z[T], F) = Homgeon (Z[13 ], [Z[T], F1) = [Z[T], F1(Y)(+) = [Z[T], F(Y)](*)
~Hom(Z[T],F(Y)),
where we wrote [Z[T],F] for the sheaf Y7 —» Hom(Z[T],F(Y1)) and the second isomorphism
follows from the enriched Yoneda Lemma (see Section |3.1.5). But I'(Y,-) commutes with colimits

since both Y and Z[T'] are quasi-compact.
For projectvity, take a surjection F; - F3 - 0. We need to show that the induced map

Homgeon (Z[h3,] ® Z[T], F1) — Homgror (Z[ 3] ® Z[T], F2)
is surjective as well. But, using ([2.16)), this map can be written as
Hom(Z[T], 71(Y)) - Hom(Z[T], F2(Y))

and this is surjective by projectivity of Z[T] since the map F;(Y) - F»(Y) is surjective as YV is
w-contractible. g

(o) Sheaves of condensed gp-modules. We will denote by Sh(Sproét, M0d§’:d) the subcategory of
Sh(Sprost, CondAb) of gp—modules. It is again a Grothendieck abelian category (as the category of
modules on a ringed site). Since we have Sh(Sproct, Modcgond) ~ Sh(S;‘;gét,gp), the classical theory

of tensor products and internal Homs of sheaves on ringied sites (see [29, Tag 03A4]) yields the

cond

condensed tensor product and internal Hom: For F,G € Sh(Sprost, Mon ) their tensor product
F ®q ¢ is defined by sheafifying the presheaf tensor product

Y » F(Y)®q (v)G(Y) € Mod& 6y}, Y € Sproe.
The internal Hom, Homgter g (F,G), can be defined as a presheaf by
—Pp
{Y = Homywon g (Fv,Gv) € Mod&"Gy ), Y € Sprocts
where we set

(2.17)

Homy o, g (Fy,Gy)=ker( [] Homg () (F(¥1),6(¥1)) > [] Homg (v, (F(V1),6(¥2)))-
-r Y1—>Y Y2—>Y1

It is actually a sheaf [29, Tag 03EM] and it is the (internal) right adjoint of the tensor product [29]
Tag 03EOQ].
The category Sh(Sproct, Modg“d) is generated by the set
—Pp

{gp[h‘;] ®q Q[T]}, Y ePerfs, T~ profinite set.
And we have an analog of Lemma [2.15]in this setting.

() Derived picture. We have an analogous derived picture, which, again, follows from the
classical story (see [29, 01FQ]). Namely, the existence of K-flat resolutionﬁ yields the derived
tensor product F ®g G, for F,G € D(Sprost, Modg™) (see [29, Tag 06YU]). The internal Hom,

—p —P

4Recall that K -flatness, and the related notion of K-injectivity, for unbounded complexes (originally of modules
over a ring R) were introduced by Spaltenstein in [28] as an analogue of the classical notion of flatness (and
injectivity) of modules.
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RHomgior q (F,G), is defined using the existence of K-injective resolutions. It is the right (inter-
—P

nal) adjoint of the derived tensor product [29, Tag 08J9].
We have analogous definitions and properties for sheaves with values in CondAb.

Remark 2.18. For F € D(Sprost, Ab), we have in D(Ab)
RI (VP R, F)(T) = R prose (Y x T, F).

proét’
This can be easily seen for Y, which are w-contractible and by pro-étale descent in Y-variable in
general. In particular, RD(Y % R, F)(#) = RTpro¢t (Y, F). Similarly for gp—sheaves.

proét’
2.2.3. Solid sheaves. We pass now to topological sheaves with values in solid abelian groups.

(o) Sheaves of solid abelian groups. Recall (see Proposition that the category Solid of
solid abelian groups is a Grothendieck abelian category, which is stable under limits, colimits, and
extensions in CondAb. It is also compactly generated. It follows that the category Sh(Sprost, Solid)
behaves as expected: it is a Grothendieck abelian category. Moreover, it is generated by the set

(2.19) {Z[h3 )" Z[T]}, Y €Perfg, T - profinite set.

And we have an analog of Lemma [2.15]in this setting.

For F,G € Sh(Sprost, Solid), we define HoirnE« (F,G) € Solid via the end definition as in .
The set Homg (F,G)(*) is the usual Hom-set in the category Sh(Sprost, Solid). The two categories
of topological sheaves Sh(.Spyoet, CondAb) and Sh(Spreet, Solid) are related:

Lemma 2.20. The canonical forgetful functor Sh(Sproet, Solid) = Sh(Sprost, CondAb) is (topolog-
ically) fully faithful and has a (topological) left adjoint F — F° given by the sheafification of the
presheaf;

FOPh Y » F(Y)P}, Y € Sproet-

It commutes with all colimits.

Proof. For the first claim, we need to show that, for F,G € Sh(Spyoct, Solid), the canonical map in
CondAb

Homg (F,G) ~ Homg.o, (F,G)

is an isomorphism. But using the end definition of both sides this reduces to the fully-faithfulness
of the category Solid in CondAb.

For the second claim, note that, from definitions, we get a natural maps (of presheaves on S,
with values in CondAb):

F-F.
We need to show that, for F € Sh(Sprost, CondAb), G € Sh(Sproet, Solid), the induced morphism in
CondAb
Homg (F7,G) - Homgo, (F7,G) - Homgeop (F,G)

is an isomorphism. By adjointness of the sheafification functor, we can pass from sheaves to
presheaves and use the presheaf F- in place of F-. Using the end definition, this reduces to
showing that

,psh

@D(f(YI)D>Q(E)) :@(f(yl)7g(y2))a Y17YVQ € Sproét7

which is clear. O

The category Sh(Sprost, Solid) inherits a closed symmetric monoidal structure from that of Solid:
For presheaves F,G € PSh(.Sproet, Solid), their tensor product F ®2P G is defined as the presheaf

{Y s F(Y)®" G(Y) eSolid}, Y €Sprot-

5The sheafification is necessary because the solidification functor O is not left exact.
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For sheaves F,G € Sh(Sproct, Solid), their tensor product F ®" G is defined as the sheafification of
the presheaf tensor product F @°Ps G:

Fe"G:=(Fe gt
We have the expected relations:
Lemma 2.21. (1) For F,G € PSh(Sprost, Solid), we have a canonical isomorphism in Sh(Sprost, Solid)
Fiet gl (Fe gt
(2) For F,G € PSh(Sproet, CondAb), we have a canonical isomorphism in Sh(Sprost, Solid)
(FPe GH" = ((F P g)pshi,

Proof. We will reduce to universal properties of the terms of the isomorphisms. For H € Sh(Sprost, Solid),
we have

Homg ((F 8" G)¥, H) = Hompe, (F 877" G, H) = Homye, (F, Homgior (G, H))
~ Hompp, (F¥, Homgror (G, H)) = Hompg, (F! 7P G ).
Here we wrote Hompen (-, —) for the sets of morphisms in PSh(Spro6t, Solid). Repeating this com-

putation with G in place of F yields claim (1) of the lemma.
The proof of the second claim of the lemma is similar. O

The solid tensor product of sheaves inherits many properties from the solid tensor product of
modules. In particular, it commutes with all colimits (since the sheafification functor does). The
internal Hom, Homg (F,G), can be defined as a presheaf by

{Y = Hom} (Fy,Gy) € Solid}, Y € Sprocs-

It is actually a sheaf by [25, Prop. 2.2.14]. Moreover, the image of the sheaf Homg (F,G) by the
embedding functor Sh(Sprost, Solid) = Sh(Sprost, CondAb) is the sheaf Homgeor (F,G). We have
the usual adjointness property:

Lemma 2.22. If Fy,F2, Fs € Sh(Sproet, S0lid), there is a canonical functorial isomorphism in
Sh(Sprost, Solid)
Homg(F1 87 Fo, F3) > Homg (F1, Homg (Fa, F3)).

In particular, we have a canonical functorial isomorphism in Solid
Hom{ (F; @ Fy, F3) ~ HomG (Fy, Homg (Fa, Fs)).
Proof. This can be checked in Sh(Sprst, CondAb), where it is known. O

(o) Sheaves of solid gp-modules. Let Sh(SprOét79p7D) denote the subcategory of Sh(\Spyoet, Solid)
of gp—modules.

Lemma 2.23. The category Sh(Sproét,gp D) is a Grothendieck abelian category.

Proof. We need to check that the category Sh(Sproct, Qp D) admits a generator and small colimits
such that small filtered colimits are exact. But the colimits can be inherited from Sh(Sprost, Solid)
and they have the required properties (use the fact that the solid tensor product of solid abelian
sheaves commutes with direct sums). Moreover, if X is a generator of Sh(Sprost,Solid) then
Q ®” X is a generator of Sh(Sproct, Q ) as easily follows, again, from the fact that the solid
tensor product of solid abelian sheaves commutes with direct sums. This finishes our argument. [
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The categories of Q,(Y )o-modules, Y € Sp,,06t, being closed symmetric monoidal, the category
Sh(Sprost Q ) is equipped with tensor product and internal Hom: For F,G € Sh(Sprosts Q )
their tensor product F ®Q G is defined by sheafifying the presheaf tensor product

{Y g f(Y) ®§p(Y) g(Y)}a Ye Sproét~

We have an analog of Lemma in this setting. The internal Hom, Homg)Q (F,G), can be
defined as a presheaf by '

{Y »Homy o (Fy,Gy) e Modg ()}, Y € Sprosts

where we set

(2.24)

Homy g (Fy.Gv) = ker(y@ Homg, () (F(11),6(11)) > ] Homg,vy) (F(10). g(¥2))).

It is actually a sheaf (compare with the condensed definition). Moreover, the image of the
sheaf ’Homggp(]-",g) by the forgetful functor Sh(Sproce, Q) ~ Sh(S*P, Q) is the sheaf

proé

Homstopygp (F,G). In particular, the forgetful functor Sh(SprOét79p7D) - Sh(StOp,t’gp) is (topo-

proé

logically) fully faithful. We have the usual adjointness property:

Lemma 2.25. If Fy,Fo, F3 ¢ Sh(Sproét79p D), there is a canonical functorial isomorphism in

Sh(Sproét7 gpﬂ)

Homg q (Fi18q F2.F3) > Homgq (Fi,Homg q (F2.F3)).

In particular, we have a canonical functorial isomorphism in Modsé)ll? S)

Homyg q (F1®q F2.F3) =~ Homg o (F1, Homg q (F2,F3)).
Proof. Reduce to the condensed adjointness as in the proof of Lemma, [2.22 O
The category Sh(Sprost, 9;) \:1) is generated by the set

(2.26) {Q,[hy]®7 Z[T]}, Y €Perfg, T - profinite set.
And we have an analog of Lemma in this setting.

(o) Derived picture. Again, we have an analogous derived picture. We start with the category
D(Sprost; Solid).  Since Sh(Spreet,Solid) is a Grothendieck abelian category, the internal Hom,
R’Homg (F,G), for F,G € D(Sprost, Solid), is defined using the existence of K-injective resolutions
(which is a classical result, see [24], [29] Tag 0791]).

The existence of K-flat resolutions, which follows from the existence of flat generators from [2.19]
yields the derived tensor product F @2 G, for F,G € D(Sprost, Solid). By the usual argument ([29,
Tag 08J9]), the derived tensor product is the left (interior) adjoint to the derived interior Hom.

We pass now to the category D(Sproct, Q ) The existence of K-injective resolutions follows
from the fact that the category Sh(Smet,Q ) is Grothendieck abelian (see Lemma . The

existence of K-flat resolutions follows from the existence of flat generators of Sh(Sproct, gp D) (see
(2.26)). Hence we have the derived tensor product F ® v’ G, for F,G € D(Sproet, Q o), the internal
Hom, RHomsyQ (F,G), which are (internal) adjoints 1o each other.
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2.2.4. Constant sheaves and monoidal structures. Let W € Kg be a flat module and leff] F e
Sh(Sproct, Ko). We define sheaves W @52 F, W ®F. F as presheaves by setting

Weyw F:={Y »Wer F(Y)},
Wehr F={Y »Weh F(Y)}.

These are sheaves because W is a flat module. We will need the following computations:

Lemma 2.27. Let W € Qo be a Fréchet or of compact type. Let F € Sh(SprOét79p E|).

(1) There is a canonical quasi-isomorphism in D(Sproct, Qp,o)

(2.28)

W®Iéif;w®1éif.

(2) There is a natural isomorphism in Q, o

Homg o (W, F) > Homg (W, F(5)).

(3) There is a natural quasi-isomorphism in D(Qyp o)

RHomg o (W, F) = RHomq _(W,RL(S; P, . F)).

proét’

(4) If W is of compact type then there is a natural quasi-isomorphism in D(Qp o)

RHowg o (W, F) = W* ®g RI(Syry, F).

proét’

Proof. We start with the first claim. As presheaves both sides of (2.28) are given by

{YoWeg FO)), {Y »W(Y) &gy, F(V)},

respectively. For Y strictly totally disconnected, we compute

W(Y) ®F vy F(Y) =C(mo(YV), W) 8 g F(Y) 2 WG C(mo(Y),Qp) 8 3y F(Y)

Qp(Y) Qy(Y)

~Weg F(Y)

Qp(Y)

Here, the second quasi-isomorphism holds by [22] Cor. 10.5.4]. Our claim follows.
For the second claim, we use the end description

Hom? o (W, F) > Hom§ o (W ©Q, Q .F) = [ Homg (W 85, Qu(Y), F(Y)

= [ Homg, (W.F(Y)) = Homg, (W, [ F(¥)) = Homg, (W, F(S)).

Here, the first isomorphism follows from the first claim of the lemma.
The last two claims of the lemma follow from the first two ones by applying them to an injective
resolution of F. O

2.2.5. Condensed versus solid sheaves. The following result is a sheaf version of Proposition 2.7]

Proposition 2.29. (1) The forgetful functor

(2.30)

(2.31)

Sh(Sprost, Solid) = Sh(Sprost, CondAb)

is (topologically) fully faithful. The essential image is stable under all limits, colimits,
and extensions. Moreover, the inclusion (2.30) admits a (topological) left adjoint, the
solidification functor,

Sh(sproéta CondAb) - Sh(sproéta SOlid) : Fe ‘7:‘:‘7

which preserves all colimits and is symmetric monoidal. We have analogous claims for the
forgetful functor Sh(Sproet, Qpo) — Sh(S;‘;gét, Q)

6The definition and properties of the category Sh(Sprost,Ko) is analogous to those of the category
Sh(Sproéthp,D)-
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(2) The forgetful functor
(2.32) D(Sprost; Solid) = D(Sproet, CondAb)
is (topologically) fully faithful. It preserves all limits and colimits.
(8) The functor admits a left adjoint
F > F9 . D(Spross, CondAb) — D(Sproet, Solid),

which is the (topological) left derived functor of the solidification functor (=). It is sym-
metric monoidal. We have analogous claims for the forgetful functor D(Sproét,gpm) -

(S5 Q).

(4) For F1,Fs € D(Sprost, Solid), the natural map
RHomg(Fi, Fa) - RHomgees (Fi, Fa)

18 a quasi-isomorphism. We have an analogous claim for the Qp-sheaves.

Proof. We start with the first claim. The fully-faitfulness was shown above, in Section m (see
Lemma . Limits of solid sheaves in the condensed setting are solid because this is true for
presheaves; for colimits — this holds on the level of presheaves and condensed sheafification is
compatible with solid sheafification. For extensions: If 0 - F; - F5 — F3 — 0 is an extension of
condensed sheaves such that F7, F3 are solid then, on every Y € Spr04¢, we have an exact sequence
in CondAb
0> Fi(Y) = Fa(Y) > Fa(¥) > Hprose (V. F).

The cohomology group H;roét(Y, F1) is solid (because so is Fi), hence so is the kernel of the map f.
Thus, by Proposition F>(Y) is solid, as wanted. The claim about solidification follows from

Lemma 2.20] Lemma and Proposition [2.7]
We turn now to the second claim of the proposition. For fully-faitfulness, for F,G € D(Sproct, Solid),

we need to show that the canonical map
RHom{ (F,G) - RHomgo, (F, G)
is a quasi-isomorphism. We will need the following fact:
Lemma 2.33. If W is a prodiscrete condensed set (i.e. a cofiltered limit of discrete condensed

sets) then Z[W]ke 5 Z[W1°. Similalry with QP(S)—coeﬂicients, for S € Perfc.

Proof. Recall that every prodiscrete set can be written as a filtered colimit of profinite sets. So let
us write W = colim; 7T}, a filtered colimit of profinite sets. We have

Z[W]" = Z[colim; T;]“° = (colim; Z[T;])™ =~ colim; Z[T;]"® 5 colim; Z[T;]” ~ Z[W]°,

which is what we wanted.
The Q,-case follows from the fact that Z[T] is a flat solid abelian group. O

This implies that if we take a resolution of F in Sh(Sproet, CondAb)
> P> P ->F-0,

where P; = eaj(Z[h‘Syj] ® Z[T;]) for a w-contractible Y; over S, an extremally diconnected T, the
solidification
w» Pl Py - F-0

is also exact. Indeed, it suffices to show that
= P (X)) = Py(X)" - F(X)” -0,

is exact for a w-contractible X over S. But this follows from the quasi-isomorphism F(X) 5
F(X)P, since F(X) is solid, and Lemma
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Using that the P,’s above are projective in Sh(Sproet, CondAb) and their solidifications are
projective in Sh(Sprost,Solid), the fully faithfulness claim is reduced to the fact that the map

(2.34) Homg (Z[h3,] ®° Z[T],G) » Homgeor (Z[3] ® Z[T], G)

is an isomorphism for a w-contractible Y over S, an extremally diconnected T', and a solid sheaf
G. But this follows from the first claim of the proposition. The topological version can be derived
by the same argument applied to the tensor products F ®" Z[T]’s.

This also proves the fourth claim of the proposition. The statement about colimits in claim (2)
follows by evaluating sheaves on w-contractible perfectoids. For limits — we use the fact that in
both categories we have, for Y over S w-contractible, we have (Rlim;e; F;)(Y) ~ Rlim;e; Fi(Y)
and, by Proposition the latter limits are the same in the solid and condensed categories.

For claim (3), since we have enough projectives, the left derived functor (=)Mo of (=) exists
and it remains to show that it is the left adjoint of the map . But this can be checked on
Hom’s and for projectives Z[h3.] ® Z[T] as in (2.34) and then we can use claim (1). This also
implies inner left adjointness, which, in turn, implies compatibility with monoidal structures via
the following computation: We want to show that, for F1, Fa € D(Sproet, CondAb), we have

(235) (j.‘l ®L ].‘2)LD ~ f{JD ®Lx:\ j_‘QLD

in D(Sproct, Solid). But, for G € D(Sproet, Solid), by the already proven adjointness properties and
claim (4) of our proposition, we have the following quasi-isomorphims

RHom{§ ((F; ®" )™, G) ~ RHomgion (Fi ® Fa,G) ~ RHomgeen (Fi, RHomgion (F2,G))
< RHomgios (Fi, RHomg (FL°,G)) ~ RHomg (F1°, RHom3 (FL°,G))
~ RHomg(}'{JD ®Le .7:;“ ,G),

as wanted.
Claim (3) for gp—coefﬁcients follows by the same argument as in the abelian case. 0

Remark 2.36. Recall that sheaves of Qp—modules on Spa(C')prost are called Vector Spaces (VS for
short). Following this, we will call sheaves from Sh(Spa(C)proct, gp o) Naive Topological Vector
Spaces (NTVS for short).

2.2.6. Etale Naive Topological Vector Spaces. The constructions from Section and Section
have étale versions though one needs to be a bit careful so that all of them go through.

Let S be a strictly totally disconnected affinoid perfectoid over C. Denote by sPerfg the category
of strictly totally disconnected affinoid perfectoid spaces over S. Proceeding as in Section
we can define the topological étale site Sé;)p based on the category sPerfg equipped with étale
topology. The constructions from Section 2.1 and Section 2.2 go through with two exceptions: we
do not have the map 1 from Section 2.1.2) and in Lemma [2.15] we can take all Y’s.

In fact, later on, we will go even further and often drop the topology altogether (but still work
with the category sPerfg).

3. TOPOLOGICAL VECTOR SPACES

We pass now to our main object of study: the categories of topologically enriched presheaves.
We start with the definition and properties of topology on mapping spaces between perfectoid
affinoids over C. Then we define topologically enriched presheaves with values in condensed and
solid abelian groups, discuss examples and the Enriched Yoneda Lemma. After that we prove that
topologically enriched presheaves form Grothendieck abelian categories, study their oco-derived
categories, the solidification functors, and monoidal structures. Finally, we extend all of this to
the categories of gp—modules.
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3.1. Topologically enriched presheaves. Many of the topological presheaves we will be working
with will be canonically enriched.

Remark 3.1. The main technical tool that we need that convinced us to use topologically enriched
presheaves is the enriched Yoneda Lemma that is needed in the proof of Theorem and Theorem
4.25| (used to relate topological RHom’s to the algebraic ones and the ones for perfect complexes
on the Fargues-Fontaine curve). The consideration of topologically enriched presheaves is not new:

(1) Tt appears implicitly in the original definition of Banach-Colmez spaces in [9] (Banach-
Colmez spaces are presheaves valued in Banach spaces and are topologically enriched) and
also explicitlyﬂ in the definition of ¢BC’s in [12].

(2) Topologically enriched functors in the context of the theory of Banach spaces were studied
for a while: see, for example, [15], [2I]. They are called "strong functors" there. More
generally, the papers [6], [7] survey the categorical approach to the theory of Banach spaces.

Our main references for enriched categories and enriched functors are [I8], [14], [16} App. C].

3.1.1. Topologized mapping space. Let S € Perfo. We will enrich the category Perfg in Cond. For
Y1,Y5 € Perfg, we set:
Homg(Y1,Y2) : {T'» Homg (Y1 xT,Y>2)}.

For every Y e Perfg, the identity map ix : {*} - Homg(Y,Y) sends {*} to Id. For every triple
Y1,Ys,Ys3 € Perfg, the composition map

Homg(Y2,Y3) ® Homg(Y1,Y3) -~ Homg(Y1,Y3)
is defined by compatible compositions, for profinite sets T,
Homg (Y2 x T, Y3) ® Homg(Y; x T,Y5) - Homg (Y7 x T, Y3),
which send the pair (f2, f1) to the composition
fofir Yix T—>Y1 x T x TQYQ x T—>Y3
The associativity and unit axioms (see [I8 (1.3), (1.4)]) are easily checked to hold.

Lemma 3.2. The condensed set Homg(Y1,Y3) is prodiscrete.

Proof. Set Ry := Ry., RS = Ry, , R§ := R§. These are prodiscrete sets. We claim that there is an
isomorphism of condensed sets

Homg(Y1,Ys) ~ HomAlg(Rg,RJ’)
where the second Hom is taken in Rg-algebras. To see this we start with showing that there is an

isomorphism of condensed sets

Homg(Y1,Ys) ~ HomAlg(R2 ,RY),

where HomAlg(RQ,R+) is equipped with the compact-open topology. For that, we compute:
Homg(Y; x T,Y>) = HomAlg(RQ,R+®C(T 0c)) ~ HomAlg(R ,C(T,R}))
~ C(T, HomAlg(R R1)),

where the last isomorphism follows from the exponential law since T, R}, Ry are compactly gen-
erated (since they are colimits of profinite sets) and Hausdorff. By [8, Prop. 4.2], we have the
natural isomorphism of condensed sets

HomAlg(R R{);HomAlg(R .R}).

7Though at the time of writing [I2] the authors were not aware that the extra continuity property they have
imposed amounts to the notion of enrichment in category theory.



16 PIERRE COLMEZ AND WIESLAWA NIZIOL

It suffices now to show that Homgg(ﬂg, R7) is prodiscrete. But this is a closed condensed
S

subset of Hom,, (R5, R)) hence, by E’)O], it suffices to show that Homg, | (R5, Ry) is prodiscrete.
For that, we compute

Hom,, (B3, Ry)=limHom, (R;,, Rj,)=limHomy (colim;R;, ;. Ry ,,)

- N .
o hgbn llzIIlHOiHch)n (85,0 Ry ),
where E;n1 c Ry, are finitely generated O ,-modules. Getting what we wanted. O

3.1.2. Topologically enriched presheaves. Let C be a bicomplete, locally finitely presentable, closed
symmetric monoidal category (for example, Cond, CondAb, Solid). Such a category C is canon-
ically C-enriched (C-category, for short) and we assume that it is a Cond-subcategory of Cond.
We will denote by Home(—,—) and Hom. (-, -) its Hom-set and C-Hom, respectively. We have
Hom,(—,-)(*) ~Hom¢(—,-). If C = Cond we will skip the subscripts.

Let S € Perfc. A C-enriched presheaf (or C-presheaf for short) F : Perf” — C consists of a
function

F : Perfs — ObC

together with, for Y7,Y5 € Perfg, a map of condensed sets
(3.3) £y1,y2 : @S(H;Y2) _’@c(}—(YQ)a}—(YI))

in a manner compatible with compositions and identities (see [I8, (1.5), (1.6)]). For C-presheaves
F,G, a C-natural transformation f:F — G is a Perfg-indexed family of maps in C:

fy :FY)->G(Y)

satisfying a C-naturality condition (see [I8, (1.7)], [14, (4.30)]): the following diagram commutes
in Cond

£y1 Yy

MS(Ya Yl) @C(f(yl)af(y))

lg)/,yl lf*,Y

Hom (G(¥1), 6(Y)) — 2 Hom,(F(¥1),G(Y)).

We will write Home (F, G) for the set of C-natural transformations.
We will denote the category of such presheaves by PSh(S,C)o and, in the case C = Cond, we
will simply write PSh(.9)g.

Example 3.4. (1) The topological sheaves that come from Sp.0s; are canonically enriched:
Lemma 3.5. Let F € Sh(Sproet). The sheaf m,.F € Sh(Sproet, Cond) is canonically enriched.
Proof. We need to define, compatible in T, maps

(3.6) Homg (Y1 xT,Y3) » Hom(m F(Y2) x T, m . F(Y1)) ={Th : F(Yo xTh) xT(T1) - F(Y1 xT1)}.

We induce them by the following transformation of maps over S

VixTE2V)x (T 5 T) o (Vi x T 2% ¥a) o (i x T 250 v, 1),

Clearly, evaluating (3.6) on * yields the structure map (3.10). Commutativity of the composition
and the identities diagrams [I8], (1.5), (1.6)] is easy (if tedious) to check. O

(2) Lemma combined with Example yield that the sheaves Q,, G, € Sh(Sprost, Cond) are
canonically enriched and so are the period sheaves B /t* and Bgr’“":pl, 1> 0.
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3.1.3. The Cond-category of topologically enriched presheaves. Assume moreover that C is a bi-
complete C-category: C is bicomplete in the usual set-based sense and the tensors and cotensors:

coW, [Wl, eWeC,
satisfy the C-adjunctions
Homg (c1 ® W, eg) = [W, Hom (c1, ¢2)] = Home (c1, [W) e2]).

(Here [-, -] = Hom,(—,—) but below we will need to separate these two operations.) This will be
our standard assumption on C from now on.
The category PSh(S,C)o is the underlying category of the C-category PSh(S,C), where the
Hom-object in PSh(S,C) is defined as the enriched end:
(3.7) Hom,(F,9) = Hom, (7(Y),6(Y))
YePerfg

computed as an ordinary limit in C. More precisely, it is the equalizer in C given by the diagram

[Ty eperts Homc(}'(Y), g(y)) —= HY,YlePerfS Hom, (@S(Yh Y)e F(Y),G(11)),

where the parallel arrows are defined via the evaluation maps
Homg(Y1,Y)® F(Y) » F(Y1), Homg(Y1,Y)®G(Y)—~G(Y1)

of the C-presheaves F,G. We have Hom.(F,G)(*) = Hom¢(F,G).
The category PSh(S,C) is a bicomplete C-category [I8, Sec. 3.3] with limits and colimits com-
puted objectwise. Hence it is tensored and cotensored over C: we have the tensor functor

(-)®(-): CxPSh(S,C) - PSh(S,0),
WeF={Y»WeF(Y)},
and the cotensor functor
[-,-]: C°"xPSh(S,C) -~ PSh(S,C),
(W, F]={Y = Hom (W, F(Y))},
such that, for each W € C, there is a natural isomorphim
(3.8) Hom,, (W, Hom,(F,G)) = Hom (F, [W.G]).
Moreover, for each W € C, there is a natural isomorphim

Hom,(W & F,G) ~ Hom,(W,Hom,(F,G)).

Remark 3.9. (Topological presheaves) The presheaves studied in Section which we called "topo-
logical presheaves", also form a C-category. We will call such C-categories PSh(.S,C). Their under-
lying categoriesﬂ PSh(S,C)q are defined as in Section but with the trivial enrichment on the
mapping spaces, i.e., in the structure maps , instead of Homg(Y7,Y2) we take Homg(Y7,Y2),
where Homg (Y7, Y2) is given the discrete topology. Hence they are canonically induced by structure
maps of the form

(3.10) Fyiy,: Homg(Y1,Y2) - Home (F(Y2), F(Y1)).

The Hom-object is defined as in (3.7)).
We have the forgetful functor

(=)' PSh(S,C) — PSh(S,C)
given by evaluating the structure map (3.3)) on * to yield the structure map (3.10]).

8For an enriched category A, we denote by Ao the underlying category.
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3.1.4. Alternative description of topologically enriched presheaves. We keep assuming that the
Cond-category C is bicomplete. In that case the category PSh(S,C)¢ has an alternative description,
which will allow us to understand it better. We want to think of a Cond-presheaf F : Perfy’ — C
as a function
F:Perf” » ObC

plus a compatible collection of (structure) maps in C
(3.11) Fyr: FYxT)®T —>F(Y), Y ePerfs, T eProFin.
Equivalently, we can use the adjoints of the structure maps (3.11)

Fyr: FEYXT)~[T,F(Y)]

and the compatibility condition corresponds to commutative diagrams

Fyr
(3.12) FY xT)——[T,F(Y)]
L(fxg)* l(g*,f*)
Fyr

.7'—(Y1 X Tl) —_— [Tl,}—(Yl)],

for all maps f:Y; - Y,g:T) - T, together with a composition rule.
A Cond-natural transformation f:F — G between two such functions F, G is given by maps in

C
fy :F(Y)->G(Y), Y ePerfg,
which are compatible with the structure maps (3.11). We will write Home (F,G)o for the set of
Cond-natural transformations.
We will call the category of such data PSh'(S,C)g. We obtain the Cond-category PSh’(S,C)
(whose underlying category is PSh'(.S,C)g) by enriching in Cond the Hom-sets Home (F,G)o:

Home (F,G) := {T » Home(F®T,G)o}, F,GePSh'(S,C)o.
(We note that F ® T € PSh'(S,C)g). We clearly have Home(F,G)(*) = Home(F,G)o.
Lemma 3.13. The Cond-categories PSh(S,C) and PSh'(S,C) are equivalent.

Proof. We start with defining a Cond-functor
F:PSh(S,C) - PSh'(S,0),

which we will show later to be an equivalence. Let F € PSh(S,C). We define F/(F) as being given
by the same function on Perf%p as F. To define the structure maps Iy for F/(F), we start with
the structure maps for F

Fyvv, :Homg (Y, Y1) - Home (F (Y1), F(Y)).
Evaluated at T € ProFin, they yield a compatible collection (indexed by T') of maps of sets
Fyv,r: Homg(Y xT,Y7) > Home(F (Y1) @ T, F(Y)).

Setting Y1 =Y xT' in the above and taking the image of the identity by the map Fy y, 7, we get
a compatible, in Y and T, family of maps in C

FY xT)eT - F(Y),
as wanted. This defines a function
F:ObPSh(S,C) - ObPSh’(S,0).
It remains to define, for each pair F,G € PSh(S,C), a map
Frg: Home(F,G) - Home (F(F), F(G))
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compatible with the composition and the identity (see [18, (1.5), (1.6)]). This amounts to defining,
indexed by T € ProFin, a compatible family of maps

F]:,g(T) : Homc(.’F T, g)o - HOch(F(J:) T, F(g))o

But, by the definition of F(F), F(G), these two sets can be canonically identified.

The above proves that the Cond-functor F' is in fact fully faithful. It remains thus to show that
it is essentially surjective on objects. For that we will define the quasi-inverse G to F' on objects:
G is given by the same function on Perf¢ as I and to define the structure maps F v, v, for G(F):

Fy, y, : Homg(Y1,Ya) - Home (G(F)(Ya), G(F)(Y1))
we need to define, a compatible in T, family of maps of sets
Fyvivor: Homg (Y1 x T,Y5) - Home (F(Yse) © T, F(Y1)).
To do that, we map a map f:Y; xT — Y5 to the composition
feld Fyv,r
.F(YQ) ® T—)]'-(Yl X T) ® T—>.7'—(Y1)
It is easy to check that F'G =1d and GF = 1d, hence F is essentially surjective, as wanted. O

Example 3.14. (Rigid topologically enriched presheaves) We will distinguish a subcategory of
topologically enriched presheaves.

Definition 3.15. A topologically enriched presheaf F € PSh(S,C) is called rigid if the structure

maps from
Fyr: FY xT)-[T,7(Y)]

are isomorphisms in C, for all Y € Perfg, T € ProFin. Equivalently, if the maps
Fyr(*): FY xT,*)>F(Y,T)

are isomorphisms of sets, for all Y € Perfg and T" € ProFin. The full subcategory of rigid presheaves
in PSh(.S,C) will be denoted by PSh"'#(.S,C). We will denote by Sh™&(S,C) its full subcategory of
rigid sheaves: a rigid presheaf F is a sheaf if the pro-étale presheaf n.F is a sheaf.

We note that the equivalence in the above definition follows from the commutative diagram

F(Y xT xTy,*)

, £;’,T><T1(*)
£YxT,T1 ()
Fo . (T1)

FYT,T) - -2 s FY,TxTy),

which is just a rewriting of the composition commutative diagram

F(Y xT xTy)(*)
z’Y,Tle(*)
f;/xT,Tl(*)L
[Ty, F(Y xT)](*) - Sl (71, [T, F(Y)]](%) = [Ty x T, F(Y)](*).

Lemma 3.16. Let F € PSh(Sproct). The topologically enriched presheaf m.F € PSh(S) is a rigid
sheaf. Moreover, the functor

Wiig : Sh(Sproét) - &rig(sproét)o
is an equivalence of categories.

Remark 3.17. The above lemma is also valid for the pair Ab,CondAb (in place of the pair
Set, Cond). With the same proof.
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Proof. By Lemma the presheaf 7, F is topologically enriched. To see that it is rigid we need
to show that the structure maps
(3.18) (mF)yr(*): mFY xT,*) > mF(Y,T)
are isomorphisms of sets. But this is clear since they are isomorphic to the identity maps
Id: F(Y xT) > F(Y xT).

Moreover, we have n,m.F ~ F hence 7. F is a sheaf.
Concerning the second claim of the lemma, let us start with essential surjectivity of the functor
m,.. Take a rigid sheaf F. We have the structure maps

(3.19) Fyr(x): FY xT,*) - F(Y,T),
of sets satisfying certain compatibilities. In the language of Section they give a natural
transformation of topologically enriched presheavesﬂ

T F = F.

Since these maps are isomorphisms by assumption, we get the essential surjectivity.

It remains to show that the functor , is fully faithful. Faithfulness is clear. Let F,G € Sh(Sproet)
and take a map of topologically enriched presheaves f : 7,F — m.G. Define a map f :F -G by
setting fy = fy (%). We need to show that that f = 7. f. But this can be seen, after unwiding the
definitions, from the following commutative diagram (for all Y € Perfg, T € ProFin)

fy(T)

. F (Y, T) ——> m.F(Y,T)
f’y,w)] g’y,T(*)T
Jyxr(*)

FY xT, %) —=G(Y xT,*)
Here, the vertical maps, after identification of the source and the target, are just identities. O

Remark 3.20. It follows from Lemma that a rigid presheaf F is a sheaf if and only if the
topological presheaf F°! is a sheaf.

3.1.5. Enriched Yoneda Lemma. Recall the following classical construction from [I8] Sec. 2.4]. Let
S € Perfe, Y € Perfg. We define the functor

hy? : Perf? — Cond, X ~ Homg(X,Y).
It is easy to check that
(3.21) RSP & m hy,

where 7 : Sproet — S;‘;gét is the canonical projection. In particular, since the pro-étale site is
subcanonical and thus the presheaf hy is a sheaf, same is true of h;’,)p. Moreover, by Lemma
this sheaf is canonically Cond-enriched.

Let F € PSh(S). The Cond-enriched Yoneda Lemma yields an existence of a Cond-natural
isomorphism
(3.22) Hom(hy?, 7) = | Hom(Homg(Y3,Y), F(V1)) < F(Y)

1€fFert g
induced by the maps
oy : F(Y) > Hom(Homg(Y3,Y), F(Y7))
obtained, via the adjunction Hom(z,Hom(y, z)) ~ Hom(y, Hom(z, 2)), z,y,2 € Cond, from the
structure maps
Fy, y : Homg(Y1,Y) - Hom(F(Y), F(Y1)).

9The fact that this is a natural transformation follows from the coherence of the structure maps (3.19).
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The special case of (3.22)) with F = hgflp, Y; € Perfg, proves that the functor At is fully faithful.

top ~ 1 top top
Moreover, we have hleSYg ~ hy1 X hY2 .

Equivalently, we can formulate an enriched co-Yoneda Lemma as a Cond-natural isomorphism

Yi€Perfg .
f Homg(Y, Y1) ® F(Y1) > F(Y)
induced by the morphisms
Homg (Y, Y1) ® F(Y1) - F(Y),

which are adjoints to the structure maps Fyy,. Here [ YiePerts Hom (Y, Y1)®F (Y1) is the enriched
coend: the coequalizer given by the diagram

[y, cperts Homg (Y, Y1) ® F(Y1) Z— Iy, vyeperts Homg (Y, Y1) ® Homg(Y1,Y2) ® F(Y2),
where the parallel arrows are induced by the composition and the evaluation maps
Homg(Y,Y1) ® Homg(Y1,Y2) » Homg (Y, Y2), Homg(Y1,Y2) ® F(Ya) - F(Y1).

3.1.6. Monoidal structures. Let S € Perfs and let C = Cond. We will use the same notation for
tensor products and internal Hom’s of Cond-presheaves on the category Perfg as in Section [2.2.2

and Section 2.2.3]

(e) Tensor product. The tensor products of presheaves are defined objectwise and the structure
maps are modified in a canonical way.

(o) Internal Hom. For two Cond-presheaves F,G, we set
Homgeon (F,G) :={Y = Homsmp(h?p ®F,G)}

(e [ Hom(Hom(Y1.Y) @ F(¥1).9(Y)}.

This is a Cond-presheaf (with values in Cond).

(o) Adjunction. We have the usual tensor-hom adjunction:

Lemma 3.23. Let Fi,Fo, F3 € PSh(S). We have functorial isomorphisms in Cond and PSh(S),
respectively:

HOHlSmp (.7:1 ® .7:2, .7:3) ~ HOmStop (.7:1, HomstOp(fQ, .7:3)),
Homgtop (.7:1 ® .7:2,.7:3) ~ Homgtop (.7’-177'[0m5top (.7:2,.7:3))

Proof. For the first isomorphism, the computation is standard: We have the following sequence of
functorial isomorphisms in Cond

Homstop (fl,HOmStop (f27 ]—-3))
= [ Hom(F(¥), Hom(Homg(Y1,Y) ® Fo(¥), F3(¥1)))
elFerlg

Yi€ePerfg
“ J oo fo oy Hom(F(Y), Hom(Homg (V1. Y) @ Fa(11). F3(11))
S Loy Hom(FI(Y) @ Homg (V1,Y) @ Fa(11). F3(11))

~ H Y)oH Y1,V Y; Y;
LlePerfs [S’EPerfsﬂ(Fl( )®ﬂs( b )®f2( 1)’f3( 1))

Y ePerfg
* fyleperfs Hom(( | F1(Y) ® Homg (V1,Y)) ® Fa (Y1), Fs(V1))

gf Hom(F (Y1) ® Fa(Y1), F5(Y1))
Yi€ePerfg
~ Homsmp(}—l ®f23f3)'
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Here, the second and the fifth isomorphisms hold because internal Hom in Cond commutes with
limits and colimits in the second and the first variable, respectively; the third one — by adjunction
in Cond; the fourth one — by the Fubini theorem for ends; the sixth one — by co-Yoneda Lemma.

For the second isomorphism of the lemma, evaluating on Y € Perfg, it suffices to show that we
have a natural isomorphism in Cond

I—Ioimstop(hgfp ®*7:1 ®]:2a*7:3) :I—Ioim‘stop(hgfp ®‘7:1aH0mSWP(*7:2a*7:3))'

But this follows from the first isomorphism of the lemma. O

() Generators. The above implies the following:

Lemma 3.24. The category of Cond-presheaves PSh(S) is generated by the family {hy> @ W;},i €
1, Y € Perfg, where {W;},i €1 is a family of generators of Cond.

Proof. We follow the argument in the proof of [I7, Th. 4.2]. Let aj,as : F - G be two maps
in PSh(S) such that a; # as. We want to show that there is i € I, Y € Perfg, and a map
CE hgfp ® W; — F such that a8 # asf5.

Since oy # ag, there exists Y € Perfg such that aqy # agyy : F(Y) - G(Y) in Cond. We fix
such a Y. Since {W;},i € I, are generators of Cond, there exists a map §: W; - F(Y) such that
a1y B # gy B. But, for any non-zero presheaf F € PSh(S), we have natural isomorphisms

Homgeon (RyP ® Wy, F) = Hom(W;, Homgiop (A7, F)) = Hom(W;, F(Y));

the second one by the enriched Yoneda Lemma. Hence we can find a unique map 3 : hgfp oW, - F
corresponding to 3. Now al’yﬁ # OégﬁyB implies that a8 # asf, as wanted. O

Remark 3.25. (1) Everything in Section [3.1outside of the definition of rigid sheaves works as well
with the category Perfs replaced by the category sPerfo of strictly totally disconnected affinoids
S € Perf. We note that we do have an analog of Lemma @ by restricted the sheaves 7,F to the
category sPerfq.

(2) It is possible to define a notion of a topologically enriched sheaf as a finite-products pre-
serving enriched functor. Such objects form a full reflective subcategory of topologically enriched
presheaves in the sense of [5], [23] (the key point being that the naive sheafification of a topolog-
ically enriched presheaf is canonically enriched). In fact in the first draft of this paper we have
worked in this setting only later realizing that this does not add anything (besides extra layer of
complexity) to the applications we had in mind. It might be however useful in the future.

(3) We will call presheaves from PSh(Spa(C),gp o) Topological Vector Spaces (TVS for short).
We will also use this term for the derived category of TVS’s (see below) and sometimes, abusively,
for the analogous categories with values in condensed Abelian groups, etc.

3.2. Derived version. We study here the oo-derived category of topologically enriched sheaves,
show that it admits a canonical Cond-enrichment, and compare it with the category of Cond-
enriched presheaves with values in corresponding co-derived Cond-categories.

3.2.1. Derived categories of topologically enriched presheaves. We start with the derived categories
of topologically enriched presheaves:

(3.26) PSh(S, CondAb)g, PSh(S, Solid)o,
PSh(5,Q )o, PSh(5,Q _)o.

These are Grothendieck abelian with compact, projective generators. Hence we have K-injective
as well as K-flat resolutions. This yields derived (internal) Hom’s, derived tensor products, and
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the (internal) tensor-hom adjunctions in the corresponding derived co-categories
D(S,CondAb), D(S,Solid),
D(5,Q). D(5Q,.)

These categories are defined by taking derived oo-categories of the corresponding (-)o categories
from and then canonically enriching them via the global sections of the derived internal
Hom’s. The enriched tensor-hom adjunctions are inherited from the internal ones.

We have the following result concerning the relationship between constant sheaves and monoidal
structures:

Lemma 3.27. The enriched analog of Lemma [2.27 holds.

Proof. Claim (1) of Lemma has the same proof in this setting. For the second claim, we use
the enriched end description

a ~ a
Hom g, (W F) > Homg g, (W ®q,s Q. F) = [ Homg, (W &q,. Qu(V).F(¥))

~ H F(Y))=H 7‘/
Jrespas, Homa, (W, F(¥)) = Home, (W, |

Here, we wrote [y pe.¢, F(Y) for the equalizer

F(Y)) = Homg, (W, F(S)).

esPerfg

HYEsPerfs f(Y) e HY,YlesPerfS m(ms(ylvy)’f(yl))

and the first isomorphism follows from the first claim of the lemma.
The third claim of the lemma. is the same as the second one and the fourth one follows from the
third one. O

3.2.2. Condensed vs solid topologically enriched sheaves. The following result is an enriched version
of Proposition [2:29

Proposition 3.28. (1) The forgetful functor
(3.29) PSh(S,Solid) - PSh(S, CondAb)

is (topologically) fully faithful. The essential image is stable under all limits, colimits,
and extensions. Moreover, the inclusion (3.29) admits a (topological) left adjoint, the
solidification functor,

(3.30) PSh(S, CondAb) — PSh(S, Solid) :  F ~ F°,

which preserves all colimits and is symmetric monoidal. We have analogous claims for the
forgetful functor PSh(S,Q, o) — PSh(S™P,Q,).
(2) The forgetful functor

(3.31) D(S,Solid) - D(.S, CondAb)
is (topologically) fully faithful. It preserves all limits and colimits.
(3) The functor (3.31) admits a left adjoint
F v F' : D(S,CondAb) — D(S, Solid),

which is the (topological) left derived functor of the solidification functor (=)7. It is
symmetric monoidal. We have analogous claims for the forgetful functor Q(S,gp E]) -

D(5.Q,).
(4) For Fi,Fs € D(S,S0lid), the natural map

RHomg (Fi, Fz) - RHomgeon (Fi, Fa)

s a quasi-isomorphism. We have an analogous claim for the Q -sheaves.
—=p



24 PIERRE COLMEZ AND WIESLAWA NIZIOL

Proof. The proof of Proposition :2.29 goes through almost verbatim (we just need to replace h?,
ol

with h}°P) since we have Lemma (for the second claim). O

4. FULLY-FAITHFULNESS RESULTS

Topological Vector Spaces are closely related to Vector Spaces as well as perfect complexes on
the Fargues-Fontaine curve. In this section we prove two relevant fully-faithfulness results.

4.1. Vector Spaces and Topological Vector Spaces. The algebraic pro-étale and the topo-
logical presheaves are closely related assuming that we enrich the latter. Let S € sPerfe.

Theorem 4.1. (Enriched fully-faithfulness) Let F € DP(Sproct, Ab) be such that R, F € D°(S, CondAb),
and let G € D*(Sproet, Ab). The canonical morphism in D(S, CondAb)

(4.2) Rm.RHomgs(F,G) - RHomgrop (R F, R, G)

s a quasi-isomorphism. We have analogous claims for Qp—sheaves.

Remark 4.3. The map (4.2) is constructed in the usual way: By adjointness, it suffices to construct
a map
Rm.RHoms(F,G) ®" Rm, F - R, G.

For this, we will use the composition
Rr,RHoms(F,G) ®" Rr, F - R, (RHomg(F,G) @ F) - Rm.G,
where the second arrow is R, applied to the canonical map
RHoms(F,G)®" F > G

and the first arrow is the relative cup product defined in the following way. For G, G € D(Sprost, Ab),
the relative cup product map in D(S,CondAb)

R7.G; ®" Rm.Gy — R, (G1 ®" Go)
is induced by the functorial maps in D(Ab), for Y € sPerfg, profinite set T
(4.4) R prost (Y x T, G1) ®" RT prost (Y x T, Ga) = R proet (Y x T, G1 @ Go).

These maps are compatible with the enriched structure maps as the latter are just induced by the
identity maps (see the proof of Lemma [3.16]).

4.1.1. Proof of Theorem[].1l We start with a reduction. For F: we may assume that F is repre-
sented by a bounded complex, then we can take an injective resolution and truncate it to replace F
with a bounded complex F’ such that Rr,F’ ~ 7, F’, and, finally, do dévissage. For G: we replace
G by a bounded below complex of injectives, then by a limit argument and a dévissage pass to a
single injective. We end up with needing to show that

Rr.RHoms(F,G) > RHomgior (1. F, 7.G)
for F,G € Sh(Spross, Ab) and G injective.

Step 1. Passage to presheaves. We will factor the functor m, in the following way:
psh

T+ Sh(Sproet, Ab)——Sh(554, Ab)—>PSh(sPerfg, Ab)——PSh(S, CondAb),.

proéts

Here, the site S]S)td is the category sPerfg equipped with the pro-étale topology. The functor e,

roét

is an equivalence of categories. The functor 7P involves sheafification in the T—directio it is

10This amounts to forcing the additivity property for presheaves on extremally totally disconnected profinite
sets and it is easy to see that this sheafification process preserves enrichment.
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exact. It is well-defined because, for Y € sPerfg and a profinite set T', the affinoid perfectoid Y x T
is strictly totally disconnected. For F,G € Sh(Sprost, Ab), we have

Re.RHoms(F,G) > RHoms (R F,Ri.G).
This follows from the adjunction
Re.RHoms(t*Re,F,G) > RHoms(Ri. F,Re.G)
and the fact that t*Re,F ~ F. If moreover G is injective, since ¥, F ~ F, similar adjunction yields

Re,RHoms(F,G) > RHoms(1.F,1:G).

Step 2. Enriched presheaves fully-faithfulness. Hence it suffices to show that the natural map
RaP*" RHoms(F,G) > RHomgeon (72 F, 72"G)
is a quasi-isomorphism for F,G € PSh(sPerfg, Ab), with G an injective sheaf. Or that:
(4.5) ™" Homg(F,G) > Homgres (1P F, 7251 G),
RiHomgeos (722 F, 7P"G) =0, i > 0.

We write F = colim; Z[hz,], for Z; € sPerfg. The presheaves Z[hz,] are projective. To prove the
first isomorphism above, since the functor 72" commutes with limits, it suffices to show that, for
Z € sPerfg, we have

WEShHomS(Z[hZ], G) > Homgmp(Z[htZOp]ﬂrfShg).
Evaluating both sides on (Y, T'), we see that we need to show that
Homg(Z[hz] ® Z[hy«r],G) = Homgton (Z[ 1] ® Z[hP] ® Z[T], 72"G).
Or, rewriting, that
Homg(Z[hzxsy]® Z[hr],G) > Homgeor (Z[A5E 1 ] ® Z[T], 72°"G).
We note that the above map is induced by the canonical isomorphism Z[hgfp BT e "Z[hyxsz]
and the morphism Z[T] - 7¥*"Z[hr], which factor through the canonical isomorphism Z[A}P] 5
7P Z[hr] (and corresponds to the identity in Hom(T,T)).

Writing Z[hzxgy | = colim; Z[hz,], for Z; € sPerfg, we reduce to showing that, for Z e sPerfg,
we have

(4.6) Homg (Z[hz] ® Z[hr],G) = Homgeer (Z[h5"] ® Z[T], 72*"G)
But, by the classical and enriched Yoneda Lemmas, respectively, we have
Homg(Z[hz]® Z[h7],G) ~ Homs(Z[hzx],G) = G(Z x T'),
Homgeen (Z[A5®] ® Z[T1, 72G) = Hom .oy (Z[hSP], 72G) (T) = wP"G(2)(T) = G(Z  T).

This yields the isomorphism (4.6]).
To finish the proof of our theorem we need to show that

RHomgeop (7P F, 7P G)
is concentrated in degree 0. Or that so are its values on Y:
RHom g, (72" F @ Z[h}P], 721 G).

For that, writing F = colim; Z[hz, ], for Z; € sPerfg, and then each Z[hz,«xy] as a colimit of
Z[hz], for Z € sPerfg, we compute in D(CondAb):

RHom g0, (72" F @ Z[h{], 7.G) = RlimRHomStop(Z[htZOpXSY] Phg)

~ R lim RHom o, (Z[ R P], 7P"G) = Rhmw‘”’hg(Z)
7 J
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Here the last quasi-isomorphism follows from the enriched Yoneda Lemma. Evaluating now the
above on extremally disconnected T, we get

Rlim *"G(Z;)(T) ~ RlimG(Z; x T) ~ Rlim RHomg(Z[hz,«7], G)
J J J
~ RHomg (colim; Z[hz,x7],G) ~ Homg(colim; Z[hz,xT],G).

Here we used that G is injective. Since, clearly, Homg(colim; Z[hz,xr],G) is concentrated in degree
0, we are done.
The arguments for Q,-sheaves are analogous using the fact that ﬁfShgp[hy]pSh ~ gp[hgfp]mh.

4.1.2. Applications of Theorem[{.1 We list now two applications of Theorem

Corollary 4.7. Let F,G ¢ {Ga,gp}. Then we have a natural quasi-isomorphism

Rm.RHoms,q,(F,G) > RHomgwer q, (F,G).
Proof. This follows immediately from Theorem [I.] because both F and G are m.-acyclic. g

Let K be a complete discrete valuation field of mixed characteristic (0, p) and a perfect residue
field. Let X be a smooth partially proper rigid analytic variety over K. Let Rilﬁ; s (X0 Qp),
* € {@,c}, be the Vector Space representing pro-étale cohomology:

S Rrproét,x—(XS7 Qp)
Corollary 4.8. We have a natural quasi-isomorphism

R RHoms q,(RLE ., (Xo,Qp), Qp) = RHomguws q, (RT.REE . (Xo,Qp(r)), Q).

. . . . . al
Proof. Since the geometrized p-adic comparison theorems (see [I1], [1]) imply that Rm.R7S . (Xc, Qp(r))
has a finite amplitude, this follows from Theorem O

Remark 4.9. (1) Theorem stays valid (with the same proof) if we take S € Perfc, F — a
bounded complex of sheaves, and replace Rm,F with m,F.

(2) Corollary is the reason why we work with strictly totally disconnected spaces in the def-
inition of TVS’s: we need vanishing of pro-étale cohomology of G, and gp in nontrivial degree

(3) We note however that we can not go "higher", that is, we can not replace strictly totally
disconnected spaces Y with w-contractible spaces. This is because in the proof of Theorem
we need that Y remains strictly totally disconnected after base change to 7" and an analogous
permanence property does not hold for w-contractible Y.

4.2. Perfect complexes on the Fargues-Fontaine curve and Topological Vector Spaces.
Here we will prove a fully-faithfulness result between perfect complexes on the Fargues-Fontaine
curve and Topological Vector Spaces. Via Theorem we will reduce it to an analogous result for
Vector Spaces (proved by Anschiitz-Le Bras in [3]).

4.2.1. Quasi-coherent sheaves on the Fargues-Fontaine curve. Recall the definition of the relative
Fargues-Fontaine curve (see [27), Lecture 12]). Let S = Spa(R, R") be an affinoid perfectoid space
over the finite field F,,. Let

Yrp,s := Spa(W(R"), W(R")) ~ V(p[p'])

be the relative mixed characteristic punctured unit disc. It is an analytic adic space over Q,. The
Frobenius on R* induces the Witt vector Frobenius and hence a Frobenius ¢ on Ypp s with free
and totally discontinuous action. The Fargues-Fontaine curve relative to S (and Q) is defined as

Xpr.s = Yer s/p”.

Hgince the pro-étale cohomology of G, vanishes in degrees > 1 on any perfectoid affinoid and the pro-étale
cohomology of gp vanishes on sympathetic perfectoids, we could have also used here sympathetic spaces.
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For an interval I = [s,r] c (0, 00) with rational endpoints, we have the open subset
Yer,s,ri={] | Ipl" < [[p']l <[p*} < Yer,s.
It is a rational open subset of Spa(W (R*), W(R*)) hence an affinoid space,
Yer,s,1 = Spa(Bs,1,Bg 1)

One can form Xgp g as the quotient of Ypp g[1,,) via the identification ¢ : Yrp g [1,1] 5 YFr,s,[p.p]-

Let Y be an analytic adic space over Q,. We denote by QCoh(Y") the co-category of (solid)
quasi-coherent sheaves on Y, and by Nuc(Y') the full co-subcategory of solid nuclear sheaves on Y.
For Y = Spa(R, R*) over Q,, we have QCoh(Y) ~ D(RY'), where we wrote RY" for the analytic
ring (R, R")n. See |2] for more properties of the category QCoh(Y").

4.2.2. Topological projection functor. For S € sPerfs, we have the functor
(410) RF* : QCOh(XFF,Sb) - D(Su QP,D)>
FrA{(fy:Y > 8) > RI'(Xpr,y»,Lfy F)}.

Note that, clearly, we have RI'(Xppy:,LfyF) € D(Qp(Y)n). We claim that formula (4.10)
actually defines a solid enriched presheaf.

Lemma 4.11. The functor RT. factors canonically via the co-derived category D(S,Qp,0)o. That
is, we have a functor

(4.12) R7, : QCoh(Xpr,s+) = D(S,Qp,a)o

that fits into a commutative diagram

R
QCOh(XFRSb) —D(S, Qp,D)O

R7.
l()cl

D(Sa Qp,D)

Remark 4.13. (1) The natural definition of the functor R, should proceed along the following
lines. We take the formula from (4.10). We need to explain why this formula can be upgraded to
define an enriched presheaf. That is, we need to define structure maps

(4.14) Fyr: RO(Xpp (vury; Lfy«rF) = RHomg (Qp[T]7, RT(Xpr v, Ly F)),

for Y e sPerfg and a profinite set 7. That this can be done follows (working on the Ygp-curve and
then taking o-eigenspaces) from the fact that, for a stably uniform analytic adic space Spa(R, R*)
over C' and any M € D(RY"), we have

(4.15) RHompen (7o, M ®han RY0) = RHom pon (R, C(T, R) ®pan M)
—% ,RHom Ran, (R7)n, RHom g (R [T],M)) ~ RHom Rran (RE' [T],M)
~ RHom 0 (Q, 71" ®g, , RY', M),

where we wrote (Rr, R}.) for the cordinate Huber pair of the product Spa(R,R*) x T.
However this approach would require us to work in the context of enriched oco-presheaves and
since we would like to avoid this we present a more down to earth definition in the proof below.
(2) If F is nuclear, by [2, Prop. 5.35], the map § above is a quasi-isomorphism hence so are the

structure maps (4.14]).
Proof. (Proof of Lemma [4.11)) We start with defining the functors

(4.16) R77,4 : QCoh(Yrr,s,1) = D(S, Qp,0)o,
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for intervals I c (0,00) with rational endpoints. For F € QCoh(Ys» 1), we take a K-projective
resolution P(F) > F such that all terms of P(F) are direct sums of projective generators from
the set {B&; ; o[T']}, where the T"s are extremally disconnected profinite sets. We note that these
resolutions are K-flat with flat terms. We define the presheaf

(4.17) R7r«(F) ={(f:Y = S) = T(Yrryi,1, f*P(F))}.

Its value on Y — S is in complexes of QP(Y)D—modules.

We claim that the complex of presheaves is naturally enriched. Indeed, for that we can
just use a nonderived version of (we set here RE' = (R,R")p = BYi | 5 to simplify the
notation): for any M € R2", we have the enriching structure maps

4
(4.18) MYyp: M &gy R = C(T,R) ®psn M——Hom .. (RY'[T], M)
~ Hom o (Qp[T]” ®q, , RE', M).

These maps are clearly functorial in M and f giving us what we want. That is, we have defined

the functor .

Set now I =[1,p],I' = [1,1]. Let F € QCoh(Xpr s») and identify it functorially with a pair
(Fr,¢7), where pr : ¢*Fr ~ j*Fy is a quasi-isomorphism. Here j : Ypp v ;v < Ypp gv 1 is the
canonical open immersion and

©: Yep,se [(1.1] = YPR.80 [1/p1]—— YFF.50 (1]

is the canonical open immersion followed by Frobenius. Set Fj/ := j*F; and consider the induced
maps

3 R1 W (Fr) » Rrp o (Fr), " :Rrp o (Fr) = Rrp o (Frr).
They are easily seen to be in D(S,Q,,0)o. Hence we get an object in D(S,Qp.0)o
(4.19) Rro(F) = [Rr1,« (F1) =5 Ry o (F1r)]
yielding a functor wanted in the lemma. Also, we clearly have a natural transformation
Rr ()" = R7 (),
as wanted. n
4.2.3. Topological vs algebraic projection functors. Let S € sPerfo. Consider the morphism of sites
7" (X¥F,80 ) prost = Sprost-
induced by sending Y € sPerfg to Xrp y+. It yields the pushforward functor
(420)  Rel:QCoh(Xpp.s) = D(Sprost: Qp)s  F = {Y > RE(Xepys, LFFF)|f Y = ).

Here the cohomology is seen in the derived oo-category D(Q,(Y)) of Q,(Y)-modules. Rr,(F) is
a sheaf: use the pro-étale descent for period sheaves.
We will need the following fact:

Lemma 4.21. The following diagram commutes

Rr,
Nuc(XFF’S») —_— D(Sproét7 Qp)
R l
R,

Q(S, Qp)O-
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Proof. We have the functors from QCoh(Xpp s¢) to D(S,Q,) given by sending F € QCoh(Xpr, sv)
to the topological presheaves:

(RmRr)F : {(Y,T) = RE(Xpp,(varys, Ly )},
R7.F:{(Y,T) » RHomq, (Qp[T], RI'(Xrr v+, Lfy 7))}
Moreover, we have a natural transformation
(4.22) (Rm,R7.)" - R7,

given by analytic descent from the structure morphisms F §,7T described in . By Remark
they are quasi-isomorphisms when restricted to Nuc(Xpr,s»).

Both sides of are enriched and it suffices now to show that the natural transformation
(4.22)) preserves this enrichment. That is, that it lifts to a natural transformation

Rm.R7. —» R,
For that we can pass via the mapping fiber (4.19) and its algebraic analog to showing that the

natural transformation

(R?T*RT}’*)CI - R77 ..
is strictly compatible with enrichment on the level of a projective module M € RY* = (Ry, Ry ).
(We use the notation from (£.18).) After unwiding the definitions, this boils down to the fact that
we have the identifications

C(T’,RYXT) ~ C(T,,C(T, Ry)) ~ C(T’ X T, Ry)

and, via them, we have
Oy, 10y %, 1 = Oy, 1T -
U

4.2.4. Topological fully-faithfulness for perfect complexes. Let S € sPerfc. For Fi, Fy € QCoh(Xpr,st),
we have a natural map in D(S,Q,0):

(4.23) RT.RHOMQCoh(Xpp o) (F1, F2) = RHomg o (RT.F1, RT.Fa),
which is constructed in the usual way: By adjointness, it suffices to construct a map
R RHOMQGoh (Xyp o) (F1, F2) ®G, RTeFi > RT.Fo.
For this, we use the composition
RT*RIHomQCoh(XFFYSb)(fh .7:2) ®Iéi‘7 Rr.F — RT*(RHOT”QCoh(XFF,S») (.7:1, fg) ®é fl) - Rr. Fa,
where the second arrow is Rr, applied to the canonical map
RﬂomQCoh(XFF)Sb)(J:lvj:Z) ®% Fi1 - F

and the first arrow is the relative cup product defined in the following way. For G1, G2 € QCoh(Xrr sv),
the relative cup product map in D(S, Qp0)

(4.24) R7.G1 8§ R7.G2 = R7.(G1 ®¢ Go)
is induced by the functorial maps in D(S, Q, o):
R71,.G1 ®G. R71.Gs > R71,.(G1 ® G2),
where Ry . is the functor from (4.16). And the latter comes from the identifications
+G1®0 fyGa = fy(G1 ®0 G2)

on the level of K-projective resolutions of the type considered in the proof of Lemma .11}
The following result is a topological version of |3 Cor. 3.10], which proved fully-faithfulness for
R7! and follows fromTheorem
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Corollary 4.25. Let S € sPerfc. The functor
R7, : Perf(Xwr o) = D(S,Qpo)
is fully faithful. That is, for F1,Fs € Perf(Xpp sv), the natural map in D(Q,(S)o)
RHomqcon(x,p o) (Fi, F2) » RHomg o (R7.F1, R7. F)
is a quasi-isomorphism.
Proof. We may pass to the condensed setting, that is, we want to show that the natural map in
Q(MOdg;(dS))
(4.26) RHomQCoh(XFF,Sb)(fh}—?) - RHomgeop o (R7: 71, R7F2)

is a quasi-isomorphism. Let Fj, F3 € Perf(Xpr ). The map (4.26)) is constructed by taking global
sections of the map (4.23)) (we note that RHomqcon(x,, o) (F1, F2) € Perf(Xrr sv)):

RT*RHomQCoh(XFF,S,,)(-7'-17-72) - RHomgeor q, (RT. F1, RT. F2).
It suffices thus to show that this map is a quasi-isomorphism. Consider its factorization:
R RTRHOMQCon(Xypp o) (F15 F2) = R RHoms q, (RT.F1, RT F2)
- RHomgeor q, (RT.F1, RT. F2).
The first morphism is a quasi-isomorphism by [3, Cor. 3.10]. It remains to show that the map
(4.27) Rm,RHoms,q, (R7, F1,R7, F2) - RHomgos q, (RT:F1,R7. F2)

is a quasi-isomorphism.

By [3, Prop. 2.6], both F; and F; are strictly perfect. Hence, by dévissage, we may assume that
they are both vector bundles on Xpr s». We can in fact assume that both are line bundles: If £ is
a vector bundle on Xgp g, up to étale localization on S (which we are allowed to do), applying [13]
Prop. I1.3.1] to a twist of £ and using [I3, Cor. 11.2.20]), we may assume that & € {L ®Iép O(s)},
for a pro-étale Qp-local system £ on S* and s € Z. By [19, Prop. 8.4.7|, we may assume that £
admits a Z,-lattice hence, by the assumption on S, is trivial.

Thus we have € € {O(s)}, s € Z. Then we can reduce to £ € {O,O(1)} by using twists of the
Euler sequence

0-0-0(1)*->0(2) -0
and then, by using the exact sequence
0> 0> 0(1) > iw,«Rs — 0,

we may assume that £ € {O, o0« Rs}.
We claim that
R7(0) ~Q,, R7i(ic «Rs)=G,.
Indeed, the second quasi-isomorphism is clear. The first one follows from [I3, Prop. I11.2.5 (ii)],
which yields that R7,(O) ~ R prost (Y x T, Q) and the fact that R prose (Y X T, Q) = QP(Y xT).
It suffices now to invoke Corollary [I.7] to finish the proof of our corollary. O

Example 4.28. Recall that, by [13] Prop. 11.2.5], we have the following quasi-isomorphisms in
QCOh(XFF,Sb):

(0,0)~0,
RHomQCoh(XFF'Sb)(OvZ‘Ny*RS) = ioo,*RSa

RH omQCOh(X

FF,sb)

RHOmMQeoh (X o) (Too,x s oo 5 [g) 2 oo 5 [os @ oo« R [~1],
RHomQeon(Xpp o) (Too,x 25, O) % oo » Rg(-1)[-1].
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Via Corollary [4.25] this can be transferred to the following quasi-isomorphisms in D(S,Q,,0):

11
2
13
4
/5
6
17
I8
[o
[10]
[11]
12]
13]

[14]
[15]

[16]
[17]
18]

[19]
[20]

21]
[22]

23]
[24]

[25]
[26]
[27]
(28]
[29]
(30]

RHomg’QP(Qp, Q) < Qp: RHomqup(Qp,Ga) < Gy,
RHomg q (Ga;Ga) = Ga ® Gu[-1], RHomgq (Ga,Qp) = Ga(-1)[-1].
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