
The Grothendieck-Teichmüller group ĜT acts on the genus g
mapping class group with 0 or 1 marked point

PIERRE LOCHAK, HIROAKI NAKAMURA, AND LEILA SCHNEPS

Abstract. The goal of this article is to prove that the Grothendieck-Teichmüller group ĜT acts on

Γ̂g,0 and Γ̂g,1, the (full) profinite genus g mapping class group with 0 or 1 marked point, for every g > 0.
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1. Main Theorem

Consider the simple loops on a topological surface Σng,m of genus g with n marked points and m
boundary components shown in the following diagram:

Figure 1. Simple loops on Σng,m (r = m + n) whose Dehn twists generate the pure
mapping class group

For simplicity, we call simple loops (simple closed curves) on a surface just loops. In principle, we will
use Greek letters for loops and Roman letters for the Dehn twists along them. Let m = 0. Wajnryb
[W] and Gervais [G] gave a finite presentation of the pure mapping class group Γg,n, generated by the
Dehn twists ai along αi for i = 1, . . . , 2g, d along δ, and gi along γi for i = 1, . . . , n − 1. In this article
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we mainly restrict our attention to the case n = 1, where the loops γ1, . . . , γn−1 are absent; we give the
complete finite presentation in this case in Theorem 3.1 below.

We denote the profinite completion of Γg,1 by Γ̂g,1; it is topologically presented by the same generators

and relations as the discrete version. It is well-known that the Grothendieck-Teichmüller group ĜT acts

on the genus zero pure mapping class group Γ̂0,n for n ≥ 4, and the action obeys a “lego” rule suggested
by Grothendieck in [Gr]. The lego rule is not special to genus 0; it is spelled out explicitly in [HLS] for

surfaces of all types (g, n). However, it was shown in [HLS] and [NS] that in order for elements of ĜT

to act as automorphisms of Γ̂g,n respecting the lego rules, a new condition (first introduced in [LNS])

must be added to the three defining conditions of ĜT . It is unclear, however, whether the additional

condition actually defines a proper subgroup of ĜT , and it is also not known whether the full group ĜT

is an automorphism of Γ̂g,n in some manner not necessarily subject to the lego rules. Apart from these

works proving that a certain (possibly full) subgroup of ĜT could be identified with the automorphism

group of Γ̂g,n respecting the lego, it was not known whether and how ĜT could be identified with an

automorphism group of Γ̂g,n, except in the particular cases of Γ̂1,1 and Γ̂1,2, whose close similarities with
the genus zero groups Γ0,[4] (the full genus zero mapping class group) and Γ0,5 made it possible to show

that ĜT did act on these groups, albeit without necessarily respecting the lego (in the absence of the

additional relation) for Γ̂1,2.

The main result of this paper states that in fact, ĜT is an automorphism group of the profinite mapping

class groups Γ̂g,0 and Γ̂g,1 for all g ≥ 1. According to the finite presentations given by Wajnryb [W], the

groups Γ̂g,1 and Γ̂g,0 have the same generators d, a1, . . . , a2g, Dehn twists along the corresponding simple

loops δ, α1, . . . , α2g shown in Figure 1, and the presentation of Γ̂g,0 is the same as that of Γ̂g,1 with a

single additional relation. We recall the presentation of Γ̂g,1 in Theorem 3.1, and the additional defining

relation of Γ̂g,0 is recalled in Theorem 7.2.

Theorem 1.1. Let F = (λ, f) ∈ ĜT . The following action of F given on the generators d, a1, . . . , a2g of

either one of the profinite groups Γ̂g,0 or Γ̂g,1 extends to an automorphism of that group:
F (a1) = aλ1
F (d) = dλ

F (ai) = f(a2
i , yi)a

λ
i f(yi, a

2
i ) for 2 ≤ i ≤ 2g,

(1.1)

where yi = ai−1 · · · a2
1 · · · ai−1 for 2 ≤ i ≤ 2g.

In the next section we recall some background material, essentially the presentation of the mapping
class group Γg,1 by generators d, a1, . . . , a2g with Wajnryb’s relations labeled (A), (B), (C) and (C′) in

Theorem 3.1, together with the ĜT automorphism action on these groups given by Drinfeld ([D]). In

Sections 3 and 4 we prove the main theorem in the case of Γ̂2,1, which only requires the action of F ∈ ĜT
proposed in Theorem 1.1 to respect the relations (A) and (B). In Section 5 we settle the case of Γ̂3,1 by

showing that the purported ĜT -action respects relation (C), and prepare the ground for the general case
g ≥ 4, which is finally dealt with in Section 6 by verifying that relation (C′) is also respected. Finally,

Section 7 contains the proof of the main theorem for the group Γ̂g,0, by showing that the ĜT -action
respects the one additional relation (D) needed to pass from 1 to 0 marked points. Section 8 contains
some perspectives for future work. The authors note that a large part of the calculations and proofs
below stem from our unpublished discussions which led to the short paper [LNS] in 1997.

2. Some background material in genus zero

We recall here some known facts about the ĜT -action on the full profinite Artin braid group B̂n on n
strands. We first have the original result due to Drinfeld (in [D]).

Theorem 2.1. Let F = (λ, f) ∈ ĜT . Then F induces an automorphism of the profinite Artin braid

group B̂n for all n ≥ 3 via the formulas

F (σ1) = σλ1 , F (σi) = f(σ2
i , ηi)σ

λ
i f(ηi, σ

2
i ) for 2 ≤ i ≤ n− 1. (2.1)

This action also satisfies

F (ηi) = ηλi , F (ωi) = ωλi for i = 2, . . . , n
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where ηi = σi−1 · · ·σ1 · σ1 · · ·σi−1 and ωi = (σ1 · · ·σi−1)i.

Definition 2.2. A bracketing on n points consists of k pairs of brackets with 1 ≤ k ≤ n − 2 in which
no pair of brackets contains all the points, and if a pair of brackets contains one bracket from another
pair, then it contains both brackets from that pair (see examples below). A maximal bracketing consists
of n − 2 pairs of brackets. An A-move on a bracketing consists in replacing a configuration of brackets
(X1, X2), X3 by the configuration X1, (X2, X3) or vice versa, where Xi denotes either a single point or a
set of consecutive points included in a bracket (which itself may contain other, smaller brackets).

Examples 2.2.1. Here are two examples of bracketings of x1, . . . , x6: ((x1, x2), (x3, x4)), (x5, x6) and
(x1, x2), (x3, x4), (x5, x6). A maximal bracketing of 6 points contains n − 2 = 4 pairs of brackets, so we
could take for example

(((x1, x2), (x3, x4)), x5), x6 or ((x1, x2), (x3, x4)), (x5, x6).

These two maximal bracketings differ by one A-move. The maximal bracketings:

(((x1, x2), (x3, x4)), x5), x6 and (((x1, x2), x3), x4), (x5, x6)

differ by two commuting A-moves.

Theorem 2.3. Let n ≥ 3. Let F ∈ ĜT and let F denote the outer automorphism of B̂n induced by the
automorphism F acting as in (2.1). Then

(i) for each maximal bracketing B of n points, there is a lift of F to an automorphism FB of B̂n
having the property that if i, · · · , j denotes a consecutive set of points enclosed within a pair of
brackets (regardless of smaller sets enclosed by brackets with the pair), then denoting by Ti,··· ,j
the full twist of the braid packet i, . . . , j, FB acts on Ti,...,j by F (Ti,...,j) = Tλi,...,j.

(ii) Let X1 = (xi, . . . , xj) and X2 = (xj+1, . . . , xk) be two consecutive packets of consecutive strands

in B̂n. Let σX1,X2 denote the flat crossing of the packet X1 to the right over the packet X2 (so that
the full twist Ti,...,k is given by Ti,...,j = σ2

X1,X2
Ti,...,jTj+1,...,k). If B is a bracketing containing

the configuration (X1, X2), then the associated automorphism of B̂n acts by

FB(σX1,X2) = σλX1,X2
. (2.2)

(iii) If two bracketings B and B′ differ by a single A-move which takes a pair of brackets containing
the consecutive set of points i, . . . , j to a pair containing the consecutive set of points i′, . . . , j′,
then the corresponding automorphisms FB and FB′ are related by

FB′ = inn f(Ti,...,j , Ti′,...,j′) ◦ FB. (2.3)

Example 2.3.1. The standard bracketing B0 consists of the pairs of brackets containing the points
1, . . . , i for 2 ≤ i ≤ n− 1.

Lemma 2.4. The Drinfeld action of F ∈ ĜT on the profinite Artin braid group B̂n given in (2.1) is the
automorphism FB0

associated to the standard bracketing B0.

Proof. In view of Theorem 2.3 (i), FB0
acts via λ on σ1 and ωi for 2 ≤ i ≤ n. To determine the action of

FB0 on the other generators σi of B̂n, we note that for each i > 1, the modification of B0 by erasing the
single pair of brackets surrounding points 1, . . . , i and replacing it by the pair of brackets surrounding
the two points i and i + 1 is an A-move. Letting Bi denote the bracketing obtained by this A-move for
i = 2, . . . , n−1, Theorem 2.3 (iii) tells us that FB0

= inn f(T1,...,i, σ
2
i )◦B0. The full twist Ti,i+1 on a pair

of consecutive strands is σ2
i , and the full twist T1,...,i is equal to ωi. In the braid group B̂n, the ωi and ηi

all commute among themselves and with each other and satisfy the identities wi−1ηi = ωi. Furthermore
wi−1 commutes with σi. So f(ωi, σ

2
i ) = f(wi−1ηi, σ

2
i ) = f(ηi, σ

2
i ) (since wi−1 commutes with both ηi

and σ2
i and f is a (profinite) commutator). Therefore the action of FB0

is exactly the action given in
(2.1). �

Finally, we have the following proposition, which is a special case of a much more general principle,
which we will need in §§5,6 below.

Theorem 2.5. Let n = 8, let X1 = (x1, x2), X2 = (x3, x4), X3 = (x5, x6) and X4 = (x7, x8), and fix a
maximal bracketing

B = ((X1, X2), X3), X4 = (((x1, x2), (x3, x4)), (x5, x6)), (x7, x8).

Set
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
τ1 = σX1,X2 = σ2σ1σ3σ2

τ2 = σX2,X3 = σ4σ3σ5σ4

τ3 = σX3,X4
= σ6σ5σ7σ6.

(2.4)

Then

(i) The subgroup 〈τ1, τ2, τ3〉 ⊂ B̂8 is isomorphic to B̂4 and the action of FB on that subgroup is the
Drinfeld action (2.1) with σi replaced by τi.

(ii) FB is related to the standard Drinfeld automorphism F = FB0
by

FB = inn
(
f(η3, σ

2
3)f(η5, σ

2
5)f(η7, σ

2
7)
)
◦ F.

Proof. (i) The packets X1 and X2 appear in B, and τ1 = σX1,X2
, so by (2.2) we have FB(τ1) = τλ1 . For

i = 2, 3, let Yi = τi · · · τ2
1 · · · τi .

Consider the maximal bracketings
B = (((x1, x2), (x3, x4)), (x5, x6)), (x7, x8)

B′ = ((x1, x2), ((x3, x4), (x5, x6))), (x7, x8)

B′′ = ((x1, x2), (x3, x4)), ((x5, x6), (x7, x8)).

(2.5)

The second one differs from the first by the single A-move changing the pair of brackets containing 1, 2, 3, 4
to the pair containing 3, 4, 5, 6, and the third one differs from the first by the single A-move changing the
pair of brackets containing 1, 2, 3, 4, 5, 6 to the pair containing 5, 6, 7, 8. Therefore by Theorem 2.3, we
have {

FB′ = inn f(T1234, T3456) ◦ FB
FB′′ = inn f(T123456, T5678) ◦ FB.

(2.6)

By Theorem 2.3 (ii), we have 
T1234 = σ2

X1,X2
σ2

1σ
2
3 = τ2

1σ
2
1σ

2
3

T3456 = σ2
X2,X3

σ2
3σ

2
5 = τ2

2σ
2
3σ

2
5

T5678 = σ2
X3,X4

σ2
5σ

2
7 = τ2

3σ
2
5σ

2
6 .

(2.7)

Since X3 and X4 appear in B′ and σX3,X4
= τ2, we have FB′(τ2) = τλ2 by (2.2). Since σ2

1 , σ2
3 and σ2

5

commute with T1234 and T3456 and Y2 = τ2
1 , we find∗

f(T1234, T3456) = f(τ2
1σ

2
1σ

2
3 , τ

2
2σ

2
3σ

2
5) = f(τ2

1 , τ
2
2 ) = f(Y2, τ

2
2 ).

Thus

FB(τ2) = f(τ2
2 , Y2)τλ2 f(Y2, τ

2
2 ).

It remains only to compute FB(τ3) using (2.7) and the second line of (2.6). For this, we make the full
twist T123456 explicit:

T123456 = σ2
X1,X2

σX2,X3σ
2
X1,X2

σX2,X3σ
2
1σ

2
3σ

2
5

(best checked by braiding). Since σ2
1 , σ2

3 and σ2
5 commute with T123456 and T5678 we have

f(T123456, T5678) = f
(
σ2
X1,X2

σX2,X3σ
2
X1,X2

σX2,X3 , σ
2
X3,X4

)
.

Because σ2
X1,X2

commutes with both arguments, we can remove the left-hand multiplication by this term

in the left argument to get f(σX2,X3
σ2
X1,X2

σX2,X3
, σ2
X3,X4

). Using τ2 = σX2,X3
and τ3 = σX3,X4

, we can
then write

f(T123456, T5678) = f(τ2τ
2
1 τ2, τ

2
3 ) = f(Y3, τ

2
3 ). (2.8)

Since σX3,X4
= τ3 and the packets (X3, X4) form part of B′′, we have FB′′(τ3) = τλ3 . Thus the second

line of (2.6) together with (2.8) tell us that

FB(τ3) = f(τ2
3 , Y3)τλ3 f(Y3, τ

2
3 ).

This concludes the proof.

(ii) This follows directly from Theorem 2.3, noting that the maximal bracketing B is derived from the
standard maximal bracketing B0 by three pairwise commutative A-moves: changing the pair of brackets

∗This standard commutation result is spelled out in (ii) of the Haiku Lemma in Section 5 below.
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surrounding 1, 2, 3 to one surrounding 3, 4, changing the pair of brackets surrounding 1, 2, 3, 4, 5 to one
surrounding 5, 6, and changing the pair of brackets surrounding 1, 2, 3, 4, 5, 6, 7 to one surrounding 7, 8:

((((((x1, x2), x3), x4), x5), x6), x7), x8 7→ (((((x1, x2), (x3, x4)), x5), x6), x7), x8

7→ ((((x1, x2), (x3, x4)), (x5, x6)), x7), x8 7→ (((x1, x2), (x3, x4)), (x5, x6)), (x7, x8).

�

3. Presentation of the pure mapping class group Γg,1

3.1. Wajnryb’s presentation of Γg,1. In this background section, we recall the Wajnryb-Gervais pre-
sentation of Γg,1 in terms of the generators shown in Figure 1 above for the case n = 1, so without any
of the Dehn twists gi along curves γi.

Theorem 3.1 (Wajnryb [W]). Let g > 1. The following is a finite presentation for the mapping class
group Γg,1. The generators are the Dehn twists a1, a2, . . . , a2g and d along the corresponding simple loops
shown in Figure 1; see also Figure 2, with d2 = d. Define

yk = ak−1ak−2 · · · a2a
2
1a2 · · · ak−1ak for k = 2, . . . , 2g + 1

tk = a2ka2k−1a2k+1a2k for k = 1, . . . , g − 1

d3 = (t−1
1 t−1

2 d2t2t1)(t−1
2 d2t2)d2a

−1
1 a−1

3 a−1
5

d′2 = y5d2y
−1
5

d′3 = y7d3y
−1
7 .

(3.1)

Then the following set of relations between the above generators gives a presentation of Γg,1:

(A) aiai+1ai = ai+1aiai+1 for i = 1, . . . , 2g − 1,

ai commutes with aj for |i− j| ≥ 2,

d2a4d = a4d2a4,

d2 commutes with aj for j 6= 4;

(B) d2d
′
2 = (a1a2a3)4;

(C) (only needed for g ≥ 3) d3a6d3 = a6d3a6;

(C′) (only needed for g ≥ 4) d′2 commutes with (t2t1t3t2)d2(t2t1t3t2)−1.

Proof. This presentation can easily be deduced from Wajnryb’s presentation in [W]. In fact, the original
relation (C) as written by Wajnryb is split here into two separate, simpler relations. This is possible
because Wajnryb only uses his (C) to prove two further relations, numbered (18) and (30) in his proof,
and we have chosen to use those two here instead of the original more complex form. His (30) is our (C),
and the relation in (18) which he proves using his (C) is our (C′). More precisely, in Wajnryb’s notation,
he states this as the commutation of e with d34; here e is our d′ and d34 is (t2t1t3t2)d(t2t1t3t2)−1. �

Figure 2. The loops δk, δ′k and ωk (where α1 = δ1 = δ′1)

Remark about notational conventions. Wajnryb [W] uses right twists along a (simple) loop γ in
the mapping class group that acts on the surface on the right: if we have twists g, g′ along loops γ, γ′
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respectively, then the twist along the loop (γ′)g is given by g−1g′g. In the following discussions, we switch
this convention (to follow most other literature) to the opposite, in which left twists along loops act on the
surface on the left, and a twist g acting on a loop γ′ gives a loop g(γ′) whose associated twist is gg′g−1.
In particular, this changes the order of multiplication (or composition) of twists: if (g1, . . . , gn) are right
twists along a sequence of loops (γ1, . . . , γn), then the composition of these twists acting by g1, . . . , gn in
that order would be written as g1 · · · gn in Wajnryb’s convention (right action), but the same action in our
convention (right twists g−1

i acting on the left in the same order) is written as g−1
n · · · g−1

1 = (g1 · · · gn)−1.
This change from right to left action and the corresponding change in the notation of composition has
the effect of ensuring that Wajnryb’s identities remain the same in both notations.

Let us give a pictorial explanation of some of the relations in Theorem 3.1. We note first that the
relations in (A) follow simply from the fact that twists along disjoint loops commute, and that the braid
relation aba = bab holds for twists a, b along any pair of loops α, β intersecting in a single point.

Next, we observe that the element wk = (a1 . . . ak−1)k, image of the center of Bk, is connected to the
twist along the boundary on the minimal subsurface of Γg,1 containing the braid loops α1, . . . , αk−1. If
k is odd, then w2

k is the twist along the loop ω(k+1)/2 in Figure 2, and if k is even, then wk is the twist
along the boundary of the surface cut out by δk/2 and δ′k/2, i.e. wk = dk/2d

′
k/2. This explains relation

(B).
Relation (C), the braid relation d3a6d3 = a6d3a6 is clear, but to include this relation in the presentation

means that d3 must be expressed in the generating set d(= d2), a1, . . . , a2g as given in (3.1). For this, we
first introduce Figure 3, which shows some definitions, loops and identities which will be useful later on.

Figure 3. The bold loop γ1,i in the middle figure is given by t−1
i (δi); its Dehn twist is

t−1
i diti. The bold loop γ2,i in the lowest figure is given by (tit

′
i−1)−1(δi); its Dehn twist

is t′−1
i−1t

−1
i ditit

′
i−1.

Definition 3.2. We associate three loops to the i-th genus hole (see Figure 3). The first is the loop δi
depicted in the top diagram in Figure 3. The second is the loop γ1,i in the middle diagram in Figure
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3, defined by γ1,i = t−1
i (δi) where ti = a2ia2i−1a2i+1a2i. Finally, the bottom loop γ2,i is given by

γ2,i = t′−1
i−1 · t

−1
i (δi), where we define t′i−1 = a2i−2di−1a2i−1a2i−2. The three loops shown in Figure 3 form

a lantern, so the product of the three associated Dehn twists t′−1
i−1t

−1
i ditit

′
i−1, t−1

i diti and di is equal to
the product of the boundary twists, given by di−1a2i−1a2i+1di+1.

Remark 3.2.1. Let us briefly explain exactly why t−1
i (δi) is the loop γ1,i. It suffices to make it clear

in the case i = 2. The diffeomorphisms t1a1a3 = (a2a1a3)2 and t2a3a5 = (a4a3a5)2 act simultaneously
on the subsurface S2 cut out by α1, α3, α5 and δ3 and on the mirror subsurface S′2 cut out by the same
first three loops and δ′3; indeed, in the case of t1, we have (t1a1a3)2 = w4 = d2d

′
2. However, restricted

to the subsurface S2, the diffeomorphisms t1a1a3 and t2a3a5 act like half-twists along the loops δ2 and
γ2. In terms of braids, the strands 1, . . . , 6 correspond to ramification points to the left and right of
the three first genus holes in the (g, 1) surface under the rotation around the horizontal axis, and the
half-twists t1a1a3 and t2a3a5 have the effect of braiding the corresponding four strands in a half-twist
(usually written a1a2a1a3a2a1 resp. a3a4a3a5a4a3, but these are equal to (a2a1a3)2 resp. (a4a3a5)2).

Let us now return to the relation given by Wajnryb to express d3 in terms of the generators d =
d2, a1, . . . , a2g:

d3 = (t−1
1 t−1

2 d2t2t1)(t−1
2 d2t2)d2a

−1
1 a−1

3 a−1
5 .

The explanation of this complex formula becomes clear in view of Definition 3.2 with i = 2. In the case
i = 2, Figure 3 shows the three loops δ2, γ1,2 = t−1

2 (δ2) and γ2,2 = t′−1
1 t−1

2 (δ2). But in fact, although

t′i 6= ti in general, it turns out that t′1 = t1 because δ1 = α1. Therefore γ2,2 = t−1
1 t−1

2 (δ2). The associated

Dehn twists to these three loops are then t−1
1 t−1

2 d2t2t1, t2d2t
−1
2 and d2, and their product is a lantern

product and therefore equal to the product of the four boundary components:

t−1
1 t−1

2 d2t2t1 · t2d2t
−1
2 · d2 = a1a3a5d3.

This explains the defining formula for d3 given in (3.1).

The same figure is useful to understand relation (C′). Here, the braid t2t1t3t2 is best understood as
the flat braid crossing strands 1, 2, 3, 4 to the right above 5, 6, 7, 8. This diffeomorphism, which only exists
in genus ≥ 4, preserves the top half of the surface. More precisely, it acts on δ2 sending it to the curve
γ2,3 (see Figure 3), which is disjoint from δ′2, so that the two associated twists commute, which is the
statement of (C′).

4. The Dehn twist d and the case of genus 2

In this section we begin the study of the action of elements F = (λ, f) ∈ ĜT on Γ̂g,1, as proposed
in Theorem 1.1, by proving that the proposed action of F respects all the relations in (A), as well as

relation (B), which suffices to prove that F ∈ ĜT gives an automorphism of the mapping class group

Γ̂2,1. We first need some technical results on homomorphisms of braid groups into Γ̂g,1, which are given
in the first subsection. Observe that Wajnryb’s presentation of Γg,1 is also a topological presentation

for the profinite completion Γ̂g,1. Since everything concerning ĜT takes place in the context of profinite
groups, we only consider the profinite completions of mapping class groups from here on.

4.1. Homomorphisms from Artin braid groups into Γ̂g,1. The first lemma concerns only the profi-

nite Artin braid group B̂2k and a particular quotient of it.

Lemma 4.1. Let k ≥ 1. For 2 ≤ i ≤ 2k, let ηi = σi−1 · · ·σ2
1 · · ·σi−1 and ωi = (σ1 · · ·σi−1)i in B̂2k.

Then for F ∈ ĜT , the automorphism of B̂2k given by (2.1) passes to the quotient B̂′2k := B̂2k/〈ω−1
2k−1η2k〉,

and in the quotient we have
F (σ2k−1) = σλ2k−1.

Proof. We will make use of the standard identities ωi = η2 · · · ηi, valid in both B̂2k and B̂′2k. The standard

automorphism F of B̂2k given in (2.1) satisfies F (ηi) = ηλi and F (ωi) = ωλi for 1 ≤ i ≤ 2k. Since all the

ηi and the ωi commute pairwise in B̂2k, the subgroup 〈ω−1
2k−1η2k〉 ⊂ B̂2k is preserved by F , and therefore

the action of F on B̂2k passes to the quotient B̂′2k. It remains to show that F (σ2k−1) = σλ2k−1 in B̂′2k.

Consider the subgroup of B̂′2k generated by η2k−1 and σ2k−1. We can also take the two generators

x = η2k−1 and y = η−1
2k−1σ

−1
2k−1 as generators of the same subgroup. Let us show that both x2 and y2 lie

in the center of the subgroup 〈x, y〉 of B̂′2k. We first show that x2 = η2
2k−1 commutes with σ2k−1. Indeed,
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w2k is in the center of B̂2k and therefore its image is also in the center of B̂′2k, so it commutes with σ2k−1

in B̂′2k, and in B̂′2k we have

w2k = w2k−1η2k = w2
2k−1 = (η2 · · · η2k−1)2 = η2

2η
2
3 · · · η2

2k−1,

where the last equality holds because the ηi commute pairwise. Now, the elements η2, η3, . . . , η2k−2 all
commute with σ2k−1, η2

2k−1 must also commute with σ2k−1. Thus x2 = η2
2k−1 commutes with both x

and y, so it lies in the center of 〈x, y〉. To see that y2 is also in the center of 〈x, y〉, we write

y2 = η−1
2k−1σ

−1
2k−1η

−1
2k−1σ

−1
2k−1 = η−1

2k−1η
−1
2k .

Since all the ηi commute pairwise, this shows that y2 commutes with x = η2k−1, and since y2 commutes
with y, we find that y2 is also in the center of 〈x, y〉.

This shows that every element g ∈ 〈x, y〉 can be written

g = ye1(xy)αxe2 · c

for some c ∈ 〈x2, y2〉, where e1, e2 ∈ {0, 1}. If g lies in the derived subgroup of 〈x, y〉, then the total
powers of x and y in g must be equal to 0, so we must have{

g = y(xy)αx · c = (yx)α+1 · c if α ≡ 1 mod 2

g = (xy)α · c if α ≡ 0 mod 2.
(4.1)

In other words, g is either of the form g = (xy)β · c or g = (xy)β · c with β ≡ 0 mod 2.

Now, under the standard action of F on B̂2k given in (2.1), we have

F (σ2k−1) = f(σ2
2k−1, η2k−1)σλ2k−1f(η2k−1, σ

2
2k−1).

Thus, to show that F (σ2k−1) = σλ2k−1 in the quotient group B̂′2k, it suffices to show that f(η2k−1, σ
2
2k−1)

commutes with σ2k−1. The element f(η2k−1, σ
2
2k−1) belongs to the derived subgroup of 〈x, y〉, so by (4.1),

we have one of

f(η2k−1, σ
2
2k−1) =

{
(η−1

2k−1σ
−1
2k−1η2k−1)β · c

σ−β2k−1 · c,

with β ≡ 0 mod 2. In the second case, it is clear that f(η2k−1, σ2k−1)2) commutes with σ2k−1. In the first
case, we need to show that η−1

2k−1σ
−1
2k−1η2k−1 commutes with σ2k−1. We saw above that η2

2k−1 commutes

with σ2k−1 in B̂′2k. Using also the identity η2k = σ2k−1η2k−1σ2k−1 and the pairwise commutation of the
ηi, we find that

(η−1
2k−1σ2k−1η2k−1)σ2k−1(η−1

2k−1σ
−1
2k−1η2k−1) = η−1

2k−1η2kη
−1
2k−1σ

−1
2k−1η2k−1

= η2kη
−2
2k−1σ

−1
2k−1η2k−1 = η2kσ

−1
2k−1η

−1
2k−1

= η2kσ
−1
2k−1η

−1
2k−1σ

−1
2k−1σ2k−1 = η2kη

−1
2k σ2k−1

= σ2k−1.

This completes the proof that f(η2k−1, σ
2
2k−1) commutes with σ2k−1 in the quotient B̂′2k, so that F (σ2k−1) =

σλ2k−1 in this quotient. �

Remark 4.1.1. Let B̂′2k denote the quotient B̂2k/〈w−1
2k−1η2k〉. Observe that this quotient of B̂2k is not

the same thing as the more familiar quotient by the subgroup 〈w2k−1η2k〉. Indeed, we have the identity

w2k = w2k−1η2k = (σ1 · · ·σ2k−1)2k, which generates the center of B̂2k, so the quotient by 〈w2k−1η2k〉
is simply the quotient of B̂2k by its center, whereas the quotient by 〈w−1

2k−1η2k〉 reflects the particular
position of the Dehn twist dk on the topological surface.

The first two families of relations in (A) of Theorem 3.1 show that for all 2 ≤ k ≤ 2g there is a
homomorphism

ι : B̂k → Γ̂g,1 (4.2)

σi 7→ ai.

For 2 ≤ k ≤ g, let δk denote the upper vertical loop from the k-th genus hole as in Fig. 2; in particular
the twists d2 = d and d3 are the twists appearing in the Wajnryb presentation. In the next lemma, we
display a family of homomorphisms ιk which differ from the standard ι in that the final braid generator
is mapped to the twist dk.
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Lemma 4.2. Fix g ≥ 2. For each k with 3 ≤ k ≤ g + 1, there is a homomorphism of profinite groups

ιk : B̂2k → Γ̂g,1 (4.3)

mapping σi 7→ ai for i = 1, . . . , 2k − 2 and σ2k−1 7→ dk−1. The element ω−1
2k−1η2k lies in the kernel of ιk;

in other words, the homomorphism ιk factors through a homomorphism ι′k : B̂′2k → Γ̂g,1.

Proof. The equality of ιk(ω2k−1) and ι(η2k) in Γ̂g,1 is a consequence of the following standard relation in

Γ̂g,1 (already valid in the discrete group Γg,1):

dk−1d
′
k−1 = w2k−2 with d′k−1 = y2k−1dk−1y

−1
2k−1

for 2 ≤ k ≤ g + 1. Thus the elements d−1
k−1w2k−2 and y2k−1dk−1y

−1
2k−1 are equal in Γ̂g,1. We have d =

ιk(σ2k−1), and because σ2k−1 does not appear in ω2k−1 = (σ1 · · ·σ2k−2)2k−1 or in η2k−1 = σ2k−2 · · ·σ1 ·
σ1 · · ·σ2k−2, the element w2k−1 ∈ Γ̂g,1 is equal to the image under ιk of ω2k−1 ∈ B̂2k, and similarly

y2k−1 is the image in Γ̂g,1 of η2k−1 ∈ B̂2k. Thus the two elements d−1
k−1w2k−2 and y2k−1dk−1y

−1
2k−1, equal

in Γ̂g,1, are respectively the images of the elements σ−1
2k−1ω2k−2 and η2k−1σ2k−1η

−1
2k−1 in B̂2k under ιk.

Therefore the elements ω2k−2η2k−1 and σ2k−1η2k−1σ2k−1 also have equal image in Γ̂g,1 under ιk. Noting

that σ2k−1η2k−1σ2k−1 = η2k and ω2k−2η2k−1 = ω2k−1 in B̂2k, we thus find that ω2k−1 and η2k become
equal under ιk, proving the lemma. �

4.2. The action of F on Γ̂2,1. The results in the preceding subsection will now allow us to prove that
the action of F proposed in (1.1) respects all the relations in (A), as well as relation (B). We begin by
giving an easy proof of the first two families of relations in (A), based on the standard homomorphism
(4.2).

Proposition 4.3. The action of F = (λ, f) ∈ ĜT on the Dehn twists given in (1.1) respects the braid
relations aiai+1ai = ai+1aiai+1 for i = 1, . . . , 2g − 1 and aiaj = ajai for |i − j| ≥ 2. Furthermore, the
action of F on the elements yk = ak−1 · · · a1 · a1 · · · ak−1 and ωk = (σ1 · · ·σk−1)k is given by F (yk) = yλk
and F (wk) = wλk for k = 2, . . . , 2g + 1.

Proof. By comparing (2.1) with (1.1), we see that the homomorphism ι in (4.2) satisfies ι ◦ F = F ◦ ι on
the elements σ1, . . . , σ2g. Since the action of F respects the braid relations between the σi, F ◦ ι respects

the same relations in Γ̂g,1. This settles the first two families of relations of type (A) in Theorem 3.1. As
for the action on yk and wk, since yk = ι(ηk) and wk = ι(ωk), it follows directly from the fact that the

action of F on B̂k is well-known to satisfy F (ηk) = ηλk and F (ωk) = ωλk . �

We now turn to the remaining relations in (A), and relation (B). Let d = d2. The following results are
direct corollaries of the preceding subsection.

Corollary 4.4. Let k = 3, let g ≥ 2, and let ι3 : B̂6 → Γ̂2,1 be the homomorphism of (4.3). Then the

homomorphisms F ◦ ι3 and ι3 ◦ F agree on the generators σ1, . . . , σ5 of B̂6, and are therefore equal. In
particular the action of F on generators proposed in (1.1) respects the relation a4da4 = da4d.

Proof. Since ι3(σi) = ai for i = 1, 2, 3, 4 and F (ai) as given in (1.1) is the image under ι3 of F (σi) as
given in (2.1), we see that ι3 ◦F and F ◦ ι3 coincide on σi, i = 1, 2, 3, 4. For σ5, we have ι3(σ5) = d2 = d.

By Lemma 4.1, the action of F passes to the quotient B̂′6, and in this quotient we have F (σ5) = σλ5 .
Since ι3 factors through ι′3 by Lemma 4.2, we find that ι3

(
F (σ5)

)
= ι′3

(
F (σ5)

)
= ι′k(σλ5 ) = dλ.

To prove that the relation a4da4 = da4d is respected by the action of F on generators, we note that

since ι3 is a group homomorphism and F (σ4)F (σ5)F (σ4) = F (σ5)F (σ4)F (σ5) in B̂6, and since we have
ι3 ◦F = F ◦ ι3 on the σi, the image of this relation under ι3 gives F (a4)F (d)F (a4) = F (d)F (a4)F (d). �

Corollary 4.5. (i) The proposed action of F respects relation (B) of Theorem 3.1, namely dd′ = w4

where d′ = y5dy
−1
5 .

(ii) The proposed action of F respects the commutation of d with aj, j 6= 4.

Proof. For (i), we write relation (B) as dy5dy
−1
5 = w4, or equivalently, ι3(σ5η5σ5η

−1
5 ) = ι3(w4), or indeed

ι3(σ5η5σ5) = ι3(w4η5). Since σ5η5σ5 = η6 and w4η5 = w5 this is equivalent to ι3(η6) = ι3(w5), so we
must show that

F
(
ι3(η6)

)
= F

(
ι3(w5)

)
.

By the previous corollary, we have ι3 ◦ F = F ◦ ι3, so the desired equality can be written

ι3
(
F (η6)

)
= ι3

(
F (w5)

)
.
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Since F (η6) = ηλ6 and F (w5) = wλ5 in B̂n, this equality holds, proving that F respects relation (B).
For (ii), we make use of the result from Proposition 4.3 which shows that F (yk) = yλk . Since F (d) =

dλ by (1.1) and F (ak) = f(a2
k, yk)akf(yk, a

2
k), the commutation of F (d) and F (ak) follows from the

commutation of d with both ak and yk for k 6= 4. �

Thanks to the above and to the fact that by Theorem 3.1, the presentation of Γ̂2,1 requires only
relations (A) and (B), we have now obtained the desired result in genus g = 2.

Corollary 4.6. The action of F ∈ ĜT proposed in (1.1) extends to an automorphism of Γ̂2,1.

5. Relation (C) and the case of genus 3

From now to the end of the article, we let g ≥ 3. Consider the elements t1, t2 and t3 defined in

Theorem 3.1. These elements are precisely the images of the elements τ1, τ2 and τ3 ∈ B̂8 defined in (2.7)

under the homomorphism ι : B̂8 → Γ̂g,1 mapping σi 7→ ai.
Let B, B′ and B′′ be the maximal bracketings given in (2.5). It is shown in Theorem 2.5 that

FB = inn
(
f(y3, a

2
3)f(y5, a

2
5)f(y7, a

2
7)
)
◦ F (5.1)

where by Lemma 4.1, F ∈ ĜT is an automorphism of ι(B̂2g) ⊂ Γ̂g,1 acting on the ai by (2.1) (with

σi replaced by ai), and thus the automorphism in (5.1) of B̂8 is also an automorphism of ι(B̂8) ⊂ Γ̂g,1,
acting as in Theorem 2.3. In particular, comparing with (2.1) we see that FB(σi) = σλi for i = 1, 3, 5, 7.
Also, we know by Theorem 2.5 that FB acts on τ1, τ2 and τ3 analogously to (2.1), i.e.

FB(t1) = tλ1 ;

FB(t2) = f(t22, t
2
1) tλ2 f(t21, t

2
2);

FB(t3) = f(t23, t2t
2
1t2) tλ3 f(t2t

2
1t2, t

2
3).

(5.2)

By a direct application of relation (II) of ĜT , we can write FB(t2) in the form

FB(t2) = t−2m
1 t2f(t21, t

−1
2 t21t2)t−2m

1 cm (5.3)

where c = (t1t2)3 = (t21) · (t22) · (t−1
2 t21t2) is the center of the subgroup 〈t1, t2〉 ⊂ Γ̂g,1.

For the purpose of proving relation (C), we only need to study the action of FB on the subgroup B̂6 of

B̂8, i.e. we only need to consider t1 and t2. We can now turn to the proof that the action of F respects
relation (C), given by d3a6d3 = a6d3a6 with d3 defined in Theorem 3.1, which is the Dehn twist along
the curve δ3 shown in Figure 2. In order to check this relation, we first need to compute the value of F
on the element d3.

5.1. Three useful lemmas.

Lemma 5.1 (Haiku Lemma). (i) Suppose {a, b} and {A,B} are two pairs of elements of a profinite
group G such that a and b both commute with A and B. Then f(a, b)f(A,B) = f(aA, bB).

(ii) Suppose a, b, g are elements of a profinite group G such that g commutes with a and b, and suppose
that f ≡ arbs in Gab. Then f(a, gb) = f(a, b)gs.

(iii) Suppose that a, b, g, f ∈ G are as in (ii) except that while g still commutes with a, we now assume
that gb = bg−1. Then f(a, gb) = f(a, b)ge where e = 0 if s is even, e = −1 if s is odd.

Proof. (i) is easy to show when f is a word in a finite quotient of G; then we can take the limit from
finite words to pro-words. (ii) follows directly from (i) with a = 1 and b = g. We prove (iii) again for all
words f in finite quotients of G, but now we do it by induction. The base cases are words containing 1
or 2 occurrences of b or b−1. If f(a, b) is a word containing a single b or b−1, then f(a, gb) = f(a, b)g−1,
If f contains two occurrences of b or b−1, then f(a, gb) = f(a, b) as passing the g’s between the two
occurrences of b causes them to cancel. We complete the proof by induction. Let w be a word having m
occurrences of b or b−1, so that w(a, gb) = w(a, b)ge, and let w′ be a word with a single occurrence of b
or b−1; let f = ww′. Then f(a, gb) = w(a, gb)w′(a, b) = w(a, b)gew′(a, b)g−1. If e = 0 then the result is
proven. If e = −1, then f(a, gb) = w(a, b)g−1w′(a, b)g−1 and the middle g−1 changes to g when it passes
from left to right of the single b in w′, so we get f(a, gb) = f(a, b). �

Lemma 5.2. (i) For i = 2, 3, 4, yi commutes with d and d′, and for i = 5, . . . , g + 1, y2
i commutes with

d and d′.

(ii) For i = 5, . . . , g + 1, we have
d′ = yidy

−1
i = y−1

i dyi. (5.4)
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Proof. (i) The three elements y2, y3 and y4 obviously commute with d and d′ since they are products of
the twists a1, a2 and a3 whose underlying loops are disjoint from δ and δ′. Let i > 4. We use the identity
wi−1yi = wi, and the fact that the elements w2

i are Dehn twists along the loops ωi (see Figure 2) which
are all disjoint from d and d′. The wi and the yj all commute between each other and with each other
(recall that wi = y2 · · · yi), so we have w2

i = (wi−1yi)
2 = w2

i−1y
2
i . Thus since w2

i−1 and w2
i both commutes

with d and d′, y2
i must as well.

(ii) For i = 5, we have d′ = y5dy
−1
5 by definition. Let i > 5 and write yi = (ai−1 · · · a5)y5(a5 · · · ai−1).

Then

yidy
−1
i = (ai−1 · · · a5)y5(a5 · · · ai−1)d(ai−1 · · · a5)−1y−1

5 (a5 · · · ai−1)−1.

Because d commutes with all ai for i 6= 4, this is equal to

(ai−1 · · · a5)y5 d y
−1
5 (a5 · · · ai−1)−1 = (ai−1 · · · a5) d′ (a5 · · · ai−1)−1,

but since d′ also commutes with all aj for j 6= 4, we obtain d′ = yidy
−1
i . Finally, since y2

i commutes with

d′ by (i), we can conjugate this equality by y−2
i to find that d′ is also equal to y−1

i dyi, completing the
proof. �

Lemma 5.3. FB(d) = dλ and FB(d′) = d′
λ

.

Proof. By (1.1), we know that F (d) = dλ, and by Proposition 4.3, we know that F (yi) = yλi for i =
2, . . . , g + 1. By definition, d′ = y5dy

−1
5 , so we also have

F (d′) = F (y5)F (d)F (y−1
5 ) = yλ5F (d)y−1

5 = y5d
λy−1

5 = d′
λ
.

Thus {
FB(d) = f(a2

7, y7)f(a2
5, y5)f(a2

3, y3) dλ f(y3, a
2
3)f(y5, a

2
5)f(y7, a

2
7)

FB(d′) = f(a2
7, y7)f(a2

5, y5)f(a2
3, y3) d′

λ
f(y3, a

2
3)f(y5, a

2
5)f(y7, a

2
7).

The twists d and d′ commutes with a3, a5 and a7 since the underlying loops are disjoint, and they also
commute with y3 as observed in Lemma 5.2 (i), so the inner term f(y3, a

2
3) drops out and we have{

FB(d) = f(a2
7, y7)f(a2

5, y5) dλ f(y5, a
2
5)f(y7, a

2
7)

FB(d′) = f(a2
7, y7)f(a2

5, y5) d′
λ
f(y5, a

2
5)f(y7, a

2
7).

Rewriting the first equality of (5.4) as

d′
−1
yi = yid

−1 and d′yi = yid, (5.5)

and using the commutation of y2
i with d, we find that for i > 4, yi anti-commutes with d−1d′, i.e.

yid
−1d′ = d′

−1
yid
′ = d′

−1
y2
i dy
−1
i = d′

−1
dyi = dd′

−1
yi, (5.6)

or equivalently, d−1d′yi = yidd
′−1

. By (iii) of the Haiku Lemma, we deduce from (5.6) that for i = 5, 7,
we have

f(a2
i , yi · d−1d′yi) = f(a2

i , yi · d−1d′) = f(a2
i , yi), (5.7)

since f lies in the derived subgroup of F̂2. So we see that for i = 5, 7 we have

f(a2
i , yi) d f(yi, a

2
i ) = d f(a2

i , d
−1yid)f(yi, a

2
i )

= df(a2
i , d
−1d′yi)f(yi, a

2
i ) by (5.5)

= df(a2
i , yi)f(yi, a

2
i ) by (5.7)

= d.

and

f(a2
i , yi) d

′ f(yi, a
2
i ) = d′ f(a2

i , d
′−1

yid
′)f(yi, a

2
i )

= d′f(a2
i , yid

−1d′)f(yi, a
2
i ) by (5.5)

= d′f(a2
i , yi)f(yi, a

2
i ) by (5.7)

= d′.

Thus in particular both f(a2
5, y5) and f(a2

7, y7) commute with d and d′, proving the Lemma. �
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5.2. The lantern relation and relation (II). The usual “full” relation (II) on elements (λ, f) of ĜT
is written as

f(x, y)xmf(z, x)zmf(y, z)ym = 1

where xyz = 1 and m = (λ− 1)/2. This can be generalized to the case where the element xyz commutes
with x, y and z, in which case the relation becomes

f(x, y)xmf(z, x)zmf(y, z)ym = (xyz)m, (5.8)

as can be easily seen by passing to the abelianization and recalling that f is a (profinite) commutator
(see also [NS]). Let S be a topological surface of genus 0 with four boundary components, and χ, υ and
ζ represent the three standard loops on S surrounding the boundary components (1, 2),(1, 3) and (2, 3)
respectively. Then letting x, y and z denote the Dehn twists along χ, υ and ζ respectively, and writing
b1, . . . , b4 for the Dehn twists along the four boundary components, the “lantern relation” on Dehn twists
on S is given by xyz = b1b2b3b4, and the standard action of F on the (profinite) mapping class group of
F results in the version of relation (II) written as

f(x, y)xmf(z, x)zmf(y, z)ym = (b1b2b3b4)m. (5.9)

Observing that if (λ, f) lies in ĜT then so does (−λ, f), the relation (5.9) holding for m = (λ− 1)/2 also
holds for (−λ− 1)/2 = −m− 1, giving

f(x, y)x−m−1f(z, x)z−m−1f(y, z)y−m−1 = (b1b2b3b4)−m−1, (5.10)

which can be inverted (and the terms cyclically permuted) to give the identity

f(x, z)xm+1f(y, x)ym+1f(z, y)zm+1 = (b1b2b3b4)m+1. (5.11)

We will now apply this to the situation where the subsurface S of type (0, 4) is cut out of the surface
of type (g, 1) in Figure 1 by the loops a1, a3, a5 and d3. Consider the Dehn twists

g1 = t−1
2 dt2 and g2 = t−1

1 t−1
2 dt2t1, (5.12)

along the loops pictured in Figure 3 above. Together with d2, these three diffeomorphisms are twists
along the three standard loops δ2, γ1,2 and γ1,3 on the genus 0 subsurface S cut out by the four boundary
components α1, α3, α5 and δ3 (see Figure 3). Thus they satisfy the lantern relation

g2g1d = a1a3a5d3, (5.13)

which is how the complicated-looking defining relation d3 = g2g1da
−1
1 a−1

3 a−1
5 arises, since d3 is a priori

not in the generating set of Γ̂g,1. Since this is a lantern relation, we can apply (5.8) with x = d, y = g2,
z = g1 to obtain

f(d, g2)dmf(g1, d)gm1 f(g2, g1)gm2 = (g2g1d)m, (5.14)

and we can also apply (5.11) taking x = g2, y = g1, z = d, b1, b2, b3, b4 = a1, a3, a5, d3 and using (5.13)
to write

f(g2, d)gm+1
2 f(g1, g2)gm+1

1 f(d, g1)dm+1 = (g2g1d)m+1. (5.15)

We will use these last two equalities in the next subsection to compute F (d3).

5.3. Computation of F (d3). To compute F (d3), we will compute the values F takes on the elements
g1, g2. We start by computing the values of FB on these elements. Using FB(d) = dλ, FB(t1) = tλ1 (by
(5.2) and (5.12)), as well as Lemma 5.3, we find that

FB(g1) = t2m1 f(t−1
2 t21t2, t

2
1) gλ1 f(t21, t

−1
2 t21t2)t−2m

1

FB(g2) = f(t22, t
2
1) gλ2 f(t21, t

2
2)

FB(d) = dλ.

(5.16)

Now, a2
1 and a2

3 commute with t21, t−1
2 t21t2, t22 and d, so we can replace t21 by a2

1a
2
3t

2
1 in all the f ’s of (5.16);

furthermore conjugating by t2 exchanges a2
1 and a2

3, which implies that the product a2
1a

2
3 commutes with

g1, so we can also conjugate the first line of (5.16) by a2
1a

2
3 without changing its value. For the second

line, we further note that after changing t21 to a2
1a

2
3t

2
1 in the argument of the f ’s, we can also change t22

to a2
3a

2
5t

2
2 in the arguments of f , since a2

3 and a2
5 both commute with a2

1a
2
3t

2
1. (Observe that a2

1a
2
3t

2
1 is

nothing other than the full twist T1234, while a2
3a

2
5t

2
2 is the full twist T3456.) Doing all this, we rewrite

(5.16) as {
FB(g1) = a2

1a
2
3t

2m
1 f(t−1

2 a2
1a

2
3t

2
1t2, a

2
1a

2
3t

2
1) gλ1 f(t21, t

−1
2 a2

1a
2
3t

2
1t2)t−2m

1 a−2
1 a−2

3

FB(g2) = f(a2
3a

2
5t

2
2, a

2
1a

2
3t

2
1) gλ2 f(a2

1a
2
3t

2
1, a

2
3a

2
5t

2
2).

(5.17)

Next, set
g′1 = t−1

2 d′t2, g′2 = t−1
1 t−1

2 d′t2t1.
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Then g1g
′
1 = t−1

2 dd′t2 and g2g
′
2 = t−1

1 t−1
2 dd′t2t1, so since dd′ = (a1a2a3)4 in Γ̂g,1 by relation (B), these

braids lie in B̂6, and direct braiding allows us to easily check the following identities:
a2

1a
2
3t

2
1 = a2

1a
2
3(a2a1a3a2)2 = (a1a2a3)4 = w4 = dd′

t−1
2 a2

1a
2
3t

2
1t2 = g1g

′
1

a2
3a

2
5t

2
2 = g2g

′
2.

(5.18)

Using these, we transform (5.17) into{
FB(g1) = (dd′)mf(g1g

′
1, dd

′) gλ1 f(dd′, g1g
′
1)(dd′)−m

FB(g2) = f(g2g
′
2, dd

′) gλ2 f(dd′, g2g
′
2).

(5.19)

These expressions can be simplified by applying the Haiku Lemma. Since the pair {d, g1} commutes with
{d′, g′1} and the pair {d, g2} commutes with the pair {d′, g′2}, we use (i) of the Haiku Lemma, and find
that

FB(g1) = (dd′)mf(g1, d)f(g′1, d
′)gλ1 f(d′, g′1)f(d, g1)(dd′)−m = dmf(g1, d)gλ1 f(d, g1)d−m

and

FB(g2) = f(g2, d)f(g′2, d
′)gλ2 f(d′, g′2)f(d, g2) = f(g2, d)gλ2 f(d, g2).

These allow us to compute FB(g2)FB(g1)FB(d) as follows:

FB(g2)FB(g1)FB(d) = f(g2, d)gλ2 f(d, g2)dmf(g1, d)gλ1 f(d, g1)d−mdλ

= f(g2, d)gλ2 g
−m
2 f(g1, g2)(g2g1d)mg−m1 gλ1 f(d, g1)dm+1 by (5.14)

= f(g2, d)gm+1
2 f(g1, g2)gm+1

1 f(d, g1)dm+1(g2g1d)m

= (g2g1d)m+1(g2g1d)m by (5.15)

= (g2g1d)λ.

Since g2g1d = a1a3a5d3, this shows that FB respects the lantern relation in Γ̂g,1. In particular:

FB(d3) = FB(g2)FB(g1)FB(d)FB(a−1
1 )FB(a−1

3 )FB(a−1
5 )

= (g2g1d)λa−λ1 a−λ3 a−λ5

= dλ3 .

To conclude, we recall from (5.1) that

FB = inn
(
f(y3, a

2
3)f(y5, a

2
5)f(y7, a

2
7) ◦ F.

Since d3 commutes with y3, y5, y7, a3, a5 and a7, we find that F (d3) = dλ3 .

5.4. Proof of relation (C). We can now complete the proof that F respects relation (C). Recall that

the homomorphism ι4 : B̂8 → Γ̂g,1 maps σi 7→ ai for i = 1, . . . , 6 and σ7 7→ d3. By Lemmas 4.1 and 4.2,

the map ι4 factors through the quotient B̂8 → B̂′8 of B̂8 by the subgroup 〈w−1
7 η8〉, and writing ι′4 for the

homomorphism B̂′8 → Γ̂g,1, we have ι′4 ◦F = F ◦ ι′4 on σ1, . . . , σ6. Since the same Lemmas show that the

action of F on B̂8 passes to an action of F on B̂′8 such that F (σ7) = σλ7 in B̂′8, and since we just saw in

the previous subsection that F (d3) = dλ3 , we find that ι′4 ◦ F coincides with F ◦ ι′4 on all of B̂′8. Thus F

is an automorphism of the image of B̂′8 in Γ̂g,1 and therefore F respects the relation

ι′4(σ6)ι′4(σ7)ι′4(σ6) = ι′4(σ7)ι′4(σ6)ι′4(σ7)

in Γ̂g,1, which is precisely the relation a6d3a6 = d3a6d3.

This proves that the proposed action of F on Γ̂g,1 respects relation (C). Since we also have relations
(A) and (B), proved in the previous sections, and since relation (C’) only concerns the case g ≥ 4, we
have proved

Corollary 5.4. The action of F ∈ ĜT proposed in (1.1) extends to an automorphism of Γ̂3,1.
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6. Relation (C′) and the general case g ≥ 4

In this section we return to the notation d instead of d2, as the other di are not used here. Recall that
d′ = y5dy

−1
5 , and that relation (C′) says that d′ commutes with (t2t1t3t2)d(t2t1t3t2)−1. We will actually

use the automorphism

FB = inn
(
f(y3, a

2
3)f(y5, a

2
5)f(y7, a

2
7)
)
◦ F

of B̂8 introduced in the previous section, which satisfies FB(ai) = aλi for i = 1, 3, 5, 7, and show that FB
respects relation (C′), which automatically implies the same result for F since they differ by an inner
automorphism.

Recall the maximal bracketing

B′′ = ((x1, x2), (x3, x4)), ((x5, x6), (x7, x8))

from (2.5). As noted there, B′′ differs from B by the single A-move changing the bracket surrounding
1, . . . , 6 to the bracket surrounding 5, 6, 7, 8, so we have

FB′′ = inn f(T123456, T5678) ◦ FB. (6.1)

In B̂8, we have

T123456 = ω6 and T5678 = σ2
5σ

2
7τ

2
3 .

Thus under the homomorphism ι : B̂8 → Γ̂g,1, T123456 = ω6 7→ w6 and T5678 = σ2
5σ

2
7τ

2
3 7→ a2

5a
2
7t

2
3. Noting

that a5 and a7 both commute with t23, we find that

f(T123456, T5678) = f(ω6, σ
2
5σ

2
7τ

2
3 ) 7→ f(w6, a

2
5a

2
7t

2
3) = f(w6, t

2
3).

Thus (6.1) translates in Γ̂g,1 to

FB′′ = inn f(w6, t
2
3) ◦ FB. (6.2)

But since by Theorem 2.3 we have 
FB′′(T1234) = Tλ1234

FB′′(T5678) = Tλ5678

FB′′(T12345678) = Tλ12345678,

we see that

FB′′(t2t1t3t2) = (t2t1t3t2)λ.

Thus by (6.2), we have

FB(t2t1t3t2) = f(t23, w6)(t2t1t3t2)λf(w6, t
2
3). (6.3)

We use this to compute FB
(
(t2t1t3t2)−1d(t2t1t3t2)

)
and show it commutes with FB(d′) = d′

λ
. By (6.3),

FB
(
(t2t1t3t2)−1d(t2t1t3t2)

)
is equal to

f(t23, w6)(t2t1t3t2)λf(w6, t
2
3) dλ f(t23, w6)(t2t1t3t2)λf(w6, t

2
3). (6.4)

Now, both d and d′ commute with t3 = a6a5a7a6 since they commute with aj for all j 6= 4. Furthermore,
d and d′ also commute with w6. To see this, we write w6 = y6y5y4y3y2. By Lemma 5.2, we have{

w6 dw
−1
6 = y6y5 d y

−1
5 y−1

6 = y6 d
′ y−1

6 = d

w6 d
′ w−1

6 = y6y5 d
′ y−1

5 y−1
6 = y6 d y

−1
6 = d′.

This shows that both d and d′ commute with f(t23, w6). The commutation of this term with d simplifies
(6.4) to

FB
(
(t2t1t3t2)−1d(t2t1t3t2)

)
= f(t23, w6)(t2t1t3t2)−1d(t2t1t3t2)f(w6, t

2
3). (6.5)

To show that F respects relation (C′), we must show that F (d′) = d′
λ

commutes with the right-hand
side of (6.5). But in fact d′ already commutes with the right-hand side of (6.5); indeed we just saw that
it commutes with the outer term f(w6, t

2
3), and it commutes with the inner term (t2t1t3t2)d(t2t1t3t2)−1

since this is precisely what relation (C′) says. This concludes the proof that F respects relation (C′), and
thus completes the proof of the main Theorem 1.1. �
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7. The case of Γ̂g,0

Recall that we have a natural exact sequence

1→ π̂g,0 → Γ̂g,1 → Γ̂g,0 → 1

where π̂g,0 is the profinite completion of the fundamental group of a closed surface of genus g. The goal
of this section is to prove the following

Theorem 7.1. The ĜT -action on Γ̂g,1 in Theorem 1.1 induces an automorphism group of Γ̂g,0.

To prove this, we must show that the action of ĜT on Γ̂g,1 passes to the group Γ̂g,0 which according to

Wajnryb [W] is obtained from Γ̂g,1 by quotienting by a single further relation, presented in the following
theorem.

Theorem 7.2 (Wajnryb [W]). To give a presentation of Γ̂g,0, it suffices to add a single relation (D) to

the presentation of Γ̂g,1 in Theorem 3.1 as follows. Let

ti = a2ia2i−1a2i+1a2i for i = 1, . . . , g − 1

v1 = d′ and vi = (ti−1ti)vi−1(ti−1ti)
−1 for i = 2, . . . , g − 1

ui = a2ia2i+1a2i+2vi(a2i+2a2i+1a2ia2i−1)−1 for i = 1, . . . , g − 1,

where d′ = d′2 is defined in (3.1) of Theorem 3.1. Let

dg = (u1 · · ·ug−1)−1 · a1 · (u1 · · ·ug−1)

and

yg = a2ga2g−1 · · · a2a
2
1a2 · · · a2g−1a2g.

Finally, let d′g = y2g+1dgy
−1
2g+1. Then

(D) d′g = dg.

The relation (D) can be understood pictorially as what happens when there is only a single hole on
the right in Figure 2, so that the surface is of type (g, 1), and we cap that hole to create a surface of type
(g, 0). It is obvious that the two loops δg and δ′g are identified in that case, and Wajnryb’s theorem tells

us that no further relations are needed in the presentation of Γ̂g,0.

As explained in [LNS, Sect. 4], to prove the theorem, it suffices to show the following.

Proposition 7.3 (Proposition 4.1 of [LNS]). Let F ∈ ĜT , and for i = 2, . . . , g let di denote the Dehn

twist along the loop δi shown in Figure 2. Then the automorphism F of Γ̂g,1 given in (1.1) satisfies
F (di) = dλi .

In [LNS], the proof of this Proposition was omitted for reasons of space. We give the complete proof
below, but first we show why this result is enough to prove Theorem 7.1.

Proof of Theorem 7.1 by using Proposition 7.3. Wajnryb’s Theorem 7.2 above shows that the only rela-

tion that must be added to the presentation of Γ̂g,1 to obtain a presentation of Γ̂g,0 is the relation dg = d′g.

Since d′g = y−1
2g+1dgy2g+1, this relation is equivalent to the commutation relation dgy2g+1 = y2g+1dg in

Γ̂g,0. But Since F (dg) = dλg by Proposition 7.3, and F (y2g+1) = y2g+1)λ by Proposition 4.3, the images
F (dg) and F (y2g+1) so indeed commute, completing the proof of Theorem 7.1. �

The rest of this section will be devoted to proving Proposition 7.3. The fact that F (d2) = dλ2 comes from
(1.1), and we proved that F (d3) = dλ3 in §5.2. We will use the same method to prove that F (di) = dλi by
induction. The method is as follows. Given i ≥ 3, we cut out a subsurface Si of genus 0 with four boundary
components along the loops δi−1, α2i−1, α2i+1 and δi+1. The loop δi sits on this subsurface, dividing the
boundary components δi−1 and α2i−1 from the boundary components α2i+1 and δi+1. We saw in Figure
3 that the (inverse of the) braid ti = a2ia2i−1a2i+1a2i acts on the loop δi drawn in the top diagram of
Figure 3 by deforming it to the loop γ1,i in the middle diagram, and the braid t′i−1 = a2i−2di−1a2i−1a2i−2

then deforms that loop to the loop γ2,i in the lowest diagram. The corresponding twists can be written
as

g1,i := t−1
i diti,

g2,i := (t2 · · · tit1 · · · ti−1)−1d2(t2 · · · tit1 · · · ti−1)
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Since the three loops γ2,i, γ1,i and δi form a lantern in the subsurface cut out by loops δi−1, α2i−1,
α2i+1 and δi+1, we have the relation

g2,ig1,idi = di−1a2i−1a2i+1di+1, (7.1)

and since we know the action of F on all the ai and on d2 (and d3), we can make the inductive hypothesis
that F (di) = dλi and use this equality to compute F (di+1).

Let us define {
g′1,i := t−1

i d′iti

g′2,i := (t2 · · · tit1 · · · ti−1)−1d′2(t2 · · · tit1 · · · ti−1).

Then we have the following result.

Lemma 7.4. Let F = (λ, f) ∈ ĜT and consider the action of FB = inn(
∏g−1
j=1 f(y2j+1, a

2
2j+1)) ◦ F on

Γ̂g,1 given in Theorem 1.1. Write m := λ−1
2 . Then, for 3 ≤ i ≤ g − 1, we have

(i) FB(g1,i) = (did
′
i)
mf(g1,ig

′
1,i, did

′
i)g

λ
1,if(did

′
i, g1,ig

′
1,i)(did

′
i)
−m;

(ii) FB(g2,i) = f(g2,ig
′
2,i, did

′
i)g

λ
2,if(did

′
i, g2,ig

′
2,i).

Note that the right hand sides of Lemma 7.4 can be written as

FB(g1,i) = (di)
mf(g1,i, di)g

λ
1,if(di, g1,i)(di)

−m; FB(g2,i) = f(g2,i, di)g
λ
2,if(di, g2,i) (7.2)

by using (iii) of the Haiku Lemma.

This lemma, along with the induction hypothesis FB(dk) = dλk for k ≤ i, will play here exactly the
same role in the calculation of F (di+1) as (5.16) in subsection 5.3 played to pass from d2 to d3. Before
giving its proof, we show how to use it to complete the proof of Proposition 7.3.

Proof of Proposition 7.3 by using Lemma 7.4. The formula (7.2) allows us to calculate the action of FB
on the left hand side ∆ := g2,ig1,idi of the lantern relation (7.1) as

FB(∆) = FB(g2,ig1,idi) = f(g2,i, di)g
λ
2,if(di, g2,i)d

m
i f(g1,i, di)g

λ
1,if(di, g1,i)d

−m
i dλi

= f(g2,i, di)g
λ
2,i · g−m2,i f(g1,i, g2,i)g

−m
1,i ∆m · gλ1,if(di, g1,i)d

−m
i dλi

= f(g2,i, di)g
λ+1
2

2,i f(g1,i, g2,i)g
λ+1
2

1,i f(di, g1,i)d
λ+1
2

i ∆m

= ∆
λ+1
2 ∆m = ∆λ,

where we used relation (II) (in the form of [NS] Lemma 1.5 (1.5.2)) for the second equality. By the
inductive hypothesis, the action on the right hand side of (7.1) is dλi−1a

λ
2i−1a

λ
2i+1FB(di+1); hence we get

FB(di+1) = dλi+1. This settles the proof of Proposition 7.3. �

To complete the proof of Theorem 7.1, it remains to prove Lemma 7.4. Recall that the elements
t1 = a2a1a3a2, t2 = a4a3a5a4, . . . induced from the original braids a1, a2, . . . behave like ribbon braids,
flat crossing the underlying strands in pairs. In particular, they satisfy the braid relations titi+1ti =
ti+1titi+1, titj = tjti (|i− j| > 1).

Set

Yk := tk−1 · · · t1 t1 · · · tk−1;

Wk := (t1t2 · · · tk−1)k = Y2Y3 · · ·Yk
for k ≥ 2.

Proposition 7.5. Notations being as above, the inside factors of Lemma 7.4 can be written as follows.

(1) did
′
i = w2i = Wia

2
1a

2
3 · · · a2

2i−1.

(2) g1,ig
′
1,i = t−1

i w2iti.

(3) g2,ig
′
2,i = t2i a

2
2i−1a

2
2i+1.

For the proof of this proposition, the following lemma will be useful.

Lemma 7.6. (i) If i 6= j then Wj commutes with ti.
(ii) If i 6= j then dj commutes with both g1,i and g2,i.

(iii) (tiWi)
2 = Wi+1Wi−1.

(iv) tiy2iy2i−1ti = y2i+2y2i+1 = Yi+1a
2
2i+1.
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Proof. (i) By definition Wj = (t1 · · · tj−1)j , and this element commutes with ti for all j 6= i inside the
ribbon-braid group generated by t1, t2, . . . . For (ii), recall that di, g1,i and g2,i are twists along the loops
δi, γ1,i and γ2,i of Figure 3 which lie on the subsurface Si of genus 0 with four boundary components
along the loops δi−1, α2i−1, α2i+1 and δi+1. The assertion is clear from the locations of Si and Sj when
i 6= j. For (iii), we have

(tiWi)
2 = tiYiYi−1 · · ·Y2tiWi = (tiYiti)Yi−1 · · ·Y2(YiWi−1) = Yi+1YiYi−1 · · ·Y2Wi−1 = Wi+1Wi−1,

which implies the assertion. Finally, the first equality of (iv) follows from the following computation
using only braid commutations and the usual braid relations (indicated by the underlined portions).

tiy2iy2i−1ti = a2ia2i+1a2i−1a2i · a2i−1y2i−1a2i−1 · y2i−1 · a2ia2i+1a2i−1a2i

= a2ia2i+1a2ia2i−1a2i y2i−1a2i−1 · a2ia2i+1y2i−1a2i−1a2i

= a2i+1a2ia2i+1a2i−1a2i y2i−1a2i−1 · a2ia2i+1y2i−1a2i−1a2i

= a2i+1a2ia2i−1y2i−1

(
a2i+1a2ia2i−1 · a2ia2i+1

)
y2i−1a2i−1a2i

= a2i+1a2ia2i−1y2i−1

(
a2i+1a2i−1a2ia2i−1a2i+1

)
y2i−1a2i−1a2i

= a2i+1a2ia2i−1y2i−1

(
a2i−1a2i+1a2ia2i+1a2i−1

)
y2i−1a2i−1a2i

= a2i+1a2ia2i−1y2i−1

(
a2i−1a2ia2i+1a2ia2i−1

)
y2i−1a2i−1a2i

= y2i+2y2i+1.

For the second equality of (iv), we use induction on i. When i = 1, it is easy to see that y4y3 =
t21a

2
3 = Y 2

2 a
2
3. Suppose the desired equality for i = k. Then since tk(a2k±1)t−1

k = a2k∓1, it follows that
tky2ky2k−1tk = tkYka

2
2k−1tk = tkYktka

2
2k+1 = Yk+1a

2
2k+1. This completes the proof of the Lemma. �

Proof of Proposition 7.5. (1) It suffices to prove the second equality w2i = Wia
2
1 · · · a2

2i−1 by induction

on i. When i = 2, w4 = t21a
2
1a

2
3 = W2a

2
1a

2
3 holds. Suppose it is true for i ≤ k. By Lemma 7.6 (iv) it

follows that y2k+2y2k+1 = tky2ky2k−1tk = Yk+1a
2
2k+1. Then

w2k+2 = y2k+2y2k+1 · w2k

= Yk+1a
2
2k+1 ·Wka

2
1 · · · a2

2k−1

= Yk+1Wka
2
1 · · · a2

2k+1 = Wk+1a
2
1 · · · a2

2k+1

(2) follows from g1,ig
′
1,i = t−1

i (did
′
i)ti and did

′
i = w2i. (3) For i = 2, we have g2,2g

′
2,2 = w4 = t21a

2
1a

2
3.

Assume it holds for i = k, then,

g2,k+1g
′
2,k+1 = t−1

k t−1
k+1(g2,kg

′
2,k)tk+1tk

= t−1
k t−1

k+1(t2ka
2
2k−1a

2
2k+1)tk+1tk

= t−1
k t−1

k+1t
2
ka

2
2k−1tk+1a

2
2k+3tk

= t−1
k t−1

k+1t
2
ka

2
2k−1tk+1tka

2
2k+3

= t−1
k t−1

k+1t
2
ktk+1tka

2
2k+1a

2
2k+3 = t2k+1a

2
2k+1a

2
2k+3,

hence the case of i = k + 1 also follows. �

By virtue of Proposition 7.5, one finds that the formulas of Lemma 7.4 are equivalent to{
FB(g1,i) = (Wi)

mf(t−1
i Witi,Wi)g

λ
1,if(Wi, t

−1
i Witi)W

−m
i ;

FB(g2,i) = f(t2i ,Wi)g
λ
2,if(Wi, t

2
i ).

Proof of Lemma 7.4. Below we use the notation [x]∗ y := y−1xy for simplicity. The assertion (i) follows
from the computation for i ≥ 2:

FB(g1,i) = FB(t−1
i diti)

= [dλi ]∗ f(t2i ,Wi)t
λ
i f(Wi, t

2
i )

= [dλi ]∗ tif(t2i , t
−1
i Witi)t

λ−1
i f(Wi, t

2
i )

= [dλi ]∗ ti(tiWi)
2f(Wi, t

−1
i Witi)W

−m
i

= [t−1
i dλi ti]∗ f(Wi, t

−1
i Witi)W

−m
i ,
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Figure 4. A-moves at the level of ribbon braids

where the fact that di, ti commute with (tiWi)
2 = Wi−1Wi+1 (Lemma 7.6) is used in the last equality.

We prove (ii) by induction on i. For i = 2, it is already shown in (5.16). Suppose FB(g2,k) (k ≤ i) are
given in the form of assertion. Then,

FB(g2,i+1) =FB(t−1
i t−1

i+1g2,iti+1ti) =
[
FB(g2,i)

]
∗ FB(ti+1)FB(ti)

=[gλ2,i]∗ f(Wi, t
2
i ) · f(t2i+1,Wi+1)tλi+1f(Wi+1, t

2
i+1) · f(t2i ,Wi)t

λ
i f(Wi, t

2
i )

=[gλ2,i]∗
(
f(Wi, t

2
i )

:::::::
· ti+1(t−1

i+1W
−m
i+1 ti+1

:::
)f(Wi+1, t

−1
i+1Wi+1ti+1)W−mi+1 (ti+1Wi+1)2m

· ti(tiWi)
2m(t−1

i W−mi ti)f(Wi, t
−1
i Witi)W

−m
i

)
Since the underlined portion should vanish as Wi+1 commutes with g2,i,Wi and t2i by Lemma 7.6, and
since the underwaved portion can then be rewritten as

ti+1f(Wi, t
−1
i+1t

2
i ti+1) = ti+1f(Wi, tit

2
i+1t

−1
i ) = ti+1tif(t−1

i Witi, t
2
i+1)t−1

i ,

the above calculation continues to

FB(g2,i+1) =[gλ2,i]∗
(
ti+1tif(t−1

i Witi, t
2
i+1)t−1

i f(Wi+1, t
−1
i+1Wi+1ti+1)W−mi+1 (WiWi+2)m

· ti(Wi−1Wi+1)m(t−1
i W−mi ti)f(Wi, t

−1
i Witi)W

−m
i

)
=[gλ2,i]∗

(
ti+1tif(t−1

i Witi, t
2
i+1)f(Wi+1, t

−1
i t−1

i+1Wi+1ti+1ti)W
−m
i+1 t

−1
i (WiWi+2)mti

· (Wi−1Wi+1)m(W−mi )(t−1
i W−mi ti)f(tiWit

−1
i ,Wi)W

−m
i

)
=[gλ2,i+1]∗

(
f(t−1

i Witi, t
2
i+1)f(Wi+1, t

−1
i t−1

i+1Wi+1ti+1ti)f(tiWit
−1
i ,Wi)W

−m
i

)
=[gλ2,i+1]∗

(
f(Wi, t

−1
i t−1

i+1Wi+1ti+1ti)f(Wi+1, t
2
i+1)W−mi

)
=[gλ2,i+1]∗ f(Wi+1, t

2
i+1) = f(t2i+1,Wi)g

λ
2,i+1f(Wi+1, t

2
i+1).

Note that relation (III) along the diagram of Figure 4 is used for the above second to last line, and
commutativity of g2,i+1 with Wi and t−1

i t−1
i+1Wi+1ti+1ti = g2,i+1g

′
2,i+1 for the last line. The proof of

assertion (ii) is completed. �
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8. Prospects for the general case of Γ̂g,n, n > 1

Let Σg,n denote an oriented surface of genus g and n boundary components, and consider the profinite

mapping class group Γ̂g,n of it. For F = (λ, f) ∈ ĜT , knowing that F (di) = dλi for i = 1, . . . , g in our

standard action on Γ̂g,1 (Theorem 1.1 and Proposition 7.3), we can then cut along these loops in several
ways to obtain subsurfaces Σg′,n′ of Σg,1 of smaller genus g′ with more than one boundary component.

If the action of F ∈ ĜT on Γ̂g,1 restricts to the image of Γ̂g′,n′ , and if we take as a working hypothesis

that the map from Γ̂g′,n′ to its image inside Γ̂g,1 is injective, then (ignoring small differences of effects of
punctures vs boundary components on mapping class groups of surfaces), this would show that F acts

on Γ̂g′,n′ , generalizing our main result to the case of all (g, n).

Figure 5. Surfaces Σ2,5 cut off from Σg,n = Σ4,1

A typical example of this cutting along loops to create more boundary components is shown in Figure
5, where the loops δ3 and δ4 on Σ4,1 have been cut, yielding a subsurface Σ2,5. The mapping class

group Γ2,5 is generated by the Gervais twists along loops indicated in Figure 1, and the ĜT -action on
the twists along the loops γ2, γ3, γ4 shown in Figure 5 should, in principle, be identical to the action on

the same twists along the same loops viewed as sitting on Γ̂4,1. If one shows that F (γi) (for i = 2, 3, 4)

can be expressed in Γ̂2,5 for every F = (λ, f) ∈ ĜT acting on Γ̂4,1 as in Theorem 1.1, then we obtain a

ĜT -action on the image of Γ̂2,5 → Γ̂4,1. At the writing of this paper, we do not know if this holds for

ĜT . However, we do know that it holds for a particular subgroup IΓ of ĜT introduced in [HLS], [LNS],
[NS], where Grothendieck’s “game of Lego” is explained, and it is shown that the IΓ-action is a “Lego
action” in the sense that it respects the rules of this game ([Gr]). One important feature of the Lego

game is that the IΓ-action on Γ̂g,n for all (g, n) respects all the homomorphisms between the profinite

mapping class groups induced by cutting along simple loops, like the example Γ̂2,5 → Γ̂4,1 above. The

question of whether the “Lego action” of IΓ extends to a Lego action of the full group ĜT acting on Γ̂g,1
as in Theorem 1.1 is the subject of a future research project of the authors of this paper.

Appendix A. Direct derivation of (5.2)

In the above text, we used the following action of ĜT in (5.2) as a consequence of the more general
“A-move formula” (Theorem 2.3):


FB(t1) = tλ1 ,

FB(t2) = f(t22, t
2
1) tλ2 f(t21, t

2
2),

FB(t3) = f(t23, t2t
2
1t2) tλ3 f(t2t

2
1t2, t

2
3),

(A.1)

where ti = a2ia2i+1a2i−1a2i (i = 1, 2, 3).

In this appendix, we will show how these formula can be derived from Drinfeld’s ĜT -action on the

basic braids a1, a2, . . . directly. Fix n ≥ 4 and F = (λ, f) ∈ ĜT acting on the profinite braid group

B̂n =

〈
a1, . . . , an−1

∣∣∣∣ aiaj = ajai (|i− j| > 1),
aiai+1ai = ai+1aiai+1 (i = 1, . . . , n− 2)

〉
.
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Below we shall write

FB :=

inn

b(n−1)/2c∏
i=1

f(y2i+1, a
2
2i+1)

 ◦ F ∈ Aut(B̂n).

We first show the simplest case:

Proposition A.1. Notations begin as above, FB acts on t1 = a2a1a3a2 by

FB(t1) = tλ1 . (A.2)

Proof. We use the hexagon relation three times in the form [NS, Lemma 1.5]:

f(x, y)xmf(z, x)zmf(y, z)ym = ωm (A.3)

where each of x, y, z is supposed commuting with ω := xyz.
Now by definition FB acts on a1, a2, a3 by

FB(a1) = aλ1 , FB(a3) = aλ3 (A.4)

FB(a2) = f(w3, a
2
3)f(a2

2, a
2
1)aλ2f(a2

1, a
2
2)f(a2

3, w3) (A.5)

but we use two different expressions for FB(a2):

FB(a2) = f(w3, a
2
3)f(a2

2, a
2
1)aλ−1

2 f(a2a
2
1a
−1
2 , a2

2)f(a2a
2
3a
−1
2 , w3) · a2 (A.6)

= f(w3, a
2
3)a1−λ

1 f(a2a
2
1a
−1
2 , a2

1)a2a
1−λ
1 a−1

2 wm3 f(a2a
2
3a
−1
2 , w3) · a2 (A.7)

where (A.3) is applied to the underlined portion.
We compute FB(t1) = FB(a2)FB(a1)FB(a3)FB(a2) along with the diagram in Figure 6, where arrows

between pants-decompositions (of a punctured plane) have labels of f(G,L) with G,L indicate twists of
a gained loop and a lost loop respectively.

Figure 6. A-moves for FB(t1)

Let us apply (A.7) to the first factor, and (A.6) to the last factor. We then get:

FB(t1) = FB(a2)FB(a1)FB(a3)FB(a2) (A.8)

=a1−λ
1 f(w3, a

2
3)wm3 f(a2a

2
1a
−1
2 , a2

1)a2a
1−λ
1 a−1

2 f(a2a
2
3a
−1
2 , w3)a2a

1−λ
1 a−1

2 · a2 · (aλ1 · aλ3 )

· f(w3, a
2
3)f(a2

2, a
2
1)aλ−1

2 f(a2a
2
1a
−1
2 , a2

2)f(a2a
2
3a
−1
2 , w3) · a2
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Figure 7. A-moves for FB(ti) (i ≥ 2)
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Replacing the above underlined portion by a2a
λ−1
3 a−1

2 · (a2a1a3), it continues to

=a1−λ
1 f(w3, a

2
3)wm3 f(a2a

2
1a
−1
2 , a2

1)a2a
1−λ
1 a−1

2 f(a2a
2
3a
−1
2 , w3) · a2a

λ−1
3 a−1

2 f(t1w3t
−1
1 , a2a

2
3a
−1
2 )

:::::::::::::::::::::::::::::::::::::::::

· f(t1a
2
2t
−1
1 , a2a

2
1a
−1
2 )t1a

λ−1
2 t−1

1 f(t1a
2
1t
−1
1 , t1a

2
2t
−1
1 ) · f(t1a

2
3t
−1
1 , t1w3t

−1
1 ) · t1

Noting that the conjugation by t1 switches a1 and a3 and putting Ω := (a2a
2
3a
−1
2 )w3(t1w3t

−1
1 ), we further

continue the above to

=a1−λ
1 f(w3, a

2
3)wm3 f(a2a

2
1a
−1
2 , a2

1) · (a2a
1−λ
1 a−1

2 ) · w−m3 f(t1w3t
−1
1 , w3)(t1w

−m
3 t−1

1 )Ωm
::::::::::::::::::::::::::::::

· (t1wm3 t−1
1 )(a2a

1−λ
1 a−1

2 )f(a2
3, a2a

2
1a
−1
2 )a1−λ

3 · f(a2
1, t1w3t

−1
1 ) · t1

=a1−λ
1 · f(w3, a

2
3) · f(a2a

2
1a
−1
2 , a2

1) · f(t1w3t
−1
1 , w3) · (a2a

−2
1 a−1

2 Ω)m · f(a2
3, a2a

2
1a
−1
2 )

· f(a2
1, t1w3t

−1
1 ) · a1−λ

3 · t1,

where we applied (A.3) in the above underlined and underwaved portions, and used a2a
−2
1 a−1

2 Ω = w4.
We then conclude the aimed quantity (A.8) as:

FB(t1) =a1−λ
1 f(w3, a

2
3)f(a2a

2
1a
−1
2 , a2

1)f(t1w3t
−1
1 , w3)f(a2

3, a2a
2
1a
−1
2 ) (A.9)

· f(a2
1, t1w3t

−1
1 ) · a1−λ

3 wλ4 · t1
=a1−λ

1 a1−λ
3 wm4 · t1 (A.10)

After (A.10), it suffices to derive

a1−λ
1 a1−λ

3 · t1 = w−m4 · tλ1 .

In fact, we have a2
1a

2
3t

2
1 = w4. Using the fact that w4 commutes with a1a3 we obtain

tλ1 = tλ−1
1 · t1 = t1 · (t21)m = t1 · wm4 (a1a3)1−λ

which completes the proof of our claim. �

Next, we shall show

Proposition A.2. Let F = (λ, f) ∈ ĜT and FB as in the above. Then FB acts on t2 = a4a3a5a4 by

FB(t2) = f(t22, t
2
1)tλ2f(t21, t

2
2). (A.11)

Proof. Now by definition FB acts on a1, a2, a3 by

FB(ai) = aλi (i = 1, 3, 5), (A.12)

FB(a2) = f(w3, a
2
3)f(a2

2, a
2
1)aλ2f(a2

1, a
2
2)f(a2

3, w3) (A.13)

FB(a4) = f(w5, a
2
5)f(w3, a

2
3)f(a2

4, w4)aλ4f(w4, a
2
4)f(a2

3, w3)f(a2
5, w5) (A.14)

= f(w5, a
2
5)f(w3, a

2
3)f(a2

4, w4)aλ−1
4 f(a4w4a

−1
4 , a2

4)

· f(a4a
2
3a
−1
4 , a4w3a

−1
4 )f(a4a

2
5a
−1
4 , a4w5a

−1
4 ) · a4.

We compute FB(t2) = FB(a4)FB(a3)FB(a5)FB(a4) along with the diagram in Figure 7, where “D” indi-
cates a disc with two punctures numbered 2, 1 from the left and arrows between pants-decompositions
(of a punctured plane) have labels of f(G,L) with G,L indicate twists of a gained loop, a lost loop
respectively.

FB(t2) = FB(a4)FB(a3)FB(a5)FB(a4) (A.15)

=f(w5, a
2
5)f(w3, a

2
3)f(a2

4, w4)aλ−1
4 f(a4w4a

−1
4 , a2

4)f(a4a
2
3a
−1
4 , w3)

· f(a4a
2
5a
−1
4 , w5) · a4(a3a5)λ−1a−1

4 · a4a3a5 · FB(a4)

=f(w5, a
2
5)f(w3, a

2
3)f(a2

4, w4)aλ−1
4 f(a4w4a

−1
4 , a2

4)f(a4a
2
3a
−1
4 , w3)

::::::::::::::::::::::::::

· f(a4a
2
5a
−1
4 , w5) · a4a

λ−1
3 a−1

4 · a4a
λ−1
5 a−1

4

· f(t2w5t
−1
2 , a4a

2
5a
−1
4 )f(t2w3t

−1
2 , a4a

2
3a
−1
4 )f(t2a

2
4t
−1
2 , a4w4a

−1
4 )t2a

λ−1
4 t−1

2

· f(t2w4t
−1
2 , t2a

2
4t
−1
2 )f(t2a

2
3t
−1
2 , t2w3t

−1
2 )f(t2a

2
5t
−1
2 , t2w5t

−1
2 ) · t2.
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Replacing the above underlined and underwaved portions by:

f(w3, a
2
3)f(a2

4, w4) = f((a3a4)3, w4)f(a2
4, a

2
3)f(w3, (a3a4)3), (A.16)

f(a4w4a
−1
4 , a2

4)f(a4a
2
3a
−1
4 , a4w3a

−1
4 ) = f((a3a4)3, w3)f(a4a

2
3a
−1
4 , a2

4)f(a4w4a
−1
4 , (a3a4)3),

with cancellation of f(w3, (a3a4)3)±1 there across aλ−1
4 , and noting the commutativity of f(a4a

2
5a
−1
4 , w5)

and f(t2w4t
−1
2 , t2a

2
4t
−1
2 ), the computation (A.15) continues to:

=f(w5, a
2
5)f((a3a4)3, w4)f(a2

4, a
2
3)aλ−1

4 f(a4a
2
3a
−1
4 , a2

4)f(a4w4a
−1
4 , (a3a4)3) (A.17)

· a4a
λ−1
3 a−1

4 f(t2w3t
−1
2 , a4a

2
3a
−1
4 )f(a4a

2
5a
−1
4 , w5)a4a

λ−1
5 a−1

4

· f(t2w5t
−1
2 , a4a

2
5a
−1
4 )f(t2a

2
4t
−1
2 , a4w4a

−1
4 )t2a

λ−1
4 t−1

2 f(t2w4t
−1
2 , t2a

2
4t
−1
2 )f(a2

3, t2w5t
−1
2 )

:::::::::::::::::::::::::::::

· f(a2
5, t2w3t

−1
2 ) · t2

Moreover, applying the hexagon relation (A.3) to the double-lined factors, and replacing the underlined
and underwaved portions by 5-cyclic relations respectively by

f(a−1
5 (a3a4)3a5, t2w3t

−1
2 )f(t2a

2
4t
−1
2 , a4a

2
5a
−1
4 )f(t2w5t

−1
2 , a−1

5 (a3a4)3a5),

f(a−1
5 (a3a4)3a5, t2w3t

−1
2 )f(a2

3, t2a
2
4t
−1
2 )f(t2w4t

−1
2 , a−1

5 (a3a4)3a5)

(with obvious cancellation) in the above, we continue (A.15) more to:

=f(w5, a
2
5)f((a3a4)3, w4)a1−λ

3 (a3a4)3mf(a4a
2
3a
−1
4 , a2

3)f(a4w4a
−1
4 , (a3a4)3)f(t2w3t

−1
2 , a4a

2
3a
−1
4 )

· f(a4a
2
5a4, w5)(a4a

λ−1
5 a−1

4 )f(a−1
5 (a3a4)3a5, t2w3t

−1
2 )

· f(t2a
2
4t
−1
2 , a4a

2
5a
−1
4 )(t2a

λ−1
4 t−1

2 )f(a2
3, t2a

2
4t
−1
2 )

:::::::::::::::::::::::::::::::::::::::
· f(t2w4t

−1
2 , a−1

5 (a3a4)3a5)f(a2
5, t2w3t

−1
2 ) · t2

Use relation (III) to the above underlined and double-underlined portions to get

f(t2w3t
−1
2 , (a3a4)3)f(a4w4a

−1
4 , a2

3),

f((a3a4a5)4, t2w3t
−1
2 )f(a2

5, a
−1
5 (a3a4)3a5)f(t2w4t

−1
2 , (a3a4a5)4)

respectively, and apply relation (II) to the underwaved portion. Then, noting also that a4a
2
5a
−1
4 commutes

with a−1
5 (a3a4)3a5, t2w3t

−1
2 , we may continue to:

FB(t2) =f(w5, a
2
5)f((a3a4)3, w4)a1−λ

3 (a3a4)3mf(t2w3t
−1
2 , (a3a4)3)f(a4w4a

−1
4 , a2

3)

· f(a4a
2
5a
−1
4 , w5)f(a−1

5 (a3a4)3a5, t2w3t
−1
2 )(a−1

5 aλ−1
4 a5)

· f(t2a
2
4t
−1
2 , a4a

2
5a
−1
4 )(t2a

λ−1
4 t−1

2 )f(a2
3, t2a

2
4t
−1
2 )

· f((a3a4a5)4, t2w3t
−1
2 )f(a2

5, a
−1
5 (a3a4)3a5)f(t2w4t

−1
2 , (a3a4a5)4) · t2

=f(w5, a
2
5)f((a3a4)3, w4)a1−λ

3 (a3a4)3mf(t2w3t
−1
2 , (a3a4)3)

· f(a−1
5 (a3a4)3a5, w5)f(a−1

5 a2
4a5, a

2
3)(a−1

5 aλ−1
4 a5)f(t2a

2
4t
−1
2 , a4a

2
5a
−1
4 )

::::::::::::::::::::::::::::::::::::::::
(t2a

λ−1
4 t−1

2 )

· f(a2
3, t2a

2
4t
−1
2 )f((a3a4a5)4, t2w3t

−1
2 )f(a2

5, a
−1
5 (a3a4)3a5)f(t2w4t

−1
2 , (a3a4a5)4) · t2

=f(w5, a
2
5)f((a3a4)3, w4)a1−λ

3 (a3a4)3mf(t2w3t
−1
2 , (a3a4)3)

::::::::::::::::

· f(a−1
5 (a3a4)3a5, w5)

:::::::::::::::::
a1−λ

3 f(t2a
2
4t
−1
2 , a2

3)(t2a
1−λ
4 t−1

2 )a−1
5 (a3a4)−3ma5(t2a

λ−1
4 t−1

2 )

· f(a2
3, t2a

2
4t
−1
2 )f((a3a4a5)4, t2w3t

−1
2 )

::::::::::::::::::
f(a2

5, a
−1
5 (a3a4)3a5)f(t2w4t

−1
2 , (a3a4a5)4) · t2

Cancelling the double-lined factors in the above line allows us to apply relation (III) to the underwaved
part. Then, we obtain

FB(t2) =f(w5, a
2
5)f((a3a4)3, w4)a1−λ

3 (a3a4)3m · f((a3a4a5)4, w5) · a1−λ
3

· f(a−1
5 (a3a4)3a5, (a3a4)3)(a−1

5 (a3a4)3ma5)f(a2
5, a
−1
5 (a3a4)3a5)f(t2w4t

−1
2 , (a3a4a5)4) · t2

=f(w5, a
2
5)f((a3a4)3, w4)f((a3a4a5)4, w5)a2−2λ

3 (a3a4)3m·

· (a3a4)−3m · f(a2
5, (a3a4)3)a1−λ

5 Ωmf(t2w4t
−1
2 , (a3a4a5)4) · t2
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where Ω = a−1
5 (a3a4)3a5 · (a3a4)3 · a2

3 = a2
3 · (a3a4a5)4 = a2

3 · (a2
3a

2
5t

2
2). It follows then that

FB(t2) =a2−2λ
3 f(w5, a

2
5)f((a3a4)3, w4)f((a3a4a5)4, w5)f(a2

5, (a3a4)3)
::::::::::::::::::::::::::::::::::::::::::::::

· a1−λ
5 aλ−1

3 (a3a4a5)4mf(t2w4t
−1
2 , (a3a4a5)4) · t2

=a2−2λ
3 f((a3a4a5)4, w4)a1−λ

5 aλ−1
3 (aλ−1

3 aλ−1
5 tλ−1

2 )f(t2w4t
−1
2 , (a3a4a5)4) · t2

=f((a3a4a5)4, w4) · tλ−1
2 · f(t2w4t

−1
2 , (a3a4a5)4) · t2

=f(t22, t
2
1) · tλ−1

2 · f(t2t
2
1t
−1
2 , t22) · t2,

where the last equality follows from

f((a3a4a5)4, w4) = f(t22, t
2
1), f(t2w4t

−1
2 , (a3a4a5)4) (A.18)

which are easily derived from the known identities (a3a4a5)4 = a2
3a

2
5t

2
2 and w4 = a2

1a
2
3t

2
1. We thus conclude

the desired assertion FB(t2) = f(t2t
2
1t
−1
2 , t22). �

Proposition A.3. Let i ≥ 2 and write Wi := (t1 · · · ti−1)i. Then, we have

FB(ti) = f(t2i ,Wi) t
λ
i f(Wi, t

2
i ).

Proof. We compute FB(ti) = FB(a2i)FB(a2i−1)FB(a2i+1)FB(a2i) along with the diagram in Figure 7,
where numbering of punctures is shifted to 2i − 4 so that D is filled by a disc with punctures num-
bered from 1 to 2i − 2 with inside pants-decompositions corresponding to bracketings (· · · ((2i − 2, 2i −
3) · · · ((43)(21)) · · · ). The computations go the same way as in the case of FB(t2) (Proposition A.2),
thanks to the commutativity of Dehn twists along disjoint loops. �
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Institut de Mathématiques de Jussieu, Sorbonne Université, Paris , France
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