The Grothendieck-Teichmiiller group GT acts on the genus g
mapping class group with 0 or 1 marked point
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ABSTRACT. The goal of this article is to prove that the Grothendieck-Teichmiiller group GT acts on
I'g,0 and I'y 1, the (full) profinite genus g mapping class group with 0 or 1 marked point, for every g > 0.
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1. Main Theorem

Consider the simple loops on a topological surface X, of genus g with n marked points and m

boundary components shown in the following diagram:

FIGURE 1. Simple loops on X7, (r = m 4+ n) whose Dehn twists generate the pure
mapping class group

For simplicity, we call simple loops (simple closed curves) on a surface just loops. In principle, we will
use Greek letters for loops and Roman letters for the Dehn twists along them. Let m = 0. Wajnryb
[W] and Gervais [G] gave a finite presentation of the pure mapping class group I'y ,,, generated by the
Dehn twists a; along a; for i = 1,...,2g, d along §, and g; along ~; for i = 1,...,n — 1. In this article
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we mainly restrict our attention to the case n = 1, where the loops 71, ...,7,—1 are absent; we give the
complete finite presentation in this case in Theorem 3.1 below.

We denote the profinite completion of I'g 1 by fg,l; it is topologically presented by the same generators
and relations as the discrete version. It is well-known that the Grothendieck-Teichmiiller group GT acts

on the genus zero pure mapping class group fO,n for n > 4, and the action obeys a “lego” rule suggested
by Grothendieck in [Gr]. The lego rule is not special to genus 0; it is spelled out explicitly in [HLS] for

surfaces of all types (g,n). However, it was shown in [HLS] and [NS] that in order for elements of GT
to act as automorphisms of f%n respecting the lego rules, a new condition (first introduced in [LNS])
must be added to the three defining conditions of GT. Tt is unclear, however, whether the additional
condition actually defines a proper subgroup of ﬁ, and it is also not known whether the full group GT
is an automorphism of fq,n in some manner not necessarily subject to the lego rules. Apart from these
works proving that a certain (possibly full) subgroup of GT could be identified with the automorphism
group of fgm respecting the lego, it was not known whether and how GT could be identified with an
automorphism group of fg}n, except in the particular cases of fl’l and f1’27 whose close similarities with
the genus zero groups I'g (4 (the full genus zero mapping class group) and I'g 5 made it possible to show
that GT did act on these groups, albeit without necessarily respecting the lego (in the absence of the
additional relation) for flvg.

The main result of this paper states that in fact, GT is an automorphism group of the profinite mapping
class groups I’:gp and ng for all g > 1. According to the finite presentations given by Wajnryb [W], the
groups fg’l and f970 have the same generators d,ay, ..., asy, Dehn twists along the corresponding simple
loops 4, aq,...,ass shown in Figure 1, and the presentation of fgp is the same as that of I’:g71 with a
single additional relation. We recall the presentation of fg,l in Theorem 3.1, and the additional defining
relation of fgp is recalled in Theorem 7.2.

Theorem 1.1. Let F = (A, f) € GT. The following action of F' given on the generators d,ay, ..., azq of
either one of the profinite groups I'y o or I'g 1 extends to an automorphism of that group:

F(ay) = a3
F(d) = d* (1.1)
Fa;) = f(af,yi)a} f(ys,a?)  for2 <i<2g,

where y; = a;—1 a3 - a;—q for 2 <i<2g.

In the next section we recall some background material, essentially the presentation of the mapping
class group I'y 1 by generators d,as,...,as, with Wajnryb’s relations labeled (A), (B), (C) and (C’) in
Theorem 3.1, together with the GT automorphism action on these groups given by Drinfeld ([D]). In
Sections 3 and 4 we prove the main theorem in the case of f271, which only requires the action of F' € GT
proposed in Theorem 1.1 to respect the relations (A) and (B). In Section 5 we settle the case of f371 by

showing that the purported GT-action respects relation (C), and prepare the ground for the general case
g > 4, which is finally dealt with in Section 6 by verifying that relation (C’) is also respected. d. Finally,

Section 7 contains the proof of the main theorem for the group Fq 0, by showing that the GT-action
respects the one additional relation (D) needed to pass from 1 to 0 marked points. Section 8 contains
some perspectives for future work. The authors note that a large part of the calculations and proofs
below stem from our unpublished discussions which led to the short paper [LNS] in 1997.

2. Some background material in genus zero

We recall here some known facts about the GT-action on the full profinite Artin braid group én onn
strands. We first have the original result due to Drinfeld (in [D]).

Theorem 2.1. Let F = (A, f) € GT. Then F induces an automorphism of the profinite Artin braid
group B, for all n > 3 via the formulas
F(Ul):Ui\ F(Jz):f( 17771) f(m, ) fO?” 2<i<n-1 (21)

This action also satisfies
F(m)=77?7 F(wi):w;\ fori=2,....n
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where N =04—1°°"01°01"""04—1 and w; = (0'1 R 'CTi_l)i.

Definition 2.2. A bracketing on n points consists of k pairs of brackets with 1 < & < n — 2 in which
no pair of brackets contains all the points, and if a pair of brackets contains one bracket from another
pair, then it contains both brackets from that pair (see examples below). A mazimal bracketing consists
of n — 2 pairs of brackets. An A-move on a bracketing consists in replacing a configuration of brackets
(X1, X32), X3 by the configuration X, (Xo, X3) or vice versa, where X; denotes either a single point or a
set of consecutive points included in a bracket (which itself may contain other, smaller brackets).

Examples 2.2.1. Here are two examples of bracketings of z1,...,z¢: ((z1,22), (x3,24)), (5, 26) and
(21, 22), (x3,24), (x5,26). A mazimal bracketing of 6 points contains n — 2 = 4 pairs of brackets, so we
could take for example

(((371,.%'2)7(x37x4)),x5)7x6 or ((x17x2),(x3,$4)),(x5,$6).
These two maximal bracketings differ by one A-move. The maximal bracketings:

(((z1,22), (x3,24)),75), 26 and  (((1,22),73),74), (5, T6)
differ by two commuting A-moves.
Theorem 2.3. Letn > 3. Let F € GT and let F denote the outer automorphism of En induced by the
automorphism F acting as in (2.1). Then

(i) for each mazimal bracketing B of n points, there is a lift of F to an automorphism Fg of B,
having the property that if i,--- ,j denotes a consecutive set of points enclosed within a pair of
brackets (regardless of smaller sets enclosed by brackets with the pair), then denoting by T;.... ;

the full twist of the braid packet i,...,j, Fg acts on T; . ; by F(T; .. ;) = TZ’\J
(it) Let X1 = (x;,...,x;) and Xo = (xj41,...,2) be two consecutive packets of consecutive strands

in By,. Let ox, x, denote the flat crossing of the packet Xy to the right over the packet X5 (so that
the full twist T; . is given by T;  ; = 0'3(17XQTZ' ,,,,, iLi+1,...k). If B is a bracketing containing

the configuration (X1, Xs), then the associated automorphism of En acts by

.....

A
FB(JXLXQ) = JX1,X2' (2'2)
(#i) If two bracketings B and B’ differ by a single A-move which takes a pair of brackets containing
the consecutive set of points i,...,J to a pair containing the consecutive set of points i',...,7,
then the corresponding automorphisms Fp and Fr/ are related by
Fg =inn f(T;.. j, Ty, j1) o Fp. (2.3)

Example 2.3.1. The standard bracketing By consists of the pairs of brackets containing the points
1,...,ifor2<i<n-—1.

Lemma 2.4. The Drinfeld action of F € GT on the profinite Artin braid group En given in (2.1) is the
automorphism Fg, associated to the standard bracketing By.

Proof. In view of Theorem 2.3 (i), F, acts via A on o1 and w; for 2 < ¢ < n. To determine the action of
F, on the other generators o; of én, we note that for each ¢ > 1, the modification of By by erasing the
single pair of brackets surrounding points 1,...,7 and replacing it by the pair of brackets surrounding
the two points ¢ and 7 + 1 is an A-move. Letting B; denote the bracketing obtained by this A-move for
i=2,...,n—1, Theorem 2.3 (iii) tells us that Fy, = inn f(T1,._;,02)oBy. The full twist T} ;11 on a pair
of consecutive strands is o2, and the full twist Ti,...i is equal to w;. In the braid group En, the w; and »;
all commute among themselves and with each other and satisfy the identities w;_17; = w;. Furthermore
w;—1 commutes with ;. So f(w;,0?) = f(wi_1n:i,02) = f(ni,02) (since w;_; commutes with both n;
and o7 and f is a (profinite) commutator). Therefore the action of Fp, is exactly the action given in
(2.1). |

Finally, we have the following proposition, which is a special case of a much more general principle,
which we will need in §§5,6 below.

Theorem 2.5. Let n = 8, let X; = (x1,22), X2 = (3,24), X3 = (25,26) and X4 = (x7,28), and fix a
mazximal bracketing

B = ((X1,X2),X3), X4 = (((z1,22), (x3,74)), (5, 76)), (v7, T5).
Set
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T1 =0X,,X, = 02010302
Ty = 0X,.X; = 04030504 (2.4)
T3 = 0X3,X, = 06050706.
Then
(i) The subgroup (m1,72,73) C By is isomorphic to By and the action of Fg on that subgroup is the
Drinfeld action (2.1) with o; replaced by ;.
(ii) Fg is related to the standard Drinfeld automorphism F = Fg, by

FB = inn (f(’f]g, Ug)f(n57a-§)f(n7ﬂ O—'?)) oF.

Proof. (i) The packets X; and X3 appear in B, and 7, = 0x, x,, S0 by (2.2) we have F(r1) = 17". For
i=23,letYi=1; 727 .
Consider the maximal bracketings

B = (((x1,72), (¥3,74)), (x5, 26)), (7, T3)
B = ((z1,22), ((x3,24), (25, 26))), (T7, 8) (2.5)
B" = ((1‘1, 552)’ (CE3, $4)), ((3;‘5, xG)v (;C7, xS))

The second one differs from the first by the single A-move changing the pair of brackets containing 1, 2, 3,4
to the pair containing 3,4, 5,6, and the third one differs from the first by the single A-move changing the
pair of brackets containing 1,2,3,4,5,6 to the pair containing 5,6,7,8. Therefore by Theorem 2.3, we
have

{FB’ = inn f(T1234, T3456) © I (2.6)
Fpir = inn f(T123456, Ts67s) © F-
By Theorem 2.3 (ii), we have

Ti934 = 0%, x,0103 = 170703

Taas6 = 0%, x,0308 = 150303 (2.7)

_ 2 2 2_ .2 2 2
Tse78 = 0%, x,0507 = T30506.

Since X3 and X, appear in B’ and ox, x, = T2, we have Fpg/(m2) = 75 by (2.2). Since 07, 03 and o2
commute with T1234 and T3456 and Y2 = T12, we find*
f(T234, Taas) = f(rioto3, 50302) = f(ri,79) = f(Yo,73).
Thus
Fg(rp) = f(73,Y2)73 f(Ya,73).

It remains only to compute Fg(73) using (2.7) and the second line of (2.6). For this, we make the full
twist T123456 explicit:

2 2 2 2 9
T123456 = 0%, X, 0X2,X30 X, X, 0 X2,X3010305

(best checked by braiding). Since J%, 0§ and 052, commute with 723456 and T5678 we have
_ 2 2 2
J(Ti23456, Tse7s) = [ (0%, xy0 X0, X50%, X2 0 X2, X3> 0 X5 %) -

Because O'g(l, x, commutes with both arguments, we can remove the left-hand multiplication by this term
in the left argument to get f(0x, x;0%, x,0X2.X3:0x,.x,)- Using 7 = ox, x, and 73 = 0x, x,, We can
then write

f(Tha3as6, Trers) = f(Tatime, m2) = f(Y3,73). (2.8)

Since ox, x, = 73 and the packets (X3, X4) form part of B”, we have Fgr(73) = 4. Thus the second
line of (2.6) together with (2.8) tell us that

FB(T?)) = f(T??a YE’))T?f\f(Yi%T??)
This concludes the proof.

(ii) This follows directly from Theorem 2.3, noting that the maximal bracketing B is derived from the
standard maximal bracketing By by three pairwise commutative A-moves: changing the pair of brackets

*This standard commutation result is spelled out in (ii) of the Haiku Lemma in Section 5 below.
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surrounding 1,2, 3 to one surrounding 3,4, changing the pair of brackets surrounding 1,2,3,4,5 to one
surrounding 5,6, and changing the pair of brackets surrounding 1,2, 3,4,5,6,7 to one surrounding 7, 8:

((((((‘Tlﬂ xQ)a ‘T3)ax4)ax5)ax6)7x7)7x8 = (((((331; zQ)a (1‘3, ‘T4))a 15), ‘Tﬁ)v x7)ax8

= ((((xlvxZ)v (;C3, x4))7 (x5’ xG))7x7)7x8 = (((‘Tlva)v (x37x4))7 (x57x6))7 (1‘7,:68).

3. Presentation of the pure mapping class group I'y ;

3.1. Wajnryb’s presentation of I'; ;. In this background section, we recall the Wajnryb-Gervais pre-
sentation of I'y ; in terms of the generators shown in Figure 1 above for the case n = 1, so without any
of the Dehn twists g; along curves ~;.

Theorem 3.1 (Wajnryb [W]). Let g > 1. The following is a finite presentation for the mapping class

group I'g 1. The generators are the Dehn twists ai,as,. .., a2 and d along the corresponding simple loops
shown in Figure 1; see also Figure 2, with do = d. Define

Yk = Qp—1Qk—2 - Q2aias - ag_1ay fork=2,...,2g+1

ty = agraop—102k4102k fork=1,...,9—1

ds = (t7 Mty Ydataty) (ty Ydats)doay tag tas (3.1)

by = ysdays '
dy = yrdgy; .
Then the following set of relations between the above generators gives a presentation of I'y1:
(A)  aai410; = ajp1a5a,41 fori=1,...,29 — 1,
a; commutes with a; for |i — j| > 2,
dsasd = agdsay,
do commutes with a; for j # 4;
(B)  dodh = (arazaz)?;
(C)  (only needed for g > 3) dsagds = agdsag;
(C')  (only needed for g > 4) df commutes with (tot1tsts)da(tatitsts) L.
Proof. This presentation can easily be deduced from Wajnryb’s presentation in [W]. In fact, the original
relation (C) as written by Wajnryb is split here into two separate, simpler relations. This is possible
because Wajnryb only uses his (C) to prove two further relations, numbered (18) and (30) in his proof,
and we have chosen to use those two here instead of the original more complex form. His (30) is our (C),

and the relation in (18) which he proves using his (C) is our (C’). More precisely, in Wajnryb’s notation,
he states this as the commutation of e with ds4; here e is our d’ and dzq is (tat1tste)d(tatitsts) L. O

FIGURE 2. The loops dj, ¢;, and wy, (where oy = §; = 07)

Remark about notational conventions. Wajnryb [W] uses right twists along a (simple) loop v in
the mapping class group that acts on the surface on the right: if we have twists g, g’ along loops ~,~'
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respectively, then the twist along the loop (7/)g is given by g~ 1¢’g. In the following discussions, we switch
this convention (to follow most other literature) to the opposite, in which left twists along loops act on the
surface on the left, and a twist g acting on a loop 7/ gives a loop g(v/) whose associated twist is gg’g~*.
In particular, this changes the order of multiplication (or composition) of twists: if (g1,...,g,) are right
twists along a sequence of loops (71, ..., 7vx), then the composition of these twists acting by g1,...,¢, in
that order would be written as g; - - - g,, in Wajnryb’s convention (right action), but the same action in our
convention (right twists gi_1 acting on the left in the same order) is written as g; ' -+ g7 = (g1 gn) "
This change from right to left action and the corresponding change in the notation of composition has

the effect of ensuring that Wajnryb’s identities remain the same in both notations.

Let us give a pictorial explanation of some of the relations in Theorem 3.1. We note first that the
relations in (A) follow simply from the fact that twists along disjoint loops commute, and that the braid
relation aba = bab holds for twists a, b along any pair of loops «, 8 intersecting in a single point.

Next, we observe that the element wy = (ay ...ax_1)¥, image of the center of By, is connected to the
twist along the boundary on the minimal subsurface of I'y ; containing the braid loops a1,...,0p—1. If
k is odd, then w,% is the twist along the loop w(j41)/2 in Figure 2, and if k is even, then wy is the twist
along the boundary of the surface cut out by d;/2 and 52/2, ie. wy = dk/gdgc/z. This explains relation
(B).

Relation (C), the braid relation dsagds = agdsag is clear, but to include this relation in the presentation
means that ds must be expressed in the generating set d(= dz), a1, ..., a2, as given in (3.1). For this, we
first introduce Figure 3, which shows some definitions, loops and identities which will be useful later on.

FIGURE 3. The bold loop 7, ; in the middle figure is given by ¢; !(;); its Dehn twist is
t;lditi. The bold loop 72,; in the lowest figure is given by (¢;t;_;)71(8;); its Dehn twist
is ¢, e Mttt

Definition 3.2. We associate three loops to the i-th genus hole (see Figure 3). The first is the loop J;
depicted in the top diagram in Figure 3. The second is the loop 7;,; in the middle diagram in Figure
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3, defined by 1, = t;l(éi) where t; = ag;a2,_1a2;+1a2;. Finally, the bottom loop 2, is given by
Ya,i = t;:ll -ti_l (0;), where we define t;_; = ag;_2d;_1a2;,—1a2;—2. The three loops shown in Figure 3 form
a lantern, so the product of the three associated Dehn twists t;jt;ldititgfl, t;lditi and d; is equal to

the product of the boundary twists, given by d;_1a9;_1a2;11d;11-

Remark 3.2.1. Let us briefly explain exactly why t;l((si) is the loop v1,;. It suffices to make it clear
in the case i = 2. The diffeomorphisms tyaja3 = (azaiaz)? and tyazas = (asazas)? act simultaneously
on the subsurface S2 cut out by a1, as, as and d3 and on the mirror subsurface S} cut out by the same
first three loops and d%; indeed, in the case of t;, we have (tjaja3)? = wy = dad)y. However, restricted
to the subsurface Sy, the diffeomorphisms t1a1a3 and taazas act like half-twists along the loops d2 and
Y. In terms of braids, the strands 1,...,6 correspond to ramification points to the left and right of
the three first genus holes in the (g,1) surface under the rotation around the horizontal axis, and the
half-twists t1a1a3 and tsazas have the effect of braiding the corresponding four strands in a half-twist
(usually written ajasa;azasa; resp. azasazasasas, but these are equal to (azajaz)? resp. (agazas)?).

Let us now return to the relation given by Wajnryb to express ds in terms of the generators d =

dg, Aty ... 7(1292
ds = (t7 Mty Ydataty) (ty Ydata)doay tag tas ™t

The explanation of this complex formula becomes clear in view of Definition 3.2 with ¢ = 2. In the case
i = 2, Figure 3 shows the three loops d2, v1,2 = t2_1((52) and vp0 = t’1_1t2_1(52). But in fact, although
t. # t; in general, it turns out that t; = t; because d; = . Therefore y2 2 = tfltgl(ég). The associated
Dehn twists to these three loops are then tl‘ltgldthtl, t2d2t2_1 and ds, and their product is a lantern
product and therefore equal to the product of the four boundary components:

tl_ltgldgtgtl . t2d2t2_1 . d2 = a1a3a5d3.
This explains the defining formula for ds given in (3.1).

The same figure is useful to understand relation (C’). Here, the braid totitsts is best understood as
the flat braid crossing strands 1,2, 3,4 to the right above 5,6, 7, 8. This diffeomorphism, which only exists
in genus > 4, preserves the top half of the surface. More precisely, it acts on do sending it to the curve
v2,3 (see Figure 3), which is disjoint from 65, so that the two associated twists commute, which is the
statement of (C').

4. The Dehn twist d and the case of genus 2

In this section we begin the study of the action of elements F' = (), f) € GT on fg717 as proposed
in Theorem 1.1, by proving that the proposed action of F' respects all the relations in (A), as well as
relation (B), which suffices to prove that F € GT gives an automorphism of the mapping class group
f271. We first need some technical results on homomorphisms of braid groups into ng, which are given
in the first subsection. Observe that Wajnryb’s presentation of I'y; is also a topological presentation

for the profinite completion fgyl. Since everything concerning GT takes place in the context of profinite
groups, we only consider the profinite completions of mapping class groups from here on.

~

4.1. Homomorphisms from Artin braid groups into I'; ;. The first lemma concerns only the profi-
nite Artin braid group Bsi and a particular quotient of it.

Lemma 4.1. Let k > 1. For2 <i <2k, letn; = o;_1---0%---0;_1 and w; = (01---0;_1)" in Egk.
Then for F € é?’, the automorphism of Boy, given by (2.1) passes to the quotient Eék = Egk/<w2_k1_1'f]2k>,
and in the quotient we have
F(o9-1) = 05y,

Proof. We will make use of the standard identities w; = 15 - - - ;, valid in both Egk and Eé - The standard
automorphism F of By given in (2.1) satisfies F(n;) = n and F(w;) = w} for 1 < i < 2k. Since all the
71; and the w; commute pairwise in ggk, the subgroup <W2_k1,1772k> - Egk is preserved by F', and therefore
the action of I’ on EQk passes to the quotient B\ék It remains to show that F(ogr—1) = O'S‘k_l in Eék

Consider the subgroup of Eék generated by 791 and o9r—1. We can also take the two generators
T =nok_1 and y = ny,' |05, | as generators of the same subgroup. Let us show that both 22 and y? lie

in the center of the subgroup (z,y) of B\ék We first show that 2 = n3, _; commutes with a;_1. Indeed,
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way, is in the center of By and therefore its image is also in the center of Bé > 50 it commutes with oar_1
. A/ . /\/
in By, and in Bj, we have

_ .2 _ 2 _ .2 2 2
Wop, = Wop—172k = Wak_1 = (M2 N2k—1)" = 1M373 " Mak_1,

where the last equality holds because the 7; commute pairwise. Now, the elements 12,73, ..., 72k_2 all
commute with oo_1, n3,_; must also commute with ;1. Thus z? = n3,_; commutes with both =
and y, so it lies in the center of (z,y). To see that y? is also in the center of (x,y), we write

2 _ -1 -1 -1 -1 _ -1 _—1
Y = M2p—192k-1"2k-1%2k—1 = M2k—1"2k -
Since all the 7; commute pairwise, this shows that y? commutes with 2 = 1;_1, and since y? commutes
with y, we find that y? is also in the center of (x,y).

This shows that every element g € (x,y) can be written

9=y (zy)*a>-c

for some ¢ € (22,9?), where e1,ey € {0,1}. If g lies in the derived subgroup of (z,y), then the total
powers of z and y in g must be equal to 0, so we must have

= Yy .= a+l | 1 =
{g ylay)®z - c = (yx) ¢ ifa=1mod?2 (41)

g=(zy)*-c if a =0 mod 2.

In other words, g is either of the form g = (zy)® - c or g = (2y)? - ¢ with 3 =0 mod 2.
Now, under the standard action of F' on By given in (2.1), we have

F(oak-1) = f(ngfh7721971)02Ak71f(772k71a ngq)-

Thus, to show that F(oak—1) = og‘k_l in the quotient group Eé,w it suffices to show that f(ner—1, a%k_l)
commutes with oa;_1. The element f(n2,—1,03%,_,) belongs to the derived subgroup of (z,v), so by (4.1),
we have one of

(Mo 10— 1m2k—1)" - ¢
Fnor—1,05,1) = {25712
O2k—1"6
with 8 = 0 mod 2. In the second case, it is clear that f(ner_1, Jgk,1)2) commutes with o9z _1. In the first
case, we need to show that n;kl_la;kl_lngk,l commutes with o9,_1. We saw above that ngk_l commutes
with o9,_1 In gék Using also the identity 1o = 0or—112k—102k—1 and the pairwise commutation of the
n;, we find that
—1 -1 -1 -1 -1 -1
(Nap—1026—1M2k—1)02k—1 (g1 Ogp—1M2k—1) = Nap—_1M2kNop—10 25— 12k~ 1
—2 -1 -1 -1
= M2kMog 192k —1"12k—1 = M2k02 1251
-1 -1 -1 —1
= M2k09k 1Tk —1025-102k—1 = M2k O2k—1
= 02k—1-
This completes the proof that f(n2x—1, 03, ) commutes with oo _1 in the quotient Eék, so that F(oog—1) =
02/\,671 in this quotient. O

Remark 4.1.1. Let Eék denote the quotient Egk/<’w;k1717’]2k>. Observe that this quotient of ggk is not
the same thing as the more familiar quotient by the subgroup (wa_172k). Indeed, we have the identity
Wop, = Wok_1Mak, = (01 -+ 02r_1)?*, which generates the center of Ezk, so the quotient by (waog—172k)
is simply the quotient of §2k by its center, whereas the quotient by <w;k1_1ﬂ2k> reflects the particular
position of the Dehn twist di on the topological surface.

The first two families of relations in (A) of Theorem 3.1 show that for all 2 < k < 2g there is a
homomorphism

L By, — fg,l (4.2)

o; — a;.
For 2 < k < g, let i denote the upper vertical loop from the k-th genus hole as in Fig. 2; in particular
the twists do = d and d3 are the twists appearing in the Wajnryb presentation. In the next lemma, we

display a family of homomorphisms ¢, which differ from the standard ¢ in that the final braid generator
is mapped to the twist dj.
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Lemma 4.2. Fix g > 2. For each k with 3 < k < g+ 1, there is a homomorphism of profinite groups
Lk : Egk — ng (43)
mapping o; — a; fori=1,...,2k —2 and oa_1 +> di_1. The element w;kl_lmk lies in the kernel of tg;

in other words, the homomorphism vy, factors through a homomorphism ), : Eék — fg}l.

Proof. The equality of ¢y (wog—1) and ¢(neg) in fg,l is a consequence of the following standard relation in

~

I'y1 (already valid in the discrete group I'y 1):
di—1dj_y = wop—o  with dj_; = yor—1dx—1Yg ,

for 2 < k < g+ 1. Thus the elements dl;_llwgk,g and ygk,ldk,ly;kl_l are equal in fg’l. We have d =
2k=1 or in nog_1 = O9k_2- - 07 -
o1+ - 0252, the element wyr_1 € T'g1 is equal to the image under ¢y of war—1 € B, and similarly

tk(02k—1), and because og;_1 does not appear in wop_1 = (07 - - T2i—_2)

Y2k—1 is the image in 'y 1 of nar—1 € Bag. Thus the two elements d;lwgk,g and ygk,ldk,ly;klil, equal
in fgyl, are respectively the images of the elements U;kl_lwgk_g and 772k—10'2k—1772_;€1_1 in E% under ¢g.
Therefore the elements wop_2m2r—1 and oox—17M2x—102k—1 also have equal image in I'y ; under ¢;. Noting

that oop_1Mok—102k—1 = Mok and wop_oMogp—1 = wWog—1 In §2k, we thus find that wog_1 and 72 become
equal under ¢y, proving the lemma. O

4.2. The action of F on fz}l. The results in the preceding subsection will now allow us to prove that
the action of F proposed in (1.1) respects all the relations in (A), as well as relation (B). We begin by
giving an easy proof of the first two families of relations in (A), based on the standard homomorphism
(4.2).

Proposition 4.3. The action of F = (\, f) € GT on the Dehn twists given in (1.1) respects the braid
relations a;a;+10; = @i+10;a4;,41 fori=1,...,29g — 1 and a;a; = aja; for |i — j| > 2. Furthermore, the
action of F on the elements yr, = ap—1---ay - a1 ap—1 and wy = (o1 -+ op_1)* is given by F(yx) = yp
and F(wy) = w) fork=2,...,2g+ 1.

Proof. By comparing (2.1) with (1.1), we see that the homomorphism ¢ in (4.2) satisfies to F'= F o on
the elements o1, ...,024. Since the action of F' respects the braid relations between the o;, F ot respects
the same relations in fg’l. This settles the first two families of relations of type (A) in Theorem 3.1. As
for the action on y; and wy, since y, = ¢(nr) and wy = t(wy), it follows directly from the fact that the

action of F on By, is well-known to satisfy F(ni) = np and F(wy,) = wy. O

We now turn to the remaining relations in (A), and relation (B). Let d = dy. The following results are
direct corollaries of the preceding subsection.

Corollary 4.4. Let k = 3, let g > 2, and let 13 : Bg — f271 be the homomorphism of (4.3). Then the

homomorphisms F o 13 and t3 0 F' agree on the generators o1,...,05 of Eg, and are therefore equal. In
particular the action of F' on generators proposed in (1.1) respects the relation asday = dayd.

Proof. Since 13(0;) = a; for i = 1,2,3,4 and F(a;) as given in (1.1) is the image under ¢3 of F(o;) as
given in (2.1), we see that t3 0 F' and F o3 coincide on o, i = 1,2,3,4. For o5, we have 13(05) = do = d.
By Lemma 4.1, the action of F passes to the quotient Eg, and in this quotient we have F(o5) = o3.
Since ¢3 factors through ¢4 by Lemma 4.2, we find that ¢3(F(05)) = t5(F(05)) = t}.(03) = d*.

To prove that the relation aqdays = dayd is respected by the action of F' on generators, we note that
since ¢3 is a group homomorphism and F(c4)F(05)F(04) = F(o5)F(04)F(05) in Bg, and since we have
t30 F' = Foug on the o, the image of this relation under 3 gives F(aq)F(d)F(ay) = F(d)F(a4)F(d). O

Corollary 4.5. (i) The proposed action of F respects relation (B) of Theorem 3.1, namely dd' = wy
where d' = ysdyz '
(11) The proposed action of F respects the commutation of d with a;, j # 4.
Proof. For (i), we write relation (B) as cly5dy571 = wy, or equivalently, L3(U5n5a5ng1) = 13(wy), or indeed
t3(o5m505) = t3(wams). Since osns05 = N and wyns = ws this is equivalent to t3(ng) = t3(ws), so we
must show that

F(3(n6)) = F(t3(ws)).
By the previous corollary, we have 13 0o F' = F o3, so the desired equality can be written

3(F(ng)) = t3(F(ws)).
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Since F(ng) = 73 and F(ws) = w) in En, this equality holds, proving that F' respects relation (B).

For (ii), we make use of the result from Proposition 4.3 which shows that F(y) = y;. Since F(d) =
d* by (1.1) and F(ax) = f(a?,yr)arf(yk,as), the commutation of F(d) and F(ay) follows from the
commutation of d with both a and y; for k # 4. O

Thanks to the above and to the fact that by Theorem 3.1, the presentation of fg’l requires only
relations (A) and (B), we have now obtained the desired result in genus g = 2.

Corollary 4.6. The action of F' € GT proposed in (1.1) extends to an automorphism of fg,l.

5. Relation (C) and the case of genus 3

From now to the end of the article, we let g > 3. Consider the elements t;, t5 and t3 defined in
Theorem 3.1. These elements are precisely the images of the elements 7, 75 and 13 € Eg defined in (2.7)
under the homomorphism ¢ : Eg — fg’l mapping o; — a;.

Let B, B’ and B” be the maximal bracketings given in (2.5). It is shown in Theorem 2.5 that

FB = inn(f(yg, ag)f(y5a ag)f(y7a a?)) oF (51)

where by Lemma 4.1, F € GT is an automorphism of L(ﬁgg) C lqu acting on the a; by (2.1) (with
o; replaced by a;), and thus the automorphism in (5.1) of B is also an automorphism of L(Eg) C ng,
acting as in Theorem 2.3. In particular, comparing with (2.1) we see that Fg(o;) = o} for i = 1,3,5,7.
Also, we know by Theorem 2.5 that Fp acts on 71, 7 and 73 analogously to (2.1), i.e.

Fp(t1) = 435
Fp(tz) = f(t3,43) 13 (13, 3); (5:2)
Fi(ts) = f(t3,tat2ts) 1] f(tattta, 12).
By a direct application of relation (IT) of GT, we can write F(t2) in the form
Fig(to) = t1 "M f (], 5 tita)t, ™ (5:3)

where ¢ = (t1t2)% = (2) - (t2) - (t; 't?t2) is the center of the subgroup (t1,t2) C fgﬁl.

For the purpose of proving relation (C), we only need to study the action of Fz on the subgroup §6 of
Eg, i.e. we only need to consider ¢; and t2. We can now turn to the proof that the action of F' respects
relation (C), given by dsagds = agdsag with ds defined in Theorem 3.1, which is the Dehn twist along
the curve d3 shown in Figure 2. In order to check this relation, we first need to compute the value of F’
on the element dg.

5.1. Three useful lemmas.

Lemma 5.1 (Haiku Lemma). (i) Suppose {a,b} and {A, B} are two pairs of elements of a profinite
group G such that a and b both commute with A and B. Then f(a,b)f(A, B) = f(aA,bB).

(i1) Suppose a,b, g are elements of a profinite group G such that g commutes with a and b, and suppose
that f = a"b® in G*. Then f(a,gb) = f(a,b)g®.

(iii) Suppose that a,b,g, f € G are as in (ii) except that while g still commutes with a, we now assume
that gb = bg~'. Then f(a,gb) = f(a,b)g® where e = 0 if s is even, e = —1 if s is odd.

Proof. (i) is easy to show when f is a word in a finite quotient of G; then we can take the limit from
finite words to pro-words. (ii) follows directly from (i) with @ = 1 and b = g. We prove (iii) again for all
words f in finite quotients of G, but now we do it by induction. The base cases are words containing 1
or 2 occurrences of b or b=1. If f(a,b) is a word containing a single b or b=1, then f(a,gb) = f(a,b)g™*,
If f contains two occurrences of b or b=1, then f(a,gb) = f(a,b) as passing the g’s between the two
occurrences of b causes them to cancel. We complete the proof by induction. Let w be a word having m
occurrences of b or b1, so that w(a, gb) = w(a,b)g®, and let w’ be a word with a single occurrence of b
or =% let f = ww'. Then f(a,gb) = w(a, gb)w'(a,b) = w(a,b)g®w (a,b)g~!. If e = 0 then the result is
proven. If e = —1, then f(a, gb) = w(a,b)g~*w’(a,b)g~* and the middle g~! changes to g when it passes
from left to right of the single b in w’, so we get f(a, gb) = f(a,b). O

Lemma 5.2. (i) Fori=2,3,4, y; commutes with d and d’', and fori=5,...,9+ 1, y? commutes with
dandd.

(ii) Fori=5,...,9+ 1, we have
d' = yidy; ' = y; 'dy;. (5.4)
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Proof. (i) The three elements ys,y3 and y4 obviously commute with d and d’ since they are products of
the twists a1, as and as whose underlying loops are disjoint from ¢ and §’. Let ¢ > 4. We use the identity
w;_1Y; = w;, and the fact that the elements w? are Dehn twists along the loops w; (see Figure 2) which
are all disjoint from d and d’. The w; and the y; all commute between each other and with each other
(recall that w; = ya - - - y;), so we have w? = (w;_1y;)? = w?_;y?. Thus since w? ; and w? both commutes
with d and d’, y? must as well.

(ii) For ¢ = 5, we have d' = y5dy51 by definition. Let ¢ > 5 and write y; = (a;—1---as5)ys(as---a;—1).
Then
yidy; "t = (ai—1 - as)ys(as - ai—1)d(ai—1 -+ as) " 'ys Has - aim) 7
Because d commutes with all a; for ¢ # 4, this is equal to
(ai—1---as)ysdy; (as---ai—1) " = (ai—1---as)d (a5~ ai—1) ",

but since d’ also commutes with all a; for j # 4, we obtain d’ = y;dy; ! Finally, since y? commutes with
d’ by (i), we can conjugate this equality by y; 2 to find that d’ is also equal to y; *dy;, completing the
proof. O
Lemma 5.3. Fg(d) = d* and Fg(d') = d".
Proof. By (1.1), we know that F(d) = d*, and by Proposition 4.3, we know that F(y;) = y;* for i =
2,...,9+ 1. By definition, d’ = y5dygl, so we also have
_ _ - A
F(d') = Flys)F(d)F(ys ') = y3 F(d)ys ' = ysd ys ' = d”.
Thus
FB(d) = f(a‘$> y7)f(a§7 yS)f(a‘gv y3) d* f(y37 a%)f(y& a%)f(:lh, a%)
A
FB(d/) = f(a$7 y7)f(a’§a y5)f(a’§a y3) d f(y37a§)f(y57a'§)f(y7v a’%)

The twists d and d’ commutes with as, a5 and a7 since the underlying loops are disjoint, and they also
commute with y3 as observed in Lemma 5.2 (i), so the inner term f(ys,a3) drops out and we have

FB(d) = f(a$>y7)f(agvy5) dA f(y57a§)f(y7,a$)
Fi(d') = f(a2,y7)f(a2,ys) d” f(ys,a2) f(yr, a2).

Rewriting the first equality of (5.4) as
d7 'y =ydt and  dy; = yid, (5.5)
and using the commutation of y? with d, we find that for i > 4, y; anti-commutes with d=1d’, i.e.
yid ' = d yd =& 2y = d Ty = dd Ty, (5.6)

or equivalently, d~'d'y; = y;dd’~". By (iii) of the Haiku Lemma, we deduce from (5.6) that for i = 5,7,
we have

fai,yi - d™ d'y:) = f(af,yi - d7'd) = f(af,a), (5.7)
since f lies in the derived subgroup of ﬁg. So we see that for i = 5,7 we have
f(a,yi) d fyi,al) = d f(af,d yid) f(yi, af)
= df(a7,d™"d'y;) f(yi, a7) by (5.5)
= df (a7, y:) f (yi, a7) by (5.7)
=d.
and
F(af ) d flyiad) = ' f(af,d” yid ) f(yi,a?)
=d'f(a},yidd') f(yi,a7) by (5.5)
=d'f(a?,y:) [ (yi,a}) by (5.7)
=d.

Thus in particular both f(a2,ys) and f(a?,y7) commute with d and d’, proving the Lemma. O
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5.2. The lantern relation and relation (II). The usual “full” relation (II) on elements (A, f) of GT
is written as

fl@,y)a™ f(z,2)2" f(y, 2)y™ = 1
where zyz = 1 and m = (A —1)/2. This can be generalized to the case where the element zyz commutes
with z, y and z, in which case the relation becomes

flxy)a™ f(z,2)2" f(y, 2)y™ = (xy2)™, (5.8)
as can be easily seen by passing to the abelianization and recalling that f is a (profinite) commutator
(see also [NS]). Let S be a topological surface of genus 0 with four boundary components, and y, v and
¢ represent the three standard loops on S surrounding the boundary components (1,2),(1,3) and (2, 3)
respectively. Then letting z, y and z denote the Dehn twists along x, v and ( respectively, and writing
b1, ...,by for the Dehn twists along the four boundary components, the “lantern relation” on Dehn twists
on S is given by xyz = bibabsby, and the standard action of F' on the (profinite) mapping class group of
F results in the version of relation (II) written as

[z, y)x™ f(z,2)2" f(y,2)y™ = (b1b2b3bs)™. (5.9)

Observing that if (A, f) lies in GT then so does (=X, f), the relation (5.9) holding for m = (A —1)/2 also
holds for (—A —1)/2 = —m — 1, giving

fla,y)a™ ™ f(z,2)27 " f (y, )y ™ = (bibabsba) ™™, (5.10)
which can be inverted (and the terms cyclically permuted) to give the identity
f,2)a™ [y, 2)y™ 1 f(2,9)2" ! = (bibabsba)™ (5.11)

We will now apply this to the situation where the subsurface S of type (0,4) is cut out of the surface
of type (g,1) in Figure 1 by the loops a1, as, as and d3. Consider the Dehn twists

g1 =ty dty and gy =t 'ty diaty, (5.12)

along the loops pictured in Figure 3 above. Together with do, these three diffeomorphisms are twists
along the three standard loops d2, 71,2 and ~y; 3 on the genus 0 subsurface S cut out by the four boundary
components aq, as, as and 3 (see Figure 3). Thus they satisfy the lantern relation

g291d = arazasds, (5.13)
which is how the complicated-looking defining relation ds = gggldaflaglagl arises, since dg3 is a priori
not in the generating set of fm. Since this is a lantern relation, we can apply (5.8) with z = d, y = ¢o,
z = g1 to obtain

f(d,g2)d™ f(g1,d)g\" f (92, 91)95" = (9201d)™, (5.14)
and we can also apply (5.11) taking © = g2, y = g1, 2 = d, b1,b2,b3,by = a1, a3, as,ds and using (5.13)
to write
Flo2,d)g5" (91, 92)g7" T F(d, g1)d™ ™ = (g2g1d)™ . (5.15)
We will use these last two equalities in the next subsection to compute F'(d3).

5.3. Computation of F(d3). To compute F(d3), we will compute the values F' takes on the elements
g1, go. We start by computing the values of Fz on these elements. Using Fg(d) = d*, F(t;) = t7 (by
(5.2) and (5.12)), as well as Lemma 5.3, we find that

Fp(g1) = 6" f(ty 't5t2, 87) g f(81, 85 " Tt2) "
Fs(g2) = f(13,17) 93 f(£3,13) (5.16)
Fi(d) = d*.

Now, a? and a3 commute with 3, ¢ 't3t,, t2 and d so we can replace t3 by afa3t? in all the f’s of (5.16);
furthermore conjugating by t» exchanges a? and a3, Wthh 1mphes that the product a?a3 commutes with
g1, so we can also conjugate the first line of (5.16) by afa3 without changing its value. For the second
line, we further note that after changing t? to a1a§t1 in the argument of the f’s, we can also change t3
to a3a2t2 in the arguments of f, since a? and a2 both commute with a?at?. (Observe that a2a2t? is
nothing other than the full twist T}234, while agagt2 is the full twist T3456.) Doing all this, we rewrite

(5.16) as
Fg(g1) = afa3t3™ f(t3 a1a3t2t2,a1a3t2) g1 f(t3, 15 Padadtits)ty P ay Pag (5.17)
Fg(g2) = f(a%a%t%, a%a%t%) 92 f(a1a3t%, a3a§t§). .

Next, set
gy =ty d'ty, gy =17ty d toty.
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Then ¢19] = t;ldd’tg and gogh = tl_ltgldd/tgtl, so since dd' = (ajaza3)* in ng by relation (B), these
braids lie in Bg, and direct braiding allows us to easily check the following identities:

afazt} = afa3(agarazaz)® = (a1aga3)* = wy = dd’

ty ta2a3tity = g1, (5.18)
aza3ts = gagh.

Using these, we transform (5.17) into

{Fs(gl) = (dd')™ (g}, dd') g F(dd', 19 (dd')~™

5.19
Fi(g2) = f(g29%,dd’) g3 f(dd', g2g5). (519)

These expressions can be simplified by applying the Haiku Lemma. Since the pair {d, g1 } commutes with
{d’, ¢!} and the pair {d, g2} commutes with the pair {d’, g5}, we use (i) of the Haiku Lemma, and find
that

Fp(g1) = (dd')" f(g1,d)f (91, d")g7 f(d', g1) F(d, g1)(dd) ™™ = d™ f (g1, d)g? £ (d, g1)d ™™
and
Fis(g2) = f(g2,d) f(g2.d)g3 f(d', 95) f(d. 92) = £(92,d)g2 f(d, g2).-
These allow us to compute Fi(g2)Fr(g1)Fr(d) as follows:

F5(92)F5(91)F5(d) = f(g2,d)g5 f(d, g2)d™ f (91, d) g7 f (d, g1)d ™ d*
Flg2,d)g395 ™ F (g1, 92)(9291d) " g7 " g1 [ (d, g1)d™ " by (5.14)
F(g2, d)g5" ™ f (g1, 92) g7 f(d, g1)d ™ (g291d)™

= (g2g1d
= (9291d

)" (g2g1d)™ by (5.15)
))\

Since gog1d = ajazasds, this shows that Fz respects the lantern relation in fgﬁl. In particular:

Fp(d3) = FB(gz)FB(91)FB(d)FB(afl)FB(a??l)FB(az?l)

(9291d) ay a3 )‘ag)‘

=dj.
To conclude, we recall from (5.1) that

Fp = inn(f(ys, a3) f(ys, a2) f (y7, a3) o F.

Since d3 commutes with ys,ys, y7, a3, as and ay, we find that F(d3) = d3.

5.4. Proof of relation (C) We can now complete the proof that F' respects relation (C). Recall that
the homomorphism ¢4 : Bg — I‘g 1 Maps oj = a; fori=1,...,6 and o7 — dg By Lemmas 4.1 and 4.2,
the map ¢4 factors through the quotient BS — BS of Bg by the subgroup <w7 ng), and writing ¢ for the
homomorphism B8 — Fg 1, we have o FF=Fo L4 onoy,.. . Since the same Lemmas show that the
action of F on Bg passes to an action of F' on Bs such that F(U7) =02 in Bg, and since we - just saw in
the previous subsection that F(ds) = d3, we find that ¢} o F' coincides with F o} on all of Bs~ Thus F
is an automorphism of the image of Eg in ng and therefore F respects the relation

vy(o6)ey(or)iy(oe) = ty(or)iy(oe)iy(or)

in fg71, which is precisely the relation agdsag = dzagds.

This proves that the proposed action of F' on ng respects relation (C). Since we also have relations
(A) and (B), proved in the previous sections, and since relation (C’) only concerns the case g > 4, we
have proved

Corollary 5.4. The action of F € GT proposed in (1.1) extends to an automorphism of f31
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6. Relation (C’) and the general case g > 4

In this section we return to the notation d instead of ds, as the other d; are not used here. Recall that
d = y5dy5_1, and that relation (C’) says that d’ commutes with (totit3ts)d(tatitsts) L. We will actually
use the automorphism

Fp =inn(f(ys, a3) f(ys,a3) f(y7,a3)) o F

of B\g introduced in the previous section, which satisfies Fz(a;) = a for i = 1,3,5,7, and show that Fp
respects relation (C’), which automatically implies the same result for F since they differ by an inner
automorphism.
Recall the maximal bracketing
B" = ((z1,22), (73,24)), (25, 76), (v7,28))

from (2.5). As noted there, B” differs from B by the single A-move changing the bracket surrounding
1,...,6 to the bracket surrounding 5,6, 7,8, so we have

Fpr = inn f(T123456, Ts678) © I's- (6.1)

In §8, we have
Tio3456 = we and Thers = 020575
Thus under the homomorphism ¢ : By — IA“gJ, T123456 = we — wg and Tsers = 020275 +— aZa2t3. Noting
that as and a7 both commute with t%, we find that
F(Thasas6, Tsers) = f(we, 0302735 ) = f(we, aZasts) = f(we,13).
Thus (6.1) translates in ng to
Fgn = inn f(wg, t2) o Fi. (6.2)
But since by Theorem 2.3 we have
Fr(Tigaa) = Thhsy
Fr(Tsers) = Tiers
Fr(Tho3as678) = Tihsaserss
we see that
Fi(tatitsty) = (tatitsty)™.
Thus by (6.2), we have
Fi(tatitsts) = f(t3, we)(tat1tsts) f(we, t2). (6.3)
We use this to compute FB((tgtltgtg)*1d(t2t1t3t2)) and show it commutes with Fp(d') = d?. By (6.3),
Fp((tatitsta) ~1d(tatitsts)) is equal to

f(t%, wﬁ)(tztltg,tg)/\f(wg, tg) d>\ f(t%, w6) (tgtltgtg)kf(w& tg) (64)

Now, both d and d’ commute with t3 = agasarag since they commute with a; for all j # 4. Furthermore,
d and d’ also commute with wg. To see this, we write wg = yysyaysy2. By Lemma 5.2, we have

wedwg ' = yeys dys 'y =yed yg ' = d
we d' wg' = yoys d'ys gt = yodyg ' =d.

This shows that both d and d’ commute with f(¢%,wg). The commutation of this term with d simplifies
(6.4) to

FB((tgtltgtg)_ld(tgtltgtg)) = f(tg, wg)(t2t1t3t2)_1d(t2t1t3t2)f(w6, t%) (65)

To show that F respects relation (C’), we must show that F(d') = d’* commutes with the right-hand
side of (6.5). But in fact d’ already commutes with the right-hand side of (6.5); indeed we just saw that
it commutes with the outer term f(wsg,#%), and it commutes with the inner term (taot1tsts)d(tat1tsts) !
since this is precisely what relation (C’) says. This concludes the proof that F respects relation (C'), and
thus completes the proof of the main Theorem 1.1. |
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7. The case of f%o
Recall that we have a natural exact sequence
1= 7g0— f%l — lA“g,O —1

where 74 ¢ is the profinite completion of the fundamental group of a closed surface of genus g. The goal
of this section is to prove the following

Theorem 7.1. The GT-action on ng in Theorem 1.1 induces an automorphism group of fg70.

To prove this, we must show that the action of GT on fg71 passes to the group f%O which according to
Wajnryb [W] is obtained from I'y ; by quotienting by a single further relation, presented in the following
theorem.

Theorem 7.2 (Wajnryb [W]). To give a presentation of fg,o, it suffices to add a single relation (D) to
the presentation of I'q 1 in Theorem 3.1 as follows. Let

ti = agiazi—1a2;41a2; fori=1,...,9—1
vy =d andv; = (ti_1t)vi 1 (tiit;) "t fori=2,...,9—1
Ui = A2i02i4102i4+2Vi (2i4202i4102i02i—1) fori=1,...,9—1,
where d' = df is defined in (3.1) of Theorem 3.1. Let
dy = (1 ug_1)" - ag - (1 ug_1)
and
Yg = Q240291 " aga%ag crrG2g-102g-
Finally, let dj, = yggﬂdgygglﬂ, Then
(D) d,=d,.

The relation (D) can be understood pictorially as what happens when there is only a single hole on
the right in Figure 2, so that the surface is of type (g, 1), and we cap that hole to create a surface of type
(9,0). It is obvious that the two loops d, and §;, are identified in that case, and Wajnryb’s theorem tells
us that no further relations are needed in the presentation of fg,o.

As explained in [LNS, Sect. 4], to prove the theorem, it suffices to show the following.

Proposition 7.3 (Proposition 4.1 of [LNS]). Let F € GT, and fori=2,...,g let d; denote the Dehn
twist along the loop 6; shown in Figure 2. Then the automorphism F of I'y1 given in (1.1) satisfies
F(d;) = d.

In [LNS], the proof of this Proposition was omitted for reasons of space. We give the complete proof
below, but first we show why this result is enough to prove Theorem 7.1.

Proof of Theorem 7.1 by using Proposition 7. 3. Wajnryb’s Theorem 7.2 above shows that the only rela-
tion that must be added to the presentation of I‘g 1 to obtain a presentation of I‘g o is the relation dg, = d/

Since dg = y2g+1dgygg+1, this relation is equivalent to the commutation relation dgyog+1 = Y24+1dy in
I'y 0. But Since F(dy) = d;\ by Proposition 7.3, and F(y24+1) = y24+1)" by Proposition 4.3, the images
F(dy) and F(yag+1) so indeed commute, completing the proof of Theorem 7.1. O

The rest of this section will be devoted to proving Proposition 7.3. The fact that F(dz) = dj comes from
(1.1), and we proved that F(d3) = d3 in §5.2. We will use the same method to prove that F(d;) = d? by
induction. The method is as follows. Given ¢ > 3, we cut out a subsurface S; of genus 0 with four boundary
components along the loops d;_1, a2;—1, ae;+1 and d; 1. The loop J; sits on this subsurface, dividing the
boundary components d;_1 and ag; 1 from the boundary components ag; 1 and d;41. We saw in Figure
3 that the (inverse of the) braid t; = ag;ag;—1a2;+1a2; acts on the loop J; drawn in the top diagram of
Figure 3 by deforming it to the loop 71 ; in the middle diagram, and the braid ¢;_, = ag;_ad;—1a2;—1a2;—2
then deforms that loop to the loop 72 ; in the lowest diagram. The corresponding twists can be written
as

gri =t 'dity,
Goi = (ta- - tity - ti1) tda(ta - tity - tiq)
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Since the three loops 724, 71, and §; form a lantern in the subsurface cut out by loops 6;_1, ag;—1,
agi+1 and d;41, we have the relation
92,i91,id; = d;_102;_102;41d;41, (7.1)

and since we know the action of F on all the a; and on ds (and d3), we can make the inductive hypothesis
that F(d;) = d? and use this equality to compute F(d;11).

Let us define
gy =t dt;
géﬂ, = (tg - tity - 'tifl)_ld/g(tz cotity e tiog).

Then we have the following result.

Lemma 7.4. Let F = (\, f) € GT and consider the action of Fg = inn(Hg;l1 f(y2511,03,,1)) o F on
fgyl giwven in Theorem 1.1. Write m := % Then, for 3 <i<g—1, we have

(i) F(gr,i) = (did})™ f (91,191 5- didi) 93 f (didy, 91,91 1) (diddi) ™™

(i) Fy(g2.i) = f(92.i95,:> did) g3 ; f (did}, 92,95 ;)-

Note that the right hand sides of Lemma 7.4 can be written as

Fi(g1,i) = (di)™ f(gu,i, di) g2 o f (i, g1,)(di) ™™ Fi(g2,0) = f(92,6,di) g5, f (di, 92.:) (7.2)
by using (iii) of the Haiku Lemma.

This lemma, along with the induction hypothesis Fg(dy) = d,i‘ for £ < ¢, will play here exactly the
same role in the calculation of F(d;;1) as (5.16) in subsection 5.3 played to pass from dy to d3. Before
giving its proof, we show how to use it to complete the proof of Proposition 7.3.

Proof of Proposition 7.3 by using Lemma 7.4. The formula (7.2) allows us to calculate the action of Fp
on the left hand side A := g3 ;g1,;d; of the lantern relation (7.1) as

Fa(A) = Fp(g92,i91,idi) = f(92,i, di) g5, f (di, 92,0)d5" f (91,0, di) g3 o f (i, g1, )dy ™)
= [(92,6:di) 935 - 924" (91,05 92.0) 91 1" A™ - g2 i f (di, g1.3)d; " d}

Ag1 aq1 ECSUNN.
= f(92,i:di)92; f(91,i:92:)917 f(divg1)d;® A

A+1

=A"T A™ = AN,
where we used relation (IT) (in the form of [NS] Lemma 1.5 (1.5.2)) for the second equality. By the

inductive hypothesis, the action on the right hand side of (7.1) is d}* ja3;_,a3; 1 F(di+1); hence we get
Fp(di+1) = d, . This settles the proof of Proposition 7.3. O

To complete the proof of Theorem 7.1, it remains to prove Lemma 7.4. Recall that the elements
t1 = asayiasas, to = agaszasay, ... induced from the original braids aq,as, ... behave like ribbon braids,
flat crossing the underlying strands in pairs. In particular, they satisfy the braid relations ¢;t;41t; =
ti+1tit1‘+1, titj = tjti (|Z *]| > 1)

Set

Y i=tp—1-t1tr - tp—1;
Wi = (titg - tp_1)F = YoY3-- Y},
for k > 2.

Proposition 7.5. Notations being as above, the inside factors of Lemma 7.4 can be written as follows.
(1) dld; = W2; — Wia%ag s a%i_l,
(2) g1i9;,; = t; "waiti.
(3) 92,195,1- = t?agiqagiﬂ-

For the proof of this proposition, the following lemma will be useful.

Lemma 7.6. (1) If i # j then W; commutes with t;.
(11) If i # j then d; commutes with both g1 ; and ga;.
(iii) (t;W;)% = Wi W,_1.

() tiyoiy2i—1ti = Yoitay2is1 = Yip103; -
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Proof. (i) By definition W; = (¢1---t;_1)7, and this element commutes with ¢; for all j # i inside the
ribbon-braid group generated by t1, 2, .... For (ii), recall that d;, g1 ; and go; are twists along the loops
di, 71, and o ; of Figure 3 which lie on the subsurface S; of genus 0 with four boundary components
along the loops d;_1, a2;—1, ag;41 and d;11. The assertion is clear from the locations of S; and S; when
i # j. For (iii), we have

(tiWi)z =YY - Yot, W, = (Y)Y - - Ya(YiWish) =Y, 1YY - YoW, o = Wi Wiy,

which implies the assertion. Finally, the first equality of (iv) follows from the following computation
using only braid commutations and the usual braid relations (indicated by the underlined portions).

tiY2iY2i—1ti = A2;Q24102;—102; * A2;—1Y2;—102i—1 * Y2i—1 * A2;02;4102;—102;
= (2;A2;4+102;A2; 1025 Y2;—-1A2;—1 * A2;A2;4+1Y2;—102;—1024

= A2i+102i02;+102;—102; Y2i—102i—1 * A2;A2;+1Y2i—-102;—-102;

= A2i+102{02;—1Y2i—1 <(121'+1a2ia2i—1 : a2i02i+1>y2i—1a21—1a2i

= (2;4+102;A2;-1Y2i—1 <021+1a21 102;024— 1a21+1)y2i—1a2i—1a2i

= A2i4102;A2;—1Y2i—1 (am 102i+10232i+102i— 1)1/21‘71@21‘71(121‘
(

= G2;4+102;A2;-1Y2;—1\ 02;—102;02;4+102;A2;— 1>y2i—1azi—1a2i

= Y2i+2Y2i+1-
For the second equality of (iv), we use induction on i. When i = 1, it is easy to see that ysys =
1a3 = Y2 . Suppose the desired equality for i = k. Then since tk(agkil)tlzl = GgkT1, it follows that
tkygkygk_ltk = thka%k_ltk = thktkang = Yk+1a%k+1' This completes the proof of the Lemma. O

Proof of Proposition 7.5. (1) It suffices to prove the second equality ws; = Wia?---a3;_; by induction
on i. When i = 2, wy = t?a?a3 = Waa3a3 holds. Suppose it is true for i < k. By Lemma 7.6 (iv) it
follows that yori2yor, 1 = teYoryor—1ts = Yk+1a2k+1' Then
W2k+2 = Y2k+2Y2k 1 - W2k

= Yk+1a§k+1 -Wiaf---aj_4

=Y Wiat a3y = Wigaal - a3y
(2) follows from g1 .9y ; = t; 1 (didi)t; and d;d} = wo;. (3) For i = 2, we have go, 20h9 = wy = tiaia3.
Assume it holds for ¢« = k, then,

92,4192 11 = i i1 (92,195 1) b1tk
=1 1t};—&1-1(tiagk—la%k+1)tk+ltk
=1 tk+1tka§k—1tk+1a§k+3tk
= tzlt;iltiaék Wt 1tka3g s
=t otttk 11035y = tR1103k 4103515,
hence the case of i = k + 1 also follows. O

By virtue of Proposition 7.5, one finds that the formulas of Lemma 7.4 are equivalent to
Falgra) = (Wi)™f(t; " Wits, Wi)gd o f (Wi t7 " Wit )W,
Fp(g2:) = (67, Wi)ga i f (Wi, £7).

Proof of Lemma 7.4. Below we use the notation [z]+y :=y~!

from the computation for ¢ > 2:

FB(gl,i) = Fp(t; 1d t; )

a2y for simplicity. The assertion (i) follows

(t;
= [d)]* f(E2, W)t} (Wi, 12)
= M)t f(t7,; Wity )62 f (Wi, 87)
= (@] s (£ W) F (Wi, £ Wit ) W,
=

totdM ] f(W t 7 Wit )W,™,

K2
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DD

f(Wz—l—l ’ t_1t7_+1 Wz—l—ltz—i—lt W27 t_1W t
f(ti_lwitiu t12+1)

eENE =@ @ )

F(Wi, 77 Wigatiats)

FIGURE 4. A-moves at the level of ribbon braids

F(Wig1,t7,1)

where the fact that d;,t; commute with (¢;W;)? = W;_;W;,; (Lemma 7.6) is used in the last equality.
We prove (ii) by induction on i. For ¢ = 2, it is already shown in (5.16). Suppose Fp(g2,) (k < i) are
given in the form of assertion. Then,

Fi(gaiv1) =Fp(t; 't} g2.itivati) = [F(g2,i)] * Fi(tiv1)Fa(t:)
:[gg\,z}* f(letzz) : f(t$+17 1+1)t1+1f( H—latzz—i-l) f(tzza W) f(VVhtzQ)
=[g2.i]* (M i (L WET i) F (Wi, 60 Wit )W (b Wign) ™
£ (t W) 2™ (W ) f (W, ti_lwiti)Wi_m>

Since the underlined portion should vanish as W, commutes with go;, W; and ¢? by Lemma 7.6, and
since the underwaved portion can then be rewritten as

tit f (Wit 587 ti) = tist fW3 titi ) = taata f (6 Wita, £54)87

the above calculation continues to
Fs(g2,i11) =[g5.]* ( it f (6 Wit 620 f (Wi, o Wit )W T (WiWigo)™

ti (Wi a Wi )™ (6 W™ ) f (Wit Wit )W, )

=[g3 ] (ti+1tz‘f(ti_1Witi,t?+1)f(Wi+17t_1t1+1Wi+1ti+1ti)W+71ntz_1(WW 2)"t;
' (Wi—1Wi+1)m(Wi_m)(ti_IWi_mti)f(tiWiti_l7Wi)Wi_m>

=[g§‘¢+1]* (f(fleitiat?+1)f(Wz+1,tz Y Wit ts) fF (Wit Wi)me>

=[93 1 41]* (f(Wz,tz_ltzjlwi—&-lti—&-lti)f(wl-kla )W m)

)-

:[92/\,1'+1]* fWigs, ti+1) = f(t12+1’ Wi )92 1+1f( i+1,1 H—l

Note that relation (III) along the diagram of Figure 4 is used for the above second to last line, and

commutativity of gp ;41 with W; and ¢, 1tl+11W+1tz+1t, = §2,i+193 ;41 for the last line. The proof of

assertion (ii) is completed. O
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8. Prospects for the general case of fg,m n>1

Let X4, denote an oriented surface of genus g and n boundary components, and consider the profinite
mapping class group lqgm of it. For F' = (A, f) € é?, knowing that F(d;) = d? for i = 1,...,g in our
standard action on fg’l (Theorem 1.1 and Proposition 7.3), we can then cut along these loops in several
ways to obtain subsurfaces Zg ns of ¥g1 of smaller genus g with more than one boundary component.
If the action of F € GT on I‘g 1 restricts to the image of Fg n, and if we take as a working hypothesis

that the map from Fq n to its image inside Fg 1 is injective, then (ignoring small differences of effects of
punctures vs boundary components on mapping class groups of surfaces), this would show that F acts
on I'y v, generalizing our main result to the case of all (g,n).

Y

FIGURE 5. Surfaces X3 5 cut off from ¥, , = 41

A typical example of this cutting along loops to create more boundary components is shown in Figure
5, where the loops 3 and é4 on ¥4, have been cut, yielding a subsurface ¥55. The mapping class

group I'y 5 is generated by the Gervais twists along loops indicated in Figure 1, and the GT-action on
the twists along the loops 72, v3,v4 shown in Figure 5 should, in principle, be identical to the action on
the same twists along the same loops viewed as sitting on f4’1. If one shows that F'(v;) (for i = 2,3,4)
can be expressed in f275 for every F = (\, f) € GT acting on f4’1 as in Theorem 1.1, then we obtain a
GT-action on the image of f2,5 — IA“4,1. At the writing of this paper, we do not know if this holds for
GT. However, we do know that it holds for a particular subgroup II' of GT introduced in [HLS], [LNS],
[NS], where Grothendieck’s “game of Lego” is explained, and it is shown that the I'-action is a “Lego
action” in the sense that it respects the rules of this game ([Gr]). One important feature of the Lego
game is that the II'-action on fg7n for all (g,n) respects all the homomorphisms between the profinite
mapping class groups induced by cutting along simple loops, like the example lq275 — lq471 above. The

question of whether the “Lego action” of I extends to a Lego action of the full group GT acting on fg}l
as in Theorem 1.1 is the subject of a future research project of the authors of this paper.

Appendix A. Direct derivation of (5.2)

In the above text, we used the following action of GT in (5.2) as a consequence of the more general
“A-move formula” (Theorem 2.3):

Fp(t1) = 17,
Fs(t2) = f(13,83) 3 F (8], 3), (A1)
Fi(ts) = f(t3, tatita) 13 f(tatita, 15),

where ti = 42;A2;4+102;—-102; (’L = ]., 2, 3)

In this appendix, we will show how these formula can be derived from Drinfeld’s GT-action on the
basic braids a1, ag, ... directly. Fix n > 4 and F' = (A, f) € GT acting on the profinite braid group

PN aa; = aja; (i —j] > 1),
B,=(ai,...,an_ *a I . .
" < b " 1‘ A;Ai4+10; = Q;410;Q547 (Z: 1,...,n—2)
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Below we shall write
[(n—1)/2] R
Fp:= | inn H f(y2it1,03,41) | o F € Aut(B,).

We first show the simplest case:
Proposition A.1. Notations begin as above, Fi acts on t1 = asajazas by

Fp(t) =13 (A2)
Proof. We use the hexagon relation three times in the form [NS, Lemma 1.5]:

fl@,y)a™ f(z,2)2" f(y, 2)y"™ = ™ (A.3)

where each of z,y, z is supposed commuting with w := xyz.
Now by definition Fy acts on a1, as, az by

Fs(a1) = ay, Fglaz) = a3 (A.4)
Fp(az) = f(ws,a3)f(a3, ai)as f(ai, a3) f (a3, ws) (A.5)
but we use two different expressions for Fg(as):
Fp(az) = f(ws,a3)f (a3, ai)ay ™" f(azata; ', a3) f(azaZay ', ws) - as (A.6)
= f(ws,a3)ai > f(agalay ', at)azal *ag "wh f(azazay b, ws) - as (A7)

where (A.3) is applied to the underlined portion.

We compute F(t1) = Fp(az)Fr(a1)Fg(as)Fg(az) along with the diagram in Figure 6, where arrows
between pants-decompositions (of a punctured plane) have labels of f(G, L) with G, L indicate twists of
a gained loop and a lost loop respectively.

H
®
®
®
&ﬁ
()
[ )
|
®
o
S
©
—
=
S
=
5
Se
$

FIGURE 6. A-moves for F(t1)

Let us apply (A.7) to the first factor, and (A.6) to the last factor. We then get:

Fg(h) = Fg(ag)FB(al)FB(ag)FB(@) (AS)
—a1 )‘f(wg, ag)w3 f(aga%a;l7 a%)agaf)‘aglf(agagagl7 wg)aga}f)‘agl ~ag - (ai‘ . ag‘)

: f(ws,a§)f(a§, a%)az 1f(a2a1a2 ,a%)f(agaga;17w3) )
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Replacing the above underlined portion by a2a§_1a2_1 - (agaias), it continues to

=ay " f(ws, a3)ui flazaiay s a)azar ey f(agafay s wy) - agay” ay f(tiwsty azafay’)

Cf(tiadtr !t agatay Dtray T f(had Tt tadtyt) - f(tastyt tiwst ) - 1

Noting that the conjugation by t; switches a; and az and putting Q := (agaZas ws(tywst; '), we further
continue the above to

= f(ws, a3)us f(azatay ", ab) - (azar"az ") - w3 f(trwaty ! ws) (bywy "ty YO

-(tlwgntfl)(aga% >‘a2 )f(ag,agaf% )(13 A f(al,tlwgtl )ty

=ai - f(ws,a3) - flazaiay ', af) - f(tiwsty", ws) - (azay *ay ' Q)™ - f(a3, azaiay )

faf twsty ) s ad TN b,

where we applied (A.3) in the above underlined and underwaved portions, and used agafzag 10 = wy.
We then conclude the aimed quantity (A.8) as:

Fu(ty) fa% )\f(’ljjg, ag)f(agafa2 1, al)f(tlwgt1 ,wg)f(ag, agafagl) (A.9)
'f(@%tlw?)tf ) - a3 My
=a} ai Mt (A.10)

After (A.10), it suffices to derive

=X 1-X
al a3 1

- by
PR
In fact, we have a3a%t? = w,. Using the fact that ws commutes with ajas we obtain
=ttt =t - (D™ =t - w](araz)
which completes the proof of our claim. O

Next, we shall show

Proposition A.2. Let F = (\, f) € GT and Fg as in the above. Then Fi acts on to = agazasay by

Fp(tz) = f(t5, 1))t f (£, £3). (A.11)
Proof. Now by definition Fpg acts on a1, as,as by
Fg(a;) =a} (i=1,3,5), (A.12)
Fp(az) = f(ws, a3)f(a3, a?)ay f(a?, a3) f (a3, w3) (A.13)
Fp(aa) = f(ws, a3) f(ws, a3) f(af, wa)a] f(wa, a3) f (a3, w3) f (a3, ws) (A.14)
= f(ws,a3) f(ws,a3) (a3, wa)a} ™" f(aswsay, a})

: f(a4a3a4 17 a4w3a;1)f(a4a§azl, a4w5azl) - ay.

We compute F(t2) = Fg(aq)Fg(as)Fp(as)Fp(as) along with the diagram in Figure 7, where “D” indi-
cates a disc with two punctures numbered 2,1 from the left and arrows between pants-decompositions

(of a punctured plane) have labels of f(G,L) with G, L indicate twists of a gained loop, a lost loop
respectively.

FB(tg) = Fg(a4)FB(a3)FB(a5)FB(a4) (A15)
=f(ws, a?) f(ws, a3) f (af, wa)ay " faawaar', a3) f(asa3ay ", ws)
. f(aw%a;l,wg,) . a4(a3a5)/\_1a21 -agasas - Fg(ay)

=f(ws, a3)f (w3, a§) f(ad, wa)ay™ f(aswaay” af) f(asazoy s ws)

2 -1 A—1 -1 A-1,-1
- flasazay ", ws) - aqa3™ a; - asay ay

. f(tgwg)t;l, a4a§agl)f(t2w3t2 ,a4a3aZ )f(tg@it;l, a4w4a;1)t2a271t§1

f(towaty t taaity ) ftaadty ! towsty V) ftaadty ! towsty ) - ta.
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Replacing the above underlined and underwaved portions by:

f(ws, a3) f(a,wa) = f((azas)®, wy) f(ad, a3) f (w3, (azaq)?), (A.16)
flagwsay*,af) flasagay’, aswsart) = f((azas)®,ws) f(asa3ay ™, af) f(aawsai’, (azas)?),
with cancellation of f(ws, (azas)®)*" there across ai‘_l, and noting the commutativity of f(asa?a;*, ws)
and f(tawaty ', taa3t; "), the computation (A.15) continues to:

=f(ws, a2) f((asas)®,wa) f(a], a3)a; " flasaza; ", a3) f(aswsay™, (azas)?) (A.17)

cagay”tag ! f(tawsty ' asaday ) fasaday ! ws)asad " tag !

Stzusty oy ) (tachty ! avunay a0 uaty !ty ) (0 tousty )

- fa3, tawsty ) o
Moreover, applying the hexagon relation (A.3) to the double-lined factors, and replacing the underlined
and underwaved portions by 5-cyclic relations respectively by

flag ' (asas)®as, towsts ) f(t2a3ty ' asaday ") f(tawsty a5 (azas)’as),
flas (azas)as, towsty ') f(a3, taaity ') f(tawaty ', as  (azas)as)

(with obvious cancellation) in the above, we continue (A.15) more to:

=f(ws, a2) f((azas)?, wa)as™(azas)®™ f(asa3ay ", a3) f(aawaay ', (azas)®) f (tawsty ' asa3a; ")

- flasadas, ws)(asad ™ ay ") f (a5 (asas)’as, tawsty ")

Sty | aangay D) (thad Tty 1) 1(05, toaity ) - fltawaty | ay (a304)%a5) (0 tpwsty ) 1

Use relation (IIT) to the above underlined and double-underlined portions to get
f(tawsty !, (azaq)®) f(aawaay, a3),
f((azasas)*, towsty ") f (a3, a5 (agas)’as) f (t2waty *, (a3asas)?)

respectively, and apply relation (II) to the underwaved portion. Then, noting also that aw%a;l commutes
with agl(a3a4)3a5, tgwgtgl, we may continue to:

Fy(ta) =f(ws, a2) f((asas)?, wa)ay ™ (azas)®™ f(tawsty ", (a3a4)?) f (agwsay ', a3)

-f(a4a5a217w5)f(ag (a3a4)3a57t2w3t51)(a5 1ai‘ 1a5)

f(taadty ! asaday ) (t2ay ™ 5 ) f (a3, taadty )
- f((asasas)®, tawsty ) f(a, a5 (asas)®as) f(tawaty ", (asasas)?) - to

=f(ws,a?) f((azas)®, wa)ay > (azas)®™ f(tawsty ', (azaq)®)

- flag (asaa)*as, ws) f (a5 "ajas, af) (a5 "0y "as) f (taaity | asagay ) (t2a0 ™'ty )

- f(a3, t2a3t5 ") f(asasas)®, tawsty ') f (a2, a5 (azas)as) f(tawaty ", (azagas)?) - ta

=/ (ws, a3) f((a3a4)*, wa)az*(azaa)*™ f(tawsty ', (azaq)*)

- f(ag ' (agas)®as, ws)az ™ f(t2adty !, af) (taai M5 Dag (azas) " as(tray 'ty 1)

- f(a3, taaity 1) f((as0aa5)" tywsty 1) f(a3, a5 (asaa)’as) f(t2waty " (az0aa5)") - 12

Cancelling the double-lined factors in the above line allows us to apply relation (III) to the underwaved
part. Then, we obtain

Fy(ta) =f(ws, a?) f((asas)?, wy)ay ™ (azas)®™ - f((azasas)*, ws) - ag™>

- flaz M(azas)®as, (asas)®) (a5 (aszas)®"as) f(a, a5 ' (asas)’as) f(towats !, (azasas)?) - ta

)Sm.

=f(ws, a2) f((asas)®, wy) f((asasas)*, ws)a3 > asay

. (a3a4)_3m . f(CL5, (a3a4) )aéi/\me(tngkt;l, (a3a4a5)4) 1o
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3 2 2.2

-a% = a3 - (azasas)* = a3 - (aZat3). It follows then that

Fis(t2) =a5™* [ (ws, a3) ((a50a)", wa)f (a504a5)*, ws) (a3, (a304)°)

where Q = a; *(azas)as - (azas)

cay a3~ (agasas) ™ f(tawaty ", (azasas)t) - to

:a§_2>‘f((a3a4a5)4, w4)aé_>‘a§‘_1(ag‘_lag‘_lt%_l)f(tng;t;l, (agasas)?) - to
=f((azagas)t,wy) - 1571 - fltawaty ', (azasas)?) - to
=f(5.10) 57" f(tatity ' 3) -t

where the last equality follows from

f((agasas)t,wa) = f(5,81), f(tawaty ', (azasas)?) (A.18)

which are easily derived from the known identities (azasas)* = a2a?t3 and wy = a?a3t?. We thus conclude

the desired assertion Fj(to) = f(totty ', 3). O
Proposition A.3. Leti > 2 and write W, := (t1---t;_1)*. Then, we have
Fg(t:) = f(t2,Wi) t} f(W;, 7).

Proof. We compute Fg(t;) = Fg(a2;)Fn(azi—1)Fg(az;+1)Fp(as;) along with the diagram in Figure 7,
where numbering of punctures is shifted to 2¢ — 4 so that D is filled by a disc with punctures num-
bered from 1 to 2¢ — 2 with inside pants-decompositions corresponding to bracketings (--- ((2i — 2,2i —
3)---((43)(21))---). The computations go the same way as in the case of Fg(t2) (Proposition A.2),
thanks to the commutativity of Dehn twists along disjoint loops. O
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