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Abstract

Multiple elliptic Gamma functions are functions originated from mathematical physics
which form a hierarchy of multivariate meromorphic functions satisfying modular trans-
formation properties for special linear groups SL,(Z) involving an attached hierarchy
of Bernoulli rational functions. In this work we study the connections between these
functions and the arithmetic of number fields and especially the possibility of relating
invariants in class field theory to special values of multiple elliptic Gamma functions.
To achieve this, we define geometric families of the multiple elliptic Gamma functions
attached to families of linear forms on integral lattices and recast the transformation
properties satisfied by these functions in terms of cocycle relations for SL,,(Z). This con-
struction of higher elliptic Gamma functions upgrades the construction carried out by
Felder, Henriques, Rossi and Zhu for the elliptic Gamma function to the whole hierar-
chy of multiple elliptic Gamma functions. We also define geometric families of Bernoulli
rational functions in a similar way and show that these functions form a collection of
(n — 1)-cocycles for groups of totally positive units in number fields and which may be
used to evaluated partial zeta functions at s = 0 in totally real number fields. Moreover,
we investigate the cocycle properties of both collections of functions for congruence sub-
groups in SL,(Z) by performing a standard smoothing operation, and show that they
simplify considerably.

The main goal of this work is the construction of conjectural higher elliptic units
above number fields with exactly one complex place as special values of higher elliptic
Gamma functions, upgrading the construction carried out by Bergeron, Charollois and
Garcia for complex cubic fields. These higher elliptic units are obtained by evaluating
the multiplicative (n — 2)-cocycle for a congruence subgroup in SL,,(Z) built from higher
elliptic Gamma functions against a (n — 2)-cycle on the group of totally positive units
of a given number field of degree n with exactly one complex place. We conjecture that
these higher elliptic units are indeed algebraic units which belong to prescribed abelian
extensions of the base field where they are evaluated and that they satisfy a Kronecker
limit formula which relates the logarithm of their modulus to values of derivatives of
partial zeta functions at s = 0 in the base field. We present algorithms we used to
produce examples of higher elliptic units and examples of such computations for number
fields of degree 3, 4, 5 and 6.



Résumé

Les fonctions Gamma elliptiques multiples sont des fonctions provenant de la physique
mathématique. Elles forment une hiérarchie de fonctions méromorphes a plusieurs vari-
ables satisfaisant des propriétés de transformations modulaires sous ’action des groupes
spéciaux linéaires SL,(Z) qui font intervenir une hiérarchie de fonctions rationnelles de
Bernoulli. Dans ce travail, nous étudions les connexions entre ces fonctions et I’arithmétique
des corps de nombres et en particulier la possibilité de relier des invariants de la théorie
du corps de classes a des valeurs speciales de fonctions Gamma elliptiques multiples.
Pour ce faire, nous définissons des familles géométriques de fonctions Gamma elliptiques
multiples associées a des familles de formes linéaires sur des réseaux entiers et exprimons
leurs propriétés de transformations en termes de relations de cocycle pour SL, (Z). Cette
construction de fonctions Gamma elliptiques supérieures généralise la construction pro-
posée par Felder, Henriques, Rossi et Zhu pour la fonction Gamma elliptique a I’ensemble
de la hiérarchie des fonctions Gamma elliptiques multiples. Nous définissons de maniere
similaire des familles géométriques de fonctions rationnelles de Bernoulli et montrons
que ces fonctions forment une collection de (n — 1)-cocycles pour des groupes d’unités
totalement positives dans les corps de nombres qui peuvent étre utilisés pour évaluer les
fonctions zéta partielles de corps de nombres totalement réels en s = 0. De plus, nous
étudions les propriétés de cocycle plus simples qui sont satisfaites par ces deux collections
de fonctions pour les sous-groupes de congruence de SL,(Z) en appliquant un processus
de régularisation standard.

Le but principal de ce travail est la construction d’unités elliptiques supérieures au-
dessus de corps de nombres avec une seule place complexe comme valeurs spéciales des
fonctions Gamma elliptiques supérieures, ce qui généralise la construction proposée par
Bergeron, Charollois et Garcia pour les corps cubiques complexes. Ces unités ellip-
tiques supérieures sont obtenues par évaluation d'un (n — 2)-cocycle multiplicatif pour un
sous-groupe de congruence de SL, (Z) fabriqué a partir des fonctions Gamma elliptiques
supérieures contre un (n — 2)-cycle sur le groupe des unités totalement positives d’'un
corps de nombres de degré n avec une seule place complexe. Nous conjecturons que ces
unités elliptiques supérieures sont en effet des unités algébriques qui appartiennent a des
extensions abéliennes prescrites du corps de base ou elles sont évaluées, et qu’elles satis-
font une formule limite de Kronecker, reliant le logarithme de leur module a des valeurs
de fonctions zéta partielles associées au corps de base, dérivées en s = (0. Nous présentons
les algorithmes que nous avons utilisés pour produire des exemples d’unités elliptiques
supérieures ainsi que des exemples de calculs de ces unités pour des corps de nombres de
degré 3, 4, 5 et 6.



Foreword

This thesis consists of four chapters. The first two chapters correspond to the first
two articles in the series Geometric families of multiple elliptic Gamma functions and
arithmetic applications. They are already submitted for publication and are available
at https://arxiv.org/abs/2510.16515 and https://arxiv.org/abs/2602.06561 respectively.
These articles are included in this thesis with minor reformatting to avoid unnecessary
redundancy. The third and fourth chapters correspond to what will be the third ar-
ticle in this series which is essentially an upgraded version of the working paper El-
liptic units above number fields with exactly one complex place which is available at
https://arxiv.org/abs/2406.06094. The third and fourth chapters also contain the discus-
sion of optimal cases in our algebraicity conjecture presented in the short paper Compu-
tations of higher elliptic units which has been submitted for publication and is available
at https://arxiv.org/abs/2601.11961.
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General introduction

In this work we are interested in a hierarchy of functions satisfying modular transforma-
tion properties for special linear groups and whose special values are conjectured to yield
algebraic units. The first function in this hierarchy is the elliptic # function defined on
C x H by the following absolutely convergent infinite product:

9(277_) — H (1 o 672i7rz€2i7r(n+1)7') (1 . e2i7rz€2i7rn7') )

n>0

It is well-known that this function has modular symmetries for the group SLy(Z) and it
is used in the theory of Complex Multiplication to build elliptic units above imaginary
quadratic fields. These elliptic units are given by evaluations of the form

N
(5:7)
N\ ]
0 (ﬂ, N 7')

q

for well-chosen ¢, N € Z>5 and 7 an irrational algebraic number in an imaginary quadratic

field K. These evaluations yield g-units inside ray class fields of K which are smoothed

versions of Ramachandra’s elliptic units (see [Ram64]). As a consequence of this con-

struction, Hilbert’s 12th problem is solved for imaginary quadratic fields as evaluations

of the 6 function describe the abelian extensions of imaginary quadratic fields. We may
illustrate this with the following example where the two complex numbers

(0.1)

7 10423\ /7 10423\ _3_7,/=3 41 +17/=3
Uy = 0 s s es— 0 E’ _— —_ T + 8 ,

o1 91 13
(0.2)
(M 104 TN (14 104 TN 3 7yE3 [l 4 173
2=0\or T ot 3 13 T 8

are algebraic numbers. More precisely, they are conjugated 13-units in an abelian exten-
sion of K = Q(e?"/3) ramified only above a prime ideal of norm 13 which is the splitting
field of their minimal polynomial 2* 4+ 323 + 3222 + 13. We review the main results on
the 6 function and on the construction of elliptic units above imaginary quadratic fields
in chapter 0.

The second function in the hierarchy of functions which we study is the so-called
elliptic Gamma function of Ruijsenaars [Rui97]. It is a meromorphic function of three
variables defined on C x H? by the infinite product:

F(z7.0) = H (1 —exp(2in((m+1)7+ (n+ 1)o — z))) '

1 — exp(2im(mT 4+ no + z))

m,n >0

As a function of z it is well-defined outside of the discrete set of poles Z + ZxoT + Z>q0.
This function satisfies modular transformation properties for the special linear group
SL3(Z) similar to those of the 6 function for SLy(Z), as shown by Felder and Varchenko in
[FV00]. In their recent article [BCG23] Bergeron, Charollois and Garcia used the elliptic
Gamma function to construct conjectural algebraic units above complex cubic fields,
by generalising the type of evaluation (0.1) which yields elliptic units above imaginary
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quadratic fields. This is showcased by the following example. Let us set z = e27/310%/3
and K = Q(z) the splitting field of the polynomial 2*> — 10. Denote by Ok the ring of
integers of K. Let us set 7 = 522 4+ 112 — 5230 and o = 222 — 2 — 2335. We may compute
the four evaluations:

—27.5333588... —1-32.7146180... for k=1

o D i) ) -2.2340083. — i-4.9384566..  for k=2 03
(e U o) —0.0760627... + i - 0.1680687... for k=3
—0.0150592... + - 0.0178931...  for k=4

to high precision, say up to 1000 digits. The four values we obtain coincide up to this
precision with the four roots of the palindromic relative polynomial P, € Ok[X]:

P = X+ (=722 4+ 52 +19)X? + (1922 + 702 — 59) X* + (=722 + 52 + 19)X +1

which defines a Z/4Z extension L of K ramified only above the prime ideal of norm 5
in Og. Alternatively, we may check that these four values coincide up to 1000 digits of
precision with four of the roots of a palindromic integral polynomial P,,s which defines
an absolute equation of I over Q:

Pos = 22 4+ 5721 4+ 1956210 + 46402° + 354152° — 1098182" + 1501392° + . ..

Thus, uq,us, us and uy are expected to be algebraic units which are Galois conjugates
over K, and they are given by evaluations of the elliptic Gamma function at points in
K. From another point of view, we may see the evaluations given in (0.3) as an analytic
parametrisation of the roots of the polynomial P,.

The elliptic units given by (0.2) as well as the conjectural higher elliptic units presented
in (0.3) were computed using our general method for the construction of higher elliptic
units which we develop in chapter III. These examples are presented with more detail in
sections 0.3 and IV.2.1.3 respectively. The elliptic units of the form (0.1) above imaginary
quadratic fields possess many other properties including a version of Kronecker’s second
limit formula (see Theorem 0.7), and the higher elliptic units we construct are expected
to share similar properties. A key difference however when considering higher degree
number fields is that the evaluations need to be very precise to obtain algebraic numbers.
Indeed, it is not true that all evaluations of the form

L(z7,0)"
I'(Nz,NT1,No)

yield algebraic numbers for any z € Q — Z and any 7, ¢ in a fixed complex cubic field K:
the parameters 7 and ¢ must be very carefully chosen.

Our main goal throughout this work is to generalise the construction of elliptic units
to general number fields with exactly one complex place (also called Almost Totally Real
number fields, or ATR fields for short) using the multiple elliptic Gamma functions. These
functions were introduced by Nishizawa [NisO1] to generalise both the theta function and
elliptic Gamma function. They are meromorphic functions of several variables defined on
C x H"*! defined by the infinite product:

Gl =TI (1= @esTintmson) (1 — irsiam)

13



for all » € Z>y. As a function of z they are holomorphic over C when r is even and
meromorphic when r is odd, in which case the set of poles is given by Z + Z>om9 + - - - +
Z>oT,. From this writing we may identify § = Gy and I' = ;. These multiple elliptic
Gamma functions satisfy modular transformation properties for the corresponding special
linear group SL,;2(Z) similar to those satisfied by the § and I" functions for SLy(Z) and
SL3(Z) respectively.

In general, by analogy with the form (0.1) of elliptic units above imaginary quadratic
fields, the higher elliptic units we aim to construct above a degree n number field K with
exactly one complex place should be given by products of the form:

r Gn—2(2j77-17j7~--,Tn—l,j)N
) Gn_Q(NZj7 NT1’j7 ey NTn—l,j)

where NN is a choice of smoothing index and the z;’s and the 7 ;’s should be carefully
chosen elements in K. Most of this work is dedicated to the formulation of a precise
conjecture on the algebraic nature of these values, which is supported by numerical evi-
dence. Our main conjecture concerns evaluations of this form which can be obtained as
the evaluation of a multiplicative (n — 2)-cocycle built from the G,,_, functions against
a (n — 2)-cycle in SL,(Z). Indeed, if we introduce the following generalised rational
Bernoulli functions:

1 €Zt
— Bon oy W) = coeff[t?
n! ) (z,wl, y W ) coe [ ] <H7]11( wit _ 1))

by a coefficient extraction of the series in the right-hand side, then the so-called modular
property of the GG,,_5 functions is given by:

H Gn—2 ia <ﬂ) = exp <_LTBn,n<va17 s an))
. wj (.Uj £k n'

J=1

for any wy,...,w, € C — {0} satisfying wi/w; € R for 1 <k # j < n (see [Nar04]). This
modular property for SL,,(Z) allows us to construct collections of partial modular symbols
for SL,,(Z) from the G,_» and B, , functions, which yield multiplicative (n — 2)-cocycles
and additive (n—1)-cocycles respectively when restricted to specific subgroups of SL,,(Z).
The first two chapters in this work are dedicated to the study of these cocycle relations,
while the third and fourth chapter are dedicated to the construction and computation of
higher elliptic units above number fields with exactly one complex place.

To make precise statements on the cocycle properties satisfied by these functions we
introduce geometric families of these functions, upgrading the construction carried out
by Felder, Henriques, Rossi and Zhu for the elliptic Gamma function in [FHRZ08| to the
whole hierarchy of G, functions. If L ~ Z" is a lattice of rank n = r + 2 in a Q-vector
space V ~ Q" A = Homgz(L,Z) and ay, .. .,a, € A we define a function

Gr,ao,...,ar =

V/L x C x Homg(L,C) — C
(v,w, ) — Groag,..ar (V) (w0, )

which generalises the ordinary G, function which can be seen as a geometric GG, function
for the abstract lattice L = Z + Z1y+ - - - + Z7,. A similar construction gives a geometric
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version of the Bernoulli rational functions B, , attached to n linear forms a4,...,a, in
A:
5 B {V/L x C x Homgz(L,C) —C
N1,y *

(v,w, ) — Bn,a1,...,an(v>(wvx)-

For simplicity, we shall often use the general denomination of higher elliptic Gamma
functions to refer to the geometric families of G4, . 4, functions and the denomina-
tion of higher Bernoulli rational functions to refer to the geometric families of B, 4,  a.
functions.

We show that these two collections of functions are equivariant under the action of
SL,(Z) on L and A and that they satisfy a modular property which extends the modular
property satisfied by the ordinary G, and B, , functions:

Theorem 0.1: For most configurations of the linear forms aq,...,a, € A and for w,x
in a dense open subset of C x Homyz(L,C) ~ C x C™:

n
G201 W) (w0, 2) T = exp(2im By ..., (0) (w, 7).
j=1

This statement generalises the classic modular property for the 6 function given in
(0.10) and it is made more precise in Theorems 1.1 and I1.2. This modular property may
be rephrased as the splitting of a (n — 1)-cocycle constructed from the higher Bernoulli
rational functions by the higher elliptic Gamma functions. The higher Bernoulli rational
functions indeed satisfy cocycle relations of their own as:

Theorem 0.2: For most configurations of n + 1 linear forms ag, . ..,a, € A:

n

Z(_l)jBn,ao,..,,(fj,m’an = 0.

J=0

This generalises the known cocycle properties of the Dedekind-Rademacher function
(see section 0.1) and it is proven in Corollary 1.1 as a consequence of a more general
theorem on cocycle relations satisfied by certain indicator functions of closed rational
polyhedral cones (see Theorem 1.2). The collections of geometric G, and B, functions
thus produce partial modular symbols for SL,, (Z) and the cocycle properties they satisfy
become simpler when performing a smoothing operation which produces smoothed ver-
sions of these collections of functions, satisfying transformation properties for congruence
subgroups in SL,(Z). This is done by introducing a sublattice L’ of L such that L/L’ is
cyclic of order N and by considering the smoothed objects:

Gn—2,a1,~~,an71 (U) (w7 z, L/)N

Gz (0,2 L L) = 5w 1)
n—2,a1,...,an—1 s Ly

and
Bn,al,...,an (U) (w, x, L> L/) - NBn,al,...,an (U) (U), z, L,) - Bn,al,...,an (U) (w7 €, L)

which are defined for aq,...,a, € ANA where A’ = Homy (L', Z). The most striking fact
about these smoothed objects is that under mild assumptions on the lattice L', the func-
tion By g, 4, (v)(w,z, L, L") is independent of w,z € C x Homy(L,C) and is a rational
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number related to higher Dedekind sums whose denominator is bounded independently
of ai,...,a,. This is expressed by the following theorem which shows that the modularity
property simplifies considerably when performing this smoothing operation:

Theorem 0.3: Let ay,...,a, € ANA'. Then, under mild assumptions on the smooth-
ing lattice L' satisfying L/L' ~ Z/NZ, the smoothed value By, g, .. a4, (v)(w,z,L,L") is
independent of w,x € C x Homgz(L,C) and:

Bray.an)(w,z,L, L") € D(N,n)"'Z

where D(N,n) = [] pIN D =g Therefore, for most configurations of the linear forms
a,...,a, € ANN, the smoothed verston of the modular property gives the cocycle relation:

n D(N,n)
(H Corsn o () w0y, L, 1) ’) 1
j=1

These statements which can be seen as higher analogues of (0.16) and (0.15) are
made more precise in Theorems I1.3 and II.1. In arithmetic applications, we restrict
the collections of geometric G,,_» and B, functions to algebraic tori corresponding to
groups of totally positive units in number fields, for which the linear forms are always in
good configurations. A first arithmetic application of these functions is the computation
of values of partial zeta functions in totally real number fields at s = 0 using the B,
functions, building on prior work on the computations of such values using Bernoulli

rational functions (see [Shi76], [Col88], [DyDF14] and [CDG15]).

Theorem 0.4: Let F be a totally real number field of degree n. Let | be an integral ideal
in O and fiz an integral ideal b representing a class in the narrow ray class group CI7(f).
Then there are explicitly computable linear forms a;, on the Q-vector space F ~ Q" for
1<j<nandpe S, and explicitly computable signs v, € {—1,0,+1} such that:

C(b 0 Z Z Vp 1,01,y ,aw(lF)(Oa _Uk)

k 1 pe6GyH_1

where o1, ...,0, are the real embeddings of IF.

The fact that these values may be expressed in terms of Bernoulli rational functions
was already known for a long time, but the novelty here lies in the link between the
arithmetic of totally real number fields and the higher elliptic Gamma functions through
the associated collections of higher Bernoulli rational functions. The second arithmetic
applications concerns the construction of conjectural higher elliptic units above ATR
fields. The general result we have in mind is the following vague form of our conjecture,
for which we give a more precise statement in chapter III.

Conjecture 0.5: Let K be an ATR field of degree n which we view as a subset of C via
one of its two complex embeddings. Fix an integral ideal f # Ok and set f N7 = qZ for
some q € Z~q. Fiz an integral ideal b of Ok representing a class in C1* () and an integral
ideal a of Ox of norm N such that Ox/a is cyclic. Lastly, fix a system of fundamental
units €1, . .., &, for the group O%“ of totally positive units in Ox. Then there is an explicit
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integer k and explicit parameters zj, 71 j, ..., Tn—1; MK, all depending on §,b,a,e1,...,¢,
such that the evaluation

S Gaoa(z, 71 Tno14) P
U= H n—2\%jy 11,595 n-13 (04)
=1 Gn_Q(NZj, NTLJ‘, Ce ,NTn_Lj)

is an algebraic unit in the narrow ray class field K*(f) at § (or q-unit if n = 2). This
algebraic unit is expressed as the evaluation of a multiplicative (n — 2)-cocycle built from
N-smoothed G,_o functions, which depends on the choice of some set of base points
h = (h,)pes,, against an (n — 2)-cycle ¥ = Y(e1,...,&,) € H, (O™, Z). In addition,
the algebraic unit u satisfies a Kronecker limit formula of the form:

N¢i(b,0) — ¢i(ab,0) = log |ul?.

1
D(N,n)

This conjecture is an attempt at generalising the known results for the elliptic units
built from the 6 function (see Theorems 0.7 and 0.8). Higher analogues of these results
are notoriously harder to prove, since there is no clear generalisation of the theory of
Complex multiplication for higher degree number fields with exactly one complex place.

Most of chapter III is dedicated to the formulation of a precise geometric setup which
gives explicit formulas for the parameters z;, 71, ..., 7T,—1; Where the N-smoothed G,,_2
functions are evaluated to produce the elliptic units. This is done by generalising the ge-
ometric setup in [BCG23]| for n = 3 to higher degree ATR fields. The specific evaluations
of a (n — 2)-cocycle depending on a choice of base points h against the (n — 2)-cycle T is
presented in section II1.3.1. The remainder of section III.3 concerns the precise analysis
of the underlying geometric setup and the determination of the size x of the product
(0.4) as well as the parameters z; and 7;; involved in the evaluation. A notable technical
difficulty that arises for n > 4, which is absent from the cases n = 2 and n = 3, is that
the base points h,, p € &, upon which the evaluation greatly depends cannot be chosen
independently. It is the subject of section II1.3.4 where we define a compatibility condi-
tion that these base points must satisfy. Our main conjecture is supported by numerical
evidence which we present in chapter IV together with the algorithms we used to produce
such examples.

Our main conjecture is related to Hilbert’s 12th problem and to the rank one abelian
Stark conjectures for number fields with exactly one complex place. Indeed, if proven, a
precise conjecture in the flavour of Conjecture 0.5 would give a partial answer to Hilbert’s
12th problem for ATR fields, by building abelian extensions of these number fields using
the general multivariate meromorphic functions that are the multiple elliptic Gamma
functions (see section I11.4.2.4). This would also prove some cases of the rank one abelian
Stark conjectures for number fields with exactly one complex place (see section I11.4.2.5
for a discussion of those) by giving an explicit formula for the Stark unit.

Let us now give an outline of the present work:

0. In chapter 0 we briefly review the basic results of Complex Multiplication regarding
elliptic units above imaginary quadratic fields. We present the properties satisfied
by the # function and by the elliptic units obtained by evaluation of this function
at points of an imaginary quadratic field and explain how the results of this work
generalise each of these properties for the higher elliptic Gamma functions and the
higher elliptic units.
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[. In chapter I we recall the properties of the collection of multiple elliptic Gamma
functions and the associated collection of generalised Bernoulli rational functions
and we focus on the construction of their associated cocycles for SL,(Z). To this
end, we introduce geometric families of multiple elliptic Gamma functions, upgrad-
ing the construction carried out by Felder, Henriques, Rossi and Zhu for the elliptic
Gamma function in [FHRZ08] to the whole hierarchy of G, functions. We also in-
troduce geometric families of Bernoulli rational functions associated to the B, and
show how the modularity property satisfied by the G, functions may be rephrased
in terms of cocycle properties for these collections of functions. A first arithmetic
application is then given, as we use the collection of geometric B, functions to
express values of partial zeta functions at s = 0 in totally real number fields.

IT. In chapter II we expand on the cocycle properties of the collections of geometric
G,_2 and B, functions by introducing a smoothing operation inspired by previous
work on smoothed partial zeta functions (see for instance [CN79], [Das08], [CD14]).
The smoothed versions of the cocycles built from these functions are then shown
to define partial modular symbols on congruence subgroups in SL,(%Z).

ITI. In chapter IIT we carry out the construction of conjectural higher elliptic units above
number fields of degree n > 3 with exactly one complex place given by evaluations
of GG,,_s functions. These evaluations must be done in a very precise manner and we
give a very detailed description of our construction to highlight the main theoretical
and computational difficulties.

IV. In chapter IV we present the algorithms we use to compute our higher elliptic units
and we provide numerical evidence to support our general conjecture for fields of
degree 3,4,5 and 6.

We recommend that the reader who is mostly interested in the construction of higher
elliptic units skips the contents of sections 1.3 to I1.5 and focuses on chapter III after they
have become familiar with the construction of higher elliptic Gamma functions in section
[.2. The reader might then revisit these sections where we prove many statements on
the cocycle properties of the higher elliptic Gamma functions which constitute important
steps towards a proof of the Main Conjecture I11.37.
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Chapter 0O

Elliptic units for imaginary
quadratic fields

0.1 The Dedekind n-function

The Dedekind n-function is a modular function for SLy(Z) defined for 7 € H by the
infinite product:

n(r) =q¢" [0 -q")

n>1

where as usual ¢ = exp(2inT). It satisfies a modularity property of the form

. (‘” il b) — (a,b, ¢, d)Ver T dg(r) (0.5)

cT +d

where for any v = (2%) € SLy(Z), €(a,b,c,d) = €(y) is a 24-th root of unity. More
precisely, this root of unity is expressed in terms of Dedekind sums. These sums are
defined for ¢ > 0 and (¢,d) =1 by:

s(e.d) = cibl <§) b (’%d) (0.6)

k=1

where by 1t — t — [t] — 1/2 is the classic periodic version of the Bernoulli polynomial
By (t) =t — 1/2. The Dedekind-Rademacher function ¢pg is defined on SLy(Z) by:

5 <a b)_ b ife=0
PR\¢c d) — otd _ 12.sign(c)s(||,d) if c#0

where sign(c) = ¢/|c| when ¢ # 0 and sign(c) = 0 if ¢ = 0. The function ¢pg takes values
in Z and satisfies the modularity relation:

b .
. <a7’—|— ) — Ver + d . @pr0)-3sign(@) ()

cT +d
(see [Rad32]). Thus the unit €(a, b, ¢, d) is explicitly given by

e(a,b, ¢, d) = e3(¢pr(7)-3sian(c)), (0.7)
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The function ¢pg is almost a group morphism as for any v,~" € SLy(Z):

¢pr(Y") = ¢pr(7) + dpr(Y') — 3.sign(cc'c”)

where 7" = (%, %,) = (%%)(2%) = v7. The level N function ¥y defined on the

C// d// C/ d/ c

congruence subgroup I'g(N) by

Uy (ﬁ z)zm (; bév)—(,bDR (fj fl)

(see [Rad32], [Maz79]) then defines a 1-cocycle in H'(T'o(N), Z).
The Dedekind n-function appears as the key ingredient for Kronecker’s first limit
formula which is essentially the statement that when 7 is an imaginary quadratic number:

. —s m 2
[ Qumm - ) =2y - log2 — log i~ loga(M)?) (08
m,n€Z?—(0,0)
where y = S(7), Q(m,n) = y~'/m + n7]* is the quadratic form attached to 7 and

v =limy,oo(14 5+ -+ + —logn) is Buler’s gamma constant (see [[Sie80], Theorem 1]).
This limit formula may be used to compute values of L-functions for imaginary quadratic
fields at s = 1 (see for instance [[Sie80], Chapter II, §1]). It may also be used to compute
values of partial zeta functions at s = 1 (or equivalently at s = 0 thanks to the functional
equation) in real quadratic fields (see [[Sie80], Theorem 12]). We may express this result
as:

Theorem 0.6 [Meyer’s Theorem] : Let K be a real quadratic field. Fixz an integral ideal
b of K representing a class in the narrow Hilbert class group C17(K) of K. Fiz [y, 2] a
Z-basis of b satisfying B1/Pa > B/ 5 where B — (' represents algebraic conjugation in
K. Let (’)]}g’x be the group of totally positive units of Ok and € be the unique generator of
Oﬁ(f’x satisfying € > &'. Denote by a, b, c,d the unique integers satisfying €51 = af1 + b
and ey = ¢f1+dBy. Then the matriz v = (2Y) belongs to SLy(Z) and the value at s = 0
of the partial zeta function attached to the class of b in C17(K) is given by:

Cou(0.0) = A 60n(1). 09)

A similar statement holds for partial zeta functions attached to ray class fields using
the modularity defect of 6 functions (see [[Sie80], Theorems 12 and 13]). This statement
implies in particular that the value (o, (b,0) is rational, and, more generally, it is well-
known from the theorem of Klingen and Siegel that partial zeta functions in totally real
number fields take rational values at non-positive integers. In this work we generalise (0.9)
to higher degree totally real number fields using our higher Bernoulli rational functions
(see Theorem 0.4).

The Dedekind-Rademacher function and its level N avatars have also played a key role
in the construction of conjectural elliptic units above real quadratic fields by Darmon and
Dasgupta [DD06] and they are also connected to Gross-Stark units above real quadratic
fields (see [DPV24]). In the next section we recall the modular transformation properties
of the € function using those of the n function.
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0.2 Transformation properties of the 6 function
Recall the definition of the # function for (z,7) € C x H by:

9(277_) _ H (1 . e—2i7rz€2i7r(n+1)7') (1 . 62i7rz€2i7rn'r) )

n>0

This function enjoys modular transformation properties under an action of SLy(Z). In-
deed, there is a rational function P : SLy(Z) — Q(z, 7) such that for all v = (24):

z ar +b .
0 ———— =0 2Py (27) 0.10
(m’—i—d’m’—i—d) (2,7).€ ( )

The rational function P, may be expressed in terms of the classic Dedekind sums as:

0 fe=0andd=1
Py (2,7) = Z—% ifc=0andd=—-1.

22c24zc z cr . .

S — s e sign(e)(s(le d) + §) e #0

(0.11)
This can be derived from [[Sie80], Proposition 4] in conjunction with [[Rad32], Formula
(3.26)] as follows. Let us introduce another theta function 9J; defined on C x H by:

191(2’ 7_) — 622'7r(7'/871/4) (eiﬂ'z . e*'iﬂz) H (1 . €2i7rze2i7rm7')<1 . e2i71'm7'672i7rz)(1 . €2i7rm7)'
m>1
It follows from a straightforward computation that:

191<Z,T) — €2i7r(7'/12fz/2+1/4).9<z’7_).7]<7_>

for any z € C and any 7 € H. Let us now prove (0.11) for ¢ > 0 using the 7 and
functions as well as results from [Sie80].
Proof of formula (0.11):

Let us write as before € = €(a, b, ¢, d) for the 24-th root of unity satisfying

. ( + b) _ e+ da(r).

ct +d

The modular transformation property of 9, given in [[Sie80], Proposition 4] may be
written as:

z at +0b A
th <cr+d’ c:+d) = 63\/07'+d.e“rCZQ/(CT”Ld).ﬁl(z,T). (0.12)

To simplify notations we adopt notations in the style of Siegel : 7* = (ar + b)/(cT + d)
and z* = z/(ct 4+ d). Then (0.12) reads:

* *

(G5t v n(r) = e T deme e n( G- o ().
Dividing by the modularity relation (0.5) for n gives:

2i7r(

2iﬂ(%7%+i)9( * *) _ 626iﬂ—622/(m—+d).6

S
|
S
+
N
N~—
D
—~
\_N
N
S~—

Therefore:

T

2 2 *
0(z",1") = 6262”{%).62”(127%)67%( 127%)9(% 7).

21



22c2+zc T

0(z*,7") = REAC e i %)G(Z,T)

We may now rewrite 7 — 7* as:
y

d)T — b
T_T*ZC(CT+ )7 — c(aT + b)

c(er +d)
o . (et +d)? —d(er 4+ d) — car — (ad — 1))
cler +d)
., cr+d 1 a+d
T—T = + — .

c cler +d) c

Thus:

2c(cT+d) 2+W7 12¢ ) 0(2 7_)
y .

. . ) 27;7T(2262+2c+1/6 z ,ct+d  a+d
0(z",77) =€e

It follows from (0.7) that € is expressed in terms of the Dedekind-Rademacher function
¢pr as:

e(a,b, c,d) = ei2(¢pr()=3sian(e) _ o5 (T4~ 12sin(c)(s(lel.d)+1/4))

This gives:

2.2
. 2i7r(%—%—Q—%—sign(c)(s(\c|,d)+1/4))
O(z*,7")=¢e

0(z,7)

as claimed. m

The modular transformation property for the § function involving the rational function
P, may be generalised to the whole hierarchies of higher elliptic Gamma functions and
higher Bernoulli rational functions, as proven in Theorem 0.1.

It is classical to perform a smoothing operation on the ¢ function to obtain modular
units of one of the two following shapes:

0(z,7)V’ 0(z, 7)Y
O(Nz,7) O O(Nz N7)

In the first case, by adding a small exponential prefactor we obtain the basic ingredient
for Siegel units:

. 2_ _ N2
(e, = (e

) 0™

O(Nz,T)
when 2z € Q, 7 is an imaginary quadratic number and N is a rational prime which is inert
in the field Q(7) (see [[Kat04], Proposition 1.3]). The second expression gives smoothed
versions of Ramachandra’s elliptic units (see [Ram64]) in the setting where NV is a rational
prime which splits in Q(7). In this work we focus on the second type of smoothing and
if we set:

1
2

(0.13)

0(z T)N
o (o 1y = BT 0.14
(z,7) O(Nz, N7) (0.14)
then (0.10) gives for any N | ¢:
+0b - b(N)
Q(N) z aT _ G(N) 2imPy ) (2,7) 0.15
et +d et +d (z,7).e ( )
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where

0 ifc=0andd=1
PNz r) =58 if c=0andd=—1

- sign(c) (s (%, d> — Ns(|e|,d) + %) if ¢ #0.

Crucially, the smoothed modularity defect PQ(g) depends only on the matrix v € I'o(V) =
{(2%) | N|c} and not on z and 7. Moreover, it satisfies an integrality property as the
values of Pég) lie in ;5Z. The application (y — Pég)) is essentially a smoothed version of
the classic Dedekind-Rademacher function ¢pg, which differs slightly from the 1-cocycle
U on the congruence subgroup I'g(V). Explicitly:

0 fec=0andd=1
P(N)_ 1 1

o _E<N¢DR(‘2 Z>_¢DR(Z bilv)>+ LN if c=0and d=—1
N sign(c) =8 if ¢ #£0
(0.16)
and its reduction mod Z defines a 1-cocycle on To(N) with values in $57Z/Z. In this work
we generalise the cocycle properties satisfied by the rational function P, and its smoothed
version PQ(N) to the collection of higher Bernoulli rational functions which we introduce

(see Theorems 0.2 and 0.3).

0.3 Kronecker’s second limit formula and elliptic units

We now briefly review the two main results on the smoothed elliptic units given by (0.14),
that is the smoothed version of Kronecker’s second limit formula they satisfy and the fact
that they are algebraic S-units (see [Sie80], [Sta80] and [Ram64], [Rob73] for versions of
these results).

Theorem 0.7 [Kronecker’s second limit formula (a smoothed version)] : Let K
be an imaginary quadratic field. Fix an integral ideal § # Ox. Set qZ = fN7Z for some
positive integer q. Fix an integral ideal b representing a class in the class group at §. Let
a be an integral ideal of prime norm N such that (N,q) = 1. Let u,v be elements of K
such that f6=' = Zu + Zv and §(ab)™' = Zu + Zv/N with u/v = 7 € KNH. Assume
further that v/q =1 mod f6~'. Then

N (2
L)
N.Gi(b,0) — C{(ab,()) = ——log | —F/—F—

where wy is the number of roots of unity in Ox which are congruent to 1 mod f.

Proof :
The partial zeta function (;(b, s) is defined by:

Gi(b,s) =D N(B)™

b/~b

23



where the sum ranges over integral ideals in the same class as b in the ray class group at
f. Using Siegel’s trick one may rewrite this as:

Go,5) = ~N(B) S |~

Wy —1
LEL+Fb

where w is the number of roots of unity in K = Q(7). Since [u,v] is a Z-basis of the
fractional ideal f6~! we obtain the expression:

G(b, ):—N Z|mu—|—ny+1|

m,ne”

Since v/q = 1 mod f this can be rewritten as:

Gi(b, )=—N = mp e+ nv+v/q

m,ne”

Let us define as in [Sta80] the function

G(s) =m"°T'(s Z |mp +nv +v/q|7°.

mne’

This function can be analytically continued to C—{1} and it follows from [[Sta80], formula

(10)] that:

u(ut+v) 2

T _uttv ;1
+12 2 +4)

G(0) = —log ‘Q(UT + v, 7')62”(

where 7 = p/v and u,v are the unique rational number satisfying u.p + v.v = v/q, that
is u =0 and v = 1/¢. On the other hand, since G(s) = 7 °T'(s).w;. N (b)*C(b, s) and

lim (b, $)T'(s) = (b, 0)

we obtain the equality:

The same argument can be applied to the determlnatlon of C’ (ab,0). Indeed, since v/q =
1 mod fb6~! it is also true that v/¢ = 1 mod f(ab)~! and

—S

(o, ):—Nab NIRRTt :—N(ab) 3

m,ne” m,neZ

+ne 4o
m n— -
HEny

It follows once again from [[Sta80], formula (10)] that:

1
Gi(ab,0) = —— log

Wy

since 0.4 + (N/q).(v/N) = v/q. Putting both statements together yields:

2

N.¢{(b,0) — (/(ab,0) = —ilog MWW—U/Q
wi g (%,M)

24



The number ™ N=1/2 ig a root of unity of order < 4 and its modulus is then 1, thus we

obtain the desired result. O

We may illustrate this formula on the following example: set K = Q(e*/3) and
f =130k + (10 + ¢¥7/3)Ok a prime ideal of norm ¢ = 13. Fix b = Ok and a = 70 +
(3+4¢%7/3)Ok a prime ideal of norm N = 7. Then p = —3+4e*™/3 and v = —26 4 13%7/3
are such that fo~! = Zyu + Zv and §f(ab™') = Zp + Z(v/7) with v/13 = 1 mod f. Setting

2im/3 ..
T=u/v= 10++, we may check the Kronecker limit formula as:

; 7 10 + e2im/3 70 710 + e2in/3 -1
91’ 91 13’ 13

The evaluation of a smoothed 8 function involved in this Kronecker limit formula also
produces algebraic units:

2

13¢/(b,0) — ¢/ (ab,0) = — log ~ 0.8916656...

Theorem 0.8 [Algebraicity of elliptic units] : Let K be an imaginary quadratic field.
Fiz an integral ideal f # Ok. Set qZ = §f N 7Z for some positive integer q. Fiz an integral
tdeal b representing a class in the class group at f. Let a be an integral ideal of prime
norm N such that (N,6.q) = 1. Let p,v be elements of K such that {6~ = Zu + Zv and
f(ab)™ = Zp + Zv/N with p/v = 7 € KNH. Assume further that v/q = 1 mod fb~*.
Then the complex number N
0 (l, T)
q

0 (ﬂ, NT)
q
is the image in C of an algebraic g-unit uspq in the ray class field at §. In addition, the

explicit reciprocity law is given by o (Ujpa) = Usper,a Where b’ — oy is Artin’s map.

Proof :
This is essentially a smoothed version of [[Ram64], Theorem 5] (see also [[Rob73],
Theorem 1]). O

The example we have already used illustrates this theorem as:

(T W0 TENT T 104N 373 [l 17V3
= <ﬁ’ 01 ) (E 13 ) - 7 8

is a 13-unit inside the ray class field K*(f) above K = Q(e*"/3) of modulus f = 130x +

(10 + e¥7/3)Og.

In the rest of this work, we generalise the properties of the pair of functions (6, P») to
the pair of higher functions (G,,_2, B,) for the special linear group SL,(Z) and construct
higher analogues of the elliptic units above number fields with exactly one complex place
of degree n > 3. These higher elliptic units are expected to be algebraic units inside
specific abelian extensions of the base field where they are evaluated and they are expected
to satisfy a Kronecker limit formula in the flavour of Theorem 0.7 (see Conjecture 0.5).
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Chapter 1

Geometric families of multiple
elliptic Gamma functions and
cocycle properties

I.1 Introduction to chapter I

In this chapter we study the collection of multiple elliptic Gamma functions and the
associated collection of Bernoulli rational functions. The first function in the hierarchy
of multiple elliptic Gamma functions is the 6 function defined on C x H by:

H(Z, 7_) _ H (1 . €2i7r(m+1)7'€—2i7r2)(1 . 627;7rm7'€2i7rz).
m>0
(see chapter 0 for the properties of the # function). Recall in particular the modular

property:
_1 s
0 (z, —> =0(z, T)eQTPQ(Z’T)
T T

where the rational function Py(z,7) is given by:

Prz—zr T T2-1
P _ s remAEr T
2(27) 2 17T
. b . . .
More generally, to any matrix v = 1) € SLy(Z) we can associate a rational function

P (z,7) € Q(z,7) such that:

z ar +b
cr+d et +d

) _ 9(2’ 7_)62i7rP2ﬁ(z,T)'

This may be interpreted as a coboundary relation and shows that v — P, is a 1-cocycle
on SLo(Z) with values in rational functions and that it is split by the 6 function. In this
chapter, we show that the collection of pairs of functions (G,_», B,,) behaves similarly to
the pair (6, %) under an action of a special linear group SL,(Z) of higher dimension
n > 3 on rank n lattices and give insight on how they might be used to compute invariants
in number theory.

For n = 3, it was shown in the 2000s by Felder and Varchenko [FV00] that the ellip-
tic Gamma function introduced by Ruijsenaars [Rui97] enjoyed modular transformation
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properties for SL3(Z) similar to those of the # function for SLy(Z). We recall that the
elliptic Gamma function is defined on C x H x H by:

I(s.7.0) = H (1 —exp(2in((m+ 1)1+ (n+ 1)o — z))) '

1 — exp(2im(m7 4+ no + z))

m,n >0

This function may then be associated with a 2-cocycle on SL3(Z) with values in rational
functions (see section 1.2). In 2001, Nishizawa [NisO1] introduced a whole hierarchy of
multiple elliptic Gamma functions which encompass both the 6 function and the elliptic
I' function. Recall that they are multivariate analytic functions defined for all » € N by:

G = I (1 etrssSiamst) (1 - gonesimamn) ™
M0,y >0

(L.1)
This definition recovers both the 6 and the elliptic I' functions as 8 = Gy and I' = G;.
The G, functions share similar transformation properties under an action of SL,5(Z) on
the abstract lattice generated by 1, 7o, ..., 7, (see section 1.2) and it is natural to study the
entire collection obtained when varying r € N. In particular, when r > 1, the following
pseudo-periodicity relation for the G, function involves a lower degree GG,._; function as:

GT(Z+Tj77—07' "77—7“) == GT*l('Z?TOu" '77/—_\7'7"'77—7“) GT(Z7TO7"'7TT‘)

where as usual the notation 7; indicates that the variable 7; should be omited. In
[FHRZ08] Felder, Henriques, Rossi and Zhu enriched the theory of the elliptic Gamma
function by introducing geometric families of elliptic Gamma functions associated to ar-
bitrary rank 3 lattices, offering a comprehensive perspective of the underlying geometric
phenomena. Namely, if L is a rank 3 lattice and a,b € Homg(L,Z) are two primitive
linear forms on L, they define general functions I'yp : C x Homy(L,C) — C using Rui-
jsenaars’ elliptic I' function as a building block and show that the collection of functions
obtained when varying a, b enjoys modular transformation properties under an action of
SL3(Z) on L. The two most important properties in that regard are the so-called modular
and equivariance properties. For any linearly independent a, b, c € Homgz(L,Z), there is
a rational function P, ;. € Q[w](z) such that the equality:

LCop(w, 2)Tpc(w, 2)Te o (w, ) = exp(2im Py p o(w, x)) (I.2)

holds for (w, ) in a dense open subset of C x Homgz(L,C) ~ C x C3. Additionally,
both I'y, and P, are equivariant under an action of SL3(Z), which means that for all
gc SLg(Z)

Lgago(w,g-z)=T4(w, )
Pg~a,g~b,g-0(w> g-z)= Pa,b,c(wa )

These equivariance properties play a key role in arithmetic applications, as the functions
I'wp and P, will be evaluated on homology classes associated to specific tori in SL3(Z).
The construction of the functions I', ;, may already be viewed as the generalisation of
a well-known construction for the # function. For a rank 2 lattice L, and a linear form
a € Homy(L,Z) = A, we may also define an equivariant function 6, : C x Homg(L,C) —
C such that for any pair of linearly independent a,b € A there is an equivariant ratio-
nal function Q,, € Q[w](x) which may be expressed in terms of Dedekind sums and
satisfying:
b (w, 2)0y(w, 2)~" = exp(2imQup(w, 7)) (1.3)
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In the first part of this chapter, we upgrade the construction carried out in [FHRZO0S|
to higher degree G, functions (see section 1.2). For a lattice A = Homgy(L,Z) of rank
n = r+ 2 > 2 we introduce a collection of geometric functions G, _24,, . 4, , attached
to families of n — 1 linear forms ay,...,a,-1 € A (see Proposition 1.7) which are built
using Nishizawa’s G,,_o functions. For rank n = 2,3 lattices, we recover the functions
0, = Go4(0) and 'y, = G1,4,5(0) respectively. In section 1.2 we show that the collection
of Gy—2,4,,. 4, , functions obtained when varying the linear forms a,,...,a,_; satisfy
modular and equivariance properties similar to those satisfied by the collections of 6,
and I',, functions. Namely, our first main result is a general version of formulae (1.2)
and (1.3) for the G,—2.4, .. 4, , functions involving a collection of higher degree Bernoulli

.....

1111

Theorem 1.1: Let L be an oriented lattice of rank n > 2. Let ay,...,a, € Homy(L,7Z)
be a family of n linearly independent primitive linear forms on L. Fixv € V/L ~ Q"/Z"
where V =L ®7 Q.

1. [ Modular property| For (w,z) in a dense open subset of C x Homyz(L,C) ~ Cx C":

T Grzarriysomin (@) (w0, 2) " = exp(207 By (0) (w0, ) (14)
j=1

2. [ Equivariance relations| For any g € SL,(Z), the following equalities hold in the
space of functions V//L x C x Homg(L,C) — C:

Gn—?,g-al ..... g-Qn—1 (g . /U)(wa g- .I') = Gn—2,a1,...,an_1 (U) (w, :U)
Bhgas,...gan (g-v)(w,g-2)= Bya,.., an (V) (W, 7).

Theorem 1.1 gives a more comprehensive perspective on the numerous properties of
the G,_» functions (see 1.2.1.1). In particular, formula (I.4) may be understood as a
collection of coboundary relations for SL,(Z) as follows. For two sets A and B write
F(A, B) for the set of functions on A with values in B. Fix a primitive linear form
a € Homy(L,Z) as a base point and define the two functions:

b o {SL@ = F(V/L X € x Homy(L, ), C)
e (91, s 7gn—2) — ((U, w, J)) — anQ,a,gl-a ..... (g1...gn_2)~a(v)(wa ZL‘))

(91, cee 7gn71) — Bn,a,gl-a,(glgg)-a ..... (gl...gn,l)-a<v)(w7 .Z')

When a,g1-a,...,(g1...gn_1)-a are linearly independent, the first point of Theorem I.1
implies that these functions satisfy the multiplicative coboundary relation:

b {SLn<Z>"—1 = F(V/L,Qlw)(x))

O Unalgrs- s gn-1) () (w, z) = exp(2imPna(g1, - - - gn1)(v)(w, x))

for any v € V/L and for (w,z) in a dense open subset of C x Homgz(L,C). In section
.4 and chapter III we shall derive arithmetic applications of both collections of functions
Y = (Yna)na and ¢ = (Pna)na to the computation of class field invariants in number
fields.
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The second part of this chapter is devoted to the study of the collection of Bernoulli
rational functions B, 4, ., together with the attached collection of (n —1)-cocycles ¢, 4,
as the restriction of ¢, , to specific tori will be used in arithmetic applications to compute
partial zeta functions in totally real number fields of degree n at s = 0. Shifting the focus
on the B, 4, . ., functions we get as a consequence of Theorem 1.1 the additive cocycle

relation:
n

Z<_1)jBn,ao,...,d},...,an (U) (w, x) €z

j=0
for any family aq, ..., a, of primitive linear forms in general position, i.e. such that for
any 0 < j < n, rk(ag,...,@j,...,a,) = n. We improve this result in section 1.3 by

showing that the stronger additive cocycle relation:

n

> (=1Y Buag..oan (0) (w, ) = 0 (15)

=0

holds for almost all configurations of ay,...,a, in the rank n lattice A (see the bad
position condition (BP) in section 1.3). To prove (I.5) we show that the rational functions
By ay....an are given by a coefficient extraction in the generating series associated to a
rational polyhedral cone and that the cocycle relation they satisfy may be obtained
as a specialisation of a cocycle relation satisfied by some indicator functions of closed
polyhedral cones. For ease of presentation, we will consider cones in Q-vector spaces but
most results we prove on cones may be readily transposed to cones in [F-vector spaces
where I is any ordered field, say R for instance. A polyhedral cone in a Q-vector space
V is a set

C = Qxov1 + -+ + Qxovp + Quovy + - + Quovy,

where the v;’s and the v’s are non-zero vectors in V. Let us denote by K(V) the Q-
algebra generated by the indicator functions of such cones and by £(V') the subspace of
IC(V') generated by the indicator functions of those cones containing some line Qu. We
prove a cocycle relation for specific cones which we now define. For non-zero linear forms
ag, ..., 0, € VY define:

1ifVvo< < . >0
(o am)(0) :={ H0s g malo) 2

0 otherwise

In section 1.3 we prove our second main result which is the technical heart of this chapter
and might be of independent interest.

Theorem 1.2: Let V be a Q-vector space of dimension n > 1 and let ag,...,a, be
n + 1 non-zero linear forms on V' which generate VV. For all 0 < j < n, denote ¢; =
(—1)signdet(ay, ..., aj,...,a,) € {—1,0,1}.

(i) If there are coefficients Ao > 0,..., A, > 0 such that Y _\ja; = 0 then the signs
gj are all equal to a common sign € and

Zsjcv(ao, ey @y ..y a,) =0 mod L(V)
=0

where § is the Dirac function at 0.
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ii ere 1s a relation > . N;a; = 0 with at least one positive and one negative
ii) If there i lati i—oAja; = 0 with at least positi d gati
coefficient among Ao, ..., \,, then:

Zgj (ag,...,a;,...,a,) =0 mod L(V).

This theorem may be viewed as a dual theorem to [[CDG15]|, Theorem 1.1] from
which it is inspired. It is interesting to note that for n = 2 this theorem allows us to
recover a result in a recent article by Sharifi and Venkatesh [SV24] (see section 1.3.2).
Our main goal however, is to deduce from this theorem the following corollary on the
cocycle relation (I.5) satisfied by the Bernoulli rational functions (see Proposition 1.14
for more details) for almost all configurations of the parameters.

Corollary 1.2: Letay, ..., a, be n+1 linear forms on V. Suppose that either rk(ao, ..., a,) <
n, or ao,...,a, generate V¥ and there is a relation Z;L:() Aja; = 0 with at least one pos-
itive and one negative coefficient among Ao, . .., A,. Then:

n

> (=1Y Brag..roan (0) (w, ) = 0. (1.6)

J=0

In applications the linear forms a; will be taken of the form g, - a for some base point
a € VY and the invertible matrix g; in some subgroup U of SL,,(Z). At the end of section
1.3 we give examples of specific subgroups U of SL,,(Z) for which any family go, ..., g, € U
is such that the family gg - a, ..., g, - a satisfies the hypothesis of Corollary 1.1 for any
base point @ € VY. The collection of functions (¢,4)s thus reduces to a collection of
homogeneous (n — 1)-cocycles for U. In the arithmetic applications we have in mind to
the computation of partial zeta values in totally real number fields at s = 0, the group
U will arise from the group of totally positive units of a given totally real number field.
Following [Shi76], [Col88], [DyDF14] and [CDG15] we will prove that the partial zeta
values in totally real number fields may be expressed as combinations of values of the
geometric Bernoulli functions B, ,, . ,, which appear in the study of the collection of
Gn-2.a,...a,_, functions:

-----

Theorem 1.3: Let F be a totally real number field of degree n. Let § be an integral
tdeal in Op and fiz an integral ideal b representing a class in the narrow ray class group
CI"(f). Then there are explicitly computable cones c, = c'(ayp, ..., an,) parametrised by
p € 6,1 and signs v, € {—1,0,4+1} such that:

Gi(b,0) Z Z VpBr.ai p.san,, (18)(0, —0%)

k‘ 1 peGpr_q

where o1, ...,0, are the real embeddings of F and the a;,’s are Q-linear forms on the
n-dimensional Q-vector space F.

We remark that Theorem I.3 expresses partial zeta values at s = 0 in a totally real
number field F as traces of algebraic numbers in F. These values are therefore rational
numbers, as was already known from the theorem of Klingen and Siegel, and already
obtained by Shintani using his method. In section I.4 we will give two explicit examples
of such computations for real cubic fields.

30



This chapter is organised as follows. In section 1.2 we define both collections of
Gn-2a4,..an, a0d By 4, 4, functions and prove Theorem I.1. In section 1.3 we study
a cocycle relation for indicator functions of cones and prove Theorem 1.2 which is the
technical heart of this chapter. We then deduce Corollary 1.1 via a coefficient extraction in
the generating series attached to cones and show that the ¢,, , functions form a collection
of (n — 1)-cocycles when restricted to specific tori in SL,(Z) arising from unit groups in
number fields. In section 1.4 we show that the Bernoulli rational functions B,, 4, ., may
be used to express the values of partial zeta functions at s = 0 in totally real number
fields and give the proof of Theorem I.3.

I.2 Geometric families of multiple elliptic Gamma
functions

In this section, we recall the properties of the multiple elliptic Gamma functions (the
G, functions) and construct geometric families G4, . 4., of these functions attached
to a family of r + 1 linear forms ay, ..., a,,1, upgrading the G, functions to collections
of equivariant functions for SL, 5(Z) by adapting the construction of the I',;, functions
in [FHRZO08] to higher degrees.

1.2.1 The G, functions
1.2.1.1 The definition of the G, functions

We review the definition and properties of the G, functions inspired by one of Jacobi’s
0 functions and the elliptic I' function of Ruijsenaars. The # function is defined for
z € C,7 € H by:

9(27 7_) _ H (1 . 62i7r(m+1)76—2i7rz>(1 . 62i7rm7'62i7rz)

m>1

It is an infinite product which is absolutely convergent and holomorphic over C x H
enjoying transformation properties under the action of SLy(Z) on the upper half-plane.
Indeed, for z € C, 7 € H:

O0(z+1,7)=0(z,7) =0(z, 7+ 1)
0(z+71,7) = —e 2™0(2,7)

_]_ 2im

T T
where the polynomial P, is explicitly given by:

P2Hz—z2r T T12-1
Piar) = —5—— =7+

The elliptic I function which was introduced by Ruijsenaars [Rui97] is defined by:

F(s7.0) = H (1 —exp(2ir((m+1)7+ (n+1)o — z))) L7)

1 — exp(2im(m7 4+ no + z))

m,n>0
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As pointed out by Spiridonov (see [Spi04]) this function was already studied by Jackson
in 1905 and implicitly studied in theoretical physics under other names since the 70s.
The infinite product (I.7) is absolutely convergent and holomorphic in both 7 € H and
o € H and it is meromorphic in z € C with poles at points in Z + Z<oT + Z<oo. In
[[FV00], Theorems 3.1 and 4.1] Felder and Varchenko proved that the elliptic I" function
enjoys properties under an action of SL3(Z) involving the 6 function. In particular, for
any z, 7,0 in the domain of convergence of I'(z, 7, 0):

[(z,0,7)
['(z,7,04+1)=T(z,7,0)

0(z, )(27’0)
[(—z,71,0)"

L(z,7,0
I'z+1,7,0)=T(z,7+ 1,0
I'(z+7,7,0
L(z+T1+0,7,0

) =
)
)=
) =

Finally, if 0/7 ¢ R then:

T T T o g g

~1 - 1\ "
F<Z7T7 U)_lr (Ea_az> r <Z 7_7_17__) :exp(2i7rP3(z,7-7 J)) (18)

where

2 r4+0-1, 7T+0°+310-31—-30+1
— z° 4+ z
6170 d10 1270

1 1 1
-l-4+--1
+3 4(7' +o0—1) (7_ +- )
The G, functions introduced by Nishizawa [Nis01] using ¢g-polylogarithms generalise both

the 6 and elliptic I' functions and are defined for z € C and parameters 7,...,7. € H
by:

Py(z,7,0) =

GT‘(’Z7I) _ H (1 . e2i7r(fz+Z§-=0(mj+1)Tj)) (1 _ €2i7r(z+Z;:O ijj)>(_1)r

mo,...,myr 20

where 7 = (79, ..., 7). This infinite product is absolutely convergent and holomorphic in
each parameter 7; € H and it is either holomorphic in z € C if r is even or meromorphic
in z € C with poles at points of Z + Z;ZO Zi<otj if v is odd. For r = 0,1 we recover
the definition of the 6 and I' functions so that Gy = 6 and G; = I'. The range of the
parameters 7; can be extended from H to C — R by using nicer expressions of the G,
functions as the exponentials of infinite sums involving sinuses and cosines (see [[FV00],
formula (15)] and [[NisO1], Proposition 3.6]), namely:

1 sin(mj(2z—(m0+-+7r))) . .
G (2,1) = CXp 2121 (20)75 [Th—o sino(wjrk) > if 7 is odd
T\ o 2 cos(mj(2z—(To+++7r)))

L (1.9)
exp Z]Zl (2)7+1; [Ti_, sin(mjme) ) if r is even

This expression is valid provided that 7 € (C — R)"™ and [$(2z — (10 + -+ + 7,))| <
> io|S(7;)] and allows us to extend the range of parameters to 7 € (C — R)™! by
putting:

GT<Z7T(), ey Tj—1y, =T, Tj41, - - ,T,«) = GT(Z + TiyT0s e w3 Tj—1,T5, Tj41, - - - ,T,«)_l (110)
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The G, functions satisfy relations similar to that of the  and elliptic I' functions, as
proven by Nishizawa in [NisO1] and later by Narukawa in [Nar04]. First, the G, functions
are 1-periodic in each of their arguments and they satisfy:

Glz+1+ - +7,7) = Gr(—z,z)(_l)r
G (~2,—1) = G, (2,7)7" (L11)

Furthermore, if r > 1, the G, functions are almost periodic in z with periods 7; for
0 < j <r with a correction factor involving a lower degree function:
GT(Z + Tj)z) - Gr—l(za T0y - - - 7Tj—177/—}7 Tjd1y .- 77—7") Gr(zuz)

where the notation 7; indicates that the variable 7; should be omitted. We now recall
the modular property for the G, functions.

1.2.1.2 Modular property and Bernoulli polynomials

The modular property for the G, functions was later proved by Narukawa [Nar04]. To
state their theorem, we first need to introduce the multiple Bernoulli polynomials which
were implicitly used in the study of the Barnes’ multiple I" function [Bar04]. We adopt
the following conventions regarding Bernoulli numbers:

b Btk 1.12
1 =>_Bg (1.12)
k>0

Consider an integer n > 1. Let w = (wy,...,w,) € (C—{0})". We define the multiple
Bernoulli polynomials B, ,,(z,w) with the following generating function:

m

et ﬁ ewj‘jji -= " Bl (L13)

i=1 m>0

<.

These polynomials may be expressed explicitly using Bernoulli numbers as:

L. 7! B ’fjwf ’
GRS DT I DI W | (s
1=0 kit tkn=m—1 \1<j<n 7
k; >0

For w € (C—{0})", By, (2,w) is a degree m homogeneous polynomial in n + 1 variables
with rational coefficients, which is symmetric in the n variables of w. In [Nar04], Narukawa
used the rescaled homogeneous rational functions B, (z,w) = (-, w _I)B* (z,w).
These obey many relations which can easily be obtained from the properties of the gen-
erating function (see [Nar04]). We will be most interested by the diagonal polynomials

By, .- For instance, the polynomial Bj, is given by:

w% + w% + 3W1W2
6 .

Narukawa’s theorem (see [[Nar04], Theorem 7]) can be stated as follows. Let n > 2. Fix
w € (C—{0})" and suppose that w;/wy € C—R for all 1 < j # k <n. Then for z € C
outside the discrete set of poles of the left-hand side:

HGn ) (7 (w—)k#) — exp (%Bnn(z g)) . (1.14)
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1.2.1.3 Distribution relations

The arithmetic applications we have in mind for the G, functions are inspired by the
construction of Siegel units using the § = G function and the construction of associated
cocycles (see for instance [DPV24]). To extend the analogy, we end this section by proving
that the G, functions satisfy distribution relations similar to the distribution relations
satisfied by Siegel units.

Proposition 1.4: Consider an integer N > 2. Then the following distribution relations
hold:

N-1 k
H G, (Z+ Nal) = GT(NzaNI)
k=0

N-1 L e
Gr 24 =TTy Tl Ty :GT(z77—7"'7_la"'7TT‘>
oo b ) -oon 3

These two relations together give the complete distribution relation:

N-1
k4 koo + - + ko7
H G, (z—i— OTON T,To,...,Tr>:GT(NZ,TO,...,TT)
kKoo ir =0

Proof :
The first relation follows from the standard cyclotomic relation:
N-1
H(l _ e?iﬂ'k’/Ny> —1— yN
k=0
applied here to both yo = —2 4+ 377 _((m; + )75 and y1 = 2z + > 75 my7; for all

mo, ..., m, > 0.
The second relation is obtained by straightforward computation using the set identi-
ties:

1
Z>O_{071/N,,(N_1)/N} - NZ>0,

1
Zzo+{0,1/N,....(N =1)/N} = NZEO-

I.2.2 Geometric G, , functions

In this section we upgrade the construction carried out by Felder, Henriques, Rossi and
Zhu to higher degree and define geometric families G, q, . 4,., parametrised by r+1 linear
forms of the GG, functions that encompass the geometric families I', ;, of the elliptic Gamma
function. We then prove Theorem I.1, i.e. the modular property for the G, . .a4,..,
functions and their equivariance property under the action of SL, 5(Z). The construction

ofour G, ;... a,,, functions is adapted from the construction of the elliptic I', , functions as

34



we use a generalised version of the alternative definition given by [[FHRZ08], Proposition
3.5] and then revert the computations to prove that the definition is indeed valid.

We start by giving a precise geometric setup. Consider a Q-vector space V' of dimen-
sion n and a rank n lattice L C V. Denote A := Homgy(L,Z) C VY = Homg(V, Q). The
lattice L is then canonically isomorphic to Homgz(A,Z). Fix a Z-basis B = [eq, ..., e,] of
L and denote by By = [f1,- .., fa] the dual Z-basis of A such that for all 1 < j, k < n,
fi(er) = 0, where 0, is Kronecker’s symbol. This fixes orientation forms on L and A
given by detp and detp, respectively. When there is no risk of confusion we drop the
subscripts and write as usual det for the orientation forms. This also fixes an action of
SL,,(Z) on L by left multiplication, i.e. g-a = ga and the contragredient action of SL,,(Z)
on A given by g-a = ag™!. In particular, the pairing:

{A xL —7Z
(a,a) — ala)

is equivariant under the action of SL,(Z), which means that for any g € SL,(Z) and
any (a,a) € A x L, (g9-a)(g-a) = a(a). Note that the basis C' is also a basis of
the C-vector space Homy (L, C) ~ C"™ which induces an action of SL,,(Z) on Homg(L, C)
extending the action of SL,,(Z) on A. We will now consider families of linearly independent
primitive linear forms ay,...,a,—; in A and define functions G,_24,, . 4, , attached to
theses families. Recall that an element w in a Z-module A is called primitive if for all
(n,w') € Zsy x A, w =nw" = n = 1. In order to define the functions G,,—24,,. 4, ,
properly, we now define positive dual families which will be used in the rest of this work.

Definition 1.5: Let (ay,...,a,) be a family of m linearly independent elements in a lat-
tice A ~ Homy(L,Z). We call (an,...,an) € L a positive dual family to a = (ay, ..., ay)
if for all 1 < 5 < m the following holds:

aj(aj) >0, ap(a;)=0,Vk#j

The two important cases in this work will be those where m = n — 1 and m = n in the
lattice A of rank n. The following lemma shows that in these cases two positive dual
families to the same family a are closely related.

Lemma 1.6: Let A be a lattice of rank n with an orientation form det.

(i) Let a = (ay,...,an_1) be a family of n — 1 linearly independent elements in A.
If (a1,...,qn-1) and (o,...,al, ) are two positive dual families to a in L =
Homy (A, Z) then there are rational numbers tq, ..., t,_1 such that:

aj(a))a; = aj(aj)a) + tidet(ar, . .., an1,-)

(ii)) A family a = (a1, ...,a,) of n linearly independent elements in A has exactly one
positive dual family « € L = Homy (A, Z) containing only primitive vectors. We call
this family the primitive positive dual family to a. Any other positive dual family
Bi, ..., Bn to a satisfies for all 1 < j < n, B; = m;a; for some integer m; > 0.
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Proof :

(i) For any 1 < j <n —1, set 7; = a;(a})a; — aj(aj)a’. Then for all 1 <k <n—1,
we get vj(ax) = 0. This means that either v, = 0 and then ¢; = 0 or the Q-linear forms
7v; and det(ay,...,an_1,-) defined on the Q-vector space V" share the same kernel, and
therefore, they must be linearly dependent. This proves the first claim.

(ii) Suppose that a, @ are two positive dual families to ay,...,a, in L consisting
of primitive vectors. Consider once again 7; = a;(a})a; — aj(a;)a; such that for all
1 <k <mn, ~v(ar) = 0. The family (ay,...,a,) is a basis of the Q-vector space V", so
v = 0 for all 1 < j < n. This means that a;(a);)a; = aj(a;)a for all 1 < j < n. There
are only two opposite primitive vectors in the line Qa; so if both a; and o are primitive
it must be that a; = o) because both lie in the half-plane {v € V' | a;(v) > 0}. Thus, if
such a family exists, it is unique. Regarding the existence, we may write a; = Y ,_, ajx [k
and define the matrix:

a1 ... Qin

Qpi1 -+ Ann

If € is the sign of det(A) then the matrix B = e.com(A)T defines a positive dual family
to a which we use to compute the primitive positive dual family to a. Define A;; =
(=1) ) det(ay)uzgive; and 6; = ged(Ay;, ..., A, ;). Then the primitive positive dual
family « to a is given explicitly by:

n
€A,
O‘k:Z 5. Ck
j=1

If By, ..., B, is any other positive dual family to a then there are unique integers my, ..., m, >
0 such that 8y /my,..., 5,/m, are primitive vectors in L. The family £;/m,..., B,/my,
is a primitive positive dual family to a in L, therefore it must be equal to ay, ..., a,.
This shows that 8; = a;m; for all 1 < j < n. O

We may now define the geometric variants of the G, functions using lemma 1.6 and
adapting [[FHRZO08|, Proposition 3.5] to higher rank lattices:

Proposition 1.7: Letn > 2 and setr =n—2. Leta = (aq,...,a,11) be a family of r+1
linearly independent primitive vectors in the oriented lattice A of rank n = r + 2. There
is a unique integer s > 0 and a unique primitive element v € L = Homy(A,Z) such that
det(ay,...,am41,) = sv. Fiz a vector v € V/L. For any choice of positive dual family
a=(ay,...,q41) to a in L the function defined by the finite product:

cowa = 1 6 (" L) 115

SEF (a,a,v)/Zy x(ry) .T(’)/

where
Fla,a,v)={0€v+L|V1<j<r+1, 0<a;(0)<ajla;)} (I.16)

is well defined for (w,x) in a dense open set of the C-vector space C x Homy(L,C) ~
C x C™*2. Furthermore, it is independent of the choice of .

Proof :
Consider the following open subset of Homy(L, C):

Ua, ) = {z € Homz(L,C) | z(y) # 0, z(a;)/z(y) €R,VI<j<r+1}
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The set U(a, «) is the complementary set of a finite union of R-vector spaces of dimension
< 27 + 3 in the R-vector space Homgz(L, C) ~ R?" ™4, therefore it is a dense open subset
of Homgz(L,C) endowed with the finite dimensional R-vector space topology. For any
x € U(a, @), define:

_ wta(8)#Za(v)+ Y51 Zs oz ()
S(@a a, v, x) - ﬂ {’LU cC | w-a( 5)€Zx(v)+zi+1 Z<027(01J)}
dEF (a,a,v)

Then the right-hand side of (I.15) is well-defined and non-zero on:

Qa, a,v) = U {(w,z) | we S(a,a,v,2)} (I.17)

z€lU(a,q)

which is a dense open subset of C x Homy(L,C) endowed with the finite dimensional
C-vector space topology.

Let us now prove that the right-hand side of (I.15) is indeed independent of the
choice of positive dual family a. To achieve this, we will show that for any other choice
of positive dual family o' to a, the functions G¢, and G%’a coincide. Let us first compute
the right-hand side of (I.15) explicitly using the definition of the G, function. Consider
(w,z) € Qa,a,v). Put for 1 <j <r+1,d; =+l such that d;jz(«o;)/z(y) € H. Put also
D= ZHl(dj —1)/2. Then using the inversion relation (I.10) we get:

G2, (v)(w, )" =

w —+ x(0) s d; — 1x(aj) 1 o
aengv)% o ( o) jzl 2 a(y)’ (x(v)dj ( ”>)1§j§m)

which by definition of the ordinary G, functions is given by:

r+41 (djm]+(1+d )/2)2(0‘ ) w+z(5)
G0 = T 1] [<1 (T et g
r,a ?

deF(a,a,v)/Zym >0

71)7
(et i =1/22(0) | wiae) ) ¢
y <1 _ 62”(ij1 ) 5o ]

Let us denote by C*(a, o, v, ) the set of &' € v+ L satisfying for all 1 < j <r +1:

{ a;(8') >0, if d; =1

;(0) <0, ifd; =—1

and similarly denote by C~(a, a, v, x) the set of ¢ € v+ L satisfying for all 1 < j < r+1:

aj(é’) > O, if dj =-1
aj(é’) < 0, if dj = 1.

Consider ¢’ € C*(a,a,v,z). If dj = 1 then a;(0") > 0 so that performing Euclidian
division by a;(«;) gives a unique integer m; > 0 satisfying 0 < a;(0" — m;a;) < a;j(a;).
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On the contrary, if d; = —1 then a;(0") < 0 and there exists a unique integer m; > 0
such that 0 < a;(0' + mja;) < aj(a;). Then for all 1 <k <r+1:

r+1
0 < a (6’ — Zdjmjaj> < ag(oy)
j=1

and thus ¢ — ZTH djmjo; € F(a,a,v). This shows that the cone C*(a, a, v, ) can be
written as a diSJOlnt union:

r+1
C*(a,,v,2) = U U {(5+de] + (d; — 1)/2)« }
deF(a,a,v) m >0
A similar argument applied to C~(a, a, v, z) gives the decomposition:
r+1
SO BV VETE ST e
d€F(a,a,v) m >0
Thus, the expression G2, (v)(w,z)"D" is equal to:

o N (D)
H <1 — e‘”“( o) )>> H <1 _ 62”( e )))
510+ (

d'eC~ (a,a,v,x) /Ly a,a,v,x) /Ly

Then, we only need to show that the sets C*(a, o, v, x) are independent of the choice for a.
Consider another positive dual family o' to a. Write a;(;) = s; > 0 and a;(}) = s > 0.
Then from lemma I.6 there is a rational number ¢; such that:

A . .
550 = S;a 4ty

which gives

/ I(aj)
) d;s; 2 +dt; € H
This shows that the signs d; (and therefore also D) are independent of the choice
for a. By construction we get C*(a,a,v,7) = C*(a,a/,v,z) and the definition of
the geometric G, function is independent of the choice for a. Notice that the sets
U(a) = Ula,a),S(a,v,r) = S(a,a,v,v),Qa,v) = Qa,a,v) are all independent of the

choice for a. O

From now on we denote by G, , := G;fia the geometric GG, function associated to a for
any suitable choice of . By convention, when ay, ..., a,41 are not linearly independent,
we define G, , to be the constant function equal to 1. When r» = 0 and r = 1 we recover
the geometric variants of the 6 and elliptic I' function as:

Oo(w,x) = Goo(0)(w,x), Top(w,z) =G4(0)(w,z).

Thus, we will often write 6,(v)(w, z) for Gy .(v)(w, z) as well as 'y (v) (w, x) for Gy 4 p(v)(w, x).
We remark that Proposition 1.7 gives a definition of our G, ... 4,,, functions as G, func-
tions for specific cones in a rank r 4 2 lattice. This construction may be compared to
Winding’s construction of G, functions attached to cones in a rank 4+ 1 lattice [Win18].

38



We argue that we may think of our G, 4, . 4,., functions as objects in projective geometry
whereas Winding’s construction belongs to affine geometry and both should be related
in some sense.

To express the transformation properties of the function G,, under the action of
SL,12(Z) we need to introduce the family of geometric Bernoulli rational functions which
encompass both (), and P, ;. appearing in formulae (1.3) and (I.2) respectively. Recall
that we have defined the polynomials By , in section 1.2.1.2.

Definition 1.8: Let aq,...,a, be a family of n linearly independent primitive vectors
in the oriented lattice A of rank n and aq, ..., o, be its primitive positive dual family in
L (see lemma 1.6). Let € be the sign of (—1)"det(ay,...,a,). We define the geometric
Bernoulli polynomial attached to ay, ..., a, and tov € V/L on Cx Homg(L,C) ~ Cx C"
by the finite sum:

By o @)(w) = = 37 By, (w+a(0),2(aa)....,wlan)

’ deF(a,v)

where
F(a,v)={6 €v+L,0<q;() <aj(a;),V1<j<n}

*

is a finite set. The geometric Bernoulli polynomial B}, ,, . (v) is a degree n homogeneous
polynomial in n + 1 variables on C x Homgy(L,C) ~ C x C", with rational coefficients
depending on ay,...,a, and v.

Here we give a simple example and recover the Bernoulli polynomials By, |, from section
1.2.1.2. Suppose that the a; are the vectors of the basis C', which means in coordinates that
Vi<j<mn,a;=(0,...,0,1,0,...,0) with a 1 at the j-th position. The corresponding
primitive positive dual family is given by the vectors of the basis B, which in coordinates
gives a; = (0,...,0,1,0,...,0)" with a 1 at the j-th position. Suppose further v = 0, so
that F' = F'(a,0) = {0}. Denote by 7; the value of z on «;. Then:

B 0)(w, x) :== ﬂBj‘w(w, Ty ey Tn)-

n,ai,...,an n

The modularity property for the geometric G,_s, functions will involve the rescaled
degree 0 homogeneous rational functions

Bray...an (V) (w, ) = (H fC(Oéj)) By s, (0) (W, ). (L18)

If ay,...,a, are linearly dependent, we set by convention B,, = 0. For n = 2 and
n = 3 the rational functions Bs,;(0) and Bs,p,(0) may be identified with the rational
functions @, and P, . appearing in formulae (1.3) and (I.2) respectively and we may
now generalise these formulae by proving Theorem 1.1.

Proof of Theorem I.1:

Let aq,...,a, be a family of n linearly independent elements in the rank n lattice A
and let g, ..., a, be the primitive positive dual family to ay,...,a, in L = Homz(A,Z).
Fix v € V/L.

1. We first show that the modular property for the geometric G,_», functions is a
consequence of the modular property (I.14) for the ordinary G,,_» function. Write € for
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the sign of (—1)"det(ay, ..., a,). Then for all 1 < j < n there is a positive integer s; such
that: |
det(ay,...,aj,...,an,-) = s;.€.(—1)q;

Then, by definition, for any 1 < 7 < n:

w + x(0) x (o)
Gﬂ*%((ak)k#g) H G < )iz(a; )’ (6(—1)j$(0‘j))k¢j>

0€F; Loy

where
Fj={6€v+L,0<a(d) < ar(an),V1 <k #j <n}

and using the inversion relation (I.11) we get:

(=1)7.e
G2, ((ap)nzy) (V) (w, T) H G <w+x(5)7 (x(a@)k#)

SCF, | Tay x(ozj) I(O‘J)

This equality holds in the dense open subset ©; = Q(ay, ..., a;, . .., ay;v) of CxHomy(L, C)
(see formula (I.17)). Consequently, the following equality holds on the dense open subset
Q =n7_,Q; of C x Homg(L, C) for the whole product:

_j:l (5EF]‘/ZOL]' ’I(a]>

Put F={0 € v+ L,0 < a(d) < ap(ay),¥1 < k < n}. Then we may write uniformly
F ~ F;/Za; for all 1 < j < n. Using Narukawa’s theorem (see (1.14)) for each ¢ in the
finite set F yields:

[T G-zt 0102} = TLexp (25 B (w-+200).0(0)).

d0eF

The identification of the right-hand side of the formula above with the definition of the
rational function By, 4, . a,(v)(w,x) (see Definition 1.8) gives the conclusion:

—1)it+1
[T Gt (0)(w,2) 7 = exp(2im B, (0) (w, 2)).

2. Consider g € SL,(Z). Remember that the actions of SL,(Z) on Homgz(L,C) and
L satisfy (g-a)(g - o) = a(a) for any (a,a) € Homy(L,C) x L. The action on L further
extends to V = L ® Q and passes to the quotient V/L. Thus, in the construction of
Gn—2.ay....an_1 OF Bna, .. 4, replacing a with g - a and v with g - v replaces a with g - o, 7y
with g-v and F' = F(a,a,v) with F, = F(g-a,9-a,g-v) = g- F while € is left unchanged.
Therefore we may write:

Grosgalg-0)(w,g-2)= [ G (w + (9 2)(0) 1 )(g.x)(g.g)) |

5eFy /79 (g-2)(g-7) "(g-2)(g-7

Then, identifying F, = ¢g - ' and putting ' = g - 6 gives

Gosalo w92 =TT G ("2 vt

0'eF /7L~ ZIZ'(’}/)
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which gives the conclusion:
Gn-2ga(g-v)(w, g 2) = Gpona(v)(w, z)

.....

Brgar,.gan (g V) (W, g ) = 5 > Bun(w+ (g-2)(8), (9-2)(g - ).
" s€g-F

As for By, gay....gan (9 - v), the set F' = F(a, a, v) is once again replaced by ¢ - F so that:

Put once again ¢ = ¢ - §, which gives:

Brgaregan(9-0) (0,9 2) = =5 7 Bun(w + 2(8)), ()

T §'eF

Identify the right-hand side to conclude that:

O

Remark: The set F(V/L x C x Homg(L, C), C) is naturally endowed with an action
of SL,(Z) given by (g- f)(v)(w,z) = f(g7' - v)(w,g~" - x). The second part of Theorem
[.1 may then be restated as:

g ' Gn_27a1 7777 an—1 = Gn_27g'a1 7777 g-an—1
9 Brai,..an = Bnga,..gan

We also add that both functions G,,_2, and B, , behave nicely under permutation of
vectors, namely for any permutation o € &,_1, Gy_25(a) = Gig_ng where sgn(o) is the
signature of the permutation ¢ and for any permutation o € Gn,iBn,o@ = sgn(o) By, 4.
The modular property (I.4) may be restated as a partial coboundary relation between
two collections of functions. Indeed, fixing a non zero primitive linear form a € A as a

base point we may define:

. {SLH(Z)"—2 — F(V/L x C x Homy(L, C),C)

(917 R >gn—2) — ((’U, w, LL’) — Gn—Q,a,gya ..... (gl...gn,g)-a(v) (U), l’))

bos = SL,(Z)" ! — F(V/L,Qlw](z))
e (917 SR 7971—1) — Bn,a791‘a7(9192)‘a ----- (91---gn—1)'a(v)(w’ .%‘)
When the linear forms a, g; - a,(g192) - a,...,(g1-..gn_1) - a are linearly independent, we

may rewrite formula (/.4) as a relation between the multiplicative coboundary of 1, 4
and ¢, , on a dense open subset of C x Homy(L, C):

O Una(grs- - 1)) (w, z) = exp(2imPpna(g1, - - -, gn1)(v)(w, x)) (1.19)

We end this section by proving that the geometric families of G, , functions satisfy
distribution relations which generalise Proposition [.4.

Proposition 1.9: Consider an integer N > 2. Then the following distribution relations
hold:

[I G z)=Gra0)(Nw,z). (1.20)

Nv'=v mod L
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Proof :
We will rewrite the left-hand side of (I1.20) in order to use the results from Proposition

[.4. Indeed:
H Gro(V)(w,z) = H Gra (#) (w, x).

Nv'=v mod L BEL/NL

Using the definition of G, , we get:

[ Gu)won= ] A e )

Nv'=v mod L BEL/NL § €F(a,o,(v+8)/N)/Z~

Define Fy = Uger v F (@, o, (v+)/N). Using the definition of F'(a, a, -) it is clear that:

FNZUIBEL/NL {5/6 #4—[/ | V1 S]ST—f—l, OSCL]((S) <aj(ozj)}

v+ L

FN:{5’€ |V1§j§r+1,0Saj(5)<aj(aj)}.

Consider ¢’ € Fyy. Then No’ belongs to

{0ev+L|VI<j<r+1, 0<a;0) < Naj(e;)}

and there are unique integers 0 < ky,..., k.11 < N such that
r+1
N&' =Y kjoje{s€v+ L |VI<j<r+1, 0<a;(0) < ajla))} = Fla,av).
j=1

Thus we get a bijection:

. Fnx/Zry —{0,1,...,N —1}""2 x F(a, a,v)
‘ 0o’ — ((k’,kl, .. .,k’r_:,_l),é)

defined by N&' = kvy + 3"*1 k;ja; 4+ 6 mod Z. Tt follows that:

J

M G.0)wo= [ 6 (“’”(‘5'), 1)x<g>)

Nv'=v mod L 8'eFn /7y 3:(7) $(7
N-1 w+x (5+k7+k1a1‘§\'["+kr+1ar+1) .
/
M o= T 1 o)
Nv'=v mod L d€F (a,a,0)/Zvy kk1,....kr1=0 Y Y

Using the third relation from Proposition 1.4 we get:

[ Gueiwn= I1 6 (M bw)

Nv'=v mod L 6€F(g7g7u)/Z’y x(’y) x(f}/
H Gw(v’)(w,x) = Gro(v)(Nw, z)
Nv'=v mod L
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which is the desired result. O

In chapter III, we use the G, , functions to construct conjectural elliptic units above
number fields with exactly one complex place which should behave as the Siegel units,
and these distribution relations already show some of these similarities.

For the rest of this chapter we shift our focus from the G, , functions to the collection
of Bernoulli rational functions B, 4, .. ., and the associated collection of (n — 1)-cocycles
®n,q- In particular, we will show that formula (I.19) holds under less restrictive conditions
on the g;’s and that ¢, , truly becomes a cocycle on specific subgroups of SL,,(Z).

I.3 Cocycle properties for the collection of B, , func-
tions

The goal of this section is to show that the additive cocycle relation:

n

> (1Y Buag..iyroan () (w, ) € Z (1.21)

J=0

which holds for linear forms ag,...,a, in general position in a rank n lattice A as a
consequence of Theorem 1.1 may be improved to a finer cocycle relation:

n

> (=1Y Buag.oiyoan (0) (w, ) = 0 (1.22)

J=0

which holds for a wider range of configurations of ay,...,a, inside the rank n lattice A.
This will be achieved in Proposition 1.14 as we show that this relation may be obtained
as the specialisation of a cocycle relation for indicator functions of closed cones.

I.3.1 A cocycle relation for closed cones

We now introduce several notations for cones in a Q-vector space V of finite dimension n.
These notations as well as the strategies for the proofs by induction on the dimension are
inspired by [Hil07], [CDG15], and are typical of the theory of polyhedral cones. We focus
on Q-vector spaces for ease of presentation, but we wish to highlight that these results
would hold for a vector space over R or over any ordered field. For a more complete
presentation on the theory of convex cones we refer to [Bar(2].

Let V' be a Q-vector space of dimension n. A convex cone in V' is any convex set C
satisfying Vx,y € C,x +y € C' and VA > 0,\.x € C. A convex cone C' is said to be
polyhedral if there are two (possibly empty) sets of vectors vy,...,v, and v, ... ,v; in
V such that C' = Qxv1 + -+ + Qxvp + Qsovy + ... Qsovy. The vectors v; and v} are
called generators of the cone C. Note that by convention {0} is a polyhedral cone with
empty set of generators. Let (V') be the Q-algebra of Q-valued functions on V' generated
by the indicator functions of polyhedral cones. Denote by L£(V') the subspace of (V)
generated by the indicator functions of the closed polyhedral cones containing a line Qu
for some non zero vector v € V. Note that £(V) is not stable under multiplication. Most
statements in the theory of cones may be proved by induction on the dimension and rest
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on the fact that when V' is a subspace of V' there is a natural inclusion:

KV) — KV)
. {f(v) ifveV (1.23)

- fiv—
/ / 0 otherwise

and this inclusion sends L(V’) to L(V).

We now focus on closed cones. For any vy, ..., v, € V, we denote by c(vq,...,v,) the
indicator function of the closed polyhedral cone Q>v; + - - - + Q>ovy,. In this article, we
also use a dual representation for the closed polyhedral cones. Namely, for linear forms
ai,...,a, € VY the set

Nz {v eV | ai(v) = 0}

is a closed polyhedral cone in V' and we denote by ¢"(ay,...,a,) its indicator function.
Note that by convention we may put ¢(f)) = § where ¢ is the Dirac function at 0 whereas
c’(0) = 1 is the indicator function of V. This dual representation of a cone already

allows us to shed a different light on the notion of positive dual family (see Definition
L.5). Indeed, fix a basis B = [e,...,e,] of V and denote by L the Z-lattice ®7_,Ze;.
It is clear that generators of cones may be rescaled, so that any polyhedral cone in V
admits a set of generators which lie inside L. It is also true that any closed polyhedral
cone in V admits a dual representation with linear forms ay, ..., a, € A = Homy(L,Z)
for some integer m > 0. In the specific case where m = n and aq,...,a, € A are linearly
independent, the primitive positive dual family ay,...,a, € L to aq,...,a, satisfies
c'(a1,...,a,) = claq,...,ap). Lastly, we say that a family (vq,...,v,) € V™ is in
general position in V' if any of its subfamilies of size at most n is free.

In [[CDG15], §1] Charollois, Dasgupta and Greenberg describe a cocycle relation for
indicator functions of polyhedral cones using previous work by Hill [Hil07] on open poly-
hedral cones. Using the Solomon-Hu pairing (see [HS01]) they construct Shintani (n—1)-
cocycles for SL, (Z) with values in some spaces of rational functions which are cohomol-
ogous to Sczech cocycles [Scz93]. Our goal is to describe another cocycle relation for
indicator functions ¢"(ayq, ..., a,) of closed polyhedral cones in a dual setting and show
how formula (I.22) may be deduced via the Solomon-Hu pairing. We start by stating
some basic properties which will be very useful.

Lemma 1.10: Let V be a Q-vector space of dimension n and set V'V.

(i) Ifay,...,am € VY do not generate V¥ (in particular if m < n) then c¢”(ay,...,an) €
L(V).
(i) For any ay,...,am € VY, c'(as, ..., an) = [[}L, ¢'(a;).

(iii) Ifa,a’ € VY satisfy a = Aa’ for some X\ > 0 then ¢¥(a) = c¢¥(d).

(iv) For any a € VY, ¢¥(a,—a) is the indicator function of ker(a) and ¢”(a,—a) + 1 =
c’(a) + c’(—a).

(v) Ifay,...,an € VY generate V¥ and if there are positive coefficients Ay, ..., Ay such
that 37", Aja; =0, then c(ay,...,ay) = 0 is the Dirac function at 0.

(Vi) If a1, ..., amy1 € VY satisfy Z;njll Aja; =0 with Ay <0 and A\; >0 for1 <j <
m then ¢¥(ay, ..., ame1) = ¢V (ar, ..., an).
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Proof :

(i) If a1, ..., an do not generate V'V then N7, ker(a;) # {0}. For any v € N7, ker(a;) —
{0}, and any X\ € Q, it is clear that ¢¥(ay,. .., ay)(A.v) = 1. Therefore the cone described
by ¢¥(aq, ..., a,) contains the line Qu and ¢¥(ay,...,a,) € L(V).

(ii) The cone described by c¢¥(ay,...,a,) is naturally defined as the intersection of
the cones described by ¢¥(a1),...,cY(ay), therefore ¢¥(ay, ..., ay) = H;”Zl ¢’ (aj ).

(iii) If @ = Ad’ with A > 0 then for any v € V, a(v) > 0 < d/(v) > 0, which gives
c’(a) = cY(d).

(iv) For a € V¥ and v € V, ¢Y(a, —a)(v) = 1 if and only if a(v) > 0 and —a(v) > 0
i.e. if and only if a(v) = 0. The equality ¢¥(a, —a)(v)+1 = ¢Y(a)(v) + ¢ (—a)(v) is easily
computed in all three cases a(v) > 0, a(v) = 0 and a(v) < 0.

(v) Suppose that as,...,a, generate V¥ and that there are coefficients A\; > 0
such that Z;ﬂ:l Aja; = 0. Suppose that there is a non-zero vector v € V such that
c’(ay,...,am) = 1. Then a;j(v) > 0 for 1 < j < m. As ay,...,a, generate V¥ and

v # 0, there is an index 1 < I < m such that a(v) > 0. The sum »77", \ja;(v) is
equal to 0 and contains only non-negative terms, therefore all terms must be zero, which
contradicts Aja;(v) > 0. Then we only check that ¢¥(ay,...,a,)(0) = 1 and conclude
that ¢¥(ay,...,an,) = ¢ is the Dirac function at 0.
(vi) Suppose Z;njll Nja; = 0 with A\; > 0 for 1 < j < m and A\py1 < 0. Then
a;(v) >0,...,a,(v) > 0= am1(v) > 0 which gives
N v eV | a(v) >0} =N o e V | a;(v) > 0}

and therefore ¢ (ay,...,ame1) = c¥(a, ..., an). d
We now give a crucial definition which will be used in the proof of Theorem I.2.

Definition I.11: Let V be a Q-vector space and let ag, .. .,a, be m + 1 non-zero lin-
ear forms on V' such that tk(ao,...,a,) = m. There is a unique linear combination
Z;.n:() Aja; = 0 with coefficients \; € Q satisfying:

e Qorerr i A) # (0,..-,0)
o #H{O<j<m| X <0} <#{0<j<m|A >0}

o if #{0<j<m |\ <0} =#{0<j<m|\ >0}, the first non-zero coefficient
A 1S negative

e the first non-zero coefficient \; has absolute value 1.

This linear combination will be refered to as the standard non-trivial relation among
g, - . - am. In this situation, we define k™ (ag, ... ,am) =#{0<j<m | \; < 0}.

In particular, when V' has finite dimension n, Definition 1.11 applies to any family
ao, .. .,a, € V¥ which generates V. In this situation, we may also define k°(ao, ..., an)
(resp. kT (ag,...,an)) the number of coefficients \; = 0 (resp. A; > 0) in the relation,
but these won’t be much needed. Before giving the proof of Theorem 1.2, we discuss the
configurations of linear forms to which it applies in the light of Definition I.11. Indeed,
we have carefully avoided some configurations of the linear forms a; which we will refer
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to as “bad position” or (BP) for short. Namely, in the vector space V'V of dimension n,

a set of non-zero linear forms ay, ..., a, is in bad position (BP) if:

rk(ag, ...,a,) =n and k™ (ag,...,a,) = 0 and k°(ay, ..., a,) > 0. (BP)
Theorem 1.2 applies to all other configurations of the linear forms ay,...,a, with a
specific treatment when rk(ao, ..., a,) = n and k™ (ao,...,a,) = n+ 1. The specific be-

haviour associated to this configuration regarding cocycle relations was already observed
in [[Hil07], Proposition 2].

We are now ready to prove Theorem 1.2, showing that the functions ¢"(-) satisfy
some cocycle relations. These are inspired by the cocycle relations described by Hill
[[Hil07], Proposition 2] for the indicator functions ¢°(vy,...,v,,) of open cones Rsov; +
-+« + Rypv,, and by Charollois, Dasgupta and Greenberg [[CDG15], Theorem 1.1] for
variants of the functions ¢°(+) for which some boundaries are included depending on a
so-called Q-perturbation process. We argue that Theorem 1.2 is simpler as there is no
need to select the boundary pieces to add or remove with such a process, yet the proof
uses similar ideas as those developed in the proof of [[CDG15|, Theorem 1.1].

Proof of Theorem 1.2:

Let V be a Q-vector space of dimension n. Consider n + 1 linear forms ag,...,a, € V"
which generate V'V and are not (BP). Define ¢(k) by ¢(0) = 1 and ¢(k) = 0 otherwise.
We wish to prove that:

Zejcv(am e @y an) = q(k (ag, - -y an))e0d mod L(V)
=0

where ; = (—1)’signdet(ag, ..., a;,...,a,) and § is the Dirac at 0. The proof is split

into three parts. We first treat the case where ag,...,a, are in general position with

k~(ag,...,a,) = 0. Then, using this first result we treat the case where ay,...,a, are

in general position with k£~ (aq, . ..,a,) > 0 by double induction on the dimension n and

the value of k™ (ay,...,a,). Finally, using this second result, we treat the case where

aop, - .., a, are not in general position and k= (ag, ..., a,) > 0 by single induction on 7.
First case: ao,...,a, are in general position and k™ (ay,...,a,) = 0:

Let Z?:o Aja; = 0 be the standard non-trivial relation among ao, ..., a,. Because the

coefficients \; are all positive, the signs ¢; are all equal to gy. Indeed, if j > 1 then:
€ = (—1)jSigIl det(—/\jaj/)\g, e ,C/L}, e ,an)
gj = —(—1)sign(\;/A\o)signdet(aj, ay, . .., aj,. .., a,)
g; = —(=1)(=1)"signdet(ay, ..., a,)
€j = &p
Let us denote by & the common sign of the gy = - - - = &, = £. Consider now f(ay,...,a,) =

[1}_(c"(a;) — 1). Expanding the product gives:

f<a0> s ’an) = Z (_1)n+1_#P H Cv(aj)

PC[|0,n|] JjEP
flag,....an) = > (1) # cV(a;, 5 € P)
PCJ|0,n|]
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The last line follows from lemma 1.10 (ii). For any P C [|0,n|] with #P < n, the function
c’(aj,j € P) belongs to L(V) (lemma 1.10 (i)). Thus:

flag,...,a,) —c'(ag,...,a, +Zc ag, ..., Gy, ... an) € L(V)
Since Y7 ejcY(ao, .., @, ...y an) = 5Zj:o c(ag, ..., ay,-..,a,) this gives:
ef(ag,...,a,) —ec’(ag, ..., an +Z€J (agy -+ @Gy yay) € L(V)
Now, since the coefficients \; are all positive by assumption, ¢¥(ay,...,a,) is the dirac

at 0 by lemma I.10 (v). On the other hand:

n

flag, ... an) = [[(c"(a;) = 1) =0

J=0

The last equality holds because for all v € V', > 77 Aja;(v) = 0 so at least one of the a;(v)
must be non-negative. Therefore we may conclude that Z?:o gic'(agy ..., Q5, ... ay) =

ed mod L(V) as claimed.

Second case: ag, . ..,a, are in general position and k™ (aq, ..., a,) > 0:

the case n = 1 is immediate as in this case A\gag+A1a; = 0 with A\g = —1 and A\; > 0 which
gives ¢¥(ag) —c”(a1) = ¢"(ap) —cY(ag) = 0 € L(V') by lemma 1.10 (iii). We are now ready
to perform double induction on both n and k. Suppose that the result holds for any

family aq,...,a,_1 of linear forms on a n — 1 dimensional Q-vector space V' generating
V'V with k™ (ag,...,a,_1) > 0 and that it holds in dimension n whenever aq,...,a, are
in general position in VY with k= (ao,...,a,) = k~. Suppose now that ay,...,a, are in

general position in VY with k™ (ayg,...,a,) =k~ + 1. We aim to prove that:
Zéj (ag,...,aj,...,a,) € L(V)

where as before ¢; = (—1)]sign det(ag, ..., a;,...,a,). Denote as before >°" (Aja; =0
the standard non-trivial relation among ay,...,a,. By assumption, k= (ao,...,a,) >
0 so there is at least one index [ such that \; < 0. We fix any such index [ and
we will show that the desired result may be deduced from the result for the families

agy .., A1, =y, Aj41, - - -, 0y in VY and A0l g+ - - ,cﬂker\al, e Oy, D) (ker q;)¥ as fol-
lows. For simplicity we use once again the auxiliary function defined by ¢(k) = 1if k=0
and ¢(k) = 0 otherwise. The family (ay,...,a,) = (ag,...,a_1, —a;, aj11,...,a,) is in
general position in V'V with k™ (ay, ..., a,) = k~. By induction hypothesis on k£, fixing
any index m # [

Za (... @l al) = q(k7)el,d mod L(V) (1.24)
where &} = (—1)7sign det(ag, . . . ,aA;», ..., ap). It is clear that ¢ = —¢; when j # [ and
) = ¢; so that (1.24) reads:

gic’ (ag, ..., @ —i—Z —ej)c(ag, ..., a Aj,...,a;l) = —q(k™)emd mod L(V). (1.25)

J#l
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It is then sufficient to prove that:

)

\Vawi
g gi(c(agy ... @z, ... a,) + ¢’ (ag, . ..

J#l

Looonan)) | = qlkT)end mod L(V)

77

Q

Using lemma .10 (ii) then (iv), we obtain:

Zsj (ag,...,a j,...,an)+cv(a{),...,@,...,a;))
J#l
—Zsj (ag, ... @jy.oyan) +c'(ag, ..., —ap, ..., @, ..., a,))
J#l
- Zgj (A0s -y @y ey @y ey an) (e (@) + ¥ (—ay))
J#l
_253 (ag,...,ap,...,G5,...,a,)(1+ker(q))
J#l
where ker(q;) is the indicator function of the kernel of @;. For any j # [, the function
c’(agy ..., Q... G5, ... a,) lies in £(V) by lemma 1.10 (i), thus we only need to prove
that:

Zej (ag,...,a1, ..., G5 ...,a,) ker(a;) = q(k™)ep0 mod L(V)

J#l
This step of the proof makes use of the induction hypothesis on n. Denote ag, ..., al the
restrictions of ay, .. .,a, on ker(q;). Then the natural inclusion described by (1.23) gives:
Zgj (ag,...,a1,...,a;,...,a,)ker(q) Zgjcker(al) agy .-, a ,...,a;.’,...,a'é)
J#l J#l
The elements aj, . .. ,(Z’, ...,a’ are in general position in the dual ker(a;)Y of ker(q;).

This space may be oriented using the form:
Ol(xo, N I ,.T}n) = det(i’o, c. ,Lfl,h ap, ;%prl, c. ,L%n)

for any lifts Z; of the z; to V'V satisfying @y, = x;. Lastly, if > o Nja; = 0 s

the standard non-trivial relation among aq, .. .,a, in V" then ) j21Aj@; = 0 is the stan-
dard non-trivial relation among ag, . . . ,cﬁ', ..,alinker(aq;)Y and k~(ag, . . . ,C/LZ/, coan) =
k= (ag,...,aq,...,a,)—1 = k~. Therefore, using the induction hypothesis on n, we obtain:

Z € jChor(an) (A5 - - - ,c/z?, . ,c@’, oovan) = q(k7)emOker(a,) mod L(ker(a;))
i
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where Oxer(q,) is the Dirac function at 0 on ker(a;). This last expression can be lifted back
to V using the inclusion (I1.23) as:

Zg] (ag, ..., G5, ... G5 ... an) ker(a;) = (k7 )emd mod L(V) (1.26)
jsél

where it is clear that the inclusion map sends dyer(q,) to 6. We now piece (1.25) and (I1.26)
together and find:

n

Z(—l)jsigndet(ao, e @y an)c (agy e @y )
=0

= <Z(—1)jsign det(ay, . . . ,c?;, N IO (A ,CLA;, cean) + q(k:_)sm5>

J=0

Zgj (ag,...,ap,...,a;,...,a,) ker(a) —q(k™)end
J#l

Both terms in the right-hand side belong to £(V'), therefore the left hand side does too,
as claimed.

Third case: aq, . ..,a, are not in general position and k™ (aq, . .., a,) > 0:

We prove this case by induction over n > 2 because it can’t occur for n = 1. For n = 2
it may only happen when a; = Aa; for some j # [ and some A € Q5. Without loss of
generality, assume ayg = Aa;. In that case, it follows from 1.10 (ii) and (iii) that:

signdet(ay, as)c’ (a1, az) — signdet(ag, az)c’(ag, as) +0 =10

which proves the case n = 2. Let us now assume the result holds in dimension n — 1,
where n > 3. Consider V' a Q-vector space of dimension n and suppose that aq, ..., a, are
non-zero linear forms on V' which generate VV. Assume that ag, ..., a, are not in general
position in V'V and that k™ (ao,...,a,) > 0. Without loss of generality we may assume
that a, lies outside the span of ag,...,a,_1. Choose a vector v, € ﬂ?:_ol ker(a;) such
that a,(v,) > 0. This is possible because aq, . ..,a, 1 do not generate V. Let us now
use the projection 7 : V' — ker(a,) with kernel Qu,, corresponding to the decomposition
V = ker(a,) ® Qu,. For 0 < j < n, denote a} the restriction of a; to ker(a,). Write
as before £; = (—1)7signdet(ag, ..., a;,...,a,). As ag,...,a,_1 are linearly dependent,
e, = 0, and we may compute:

Zgj (ag, ..., @5, ...,an Zg] an)c” (ah, ... s al, ) (w()

Let Z?:o Aja; = 0 be the standard non-trivial relation among ay, . . . , a,. The assumption
that a, lies outside the span of ag,...,a,_1 is equivalent to A, = 0. Therefore, the
standard non-trivial relation among ag, ..., a;,_; is Y377 Y jay = 0and k™ (ag, ...,a, ;) =
k~(ag,...,a,) > 0. If the linear forms ay, ...,al,_, are in general position in (ker a,)Y, we
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may use the result proven in the second case, and otherwise use the induction hypothesis
as ag, . ..,a,_, are not in general position in ker(a,)". In both cases, we obtain that:

Zej (ag,...,a .,...,a',hl) e L(V')

and remark that V f € L(ker(a,)), ¢’(a,)f(7(:)) € L(V) for any linear projection 7 :
V' — ker(a,). Indeed, if f is the characteristic function of a cone containing a line Qu in
ker(ay,), then f(m(-)) is the characteristic function of a cone containing the line Qv in V.
For A € Q, a,(A\.v) = 0 therefore ¢¥(a,)(A.v)f(m(Av)) = f(Av) =1 and ¢¥(a,) f(7(+)) is
the characteristic function of a cone containing the line Qu. Thus:

n—1

Z gic’(an)c’(ag, ... a5, ... a, ) (m(-) € L(V)

5=0
from which we conclude that 7 ;c’(ao, ..., aj,...,a,) € L(V) as claimed. O
Remark: In the case where ay,...,a, do not span V" it is clearly also true that:

n

Z(—l)jsigndet(ao, ey @y an)c (agy e @y ey a,) =0

=0

as each term in the left hand side is zero.

Unfortunately, the case where aq, . . ., a, are not in general position with k£~ (aq, . . ., a,) =
0 (this corresponds to the “bad position” condition (BP)) already fails in dimension 2.
Indeed, if ag, a1, as satisfy rk(ag, a1, az) = 2 and A\gag + Aja; = 0 with A\g > 0 and A\; > 0
then:

signdet(ay, as)c’ (ay, az) — sign det(ag, az)c” (ag, az) + sign det(ag, a;)c” (ag, ay)
= sign det(—ay, as)c’(—ag, az) — sign det(ag, az)c” (ag, az) + 0

= —sign det(ag, az)c’(az)(c’(—ag) + ¢’ (ap))

= —sign det(ag, az)c”(az)(1 + ker(ag)) & L(V) & Q4

Indeed, the function ¢"(ay) € L(V) by lemma .10 (i), however, the function ¢V (as) ker(ag)
is the indicator function of the cone Qxgve where v, is the vector defined by ag(vy) = 0
and as(ve) = 1.

The first part of the proof of Theorem 1.2 may be slightly adjusted to prove that when
k~(ag,...,a,) =0 and ag, ..., a, are not in general position, the following holds:

S o(=1)isigndet(ag, ..., G, ... an)c" (ag, ..\ Qi ..., an)

+ H ¢'(a;)[M,>0 ker(a;)] mod L(V')

It is not hard to see that the right-hand side of this formula doesn’t belong to L(V') &
Q4. We will now introduce the generating functions of cones and relate this cocycle for
indicator functions of cones to our geometric Bernoulli cocycle.
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I.3.2 Generating functions of cones and the B, , functions

In this section we briefly recall some results on the generating functions associated to
cones in R™. Let Vg be a R-vector space of finite dimension n and fix an isomorphism
Ve ~ R"™ which defines Vg = V ~ Q" and L = V; ~ Z". It is well-known that a
generating function may be associated to any rational polyhedral cone in V' ~ R™ which
does not contain any line by the formula:

gCo)y) = >

deCn(v+L)

where 3% = y‘fl yg2 ...y and v € V. This is well-defined for y in a certain open subset

of C" and it is possible to extend this function by analytic continuation. Indeed, if
C = Rsp0; ...,Rsp, with primitive vectors oy, ..., a,, € L then the generating series
associated to C' is in fact defined by:

5
ZéePﬂ(v+L) Y

(I—y>r)... (1 —yom)

where P = P(aq,... o) = {D 10, i | 0 < p; < 1,Vi}. This formula is given by the
standard decomposition of a rational polyhedral cone:

g(C, U) (y) =

cn (U + L) = U(Ser(v+L)5 + ZZ()OQ + -+ ZZ()Oém (127)

We highlight that Definitions 1.7 and 1.8 used this decomposition implicitly with the set
F(a,a,v) = P(a) N (v+ L). The key result regarding generating series associated to
cones is the fact that the function ¢ may be extended to the subspace Kg(Vr) of (V)
spanned by the indicator functions of rational polyhedral cones by linearity, as was proven
independently by Khovanskii and Pukhlikov, and by Lawrence. A polyhedral cone in Vg
is said to be rational if it admits a set of generators inside Vj, in which case it also admits
a set of generators inside L = V7. The identification Kg(Vg) ~ K(V) ®gR where V = Vj
thus shows that the generating series function g may be extended to KC(V'). In particular,
for any f € Lo(Vr) ~ L(V) ®g R, g(f,) = 0. The Solomon-Hu [HS01] pairing is then
defined for (f,v,x) € K(V)/L(V) x V/L x Homg(L,C) by h(f,v)(z) = g(f,v)(e*). We
use this pairing to express the geometric Bernoulli rational functions via a coefficient
extraction.

Definition 1.12: The map

b {/c<v> — F(V/L, Qlu](x))
f — coeff[tY] (e®*h(f,v)(t.7))

is Q-linear and vanishes on L(V).

It is also clear that ho(d,v) is the constant function equal to 1 if v € L and 0 otherwise.
We shall now use this function to express the geometric Bernoulli rational functions (see
Definition 1.8) associated to non-zero integral linear forms ay,...,a, € A = Homy(L,Z).

Lemma 1.13: For non-zero linear forms aq, ..., a, € A in the rank n oriented lattice A,
for a vector v € V/L and for (w,x) in a dense open subset of C x Homy(L,C):

Byay....an(V)(w, ) = ho(signdet(a, ... ,an)cv(al, ey an),v)(w, x).
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Proof :

If ai,...,a, are linearly dependent, then both sides are zero so the equality holds. If
ai,...,a, are linearly independent, the proof follows from the definition of B, 4, a.:
let aq,...,q, be the primitive positive dual family to a,...,a, in L ~ Z". Denote

e = signdet(ay,...,a,). Then identifying F(a, o, v) = P(a) N (v + L) we get:

ewt x(é)t
Brayoan (W, x) = coeff[t°] Z H (@ — 1)
0eF(a,a,v)
1(6)
eV
Bra...a,(w, ) = coeff[t°
NS n(w I) [ } 65Ep(azv+L H ( — ex(aj) )

Bray...an (W, ) = coef[t°] (ee* h(c(au, . .., an),v)(t.z))
B ay.....an (W, z) = coeff[t°] (ee”*h(c"(ag, ..., ars1),0)(t.2))
where we use that c¢(ay,...,a,) = ¢"(aq,...,a,) by definition of ay, ..., a,. The identi-

fication of the right-hand side with hg(ec”(aq, ..., a,),v)(w, ) proves the claim. O

Using this lemma, we may finally describe the cocycle relations satisfied by the
Bernoulli rational functions B, ;...

Proposition 1.14: Let aq, ...,a, be n+ 1 non-zero linear forms in A. Fix v € V/L.
e Suppose rk(ag,...,a,) <n—1, orrk(ag,...,a,) =n and k™ (ag,...,a,) > 0. Then
the following equality holds in Q[w](z):
Z<_1)jBn,ao,...,aAj,...,an (U) =0
5=0
e Suppose ag, . .., a, are in general position with k= (ag, ..., a,) = 0. Then in Q[w](x):
- . signdet(ay,...,a,) ifveEL
Z(_l)JBn A0y ey an(v) = .
— 0 otherwise
7=0
Proof :
If rk(ag, . .., a,) < n—1then the equality is trivial as all terms in the left-hand side van-
ish. Suppose now that rk(aq, ..., a,) = n. We combine the results from lemma 1.13 with
the results from Theorem [.2. Denote as before £; = (—1)7signdet(aq, ..., a;,...,a,).

From lemma I.13 we get the equality between rational functions in Q[w](z):

n

Z(—l)ﬂBnm 77777 o (ZE] ao,...,é},...,an),v>

=0

If k= (ag,...,a,) >0 then 77 e;c¥(ag, ..., a5, ..., a,) € Lo(V') by Theorem 1.2, there-
fore the right-hand side vanishes. If ay, .. ., a, are in general position with &~ (aq, ..., a,) =
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0 then 7 e;c’(ao, ..., @j, ..., an) — €00 € L(V), therefore:

n

gg Hwvel

0 otherwise

(_1)jBn,a0 ..... @jyenes an(v) = ‘C’:OhO((sa U) = {

Jj=0

which proves the claim. O

Unfortunately, the case where aq, ..., a, span A yet are not in general position with
k= (ag,...,a,) = 0 doesn’t give good results. Indeed, already for n = 2, if a, b are linearly
independent with det(a,b) = £1, then:

Ba—ap(0)(w, ) — By.ap(0)(w, ) + Baa—a(0)(w, ) = sign det(a, b) (% _ %) 40

where «, 8 is the primitive positive dual family to a,b in L. The right-hand side depends
on b and there is no possible value we could have chosen by convention for By, _, which
would have given:

By _ap(v)(w,x) — Bagp(v)(w,x) + By g —a(v)(w,z) =0

for any non-zero primitive b € A.

We end this section by showing that in dimension 2 we may use Theorem 1.2 in
conjonction with the Solomon-Hu pairing to recover formula (5.16) in a recent article by
Sharifi and Venkatesh [SV24] which is a key ingredient in the lifting of a cocycle carried out
in [[SV24], Proposition 5.4.1]. Let us write gy (1, l2) for the function €, (l1,l2) they define
in §5.3.1 to avoid confusion with our notations. When [y, Iy € S* with €;5 = det(ly,l3) # 0
the function Oy (l1,ls) may be expressed using [[SV24], Lemma 5.3.1] in our notations

as:
1-— €12

HSV(lla l2) =

where a; = (-, [;) and z is the linear form corresponding to the formal coordinates (ug, us)
defined in [[SV24], §5.3.1]. Let us consider k(l1, l2,3) = Osv (I1,12)+0sv (l2, 13)—0Osv (11, 13).
We wish to show that if [1,ls, 3 are in general position then x(ly,ls,1l3) = dsv(l1,12,13)
where the function dgy (11, l2, I3) is defined to be 0 if I, lies on the counterclockwise portion
of S! joining I; to I3 and 1 otherwise. To achieve this we must translate our notion of
configurations based on the value of k™ (a1, az,as) in terms of the function dgy. Let us
then rewrite x(ly,ly,l3) when [y, s, [3 are in general position as:

+ €19h(c” (ay, az),0)(—x) (1.28)

1 —e€12—€m+es

H(ll7127l3) = 2

where €;; = det(l;, ;) = det(a;, a;). It follows from Theorem 1.2 that:

+ h(ﬁQCV(CLl, az) + 623cv<a2> as) — 613Cv<a1> as),0)(—x).

e12¢” (ay, az) + eazc” (as, az) — erzc” (ay, az) = e12q(k™ (a1, az, as))d mod L(V)

where ¢(k) = 01if £ > 0 and ¢(0) = 1 and ¢ is the Dirac function at 0. Using the linearity
of h and its vanishing on £(V') we get:

1 —€1p— €3+ €13
2

since h(0,0)(—z) = 1. To compute the last term in (I1.29) we consider Z?:l Aja; =0

the standard non-trivial relation among ay, as, as (see Definition 1.11) for which it is also

true that Y0 ) A\jl; = 0. Put s1(l1,la,l5) = (1 — €15 — €3 + €13)/2 and ka(ly, lp, I3) =

€12q(k~ (a1, as,a3)) so that K = k1 + k2. Then we treat 8 cases separately according to

the signs of the €;;’s and gather the results in the following table:

K’(lla l2a l3) -

+ €12q(k™ (a1, as, az)) (1.29)
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€12 | €13 [ €3 [ A1 | Ao | A3 | k7 | K1 | Ko | K| dgv
+ |+ |+ |+ =+ 1 0 0 ]0] O
+ |+ =+ ]+ =11 1 0 |1 1
+ |/ -4+ |+|+|+]0 =1} 1 0] 0
+ | =] = =14+ +]1 0 0 ]0] O
-+ |+ | =]+ +]1 1 0 |1 1
-+ =]+ +]+10 2 | —-1]1 1
- =+ |+ ]+ =11 0 0 ]0] O
- ==+ |-+ 1 1 0 |1 1

This completes the proof of [[SV24], formula (5.16)] when [y, l5, 3 are in general posi-
tion. A similar formula holds for the coefficient of degree 0 in the expansion of gy (11, 12)
near the origin and it may be obtained using Proposition 1.14 for n = 2. Interesting
future work in this direction would be to use Theorem 1.2 in dimension n > 3 to prove
analogues of [[SV24], formula (5.16)] for higher degree analogues of the function fgy (11, l2)
which appear in recent work by Xu (see [Xu25]).

I1.3.3 The cocycle ¢, , for unit groups

We now define the cocycle properly on specific subgroups of SL,(Z). Fix a primitive
linear form a € A = Homg(L,Z). We consider subgroups U of SL,(Z) satisfying the
following property: Vm > 2,Vg1,...,gm € UV, ..., tim € Z>o,

j=1

This property guarantees that we avoid families of vectors in bad position (see (BP)) in
what follows and we give examples of such groups down below. Recall the definition of
the two functions:

B = SL,(Z)"* — F(V/L x C x Homg(L,C),C)
e (gla s 7971—2) — ((Ua w, .Z') — anQ,a,gl-a ..... (gl...gn,z)-a(y) (w, Z’))

b {SLn(Z)”‘l = F(V/L,Qlw](x))

(91; s 79"*1) — Bn,avgl'a7(9192)'a ----- (91---gn71)'a<v)(wa :C)

It follows from Proposition 1.14 that ¢, , is an additive (n — 1)-cocycle for U as:

8¢n,a(gl7 s 7gn+1) =0

for any g1, ..., gns1 € U. Furthermore, from Theorem 1.1 we deduce that the multiplica-
tive cocycle exp(2imey, o) is partially split by ¢, ,. Namely, when a, g1-a,..., (g1 ... gn-1)-a
are linearly independent, the multiplicative coboundary of v, , is given by:

8Xwn,a<gla L 7gn) = exp(2i7r¢n,a(glv cee 7gn>>

We expect this splitting property to be true more generally, as we expect that the modular
property:

H Gn_zv(ak)k;ﬁj (U) (w7 x>(_1)j+1 = exp(2z’7an,a1 ~~~~~ an (U)<w7 I))
j=1
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holds whenever ay,...,a, are not (BP), but the strategy of proof we have in mind to
extend the domain of validity of Theorem 1.1 would probably carry us too far from the
matter at hand. It should be noted that there are two easier configurations of the a;’s
for which the result is true for purely cohomological reasons, and this already covers all
cases for n = 2,3. In chapter II, we will focus more on this splitting relation and show
that it indeed holds for the subgroups U of SL,, (Z) satisfying (1.30).

We now give several examples of such groups U. A simple example is given by the
subgroup of SL,(Z) consisting of matrices which stabilise the set {a € L | a(a) > 0}.
This corresponds to the case where linear forms are on the same side of some hyperplane
through the origin in [[FHRZ08|, Lemma 3.9]. It is clear that such a group satisfies
condition (I1.30) and that it is isomorphic to the subgroup:

1 x ... %

0 0 * ... %
U'i=2¢g€eSL,(Z) |g=] .

0 % ... %

of SL,(Z). This simple example is not very interesting for us as it reduces ¢, , to a
(n — 1)-cocycle for SL,_1(Z) and we now give another set of examples which motivated
this work. Consider a number field K of degree n > 2 with at least one real embedding og.
Denote by Ok the ring of integers of K and Of the group of units of Ok. By Dirichlet’s
unit theorem, Of is a free abelian group of rank r; + 7, — 1 where 7 is the number of
real embeddings of K and 7, is the number of complex places of K. Consider now a finite
index subgroup U of O such that Ve € U, og(c) > 0. In most examples, U will be the
group of totally positive units O%’X of Ok. Suppose that L is a lattice of rank n in K
which is stable under multiplication by elements of U. Fix a Z-basis B = [ey, ..., e,] of
L. Then U may be identified with a commutative subgroup U of SL,(Z) which satisfies
condition (I1.30) for any non-zero primitive linear form a € A. Indeed, for any integer
m>2 ifey,....,e;; €U ~U and g >0,..., t,, > 0 then since:

(Z CICE CL)) ()=a <Z Mﬁj_l'>

it follows that

Z,uj(ej ca)=0=a (Z uj5j1-> =0= Z,ujej’l =0= ZMjUR(%?;l) =0
j=1 j=1 j=1 =1

as non-zero elements of K give bijections of K by multiplication. The latter expression
is a sum of non-negative numbers which is equal to zero, from which we conclude that
i =0,v1 <j <m. Thus ¢,, is a true (n — 1)-cocycle for the group U ~U.

The arithmetic applications in the next section make use of the cocycle properties of
®n.q for these groups of totally positive units to compute partial zeta values at s = 0 in
totally real number fields following Shintani’s method.

1.4 Application to the computation of partial zeta
functions at s = 0 for totally real number fields

In this last section we express partial zeta values in totally real number fields at s = 0 in
terms of the Bernoulli rational functions B, ,, . .,. This gives a connection between the
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arithmetic of totally real number fields and cocycles extracted from the multiple elliptic
Gamma functions. Our approach will use the tools developed by Shintani in [Shi76].

1.4.1 Shintani’s method

Let F be a totally real number field of degree n and denote by O the ring of integers of
F. Fix an integral ideal § of O which will be the finite part of the class field modulus.
For any integral ideal b coprime to f which represents a class in the narrow ray class
group mod f, the partial zeta function attached to § and b is defined by:

Gb,s) =Y N(a)™*

a~b

Following Siegel [Sie80] we may rewrite this as:

Go.s) =NEOT Y N

ue(1+fb—1)+/(9f+’X
where (’);r " is the group of totally positive units of Op congruent to 1 mod § and (1+fb=1)*
is the set of totally positive elements v € F such that v — 1 € fb~!. The fractional ideal
L = fb~! is a lattice of rank n inside F. Shintani’s strategy to express the values of these
partial zeta functions at integers £ < 0 revolves around finding a fundamental domain
for the action of O;“X on (1 + L)* which can be decomposed in rational polyhedral
cones. Shintani then associates to each of these cones a partial zeta function which
admits a meromorphic continuation over C — {1} with values at integers k£ < 0 given
by specific Bernoulli polynomials. The zeta function associated to a rational polyhedral
cone C' C F* U {0} where F' is the set of totally positive elements in F and to a vector
velF/L—{0}:

C(C,L,v,s) := Z N(p)—

neCN(v+L)

We now prove that the values at s = 0 of these zeta functions associated to rational poly-
hedral cones may be expressed as linear combination of the Bernoulli rational functions
Bn,a1 ..... a

n*

Proposition 1.15: Let aq, ..., o, be m linearly independent primitive vectors in L where
1 < m < n. Suppose that the cone C = 77" Qsoc; is included in F* U {0}. Fiz
velF/L—{0}. Denote by oy,...,0, the real embeddings of F. Then:

1 n
C(Ca La v, O) - - Z hO(C7 U)(07 _0k>
=
In particular, if n = m and c¢¥(ay, . ..,a,) = C with signdet(ay, ...,a,) =1 then:

n

¢(C, L,v,0) =

SRS

Bn,a1 ,,,,, an (U)(()’ _Uk)
k=1

Furthermore, this number is the trace of an element in F and therefore belongs to Q.

Proof :
We follow closely Shintani’s original proof of [[Shi76], Theorem 1]. The norm on v + L
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is a product of affine linear forms with positive coefficients. Namely, we fix a Z-basis

B = [ey,...,e,] of L consisting of positive elements, and we fix an ordering on the real
embeddings o7, ...,0, of F. If we write [j;, = o;(ex) > 0 then for any u = > ;_, urey €
v+ L we get:
N =T =TT burn
j=1 j=1 k=1

For the rest of this section, I'(s) will denote Euler’s I' function. Following Shintani’s
original proof [Shi76] we get for any rational polyhedral cone C' C F*:

+o0o +o0o n
L(s)"C(C, L,v,s) = /0 e /0 h(C,v) (— Zujaj> (uy ... up)* tduy ... du,
j=1

Consider Shintani’s decomposition of the positive orthant RZ, given by the sets D; =
{(ur, .. un) € R | uy < up, V1 <7 < n}. We write the above integrals as integrals
over the sets Dj which we handle separately:

[(s)"¢(C, L,v,s) = z":/D h(C,v) (— zn:ujaj) (uy ... up)¥ tduy . .. du,
k=1 k Jj=1

Let us now introduce variables ¢, z1, ..., x, such that ¢t = u; € [0,00) and tx; = u; for
i # k with z; € [0,1]. For convenience write dy.(z,s) =[], 25 'dx;. Then by a change
of variables we get:

n +00 1 1 n
I'(s)"¢(C, L,v,s) = Z/ t"51/ . / h(C,v) | =t | ox + Za:jaj dtdy(x,s)
=1 Jo 0 0 o
ik
Let us now isolate the integral over ¢. Define for y € Homy(L, R) such that y(F*) C Ro:

X(s,y) = ﬁ/{) Ooh(C, v)(—t.y)t™dt

It follows from lemma 3.1 in [Col88] that at s = 0:
1
X(07 y) = EhO(Ca U)(07 _y)

(see Definition 1.12 for the definition of hgy). The value of {(C,L,v,s) at s = 0 is then
given by:

—(n—1) ™ 1 1
¢(C,L,v,0) :PL%%Z/O /O ho(C,v) (o,—ak—zxjo—j> di(x, 5)

k=1 j#k

Now, by definition of hy we have :

polynomial
ho(C,v)(0, —0 — Tj0;) = =&
; Y [T2, (=0 — Zj;ék zjo;)(cu)
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and the denominator does not vanish on the integration domain as each «; belongs to
F*. Therefore, using a variant of [[Col88], Lemma 3.2] we get:

¢(C,L,v,0) Zho (C,v)(0, —0y) (1.31)

By linearity, this result also applies to open rational polyhedral cones. In the particular
case where n = m and ¢"(ay,...,a,) = C with signdet(ay,...,a,) = 1 we may rewrite
this result using lemma .13 as:

C(c(ay,...,a,),L,v,0) Z Bi.ar.....an(v)(0, —0%) (1.32)

It is clear that right-hand side of either (1.31) or (1.32) is the trace of an algebraic number
inside F and therefore lies in QQ, which was already obtained by Shintani. O

From this point forward, we may take two slightly different approaches to the compu-
tation of the full partial zeta functions at s = 0, one of them following closely Shintani’s
original strategy [Shi76] and the other following the “signed fundamental domain” strat-
egy in [DyDF14].

1.4.2 Shintani’s fundamental domain

The first approach to the computation of partial zeta values at s = 0 using Proposition
I.15 follows closely Shintani’s original strategy carried out in [Shi76]. We introduce the
set:

D={zeF"|Vue O;L’X,Tr((u —1)z) >0}

which may be written in our notation as D = ¢¥(a,,u € (’);“X) where a, = Tr((u — 1)-).
In essence, Shintani proved that there is a finite set £ C (’);“X such that in our notation
D = ¢Y(ay,u € E)cY(ay-1,u € E) and such that the set D whose indicator function is
c’(ay, v € E)][],ep(l = c¢Y(—ay-1)) constitutes a fundamental domain for the action of
O;L’X on F*. This already gives the equality:

Cf<b7 O) = C(D, fb_la Ip, 0)

Then the set D may be decomposed as a finite disjoint union of open rational poly-
hedral cones C;,1 < j < m which all admit a set of linearly independent generators
{aji,.. . a5m,} C F* with 1 < n; < n. Putting this together with the results from
Proposition .15 gives:

= %ZZhO(Oj, 1¢)(0, —o%). (1.33)

k=1 j=1

Most of the cones C; are not full-dimensional (case n; < n) and we would like to obtain
a result using only full-dimensional cones. To achieve this, we may use any algebraic
manipulations on the right-hand side of (1.33) using the properties of hy on (V') where
here V = L ® Q = F. Indeed, if f € (V) is any function congruent to the indicator



function of D modulo £(V'), then we may use the linearity of hy and its vanishing on

L(V) to conclude that:
1 n
Gi(b,0) == > ho(f, 16)(0, —0)
k=1

In particular, in favorable cases we may linearise the indicator function of D and show
that it belongs to the set L(V') + K"(V) where K™(V) is the subspace of (V') spanned
by the functions ¢¥(ay, .. ., a,) for linearly independent ay, ..., a, in A. This linearisation
expresses the indicator function of D modulo £(V) in terms of functions ¢"(a;1,...,a;n,)
where each of the a;,;’s are equal to some £ay. This gives the following:

Proposition 1.16: There is an integer N > 1 and there are units uj; € E as well as
signs €51, 1, € {£1} for 1 <j < N and 1 <1 <n such that:

n N
1 :
Gi(b,0) = - Z Z signdet(a;1,...,an)Bna;,....a;, (1r) (0, —0%)

k=1 j=1

where aj; = €;; Tr((uj;' —1)-).
Example: Consider the real quadratic field F = Q(v/19). Fix f = (13) and b = (1).
Denote by o1, 05 the real embeddings of F. The group of totally positive units congruent
to 1 mod f is generated by € = 170+39v/19. A possible totally positive basis for L = fb~*
is given by B = [13,65+13+/19]. In this situation we have D = ¢¥(a;)(1—c¢"(a_1)) where
a; = Tr((e? —1)-). Reducing modulo L(V) gives D = —c¢"(a1,a_1) mod L(V). Therefore:

2
1 .
Cf(bﬂ O) = _5 § s1gn det(ala a—l)BZal,afl(l]F)(O? _Uk)
k=1

We compute explicitly in the basis B the coordinates of the linear forms a; and a_;:
a; = 338.[13,122], a_; = 338.[13, 8]

where we have factored in the ged’s of the coefficients. We carried out the computations
using the computer software Pari/GP [The24] and found:

2
1 . 33 33
—3 521 signdet(ay, a—1)Ba gy 0, (1r)(0, —0oy) = Tr (—104) =

which we may check is the value of ((13)((1),0) using for instance Pari/GP’s bnrL1
command.

Proposition 1.16 is already a great way to express the partial zeta values in terms of
these Bernoulli polynomials B, 4,... 4, related to the multiple elliptic Gamma functions.
However, the explicit computation of this decomposition is quite tedious in general. In
addition, the linear forms involved are not quite of the form we hoped for following the
discussion at the end of section 1.3.3. Indeed, we would like to evaluate the Bernoulli
polynomials on a cycle whose shape would resemble the cycle described in [[CDG15], sec-
tion 2.6] which corresponds to the sign fundamental domain decomposition in [DyDF14].
This is the second approach which we carry out in the next section.
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I.4.3 Signed fundamental domains

We now prove Theorem 1.3 using the second approach following [Col88|, [DyDF14]. This
approach has two benefits: on the one hand the “signed fundamental domain” decom-
position described in [DyDF14] is easier to compute than the Shintani decomposition.

On the other hand, the cones involved may be interpreted in terms of algebraic cycles
(see [CDG15)).

Proof of Theorem 1.3:

Recall that F is a totally real number field of degree n, that § is an integral ideal in Op
and that the integral ideal b represents a class in the narrow ray class group at §. Denote
by o1,...,0, the real embeddings of F. We wish to prove that:

1 n
Cf(b7 0) = E Z Z Vanval,pa--wa'n,p(]‘IF)<O’ _O-k/')

k=1 peG,_1

where the v,’s are signs in {—1,0,+1} and the a;,’s are Q-linear forms on F. To achieve
this we will recall the notations from [DyDF14] to describe their signed fundamental
domain for the action of (’);“X on L = fb~!. Let €,...,6,_1 be fundamental units for

O;“X. For any permutation p € G,,_; and any index 1 <1 < n define the elements

i—1
fip = H Ep(j)-
j=1

We use cones C, with generators fi,,..., fn,, and we now describe how the boundaries
of the cones are chosen. Let us consider the set S of permutations p € &,,_; such that
fi,ps- - fn,p are linearly independent over Q. Let us consider the canonical embedding
of F into R™ given by:

. {IF — R"
‘ v = (01(v),...,00(v))

For any permutation p € S and any index 1 <14 < n we define the signs p; , € {—1,+1}
by the formula:

1, = det(o(frp), - 0(fim1p)s €n, 0(firrp): - - - 0 (fnp))
ip det(a(fip), - 0(fup))

where the determinants are taken in the canonical basis of R" and e, = [0,...,0,1]" is
the last vector of this basis. Then we may define as in [DyDF14] the sets:

Ry, {[o, +oo) i i, > 0

(0,400) if p;, <0

Let us then define the cones C, = > R, ,fi ,forpe Sand C, =>"" Rsof;,ifp & S.
We will denote by ¢, the indicator function of the set C,. It follows from [[DyDF14],
Theorem 1] that there are explicit signs w, € {—1,0, 1} for p € S such that the following

equality holds in IC(V):
pr Z co(u-) = xp+

PES  weo*
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where V = F ~ Q" and xp+ is the indicator function of F*. This already gives the
relation for the partial zeta function:

G(b,s) =N(6)*> w,((C,, L, 1y, 5)
peS

and specialising at s = 0 yields by Proposition I.15:

G6,0) = 573w ho(Cl 1) (0, o).

k=1 peS

We may rephrase this by describing C), in terms of linear forms. Indeed, let us define for
any p € S and any index 1 <7 < n:

det(fljp, ey fiﬂm P fmp)
det(fl’p, ey fi,p; ceey fmp)

where the determinant is taken relative to any Q-basis of F. In other words, b; , is the
linear form on F satisfying b; ,(f;,) = 1 and b; ,(f;,) = 0if j # . For any p € S we may
split the indices ¢ € {1,...,n} into two sets depending on the value of y; , by setting
I,={1<i<n|w,>0}and J,={1,...,n} — I,. This gives the following expression

for c,:
= Hcv(bi,p) H (1 =c"(=bjp))

iel, jed,

bi,p =

It is then easy to see that we have the following reduction modulo £(V):

c, = ( #JPHC ip Hc ,) mod L(V).

1el, J€Jp

We therefore define a;, to be unique primitive element in A = Homgy(L,Z) such that
a;ip = Nipftipbip, With X; , € Q5. Using the linearity of hy and its vanishing on £(V') we
get the following relation:

Gi(b Zzwp D#ho(cY (a1, - - ., anp), 18)(0, —0%).

k 1 peS

Identifying the right-hand side using lemma 1.13 gives the desired result:

1 n
Cf<b70) = E Z Z Van,aLp,...,an,p(]-]F)(Oa _Uk)

k=1 peS,_1

where v, = w,(—1)#/rsigndet(ay ,, ..., a,,) if p € S and v, = 0 otherwise. Note that the
signs w, and the cones C, appearing in the signed fundamental domain decomposition
in [DyDF14] are explicitly computable and so are the linear forms a; , as well as the sets
J,. Using the explicit definition of the B4, ,...q,, We may rewrite the right-hand side
as the trace of an element in F which implies that (;(b,0) € Q, as was previously known
from the theorem of Klingen and Siegel. U

This second expression of the partial zeta functions using the signed fundamental
domain from [DyDF14] is closer to what we had in mind in the discussion carried out
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in section 1.3.3 as the cones C), admit generators f; , which may be described in terms
of an algebraic cycle (see for instance [CDG15]). Yet, we would like the linear forms
a;, to be described in terms of similar algebraic cycles. Interesting future work would
be to somehow construct a “dual cycle” to the cycle presented in [[Scz93], lemma 5] to
be evaluated against the Bernoulli polynomials cocycle. Namely, we wish to construct a
linear form a € A and define the corresponding cones:

¢ =c"(frp- ..., fnp-a)

for any permutation p € &,,_; where we recall that the action on VY is defined by
(9-a)(v) = a(g~'v). It would hopefully then be possible to find coefficients v/, € Q such
that the linear combination ) pes, 1 VpCp 18 congruent to a signed fundamental domain
modulo £(V'). This would then lead to a relation of the form:

1 n
Cf(E)?O) = ﬁ Z Z V;anfl,ﬂ'av'“’fn,p'a(1F)(07 _0k>

k=1 peS,_1

which we may rewrite using the cocycle ¢, , on the subgroup of SL,(Z) corresponding to
the torus (’)?’X as:

n

G(6,0) ==Y D> Vbnalep)s -+ o) (1£)(0, —0%).

1
n
k=1 pe&,_1

In the real quadratic case we may carry out this last approach by setting a = det(1y, -)/det(1p, €)
where ¢ is a generator for O;F’X. This gives the expression:

G(6.0) = 2 3" 624(2)(12)(0. ~01)

and therefore the partial zeta values at s = 0 are given by the evaluation of a partial
1-cocycle for SLy(Z) against a 1-cycle arising from (’)f+ .

As a last remark on Theorem 1.3, we stress that it is a reformulation of Shintani’s
result, borrowing ideas from [Col88], [DyDF14] and [CDG15], and that there have been
many other approaches to the computation of partial zeta values at non-positive integers
in totally real fields (see [Bek24] or [CGSO00] for instance). We argue that the novelty of
our work lies in the extraction of arithmetic quantities such as partial zeta values in totally
real fields at s = 0 from the study of the geometric families of G,_2,,,. 4, , functions
via the associated geometric families of Bernoulli rational functions B, 4,,. 4, We will
now give two examples of computations of partial zeta values at s = 0 in real cubic fields
following the procedure given in the proof of Theorem [.3. All the computations were

carried out using the computer software Pari/GP [The24].

I.4.4 Cubic examples
1.4.4.1 First real cubic example

We now carry out our procedure to recover an example from [CGS00]. Consider the real
cubic field F = Q(z) where z is a root of the polynomial 2 — 2 — 4z — 1. Fix § = (5)
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and b = (1). Fix the basis B = [5,5z 4+ 10,52 — 5z] of L = fb~!. A possible choice of
fundamental units for O;r " is given by:

g1 =1522 425246 ; ey = —1522+ 202+ 56

Write & = {/d, (12)} and compute as in the proof of Theorem 1.3 the signs s ,:

piga = —1 | poa=+1 | pza=—1

pi12) = +1 | poa2) = —1 | g3 a2 = +1

This readily gives Jiq = {1,3} and J12) = {2}. The explicit cones described in the proof
of Theorem 1.3 are:

Cra = Roglp + Roper + Ragerer = (1 — ¢¥(=bya))c (ba1a) (1 — ¢/ (—bs1a))
Cha2) = Rsolp +Rypea + Rxpei60 = Cv(b1,(12))(1 — Cv(—bz,(m)))cv(b&(m))

where the linear forms b; , are given on the basis B by:

bia = £[35,22,114] boja = 3[0,—10,29] | by1a = £(0,3, —8]

bi,12) = 5-[485,302,1588] | bo 12y = (0,10, —29] | b3 12) = 5-(0, 3, 1]

The corresponding signs w, given in [DyDF14] are wiq = w12y = 1. The complete signs
v, are viq = —1 and v(9) = 1. Following the proof of Theorem 1.3 we set a;1q = 7p;14bi 14
and a; (12) = 971; 12)bi,12) for 1 < < 3. We may then compute using formula (I.18):

3
197522 — 45252 — 1424 4489
Ry =~ Z B37a1,1d7a2,1d7a3,1d(1F)<O7 _Uk) = TTIF/Q ( 120 ) — 0

k=1

3
—19752% + 45252 + 1448 —4453
Ry = Z B3:a1,<12)va2,<12)’a3,(12>(hF)(O’ —ok) = Trere ( 120 ) B 60
k=1

which recovers the result in [CGS00].
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1.4.4.2 Second real cubic example

We now study an example with a modulus f which is not of the form NOp for some
rational integer N > 1. Consider the real cubic field F = Q(z) where z is a root of the
polynomial #* — 2% — 62 + 3. Fix f = (1 — 2)Of the unramified prime ideal above 3 in
Op and b = (1). Fix the basis B = [3,z + 5,2% + 2] of L = fb~!. A possible choice of
fundamental units for O;r " is given by:

g1 =422+ 2428 ; ey =—-3224+32+22
The explicit cones described in the proof of Theorem 1.3 are:

Cia = Rooly + Roger + Rsperea = ¢ (by1a)(1 — ¢’ (=b21a))c (—b31a)
0(12) = Roolr + Rype2 + Ryge162 = (1- Cv(—bl,(m)))Cv(b2,(12))(1 - Cv(—b3,(12)))

We directly give the signs v1q = 1 and 1(12) = —1 and the expression of the a;,’s on the
basis B as:

a17[d = [108, 280, 349] 214 = [O, 25, 13] a371d = [0, 4, 1]

a17(12) = [—432, —395, —1019] &27(12) = [O, 25, 13] (137(12) = [O, 1, 1]

Thus we may compute using formula (1.18) :

3 322 -7
Rl = Z B3,¢11,Id,a2,1d,a3,1d(11F)(O’ _Uk) - Tr]F/@ 6 =3
k=1

3
—322+ 11
Ry = — Z B3,¢11,(12)702,(12)703,(12)(1F)<07 _Uk) = Tr]F/Q (T) =-1
k=1

It follows from Theorem 1.3 that
1 2
b,0) = =(R; + Rs) = =
Cf( ,0) 3( 1+ Ry) 3

which can be verified using Pari/GP’s bnrL1 command for instance.

1.5 Discussion of chapter I

In this section we discuss some aspects of chapter I which will be useful for the remaining
chapters.

I.5.1 G, functions with a few real algebraic parameters

In chapter I1I we will evaluate the higher elliptic Gamma functions at points in a degree
r 4+ 2 number field with exactly one complex place (see (II1.2)). In most cases, it will be
clear that these evaluations are well-defined, but when the number field is of even degree
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and contains a real subfield, it might happen that some of the parameters 7; lie in R. In
this section, we describe how to handle this case. Namely, we prove the following:

Proposition 1.17: Consider r + 1 non-zero complex numbers g, ..., 7.. Assume that,
up to rearrangement of the terms, 1y, ..., 7 belong to C—R and that 7,11, ...,7, are real
algebraic irrational numbers, where 1 <1 < r. Then the function

1 in(7j(2z—(T0+++7r))) . .
€Xp ZjZl (2z‘)TjS 12[7,;:0 sino(7rj7'k) ) if v is odd

(L.34)

Gr(2, 70y ooy Tr) = '
T ’ 2 (mj(2z2—(10++7r))) . .
exp ng @i = ﬁzjo Sino(ﬂm) ) if v 1s even

is well-defined when |32z — (o + -+ 7,))| < Z;:o 1S5(75)]-

Proof :

The result is an application of Liouville’s classic theorem on the “bad approximation”
of real algebraic irrational numbers. Let us denote by ny the degree of each of the 7, for
[+ 1 <k <r. Then there is a constant C}, > 0 such that for any rational number p/q:

. fz‘ > Gk
q q"k
In particular, for any 5 > 1 and any integer p € Z~,,
: Ck
|mjTe — mp| > ank—l
and thus 1
———o(™
sin 7w 7y

as j — oo. Let us write y = exp(in(22 — (70 + - - + 7)), so that (I.34) may be written
as:

I y+ (=D
G.(z,70,...,7) = exp - = ‘ )
; (20) 15 [ Tmg sin(mye)
The general term of this infinite sum

oo L oyl
T (201 [Tz sin(mym)

b: =0 (j_l ﬁ jnk—lmax(|y|7 |y|_1>j>
i = .

l . .
k=l+1 Hk:o sin(7j7x)

Since for 0 < k < [, sinmjm, = O(e™S)1) we get the estimation:

by =0 (jn/ exp (Wj <|%(2Z — (ot +7))|— Z |%(TJ)‘>>>

where n’ = =1+ >, ., (nx — 1). By assumption, the exponential factor is of absolute
value less than 1, therefore the sum ) ;>1 bj 1s absolutely convergent and the complex
number G,.(z, 7, ..., 7.) is well-defined. O

satisfies

We add, as a general remark, that using the properties of the GG, functions (see section
[.2.1.1) one may extend the domain in which the function G,(z,7,...,7,) is defined in
this case where some of the parameters 7; are real algebraic irrational numbers, that is
for 2 outside of the range |3(22— (r0+- - +7,))| < >_7_, |S(7;)| (and of course z avoiding
the poles of the function).
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Chapter 11

Smoothed functions and cocycle

properties for congruence subgroups
in SL,(Z)

II.1 Introduction to chapter 11

In this chapter, we are interested in the smoothing operation on the G, functions which
generalises the smoothed ™) function

o) — 9(1/(]77)]\/
O(N/q, NO)

Recall that this function satisfied the modular property:

b .
- (+ et d) = ) (z, 7). 270 ) (IL.1)

for any v € I'y(N) where

0 ifc=0andd=1
PN (z,m) = {5 if c=0andd=—1

sign(c) (s ('—;',d) — Ns(|c|,d) + %) if c#0

is valued in 57 and depends on v € Io(N) but not on z and 7 (see chapter 0).

Our goal in this chapter is to generalise this smoothing operation to our higher elliptic
Gamma functions and prove that a similar simpler smoothed modular property holds.
To state the main theorem in this chapter we now introduce some notations relative to
this smoothing operation. For the rest of this chapter, we fix a rank n > 2 lattice L with
a Z-basis B = [ey,...,e,] as well as an integer N > 2. The lattice L' generated by the
Z-basis B’ = [Ney, ea,...,e,] is called the smoothing lattice. We denote by A (resp. A’)
the dual space Homy(L,Z) (resp. Homgz(L',7Z)) of L (resp. L) and define

Ay ={a € A | a)ps is primitive in A"}

where we recall that an element a € A is primitive if a/d € A for some integer d implies
d = +1. The set Ay is naturally endowed with an action of the following congruence
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subgroup in SL,,(Z):

% x
0 % ... x

Io(N,n)=¢g€eSL,(Z) |g=]|. . . .| modN ,, (I1.2)
0 * ... x

the action being given by right multiplication by the inverse as g -a = a x g~!. The
congruence group L'g(N,n) also acts on L and L’ by left multiplication. When the linear
forms aq, ..., a, belong to Ay it makes sense to introduce the smoothed functions:

Gn*lal ~~~~~ An—1 (U) (w, z, L/)N
Gn—2,a1 ~~~~~ an—1 (U>(w7 x, L) ’

G”*Z“l ,,,,, an—1 (U>(w7 z, L7 L/) = (II?))

Bray...an0)(w, 2, L, L") = NBp gy .0, (V) (w, 2, L") — By ay....an, () (w, 2, L). (IT.4)
We deduce immediately from Theorem 1.1 that these functions are equivariant under the
action of I'g(N,n) as for all g € I'y(N,n):

Gn—2,9~a1 ..... g-an—1 (g : U)(’LU, g-x, L7 L/) = Gn—2,a1,...,an_1 (U) (U], Zz, L7 Ll) (115)
g-an (g : v)(w, g-, L’ L,) = Bn,m ----- an(”)(w’ Z, L7 L/)‘ (HG)

77777

It also follows at once from Theorem I.1 that these smoothed functions satisfy the
coboundary relation:

[1G—2a1ian @) (w2, L, L) = exp(2in B ,....a (v)(w, 2, L, L)) (IL7)
j=1

for linearly independent ay, ...,a, € Ay. From Corollary 1.1 we also obtain the cocycle
relation: .
> (=1Y Buag..roan (0) (w, 2, L L) = 0 (I1.8)
j=0
for most configurations of the linear forms ag,...,a, € Ay.

In this chapter we derive from relation (I1.7) a cocycle relation for the smoothed
geometric functions Gy,—2.4,.. .a, ,(v)(w,z, L, L"), turning the function

a1y...,0n-1 — Gn—Q,al ..... ap—1 (U)(U}, X, L7 L/)

into a partial modular symbol for I'g(N,n). The main result in this chapter is expressed
under two conditions on the positions of the linear forms aq,...,a, in A relative to the
smoothing lattice L. First, we shall say that aq, ..., a, are well placed (in V) if either
rk(ay,...,a,) #n—1orifrk(ay,...,a,) =n—1and 0 is not a barycenter of ay, ..., a, in
V'V (see Definition I1.4 for more details on this hypothesis). The second condition concerns
the position of the lattice L' in the case where rk(aq,...,a,) = n. When a4,...,a, are
linearly independent, there are unique primitive elements ay, ..., «a, in L such that

aj(oj) >0 and a;(ay) =0,VEk #j.

We shall say in the spirit of [Das08] that the index N smoothing lattice L’ is good for
the linear forms ay, ..., a, if and only if ay,...,a, € Ay and either rk(ay,...,a,) <n or
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tk(ay,...,a,) = n and for any 1 < j < n, a; mod L' is a generator of the cyclic group
L/L" (see Definition II.18). Our main result is the following:

Theorem II.1: Suppose that aq,...,a, € A are non-zero linear forms which are well
placed in V'V and assume that the smoothing lattice L' is good for ay, ..., a, where n, N >
2. Then there is an integer b = b(ay,...,a,,v) € Z which depends on the linear forms
ai,...,a, and on the class of v in V/L' but not on w,xz € C x Homgz(L,C) such that for
all (v,w,z) € V/L' x C x Homg(L,C):

= : 2imh
I I . N1+t ey
= Gn_270«1 77777 Ajyeeey an (/U) (w’ z, L7 L ) = exp (D(N, n)) (119)

where D(N,n) = leNpLﬁJ _

Formula (II.9) is an analogue for general n > 2 of formula (0.15), which we may
recover as follows. Fix L = Ze; + Zey and © € Homy(L,C) satisfying z(e;) = 7 and
x(ez) = 1. Write a; = [1, 0] for the linear form on L satisfying ai(e;) = 1 and a;(ey) = 0,
as well as ay = [d, —¢] for the linear form satisfying as(e;) = d and as(e2) = —c. Then,
identifying 8 = Gy we may write in our notations for vy = O:

0,0/ (vo)(2, ) = 0(2,7) and  Oq_q(vo)(z,2) =0 ( i b)

cr+d et +d
and the integer b(ay, ag, vo) = b([1,0], [d, —c],0) is given by the formula:

P(N) o —b(al,a2,vo)
27 — T AT oy
D(N,2)

where v = (7 7) € I'o(N). In arithmetic applications, it is often useful to restrict the
possible values of z to the field Q(7) when 7 is a real quadratic or imaginary quadratic
number, in which case the regime w = 0, z = v17 + vo with vy, v, € Q may be used (see
for instance the determination of values of L-functions at s = 1 for real quadratic fields
in [[Sie80], Chapter II, §6]).

From Theorem II.1 we immediately deduce partial multiplicative cocycle relations for
the smoothed G924, ... q, ,(v)(w,z, L, L") raised to the power D(N,n) as:
Corollary 11.1: Under the same hypothesis as in Theorem II.1:

D(N,n)

<H Gn—?,al ..... @yoonstin (U)(w7 x, L, L/)(—l)j+1> 9
j=1

We note that when the dimension n is fixed, the integers D(N,n) are also uniformly
bounded by the integer D(n) defined by:

D)= [ »bel.

For instance, when n = 2 we recover D(2) = 12 so that for all N > 2 and for all v €

To(N), D(?).ng) € Z. The general bound D(n) appears in the study of certain higher
dimensional Dedekind sums related to the smoothed functions B, 4, . 4, (v)(w,z, L, L)
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(see section I1.3.3) and it is a classical bound in the study of such objects (see [Zag73]
where other versions of higher dimensional Dedekind sums have denominators uniformly
bounded for even n by p,/2 = 27"D(n) in our notation).

Let us now give an outline of this chapter, which is divided into two main parts. In
section I1.2 prove that the modularity property (I.4) holds for almost all configurations

of the linear forms aq,...,a,, thus expanding the range of Theorem I.1:
Theorem I1.2: Let aq, ..., a, be non-zero linear forms in A which are well placed in VV.
Then:

[ G201 W) (w0, 2) T = exp(2im By g0, (0) (w, 7).
j=1

In chapter I we already proved the case where rk(ay,...,a,) = n and the case where
rk(ay,...,a,) < n — 2 is trivial. Thus, in this chapter, we only prove the case where
rk(ay,...,a,) = n — 1 and 0 is not a barycenter of ay,...,a, (see Proposition IL5).

Theorem I1.2 is a first step in the direction of Theorem II.1.
Next, in section II.3 we apply to the B, ,, . ,, functions a standard smoothing oper-
ation inspired by [CD14] and prove the following theorem:

Theorem I1.3: Letay,...,a, € A be linearly independent and suppose that the smoothing
lattice L' is good for ai,...,a,. Let ay,...,«, be the primitive positive dual basis to
ar,...,an i L. Let oy = (aj,e1), 85 = aj(ay) and v = 377 v;a;/s;. Fiz any set of
representatives F for L/M where M = @®}_,Zay. Then:

vj+6j
55

]

n —a1 5]

Bn,al,...,an (U>(w7 z, L, L/) =€ Z Z TrQ(Cd)/Q H

o (11.10)
SEF d|N,d#1 j=1 Cd

-1

where € = signdet(ay, ..., a,), (s = exp(2ir/d) and § = 2?21 d;a/sj for any § € F.

This theorem states that for fixed ay,...,a, € A and fixed v € V/L' the func-
tion (w,x) — Bpa,...a,(0)(w,z, L, L") is actually constant, provided that the smooth-
ing lattice L' is good for ay,...,a,. In addition, for any v € V/L’, the rational number
Byar.....an(v)(w, z, L, L") is expressed as a sum of traces of algebraic numbers in cyclotomic
fields whose denominators are well understood (see [Das08] or [Zag73] for instance). It
follows from a detailed analysis of these algebraic numbers that:

Bray....an@)(w,z,L, L") € D(N,n)"'Z

which generalises the well-known integrality result PQ(Q[) € D(N,2)7'Z. Theorem II.1
shall then be obtained as a consequence of this result together with Theorem II.2.

This chapter is organised as follows: in section 1.2 we prove Theorem II.2 by a careful
analysis of the cones involved in the definition of the smoothed G,,_24, ... 4, ,(v)(w, 2z, L, L")
functions. In section II.3 we perform the smoothing operation on the Bernoulli rational
functions and prove Theorem II.3. Then, at the end of section I1.3 we prove Theorem
II.1 as a consequence of Theorem II.2 together with Theorem I1.3. Lastly, in section I1.4
we give cohomological interpretations of our main results.
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II.2 The modular property

In this section we recall some definitions given in chapter I and recall the general geometric
setup for our geometric G,,_o functions (see section I1.2.1) and then we give a five-step
proof of Theorem II.2 in section I1.2.2.

I1.2.1 (Geometric setup

In this section we fix the geometric setup and recall a few important definitions given in
chapter I. Let V be a Q-vector space of finite dimension n and L be a rank n lattice
in V. We fix a Z-basis B = ley,...,e,] of L. Define A = Homy(L,Z) and fix By, =
[f1,..., fa] the basis of A satisfying f;(ex) = ;1 where d;;, is Kronecker’s symbol. This
fixes determinant forms on both L and A, as well as actions of SL,(Z) on L by left
multiplication and on A by inverse right multiplication such that V (a,a) € A X L, Vg €
SLn(Z), (g - a)(g - o) = a(a).

Let us now recall the alternative definition of the functions G, _24,. 4, , glven in
the proof of Proposition 1.7 and which we will use in this section. Let us fix linearly

independent primitive linear forms ay,...,a,_1 € V'V and let us denote as usual by ~
the unique primitive vector in L satisfying s.y = det(ay,...,a,_1,-) for some positive
integer s. Let us fix a positive dual family aq,...,a,_1 to a1,...,a,_1 in L. Fix x €

Homy(L,C) such that z(o;)/x(y) ¢ R for all 1 < j < n — 1. Then define the signs
d; = sign(S(z(a;)/x(7))) € {—1,+1} and set D = Z;:ll(dj —1)/2. Finally, define the
two cones:

Cta,x)={0€V |V1<j<n—1,a;6)>0ifd; =1,a;(6) <0if dj = —1},
C(a,z)={0eV|V1I<j<n-—14a0)>0ifd; =—1,a;(0) <0if d; = 1}.
These two cones are independent of the choice of ay, ..., a,_; and are invariant by trans-

lation along . It follows from the proof of Proposition 1.7 that:

. w4z (5)
Gn_2’a1 ----- anfl(fl))(w? x)(_l)D — H (]_ — 6_2”‘—( :("/) ))
se(v+L)NC~ (a,x)/Zy
rwta(@)\\ (D"
X H (1—62m( =) )) . (IL11)

se(v+L)NC*(a,x)/Zvy

This is the formulation which we use for the proof of Theorem I1.2 in section 11.2.2.
Another remark we wish to make before moving on to the proof of Theorem II.2
is a remark on the hypothesis that the linear forms aq,...,a, are well placed in VV.
In particular, when rk(as,...,a,) = n — 1, this condition can be read on the standard
non-trivial relation among ay, ..., a, introduced in chapter I (see Definition 1.11).

Definition I1.4: Let aq,...,a, be n linear forms on V. We say that aq, ..., a, are well
placed in VY if either vk(aq,...,a,) #n—1 orif rk(ay,...,a,) =n—1 and 0 is not a
barycenter of ay, . .., a,. Equivalently, aq,...,a, are well placed in V'V if tk(aq,. .., a,) #
n—1orifrk(ay,...,a,) =n—1and k (a1,...,a,) > 0.

Notice that this condition is very similar to the “good position” ( = not bad) condition
in chapter I for n+ 1 linear forms under which the cocycle relation (I1.6) holds. The rest of

section I1.2 is devoted to the proof of Theorem I1.2 in the case where rk(ay, ..., a,) =n—1
and k= (ay,...,a,) > 0 and will make use of the standard non-trivial relation among
ai,...,a, which we have recalled.
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I1.2.2 Proof of the modular property

In this section we give the proof of Theorem I1.2. We once again highlight that when
rk(a,...,a,) = n, the theorem was proven in chapter I using Narukawa’s theorem (see
[Nar04]), and that when rk(as, ..., a,) < n—2 the statement is trivial. We therefore only
need to prove the following.

Proposition IL.5: Let aq,...,a, € A be n non-zero primitive linear forms such that
rk(ay,...,a,) = n—1 and k= (a1,...,a,) > 0. Then for all vyw,z € V/L x C X
Homy(L,C):

[ Gr—2a1ian @) (w,2) D =1 (11.12)
j=1
Remark: If we remove the assumption that £~ (a4, ...,a,) > 0 the result does not gener-
ally hold. To see this we analyse the simple case where a; = —as and rk(as, .. .,a,) = n—1

with n > 3. In this case, the left-hand side of (I1.12) reduces to:

n
—1)7 G —2,— ('U)(U) .’17)
”G_ -~ vwx(l)ﬁl_ n—2,—a3,a3,...,an )
j 1 ! 2,(11 77777 o an( )( ’ ) anz,ag,a&‘.,’an(/‘))(w,:L')

For simplicity, fix a Z-basis B = [ey, ..., e,] of L and consider the linear form a; satisfying
aj(ex) =0if k # 7, aj(e;) = 1 for 2 < j < n. If we assume further that F'(a,a,v) = {v}
where a = (ag,...,a,) and a = (ea,...,€,) (see (1.16) for the definition of F(a,a,v))
and that ag(v) = 0 then:

wtz(v) z(—e2) z(e3) x(en)

Gr-2—azas,...an (V) (W, ) Gn—2 <x<—e1> " 2(—er) x(—en""’m(—el))
Gn— a2,a3,....an \U)\W, T B wtz(v) z(e2) z(es) z(en)
2z (OW2) G, () sl e alea))

Using [[NisO1], Proposition 3.2] we get:
Gn—2,—aza3,.a0 (V) (W, T) _ G (w—l—x(v) z(es) x(en)>

Gn72,a2,a3,...,an (U)(’U}, .17) Z’(@l) ’ $(61> Y $(61>

and this is not identically equal to 1. For n = 2 we get under the same assumptions the
simpler form

1
0_o(v)(w, )0, (w, )"t = exp (—Qm (%:1(;]) _ 5))
which is also not identically equal to 1.

We organise the proof of Proposition I1.5 into five main steps:

e Step 1: we first show in section I1.2.2.1 that we can order the linear forms aq, ..., a,
at will. To simplify the notations, we shall choose an ordering on a4, ...,a, such
that the standard non-trivial relation among a4, ..., a, is Z?Zl Aja; = 0 with

Aj=0 forl<j<l
Aj<0 forl<j<m
A >0 form<j<n

for some 1 <[l <m <n.
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e Step 2: In section 11.2.2.2, we shall rewrite each term in the right-hand side of
(I1.12) using formula (II.11) and reorganise the factors. More precisely, we define
two families of cones (C})j and (C’f)j for | < j < n (see Definition I1.7) and prove
in Lemma II.8 that:

n

—1)7 (wra(8) \\ Hj
Gfl—lgiljwlfj,...,an(U>(w7x) = H H (1 - 621#( z(v) )) !

n

Jj=1 J=l s€(v+L)NC} Ly
o w+z(4) ;u"(fl)n
X (1 _ 2 (M )) ’ (11.13)
S€(v+L)NC? /2Ly
where v is the primitive vector in L satisfying det(ay,...,a,_1,) = s,7y for some

positive integer s, and the p;’s are explicit signs in {—1,+1}. Denoting by cjl and
c]2~ the indicator functions associated to these cones we may define two functions
FH 17 V/Qy = Z by:

1= mep and  fP = el x (1)
=t j=1
Then formula (II1.13) may be rewritten as:

n . wta IR . wta 12(8)
H Gn72,a1,...,aAj,...,an (U) (w’ x)(fl)ﬁrl _ H <1 . 62”((4;@()6))) <1 . 6_2m(4::r('y()6))> '
Jj=1 dev+L/Zy

(I1.14)

e Step 3: The remainder of the proof is devoted to showing that f! = f2 = 0. The
proof that f? = 0 is exactly the same as the proof that f' = 0 on which we now
focus. This is done by a technical combinatorial analysis of the cones C’;. In section
I1.2.2.3 we give an example for n = 4 where we show how the table of the signs of
the linear forms a;, on the cones C’} contains the relevant information for the proof
that f1 = 0. We shall show that this table of signs must obey certain rules (see
Lemma I1.9), for instance the signs of a; on C’} must be related to the sign of a; on
C} for I < j # k < n. We then deduce from this set of rules that if I < j,5',7" <n
are three distinct indices then the triple intersection C’; N C’;, N C;,, is empty (see
Lemma II.11).

e Step 4: In section 11.2.2.4 we show that any vector 6 € V belongs to exactly 0 or
2 of the cones C},...,C}. The third step in the proof guarantees that any 6 € V
belongs to either 0, 1 or 2 of these cones, so we only need to show (see Lemma
I1.12) that a vector § € V cannot belong to exactly one of these cones. This is by
far the most technical part of the proof, relying on a technical property of the sign
table (see Lemma I1.9, (iii)).

e Step 5: In section 11.2.2.5 we complete the proof by showing that if § € C} N C}, for
some j # j' then f'(6) = 0. This is done by showing that in this case pu; = —p;
(see Lemma I1.17).
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11.2.2.1 Invariance under permutation

In this section we justify that Proposition I1.5 holds for the linear forms a4, ..., a, if and
only if it holds for any permutation as(1), ..., s of ai,...,a, where o € &,, using the
following result.

Lemma I1.6: Let ay,...,a, € A be n non-zero linear forms. For any permutation
o€6,:

n sgn(o)
1)+t 1)+
Gatly HG
H n— 20‘0(1)’ 70‘(])’ ) o-(n) n—2,ai,.. 704]7 +an
J=1

Proof :
As the transpositions generate &,, it is sufficient to prove this statement for transpo-
sitions. Fix o = (kl) the transposition switching k,! with & < [. We wish to prove

that:
n T n - -1
( 1)7 _ (=1)
H n—2,a, 1)7"-704:(7)7’“70'0'(71) - (H Gn_Q»alv-“vd\jv"'van)
j=1 j=1
We will repeatedly use the fact that if by, ...,b,_1 are non-zero linear forms then for any

permutation p € G,,_1:

G =G (11.15)

n=2bp(1)5:0p(n-1) n=2,b1,...,b3..bn

which is clear from the definition (see (I.15)). Consider first an index 1 < j < n such
that j # k and j # [. Then o reduces to the transposition (kl) on the set {1,...,j —
1,j+1,...,n} and it follows from (II.15) that:

Gn—2a i (7 =G !

g (1)1:3Qo(5)r 100 (n) n—2,a,.. ,(LJ, Lan "

Suppose now that j = k. Then

G =G =G

N—=2,a5(1)s18g (k)80 (n) N—=2,41,...,0f—1,0k+1 5+, — 1,0k A 415---,0n N—=2,a,(1)+8p(1)s-%p(n)

where p is the cycle (k,I,l — 1,...,k + 1) which has signature (—1)"***!. Therefore,
formula (II.15) implies that

G _ oy

n_27ao(l)7---7a;-(\k)7"'7aa(n) o n_27a17---7a//\l7---7an
and we may prove similarly if j = [ that:

(=it (=¥
N=2,05(1) g ()l (n) =20yl

This gives the desired result:

n n -1
[[e, [[e
N=2,05(1) 5 0g (7) > a(n) N—2,a1,...,05,.-,an )

Jj=1 Jj=1
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In particular to show Proposition I1.5 we may switch the ordering of the linear forms

ai,...,a,. Thus, for the remainder of section I1.2.2 we assume that aq,...,a, are non-
zero linear forms such that rk(ay,...,a,) =n — 1 and such that the standard non-trivial
relation ) 7 | Aja; = 0 among ai, ..., a, (see [[Mor25], Definition 11]) satisfies:

Aj=0 forl1<j<l
N <0 forl<j<m (I1.16)
/\j>0 fOl"mSJSn

for some 1 <[ < m < n. We end this section by making the following remark: there
are two simpler cases corresponding to [ = n — 1 and tol = 1. If [ = n — 1 then the
right-hand side of (I1.12) is

Gn—2,a1 77777 an—1 (U)(wa I)(_l)nGn—Zal ~~~~~ an—1 (U)(wa x)(—l)”'*‘l =L

In the case where [ = 1, formula (II.12) may be obtained by introducing a linear form
an+1 such that rk(ay,...,an+1) = n and by applying directly [[Mor25], Theorem 1] in
conjunction with [[Mor25], Corollary 2] to the families a4, ...,a;,..., a4 for 1 <j <n.
This strategy however doesn’t generalise to the case 1 <[ < n — 1 for which we need the
proof presented in this section.

11.2.2.2 Definition of the cones C} and C]2

We now explicitly describe the product in the left-hand side of (I1.12) in the case where the
coefficients \; satisfying 3 -7 | Aja; = 0 verify (I1.16). We remark that whenever 1 < j <
we get tk(ay,...,a;,...,a,) = n — 2 therefore Gy, 54,,..a;,..a, = 1 by definition. In that

-----

case, formula (I1.12) which we aim to prove reduces to:
HGn*Q,al ..... @jyerin (U)(w,x)(*l)”l 1
j=l

Let us now describe each of the non-trivial terms in the left-hand side of (I1.12), using
the alternative definition (IL.11) for the function Gy 2,4, ....a;.....a,- Indeed, for any fixed [ <
j < ndefine ) to be the unique primitive vector in L such that det(ay, ..., @, ..., a,, ) =
sU)yU) for some positive integer s). Let (@lgj))k;ﬁj be a fixed positive dual family to
ai,...,a;,...,a, in L, i.e. a family satisfying for all 1 <k < n, k # j:

ak(a,(j)) =0forall 1<k <n,k' #k, jand ak(a,(j)) > 0.

Next we fix € Homy(L,C) such that for all [ < j < nand all 1 < k < n, k # j,
we have z(a)/z(v?) ¢ R. Let us then define the linear form @ : V — R by
Y9 (v) = S(z(v)/z(v9))). For 1 <k <n, k # j, define

dY = sign(y? (o)) € {1} (I1.17)
and set D; = Zk#(dg) —1)/2. Finally, recall from section II1.2.1 the cones:

CF={6eV|VI<k<nk+#ja(0)>0if £d =1,a, ) <0if £dY =-1}.
(I1.18)
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It follows from formula (II.11) that for any [ < j < n:

w+z(5)

| (~1)Ps
Grn-2,a1,G)an (V) (W, T) = H (1 _ 6_21”(1(%]'))))

s€(v+L)NC; /2y

N (—1)Pit+n
« H (1 e 'Lﬂ'(x('y(j)>>> (1119)

s€(v+L)NCS /27D

Let us now fix v = 7™, so that for any | < j < n, ¥ = (=1)7""sign()\;)y, where
we recall that Z?:z Aja; = 0 is the standard non-trivial relation among ay,...,a,. For
simplicity, we shall define the sign

gj = (=1 "sign()\;) € {—1,+1}. (I1.20)

The reorganisation of the terms in (I1.19) will be made by relabeling the cones C; and
C; depending on the value of ¢;:

Definition I1.7: Forl < j <n, define:

(CF.C7) e =1

1 2\ __
(C]7C]>_{(C],C]+) iféj:—l

and denote by cj, ¢; - V — {0,1} their indicator functions.

Note that we have explicitly:

Cl={0eV |V1<k<nk#jad)>0if g;d =1,a,(6) < 0if e;dY = ~1}

C2={0eV |Vl <k<nk#ja(d)>0if g;d = —1,a,(5) < 0if e;dY = 1}.
Now, since ax(y) = 0 for any 1 < k < n, it is clear that cj(v + my) = ¢j(v) and

¢ (v+my) = c;(v) for any v € V and any m € Q. Therefore, both functions cj, ¢ reduce
to functions on the quotient space V/Q~. Finally we define the signs:

{(_1)j+1+Dj+n ife; =1
Hj =

| 11.21
(—1)7HHDs e = —1 (1L21)

We are now ready to give a simple form for the left-hand side of formula (I1.12) which
we will use for the rest of the proof.

Lemma I1.8: With notations as above:

n _ cwta)\\ F0) o (wte@) ) (0
HGn—Zal ..... P (2}) (w7 $)(_1)J+1 _ H (1 . €2z7r( :(7()6)>> (1 . 6—2z7r< :(W()6)>>
j=l

oc(v+L)/Zvy

where the functions f', f>:V/Qvy — Z are defined by:
ft= Z,ujc} and f*= Z,ujc? x (—=1)".
=l =l
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Proof :
Let us briefly denote by J* the set of indices | < j < n satisfying e; = £1. Let us
rewrite the terms in formula (I1.19) for each j € J* as:

o (wtz(d) #'(‘Un
H Gn—Q,al,...,cfj,...,an(U)( 1)J+1 H H <1 e Qwr( ;“(’Y) )) J

JeJ* JEJT S€(v+L)NCT /2y

X H (1 - 62”(%@()6)))”’7 _

se(v+L)NC} /2y

On the other hand, since for all j € J~, ¥U) = —~, the product over j € J~ is
H Gn 2 ,a1,-. a +an (U)( J+1 H H <1 o 62Z7r(w;(2()6> )>uj
JjeJ~ JE€JIT se(v+L)NC] /Ly

. wHz '(71)’”
X H (1 — 6_2”( :m()é)))uJ ,

Se(+L)NC} /2y

Putting everything together and using the relabeled cones C’} and C]2 gives:

chm, () (0,2) f[ [ (-etem)”

e(v—l—L)ﬂC'l/Z'y

. w+x '(71)’”
X H (1 — 6_2”< ‘:w()&)’))u]

S€(v+L)NC3 /Ly

Thus the functions f! and f? are defined precisely so that:

i . w4z f1(5) X Wz f2(5)
Hanal, @, ) = T (1= @) (1 )

d0€(v+L)/Zy

which is the desired result. O

11.2.2.3 Sign tables and emptiness of triple intersections

The rest of the proof of Proposition I1.5 consists in proving that f! = 0 and f? = 0. Both
statements are proven similarly so we focus on the proof that f! = 0.

Let us briefly explain the general idea on a simple example in the four-dimensional
case. Let us fix:

=[1,0,0,0], a» = [0,1,0,0], az = [0,0,—1,0], as = [0,1,1,0].

These are four linear forms on Z* such that rk(ay, as, as,aq) = 3 and 0-ay—as+azg+ay =0
so that [ = 2 and m = 3. The vector v is given by v = [0,0,0, —1]T. Let us also fix
= [24, 31,51, —1] so that z(y) = 1. We wish to describe explicitly the cones C’; for
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2 < j < 4, therefore we need to describe the signs sjd,(fj) for2<j<4and 1<k <4,
()

k # j. We may compute a choice of elements o, as follows:
K J 2 3 4
ol? =11,0,0,0" | o =11,0,0,07 | ol =1[1,0,0,0]”
=10,1,—-1,0]" (4> =0,1,0,0]”
g> =[0,0,—1,0]7
= [0,0,1,0]”

Table II.1: Example of a table of the oz,(cj s

This gives the computation of the signs ejd,(f ).

K il2]3]4
1 + |+ |+
2 — |+
3 — —
4 + | +

Table I1.2: Example of a sign table containing the sjd,(cj s

From this sign table we deduce that C3 NC} = ) as the conditions on 2d) = —eod!?
are incompatible. If we set H ={d €V | a;(0) > 0} and H; =V — H;" then it follows
from this table that:

CyNC; =CyNHy =C3NH;
and

CyNCy=CoNHY =C;NHf
In addition, the relation as = a3 + a4 implies that C3 N HY =  and C} N Hy = 0.
Therefore, C; = C3 U C} and we may check that f!' = —c) + ¢} + ¢ = 0. This is the
general idea of the proof and we prove the general case in what follows.

As showcased by the previous example, we need to study the cones C’} and therefore

the signs ajd,(j ) for k # 7. We start by proving a crucial lemma on the relations between
these signs that govern the sign tables (see Table I1.2). This will be useful for the last three
steps of the proof of Proposition I1.5. As a corollary, we will prove that any intersection
of three of the CJs is empty.

There are three main relations between the signs ejd,(cj ) among which the first two are
quite simple. The third one is more technical and to state it we need to introduce for
I <j<nand 1<k <n,k+#jthe following positive real numbers:

%( x@z’({)) )' (11.22)
Avak(ag”)z(7)

(J)'

) —

which are independent of the choice of «
technical lemma:

We are now ready to state the crucial
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Lemma I1.9: The signs @d,&j) obey the following relations:

(i) VI<j,7<nV1I<Ek< l,sjd,(cj) = Ej/dgl). In other words, the rows 1 < k <[ in
the sign table are constant and can be ignored.

(il) VI < k,7 < n,k # 7, @-d,(cj) = —sign()\j)\k)skdﬁ-k). In other words, the sign table is
completely determined by its upper triangular portion.

(i) VI< g, kK <n, k£K #j,if u(J < u(j then skdk, = 5Jd]). This technical point
says that the knowledge of a smgle column is enough to determine the entire sign
table, the particular sign relations being given by the relative positions of the uk)
for k # j on the real axis.

Proof :
(i) To prove the first relation one only needs to notice that when 1 < k < [ it is
possible to choose a,(gj) = snd,(cn). The

desired relation follows.

= ak ) for any [ < 7 < n which leads to e]d(j

(ii) To prove the second relation we remark that when k # j, a; (04,(; ) = —Akak(a,gj))/Aj

and therefore a;(—sign(\; )\k) 7Y > 0. Since for all k¥ # j, k, ak/(a,(c )) = 0, we may re-

(k)

place o in the positive dual famlly to ai,...,ak,...,a, by —81gn(A]Ak)a,ij). Thus, the

sign dg.k) satisfies by definition :

40 x(—sign()\j/\k)a,gj))

’ ex(7)

e H

which we compare to

)
g02e)

“ eja(y)
This gives exactly the relation @-d,(gj) = —Sign()\j)\k)skdg-k).

(iii) This last point is more subtle and will only be used in section 11.2.2.4. For any
three distinct indices [ < j, k, k" < n, let us set:

,Ul(ﬂjj) = )\ia,k( ())al(c’ )\k)\k/ak/(oz,(j,))ozl(j)
(4)

Then clearly a;(vy i ,) = 0 whenever i # j, k, k' and, by construction, it is also true that
a; (v,(j]),) = 0. Indeed, using the fact that )", A\;a; = 0 with \; # 0 we get:

Ny (o) = Xedan(af)a;(f) = Mdwdjaw (f)a (o)
)\jaj(v,g])-,) = —Xa (o) Z Xai(00)) + A dwag (o)) Z Aiai (o)
i) i#]
i (09D = Bman (o an (a9 4 A2y ONNING
jaj () = = NAwar (o )ap () + NeAwaw (ag” ) ax (o)
)\jaj (’U](i])/) =0.
Dy — \2, () G) : ~ K)o k) _
Moreover, ay (vy) = Agar(ay”)ar (o) > 0. Thus, a possible choice for oy, is ay,
U,E; ' and :L‘(Uk]) ) € C —R. It follows that the sign d,(glf) satisfies:
©)
x(vy
d,i’f) (0,7) € H.
exz(7)



(J)

Replacing v, , by its expression gives:

a9 (Akakm Na(ag)) Akxk,ak/<a,2@>x<a,i”>) -

exz(7) exa(7)
We may now rewrite this expression in terms of elements related to the values u,(j ) and
ugj,):
() ©))
N2 A d W ap (@) ag (o)) x(a?,)) — x(oz(,;) ) € H. (I1.23)
Awag (o )z () Mar(ag)’)x(y)

Let us denote by U, lgj ) the complex number

I (Oé;(;j))
NG (oz,(f))x(v)

so that (I1.23) may be rewritten as:

e dedD (UY — UV e H.
By definition u,g = |S(U, ('))\ and uk, 1S(U} P )|, thus the sign of sk)\k/dk, depends on
which of the two values u,i ), u,g,) is the largest. If uk) < u,(j,) then the sign d,(C, satisfies:

40 z(a) -
K (4)
ap (o) )ere ()

which we compare to the sign dk, satisfying:

(4)
g0 g W
k! Dy~ )
Clk/(ak/ )ij(’Y)

This leads to the desired equality 5kdk, = 5jd(9 ). Note that if u(j = uk, then the two

complex numbers U ,Ej and U ,g? must lie in opposite half-planes in C — R and the sign
equality holds. O

We are now ready to prove as a corollary that any intersection of three of the cones
C’} is empty. In fact, we prove something slightly stronger using the following definition.

Definition I1.10: Suppose that | < j, 5 < n are two distinct indices. We shall say that
the two cones C’; and C’;, are compatible if the columns associated to the indices j and j'
in the sign table are compatible. Fxplicitly, C’j1 and C’}, are compatible if and only if for

all1<k<n (orl<k<mnbylemmall9, (i) ), k# j,j implies qd,ﬁj) = 5j/d,(€j,).

One may think of this definition as providing a necessary (but not sufficient) condition
for two cones C’} and C}, to have a non-empty intersection. We may now prove a lemma
on the compatibility relations between the C}’s.
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Lemma I1.11:

(i) For any two distinct indices | < j,j' < n, if C} N Cj, # 0 then the cones Cj and
C’} are compatible.
(ii) For any three distinct indices | < j,5', 7" < n, if 5jd§.f,) = 5j/d§.f,/) and 5j/d§.jl) =

5jud§j") then Ejd‘g"?) = —5j//d§-3ll).

(iii) For any three distinct indices | < j,7',j" < n, if on the one hand the cones C} and
C'jl/ are compatible and on the other hand the cones C']l/ and C'jl// are compatible, then
the cones C’; and O]l// are not compatible.

(iv) For any three distinct indices | < j,j', 7" <n, C;NCjNCj, = 0.

Proof :

(i) Suppose that the two distinct indices [ < j,j' < n are such that C} and C} are
not compatible. This means that there is an index [ < k < n distinct from j, j° such
that qd,ij ) = —5j/d§j 7. Assume without loss of generality that qd,(j ) = +1. Suppose that
there is a vector § € Cj N Cj,. Then on the one hand, a(d) > 0 since e;dY = +1 and
6 € C}, while on the other hand, a;(d) < 0 since &tjrd,(cj/) = —land 6 € Cj,. This yields a
contradiction.

(ii) Consider three indices | < j # j' # j” < n. Using lemma I1.9, (i) we get the
following three relations:

€jd§f) = —sign()\jkj/)sj/dg-j/) (I1.24)
£;d) = —sign(\jAj)emd”) (IL.25)
epd) = —sign(AyAjn)ejd). (I1.26)
Suppose that:
@dﬂ) - 5j/d§-3,/) (I1.27)
epd?) = ejnd?) (I1.28)

We wish to prove that gjdg.j) = —5j//d§.f//). We start by rewriting (I1.24) using (11.28) as:

g;dY = —sign(AjAj)emd")

5jd§-7) = sign()\j)\j/)sign()\j)\ju)sjdg,)

i =
5jd§-{) = _Sign<A?A?/A?//)gj//d?Z'N)
where we used (II.25) in the second line, (I1.27) in the first line and (II.28) in the final
line. Thus €jd§z) = _Ej//d‘g"z ),

(iii) Consider three indices [ < j # j' # j” < n and suppose that C; is compatible
with C’;, while C'}, is compatible with C;,,. Then in particular deg.j,) = €j/d§g/,) and 5j1d§j )=
ejudg.j") therefore by (ii) we get 6jd§f) = —gjudg.f”) which guarantees that Cj and Cj, are
incompatible.
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(iv) Consider three indices [ < j # 7' # j” < n and suppose that C’; N C']l, N C'Jl,, # (.
In particular, each of the two-ways intersections are non-empty, and therefore by (i), the
of cones C} and C7,) are compatible, and the same is true for the cones Cj, and Cjy,
well as for the cones Cj, and C}). This contradicts (iii), therefore we must have an empty
intersection C} N CJ, N Cj, = 0. O

It follows from lemma II.11, (iv) that any vector § € V' belongs to at most two of the
cones C’}. The fourth and next step in the proof of Proposition I1.5 is showing that a
vector 0 € V' cannot belong to exactly one of the cones C’}.

11.2.2.4 Any vector ) € V is in none or exactly two of the cones C’}

In this section, we prove that a vector § € V belongs to either either 0 or 2 of the C’jl’s.
From lemma I1.11, (iv) we already know that a vector § belongs to at most 2 of the cones
C’;, thus it will suffice to prove that § cannot belong to exactly one cone C'Jl. The result
will be proven in the following form:

Lemma I1.12: Foralll < j <n:

ciclje
k#j

where the union ranges on indices | < k <n, k # j.

This is the most technical part of the proof and it will use most results of section
[1.2.2.3. Tt will follow from this result that if 6 € V' belongs to the cone C’j1 then, since
C} C Upx;Cy, there is an index k # j such that § € C}. Hence ¢ cannot belong to
exactly one of the cones C}. Let us now sketch the proof of Lemma I1.12. Define for all
I < j <n the set of indices:

Z(j) ={l <j <n|j #jand the cones C},C} are compatible}. (I1.29)

From Lemma I1.11 it is clear that we only need to prove that for all [ < j < n:

c | ¢ (I1.30)

J'€Z(j)

To do so, we shall first prove (I1.30) when #Z(j) > 2. Then, we prove that for any
I <j<n,#Z(j) > 1, and lastly, we prove (I1.30) when #Z(j) = 1. The hypothesis that
k~(ay,...,a,) > 0 will only be used in this last step.

Let us now prove that for any [ < j < n, if #Z(j) > 2 then (I1.30) holds. To this
end we introduce the following partition of the cones C}. Write as before H;r ={v €
V | aj(v) >0} and H; =V — H;". Then the two cones Cj N H;” and C} N H; form a
partition of C}. Our claim is that whenever some C} intersects some other Cj, for j # 5,
the intersection must be exactly one of these components. More precisely:

Lemma 11.13:

(i) Suppose that the cones C’j1 and C’;, are compatible for some distinct indices | <

4,7 <mn. Then:
d(])

anpdﬂmﬁﬂ —colnm,
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(ii) As a consequence, for any l < j <mn, if Z(j) contains at least two distinct indices
1<4,5"<mn,j#3,j" then C}; C C}, UC},.

Proof :
(i) The cones Cj and C}, are compatible, so by definition we get that for all index

1 < k < n distinct from j and j’, qd,&j) = ej/d,ij/). Recall that the half-spaces H,;t are
defined for 1 <k <nby H; ={6 € V | ax(d) > 0} and H, =V — H,". For simplicity,
let us denote by Hj, the half-space H, if de,(cj) =1lor H if 5jd,(€j) =—1forl1 <k <n,
k # j. Denote also by H; the half-space H;r if gj/dg.jl) =lor H; if 5j/d§.jl) = —1. Then

=N -0 m
k#j k#j'

so that
cincl = ( N Hk> NH;NHy=C;NH;=CjNH;
k#3,5'
which is the desired result.
(ii) Let us now suppose that Z(j) contains at least two distinct indices j’, j”. Then
by definition the cones C} and Cj, are compatible and so are the cones Cj and Cj,. Tt

follows from the Lemma II1.11, (iii) that the cones C;, and C‘}// are not compatible, and
more precisely, it follows from of Lemma II.11, (ii) that:

) = eyl

Up to switching j” and j” we may assume without loss of generality that 6j/d§~j V= 4150

that ejndg-jﬂ) = —1. Then, using (i) we get:

1 1 _ 1
C;NnC;, =C;nN Hj+
1 1 1 —

Therefore:

C;N(CLuC)=(C;nC)u(C;nCl) =(CiNHN)U(C;NH;)=Cj

J

and Cj C Cj, UCj,. This proves (I1.30) in the case where #Z(j) > 2. O

The remainder of this section is devoted to the proof of (I1.30) in the case where Z(7)
contains no more than one element. In fact, we shall first prove using lemma I1.9, (iii)
that the set Z(j) cannot be empty and then handle the case where Z(j) contains exactly
one element.

Lemma I1.14: Fiz an index | < j <n. Let | < j' <n be an index satisfying j' # j and
foralll <k <mn, k#3775, ugf) < u,(j) (see (11.22) for the definition of the positive real
numbers u,(j)). Then the cones C; and le, are compatible and j' € Z(j). In particular,
Z(j) cannot be empty.

Proof :
By definition of 7' we get that for all indices [ < k < n distinct from both j and j’,
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y) < ug ). Using lemma IL.9, (iii) we get that for all such indices [ < k < n distinct from

both j and 7/, qd,&j) = Ej/d](j,). Thus, C} and Cj, are compatible and j' € Z(j). O

u

In the last part of the proof of lemma I1.12 we need to treat the case where Z(j)
contains only one index j’. In that case, we wish to prove that one of the two components
C’} NnH ]+ , C’} N H; is empty. To achieve this, we first give a sufficient condition for one
of these components to be empty under the condition that k= (ay,...,a,) > 0.

Lemma I1.15: Fiz a sign v € {—1,1} and an index | < j < n. Assume that for all
index | < k < n distinct from j, V/\j)\kejd,(j) > 0. Then C’; N HJ’-’ = 0.
Proof :

Here we use the hypothesis that k™ (a1, ..., a,) > 0. Recall that Y ;_; Agar, = 0 is the
standard non-trivial relation among ay, ..., a, with the coefficients A\ satisfying (I1.16).
In particular, \; < 0 and A, > 0. Suppose that C} N HY # () and fix some 6 € C} N HY.
By definition of C’}, for all index 1 < k < n distinct from 7, the vector ¢ satisfies ay(d) > 0
if sjdg) =1 and ax(9) <0 if qdéj) = —1. In addition, by definition of HY, this element
6 must satisfy a;(0) > 0 if v = 1 and a;(0) < 0 if v = —1. In particular, vA3a;(0) > 0 in
either case. Thus, the assumption that V)\j)\kejdg) >0 foralll <k <n, k#jleads to
vAjAag(d) > 0 for all I < k < n. Using the relation > ;_; Ayar = 0 we get the equality:

n

> A Aea(6) =0

k=l

which is the vanishing of a sum of non-negative terms. Therefore, for each | < k < n
we get vA;Apag(6) = 0 and thus a;(6) = 0. From the vanishing of a;(d) we obtain that
v = —1 while the vanishing of ax(d) for k& # j leads to gjdfcj) =—1forl<k<n, k+#j.
Thus the assumption V)\j)\ksjdg) >0forl <k <mn,k#jgives \jA\, >0foralll <k <n
and all the coefficients A, ..., A\, must share the same sign, which contradicts the fact
that \; < 0 and A,, > 0. Therefore we must conclude that C} NnH ;= 0 as claimed. O

Using lemma I1.15 we shall finally prove that if Z(j) contains only one index j’, then
C'} C C’},. This will complete the proof of lemma I1.12.

Lemma I1.16: Suppose that the index | < j < n is such that Z(j) contains exactly one
index j'. Then:

i) Foralll <k <mn, k#j, the sign sign(\g d? is equal to sign(\j d?,
k J J

(i) As a consequence, Cj C C1,.

Proof :

(i) Let us fix a bijection o : {1,...,n—1} = {l <k <n |k # j} such that u((f()k) < ugj()k,)
whenever 1 < k < k' < n —[. In particular, it follows from lemma I1.14 that j' = o(1).
Let us then prove by induction on 2 < k < n — [ that sign(Ao(n))dff()ﬁ) = sign()\j/)dgf).

First case: k = 2. We set k = (k). By definition of o we get that for 3 < ' <n —1,
u,(j) < u((f()ﬁ,). From lemma I1.9, (iii) we get qd&j()n,) = 5kdg;)(ﬁ,) for any 3 < k' <mn —1.
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Thus k ¢ Z(7) if and only if 5jd§.f) = —gkdgf) where once again j' = ¢(1). Using lemma
I1.9, (ii) this gives:

e;d) = sign(\yAp)eydy” = sign(\yA)e;dy?.

where the last equality holds as the cones le and C’;, are compatible by assumption.

Hence, sign()\j/)dy) = sign()\k)dl(j) and the case k = 2 is proven.

Induction: Assume that the result holds for k = ¢(2),...,0(k—1). Let k = o(k). For
any £ < K < n — [, by definition of o and lemma I1.9, (iii) we get Ejdfr?(k') = 5kd¢(7]j)(k')-
Therefore, k ¢ Z; is equivalent to the existence of some k" = o(x”) with x” < x such

that ejdg,) = —ekd;’f,). Using once again lemma I1.9, (ii) we rewrite this as:
€Jdl(€],/) = Sign()\k)\k//)ek//dl(ckﬁ) = Sign()\kAk//)Ejdéj)

where the last equality holds by lemma I1.9, (iii) as u,(f,,) < u,(j ). Thus we get sign(/\ku)d,g,) =

sign()\k)d,(cj ). It then follows from the induction hypothesis sign()\k//)dl(j,) = sign()\j/)dg.f)

that sign()\j/)dg ) = sign()\k)dg ). This completes the proof by induction.
(ii) Let v = sign()\j)\j/)ejdg). For all index [ < k < n distinct from j, since by (i)

sign()\k)d,(j) = sign()\j/)dgf) we get:

A A = [y lsign(Ay)d \e2dy)
v Aee;d = |\ ]sign(Ae) A (d)?
v gAY = [AAx| > 0.

It then follows from lemma I1.15 that C;NHY = () and since Cj = (C}NH;")U(C;NHY)

we conclude that C} = C} N H; . From lemma I1.9, (i) we get v = —Ej/dgjl), therefore
Cj=CjNnH;"=CjNCj by lemma I1.13. This gives the conclusion Cj C Cj,. O

Let us now piece all these results together to prove lemma I1.12.

Proof of lemma I1.12:

Consider [ < j <n. Then #Z(j) > 1 by lemma I1.14. If #Z(j) = 1 then Z(j) contains
exactly one element j' # j and Cj C C}, by lemma I1.16, (ii). If #Z(j) > 2 then Z(j)
contains at least two distinct elements j', 7 # j and C’; C C;, U C’;,, by lemma I1.13, (ii).
Thus in any case, Cj C Ugx;Cp; and the proof is complete. O

I1.2.2.5 Vanishing of f! and proof of Proposition II.5

In this section we prove that f! vanishes. From the previous sections, we already know
that any vector 6 € V belongs to either 0 or 2 of the cones C}. In the case where
belongs to none of the C}’s, it is clear that f'(§) = 0 by definition. Thus, it will suffice
to prove that when ¢ belongs to the intersection of any two cones C} and C}, for j # j,

F16) = 0.

Lemma I1.17: Assume 6 € C’; N C’;, for some distinct indices | < j,7° < n. Then
fi)=o.
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Proof :
It follows from lemma II.11, (iv) that for any j” # j,7", 0 & C’},,. Thus by definition of
/1 (see lemma I1.8):

14,

(_1)j’+1+Dj/+n 57

F1(0) = (=1y

Let g(j, j') = (7 = j') + (Dj = Dy) +n~
to ¢(4,7") =1 mod 2 as

1(6) = 0 is equivalent

F(8) = (~1pHHHPI T (1 g (120,

Let us then prove that g(j,j') =1 mod 2. Write D; explicitly as:

dy —1

Dj=>Y"
k#j

Since C’1 N C’1 # (), it follows from lemma I1.11, (i) that for all index 1 < k < n distinct
from both j and j’, @dm = ej/d,ij/). Thus:

d(j)—l d(j')_l
Dj—Dy =) -* -3 k2

‘2 ,
k#j k#j'
d(g) . d(j') d(j) B d(j')
_ J k k
Di=Dy=—g =t ) S
k#3.5’
d9 —dV) (1 e .
Dj—Dj/:J 2] + 2]] Zdl(j)
k#35.3"

The sum over k # j,j' contains n — 2 terms which are either +1 or —1 therefore we
already obtain

49 — 4 s d9 g ~
D;—Dj=-21—2—+(n-2) A 2 +(n—2)€J 2 mod 2
2 2 2
and therefore
. -/ . -/ dgj d(j 6‘/
9<J;J)E(]—])+T (2n —2) mod 2
o A —d
9(4,5") = (]—])+T mod 2.

Recall that lemma I1.9, (ii) gives the equality sjdgj) = —sign()\j)\jr)gj/dgj/) and that by
definition &; = (—1)™"sign(};). Thus, (—1)jd§-{) = —(—1)j/d§j/) and:

1+ (_1)j+j’

9. i) =0G—-4)+ dgf) 5 mod 2.

There are only two cases to treat, depending on the parlty of j — j'. First, suppose that
j — 4" is even. Then 1 + (—1)*" =2 and g(j,j") = d] 1 mod 2. Now, suppose that
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j—j"is odd. Then 1+ (—1)*" =0 and ¢(j, ') = j — 5 = 1 mod 2. In each of these two
cases, ¢(7,7/) =1 mod 2 and thus f!(§) = 0. This completes the proof. O

Finally, we may piece together all the results from sections 11.2.2.1 to 11.2.2.5 to give
the proof of Proposition I1.5 and thus deduce Theorem II.2.

Proof of Proposition II.5:

Let ai,...,a, € A be primitive integral linear forms on V satisfying rk(aq,...,a,) =
n — 1 and such that 0 is not a barycenter of aq,...,a,. This means that there is a
relation Z?zl Aja; = 0 with at least one positive and one negative coefficient among
the A;’s. Using the results from sections I1.2.2.1 and I1.2.2.2 we may suppose that the
coefficients Aq,...,\, in the standard non-trivial relation among aq,...,a, satisfy the
relations (II.16) and that

n _ wta@) |\ 1) o (wrz@ ) F2(9)
HGn—zal,...,«fj,...,an (v)(w, m)(—l)J+1 = H (1 — 62”( :w()é))) (1 — 6_2m< ;r(w()é))) .
j=l

0€(v+L)/Zy

Now, suppose that f! # 0. Then there exists some § € V such that f1(§) # 0. Therefore,
by definition of f*, there is some index | < j < n such that ¢ € C}. By lemma I1.12 the
cone C’} is a subset of Uy,;C} and therefore there is an index | < j' < n distinct from
j such that § € C'Jl,. Then, since § € C; N C;,, using lemma I1.17 we get that f!() =0
which is a contradiction. Therefore f' = 0 and similarly f? = 0, which gives the desired
conclusion:

[T G2 @) (w0 ) 7 =1
j=1
0

Remark: Note that to prove the similar case f? = 0 one may reuse most of the work
carried out in sections I11.2.2.1 to 11.2.2.5. Indeed, it is clear that the sign table governing
the cones C} also governs the cones C7 and that two cones C7 and C7 are compatible if
and only if C} and C}, are compatible. Thus, it is clear that lemma IL.11, (iv) may be
adapted for the cones C7 as:

.. . . VY 2 2 2 __
For any three distinct indices | < j, 5, j" <n,C5 N C5 N C = 0.

Next, there is only a small adaptation to make to express a version of lemma I1.13, (i)
for the cones C7. Indeed, if C7 and C7, are compatible then:

2 2 2 ey 2 —ejdy)

Another adaptation is in order for lemma II.15 as the condition V)\j)\ké?jdl(cj ) > 0 for all
index [ < k < n distinct from j implies that C’} N Hj_” = (). Lemma I1.12 may then be
directly adapted as for all [ < 7 < n:

2 2
c;cljer
ki
Finally, a computation similar to the one carried out in the proof of lemma I1.17 shows

that f2 = 0.
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II.3 A classic smoothing operation

In this section we are interested in the smoothed versions of both G,_s,, and

By ay.....a, functions which are defined by:

7777 an—1

Gn2.a1,..an1 (v)(w,z, LI)N
Gn—Q,al ----- Qn—1 (U)(wa x, L) .

Gn—Q,m ----- Gn—1 (v)(w, x, L; L,) =

and
Bn,al ..... an (U) (w, x, L> L,) = NBn,al ..... an (U) (UJ, z, L/) - Bn,al ..... an (U) (w7 xz, L)

for linear forms ay, . .., a, which are primitive on both L and L' where L/L' ~ Z/NZ. In
this section we prove Theorem II.3 and explain how we deduce Theorem II.1. Let us now
give an overview of this section. In section II.3.1 we give the geometric setup needed for
the rest of the proof and give an explicit formula for the smoothed B, 4, . q,(v)(w,z, L, L')
when the linear forms ay, ..., a, are linearly independent and the smoothing lattice L’ is

good for ay, ..., a,. Then, in section I1.3.2 we prove that the function B, 4, a4, (v)(w,z, L, L")

.....

is in fact a rational-valued function which depends only on the linear forms a4, ..., a,
and on the class of v in V/L' but not on w,x € C x Homgz(L,C). Finally, in sec-
tion I1.3.3 we use Fourier analysis following [CD14] to prove that the rational numbers
Biay.. an(v)(w,z, L, L") may be expressed in terms of traces of cyclotomic units from
which we may deduce a bound on its denominator in terms of the dimension n and the
smoothing index N. At the end of this section, we shall explain how to derive Theorem
I1.1 from this last result.

I1.3.1 Geometric setup

In this section we consider the situation where V' is a Q-vector space of dimension n and
L is a lattice of rank n in V' with a Z-basis B = [ey, ..., e,]. We fix an integer N > 2 and
the smoothing lattice L' = NZey @ Zes @ - - - ® Ze,,. Denote by A = Homy(L,Z) and A’ =
Homy (L', Z) the dual spaces attached to L and L’ respectively. Define C' = [f1,..., f,]
the Z-basis of A dual to B such that V1 < j . k <mn, f;(ex) = ;5. Similarly, the Z-basis
C" of A’ dual to B’ is given by C' = [f1/N, fa, ..., fn]. One may view A C A’ as rank n
lattices in the dual space V¥ = Homg(V, Q). Let us now define Ay C V'V to be the set
of linear forms a € V'V which restrict to primitive integral linear forms on both L and L'.
Explicitly:

AN: {Zﬂkfk ’ M1y eey Un EZ, ng(:uanu%"'mun) = 1}
k=1

The set Ay is endowed with an action of the congruence subgroup I'o(N,n) C SL,(Z)
(see (I1.2)) given by g- (i1, fa, - - - fn) = (f1, fa, - - -, fn) X g~ L. For the rest of this section
we fix non-zero linear forms a4, ..., a, in Ay which are linearly independent. This fixes
a unique family of primitive vectors aq, ..., a, € L such that for all 1 < 7 < n:

aj(og) =0,V1I<k#j<n and aj(ej)=35s;>0

This is the primitive positive dual basis to ai, ..., a, in L in the sense of [[Mor25], lemma
6]. This definition comes from the theory of rational polyhedral cones as the cone:

C:={0eV|V1<j<n,a;) >0}
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can be expressed in terms of generators as:
C=Qsoa1 + -+ + Qo
We now recall the definition of a good smoothing lattice.

Definition I1.18: Suppose that ay,...,a, € A are linearly independent primitive linear
forms and let aq,...,a, be the primitive positive dual basis to aq,...,a, in L. The
smoothing lattice L' of index N in L is said to be good for aq,...,a, ifai,...,a, € Ay and
the primitive positive dual basis o, ..., to ay,...,a, in L' is precisely Nay, ..., Na,.

Notice that in general if k; is the order of a; mod L' in the cyclic group L/L’ then
it is clear that o; = kjay, thus the condition a; mod L' generates L/L' is equivalent to
o = Naj. In the case where ay,...,a, are not linearly independent, we say that the
smoothing lattice L' is good for ay,...,a, if ay,...,a, € Ay. Definition (I1.18) is inspired
by the definition of a good smoothing ideal in [Das08]. Notice that in our case we do not
suppose that N is prime. Let us now give an equivalent formulation of this statement as
a condition on the coordinates of a,...,a, in the basis B = [ey,...,e,] which will be
useful in the proof of Theorem II.3.

Lemma I1.19: Letay,...,a, € A be linearly independent. Let oy, . .., o, be the primitive
positive dual family to ay,...,a, in L. For all 1 < j < n, write

n
Oéj: E Ckk’jek
j=1

with oy; € Z. The order of a; mod L' in L/L" is precisely n; = N/ged(N,aq5). In
particular, the smoothing lattice L' is good for ai, ..., a, if and only if gcd(N, oy ;) =1
foralll < j<n.

Proof :

Let af, ..., al, be the primitive positive dual family to a/,...,a,, in L. Then o, ..., o,
is also a positive dual family to aq,...,a, in L. It follows from lemma 1.6 that there are
positive integers my, ..., m, such that o = m;a; for all 1 < j < n where oy, ..., a, is
the primitive positive dual family to aq,...,a, in L. Write for all 1 < j < n:

n
Oéj: E ozkd-ek
k=1

with oy, ; € Z and ged(ay j, - - ., o, ;) = 1. By definition of the integer n; = N/ged(N, ay ;) =
N/l;, the vector
, " N s
nja; = O}—?(Nel) + Z %ek
k=2

belongs to L’ and ged(ay j/l;, Now /i, ..., Ny, ;/l;) = 1. In particular, n;a; is a prim-
itive vector in L' and o} = (m;/n;)(n;ja;) is also a primitive vector in L'. Therefore
m; =n; and o = n;a;. O

For the rest of section I1.3 we suppose that the smoothing lattice L’ is indeed good
for the linear forms aq,...,a, and we focus on the case where aq,...,a, are linearly
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independent. The goal of this section is to give an explicit formulation for the rational
function By, 4, 4, (v)(w,z, L, L") in terms of periodic Bernoulli polynomials. Indeed, let
us recall the definition of the classic Bernoulli polynomials using the generating series:

_ZBk

We may introduce the periodic versions of the Bernoulli polynomials by (z) = By(z — [z])
for x € R. In this section we shall prove the following:

(IL.31)

Proposition I1.20: Assume that aq,...,a, € Ay are linearly independent and that the
smoothing lattice L' is good for ay,...,a,. Let aq,...,a, be the positive dual basis to
ai,...,a,. Fiz a set F of representatives for L/M where M = @®7_1Zay. Then there are
explicit integers r;(8) € Z for all 1 < j <n and all 6 = Y7 6;c;/s; € F such that:

n m n kj—1
By, an(v)(w,z,L,L’):eZw—l Z ZY(k‘l,...,k‘n,v d) H:C
m=0 m: ki++kpn=n—m 6€F j=1
where € = signdet(ay, ..., a,), v="73_7_ vja;/s;,
_ - v+ 05+ (1(0) + 43)$i | ks Ua+5
Y@,wmma_NXHP%< s, N*i Ip
qe@ j=1
(II.32)

and

Q= {(ql, ceyn) € (Z/NZ)" | quozlyj = 0 mod N} : (I1.33)

j=1

To prove Proposition I1.20 we shall first give an explicit description of both functions
Bay...an(v)(w,x, L) and By, 4, . a4, (v)(w, z, L') individually in terms of periodic Bernoulli
polynomials. Then, we shall show how to express any set of representatives ' of L'/M’ in
terms of a fixed set of representatives F of L/M and in terms of the set @) given by (11.33).
Let us start with the explicit description in terms of periodic Bernoulli polynomials:

Lemma I1.21: Fiz a set of representatives F (resp. F') for L/M (resp. L'/M'). Then:

n U]+6 kj—1
w™m )x(%’) d
ERNPREITR SIS SR SRS | &
m=0 m: ki+-+kn=n—m d€F j=1

Biay,an (V) (w, 2, L) = €

M n bk ”7"‘5 )Nk-—l ( j)kj—l
m!

I I) | EaE

m!
m=0 ki+-+kn=n—m ' eF’ j=1

where € = signdet(ay,...,a,), v = 2?21 vjoy/s; and the sums range over integers ky >
0,.. kn>0.
Proof :

We recall that by definition (see (I.18) and (I1.13)) :

1(6)

Bn,m ..... an (U)(w7 x, L) =€ X coeff[to] Z H e’

(
€(w+L)NP(a ( —et ) )
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/ o ewtea:((s’)t
Bn,a1 ..... an (’U)(@U,.T, L) =€eXx Coeﬁ[t ] Z Hn (1 _ ea:(Naj)t)
8'€(v+L/)NN.P(a) + 17=1

where € = signdet(ay,...,a,). Let us define for simplicity F ={d € L | ,v+ 0 € P(a)}
and F/ = {0 € L' | ,u+ ¢ € N.P(a)}. It is clear that the set F' (resp. F”) is the
unique set of representatives for L/M (resp. L'/M’) such that v + F C P(a) (resp.
v+ F' C N.P(a)). Let us write these sets explicitly as:

Sj

5;
F:{Z SN e LIVI<j<n0<v+6; <s;0; ez}

Jj=1

“ 0. Na
F’:{Z NSJJeL’|V1<j<no<vj+5’<NsJ,5’ez}

j=1

so that using the definition of the classic Bernoulli polynomials (see (I1.31)) we get:

n m UJ+5 )LU(O[')kj_l
w J
Buaran @)@z, L) = €3~ 3 ST
m—o ki+-+kn=n—m J€F j=1
5
n m (UJ+ )Nk-—l (Oé')kj_l
w J
CIRBITERTENS DI SED B | et
m=0 " ki+tkpn=n—m ' eF’ j=1 J*

Since for all § € F (resp. ¢ € F')and all 1 < j < n, 0 < (v; +9;)/s; < 1 (resp.
0 < (v; +9;)/(Ns;) < 1) we may rewrite this using the periodic Bernoulli polynomials
and then replace the sets F' and F’ with any sets of representatives F and F’ for L/M
and L'/M' respectively. This gives:

nm (e ):L‘(a R
w J
Buoan@(@ L) =€~ 3 Y 7
m=0 m: ki+-+kpn=n—m dcF j=1
n n kj—1 ki—1
w™ b ( )N (o)™
Buoran@@ iz, L) =ed >0 > ] .
m=0 ki+-+kn=n—m ' eF’ j=1

Indeed, if § = > d;a/s; € L represents the same class in L/M as § then there are
integers my, ..., m, such that b=0+ 2?21 mja;. Therefore:

bkj Uj+5j :bkj (U]+5 +m]) :bkj (’Uj+(5j)
Sj Sj Sj

and the explicit description above do not depend on the choice of representatives for L/M
and L'/M’'. This completes the proof. O

Let us now give an explicit link between the quotient sets L/M and L'/M'. Fix sets
of representatives F and F’ for L/M and L'/M’ respectively. Let us remark that the
identifications F ~ L/M and F' ~ L'/M’ induce group structures on both F and F’
defined respectively by:

01 % 09 = 01 + 0o mod M, &) * 05 = 8] + 05 mod M’
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The neutral elements of F and F’ correspond to the representative for the trivial classes
M and M’ in L/M and L'/M'. We now relate F and F’ for a good smoothing lattice L'.

Lemma I1.22: Suppose that the smoothing lattice L' is good for the linear forms aq, . .., a,.

Consider the map
v — F
f = n 5;-0% n 0 0 d M
Zj:l 55 — Zj 1 s;j mo

where the 0;’s are given by Euclidian division as 05 = g;s; + §; with 0 < v; + 0; < s;
and §; € Z. Here it is understood that f(&') is the representative in F for the class
> iy 0ja;/sj mod M. The map f is a N™1 to 1 surjective group morphism and its
kernel is isomorphic to the group:

Q= {(q17"~7Qn) €Z/NZ" | ) gjo1; =0 mod N}.

Jj=1

Proof :
Let us first prove that the map f is surjective. Consider § = )"

0= Z —alﬂel + Z Z —oz;wek

j=1 k2]1]

The assumption that 0 € L is equivalent to Z;Zl %O‘k,j € Zfor all 1 < k <n. We now
J

wish to find integers ry,...,7r, € {0,..., N — 1}" such that

5;
" 2% e F and write

in coordinates:

It follows from lemma II.19 that the integer oy ; is coprime to N so there is an integer
B € Z such that Soy, 1 = 1 mod N. Let r; be the remainder in the Euclidian division of

the integer —3 37, y O‘LJ by N satisfying 0 <7y < N. Fixry =--- =r, = 0. Then:

Z St eroq,] = <Z 8—j‘a1,j> (1 —pBazy) =0mod N
Sj

j=1 j=1 "

This shows that § = & + Z;;l rjo; € L'. Let 6" be the representative in F' for the class
[0], that is &' = 6+ > 51 (rj+m;N)a; for some integers my, ..., m,. Then it is clear that
f(6") = 6. Thus f is surjective. In addition, the preimage f~1(d) is explicitly given by:

f7H0) = {

Indeed, if f(0') = & then for all 1 < j < n, 07 = (r; + ¢;)s; + J; for some ¢; € Z.
The condition that 0} € L' is equivalent to Z] 1(5 + s;(r; + q]))alj € NZ which by
definition of the 7,’s is equivalent to 2?21 gjor; € NZie. (qu,...,q,) € Q. In particular,

ker f ~ Q.

6+eraj+ijaj] mod M" | (g1, .-, qn) GQ}'

j=1 j=1
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Let us now prove that f is a group morphism. Consider d1, 9, € F', define 65 = §] ),
and write for k =1,2,3:

n

T
6/ — k,j="3
-y
J=1
The definition of the group law gives that

0 ;= (07 ; + 05 ;) + Nsym; for some m; € Z (I1.34)
Define for £ =1,2,3 and 1 < j < n the unique integers dy ; satisfying:
0 <0y <ajlay), Op;=u;s;+ Ok nj €Z
so that f(0;) = Z? 1 Ok, ;QJ for k = 1,2,3. The definition of the group law on F gives:
J

f 52513+52j% mod M

J=1

whereas f(8) = S27, 24% mod M. We shall prove that 01 + 025 — 03, € 5,7 for

J=1 s
1 <7 < n. Indeed, by definition of 0r,; we get:

017 + 02 = 015 — q18) + 03 — G2.3S;
Using (I1.34) we get:
01+ 02,5 = 03+ Nsjmiy — qujsj —qo,3s; = 03,5+ 5(qs, + Nmj — q1;— G25) = 93,5 mod ;7
This show that d; + 02 = d3 mod M and so that:
f(01%85) = f(d5) = f(6) * f(65).

Thus f is a group morphism. Next, we prove that f is an N"~! to 1 map. This is given
by the snake lemma for the following commutative diagram:

0 0 ker f
{ { 4

0 — M’ — L - F =0
{ { {

0 — M — L — F = 0
1 4 4
(Z/NZ)" Z/NZ 0

The snake lemma gives a connecting group morphism ker f — (Z/NZ)™ such that the
following sequence is exact:

0—0—kerf— (Z/NZ)" — Z/NZ — 0
As a consequence, # ker f = N1 and f is an N~ ! to 1 map. 0

As an immediate consequence of this lemma we obtain the following corollary:
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Corollary I1.23: For any set of representatives F for L/M, and any set of representa-
tives Q for @), the set

_{5+ZTJ +q)a; | (g, qn) € Q}

is a set of representatives for L' /M', where the r;(§)’s are defined in the proof of lemma

11.22.

We may now prove Proposition I1.20 with this particular choice of sets of representa-
tives for both L/M and L'/M'.

Proof of Proposition I1.20:

Let us fix two sets of representatives F and Q for L/M and @ respectively. Denote by
F' the set of representatives for L'/M’ given by Corollary 11.23. It follows from lemma
I1.21 that:

nm (”J+5 )Nk;-—l ( ])k-—l
]
Buoran@)(w,w L)y =€) = >0 Y H ;!
m=0 ki+-+kn=n—m d’'eF’ j=1 J
where € = signdet(ay, ..., a,). Using Corollary I1.23 we may rewrite this using a double
sum on JF and Q as:
" n v+ +(r;(8)+45)85 \ ATk;—1 kj—1
w™ b (R )N w(ay)™
Bray,an (V) (0,2, L) = € o Z ZZ H : : ol
m=0 ' ki4-thp=n—m S€F qQ j=1 7

Note that this expression is independent of the choice of representative set Q for (). Thus,
by definition of the smoothed function By, 4, . 4, (v)(w,x, L, L") (see (11.4)) and using once
again lemma I1.21:

Bn,a1 ..... an(v)(w T, L L/) _62”: 1:’);1 Z ZY(’Q, k”’v 5 ﬁx -
m=0 k14 +kpn=n—m 6EF j=1

where for all k&1 > 0,...,k, > 0 such that Z?Zl k; <n and for all € F:

Y(kl,...,kn,v,cS):NZﬁbkj(Uj+5j+](\7;;§5)+qj )Nk-—l Hb ( )

qeq j=1

11.3.2 Smoothed Bernoulli rational functions are rational-valued

The goal of this section is to prove the following rationality statement for the smoothed
Biay....an(v)(w, z, L, L") functions.

Proposition I1.24: Assume that aq,...,a, € Ay are linearly independent and that the
smoothing lattice L' is good for ai,...,a,. Let aq,...,a, be the positive dual basis to
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ai,...,a,. Put as before € = signdet(ay,...,a,) and fix a set F of representatives for

L/M. Then:

Buaran (0) (w, 2, L, ') = Z(NZHbl(v]M +Z(§J( +a;)s ) Hb1<vj+5>>

SEF q€Q j=1

where the integers r;(0) are given in the proof of lemma I1.22 and @ is defined in
Proposition I1.20. In particular B, .. q,(0)(w,z, L, L") is a rational number which de-
pends only on the linear forms ay,...,a, and on the class of v in V/L' but not on
w,x € C x Homg(L,C).

This Proposition essentially expresses the smoothed function By, 4, . 4, (v)(w,x, L, L')
in terms of a smoothed higher Dedekind sum. To prove this statement we shall prove
that each term Y'(kq, ..., ky,v,d) vanishes, unless ky = ky = -+ = k,, = 1. This is exactly
the claim of the following crucial lemma:

Lemma I1.25: Suppose that k1, ..., k, are non-negative integers such that Z?Zl k; <n.
Suppose that (ky,... k) # (1,...,1). Then Y (kq,...,kn,v,0) =0 for any 6 € F.

Proof :

Let us fix non-negative integers ki, ..., k, such that 2?:1 k; < n. The condition
(k1,...,k,) # (1,...,1) is equivalent to the existence of an index 1 < j < n such that
kj =0. Define J = {1 <j<n|kj#0}and J°={1,...,n} —J # (. Let us define a

map:

(Q17"'7Qn> — (q])]EJ

This map is clearly a group morphism, and we shall prove that it is surjective. Indeed,
by assumption, J¢ is not empty so we may fix an index j' € J°. The condition that the
smoothing lattice L’ is good for the linear forms ay, ..., a, implies that oy j is coprime
to N. Therefore, for any element (g;);ec; € Q(J) there is an integer ¢ € Z/NZ such
that >, ;qja1; + gpary = 0mod N. Setting ¢ = 0 for all j” € J¢ — {j'} gives
(q1,---,qn) € Q and gy(q1,...,¢n) = (¢j)jes. Therefore, g; is surjective. We shall use
the function g; to switch the sum and product in the expression of Y (kq, ..., k,,0). First,
let us rewrite Y (kq, ..., k,,0) in terms of the set J:

Y(k17~-,]€n,v,5)ZNI_"Zku <UJ—|—5 +](\7[“;(‘5)+q] )NkJ—Hb (v]+6)
J

gy = {Q %HjeJZ/NZZQ(J)

qeQ j=1
R (5 6
Y(kl,...,kmz},d):lenZkuj (UJ+ J+§;J<)+QJ > Hb (U]—l— )
qeQ jeJ Sj ied

where we have used the fact that if j ¢ J then by, = by is the constant function equal to
1. From this expression it is clear that the term

I v+ 05+ (rj(0) +45)85 | \ri
ki NS]'

jeJ
only depends on the image of ¢g(q) € Q; of ¢, therefore:

Y (k... kp,v,0) = N1- "4 ker(g,) Z Hb (Uj‘i‘(s‘j‘i_‘g\/;;(.é)—'—q] )
J

q7€Q(J) j€J

o ()

JjeJ
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We may now use the fact that #ker(g;) = N""'"#7 and then the fact that Q; =
[I;c; Z/NZ to switch sum and product in the expression of Y'(ki,.. ., ky,d) to obtain:

Yk, kv 8) = S0 b, (”JH +](\7;g(5)+qj) )N’““l . (UJ:(S)

qs€Q(J) 5€J Jed j
Y(ki,. .. kn,v,9) :H Z by, (vj+(5j +§$j<5)+q] )N’“"l Hb (UJ—HS )
j€J ¢;€Z/NT. S oy

It follows from the well-known distribution relation:

3 b (5” i k) N = (2) (I1.35)

kEZ/NZ

applied here to x = (v; + d; +7;(d)s;)/s; that:

Y (ki by 0,8) = [ b, (”JMMJ > T, (“JM)

jeJ 55 jedJ

Since the by, functions are 1-periodic and r; € Z we get the desired conclusion

Y(k:l,...,kn,v,5) =0.

0
We are now ready to deduce Proposition I1.24 from lemma I1.25.
Proof of Proposition 11.24:
It follows from Proposition I1.20 that:
/ —~ w™ ()
Bn,al ~~~~~ an(U)(?U,iL‘,L,L):EZm Z Zy(kla"'vknava(S)H /{?'
m=0 ki+-+kp=n—m SEF j=1 J

where € = signdet(ay,...,a,). Since for all (ky,...,k,) # (1,...,1) and all 6 € F,
Y(ki,...,kn,v,6) =0 the sum reduces to:

Bn,al ,,,,, an(U)(w,.T, L)L,> :EZY(1,71,U76>

0eF

which gives exactly the desired expression when replacing Y (1,...,1,v,0) by its defini-
tion:

Buar.an(0)(w, 2, L, L) = Z(NZHbl(U]+5 +](\7;J( +4;)s ) Hm(vﬁé))_

0EF qeqQ j=1

It is then clear that B, 4, 4, (v)(w,z, L, L") is a rational number depending only on the
linear forms ay, ..., a, and on the class of v in V/L’ but not on w,z € C x Homg(L, C).
O
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11.3.3 Smoothed Bernoulli rational functions have bounded de-
nominators

In this section we carry out the proof of Theorem II.3 by expressing the smoothed func-
tions B a,...a, (V) (w,z, L, L") in terms of traces of cyclotomic units, thus proving a uni-
form bound on their denominator in terms of the dimension n and the smoothing index
N. To achieve this, we will use the Fourier transformation on the finite group Z/NZ to
rewrite the expression obtained in Proposition I1.24 borrowing ideas from [CD14]. Let us
denote by ¢ = (i = exp(2im/N) a primitive N-th root of unity. Introduce the auxiliary
function x : (Z/NZ)™ — {0, N} defined by:

@)= Y FEne = 0if g ¢ Q
Nifge @
keZ/NZ

where o ; = (aj,e1). We may then write following Proposition II1.24 and using the

auxiliary function y:
Brayoan(0)(w, 2, L L) =€ (2(6) — H by <Uj :] 5j)> (I1.36)
2(0):= > x@ ][0 (Uj o0+ Qj)sj> .

SeF
Ns;
q€Z/NZ j=1

where

J

Using the definition of x we may rewrite this auxiliary function Z(J) as:

Z(8) = Z Z HCQjal,jkbl (vj + 0, +J<\Zi5) + Qj)sj)

qE€Z/NZ™ k€Z/NZ j=1

and we remark that the sum over ¢ € Z/NZ" may be then be inverted with the product
over 1 < j < n so:

2(5) _ Z H Z (%‘al,jkbl <Uj + 5]' ‘|’§$;(5) + Qj)3j> ) (1137)

k€Z/NZ j=1 q;€Z/NZ J

The proof of Theorem II.3 will essentially follow from the following lemma which is a
reformulation of [[CD14], Lemma 2.13].

Lemma I1.26: Suppose N > 2 is an integer. If t € R and y € Fy — {0}

a r+q _C*ZJLIJ
2 Cybl( N )‘Cy—l

q€Z/NZ

where ( = exp(2im/N).

This lemma allows us to write the expression Z(d) in terms of traces of cyclotomic
units, and we may now prove Theorem II.3.
Proof of Theorem II.3:
Let us first treat the term

S (e, (”ﬂ‘ + 05+ (r;(9) + qj)sj)

Ns,;
¢;€Z/NT. J
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in expression (I1.37) for k = 0 and 1 < j < n using the distribution relation (II.35). This

gives:
Z bl (’Uj + (Sj + (7”](5) + Qj)Sj) _ Nobl (Uj + 5j + Tj(5)5j> _ bl (Uj -+ (S])

4, €ZINT. NSj Sj Sj

since r;(0) € Z and b; is 1-periodic. Thus the term for £ = 0 cancels with the term
| (vj:(;j) in expression (I11.36) and:

7=1
ST 0+ 8 + (1,(6) + 41)s;
B L. L = ajo,5ky, J J J )55
n,a1,...,0n ('U)(w, x, L, ) € Z Z H Z C 1 < st )
S€F k=1 j=1 q;€Z/NZ

(11.38)
Let us now apply lemma I1.26 to each term in expression (I1.38) to obtain:

k‘l_ J+5 +'r (8)s;

—Qlj L |
S qwenskp v+ 0+ (ri(0) +¢)s;\ _ [ ¢
1 NS] Cal’jk _

4, €Z/NZ

vi+6+r;(6)s; | | v;+0
|_ J Jsjj JJ — |_ J

Since r;(8) € Z we get ]J and therefore:

7a1]kt J JJ

Sj

N-1 n
Buar, a0, L) =3 (ST (€ e

6eF \ k=1 j=1

This may be written as a sum of traces of cyclotomic units using the well-known bijection:
Z/NZ — {0} = Ugn,anZ/dZ*

which gives:

Biasyan (V) (w2, L L) =€) Y Trgease | [] Cdgnj—_l

S€F d|N,d#1 j=1

where for all d|N, (4 = exp(2in/d) and Trg(c,) /g is the trace from Q((s) to Q. This is
the desired relation and this completes the proof of Theorem II.3. O

We end this section by using Theorem I1.3 to obtain a uniform bound on the denomina-
tors of all By, 4, 4, (v)(w,z, L, L) functions in terms of n and N, thus proving Theorem
IT.1. Results of this type are now classic and some may be found in [Zag73], [Das08§]
and [CD14].

Proof of Theorem 11.1:

We first make the remark that when a4, ..., a, € Ay are linearly dependent and in good
position in VY, the function B, 4, 4, is identically 0 and we may set b(ay, ..., a,,v) =0
identically in that case. Let us now suppose that ai,...,a, € Ay are linearly indepen-
dent and that the smoothing lattice L' is good for ay,...,a,. Let us study each term
Tro(c,)/0(uq) appearing in Theorem II.3, where

v
n —ay |4
J
d
oLy
j=1 d 1
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for d|N,d # 1. On the one hand, if d is divisible by two distinct primes, as oy ; is coprime
to d, it is well-known that ¢’ — 1 is a unit inside Q(¢;) which implies that u, is a unit
in the ring of integers Ogq(c,) of Q(¢q) and Trq(c,)/o(uq) € Z On the other hand, when
d = p¥ is a power of the prime p, the algebraic integer (;*" .~ — 11is a generator for the
unique prime ideal B, above p in Q({;). This cyclotomic extension is totally ramified at
p, therefore B2 = (p) where o(d) = p*~(p— 1) is Euler’s totient function evaluated at
d = p”. Thus u, is a generator of the ideal ;™. Let us introduce the different ideal ©
of Q((y) defined by:

D' ={z € Q) | Yy € Ogcy), Tran/o(zy) € Z}.

In particular, any element u in ®~' satisfies Trg,)/0(u) = Trge,/o(u x 1) € Z. It
follows from [[Neu99], Lemma 10.1] that in this particular situtation 7" divides exactly
D where m = p* Y(pr — v — 1). If we find an integer k such that p*uy € D! then we
will obtain Trgc,)/0(P*us) € Z and therefore Trgc,)/0(uq) € p~"Z. To determine the
minimal such integer £ let us remark that:

(pkud) _ slgkw(p”)—n

therefore p*uy € ®71 if and only if kp(p¥) —n > —p” Y(prv — v — 1) which gives the
condition:

1
14—

k>
o(p¥) p—1

Therefore:
T —[2 -1+
rQ(cy)/0(ua) € p F@ T PTZ

where [z] is the ceiling function satisfying [z] — 1 < x < [z] and [x] € Z. We can then
conclude that
vp(N)

Bray....an(0)(w, 2z, L, L") ezzp W”ﬁ&

p|N v=1

where v,(N) is the p-adic valuation of N. For all prime divisor p of N the term for v = 1
is dominant therefore we get the simpler relation:

Bray....an(0)(w,z, L, L") ZP [211],,

pIN
It is not hard to check that [”Tﬂ — 1-‘ = |25] for any n > 2,p > 2, therefore we
p p—

may set D(N,n) = [[, 5 pran, which uniformly bounds the denominators of all values
B0 (V) (w0, 2, L, L'):

Bray....an()(w,z,L, L") € D(N,n)"'Z.
Lastly, define b(ay, ..., an,v) to be precisely the integer B, 4, ... 4, (v)(w,z, L, L") D(N,n).

It follows from Proposition 11.24 that b(aq,...,a,,v) does not depend on the choice of
w,z € C x Homg(L,C). Putting this together with Theorem II.2 shows that when

ai,...,a, are well placed in VY and the smoothing lattice L’ is good for aq,. .., ay:
- 1 2irb(ay, ..., an,v)
R n(=1)7+ o 1, y Un,
o i 1) o (520
j=1
which is the desired result. O
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II.4 Cohomological interpretation

In this last section we give a cohomological interpretation of the results presented in this
chapter. We first recall some functions introduced in chapter I which satisfy cocycle and
coboundary relations as a consequence of formulae (I.4) and (I.6). Then, we introduce
smoothed versions of these functions and show how the smoothing operation affects their
properties. Lastly, we restrict these functions to tori associated to groups of units in
number fields, yielding proper cocycles for subgroups of I'g(N,n).

In chapter I, we defined two collections of functions v, , and ¢, , attached to a
primitive linear form a € A defined by:

. {SLH(Z)"—2 — F(V/L x C x Homy(L, C),C)

(917 e >gn—2) — ((U7 w, I) - Gn—Q,a,gra ..... (91---91172)'@(1]) (wa JJ))

boo 1= SL,(Z)" 1 — F(V/L,Q[w](z))
e (917 cee 7gn—1) — Bn,a,gl-a,(ng)-a ..... (91...gn—1)-a<v)(wa x)

The modular property (I.4) was then rephrased by saying that when the linear forms

ay g1+ a...,(g1--.9gn-1) - a were linearly independent, the multiplicative coboundary of
.o Was given by exp(2im¢, ) as:

O Unalgrs -y gn-1) = exp(2imdnal(g1,- -, Gn-1))- (11.39)
Theorem I1.2 implies that the coboundary relation (I1.39) holds for any a4, ..., a, which
are well placed in V'V, that is whenever rk(ay, ..., a,) # n—1 or whenever rk(ay, ..., a,) =
n—1 and 0 is not a barycenter of ay, ..., a, in VV. On the other hand, the cocycle relation

(1.6) gives the partial cocycle relation:

a¢n,a<gla o .. 7gn> - 0 (1140)

for any g1, ..., gn € SL,(Z) such that a, g, -a,...,(g1...9,) - a are not in bad position in
V¥ in the sense of (BP) in chapter I.

Under the smoothing operation we introduced in this chapter we may define smoothed
versions of these functions for a primitive linear form a € Ay:
P = Lo(N,n)" 2 — F(V/L' x C x Homgz(L,C),C)
e (91, s Gn2a) — ((U, W, %) = Gr2.a.91-0,.(g1...9n_2)a(V) (W, 2, L, L’))

s [ToNny™ s FV/L Q)
e (917 ey gn—l) — Bn,a,gl-a,(glgg)-a ..... (gl...gn_l)-a(v) (w, x, L, L/)

Let us now rephrase the main results of this chapter in terms of these smoothed functions.
It follows from (I1.39) that they satisfy the coboundary relation

axwg,\(fz) (917 s 7971—1) = eXp<2Z7T¢£L],\ZL) (gla s 7gn—1>> (1141)

whenever a,g; - a,...,(g1...gn-1) - a are well placed in V. The cocycle relation (I1.40)
also directly gives the cocycle relation

8¢$1]1\([1) (917 s 7gn) =0 (1142)
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for any g1,...,9, € I'o(N,n) such that a,g;-a,...,(g1...gn) a are not in bad position in
V"V in the sense of (BP). In addition, Theorem I1.3 implies that whenever the smoothing
lattice L' is good for the linear forms a, g;-a,...,(g1 ... gn-1)-a, the value of the function
¢>£5X;) (g1, -+, 9n-1) does not depend on w,z € C x Homy(L,C) ~ C x C™ and thus the
function ¢7(z],\(]1) (g1, -, gn_1) may be viewed as an element of F(V/L', D(N,n)"'Z) which
is essentially a smoothed higher Dedekind sum. As for the function wfﬁl), it follows from
Corollary II.1 that for any ¢1,...,g,-1 € To(N,n):

0% (PP —
whenever the linear forms a, gy - a,...,(g1...gn—1) - a satisfy the hypothesis of Theorem

IT.1.
Let us now consider specific subgroups U of I'g(N, n) satisfying condition (1.30): VYm >
2,\V/g1,. .y 0m € U,V,Lh,. oy Um € Zzo,

Zuj(gj-a):oﬁul:0,...,um=0-
j=1

In particular, this condition is satisfied by certain unit groups in number fields as ex-
plained in section 1.3.3. Indeed, if K is a number field of degree n with at least one real
place og, we may consider subgroups U of the unit group Oy satistying Ve € U, or(e) > 0.
We may also consider two lattices L and L’ in K corresponding to fractional ideals of K
such that L' C Land L/L' ~ 7Z/NZ. In particular, these fractional ideals are stabilised by
elements of U so we may identify each element ¢ € U with the matrix M, corresponding to
the multiplication by ¢ in a basis B’ = [Ney, ea, ..., e,] of L’ such that B = [eq, ea, ..., €]
is a Z-basis of L. The group U = {M. | ¢ € U} ~ U is then an abelian subgroup of
Lo(N,n) satisfying (1.30). It follows from the discussion in section 1.3.3 that the appli-
cation @3 is a (n — 1)-cocycle on the group U ~ U with values in F(V/L' Qw](x))
and Theorem II1.3 implies that ¢§f7\9 (9151 9n_1) € F(V/L',D(N,n)"'Z) whenever the
smoothing lattice is good for a, g1 - a,...,(g1,...,gn—1) - a. Under hypothesis (1.30) it is
also true that the splitting relation (I1.41) holds for all gq,...,¢,1 € U:

axwﬁ\(fl)(glv B 7gn—1) - exp(2l7r¢£i\2 (g17 s 7gn—1>>

as (1.30) guarantees that the linear forms a, g1 - a,...,(g1...¢gn—1) - a are well placed in
vV,

It would be interesting to find some conditions on the linear form a € Ay and on the
unit group U such that for a fixed smoothing lattice L' C L, the lattice L’ is good for
any family ¢1 - a, ..., g, - a, where gy,..., g, € U (i.e. the smoothing lattice is “uniformly
good for a and U”). Indeed, if the smoothing lattice L’ were to be uniformly good for a
and U then the restriction of the smoothed function ¢££L) to U ~ U would give a cocycle
in H"=Y(U, F(V/L',D(N,n)~'Z)). In addition, the restriction of (%P to U ~ U
would yield a multiplicative cocycle in H" (U, F(V/L' x Cx Homg(L, C), C)). In chapter
IIT we construct conjectural higher elliptic units above number fields with exactly one
complex place by evaluating the (n — 2)-cocycles ¢,§{Va) against some (n — 2)-cycles on
groups of totally positive units.
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I1.5 Discussion of chapter II

I1.5.1 Smooth partial zeta functions in totally real number fields

In chapter I we gave a link between values of partial zeta functions at s = 0 in totally real
number fields and values of our higher Bernoulli rational functions. In this section, we
revisit this statement with the smoothed versions of these functions and recover a classic
integrality result on the values at s = 0 of smoothed partial zeta functions in totally
real number fields (see [DR80], [CN79], [CD14]). Indeed, let us fix a totally real number
field F, an integral ideal f and an integral ideal b coprime to f representing a class in the
narrow ray class group at f in F. Fix an auxiliary ideal a called the smoothing ideal, of
norm N, such that N is coprime to fb. Assume further that Ok /a is cyclic and let us fix
a Z-basis B = [ey,...,e,] of L =fb~'a~! such that B’ = [Ney,eo,...,¢e,] is a Z-basis of
L’ = fb~!. Let us denote by oy, ..., 0, the embeddings of F. It follows from Theorem 1.3
that

1 & _
Cf(b,O) = EZ Z Van,aLp,...,an’p(]-]F)<Oa _O-k7fb 1)

k=1 pe6,_1

C(ab 0 Z Z Vp n,a1,p, anp(lﬂ*‘)<oa_o-k7fbilail)

k‘ 1 pe6pr_q

for some linear forms a;, € Homg(FF,Q) and some signs v, € {—1,0,+1} which are
independent of the choice of ideals b and a. Putting both results together gives the
smoothed relation:

N¢;(b,0) — ¢ab, 0) Z > VB pan, (18)(0, =0, f67 §6 a7,

k 1 peSpr_1

Using this relation and Theorem I1.3 we would like to conclude that:
N¢i(b,0) — ¢(ab,0) € D(N,n)"'Z.

However, it is not true that the smoothing lattice L’ is good for each set of linear forms

A1, - --,0n, given in the proof of Theorem I.3. To accomodate for this, we may change
the underlying signed fundamental domain we use. Indeed, if o, ..., as , is the positive
dual family to aj ,,...,a,, in fb~!, then we set
n
H HN@VJEP)-
p66n72 ]:1

Let us suppose that the smoothing index N is coprime to d, which certainly leaves
infinitely many possible values for N. We may consider the linear forms b;, = (y —
a; (€7 'y)). This change of linear forms corresponds to a change of the underlying signed
fundamental domain D to e;D. The positive dual family £i,,...,8n, t0 b1y, ..., by,
in L = fb~ta~! is given by 8;, = ej;,/m;, where m;, is a positive integer coprime
to N. It is clear that since N is coprime to d, the positive dual family Biw e 7’%[, to
bipy.--sbn, in L' = §b~! is given by B:, = NBj,. Thus, the smoothing lattice L' is
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good for each set of linear forms by ,,...,0b,, (see Definition II.18). It then follows from
Theorem 1.3 that:

1 n
G6.0)=—> " D> ¥pBusnyp, (12)(0, —0n, f6 )

k=1 peSpr_1

1 n
gf(ab,()):ﬁz Z Vp By o, (18)(0, =03, foTa )

k=1 peS,_1

Thus, using our smoothed version of the B,, , functions we get the formula for smoothed
zeta functions:

N¢(b,0) — (i(ab, 0) Z > VB, (19)(0, =03, fO fo a7,

k 1 peGpr_q

Since the smoothing lattice is good for each of the families b ,,...,b,, we obtain the
uniform bound on values of smooth partial zeta functions at s = 0:

N¢(6,0) — ¢(ab,0) € D(N,n)"'Z

where D(N,n) = [,y 1571}, Such integrality properties are known to hold at negative
integers as the denommator of the rational number

N5 ¢i(b, —k) — ¢i(ab, —k)

is well-controlled (see [DR80], [CN79], [CD14]) and it would be interesting future work
to try to prove this statement using our framework.

I1.5.2 Smoothing operation and correction factors

In this chapter, we have shown that the smoothed versions of the higher G,,_5 and B,
functions enjoy much nicer transformation properties for congruence subgroups in SL, (Z)
then the corresponding non-smoothed functions. This is a general phenomenon in the
study of elliptic functions (see chapter 0). Another general way of fixing functions which
are almost modular is to introduce an adequate exponential prefactor. For instance, the
n function of Dedekind has nicer transformation properties than the function ®(q) =
[1,-,(1 — ¢") thanks to the prefactor ¢'/** (see (0.5)). Similarly, the basic ingredient
for Siegel units given in (0.13) comes with an exponential prefactor which ensures that
the function has better modular transformation properties. In general, we might wish to
identify a rational function R € Q(z, 1y, ..., 7,) such that the function

(2,705, T) = 62”R(Z’T°’“"T’“)Gr(z, Ty« Tr)

enjoys simpler transformation properties under the action of SL,(Z). Such a rational
function would need to satisfy R(Nz, N7g,...,N7,) = NR(z,79,...,7,) so that it dis-
appears when performing the smoothing operation we described in this chapter. Some
work on the determination of a prefactor of this flavour has been carried out by Pagol
and Zudilin (see [PZ18]) for the elliptic Gamma function in the regime 7 = ¢ and it will
be interesting future work to try to find the general adequate prefactor exp(2imR).
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Chapter 111

Higher elliptic units

III.1 Introduction to chapter III

In this chapter, we construct conjectural higher elliptic units above number fields with
exactly one complex place using our higher elliptic Gamma functions. Our approach is
based on the recent article by Bergeron, Charollois and Garcia [BCG23| in which they
construct conjectural higher elliptic units above complex cubic fields using the elliptic
Gamma function. We upgrade their construction to general number fields with exactly
one complex place and formulate a conjecture on the algebraicity of these special values
of higher elliptic Gamma functions.

When K is a number field of degree n with exactly one complex place, sometimes also
called an Almost Totally Real field (ATR for short), the higher elliptic units we compute
should be given by products of the form

K N

Gn72(zja BWIRER 77-TL*1J)
e Gn—a(Nzj, NT1j,...,NTp_1)

where N is a choice of smoothing index and the z;’s and the 7 ;’s should be carefully
chosen elements in K. Most of this chapter is dedicated to the construction of a detailed
geometric setup which gives profound insights on how these parameters should be chosen.

The elliptic units we aim to compute above an ATR field K are expected to belong
to certain abelian extensions of K. To make this statement precise, we shall need some
vocabulary from class field theory. First, we say that an element of K is totally positive
if its image under any real embedding of K belongs to Ryy. We now move on to the
definition of ray class groups. If f is an integral ideal of K, we shall denote by C1*(f) the
narrow ray class group at f, that is the quotient group I(f)/P*(f) where I(f) is the set
of fractional ideals in K which are coprime to f and P*(f) is the subset of I(f) consisting
of principal fractional ideals which admit a totally positive generator § € K* satisfying
B = 1 mod §. The wide class group at f is the group CI(f) = I(f)/P(f) where P(f) is
the set of principal fractional ideals coprime to § generated by some =1 mod §. When
f = Ok, the group C1"(f) = CI"(K) is the usual narrow Hilbert class group of K and
Cl(f) = CI(K) is the usual class group of K. By general class field theory, these class
groups may be associated to certain abelian extensions of K which are called class fields.
We shall denote by K*(f) the narrow ray class field at f corresponding to the narrow ray
class group at §f. It is an extension of K which is unramified outside of f and outside
of the real places of K such that the extension K*(f)/K is abelian with Galois group
Gal(K* (f)/K) = CI* (f).
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In what follows, we shall fix an integral ideal f # Ok in an ATR field K and construct
conjectural units in K*(f). These units are built on the model of elliptic units above
imaginary quadratic fields (see Theorem 0.8) and they should also satisfy a “Kronecker
limit formula” similar to the one satisfied by elliptic units (see Theorem 0.7), relating the
logarithm of their moduli to values of derivatives of partial zeta functions at s = 0. For
an integral ideal f and a class ¢ in CI7(f) the partial zeta function at § for the class ¢ is

defined by the infinite sum:
Gle,s) =Y _N(6)™

bec

where the sum ranges over integral ideals b in the class ¢. This is a holomorphic function
of the variable s which is well-defined for R(s) > 1 and it can be analytically continued
to a meromorphic function over C with a single pole at s = 1. Since the complex place
of K splits in K*(f), this function vanishes at order > 1 at s = 0. When the order of
vanishing at s = 0 is 1, that is (j(c,0) # 0, it is expected that this value is given by the
logarithm of the absolute value of some unit in K*(f) called the Stark unit (see section
[11.4.2.5 for a brief discussion of the Stark conjectures for ATR fields). The conjectural
higher elliptic units we construct by evaluating the multiple elliptic Gamma functions at
points in K are expected to give an analytic description of the Stark unit in the spirit of
Hilbert’s 12th problem.

This problem, which was formulated by Hilbert in 1900 (see [Hil02]) as part of his
famous list of 23 problems, asks for the construction of the abelian extensions of a general
number field using analytic functions in the spirit of the Theorem of Kronecker and Weber.
Indeed, this theorem states that all abelian extensions of QQ are cyclotomic, that is they
are obtained by evaluating the function z — exp(2imz) at points in Q. This problem has
been solved for imaginary quadratic fields using the elliptic units and more generally using
the results of the theory of Complex Multiplication on elliptic curves. The general case
remains open in the archimedian setting. Recent progress was made on a p-adic analogue
of this problem (where the constructions of abelian extensions may be done using p-adic
analytic functions) by Dasgupta and Kakde [DK24] who construct the abelian extensions
of totally real number fields using Brumer-Stark units for which they give a p-adic analytic
description. For number fields with exactly one complex place, a conjectural solution to
Hilbert’s 12th problem for complex cubic fields is proposed in [BCG23] using the elliptic
Gamma function, and, if proven, our general conjecture would give a solution to Hilbert’s
12th problem for general ATR fields.

This chapter is organised as follows. In section II1.2 we review the construction of
conjectural higher elliptic units above complex cubic fields carried out in [BCG23]. In
section 1.3 we give a detailed geometric setup for the construction of higher elliptic units
above general ATR number fields and explain how to evaluate the higher elliptic Gamma
functions to obtain them. In section III.4 we formulate our main conjecture and discuss
various aspects of the construction of higher elliptic units.

III.2 Review of the complex cubic case

Our study of higher elliptic units is based on the treatment of the complex cubic case by
Bergeron, Charollois and Garcia in [BCG23]. In their article, they give a construction for
conjectural elliptic units above a complex cubic field K by evaluating the elliptic Gamma
function at points in K. They relate their evaluations to the values of derivatives of
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partial zeta functions in K at s = 0, thus proving an analogue for complex cubic fields
of Kronecker’s second limit formula. In this section, we briefly review their construction
and their results which motivated our work.

Let us fix K a complex cubic field. Let us denote by og = o7 the real embedding of K
and by o¢ = 09 = 73 one of the complex embeddings of K. Fix an integral ideal f # Ok
which will be the finite part of the class field modulus. We denote by K*(f) the narrow
ray class field at f, which we assume to be totally complex. We denote by ¢ the positive
integer satisfying ¢Z = fNZ. Fix an integral ideal b of O representing a class in C17 (f).
Fix an integral ideal a of Ok such that Ok/a is cyclic of order N = A (a) coprime to
gb. Such an ideal a is called a smoothing ideal and N is called the smoothing index (see
Definition III.3). This is coherent with the smoothing operation carried out in chapter I1.
Denote by O;F " the group of totally positive units in Ok which are congruent to 1 mod §.
This is a free abelian group of rank 1 by Dirichlet’s unit theorem. Therefore, there is a
unique element € € Oy such that O;“X =e? and og(e) > 1.

Let us now consider a primitive vector h in L = fb~! such that h/q¢ = 1 mod L and
h/N is a generator of the cyclic group L/a"'L. Such a vector is called an admissible base
point. Let us fix a Z-basis By, = [eg, €1, €3] of L such that eq = h and [eq/N, ey, es] is a
Z-basis of a~' L. We further assume that the real number

=JxHV s>

is positive to lift any orientation ambiguity. Let us denote by a = a; the integral linear
form defined on L by a(y) = detg, (h,ch,y) and denote by b the integral linear form on L
defined by b(y) = a(ey). Bergeron, Charollois and Garcia define an arithmetic evaluation
of the elliptic Gamma function as follows:

T05(0) (o—c (g) oc, L)N
Tas(0) (oc (4) o0,071L)

In the notations of chapter II, this can be written simply as:

Ff,b,a (8, h) =

h
Djpa(e, h) = Lyp(0) <a(c (5) ,oC, a—lL,L> .

These evaluations of the elliptic Gamma function are expected to yield algebraic numbers
in the abelian extension K*(f) of K, as explained precisely by the following conjecture:

Conjecture II1.1 [[BCG23], Conjecture] : Let K be a complex cubic field and § # Ok
be an integral ideal in Og. Fix a complex embedding o of Kt (f) which extends the fixed
complex embedding oc of K. Fix a class ¢ in CI*(f) and an integral ideal b in the class
¢. Fix a smoothing ideal a of norm N such that N is coprime to 6.q.b where ¢Z = fN7Z.
Then, the complex number I'yy (g, h) is independent of the choice of admissible base point

h as well as from the choice of ideal b and it is the image in C of an algebraic unit usq
in K*(f) under the complex embedding o of Kt (f). Moreover:

(1) Every embedding of K* () extending the real embedding of K maps us.q to the unit
circle.

(ii) If ¢ — o, is the Artin map, the explicit reciprocity law is given by oo (Ujca) = Us e a
for any class ¢’ in the narrow ray class group at f.
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If proven, this conjecture would give a positive answer to Hilbert’s 12th problem for
complex cubic fields, as any finite abelian extension of K may be embedded in a totally
complex narrow ray class field of K.

Let us briefly present an example supporting Conjecture I1I.1. A more detailed pre-
sentation of this example is given in section IV.2.1.1. Consider the field K = Q(z) where
z = e¥7/3131/3 is the root of the polynomial * — 13 in the upper half-plane. Fix f the
unique prime ideal in Ok of norm 3, b = (1) and a the unique prime ideal of norm 5
in Og. The fundamental unit ¢ = 1722 + 40z + 94 satisfies og(e) > 1. Then, for the
admissible base point h = —(212% + 42z + 114) we compute

F(l _ e+5348 _51+467>5
s ~ —0.0660917... + i - 0.0932299...

r L 1965 ° 1965
o.a(e: ) = 5 _ e45348 e 14467
r 3’ 393 393

with 1000 digits of precision. This special value of the elliptic Gamma function coincides
up to this precision with a root of the polynomial

Pops = '8 + 3842'7 + 23102'° — 106464902'° + 15962413532 + 1860835718113
+ 1569338094212 + 2150982565802 + 3814073653382 + 3382054934692°
+ 3814073653382% + 2150982565802 + 1569338094212° + 186083571812°
+ 15962413532* — 10646490x> + 23102% + 384z + 1

which defines an absolute equation of K*(f) over Q.

A remark we can make in view of the results of chapter II is that Conjecture III.1
should still hold for N not coprime to 6 if one is willing to replace the complex number
i p.a(g, h) by its power I q(g, )PV

To support their conjecture, Bergeron, Charollois and Garcia proved a key uncondi-
tionnal result, that is a version of Kronecker’s limit formula for complex cubic fields:

Theorem III.2 [[BCG23]|, Theorem 3.2] : The modulus of the complex number
[ipa(e, h) is independent of the choice of admissible base point h and it satisfies the
Kronecker limit formula:

N (a)¢{([6],0) — ¢f([ab], 0) = log |T}eale, h)| .

Conjecture III.1 together with Theorem III1.2 imply that these higher elliptic units
s« should be smoothed versions of Stark units (see section II1.4.2.5 for a discussion of
the relations with the rank one abelian Stark conjectures). In the cubic case, Conjecture
ITI.1 has been tested numerically on hundreds of examples and in the following sections we
generalise this conjecture to ATR fields of degree n > 4 in some specific cases supported
by numerical evidence.

I1I.3 Construction of higher elliptic units

In this section we generalise the construction of higher elliptic units carried out in [BCG23]
to higher degree ATR number fields. We shall first give a very broad description of the
shape of our elliptic units in section II1.3.1. Then, we give a very precise description of
our geometric setup in sections I11.3.2 to I11.3.5, allowing for the formulation of a precise
conjecture on the algebraicity of our higher elliptic units (see section II1.4).
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I11.3.1 Evaluation of the G, functions against a r-cycle

In this section we give the basic geometric setup to construct higher elliptic units using
higher elliptic Gamma functions. Consider an ATR number field K of degree n > 3.
Fix a complex embedding o¢ of K and fix an ordering o4, ...,0,_2,0,_1 = o¢,0, = 0C
on the embeddings of K. We fix a global orientation of K as follows: for any basis
B = [ey,...,e,] of the Q-vector space K, the number i - det((o;(ex))i1<jr<n) is nON Zero
and real, and we say that the basis B is positive if this number is positive. This applies
in particular to any Z-basis of a fractional ideal in K. Consider an integral ideal § # Ok
and set ¢ to be the positive integer satisfying qZ = fNZ. We shall assume for the rest of
this dissertation that the narrow ray class field at § is totally complex and that the ideal
f satisfies the following simplifying hypothesis:

There are no units in O of negative norm which are congruent to 1 mod f.  (H1)

We shall discuss the role of this hypothesis in section II1.4. Let us now fix an integral
ideal b coprime to f and set L = f6~!. The integral ideal b represents a class in the
narrow ray class group C17(f) at f. Let us now define the notion of smoothing ideal:

Definition I11.3: An integral ideal a is a smoothing ideal for § (resp. forf and b) if the
quotient Ok /a is a cyclic abelian group of order N such that N is coprime to f (resp. N
is coprime to f and b). The integer N is then called the smoothing indez.

This definition is coherent with the smoothing operation described in chapter 1I for
the pair of lattices L C a™'L. Let us then fix a smoothing ideal a for f and b. We
consider specific base points in L associated to the data f,b,a which we will use to
evaluate geometric GG,,_o functions.

Definition II1.4: A base point h € L = fb~" is said to be weakly admissible (for the data
f,b,a) if there is an integer k € Z/qZ* and a unit € € Of such that h/q = ke mod L
and h/N generates the cyclic group a ' L/L ~ Z/NZ. The vector h is said to be strongly
admissible if h/q =1 mod L and h/N generates the cyclic group a ' L/L ~ Z/NZ.

In this section we fix a weakly admissible base point A € L and we set m to be the maximal
integer satisfying h/m € L. Let us also fix a positive Z-basis By, of the Z-module L. By
Dirichlet’s unit theorem, the unit group

O?’X ={e € Og,e =1mod f,o(e) > 0, for all real embedding o of K} (IIL.1)

is a free Z-module of rank r = n — 2. This group acts on L by multiplication, and it may
be identified with an algebraic torus of rank r in SL,,(Z) by identifying any unit ¢ € O;r >
with the matrix of multiplication by ¢ in the basis By. The group (’);r " naturally acts on
the dual space A = Homgz(L,Z) by inverse multiplication: for any b € A, -b = b(e™!-).
In particular, for any b € A and any 8 € L, we get (¢-b)(e- ) = b(S). Let us fix a set of
fundamental units uq, ..., u, for (’);“X and let us set ug = 1. We assume further that:

The family up = 1, uq, ..., u, is a free family in the Q-vector space K~ Q".  (H2)

This hypothesis is independent of the choice for the base point A and guarantees that
the linear form f = f(uy,...,u., h) = (y — detp, (h,uih,...,u.h,y)) is non-zero for
any h € K*. Let us denote by a = a(uy,...,u,, h) the unique primitive element in A
and by A = A(uy,...,u,, h) the unique positive integer such that Am™™'a = f. The basic
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ingredient for our construction of higher elliptic units consists of evaluations of smoothed
G, functions of the form:

N
Gr,:ﬁ:(a,auh...,au,-)(o) <J(C (%) ,0C, L)
Gr,:ﬁ:(a,aul,...,au,«) (0) <U(C (%) ,0C, 071L>

Glrpalta, . unsh) = (I11.2)

(see Proposition 1.7 for the definition of the geometric G, function) where the + depends
on some orientation choice which we discuss later on. Here au; stands for the function
y — a(u;y) which is also uj_l -a. In the notations of chapter II, this evaluation can be
written in terms of a smoothed G, function as:

h
G;lff,b,a<u17 ey Upg h) = Gr,i(a,aul,...,aur) (0) (0-((: (E) ,0C, Cl_lL, L) .

It will follow from lemma II1.7 that the evaluation (III.2) is well-defined. Let us note
that if we replace o¢ by the other complex embedding of K which is ¢ we get essentially
the same information as:

/_1)7‘
+ =) . (
Gr>f7b7a(u17 e 7ur7 h7 O-(C) - Gr’ﬁb’a(u:l, R 7u7’7 h? O-(C)

by (I.11). This justifies our focus on only one of the two complex embeddings of K. In
the special cases r = 0, r = 1 (that is the cases where K is imaginary quadratic and
complex cubic respectively) we will identify as before:

efib,a(h> = Gif,b,a((b; h)
Talesh) = Gijhaleih).

The definition of an arithmetic G, function given by (II1.2) provides us with a way to
evaluate the multiplicative r-cocycle built from smoothed G, functions against an r-cycle
T € HT(O;“X,Z). The cycle we use is an adaptation of Sczech’s cycle for totally real
number fields [Scz93] to our setting of ATR number fields. Explicitly, if we fix a set

€1,...,& of fundamental units for (’);“X, then the cycle Y5 = Ty(eq,...,&,) is given by:
Z sgn(p) el - - - lepm)]
pEG,

where

k T
[e] ... |er] = (51,...,H5j,...,H5j> .
j=1 j=1

It follows from [[Scz93|, Lemma 5] that the class of T} in HT(O;r ", Z) is independent of

the choice of fundamental units for O;r . The evaluation (G,,Y;) of the arithmetic G,
function against this cycle T takes the form:

Ir,f,b,a(517 s ’gr;hu H, v H G 7f,b,a 6p(1)| ’5/) ] ) s (1113)

pES,

where for any permutation p € G,, h, is a strongly admissible base point and p,,v, are
some orientation signs in {£1}. This is well-defined provided that for any p € &,., the
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unit system 1, e,.1), ..., H§:1 gp(j) forms a free family of K viewed as a Q-vector space
(see (H2)). We are now ready to give a vague form of our general conjecture:

Conjecture II1.5 (Vague form) : Let K be an ATR field of degree n = r +2 > 3.
Suppose that §,b,a are as above. Let €q,... &, be a set of fundamental units for O;“X
such that for any p € &, the unit system ey ... |epw)] satisfies (H2). Then there are
admissible base points h, for p € &, and orientation signs y,,v, € {£1} such that the
complex number

Ir,f,h,a(Eh s 7ET;E7 Ey Z)

satisfies:

1. An algebraicity statement: the complex number I.;pq(€1, ..., &r; D, s Z)D(N’") is the
image in C of an algebraic unit usp o in K¥(f) under a complex embedding of. ex-
tending oc (see section I1.1 for the definition of the integer D(N,n)).

2. A Kronecker limit formula of the form:

2

N(a)¢i([6],0) — ¢ ([ab], 0) =log | jpaler, - &3 By p,v)| (IL.4)

In our main conjecture (see II1.37) we shall make these statements precise and give
a precise form for the explicit reciprocity law. We now briefly discuss this vague form
of the conjecture, and in particular we discuss the question of the choice for the base
points h,, p € &,. Indeed, we believed originally that any set of strongly admissible base
points would give a positive result (i.e. an algebraic number I, ;5 q(c1, - - , €75 A, g, v) P
satisfying a Kronecker limit formula), however, the computations we have done for elliptic
units above ATR fields of degree n > 4 show that set of base points h = (h,), should
satisfy a crucial compatibility condition which we discuss in section I11.3.4.4. In section
IV.2.6.1 we shall give an example of computation where we choose incompatible base
points and where the complex number we obtain is not algebraic and does not satisfy a
Kronecker limit formula.

A second point we need to discuss in this vague form of the conjecture is the choice of
orientations p,, v,. On the computational side, because there are a finite number of these
choices, we may check which orientations give the Kronecker limit formula (III.4). On the
theoretical side, these orientations should depend on some explicit signed fundamental
domain for the action of the unit group O;r " on K (see [Espl4]). In practice, we can
make a good guess on the orientations that should be chosen in simple examples, following
[Col88] and [DyDF14]. Indeed, we define the sign of the unit system &4, ..., &, by:

sign(ey, ..., &) = sign(det(log(o;(ex))i<jr<r))

which means that sign(ey,...,e,) is the sign of the regulator of ¢,...,¢, for the fixed
ordering o4, ...,0, on the embeddings of K. Then, in most simple examples, the orien-
tations may be taken to be:

K, = v, =sign(ey, ..., & ).sgn(p). (ITL.5)

Lastly, and this is perhaps the most important point regarding explicit computations,
we note that the evaluation (II1.3) may be extremely complicated if the fundamental
units for O;“X are huge and their associated cycle Ty is poorly placed (see section III.3.2
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for a discussion of this matter). This is typically the case whenever f is large. We can
simplify the evaluation by considering instead a cycle Y = Y(ey,...,&,) € H.(Of ™, 7Z)
associated to fundamental units in the group Of™ of totally positive units in K. This
cycle is define similarly to Ty by:

T= Z sgu(p)[epw)| - - - €]

pEG,
where €1, ...,¢, are fundamental units for Oﬁgx and its class in H,(Og™,Z) does not
depend on the particular choice of fundamental units 1, ...,,. The evaluation of a -

cocycle 1 against the cycle Ty can then be done by averaging evaluations of the r-cocycle
1 against Y over the finite group Op ™/ (’);r " as follows:

eeOf* O

(see for instance [[GS03], Proposition 7.4]). We shall give evaluations in this form as it
considerably simplifies the formulas which define higher elliptic units.

II1.3.2 Detailed geometric setup

In this section we give a very detailed description of the formalism introduced in section
I11.3.1 for the construction of higher elliptic units.

111.3.2.1 The linear forms a,au,...,au, and their positive dual family

In this section we give a detailed geometric setup to understand how the base points
h,, p € &, should be chosen for our evaluations. To this end we shall express explicitly
the arithmetic G, function (I11.2) and analyse the properties of the underlying geometric
G, function using the explicit definitions given in chapters I and II. Let K be an ATR
field of degree n = r + 2 and let §, b, a be given as in section III1.3.1. Recall that we
have fixed an ordering on the embeddings of K and a global orientation of K (see section
I11.3.1). Put L = fb~!. Fix a system of fundamental units (¢1, ..., ¢,) of Og™. Let us fix
a permutation p € &, and write (u1,...u,) = [y)|- - . |€pt)]. For convenience, we will
always write ug = 1. Choose h € L a weakly admissible base point (see Definition I11.4).
Let us denote by m the maximal integer satisfying h/m € L. We recall that the linear
form a = ay, is the unique primitive linear form on L satisfying:

Ixm"a = detp, (h,uih, ..., uh,-) (IT1.7)

for some positive integer A. This linear form does not depend on the choice of positive
basis of L, therefore we may assume that the chosen basis By, is given by By = [eg =

h/m, e, ..., e11] such that for any 1 < j <r, u;h = Zi:o mc;roer, where the coefficients
cjro are integers and cjjo > 0. This is done by computing the Hermite Normal Form
of the matrix expressing (ugh,...,u,h) in any positive basis of L (see for instance |

[Coh93], Theorem 2.4.3]). Explicitly, (h,uih,...,u.h) = m.leo,...,er1].4 where 4 is
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the (r +2) x (r + 1) matrix:

1 Ci00 --- Cjoo --- Croo
0 C110 --- Cj1o --- Crio
U= 0 0 <o Cjjo -+ Crjo | - (IIIS)
0 0 . 0 ... Crro
o 0o ... 0 ... 0

In this basis By, we identify the units u; with the matrix (¢ji)r; € SL,(Z) such that
uje; = ZZ;E cjrek. Fix the dual basis By = (fo, ..., fr+1) of A = Homy(L,Z) such that
fi(ex) = & where §; is the Kronecker symbol. In this basis the linear form a = a;, defined
in section I11.3.1 is exactly f,.1. For 1 < 7 < r, the composition of a with multiplication
by u; is written au; = Z;ill cjr+1)fi- 1t follows from hypothesis (H2) that the family
of linear forms (a, auy, ..., au,)is free in Homg(K, Q) ~ Q" therefore we may denote as
before by 7 the unique primitive vector in L such that detg, (a, auy,...,au,, ) = sy for
some positive integer s. Since for 0 < j <r, au;(y) = 0 and au;(h) = 0, we get

[ ker(au;) = Qy = Qh
=0

and therefore there is a sign n € {—1,+1} such that nmy = h.
Let us now describe how we construct a positive dual family «y, . . ., a, to a, auq, . . ., au,
in L (see Definition 1.5). To achieve this, we first identify the family a = (a = auy, auy, . .., au,)
with the matrix obtained by concatenation of the coefficients of the linear forms au; in
the basis By:

aug 0 0 . 0 o 1
auq 0 Citr+1)1 -+- Ci(r+Dk -+ Cl(r4+1)(r+1)
o= — | =0 A I11.9
- au; 0 Cipan1 -+ Cira)k -+ Cir1)(r+1) ( ) ( )
Ay 0 Crr+1)1 -+« Crr+Dk -+ Cr(r41)(r+1)

This matrix has a first column filled with zeroes and the submatrix A is a square matrix of
size r + 1. It follows from (H2) that A is invertible. We shall now use the Smith normal
form of A (see for instance [[Coh93], Theorem 2.4.12]). There are invertible matrices
U,V € GL,4+1(Z) and a unique diagonal matrix S(A) € M,,1(Z) such that UAV = S(A)
and

A, 0 ... 0
0 A_ ... O
S(A) = : : : :
0 e A

where Ag,...,A,41 € Z are the elementary divisors of A such that A; | A1 for all
0 <i < r. Since Aq is the ged of all coefficients in A and A contains a 1, it follows that
Ag = 1. From this writing we may identify

/\(ul,...,ur;h) =)= Hijo (III]_O)
j=1
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s(up, ..., up;h) :s:HAj (II1.11)
=1

where A is defined in section II1.3.1 and det g, (auy, . .., au,,-) = sy. We also define
t(ug, ..., ush) =t =A,. (T11.12)

which will be a very important parameter in our construction.

Next, to obtain a positive dual family a(uq, ..., u; h) = a = (ao, . . ., @) to a, auy, . . ., au,
in L (see Definition 1.5) we set B = ([[,_, 4; ")com(A)” where com(A) is the comatrix
of A. We claim that the columns of the integral matrix B give a positive dual family
Qo, ..., tO a,auy,...,au, in L. Indeed, if we write the coefficients of the matrix B as
B = (bij)1<ij<r+1 then the family of vectors ap, ..., a, defined by:

r+1

a; = Zbijei (11113)
i=1

forms a positive dual family to a, auq,...,au, in L satisfying:
auj(a;) =t,  aug(oy) =0, Yk # . (I1.14)

We shall often write this as the multiplication of two matrices a -« = tI, ;. We say that
this choice of « is a uniform positive dual family to a because the value au;(a;) =t is
independent of 5. We argue that this choice is minimal amongst all uniform positive dual
families to a in L, as explained by the following lemma.

Lemma II1.6: Let A be the matriz defined in (II1.9).

(i) Let B' € M,1(Z) be a square matrixz of size v+ 1 such that A-B' = dI,,, for some
integer d. Then t divides d.

i1) Any uniform positive dual family o' to a in L satisfies a- o' = dI,.; where t divide
(ii) N
d.

(111) If a,a’ are uniform positive dual families to a in L satisfying a - « = dl, 11 and
a-o =dl.qy then for all0 < j <r, da; —daj € ged(d, d')Zy.

Proof :
(i) Consider the matrices U, V' € GL,;1(Z) such that UAV = S(A) is the Smith normal
form of A. Then

t 0 0
0 A ... 0

Al = AB = (UAV)- (v'BU Y = |, 77 7 T lvigu
0 ... ... 1

Since V'B'U™! € M, 1(Z), the first row of S(A) x V7'B'U™! is divisible by ¢ and
therefore ¢ divides d.

(ii) Let o = (af,...,c.) be a uniform positive dual family to a in L such that
a-o =dl, ;. Write the coordinates of the oz} in the basis B, as oz; = Z:;LS b;jez-. Then

the matrix B’ = (b};)1<i j<r+1 satisfies A - B' = dl,,, and thus, by (i), ¢ divides d.
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(iii) Suppose that a-« = dl,; and a- o' = d'I, 1. Write as before the coordinates of
ag, ..., and oy, ..., ) as:
r+1 r+1

_ . ! / .
o = g bije; and a; = g bz-je,.
i—0 i=0

Then the matrices B = (bij)lgi,jgr-i—l € Mr+1(Z) and B = (b;j)lgi,jgr—kl € Mr+1(Z) Satisfy
AB = dl,,, and AB' = d'I.,,. Since A is invertible, it follows that d'B = dB’. Thus, for
any 0 < j <

d'aj — dol; = (d'bo; — dby;)eo = (d'bo; — dby;) 1y € ged(d, d')Zry

as claimed.
O

From now on we denote by o« = a(uy,...,u,;h) the minimal uniform positive dual
family « to a given above. Recalling the construction in section II1.3.1 and the definition
of the geometric G, , function (see Definition 1.7) we may explicitly write the evaluation
(II1.2) as:

N
G h+qd aqg %>
+ ) B T qy ) ,7’ ) ¥
Grppaltin, o urih) = H G (N(h+ad) Nag Nay (IL.15)
0€F(a,a,0)/Zy YU - YTy Ty

where we identify the elements of K with their image in C under the embedding o¢ to
lighten notations. A similar formula holds for the term G, f7[]7£1(1L1, ..., uy; h) associated
with the orientation p = —1 (see lemma II1.27). Let us now justify that the evaluation

(II1.15) is well-defined.

Lemma II1.7:

(i) IfK does not contain a proper subfield Q C I C K then each of the complex numbers
o(ag/v),...,0(a./v) belongs to C — R.

(i1) Suppose that K contains a proper subfield Q C L C K. Assume further that 1L
1s the mazimal such subfield. Then K must be of degree n > 4, I must be totally
real of absolute degree n' < n/2. In addition, at most n’ — 1 of the complex num-
bers a(ag/v),...,0(a./v) are real, in which case they are real algebraic irrational
numbers of degree < n'.

(iii) In either case, the arithmetic evaluation (II1.2) is well-defined.

Proof :
(i) The elements 7, ay, . . . , . form a Q-basis of K and therefore the element 1, o /7, . .., ./

do too. When K does not contain a subfield Q C L C K, since o¢(K)NR = Q = Q.o¢(1),
the complex numbers oc(ap/7),...,o0c(a./7) all lie in C — R.

(ii) Let L be the maximal proper subfield of K which we assume to be distinct from
Q. If L had a complex place then K would have at least two, therefore IL is totally real
and one of its real places ramifies in K. The degree of K is n > 4 because quadratic and
cubic fields cannot have proper subfields.
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The elements 1, ap/7, . .., o, /7 form asin (i) a Q-basis of K. If o¢(ay, /7), - - -, oc(@j, /7)
all belong to o¢(K)NR = o¢ (L) then k£ < n'—1 as the elements o¢ (1), oc(aj, /7), - - -, oc(e, /)
must form a free family in the Q-vector space o¢(L) of dimension n/. In particular, at
least n/2 > 2 of the parameters oc(ag/7), ..., oc(a,/v) belong to C — R.

(iii)) When K contains no proper subfield, the parameters oc(ag/7), ..., oc(c./7)
belong to C — R by (i), therefore the right-hand side of (II1.15) is well-defined. When K
contains a proper subfield, the parameters oc(ag/7v), ..., oc(a, /) satisfy the hypothesis
of Proposition (I1.17) by (ii), therefore the right-hand side of (III.15) is well-defined using
the appropriate formulation (1.34). O

In most cases, the ATR field K does not contain a proper subfield, and it is clear that
the evaluation (I11.2) is well-defined. This lemma essentially explains that the evaluation
still makes sense when K contains a proper subfield if we are careful when choosing which
formula we use in the computations. This last case is showcased in example 1V.2.2.4.

To end this section on the general explicit setup to compute (I11.2), we say a few words
on the size of the set F(a,a,v = 0)/Z~. Indeed, we may identify the set F(a, ,0)/Z~
with the quotient space L/M where M = M(uy,...,u;;h) = Zry ® (@)_gZa;). As this
sublattice M of L has index det(B) = ¢t"*!/s in L, it follows that the geometric function
G, is a product of "™ /s ordinary elliptic G, functions and so is the evaluation (IIT.2).
In the best case scenario, t"™' = s and G,, is a single ordinary elliptic G, function,
whereas in the worst case scenario ¢t = s and G, , is a product of t" = s” ordinary elliptic
G, functions. In what follows, we will try to find the best choice for the base point h and
especially we will describe how to construct a base point h for which ¢t = 1 and s = 1.
This will be the subject of sections 111.3.2.2 to 111.3.4.4, and the choice of base point A is
fully explained in Proposition I11.25.

I11.3.2.2 Dependence on uq,...,u, and h

In this section we analyse the dependence of the quantities defined in section I11.3.2.1 on
the choice of units uq, ..., u, and on the choice of base point h. To this end we make the
following important remark: the linear form a = a(uy, ..., u,; h) may be easily expressed
in terms of a linear form @ = a(uy,...,u,) which depends on wy,...,u, but not on h.
Indeed, let us fix B a positive Z-basis of O and let us consider the linear form:

f~:: (y — detB<17u17"'7uhy)>‘ (11116)

If X is the unique positive integer such that f maps Ok to A.Z then we may define the
primitive linear form a by:

a:= (y — A ldet 5 (1, ug, . .. ,ur,y)> = \7Lf (II1.17)

Using this auxiliary function we may write:

= (y —a G%%y)) . (I11.18)

Our claim is that most of the geometric setup introduced in section I11.3.2.1 for the linear
form a = a(uy,...,u,, h) has a direct counterpart for the linear form a = a(us, ..., u,) and
that the two are closely related. In what follows, we will write with a ~ the counterpart
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of these quantities. For the rest of this section, we assume that the basis B = €0 =
1,é1,...,641] is such that u; = Y 7_ Cxofx with &0 > 0 for 1 < j < r. This is once
again done by computing the Hermite Normal Form of a matrix representing 1, uy, ..., u,
in another positive Z-basis of Ok. Explicitly, (1, u1,...,u,) = [éo,. .., €41].14 where &l is
the (r +2) x (r + 1) matrix:

1 6100 .. EjOO . 67“00
0 6110 NN éjl(] NN érlO
g=10 0 Gijo ... o |- (111.19)
0 0 ... 0 ... G
00 ... 0 ... 0

Let us fix BY = [fo,..., fr+1] the Z-basis of the dual space Homz(Ox,Z) such that
fj(ék) = 0,. For any 1 < j <r, the unit u; may be identified with the matrix (¢;x)i; €
SL,,(Z) representing multiplication by u; in Ok, i.e. such that u;é; = Z;; Cijm€r for any
0 <1 <r+1. In the basis BY of Homz(Ox,Z) we may identify a = f,1 and au; =
St i The assumption (H2) guarantees that rk(a, auy, . . ., au,) = r+1 and it is
clear that M}_, ker(au;) = Q where as before we write ug = 1. Let us then denote by 5 the
unique positive integer and 7 the sign in {—1, +1} such that detpv(a, aus, . .., au,, ) = 8.

We may now describe a positive dual family & = (&,...,& ) to the family a =
(@, auy,...,au,) in Ok as follows. We associate to the family a a square matrix A of size
r + 1 as above for a such that:

aug 0 0 e 0 o 1

auy 0 51(r+1)1 e 51(r+1)k e 51(r+1)(r+1)
a=1. |= 8 . i =0 A I11.20
- au; 0 Cir+1)1 - -+ Ci(r+1)k - -+ Ci(r4+1)(r+1) ( ) ( )

aty 0 67"(7‘—&-1)1 Er(r+1)k coo Cr(r41) (1)

Let us write as above the elementary divisors of this matrix A associated to the linear

forms a, auy, ..., 7. as [A., ... VAL A = 1] such that [11-|/~1i+1. Then we get as before:

)\(ul, c. ,'Ll,r) == 6jj07 (11121)
j=1
Sur, . u) =5 =[] A4 (111.22)
j=1
and if we set B
t=A, (I11.23)

we may construct as above a uniform positive dual family & to a in Ok satisfying a -
& = tI,4; by computing the square matrix B = ([]/_, A; ')com(A)" and extracting its
columns. EXpllCltly, if B= (bij>0§i,j§r+l we set

r+1

i=1
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for 0 < j < r, so that the elements ay, . . . , &, form a positive dual family to a, auy, ..., au,
in Ok satisfying for all 0 < 7 < r:

auj(a;) =1, aug(ay) =0, VE #j. (T11.25)

In the case r = 1 (that is K is a complex cubic field and u; = ¢ is the fundamental
unit of K), X is the maximal integer satisfying e € Z + AOx and det(1,e,2) = X3, If we
consider the set E of elements § € Ok for which the Z-module O(5) =Z + Ze + 75 is a
ring, and if for each § € E we denote by ct(/3) the content of the ring O(f) in the sense
of [[Bha04], Definition 14], then A\ = max{ct(8) | 5§ € E} as O(\é&;) = Z + AOk. On the
other hand, when A = 1, the integer 7 is the index of the ring Z[¢] in Og. Therefore in
general we call A = X(ul, ..., u,) the content of the unit system ug,...,u, and we call
t = t(uy,...,u,) the overflow of this unit system. We insist that these quantities only
depend on the unit system (ug,...,u,). In what follows, we shall relate the quantities
A, 5\, t,t,s,5 and more generally the two construction from sections I111.3.2.1 and I11.3.2.2.

111.3.2.3 Linking the two constructions

In this section we give a first fundamental link between the two constructions associated
to a = a, and to a. In the next sections, this link will be explored in more detail
using generalised different ideals. Let us start by defining a specific integer ¢ which will
correspond in some sense to the level of the computation associated to a base point h.

Definition I11.8: The level { = {(uq, ..., u,; h) associated to the unit system uq, ..., u,
and to the weakly admissible base point h is defined as the mazximal integer satisfying

aoh, ..., ah € mlL + Zh.

We immediately make the following remark: if in the basis By, the coordiantes of a;h
are given by G;jh = S 711 {(a;h, er)er, then £ is the ged of the coefficients (&;h,e;) for
0<j<rand1l<k<r+1. Thus, in particular, if d is any integer satisfying

doh, ..., ah € m.d.L +Zh

then d must divide all the coefficients (&;h, ex) for 0 < j<rand1 <k <r+1landd]|/.

The level ¢ naturally appears when comparing the families «y, . . ., o, and agh, . . ., @,.h.
We shall now make this comparison and deduce a fundamental relation between the quan-
tities A\, \, ¢, ¢ and /.

Proposition II1.9: Let € = sign(N(h)) € {—1,+1}.

(i) The family eah = (edph, ..., eq,h) is a uniform positive dual family to a in L such
that a - (eah) = metl, .

(ii) The following fundamental relation holds in 7Z.:

_ N(h/m)| 5+
M= (I11.26)
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(111) For any 0 < j <r there is some integer m; € Z such that

&jh + mjh

II1.2
emt ( 7)

Oéj:

Proof :

We shall prove simultaneously the three points of this proposition. We use formula
(II1.18) which relates the linear forms @ and @ in conjunction with (II1.7) and (II1.16) to
evaluate Am"™a(uga;h) for any 0 < j,k < r. Indeed:

r+1

Am"a(ugdjh) = detp, (h,urh, ... u.h, ugjh).

Using standard linear algebra and the definition of the norm of the fractional ideal L we
may rewrite this equality using det 5 instead of detp, as

Am™Ha(updzh) = detg, (B)detz(h, uh, . . ., uph, up;h)

1
" Ma(ugdh) = mdetg(h, urh, ... uph, upih).
Then, using the definition of the norm N'(h) of h we get
h
" Ma(ugd,h) = N ——~detz(1,uq, . .., up;)

h

" Ma(ugd,h) = N(L

(h)
N(L)
N )))‘ a(ugdy).

We now use formula (III.24) to conclude that for k # j, a(ux@;h) = 0 and for k = j:

N -
Am +1a(ujajh) = m)\t
which we may rewrite as:
3 NGh) X -

The lattice L is a fractional ideal and ay, ..., &, € Ok, therefore agh,...,a,h € L and
since a € Homgz(L,Z), the rational number

N N
4= N(L) /\mr+1t

is actually a non-zero integer whose sign is € = ¢, = sign(N(h)). We have proven that
eah is a uniform positive dual family to a in L such that

a-(eah) = edl, 1 = |d| 4.

Let us now rewrite this using the level ¢ (see Definition I11.8). By definition, there are
integers my, ..., m, and elements Sy, ..., 3. € L such that for any 0 < 7 < r:

d/jh = e(fmﬁj — mjh)
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Then (II1.28) may be written in terms of ; as:

(w.6) {o if j# k
AUEPj) = Y 1d _ N/mIXE e o
ml —  N(L) 3 =k

The elements u3; belong to L therefore a(uyf;) € Z for any 0 < j, k <r and fy, ..., [,
is a uniform positive dual family to a, auq, ..., au, in L. It follows from lemma II1.6 that ¢
divides the integer d/(mf). We now prove that tmf = |d|. Indeed, it follows from lemma
I11.6, (iii) that for any 0 < 5 <r:

||
ml

Replacing j3; by its definition we obtain:

aj — t,Bj € tZ’y

d o — (d]—{—m])h
met m/

€ Ly

and thus: p
djh I~ ;Oéj — mjh + mﬁZ’y

This shows in particular that

d
aoh, ..., a.h € %L—FZW

and therefore the inequality |d|/t < m{ holds. This may be written as |d| < m/ft and the
fact that mlt divides |d| with |d| > 0 implies that |d| > m¢t. Thus the two quantities
must be equal. We have thus proven that a - (eah) = |d|I,;1 = mltl.,; and that the
fundamental equality:
W/l

N(L)
holds in Z. The identification of 3; with «; gives the desired relation between the families
a, a

At

djh + mjh

o =
J emft

O

This Proposition is fundamental in two different ways for the construction of higher
elliptic units. On the one hand, the relation (II1.26) between the integers A, \, ¢, ¢, is
crucial to understand how the choice of base point h should be made to obtain interesting
evaluations of the higher elliptic Gamma functions (and evaluations that can be computed
in a small amount of time). On the other hand, the relation between the families a and &
show that the base point h impacts the parameters mag/h, . .., ma, /h of the G, functions
essentially through the level ¢. For instance, in the cubic case, the functions Ffb’a are
essentially evaluated at points

-1
T::|:€+~n0 = E,azig——fnl _ %
2\ 14 2) 14
for some integers ng, ny, where ¢ is a fundamental unit for O;L’X (or a fundamental unit
for O%’X following remark I11.6). This also means that when comparing two different
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choices of base points h and h’, we only need to compare similar functions for different

levels ¢ and /.

Let us now end this section with some refinements on the fundamental relation II1.26,
obtained by studying the matrix of multiplication by h in the bases By and B.

Lemma III.10:

(i) Let H be the matrix representing in the bases By and B the integral linear map
muly, : Ox — L corresponding to multiplication by h. Then H is an upper triangular
matrix with coefficients in mZ of the form:

m *
0 WECllO
C110
H=10 0 % * *
0 0 0 Mo
0 0 0 0 emlt/t

where € = sign(N'(h)).

(ii) As a consequence, for any 1 < j <, &0 | ¢jjo and thus X | X. Moreover, t | (t,

Proof :
(i) We shall first prove by induction on 0 < j < r that hé; belongs to the Z-span of
ep, ..., e; and that (hé;,e;) = mc]—jg where we set by convention cggg = 1 and cypo = 1.
Case j = 0: Since &y = 1 and ey = h/m we get hég = mey = e,
Inductive step: Suppose that 1 < j < r and that for any 0 < I < 7 — 1, hég belongs

er. with (heéy, ex) =

h s
héj = ~_ <Uj — Z 5jk0ék>

€140 k=0

to the Z-span of e, ..., m?’f’“’ Since u; = Zk 0 Ciko€r We may write

Jj—1 CjkO

By induction hypothesis, the term ) ;—, o

J
> peo MCjkoCE We get

hek belongs to the Q-span of ey, ...,¢e;_1. In
addition, since hu; =

—1

J ~ ~
Cik0€k — CjkoCk
] ]
+) _ .

k=0 €140

mcﬂo

he; =

Cjjo

Thus he; belongs to the intersection of the lattice L with the Q-span of ey, ...,e;, that
is hé; belongs to the Z-span of e, ..., e; and (hé;, e;) = “0 . This proves the result by
induction.

Let us now show that the coefficient (hé,;1,e,11) = emft/t. Since h/m € L, the
image of the map mul, is a subset of m.L and all coefficients of H are divisible by m.
Let us write temporarily mR = (hé,,1, e,41). Computing the determinant of H which is

equal to N'(h)/N (L) we get:

Nb) _ det(H) = m"*? H S0 R,
=1 Ciio



Using the formula for A and A given by (II1.10) and (II1.21) respectively this gives:

AN (h/m)

NN

The desired result R = eft/t is then obtained by using formula (II1.26).

(i) The matrix H /m is still integral as it corresponds to the multiplication by h/m € L
in the basis By, and B. Thus we get ¢;j0 | ¢jjo for any 1 < j < r and the content A divides
A. In addition, the overflow ¢ divides /t. 0J

This last point, that the overflow ¢ divides ¢t is crucial to understand what sort of base
point h we shall be looking for in general. One of our primary goals for our evaluations
is to get the lowest possible value for ¢ and if possible to get ¢ = 1. This comes with
the tradeoff that the overflow ¢ must divide the level £. In the next section, we revisit
formula (II1.26) in terms of generalised different ideals.

I11.3.3 Generalised different ideals
111.3.3.1 Definition of generalised different ideals

In this section we define generalised different ideals which we shall use to give some insight
on the value of the overflow .

Definition III.11: Let f : K — Q be a non-zero Q-linear form on K. Let I be a
fractional ideal of K. The fractional ideal ©(f, ) defined by:

O(f, 1) ' ={zreK|Vyel, flzy) €L}

1s called the different ideal of f on I by analogy with the usual different ideal  of K given
by 0= @(TI‘, OK>

We start by proving some straightforward basic facts about these different ideals.
Lemma II1.12:
(i) If I' = BI for some B € K* then D(f,1') = B.D(f,I).
(i) If I = I, + Iy then ©(f, 1) =D(f, [) + D(f, I2).
(i1i) For any fractional ideal I of K, ®(f,1) = I.D(f, Ok).
(iv) If ' = (y — f(BY)) for some B € K* then D(f', 1) = BD(f, I).

(v) For any f € Homg(K,Q) — {0}, there is a unique element & € K* such that
f=(y—Tre(&y)). In particular:

D(f, 1) = (&) x I x 0.

(vi) For a fized fractional ideal I, all different ideals ©(f,I) belong to the class of I x
in the class group of K.

(vii) If f(I) C Z then ®(f,I) C Ox. In addition, if f(I) = 7Z then D(f,I) is a primitive

integral ideal.
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Proof :
(i) Let I and I’ be two fractional ideals such that I” = SI for some € K*. Let us
rewrite the definition of ®(f, I’) as:

O(f, I ={recK|Vyel, flzy) €Z}

D(f 1) ={zeK|Vy el f(zfy) € Z}

D(f I ={reK|zfeD(f, 1)}
It follows that D(f, I')™' = 'D(f, I)~! and therefore D(f, ') = B.D(f, ).

(ii) Since (I + J)~' =T"' N J~! for any fractional ideals I, J we only need to prove

that

O(f. L+ L)' =2(f, ) ' ND(f, 1)~
Let x € D(f,I)~! where I = I, + I,. This means that for y € I, + I, f(zy) € Z.
Since Iy C I and I, C I we get f(zy) € Z for all y € I; and for all y € I. Thus
€ D(f, L)' ND(f, Iy)~*. On the other hand, if x is in this intersection, then for any
y=uyi+ys € [+ we get f(zy) = f(zy))+f(xy) € Z+Z =7. Thusxz € D(f, [+ 1) *
as claimed.

(iii) Any fractional ideal is the sum of two principal fractional ideals. Thus, if [ =
I, + I, with I; = 3,0k for some 3; € K*, j = 1,2 then by (ii),

D(f, 1) =D(f, L) +D(f, I).

Since I; = p;0x we get D(f,1;) = B;9(f,Ox) by (i). Thus D(f,I) = (/10 +
B20k).D(f, Ok). Since B0k + POk = I, this leads to D(f, 1) = 1.D(f, Ok) as claimed.

(iv) This is essentially the same as the proof for (i). Indeed, by definition:

Dy — f(By). )" ={x K| Vy el fxpy) € Z}.
It follows from the proof of (i) that D((y — f(By), 1)~ = 7'D(f,I)"" and therefore
D((y = f(By), 1) = BO(f, ).

(v) The existence of the unique £ is a standard fact in linear algebra. If f = (y —
Tr(€y)) then it follows from (iii) that ©(f, 1) = I.9(f, Ok) and it follows from (iv) that
D(f,0x) = £D(Tr, Ok) = £.0. Thus we get D(f, 1) = () x I x 0.

(vi) This is a consequence of (v) as D(f,I) = (§) x I x 0 for any f = (y — Tr(&y)).

(vii) Suppose that f(I) C Z. Let x € Ok. Since I is a fractional ideal, multiplication
by x maps I to a subset of I and therefore for any y € I, f(zy) € f(I) C Z. Thus
x € D(f, )", This gives Ox C D(f,I)"! and by inversion we get D(f,1) C Ok.
Suppose now that f(I) = Z. Suppose that D(f, ) C dOx for some integer d > 1. Then
d*Ox C D(f,1)"" and thus Vy € I, f(y) = d.f(y/d) € dZ. Thus, by assumption, since
f(I) = Z we conclude that d = 1. This proves that ©(f, ) is a primitive integral ideal.

0

On the computational side, we may compute the ideal ®(f, ) using lemma I11.12,
(v) which only requires finding the element ¢ € K* satisfying f = (y — Tr(£y)). This

may be done by solving a linear system as if B’ = [ep, ..., el ] is a Z-basis of Ok and
T = (Tr(eje}))o<ij<r+1 then £ is expressed as a vector on the basis B’ by:
fep)
E=T7"|
fleri)

121



Another approach is to generalise directly [[Coh93], Proposition 4.8.19] as follows:

Lemma III.13: For B = ey, ..., er41] a Z-basis of I and B' = [ej, ..., e, ] any Q-basis
of K we may define M € M, 5(Q) to be the matriz whose coefficients are the rational
numbers f(e;e}) for 0 < i, < r+ 1. Then D(f, D)7t is explicitly parametrised as the
image of Z" % under the Q-linear isomorphism ¢ : Q"2 — K defined by:

Zo Zo
T g
o / ! —1
vl = (ep,---r€ ) X M x
Tri1 Tyl

Proof :

The proof is essentially the same as the proof given in [[Coh93], Proposition 4.8.19] for
the usual different ideal. Let M be the matrix (f(e;€}))o<ij<rt1. Let us denote by m;
the coefficients of M~ so that:

r+1
> flejei)mu = 3
k=0
where ¢;; is Kronecker’s symbol. Let z = ¢((zo, ..., %,+1)") and y = Z;Ié yje; where the

x;’s are rational numbers and the y;’s are integers. Then:

flzy) = f ((Z%%‘) X <Z Gﬁgzmkﬂl))

k=0 =0
r+1 r+1 r+1
e =S5 S (z f<eje;>mkl) ;
7=0 =0 k=0
r+1

flay) =y
=0

Therefore, f(zy) € Z for all y € I if and only if z; € Z for all 0 < j < r+ 1 and
D(f, 1) = uZ'?). 8

In what follows, we shall be interested in the different ideals ®(a, L) and D(a, Oxk)
associated to the linear forms a and a. In particular, we may show a straightforward
relation between these two fractional ideals which is closely related to (111.26).

Lemma II1.14: The different ideals ®(a, L) and D(a, Ox) are primitive integral ideals

related by:

AD(a, L) = x%%m)(a, Ok).

Proof :

First, since a(L) = Z and a(Ok) = Z, it follows from lemma II1.12 that these different
ideals are primitive integral. Secondly, recall from (II1.18) that

[ AN(h/m)m
)
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Thus, it follows from lemma II1.12, (iv) that

CANB/m)m

@(CL7 L) = XW%@(G, L)
and using lemma II1.12, (iii) we get the desired relation:
< N(h/m)m _

We immediately note that the fundamental relation (II11.26) gives:

D(a, L D(a, O
DlaL) _ my 9@ %)

t h
We claim that the values of § and of the overflow ¢ essentially depend on D(a, Ok) and
that this different ideal plays an important role in our construction. To prove precise
statements on this, we shall need to do some more work on these generalised different

ideals.

111.3.3.2 Explicit description of the different ideals associated to a and a

To describe precisely the different ideals associated to a and a and the links with other
quantities we introduced, we will use lemma III.13. Recall that we have fixed B, =
eo, ..., ers1] a positive Z-basis of L and B = [é,...,¢é.41] a positive Z-basis of Ok
in section I11.3.2. Let us now define the matrix M (resp. Mv) to be the matrix whose
coefficients are (a(e;€;))o<i j<r+1 (resp. the matrix (a(€;€;))o<; j<r+1). Since a(L) C Z and
a(Ok) C Z these matrices are integral. It follows from lemma IT1.13 that M ™! represents
the inverse different ideal D(a, L) in the basis B, and that M~! represents D (a, Ok) in
the basis B. In particular, the norms of these ideals are related to the determinants of
these matrices as:

det(M)| = N(D(a, L)) and |det(M)| = N(D(a, Ok)).

We shall now express a link between these two matrices and the matrices A and A defined

in (II1.9) and (III.20).

Lemma I11.15: The two following matrix equalities hold:
0A) ="M, and (0 A) =d"M"
where T stands for transposition and 81 is the matriz defined in (I1I1.19). As a consequence,
Al s and A S.
Proof :
Recall that the matrix (0 A) is given by its coefficients a(u;e;) for 0 < j <rand0 <1 <

r 4 1. Replacing u; by its expression u; = 3 1_ &ros gives a(ujer) = Sou_o EroalErer).
Thus:

a(ege ... alege ... alege,
L0 0 oo oy [ st alfen)
6100 6110 0 . 0 0 ~: : ~: : B :
0A4) =1 " : : L a(éjeo) ... alée) ... aléjerq)
67"00 57‘10 67‘20 s érrﬂ 0 ~ ~ ~
a(ér1€9) ... a(ériie) ... aléry1€41)
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which is exactly the statement that (0 A) = 47MT. Let us now analyse this relation

more precisely, by introducing two auxiliary square matrices iNLO and M, of size r+1 such

that
00 ... 00

= Yo and M =
M

*

Then the relation (0 A) = 4T M7 reduces to A = ST MT and taking determinants gives
s = det(A) = det(UT) x det(MI) = Xdet(M,) € A.Z.
Thus A | 5. The proof that (0 A) = 47 M7 and that A | 5 is essentially the same. O

We may now improve this result by considering a slight modification of the matrices
A, A and 1. Indeed, let us define the square matrices:

alg aug
auq auq
A = : and Avl = : and le = <§[ )?)
auy au,
ae,41 A€ i1

where X = (0,...,0,1)T. Then, on the one hand it is clear that the proof of lemma II1.15
may be adapted to show that:

A =t MT and A, =T M" (111.29)

On the other hand, the matrices A; and A, are explicitly given by:

0
: 0 A
A= A (o [A) (T11.30)
0 \a(eoem) ‘ X1}
\@(eoérH) a(erbry1) ... a(€r+1ér+1)/
and by:
0
~ : 1 A
A=| A A) (I11.31)
0 €0€r+1 ‘le
\&<é0ér+1> a(é16r41) ... a(€ry1€r41) /
where X} = (a(e16,41),...,a(e,416,41)) and X, = a(€1€,41),-..,a(€r116,41)). Thus we

already obtain two new relations:

Lemma II1.16: Taking determinants in (111.29) gives the relations in Zq:
st =NtN(D(a,L)) (I11.32)
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5= AN (®(a,Ok)). (I11.33)

Proof :

(i) Let us take determinants in the matrix equalities given in (II1.29). The matrix £l; is
an upper triangular matrix so its determinant is the product of the diagonal coefficients,
i.e. det(U) = [[}_, ¢jjo = X. From the definition of Aj it is clear that det(A;) = det(A) x
a(epbri1) = s X a(hé,11/m) as s = det(A) by definition. Now, since |[(hé,i1,€r11)| =
mlt/t (see lemma I11.10) we get:

|det(A;)| = s x (t/t.
This gives the desired equality:
st =NEN(D(a,L)).

(i) The determinant of A; is by definition det(A;) = det(A) x @(éoé,11) = 5 as
a(€0€r11) = a(€,+1) = 1. Thus taking determinants in (I11.29) gives:

5= AN (D(a, Ok))
as claimed. 0

This lemma shows in particular that the value of 5 and therefore the value of the
overflow ¢ depends essentially on A\ and D(a,Ok). We shall now define two matrices B;
and B, by: B B

Bi=tx A" and By =tx A" (I11.34)

These matrices expand the matrices B and B defined in section I11.3.2 as we shall show
now, and they are related to the families oy, ..., a, and &y, ..., &, introduced in (III.13)
and (II1.24).

Lemma IIL.17: Let X, and X, be as defined in (I11.30) and (II1.31). Then:

BIZ/—&BX({/(&))\{/A wd By — ~XB| 1)
\ B o) B |o

In particular, the matrix gl 15 integral.

Proof :

The lemma follows from the inversion formula for the matrices

0 |A ~ (o] A4
4= arrs) = 4= (15)

together with the fact that by definition A - B = ¢, and A-B= tly. 0

In the next section, we shall use the matrix B to gain additional information on the
family ap, ..., &, under some simplifying hypothesis.
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II1.3.4 The choice of base points (h,),cs,

In this section, we explain how the base points (h,),ees, should be chosen in Conjecture
IT1.5. The choice of these base points is the major difficulty we need to overcome in order
to formulate a precise version of our main conjecture. There are two important aspects
we keep in mind:

e Computations show (see section IV.2.6.1) that for fields of degree n > 4, the base
points (h,), cannot be chosen independently. Hence, we must define a notion of

compatible sets of base points (h,), for which a precise form of Conjecture IIL.5
holds (see Definition I11.24).

e To perform efficient computations, and to get the simplest formulas for higher
elliptic units, the values of the parameters ¢, should be the smallest possible, and,
after that, the value of the levels £, should also be the smallest possible.

With these two points in mind, we shall explain how to choose the set of base points (h,),
under some specific conditions (see (H3), (H4) and (H5) below). Let us fix once again
a permutation p € &, and a unit system ui,...,u = [gp)] ... |Epr)] Which we assume
to satisfy (H2). Let us discuss the role of the content A in the evaluation (II1.2). By
definition, the integers s and ¢ share the same prime factors, therefore t =1 < s=1. It
follows from lemma II1.15 that the content A divides s, thus if A # 1 it is impossible to
achieve the best case scenario t = s = 1. We shall therefore assume that the unit system
U1, . ..,u, satisfies the additionnal condition:

The content A = X(ul, ..., u,) of the unit system wy,...,u, is equal to 1. (H3)

It is clear that this condition makes sense only when the unit system wug, ..., u, satisfies
(H2) and that this condition does not depend on the choice of base point h. In view
of the results from section II1.3.3, this hypothesis simplifies considerably the situation
as the basis B may be taken to be [1,us,...,u,, é-11]. We shall show that under this
hypothesis we can describe more precisely the values of A, ¢ and ¢ associated to the base
point h (see Proposition I11.20). Then, we show (see Proposition I11.25) that under some
assumptions, we can always choose a set of compatible base points h, such that for any
permutation p, t, = t,,, = 1 by using helper ideals (see Definitions I11.24 and III1.21).

The general idea is that for any p € &,, the strongly admissible base point h, should
be chosen if possible as a generator of the ideal %’D(sz, Oxk). However, there is no
guarantee that this ideal is principal, nor that it is generated by a strongly admissible
base point. To deal with this problem we use ideals of the form m.$) where m > 0 is
an integer coprime to ¢ and § is an ideal of the satisfying Ok /$) ~ (Z/psZ)" ' where
HNZ = pyZ. We show that it is always possible to choose the base points as generators
of ideals

qN

E@(ép, OK).mpﬁ = hpOK

for some integers m, > 0 and some ideal §) independent of p which satisfies the above
property. The presence of the ideal m,$) as a divisor of the ideal generated by h, only
has a little and well-controlled impact on the geometric setup we have presented in the
previous sections. The fact that the ideal $) should not depend on the permutation p is
crucial for the validity of our construction of higher elliptic units and it gives rise to the
compatibility condition expressed in Definition I11.24.
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I11.3.4.1 The family ay,..., &, and the different ideal ©(a, Ok)

In this section we work once again with fixed p and drop the subscripts to gain in clarity.
We shall assume that the unit system wi,...,u, = [g,0)|. .. |epw)] satisfies (H2) and is
such that the content A is equal to 1 (see hypothesis (H3)). We start by explaining how
this affects the results from sections II1.3.2 and II1.3.3. Since A = 1 we may assume that
the basis B is given by B = [1,uy, ..., U, €-41] in which case the matrix 4 defined in
(II1.19) is given by:

10 ... 0 ...0
01 0
O ]7"+1
U=10 0 1 0] = ( o )
00 ... 0 ...1
00 ... 0 ...0
In addition, the relations (I11.26), (II1.32) and (II1.33) become:
N (h/m)]| -
Mt = —————1
N(L)

slt=1N(D(a,L))
§ = N(D(a, Ox)).

More importantly, we get the matrix equalities:
A =M" and A =MT

(see section I11.3.3.2 for the definition of these matrices). We shall now use these equalities
to give a description of the family &y, ..., & in terms of the different ideal ®(a, Ok) (see
Definition III1.11).

Lemma II1.18: Assume that ui,...,u, satisfies (H2) and (H3). Let %y, ..., %.,t € Z be
the coefficients of the first row of gl. Then the family (&g + Zo, . . . , G+ T,,1) is a Z-basis
of the fractional ideal t.D(a, Ox) ™. As a consequence, this fractional ideal is integral and
t € ®(a,Ox) NZ.

Proof :

Under hypothesis (H3) the matrix B, satisfies BiMT = tl,, which we can rewrite as
1B, = (/WT)_I. The matrix M is symmetric, so we get the simpler equality i 1B, =
M1, Tt follows from lemma I11.13 that the columns of the matrix M define a Z-basis
of ®(a,Ok). Using the formula for B; given by lemma II1.17 gives:

(Z0 ... & |1\
0

M = .
B :
0
and since the columns of the matrix B define dy, ..., d, (see (I11.24)) the family
dO + jO d’r + -i‘r 1
g AR i’ )

127



is a Z-basis of ®(a, Ox)~'. Thus, the family (&g + Zo, ..., & + Z,,t) is a Z-basis of the
fractional ideal .9 (a, Og) ™! as claimed. The elements &;+Z; belong to Ok for 0 < 57 <r
therefore the fractional ideal ¢.D(a, Ox)~! is integral. Lastly, if ®(a, Ox) NZ = d.Z then

t.d! € L:@(d, OK)il NZCOxNZCZ

which gives d | £ and t € D(a, Ok). O

111.3.4.2 Target ideals

Using the characterisation of the elements ay, ..., &, given in Lemma I11.18, we may now
give some insight on how to choose the base point h for the unit system uq,...,u, to
achieve the value t = 1 in the computations. Recall from Lemma III.10 that the overflow
t divides the product £.t, therefore t = 1 may only happen if £ | £. We now give a
sufficient condition on the ideal generated by h for this to happen. Indeed, the condition
that h is a weakly admissible base point implies that the fractional ideal hOg may be
decomposed as m%ﬁ for some integer m > 0 coprime to ¢ and some primitive integral
ideal J coprime to f x a (recall that an integral ideal is primitive if J C dOk for some
integer d > 0 implies d = 1). The choice of h then essentially boils down to the choice
of integer m and to the choice of fractional ideal J. We argue that when the primitive
integral ideal D (a, Ox) divides the ideal J, the desired division # | £ holds. Unfortunately,
in general it can happen that ©(a, Ok) is not coprime to § or a. Thus, we shall assume
the following;:

The different ideal ®(a, Ok) is coprime to gq. (H4)

This hypothesis makes sense when the unit system wy, . . ., u, satisfies (H2) and it depends
only on uy,...,u, and f. In particular, this hypothesis is independent of (H3).

A comment we wish to make on this assumption is that we will also need to assume
that ©(a, Ok) is coprime to N. However, the different ideal ®(a, Ox) does not depend
on a and in general the choice of smoothing ideal a is flexible, therefore to ensure that
D(a, Ok) is coprime to N we will make sure to choose a such that N is coprime to ¢ (see
Definition I11.26). We are now ready to prove the following:

Lemma II1.19: Assume that the unit system uy,...,u, satisfies (H2), (H3) and (H}).
Assume further that N is coprime to ©(a, Ok). Suppose that the weakly admissible base
point h satisfies hOg = m%ﬁ with m > 0 coprime 10 q and J a primitive integral ideal
coprime to f.a such that ©(a, Ok) divides 3. Thent | £ and § | .

Proof :

(i) Let us start by proving that ¢ | £. It follows from lemma III.18 that for 0 < j < r,
a; +1; € t.D(a,0g)! for some integers 7;. Let us denote by J' the integral ideal
satisfying ©(a, Ox)J = J. Then for any 0 < j < r we get:

N . )
(@ + ;)b € mqa—b x 1.9' C miL.

Thus &;h € miL + Zh for all 0 < j < r and by definition of £ (see Definition II1.8) this
implies that # | £.

(ii) Let us now prove that § | A. To do this, we introduce an auxiliary Z-basis
B" = [eg, ... e/ ] of Og such that aujej = 0 whenever k > j and aujey = ¢ € Z
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otherwise. This is once again done by computing a HNF representation of the matrix
AT Indeed, there is a matrix P € GL,(Z) and an upper trianguler integral matrix A"
such that AT = PA”. Therefore, A; - (PT)"! = (A”)T and

7z /! //
O LA
0 c; i O
" o__ 1" 1"
A"=10 0 iy ool ok
/!
0o 0 ... 0 ... ¢, *
o o0 ... 0 ... 0 1

In particular, the value of § = det(A;) is given by § = [T}—, ¢j;- Using this representation
we obtain a series of identities of the form (y — a(ujy)) € Homz(Ok,Z) where for all
I<j<m

U — Zk oqk Uk;

J
CJ J

for some rational number q . This shows that the element u/; belongs to D(a, Ox)~' and
since D(a, Ok) divides the 1ntegra1 ideal h.L™!, the element u ".h belongs to L. Therefore,
for any y € L:

" a(y) = detp, (h,uh, ..., uh,y)
am"a(y) = detp, (uoh (ug + q(() )uo) ey (ur + Z s > >
H - x detp, (uoh/m,uih/m, ... u.h/m,y)

Thus, if y satisfies a(y) = 1, since [[’ = § we obtain:

lej

A = § x detp, (ugh/m,uh/m,... ,u.h/m) € 3.7
and therefore 5 | A. O

Remark: in the case where (H4) does not hold, i.e. essentially in the case where ¢ and
®(a, Ok) are not coprime we must define the auxiliary ideal ®;(a, Ok) to be the largest
divisor of D (@, Ox) which is coprime to q. If we also define 3, (resp. #4) to be the largest
divisor of 5 (resp. t) which is coprime to ¢, then Lemma III.19 may be adapted to give
the following statement: if hOg = m.%-.J for some m > 0 coprime to ¢ and J a primitive
integral ideal coprime to f.a such that @ (@, Og) divides J, then 3; | X and #; | €.

Let us now make one final assumption on f that ensures we can descrlbe explicitly
the parameters A, ¢ and t. This hypothesis concerns the shape of the quotient Ok /f and
plays a role in the determination of the valuations of A\, ¢ and ¢ at primes dividing q. We
assume the following:

The quotient Ok /f is a cyclic abelian group. (H5)
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This condition is equivalent to f N Z = N (f)Z and we now give a second equivalent
definition when f # (1) (which we always assume). Let ¢ = H?:l q;” be the prime
factorisation of ¢, where ¢Z = f N Z. Then § # (1) satisfies (H5) if and only if

k
f=][a;
j=1

where for 1 < j < k, q; is an ideal of norm ¢;. Note that hypothesis (H5) depends
only on f and not on the unit system wq,...,u,. In particular, it is independent of the
hypotheses (H2), (H3) and (H4). We are now ready to prove the following proposition on
the values of A\, £, when the base point h is carefully chosen with respect to the different
ideal ®(a, Ok).

Proposition II1.20: Assume (H3), (H4) and (H5). Assume further that the ideal
D(a,Ok) is coprime to N. Suppose that the weakly admissible base point h satisfies

hOk = m%@(d, Ox) with m > 0 coprime to q. Then

A=¢q".N"5 and (=qN.t and t=1.

Proof :
The proof contains 3 main steps consisting of the analysis of the divisibilities by ¢, by
N and by the factors of .

Divisibility by ¢: Let us first treat the case of ¢. Under assumption (H5) any unit w;
is congruent to an integer modulo f, therefore there are integers m/ for 1 < j < r such
that u; +m € f. Since h € qL/f, this gives (u; +m})h € mqL for any 1 < j < r and
therefore ¢ | ¢jjo (see (II1.8) for the definition of the integers c; o) for any 1 < j < r.
Thus, ¢" | A. On the other hand, for any 0 < j < r, there are integers m/ such that
a; +mf € f. Therefore, (a; +mf)h € mgL and by definition of the level £ we get q | £.

Divisibility by N: This case is exactly proven in the same way as the divisibility by ¢
since the smoothing ideal a is such that Ok /a is cyclic and h € NL/a.

Factors of #: It follows from Lemma II1.19 that ¢ | £ and § = N(D(a, Ok)) | A under
assumptions (H3), (H4).

Let us now put everything together and prove the desired result using lemma III.9.
First, as ¢, N and ¢ are pairwise coprime (and ¢, N and 3 are also pairwise coprime) as a
result of hypothesis (H4), one gets ¢".N".5 | A and ¢.N.t | £. Now, we use the fundamental

relation:
NG
N(L)
given in Proposition (II1.9). Since [N (h/m)|/N(L) = ¢"™' .N""1.5 we get:

A l
q".N".5 q.N.t

Mt

As all three terms on the left-hand side are positive integers, we must conclude that they
are all equal to 1. Therefore

A=¢".N"5 and (=¢qN.t and t=1

as claimed. O
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This Proposition shows that the base point A should be chosen if possible to satisfy
hOg = m%@(d, Ok). There are three remarks we wish to make about this choice of
base point h. First, there is no guarantee that the ideal m%@(d, Ok) is principal in Ok,
nor that it possesses a generator h which is a weakly admissible base point. This will be
adressed in the following section, where we use helper ideals to circumvent this problem.
The second remark is that if we do not assume the collection of hypotheses (H3), (H4)
and (H5), the best choice for h should still be a base point satisfying h = m%ﬁDq(&, Ok)
where as before ®4(a, Ok ) is the coprime to ¢ part of ®(a, Ok) (see section IV.2.6 for some
examples in this case). As a last remark, we point out that in the language of [Mor24],
the ideal ©(a, Ok) (or rather ®4(a, Ok) in general) is the product of all the target ideals
for the unit system wuy, ..., u,. Thus we might refer to ®(a, Ok) as the target ideal for the
unit system uq, ..., u, since the determination of this ideal is crucial for computations.

111.3.4.3 Helper ideals

In this section we show how to treat the case where the ideal %@(d, Ok) is not generated
by a weakly admissible base point A. To this end we introduce the notion of helper ideals:
these are certain integral ideals $) which don’t influence the value of ¢ and such that the
ideal %@(EL, Ok).9 is generated by a weakly admissible base point (see lemma I11.22).
These ideals are defined as follows:

Definition II1.21: An integral ideal $) is a helper ideal if either $ = Ok or $ is a
primitive ideal coprime to q.N.t such that ps/$ is a cyclic group of order ps, where
DNZ = psZ. An extended helper ideal is an ideal of the form m.§) where m is a positive
integer coprime to q and $) is a helper ideal.

These ideals are interesting because they do not impact the value of ¢ as explained by
the following lemma.

Lemma III1.22: Assume that the unit system us, ..., u, satisfies (H2) (H3) and (H4).
Assume that Ok /f is cyclic (see (H5)). Assume further that the ideal ©(a, Ox) is coprime
to N. Suppose that $ is a helper ideal and that h is a weakly admissible base point such
that hOg = m%@(&, Ox).H with m > 0 coprime to q. Set pyZ = HNZ with py > 0 and
assume that pg is coprime to ¢.N.t. Then

A=q .N'spy and (= q¢.N.tps and t=1.

Proof :
The proof is very similar to the proof of Proposition I11.20 and it is naturally split into

three parts: the determination of A, then ¢, then the proof that ¢t = 1 using (I11.9).

Determination of A: It follows from the proof of Proposition II1.20 that ¢".N".5 | A.
To prove that p§ | A we remark as before that since pg/$ is cyclic, there are integers
m($)) such that u; + m}(H) € pa/$H for 1 < j < r. Thus (u; +m(H))h € mpsL and
thus pg | ¢jjo for any 1 < j < r. This gives py | A. The fact that pg is coprime to ¢.N.t
and thus to ¢.V.5 implies that ¢".N".5.pg | A.

Determination of ¢: It follows from the proof of Proposition II1.20 that ¢.N.t | £. To
prove that pg | £ we remark as before that since pg/$ is cyclic, there are integers m’j(§))
such that a; + mj(9) € ps/$H for 1 < j < r. Thus (a; + mf(H))h € mpsL and by

definition of ¢ one gets pg | £. Once again, p is coprime to ¢.N.t so ¢.N.t.pg | £.
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Determination of ¢: We use once again formula (II1.26):

_ N(h/m)[;
Mt = N (D) t.
Since [N (h/m)|/N (L) = ¢" T .N".5.pct we get:
A l

¢ .N".3py ¢ Nipy
As before, we must conclude that each of the three positive integers on the left-hand side
is equal to 1, that is:

A=¢q .N"s5py and (= q.Ntps and t=1
as claimed. ]

The use of helper ideals gives us a bit more room to find a weakly admissible base
point h, at the cost of an increase of the level ¢ by a factor pg. Luckily, the use of helper
ideals is enough to guarantee that we find a suitable ideal, as we explain in the following
lemma:

Lemma II1.23: For any class ¢ in the wide or narrow ray class group at f and any
integer k, there is a helper ideal $ coprime to kOg and an integer m > 0 coprime to
q such that m$ € c¢. In other words, the set of extended helper ideals coprime to kOk
generates the wide or narrow ray class group at §. In addition, the set of helper ideals
which are coprime to k generates the usual class group of K.

Proof :

Fix a class ¢ in the wide or narrow ray class group at f. By Cebotarev’s density theorem
(see [[Cox22|, Theorem 8.17|), there are infinitely many degree one prime ideals in the
class ¢!, that is to say there are infinitely many pairs (p,8) where p is a rational prime
and B is a prime ideal of norm p in Ok such that B € ¢~!. Fix any of these pairs such that
p is coprime to ¢.k. Fix a positive integer m such that mp = 1 mod ¢q. Then $ = p/P
is a helper ideal such that m$ € ¢. This completes the proof of the first point. For the
second point, if we fix a class ¢’ in the class group of K, then there is a pair (p,J8) where
p is a rational prime coprime to k and B is a prime ideal of norm p such that 3 € ¢/~
Then $ = p/P is a helper ideal coprime to k which belongs to ¢’. O

In particular, this lemma implies that there is a helper ideal § coprime to ¢.N.t and
an integer m > 0 such that the ideal

N __ .
m%C‘D(a, Ox).H

belongs to the trivial class in the wide class group at f. This ideal is then generated by
some h/q where h is a strongly admissible base point in the sense of Definition I11.4.

I11.3.4.4 Using target and helper ideals to choose the base points (h,),cs,

In this section we gather the results on both target ideals and helper ideals to explain
how to choose the base points (h,),es,. These should be chosen to be weakly admissible
generators of ideals of the form

N ~
h,Ox = mpqa—bsap.sap
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where ©, = ©(a,, Ox) is the target ideal associated to [e,1)|...|gpm)], M, is a positive
integer coprime to ¢ and ), is a helper ideal (see Definition III.21). However, for ATR
fields of degree n > 4, the computations show that choosing these base points indepen-
dently does not yield higher elliptic units in general (see section IV.2.6.1). This leads us
to defining the notion of a compatible set of base points (h,),.

Definition II1.24: A set h = (h,), of base points is said to be weakly compatible (for the
data §,b,a and for the choice of fundamental units 1, ..., e, ) if each of the base points h,
1s weakly admissible in the sense of Definition II1.4 and if for each p € &, the fractional
ideal h,Ox may be decomposed as:

gN ~<
-—9,.
ab o)

hpO]K =mp
where $) is a helper ideal independent of p and m, is a positive integer coprime to q. The
set h is said to be strongly compatible if, in addition, each of the base points h, is strongly
admissible in the sense of Definition II1.4.

This definition is crucial, as it guarantees that our computation of higher elliptic units,
which is already a mixed-level computation in some sense, has the correct levels £, when
p varies in &,. We gather all the results of this section in the following Proposition:

Proposition II1.25: Suppose that § satisfies (H5). Fiz a set of fundamental units
€1,...,& for Oﬁ(f’x and assume that for each p € &,, the unit system [ep)] ... |Epm)]
satisfies (H2), (H3) and (H{). Fix a smoothing ideal a of norm N such that N is co-
prime to HpEGT fp. Fix an integral ideal b representing a class in the narrow ray class
group at f. Then there is a helper ideal §) independent of p and there are positive integers
(m,), coprime to q such that all the ideals

mp£©p.f)

belong to the trivial class of the wide class group at f. In addition, we may fix a generator
h, for each of the ideals mp%—fﬁp.ﬁ so that the set of base points h = (h,), is strongly
compatible for eq, ..., &,.

Proof :

It follows from lemma III.12, (vi) that the different ideals ©, all belong to the same
class in the usual class group of K, that is the class of the usual different ideal 9. We
now need to prove that there are integers m/, coprime to ¢ such that the different ideals

mgép all belong to the same class in the wide ray class group at f. Let us fix D, one

of these different ideals. Then for each p € &, the fractional ideal D o/ 351 is principal
and coprime to ¢ by (H4), therefore it admits a generator £, which is coprime to ¢. Since
Ok/f is cyclic by (H5), there are positive integers d, coprime to ¢ such that for each p,
§ —d, € §. Let us set for each p € &, a positive integer 773;) satisfying m/d, = 1 mod q.
Then m},, = 1 mod f for each p € &,. Thus the ideals m D, all belong to the same class
in the wide class group at f. It then follows from Lemma III.23 that there is a helper
ideal $ coprime to ¢.N.t and a positive integer m” coprime to ¢, both independent of p
such that for all p € G, the ideal

N ~
m"m;E@p.ﬁ
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belongs to the trivial class in the wide class group at f. This gives the desired conclusion
with m, = m"m/. The ideals mpﬁi)p.f) then all possess generators g, satisfying g, =
1 mod L and we may set h, = qg, to obtain a strongly compatible set of base points
(o) - u

Remarks:

e This proposition is our main tool to produce sets of base points (h,), algorithmically
to check our conjectures and this is the main setting we shall adopt in the following
sections.

e When some of the hypotheses (H3), (H4), (H5) are not satisfied, Proposition II1.25
may still be used to produce compatible sets of base points in a broader sense which
we haven’t completely determined yet. Some examples to showcase what sort of
computations remain possible are presented in section IV.2.6.

e When choosing a helper ideal, one should try to minimise the value of pg where
HNZ = pgZ. Indeed, as we explain in section IV.1.1.2, the complexity of our
computations is linear in ¢ and pg divides exactly £.

We end this section by discussing briefly the hypothesis that the norm N of the
smoothing ideal is coprime to ] p t,. To make use of the results of chapter II we must
make sure that the smoothed G, functions we compute are such that the corresponding
smoothing lattice is good for the involved linear forms. Thus we define the notion of a
good smoothing ideal a following [Das08] as:

Definition II1.26: Let a be a smoothing ideal for { in the sense of Definition I11.5.
Fiz a set of fundamental units e1,...,e, for O%’X such that for each p € &,, the unit
system [ep)| - .. [epmy] satisfies (H2). We say that a is a good smoothing ideal (for the
data f, (1, ..., &) if the smoothing index N = N(a) is coprime to

NG 1] %

pES,

where 1, is the overflow of the unit system [g,)| - - . |epm] defined in (II1.23).

In practice, when the smoothing ideal a is good , it is guaranteed that for each
p € 6, the minimal uniform positive dual family «a,,...,a,, to a,,ayu,1,...,a,u,,
in L is such that the a,o/N,...,a,,/N is the minimal uniform positive dual family to
Apy Aplip 1y - . -, Gy, i a ' L. This corresponds to the good condition for the smoothing
lattice introduced in chapter II.

II1.3.5 Invariance under change of base points (h,),

In this section, we study the invariance of our construction under a change of the base
points forming the compatible set h = (h,),. Indeed, such invariance properties our
key to proving that we compute meaningful objects and are useful to prove parts of the
algebraicity conjectures we have in mind. From Definition I11.24 we see that in order to
change the set of base points h we may either change the helper ideal uniformly for each of
the h,’s or change individually some of the m,’s. The first change impacts the overall level
of the computations and is therefore particularly difficult to treat (see section I111.4.2.6
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for a discussion on the subject). In this section we discuss the second change possibility
and show that an invariance property holds, as long as we perform an averaging process
on some unit group.

I11.3.5.1 Action of units and integers

In this section we analyse how the arithmetic evaluation Gﬁ f7b7‘1(7¢1, ., up; h)Y defined
in (II1.2) changes when we change the base point h chosen in Proposition I11.25. More
precisely, we discuss the case where h and A’ are two strongly admissible base points
satisfying
WOw = XD (@ 0).9 = 1O,
ab m/

In particular, this means that A’ can replace h in any strongly compatible set of base
points for 1,...,¢,. We will analyse the replacement of h by A’ in three steps. First, we
shall treat the case where h' = dh for some positive integer d = 1 mod ¢, then the case
where h' = eh for some unit ¢ € O. In the next section, we treat the general case where
mh' = &m'h for some positive integers m,m’ coprime to ¢ and some unit £ € Of such
that m = &m/ mod f.

For the rest of this section it will be useful to recall some notations. Recall that
Am™Ha = detg, (h,uh, ... ,uh, ) and that detg, (a,w1a,...,u.a,-) = sy with v primi-
tive in L and s > 0. We denote by «ay, ..., a, the uniform positive dual family defined in
(III.13) and by F' = F(a,a,v = 0)/Z the set defined in Proposition 1.7. We introduce
the auxiliary function €2 defined on integers coprime to g by:

(Mt enee)”
Q(k) = (g o (M%‘;q&)jvﬁa - ” NTC“) . (I11.35)
In particular, it is clear that by definition (see (II1.2)):
G::f,b’a(ul, Uy h) = Q(1).
Let us now prove a simple lemma expressing the value Gfi f’b’a(ul, oy Uy kb)Y when ks

a positive integer coprime to ¢ in terms of the auxiliary function €.

Lemma II1.27: For general signs p,v € {£1} and for any positive integer k coprime to
q:
G;Lj,f,b,a(uh coesy Upy kh>y = Q(,uk)”“ .

Proof :

We only need to treat the case where u = —1. This means that in the construction the
linear form a is replaced with —a, thus the elements a; are replaced by —a;, the set F' is
replaced by —F and the vector v is replaced by (—1)""1y. Thus

N
G k.h+qd —a —Qr
_ T (=D gy (1)l (=) y
Grfba(ul,...,ur;h): ” )
hT G N(k.h+qgd) —Nag —Na,
be—E M \ =y Flgy (=7 (=) Ly
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Recalling property (I.11) which states that in general

Gr(—z,—T0y .., —Tr) = G.(2, 70, - . . ,Tr)_l

we obtain

N.(-1)"
G.. [ =khtdd ao ar =)
r\ 7 ey

oy

Gr_vab7a(u17 e ’ur; h) - H 1) (_1)T )
5er G, (_N(fkq.ijq ) Neo NTQ)

The identification of the right-hand side gives exactly:
G;:f,b,a(ulv sy Upy kh) = Q(_k)(_l)r'
which is the desired result. 0

Let us now move on to the analysis of the replacement of h by some other base point
h'. We start with the following remark: if we change h to dh for some positive integer d
such that d = 1 mod ¢, then the computation of (II1.2) does not change:

Lemma IT1.28: Let h be a weakly admissible base point for f,b,a. Fiz a system uy, ..., u,
of fundamental units satisfying (H2). Consider a positive integer d congruent to 1 mod q.
Then

Glioaltns s upsdh) =GPy (un, .. upsh).

This is equivalent to the statement that €2 is q-periodic.

Proof :
Let us prove that () is g-periodic. Indeed, since h = nm~y for some positive integer m
coprime to ¢ and n = +1,

q vy by

G, (—”'m"“+é 0 %)N

Q(k):HG Na.m.k |, N6 Nao Nay \
ockF Urp T—i_Tu ~ 7"'77

and since the G, function is 1-periodic in its first argument, the function € is ¢g-periodic.
It follows that

G/Tl;f,b,a<u17 e 7u'r'; dh) = Q(/},d)'uT = Q(Iu)lu‘r e Gﬁ;f,b,a('LLl’ L. 7u7’; h)
since d = 1 mod q. U

Let us now carry out the second step, where we analyse what happens when A is
replaced by eh for some unit ¢ € Oy.

Lemma IT1.29: Let h be a weakly admissible base point for f,b,a. Fir a system uy, ..., u,
of fundamental units satisfying (H2). Then for all orientations p,v and for all unit
e Og:

Gl patn, - s eh)” = QU () NE = GENE (uy, Ly h)NE)

r.f,b,a
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Proof :
We analyse how the construction carried out to evaluate (I11.2) changes when the base
point h is replaced with eh. First, the linear forms a, and a.j are related by:

)\ash = detBL (Sh, U1€h, . 7ur5h7 )
Aac, = N(g)detp, (h,uih, ... ,uh,e ')
Az = M (E)an(e)

This implies directly that for all 0 < j < r we have . ; = N(¢)eay; and

$Yen = detp, (Aep, Urlep, - . ., UrGe,, )
s7en = N(e) det, (an(e™), wpan(e™ ), ... upan (™), -)

Ve = sN(g) ey

The set Fj, is replaced by F., = N(¢)eF,. Thus, using v = v, o = ayj, F = Fj, we get:

Gr (,ueh+q./\/'(€)€6 N(e)eag o N(e)eay ) Nvp
GH (ul T 8]2)” H aN(e)’ey  N(e)ey? » N(e)Tey |
R ’ Y ser G, < (ueh+gN (g)ed) NN (e)eag NN (e)eay > Vi
© NETey ) NEey ' Nerey

Using once again (I.11) we get:

r r41
G (u./\/’(é‘)h-i-qé o %)N.V,LL N(&)
Gy (i, upich)” = N
T,f,b,ﬂ Lyeees try Z/,LLTN(E)T+1 .
seF @, MN(S)h-i-q(S) Nag Nay
ay y Ty

From the definition of {2 we recognise this as:
v vu” r+1
Glipaltn, o upeh)” = Q(uN(e)) WN )
On the other hand, it follows from lemma II1.27 that
N (e v, 8 vu’ r+1
G, g )N = QU ()M
which gives the desired result. 0

Let us now prove a general result on the action of units and integers on the base point
h:

Proposition II1.30: Consider an integer k coprime to q and € a unit in O . Then for
any orientations p, v

Gl altn, - ups ke h)” = Q(usign(k)" N (e).|k[)# V™

Proof :

Let us rewrite the term G (u1, ..., u;; k.c.h)” in terms of |k as:

Gﬁf7b7a(u1, U ke h) = Gﬁf7b,a(u1, o uys K| (sign(k)e).h)Y.
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Then it follows from lemma I11.29 that

Gﬁf7b7a(u1, U ke h)” = G“N(Sign(k)'e)(ul, e Uy \k:|.h)l’N(Sign(k)‘5).

r7f7b7a

and from lemma I11.27 that

r+1

Glipalun, . upskeh)” = Q(p.N (sign(k).e).|k|) N Gientk)-e)

Since N (sign(k)) = sign(k) "2 = sign(k)” we get the desired result:

r+1

Gfﬂt,h,a(ula vy Upy k.g.h)y = Q(/'I’Slgn(k>r,/\/-(€)|k’)V/‘TN(€)

I11.3.5.2 The unit group 2}

In this section, we analyse the general situation where h, h/ are two possible base points
associated to the unit system [e,1)] . .. |€,()] in Proposition II1.25, for the same choice of
helper ideal §). This means that there is a fractional ideal J of K such that (h) = mJ and
(h') = m’J for some integers m, m’ € Z-q coprime to q. The ideal m.J is then generated
by mh//m’ so there exists a unit £ € Of such that h = m&h'/m/. Moreover, because
hyh' = 1 mod § we get m&/m’ = 1 mod §. This leads us to define the following unit

group:
Definition I11.31:

Z! ={(k,e) € Z/qZ* X Ox/Of | ke =1 mod f}.

It is easy to see that Z{ is a finite group which contains at least (1,1) and (¢ —1, 1)
and that these two elements differ unless K is of even degree and ¢ = 2. In addition,
since by assumption (H1) there is no unit of negative norm congruent to one modulo f,
the set Z{ is naturally embedded in (Og/§)* by the classic class field theory long exact

sequence:
1= O = 0 = (Ox/P* = CI'(f) = CI(K) — 1.
In the case where N(f) = ¢ (see hypothesis (H5)) we get the simpler isomorphism

Zfl ~ O/ O](X. Lastly, notice that the unit —1 gives an involution of Zfl given by (k,e) —

(q - kv _5)‘
Under assumption (H1) there are no units in Ok of negative norm which are congruent
to 1 modulo §, therefore we may define the character x; on Zfl by:

xi(k) = x;(k,e) = N(e) € {£1}. (II1.36)

Indeed, if any two units e, satisfy ke = k¢’ = 1 mod f then e~ = 1 mod § and
therefore N'(ee’~!) = 1. The value of x;(k) = N(g) = N(¢') is then well-defined. It
follows from assumption (H1) and lemma I11.29 that the product

H Gripaltn, .oy upskeh)” = H Gtk (g, ... up; kb)) (I11.37)

7:f;b,a
ke)ez! ke)ez!
j i
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is well-defined for any orientations u,r where it is understood that (k,e) € Zfl always
comes with £ > 0. We are now ready to prove that the averaging process over the unit
group Zf1 given by (II1.37) is invariant when replacing the base point h by A’ in a strongly
compatible set of base points.

Proposition I11.32: Assume (H1). Consider two base points h,h' associated to the unit
system (u1,...,ur) = [p)| - - -, Epwy] in Proposition I11.25 with the same helper ideal $).
Denote by m,m' > 0 the integers such that h/m and h'/m’ are primitive in L and denote
by & the unit in O satisfying m'h = Eémhb’. Then, for any orientations u, v

(i) If m” > 0 is an integer satisying m'm” =1 mod q then (mm” §) € Zfl and:

Gripalun, o u ) = Gryy (un, .o uymm"ER)”

(i) The following equality holds by rearrangement of the terms:

H Gﬁf’f’b’a(ul,.. Uy keh)” H G,,fbaul,...,ur;ksh’)”.

(k,a)ezfl (k 6)621

Proof :
(i) Write once again h = m&h'/m’ where m, m’ > 0 are coprime to ¢ and m& = m’ mod f§.
This gives:
Gripaltn, - u ) =Gl (ug, .o usmER fm')”.

Consider a positive integer m” such that m’m” = 1 mod q. Then mm”¢ = m'm” =
1 mod f, so (mm”, ) € Z{ and it follows from lemma IT1.28 that

Gripaltn, -y upymEh fm)” = Gy (un, . upymm”ERT)Y.
This proves the desired equality:
Grioaltn, - ush)" =Gl (un, .o g mm" &N ).

(ii) Write once again h = mé&h'/m’ with m& = m’ mod § and fix a positive integer m”
such that mm” = 1 mod ¢. Then for all (k,e) € Z!, we have keh = (mk)(ée)h'/m/ and
(i) implies that:

Grspalun, o upkeh)” = Gy (ury oo up; (mm"k) (E)R1).

Using this equality on the product over Zfl gives:

H Gl palun, .o up; keh)” H Gripa(ur, oo (mm"k) (Ee)h')”

(ke)ez! (ke)ez!

with (mm”k)(£e) = mm”¢ = m'm” = 1 mod §. Multiplication by (mm”, &) thus induces
a bijection of Z{ and if we set (k',¢’) = (mm/k,{e) then we get:

H Gﬁﬂh,a(ul,.. ur,k&?h H Grfha U1,---,ur;k'5’h’)”
(k.e)€2; (k' ehez!
which is the desired result. .
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We have successfully proven that this averaging process on the group Zfl gives some
invariance property under the choice of base point h in Proposition II1.25, essentially
because changing the base point h by a positive rational number switches the order of the
terms in the product (II1.37). There is still work to be done concerning the independence
of our global computation (see the Main Conjecture I11.37) on the choice of the base point
h and more specifically concerning the invariance by simultaneous change of the helper
ideal in a compatible set of base points. This shall be discussed in section I11.4.2.6.

We end this section by giving a concrete expression for the product (I11.37) which is
useful for computations. We first make a remark on the link between the character x;
and the norm-type characters on the narrow ray class group at f. Indeed, if x is a norm-
type character on C17(f) then there exists a character Xgnite on (Og/§)* such that for all
y € K coprime to f: x(yOx) = Xinite(y mod §).sign(N(y)). In particular, if (k,e) € Z},
this equality gives:

X(kOxk) = x(keOk) = Xginite(ke mod )N (e) = N(e) = x;(k)

as ke = 1 mod f. Therefore the character y; introduced in (II1.36) is the common value
of all norm-type characters on C17(f) for the ideal kOx. This is especially interesting as
the functional equation of Hecke L-functions in ATR fields implies that if L'(0, x) # 0
for a character y of the narrow ray class group CI*(§) then y is of norm-type (see for
instance [Neu99] for the functional equation). It is worth noting that x;(1) = 1 and
xj(¢—1) = (—1)" where n is the degree of K. We use this character to write using lemma
I11.29:

H Gripaltn, .o upskeh)” = H Gtk (g, ..., Uy kh)Xi®w (I11.38)

r.f,b,a

(ke)ez} (ke)ez}

The right-hand side of formula (II1.38) may be explicitly written as

H Gﬁ"i?,fb(,]z)(ub vy Ups kh)xf(k)y =

1
(ke)€Z;
N vu” (k)
e px;(k)kh+qd  ag ar !
I1 B N e (I11.39)
i | G (ENAENG  Nag Na ’
(k,E)GZf € r a P Ty Ty

where a, v, M are defined in section III.3 and in Proposition 1.7. Most of the compu-
tation of this double product can be done at once for all terms since the parameters
/7, -, /7y are fixed and the imaginary parts of ux;(k)kh/qy for (k,e) € 2} are all
equal. Remember that in the context of the hypotheses of Proposition II1.25, this double
product reduces to a simple product as F' = {0} and we get:

H Gﬁifb(,];) (’LL17 ey Ups kh)xf(k)y =
(k:,a)er1
r+1

v xi(k
G (,U,Xf(k)kh a0 %>N 122 Xf( )

I1 LA (I11.40)
G MXf(k)th Nag Na,
(k,z—:)EZfI r a7 P Ty Ty

This last formulation is the one we use most commonly to compute the higher elliptic
units.
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111.3.5.3 The unit group Zf1’+

As seen in the previous section, the process of averaging on the finite group Zf1 is essential
to producing higher elliptic units which don’t depend on the particular choice of base
points h. In view of the discussion carried out at the end of section II1.3.1 the averaging
process over Zl should be replaced in general by an averaging process over (’)+ */ (’)+ %

This is also apparent in the computations as the averaging process over Z; ! tends to count
values multiple times. Thus we define the smaller group:

Definition I11.33:

Zit ={(k,e) € Z)qZ* x OF™ /O™ | ke =1 mod f}.

Under hypothesis (H5) this is isomorphic to Of*/ O;“’X. Note that this group may
be embedded inside Z}' as the class of (k,¢) in Zl " may be sent to the class of (k,¢) in

Zl In particular the set Zl’+ acts on Z1 by multlphcatmn Let us denote by Z1,...,Z,
the orbits of Z; ! under thls action. Then we conjecture the following:

Conjecture 111.34: Let Z,,...,Z, be the orbits in Zf1 under the action of Zfl’Jr, where
g is the index of Zfl’Jr n Zfl. Assume that the set h = (h,), of strongly compatible base

points is such that the class of h,/q in CI"(f) is independent of p € &,. Then for any
1< <g, if W;j is the complex number defined by:

Wi= 11 TI Gsalleom!. - lepm]; kehy)”

pES, (ke)EZ;

then Wy = --- =W, and

H H Gbe o([Eo| - - -lep)]s kehy)” = H H G:f,f,b,a([ép(l” .- |epn]; kehy)”

PES; (ke)eZ] PES (ke)ez;

This conjecture is out of our reach for the moment, but it is supported by numerical
evidence and it should follow from standard arguments in the study of the cohomology of
arithmetic groups. Of course, being able to replace the averaging over Zfl by an averaging
over Zfl " makes for a more elegant conjecture, but unfortunately it is more difficult to
prove the invariance from the choice of base points h, on this writing. Indeed, the values
W; are expected to be equal for 1 < j < g but it does not always happen as a result of
some reorganisation of the terms (see section IV.2.5.1 for a more detailed discussion on
the subject).

We also note that to state Conjecture 111.34 we had to make the assumption that
a strongly compatible set h = (h,), of base points exists for which the class of h,/q in
CI*(f) is independent of p € &,. It is not clear that such a set always exists, and we
would need to prove the following conjecture on the classes of the involved generalised
different ideals.

Conjecture II1.35: Let K be an ATR field of degree n = r + 2 > 3. Let e1,...,¢, be
fundamental units for Ox™ such that for each p € &, the unit system lep)] - - - 1€pm]
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satisfies (H2), (H3). Let ®, = ®(a,, Okx) be the generalised different ideal of a, =
a(lepy] - - -|epm])- Then the class of ©, in the narrow Hilbert class group of K is inde-
pendent of the permutation p € G,..

This conjecture might be proven using similar ideas to those used by Hecke to prove
that the class of the usual different ideal ? is a square in the wide class group of K.

III1.4 The main conjecture

In this section we present a conjecture on the special values of G, functions evaluated at
points in a degree n = r + 2 ATR field which generalises Conjecture III.1. We shall then
discuss some links with Hilbert’s 12th problem and the rank one abelian Stark conjecture
for ATR fields.

I11.4.1 Formulation of the conjecture

In this section we finally give a precise formulation for our main conjecture on the special
values of multiple elliptic Gamma functions over ATR fields. To this end we gather
the hypotheses (H2), (H3) and (H4) we introduced along the way in section II11.3.2 and
introduce the following notion of a set of fundamental units which is adapted to f.

Definition II1.36: Let ¢4,...,c, be fundamental units for the group O%’X of totally
positive units in K. We say that the fundamental units €1, ...,e, are adapted to | if for
each p € &, the unit system [e,q)| ... |e,tr)] satisfies (H2), (H3) and the different ideal
D(a, Ok) associated to the unit system [epy|. .. |€pmm)] is coprime to N(f) (see (H4)).

Note that in this definition, the only hypothesis which depends on f is (H4) and that
for a fixed set of fundamental units €4,..., ¢, a positive proportion of all integral ideals
in Ok satisfy (H4). Thus, once we have found a set of fundamental units 1, ..., &, which
are adapted to some integral ideal f, there are many other integral ideals for which the
same set of fundamental units is adapted . We may now present our main conjecture:

Main Conjecture II1.37: Suppose that K is an ATR field of degree n = r + 2 > 3.
Fixz an integral ideal §f # Ox satisfying (H1) and (H5) such that Kt (f) is totally complez.
Let o¢ be one of the two complex embeddings of K and fix a complex embedding o of
K*(f) which extends oc. Fix a set of fundamental units ey, ... e, for Op™ which are
adapted to f. Fiz a smoothing ideal a of norm N which is good in the sense of Definition
II1.26. Fiz a class ¢ in the narrow ray class group at f. Fix an integer kg > 0 coprime to
q = N(f) and an integral ideal b coprime to § such that the integral ideal ko.b belongs to
the class ¢. Let h be a compatible set of strongly admissible base points for the data §,b,a
and for the fundamental units €4, ..., &,, as given by Proposition I11.25. Then, there are
orientation signs p, = py(e1,...,&,h),v, = vy(er,...,e,h) € {—1,41} such that the
complex number

Vikowa(er, - ner) = [ Inpealer. .. eniko ke, p, )P (I11.41)

1
(ke)€Z;

1s independent of the choice for the compatible set of strongly admissible base points h in
Proposition IT1.25 (see section I11.3.5.2 for the definition of the set Z and (II1.3) for the
definition of the evaluation I s q(c1,. .., &r; kon.€.h, p,v)). Furthermore:
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. The complex number Vo = Vikop.a(€1,--.,€) is independent of the choice of fun-

damental units €1, ..., &, adapted to f and from the representation of the class ¢ by
the integral ideal kq.b.

The complex number Vj.q is the image in C of an algebraic unit us.q in the class
field K*(f) under the complex embedding o of K*(¥).

Any embedding of K*(f) above a real embedding of K maps us . to the unit circle.

If ¢ is a class in the narrow ray class group at § then the explicit reciprocity law is
gien by
(o (uf,c,a) = Ufec/)a

where ¢ — o, is the Artin map.

5. The complex number V; . satisfies the following Kronecker limit formula:
N(a)¢i(c,0) — ¢{(ac,0) = ﬂlo WVical® (I11.42)
AN RS T DN gzl B el ‘
Remarks :
1. In the case n = 2, that is for imaginary quadratic fields, it is already known (see

chapter 0) that the values
A

are g-units in abelian extensions of imaginary quadratic fields as a consequence of
the theory of Complex Multiplication and that they satisfy the second limit formula
due to Kronecker (see chapter 0).

In the case n = 3, the Kronecker limit formula is already proven in [BCG23] whereas
the algebraicity property remains conjectural.

The orientations in the conjecture can be computed by checking which ones among
the 2.2 possible choices give the desired Kronecker limit formula (I11.42).

The condition (H1) which asserts that there are no units of negative norm in Oy
which are congruent to 1 mod f§ is not very restrictive. Indeed, if such a unit exists,
none of the characters associated with the abelian extension K*(f)/K may be of
norm type (see section I11.3.5.2 for a discussion of norm-type characters) and there-
fore all the Dirichlet L-functions attached to the abelian extension K*(f)/K (and
therefore all the associated partial zeta functions) vanish at s = 0 with order > 2
(see for instance [Neu99] for the functional equation of L-functions). The left-hand
side of (II1.42) is then identically 0 and with a bit more work it is possible to show
that the right-hand side vanishes too.

This conjecture is formulated with restrictions, but it has been successfully tested
in many other cases outside of the hypotheses (H3), (H4) and (H5). It is our aim
to complete the formulation of this conjecture outside of these restrictions and to
extend the definition of compatible sets of admissible base points h for which the
conjecture holds. In particular, it is expected that the conjecture may be extend to
any set of fundamental units ¢, ..., s, for Of ™ and that the value of V;, should
indeed remain independent of this choice of fundamental units.
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6. As the value of D(N,n) is identically 1 if NV is supported at primes p > n + 1 we
make the difference in the computations between “small smoothings” (which are
divisible by some small prime p < n+ 1) and “big smoothings” which are not. The
interest of big smoothings is that the minimal polynomial of the value V; , should
have smaller coefficients and it should therefore be more easily recognizable. The
tradeoff however is that the computation time is linear in the smoothing index and
therefore computations with “big smoothings” may take more time.

Let us now illustrate the conjecture for a simple quartic ATR field using a small
smoothing. Consider the quartic field K = Q(z) where z is the root of the polynomial
2 — 623 — 22 — 3z +1 in the upper half-plane and fix the ordering on the real embeddings
of K such that 01(z) < 09(z). Take f the unique degree one prime above ¢ = 2 in K. A
possible choice for the fundamental units is given by g, = (=223 + 1322 — 2+ 3) /7, g9 =
(—52% + 2922 + 152 + 18) /7. We choose a the degree one prime above N =5 in K, ¢ the
trivial class of the narrow ray class group at § represented by ky = 1 and b = Ok. Here
q = 2 therefore Z! = {(1,1)} = Zf1’+. A possible choice of compatible base points h;
and h, as given in Proposition I11.25 is h; = hy = (—182% 4+ 9622 + 822 + 62) /7. We may
compute for the orientations p = v = [~1, 1] the two quotients

3 2 3 2 3 2 -5
G 1 52°-292—-152—81 62°—392°+102+5 —22°+132*—2+24
2\ 2 70 ’ 70 ’ 70

v =

! aQ (g 523-2922—15z—81 623—39224+10245 —2z3+13z2—z—24)—1’
2\ 14 ) 14 ) 14

5
G, (=L —22341322 2424 —52342922+152+481 223-1322-62—101

2\ 72> 70 ) 70 ) 70

b2 = G (;5 —22341322—2424 —523429224152481 2z3713z276z7101)
2\2> 14 ) 14 ) 14

The values obtained are respectively v; ~ —2.0167576... — ¢ - 5.8008598... and vy =~
—0.4159958... + 7 - 0.0018434... Their product v1vy ~ 0.8496565... — i - 2.4094157... is not
an algebraic integer in K*(f). Yet the fifth power (vyv2)® & 108.0070738...—4-13.4979021...
of this product coincides up to at least 1000 digits with a root of the polynomial

2% — 21527 + 116292 + 119412° + 3913z* + 1194123 + 116292 — 2152 + 1

which defines an absolute equation of K*(f) over Q. The constant term of this polynomial
is 1, so its roots are units inside K*(f). We may also check the Kronecker limit formula
(II1.42) up to 1000 digits as:

N(a)¢{([6],0) — ¢/([ab], 0) ~ log |v1vs]? ~ 1.8759781...

We will present an example in the same conditions except for the smoothing which will
be a “big smoothing” in section IV.2.2.1.

I11.4.2 Discussion of the conjecture

In this section we discuss various aspects of the Main Conjecture I11.37, including an
alternative formulation using the subgroup Zfl’Jr of Zfl and a discussion of the link with
the rank one abelian Stark conjectures.
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I11.4.2.1 Alternative formulation

In this section we discuss the possibility of using Conjecture I11.34 to simplify our main
conjecture. Indeed, if we assume Conjecture I111.34, then:

g

H [r,f,b,a(517 <oy Epy ko-kf-ﬁ, Ha Z) = H Ir,f,b,a(51> sy Epy ko.kf.ﬁ, H: Z)

(k,e)ezfl (lc,e)ezfl’+

where ¢ is the index of Z;’Jr in Zfl, provided that the strongly compatible set of base
points h is such that the class of h,/q in CI7(§) is independent of p € &,. The complex
number

Vica = H Lijoa(er, - e kokeh, y)D(N’")

(k,E)EZf1

would be then be the g-th power of the complex number

Wf,c,a = H -[7"7f,b,a(€1a ey Eps ko‘k"g‘h7 H’ Z)D(JV,H)

(ke)ez™

and we would get the simpler Kronecker limit formula:

N (a)¢(c,0) — ¢ (ac,0) = 10g [Wi.cal” -

1
D(N,n)
From this we would conjecture in general that the unit w4 is already a g-th power in
K*(f). We therefore give the following alternative formulation for the conjecture:

Alternative Conjecture I11.38: Suppose that K is an ATR field of degree n = r+2 > 3.
Fiz an integral ideal §f # Ox satisfying (H1) and (H5) such that K*(f) is totally complez.
Let oc be one of the two complex embeddings of K and fix a complex embedding o of
K*(f) which extends oc. Fix a set of fundamental units e1,...,&, for O%’X which are
adapted to §. Fiz a smoothing ideal a of norm N which is good in the sense of Definition
I1.26. Fiz a class ¢ in the narrow ray class group at §. Fix an integer kg > 0 coprime to
q =N () and an integral ideal b coprime to § such that the integral ideal ko.b belongs to
the class ¢. Let h be a compatible set of strongly admissible base points for the data f, b, a
and for the fundamental units 4, ...,&,, as given by Proposition II1.25. Assume further
that h is such that the class of h,/q in CI™(f) is independent of p € &, (it is always
possible to find such a set if Conjecture II1.35 holds). Then, there are orientation signs
o= pp(er, .. em h), v, =vp(er, ..., 60, h) € {—1,+1} such that the complex number

Wikooa(ets - &) =[] Teswaler, .. erikokeh, p,v)P (I11.43)

(ke)ez ™t

1s independent of the choice for the compatible set of strongly admissible base points h in
Proposition I11.25. Furthermore:

1. The complex number Wica = Wikopa(€1,...,€r) is independent of the choice of
fundamental units €1, ..., &, adapted to f and from the representation of the class ¢
by the integral ideal ky.b.
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2. The complex number Wi q is the image in C of an algebraic unit wy.q in the class
field KT (f) under the complex embedding o of K*(¥).

3. Any embedding of K* () above a real embedding of K maps wjq to the unit circle.

4. If ¢ is a class in the narrow ray class group at § then the explicit reciprocity law is
given by
Uc’<wf,c,a) = Wycc/)a

where ¢ — o, is the Artin map.

5. The complex number Wj . satisfies the following Kronecker limit formula:

N (a)¢(c,0) — ¢(ac,0) = 10g [Wi.cal” - (I11.44)

1
D(N,n)

This second formulation of the main conjecture is also coherent with the discussion
carried out at the end of section I11.3.1. All the examples we present in section I'V.2 satisfy
this second (and more elegant) formulation of the conjecture, thus we shall present them
with this alternative version of the conjecture in mind. It relies on an extra assumption
on the classes represented by the elements h,/q in C17(f) and in future work we shall
prove that we may always find such sets of base points (see Conjecture I11.35).

111.4.2.2 Optimal setting

In this section we describe a special setting that gives the simplest examples of compu-
tations of higher elliptic units. This is the setting in which we carried out most of our
computations as it simplifies greatly the research of ATR fields together with their class
field moduli for which the hypotheses of the main conjecture are satisfied. We shall say
that the pair (K,f) is an optimal setting (where K is an ATR field and § # (1) is an
integral ideal in Ok) if O™ = O;F’X. This implies in particular that Zfl’+ = {(1,1)}.
Finding an optimal setting gives us the best practical chances of finding fundamental
units adapted to § and therefore of having a working example. However, this optimal
setting condition is very restrictive, as explained by the following straightforward lemma:

Lemma II1.39: Let K be an ATR field and let €1, . .. &, be fundamental units for Og’x.
The integral ideal

T

JEK) =) (55— D0k = Y (e-1)0k

=1 ceof

does not depend on the choice of fundamental units for O%’X and an integral ideal §
satisfies O;F’X = ng if and only if § divides J(K). In particular, as there are only
finitely many divisors of J(K), there can only be finitely many moduli § in K for which
(K, f) is an optimal setting.
Proof :

The equality (’);L’X = Oﬂz’x is equivalent to the statement that e—1 € f for any € € O%’X.
Thus O] = Og™ implies that § | >7_, (¢; — 1)Ox = J(K). Suppose now that § | J(K).

+,X r Uz

Then any € € Og’” may be written in the form ¢ = szl g;” for some integers ni, ..., n,

and € = 1 mod § as each of the ¢; are congruent to 1 mod §. Therefore O;“X =05 O
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This result is interesting for computations as it gives us a way of finding optimal
settings by computing the ideal J(K) and checking for each of the divisors of J(K) if the
hypotheses of the main conjecture hold (see section 1V.1.4).

111.4.2.3 Expanding the conjecture

In this section we briefly discuss some of the hypotheses we made to state our main
conjecture and discuss how the main conjecture could be expanded to cases where some
of these hypotheses are not satisfied.

1. As mentioned in section II1.4.1, the hypothesis (H1) is there to ensure that the
result is non-trivial. If it is not satisfied, then all partial zeta functions vanish at
s = 0 with order > 2 and the invariant we compute is expected to be equal to 1
(which is already a non-trivial statement about the vanishing of the right-hand side
of (ITI1.42)). The hypothesis that K*(f) is totally complex serves the same purpose.

2. The hypothesis that O /f is cyclic (see (H5)) is quite restrictive, but it gives better
conditions for the computations. We would need to construct more examples where
this is not satisfied to expand the conjecture, and these examples would require a
lot more time to compute.

3. The hypotheses that the different ideals ©(a,, Ok) are coprime to ¢ and that all
the contents \, are equal to 1 (see (H4), (H3)) give better conditions for the com-
putations, but as shown in section IV.2.6 we may compute higher elliptic units in
conditions where they are not satisfied. The notion of a strongly compatible set of
base points A would need to be adapted in a way we do not forsee and the exis-
tence of such a set would need to be proven, as the arguments used in the proof of
Proposition I11.25 are not suited to this case.

4. The hypothesis that the involved unit systems are non-degenerate, that is they
satisfy (H2) is important to perform the computations of non-degenerate G, func-
tions. It would be interesting to investigate the case where some of these unit
systems uq,...,u, are such that 1,uq,...,u, is not a free family of the Q-vector
space K, and see if the evaluation still seems to yield an algebraic unit, where the
term corresponding to the unit system uq,...,u, is set to 1 by convention.

111.4.2.4 Hilbert’s 12th problem for ATR fields

Hilbert’s 12th problem asks for the construction of the abelian extensions of general
number fields using analytic functions. It is solved for the field of rational numbers using
the exponential function and for imaginary quadratic fields using the elliptic units built
from the # function. If proven, our main conjecture II1.37 would constitute progress
towards a solution Hilbert’s 12th problem for general number fields with exactly one
complex place. Indeed, when the left-hand side of (I11.42) does not vanish, the conjectural
elliptic unit wu;., we compute by evaluating the multiple elliptic Gamma functions is
expected to generate a non-trivial extension of K and in many cases the whole class field
K*(f). It would then suffice to prove statements on the exact extensions of K generated
by these units and possibly some of their roots to obtain a general construction of K (f)
using analytic functions.
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111.4.2.5 Rank one abelian Stark conjectures

To end this section, we discuss the link between our conjecture and the rank one abelian
Stark conjecture for ATR fields (see [Sta80], [DG11]). This conjecture is expressed as
follows:

Conjecture II1.40 [Rank one abelian Stark conjecture for ATR fields] : Write e;
for the number of roots of unity in K™ (). Fix a complex embedding o of K (f) extending
a fized complex embedding oc of K. There is a unit usyarr, in K (f) such that

e For any class ¢ in C1*(§), if o, € Gal(K* (f)/K) is the image of ¢ under Artin’s map
then:

1 o
Cf,(C, O) = _e_f 1Og |U (uSiark) |2'

e FEvery complex embedding of K*(f) above a real embedding of K maps ugiarr to the
unit circle.

e The number field Kﬂf)(uééiiﬁ is an abelian extension of K.

If we assume both our main conjecture I11.37 and the rank one abelian Stark conjecture
for ATR fields, then we obtain for all classes ¢ of the narrow ray class group at f the
equality:

#2" oo V|2 1 oe  \D(Nn)(N-oa)) |2
#Zfl log |0<uf,t,a)| = _6_f IOg |U ((uStark) ) | .
In particular, up to some roots of unity of well-controled order, we should get the equality

in K*(f):

—e#Z D(N,n)(N—oa)#Z}
U =u
f.e,a Stark :

(I11.45)

If we believe further in Conjecture I11.34 and in the alternative conjecture I111.38 then we
should get the simpler formula:

wi o= gy N (I11.46)
up to well-controled roots of unity. Thus our higher elliptic units give a conjectural
analytic formula for smoothed Stark units and not only for their modulus at places of
K*(f) above the unique complex place of K. Other formulas for Stark units above ATR
fields were proposed by Ren and Sczech for complex cubic fields in [RS09] and more
recently by Black (see [Bla25]) for general ATR number fields using generalised log-
gamma functions. Another approach to the construction of Stark units specifically above
ATR fields K of degree n = 2n’ containing a totally real subfield F of degree n’ using
Hilbert modular forms was presented by Charollois and Darmon in [CDO08|. They give a
conjectural formula for the Stark unit as the evaluation of some multiplicative n'-cocycle
(their version of the “Abel-Jacobi map”) against an n’-cycle in the group coholomogy of
SLy(Op). It is worth noting that the presence of a real subfield is often an obstacle in our
construction as we need to define higher elliptic units with evaluations of GG, functions at
real algebraic irrational points. Nevertheless, it would be interesting future work to try
to find a relation between any of these constructions of Stark units and ours.
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111.4.2.6 Independence of the choices made in the main conjecture

In this section we briefly discuss the question of proving the independence of the complex
numbers W . o from the choices made in the conjecture. There are four important choices
that were made: the choice of fundamental units ¢, ..., &,, the choice of the represen-
tation of the class ¢ by an integral ideal of the form k(.b, the choice of helper ideal
in Proposition II1.25 and the choice of the strongly compatible set of base points h. In
section I11.3.5.2 we already discussed the independence of the evaluation W, from this
last choice. Let us now briefly mention what we can expect from the other three choices.

The choice of fundamental units €4, ..., &, is the most rigid one as many hypotheses
depend on the good position of the associated r-cycle T (eq,...,¢,), and the conjecture is
formulated for a very limited number of possible choices for these fundamental units. Still,
as the conjecture concerns the evaluation of a r-cocycle against the cycle Y(eq, ..., &,) and
that the class of this cycle in HT(O£’X,Z) is independent of the choice of fundamental
units, it should follow from standard arguments in cohomology that the evaluation of
W ¢« does not depend on the choice of fundamental units 1, ..., &,.

The choice of the integral ideal b is rather easy to treat. Indeed, if we replace b with
an integral ideal b’ in the same class in C1*(f) then the fractional ideal b’/b is generated
by some totally positive ¢ € K satisfying £ = 1 mod f. If the set of base points h = (h,),
is strongly compatible for b then the set of base points ' = (h},), = (£h,), is strongly
compatible for b’. The linear forms a, attached to h, are then replaced by a/, = a,(~")
and the associated elements «, are replaced by o/, = a,. This gives in the evaluation
/vy = /7, as 7, = &7, as well. Thus the construction is indeed independent of the
choice of the particular integral ideal b as:

II Lisaereeshokehpr)= [ Lyvaler ... enkoke(Eh), mo).

(k,E)EZfl (kva)ezfl

Lastly, we discuss the choice of helper ideals in Proposition II1.25. It is in general
very difficult to prove that the evaluations are independent of the choice of said helper
ideal, as the levels of the computations are modified when changing helper ideals. We
focus on a particular simple case which illustrates the following remark: in many aspects,
a helper ideal of the form p/B behaves as if the computation had a semi p-smoothing by
the prime ideal 3. Let us then fix the setting where the ideal a belongs to the trivial
class in C17 () and $ = p/B for some integral ideal 3 of norm p such that ¥ belongs to
the trivial class in CI7(f). Since ) is a helper ideal for the data f, b, a, it is also true that
N/a is a helper ideal for the data f, b,3. Thus the two computations may be compared,
as the same strongly compatible set of base points A may be chosen in both cases. If we
believe in the conjectures of this section, we should obtain

—e; D(N,n)(N-1)
Wi .0 = UsStark

and (N,n)(p—1)
—e;  _  D(N,n)(p—1
Wi oy = Ustark

up to roots of unity. Thus we would expect to obtain the equality:

p—1 N1
Wypa = Wipp

up to roots of unity. Proving this equality would be a first step in the direction of proving
the independence of the choice of helper ideal in Proposition I11.25.
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Chapter 1V

Algorithms and numerical examples

In this chapter we present algorithms that were used to produce numerical evidence
supporting the Main Conjecture 1I1.37. We then present examples of computations of
higher elliptic units above various ATR fields of degree 3, 4, 5 and 6.

IV.1 Computing the conjecture

In this section we explain how we obtain numerical examples to support the conjecture.
First, we explain how to evaluate the ordinary G, functions and more arithmetic evalua-
tions of the form (III.2). Then, we explain how to compute the base points h, for p € &,
and the other parameters needed for the general computation. Our goal is to present an
algorithm (see section IV.1.2.5) which computes the products

Vieca= [ Irjealer.. .. erikokeh, p,v)PN"
(k,E)EZfl

(see (II1.41)) or its counterpart Wi, defined in (II1.43) from the data f,a,eq,..., ¢, for
all classes ¢ in the narrow ray class group at §. To simplify notations we shall present the
computations in the case where t, = 1 for all permutation p € &, (as this is the case in
the main conjecture). Explicitly, the product we wish to compute is given by:

N vpupxs(k) Tt
G ((HeoxiWkh o a PEPXI
=1] I - (1V.1)
G N.pp.koxj(k)kh  Nag Na, '
pEG, (k,s)GZfl r a7 P Ty —7

which is the explicit formulation for the product appearing in (I11.41) given by (I11.40).

IV.1.1 Computing the G, functions
IV.1.1.1 Computing the ordinary G, functions

Let us now explain how we compute the ordinary G, functions, practically speaking, to
verify the conjecture on numerical examples. Indeed, the definition of the G, functions
by a multi-index infinite product given by formula (I.1) is not suited for computations.
In the case n = 2, Jacobi’s triple product formula gives a beautiful expression of the 6
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function in terms of an infinite sum with converging rate in ¢ /2:

0(z,7) = _q1/24 Zw"(—l)”q”(”_l)/2 (IV.2)
n(7—> neL

where x = exp(2inz), ¢ = exp(2in7T) and n(7) is Dedekind’s n function. This makes
the computation of # very fast when 7 is not too close to the real axis, and standard
techniques in the study of modular functions allow to use the modularity of € to reduce the
computation of §(z, 7) to the computation of 6(2', 7") where I(7') > 1/2. Unfortunately,
there is no clear generalisation of Jacobi’s triple product formula for higher degree G,
functions and we need other techniques to compute the G, functions efficiently. In the
case where the parameters 7,...,7. lie in the upper half-plane, we shall make use of
[[NisO1], Proposition 3.6] which we write as:

J Jp—J —1)pd
GT(Z77_07”'77_T):€XP (_Zlqo L +( 1) ZE> (IVS)

=1 H;:o(l —q)

where x = exp(2imz) and g = exp(2in7;) for 0 < k < r. This formula is only valid for
oy, T € H and 0 < S(2) < Y1 S(7%). We call this domain the center strip. It
is remarkable that the complexity in the computation of the right-hand side in (IV.3)
doesn’t increase drastically with r. To compute the value G,(z, 7, ..., 7,) in the general
case where the parameters 79, ..., 7. lie in C — R, we only need to make sure that we can
use the properties of the G, functions to reach this domain. This requires two steps: a
reorientation step and a translation step.

The reorientation step consists in reducing the computation of any value G,.(z, 79, . . ., 7-)
with parameters 7g,...,7, € C — R to the computation of some G,(2',7),...,7.) with
parameters 7(,...,7, in the upper half-plane. To achieve this, we use repeatedly the
inversion property:

Gr(2,T0y -+ oy Thetsy —Thy Thtds - - - Tr) = Gr(2 + Tk, To, - - - ,TT)_l. (IV.4)

Starting from any 79,...,7, € C — R, we may define J = {0 < j <r | I(7;) < 0}. Then
using the inversion property (IV.4) for each k € J gives:

(-1#
Gy (z,70,...,7) =G, (Z—ZTk,Té,...,T;>

keJ

where 7} = 7; if j ¢ J and 7; = —7; if j € J. In any case, this gives J(7}) > 0.

The translation step consists in bringing back the elliptic variable z in the center strip
defined by 0 < $(z) < Z;:o 3(7;) when the parameters 7, ..., 7, belong to the upper
half-plane. For this step we use recursively the pseudo-periodicity property:

G2+ Tr, 70y Tr) = Gr1(2, 70, oy Thy o+ o5 T ) X G2, T05 - o, Tr). (IV.5)

Doing so will require the computation of lower degree functions, that is until we reach
the case r = 0 in which case the computation of Gy = 6 can be done quickly using
(IV.2). In the general case, the number of translation steps required to reach the cen-
ter strip for all involved functions, including the new ones appearing at each step is

O(I Tz, (IS(2)|/(7x))) where we have assumed that 0 < S(7p) < -+ < (7).
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The proof of this statement is easily done by induction, but we shall omit it as we
now focus on the pratical computations we perform to test the conjecture. Indeed, it is
clear that at most one translation step is required per term in the product (I11.41) as
the parameter z = p.ko.x;(k)k.h/qy belongs to Q — Z. Thus, the computation time to
test the conjecture is entirely dedicated to the computation of sums of the shape (IV.3).
Let us say a few words on the number of terms we must compute in this sum. Let
y = 27 min(¥(2),S(m0) + - -+ + (1) — I(2z)) be the distance from z to the boundary
of the center strip. Then, to compute G,(z, 7, ...,7,) with precision § > 0 we need to
compute O(log(d)/y) terms in the sum (IV.3) (this corresponds to a convergence rate
in ¢ where g, = e~ . The main difficulty in performing the computations to test the
conjecture comes from the fact that in practice, the imaginary parts of all the 7;’s are
very small, making the parameter y even smaller.

We end this section on the computation of the ordinary G, functions by mentioning
the rare case where some of the 7;’s are real algebraic. In this case we use the formula
given in Proposition 1.17 which is a sum with a similar converging rate.

IV.1.1.2 Computing the arithmetic evaluation G (ui,...,u.;h)"

In this section we describe how to compute the arithmetic evaluation Gfmb,a(ul, Uy ko ke b)Y
for any orientations p,v € {—1,1} and any (k,¢) € Zfl. To simplify notations we shall

treat the case where t = 1. It follows from Proposition II1.30 that this evaluation is then
given by:

vu” k r+1
e <,u.kg.xi(k)k.h ag %>N Wi (k)
r ) LA
a" Uy ko ke h)Y = o . .
r,f,b,a(ula , Urs Ko ) G (N,M.kO.Xf(k)k~h Noag M)

r ay oy Ty
To compute the parameter v we compute the matrices of multiplication by uq,...,u, in
the basis By, of L and compute s.y = det(a, auy, ..., au,,-). The parameters ay, ..., a,

are obtained by computing the rescaled comatrix of the matrix A (see section I11.3.2.1).
It follows from Proposition 1I1.9 that these parameters satisfy

ééjh + mjh
o, = —————
/ eml
for 0 < j < r where my, ..., m, are integers, ¢ is the sign of the norm of h, { = ¢q.N.t.pg
is the level of the computation (see lemma I11.22) and the family ay, . .., &, is defined in
(IT1.24). In particular, we may rewrite the term Gﬁf,h7a(u1, oo Uy ko ke b)Y as:
vu” k r+1
e (u.ko.Xf(k)kh aoh+moh drh—l—mrh)N K1)
T ) € g rrt emZ‘
G* o, . up ko ke b)Y = o o -
r,f,b,a G (Nuk’on(k)kh N(aothmOh) N(arh+mrh))
r q ’ emb.ry yrrt emb.ry
This can be simplified as h = n.m.7y for some sign n € {—1,+1} as:
evu” r41
G (f-u-ko-Xf(k)k-m ag+mo dr+mr>N nevi X (k)
T ) ¢ LR 0
G" Uy ko ke b)Y = -
r,f,b,a(uh , Urs Ko € ) G <N.e.,u.k0.xf(k)k.m N(&op+mo) N(dr+mr)>
r q ) 1 Y Y]
(IV.6)
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where we have used formula (I.11) to treat the sign n.e. From this writing it is clear that
the complexity of the computation essentially depends on the parameters ay, ..., &, over
which we do not have any control once f and the units €y, ..., ¢, are fixed, and on the
level £ = q.N.t.pg. It follows from the discussion on the complexity of the computations
for the ordinary G, functions (see section IV.1.1) that the term (IV.6) may be computed
with precision 6 > 0 with complexity O(]log(d)| x ¢) where the constant depends on
o, - - ., . This justifies the comments we made previously: to obtain fast computations
one should choose a smoothing ideal with the smallest possible norm, and one should
also choose a helper ideal with the smallest possible norm.

IV.1.2 Algorithms for the computation of higher elliptic units

To perform our computations we used the software Pari/GP [The24] and we made exten-
sive use of the tools it provides for algebraic number theory. Here is a list of classic tasks
in algebraic number theory that Pari/GP does and which we won’t give algorithms for:

e General manipulations of fractional ideals using their Hermite Normal Form repre-
sentation. This includes multiplication and inversion of fractional ideals, intersec-
tion of fractional ideals, decomposition into prime ideals, etc.

e Computations of class groups, ray class groups and fundamental units (see the
bnfinit and bnrinit commands).

e Computations of classes of fractional ideals in (ray) class groups (see the bnfis-
principal and bnrisprincipal commands).

e Computations of (ray) class fields (see the bnrclassfield command).

e Computations of Hermite Norm Forms and the Smith Normal Forms of integral
matrices (see the mathnf and matsnf commands).

e Computations of Dirichlet-Hecke L-functions at s = 0 in number fields.

e General manipulations on field extensions, including the verification that a given
field K is included in a given field L.

IV.1.2.1 Computing the different ideals ©(a, Ok)

In this section we briefly recall how we compute the generalised different ideals D (a, Ok),

using a general version of [[Coh93], Proposition 4.8.19] (see lemma III.13). Let us assume

that the unit system wy,...,u, = [e,1)|-..|€pe)] Is given and that a positive Z-basis

Bo, = [ef =1,€},...,e,.] is given.

Algorithm 1: Computation of the different ideal ©(a, Ok) and associated parameters.
Input: a degree n > 3 ATR number field K, units us, ..., u, in Of satisfying (H2), a

positive Z-basis Bo, = [ej = 1,¢€,...,¢e,.,4] of Ok.

Output: the content ), the linear form a, the different ideal D (@, Ok), the overflow ¢
and the elements ay, ..., ..

1. Compute the linear form

f = (f(€}))osjcrnr = (detpy, (1ua, .., Uy, €)))ojcrin.

Set A = ged((f(€}))osj<r1) and @ = f/A.
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2. Compute the matrix M = (a(eler))o<jk<ri1- The inverse of M represents a frac-
tional ideal J in the basis Be,. Set D(a, Ox) = I~ L.

3. Compute the matrix U; of multiplication by u; in the basis B, for 0 < j <r. Set
au; to be the product of the linear form @ by the matrix U; for 0 < j <.

4. Compute the SNF of the matrix A obtained by concatenation of a, auy, . .., au, (see
(IT1.20)). Set  to be the greatest elementary divisor of A.

5. Compute B = f.A! = (bij)1<ij<ri1 and set &; = Z::ll bijel.

This algorithm computes most of the geometric setup which is independent of the
choice of base point h (see section 111.3.2.2).

IV.1.2.2 Computing the ideals a,b,$

In this section we explain how we compute the possible choices for the smoothing ideal
a, for the representative ideals b and for the helper ideal . We assume that the different
ideals Dp = D(a,, Ok) are given (or simply the overflows ¢,), for instance as outputs of
Algorithm 1. We also assume that we have an iterator over prime numbers by increasing
value (see the forprime command) or directly an iterator over prime ideals of Ok by
increasing norm.

Algorithm 2: Computation of the smoothing and representative ideals.
Input: a degree n > 3 ATR number field K, an integral ideal § # (1), fundamental

units €q,...,¢, for (’)ﬁg’x, the overflows fp, p € G,, an iterator over prime numbers by
increasing value.
Output: A good smoothing ideal a, a set of representative integral ideals by, ..., b, for

the classes in the narrow ray class group at f.

1. Set ¢ > 2 such that ¢Z =fNZ. Set d = q - Hp t,. Compute the set Z/qZ*.

2. Compute the narrow ray class group at § and set g = #CI7(f). Set f to be a map
on CI*(f) which is identically 0 and which will be updated to map the classes in
CI* () to their representative ideals. Set ¢; = 0, ¢y = 0.

3. For primes p do the following until ¢; = 1,¢5 = ¢:

e If p is not coprime to d, move on to the next prime.

e Compute the decomposition of pOk into prime ideals. If there are no prime
ideals of norm p, move on to the next prime. Otherwise, set P to be one of
these prime ideals of norm p.

o If ¢; = 0 then set a =P, ¢; = 1 and move on to the next prime. Otherwise
move on to the next step.

o If c; > g, end. Otherwise, compute the class ¢ of ¢ in CI*(f). For each
ke Z/qZ*, if f(k.c) =0, set f(k.c) =P and increment c;. Move on to the
next prime.
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The image of the map f contains the representative ideals by, ..., b,.

This algorithm can be slightly modified in a number of ways, either for optimisation
or to add some conditions. Firstly, we might impose some extra condition on the integral
ideal a, for instance ask that N > n + 1 so that D(N,n) = 1, or we might ask that a
belongs to the trivial class in C17(f). Secondly, for the integral ideals b, we might want a
set of representatives which are not necessarly prime ideals with prime norm. In practice,
we set the representative b for the trivial class to be Ok. In addition, if we set G to
be the quotient of (Ox/Or)* by Z}' (see section IV.1.2.4 for the computation of Z) we
compute ideals b; representing the set C17(f)/G and obtain a set of representatives for
CI*(§) by setting ¢;, = k.b; for 1 <4 < #CI1"(f)/G and k € G. Another remark is that
Algorithm 2 computes a before the set of representatives for C1*(f), but it is also possible
to compute the representatives first.

Next, we move on to the computation of extended helper ideals (see Definition I11.21),
which could have been done at the same time as the computation of the smoothing and
representatives ideals.

Algorithm 3: Computation of the extended helper ideals.

Input: a degree n > 3 ATR number field K, an integral ideal § # (1), the overflows
fp, p € 6,, a good smoothing ideal a, an iterator over prime numbers by increasing value.
Output: A set $ of extended helper ideals representing all classes in the wide class group
at f.

1. Set ¢ > 2 such that ¢Z =fNZ. Set d = q - prp - N. Compute the set Z/qZ*.

2. Compute the wide ray class group at f and set ¢’ = #CI(f). Set f to be a map on
C1(f) which is identically 0 and which will be updated to map the classes of CI(f)
to their extended helper ideals. Set ¢ = 0.

3. For primes p do the following until ¢ = ¢':

e If p is not coprime to d, move on to the next prime.

e Compute the decomposition of pOk in prime ideals. If there are no prime
ideals of norm p, move on to the next prime. Otherwise, set 3 to be one of
these prime ideals of norm p.

e Compute the classes ¢(k) of k.p/B in CI(f) for any k € Z/qZ*. For each
ke Z/qz™, if f(c(k)) =0, set f(c(k)) = k.p/B and increment c¢. Move on to
the next prime.

The image of the map f forms a set $ of extended helper ideals representing the classes
in CI(f).

In practice we fix the helper ideal of the trivial class in the wide class group at | to
be Ok. Also, we might allow helper ideals to be of the form $ = Hie ; i/Bi for distinct
p;’s, which should allow for a set of helpers of smaller norms. An important remark to
make is that Algorithm 3 gives a set §) satisfying the following property: if two classes
¢ and ¢ in the wide class group at f are such that there exists some integer k coprime
to ¢ satisfying ¢ = k¢’ then there is a rational number x such that $(¢) = xk$(¢’) where
¢ — 9(c) is the map associating a class ¢ to the extended helper ideal $(c) in $ which
belongs to ¢. We shall say that the set $) is correctly formed and we shall always assume
that the sets of extended helper ideals we compute are given in this form.
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IV.1.2.3 Computing the base points £,

In this section we give an algorithm computing the base points h, for a fixed class .
We assume that the different ideals ©(a,, Ok ), the smoothing ideal a, the representation
of the class ¢ = [ko.b] and a correctly formed set $) of extended helper ideals have been
computed (see sections IV.1.2.1 and 1V.1.2.2).

Algorithm 4: Computation of a strongly compatible set of base points h.

Input: a degree n > 3 ATR number field K, an integral ideal f # (1), the different
ideals D (a,, Ok), a good smoothing ideal a, a class ¢ in C1*(f) represented by the integral
ideal ko.b and a correctly formed set $) of extended helper ideals representing CI(f).
Output: A strongly compatible set of base points h.

Set ¢ > 2 such that ¢Z = fNZ. Set N = N (a). For each permutation p € &,:

1. Set 3, = 4D(a,, O).

2. Compute the class of the ideal J, in the wide class group at §.

3. Set $), to be the extended helper ideal in $ which belongs to the class of the
fractional ideal 3;1 in the wide class group at §.

4. Set g, to be a generator of J, x £, congruent to 1 mod § and set h, = ¢.g,.

The set h = (h,),ee, is then a strongly compatible set of base points for §, b, a and for
the units €4,...,¢,.

The hypothesis that the set ) is correctly formed guarantees that the extended helper
ideals used are all of the form $), = m, x § for some common helper ideal $ and some
integers m, > 0 coprime to ¢ (see Proposition II1.25).

IV.1.2.4 Computing the sets Z} and Zf1’+

In this section we give some insight on the computation of unit groups such as Oﬁg’x7
(’);L’X, Zfl, Zf1’+. Indeed, it is easy to obtain the fundamental units €/, ..., <. for Of in
Pari/GP, and some simple manipulations with these units allow for the computation of
fundamental units for O™ and O;"*. Indeed, every unit ¢ € OF satisfies e € O™
and 2 € (’);“X where k = #(Ok/f)*. Thus the computation of fundamental units for
O]}(f’x or (’);r " amounts to the computation of the relations among ¢/, ..., . in the finite
groups Ox /O™ and OF/ O;”X. To compute the set Z! (resp. Zfl ™) we compute the
image of OF (resp. Og™) in (Ok/f)* via the map & — ¢ mod f.

IV.1.2.5 Computing the conjecture

Let us now put everything together to give an algorithm computing the product Z in

(IV.1).

Algorithm 5: Computation of the full product Z.

Input: a degree n > 3 ATR number field K, an integral ideal § # (1), fundamental
units e1,...,¢, for O;F’X, orientations p,v € {—1, +1}", an iterator over prime numbers
by increasing value.

Output: The value Z defined in (IV.1) which is to be tested in the main conjecture
IT1.37.
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1. Set ¢Z = fNZ. For each p € &, compute the different ideal ©(a,, Ox) and the
overflow £, using Algorithm 1.

2. Compute a good smoothing ideal a and representative ideals by, ..., b, for the nar-
row ray class group at f using Algorithm 2. Set N = N (a).

3. Compute a correctly formed set § of extended helper ideals using Algorithm 3.
4. Compute a strongly compatible set of base points h using Algorithm 4.

5. Compute the set Z! in the form of its image in (Ok/f)* and the values of the
character x; (see section IV.1.2.4).

6. Compute the linear form a defined in (II.7) and the associated matrix A (see
(II1.9)). Compute the matrix B = A" (since ¢ = 1 here). Set ay, ..., to be the
vectors described by the columns of B (see I11.13).

7. Compute the value Z given by (IV.1) for the orientations p, v (see section IV.1.1.1
for the computation of the ordinary G, functions).

In practice, it is often useful to perform the computations for only one class b, as we
shall explain in section IV.1.3.2. We also make the remark that when computing multiple
terms of the form: N

G (L2, )

5777 " Ty

G, (N.k Nag Nar>

q’ v’ Y

with k& varying in Z/qZ* these computations can be done efficiently in parallel.

IV.1.3 Putting the conjecture to the test

In this section we briefly discuss how we check the conjecture, once the value Z defined
in (IV.1) has been computed. There are two main elements to check: the Kronecker limit
formula (II1.42) and the algebraic nature of the value 7.

IV.1.3.1 Testing the Kronecker limit formula

To check the Kronecker limit formula (II1.42) we compute the derivatives of partial zeta
functions at s = 0. This is done by using the bnrL1l command in Pari/GP which
computes values of Dirichlet-Hecke L-functions at s = 1 from which it deduces equivalents
of these functions at s = 0 using the functional equation. We then only need to perform
a finite abelian Fourier transform to deduce the values taken by the derivatives of the
partial zeta functions at s = 0. As mentioned in section I11.4.1, we take advantage of
this verification of the Kronecker limit formula to obtain the correct orientations u,v. In
practice, we use the lindep command which uses a version of the LLL algorithm [ELL82]
to test for linear relations between the partial zeta values and the values of log |Z(u, v)|

obtained when varying p and v.
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IV.1.3.2 Testing the algebraicity

Once the Kronecker limit formula (II1.42) has been tested numerically with the correct
orientations, we check that the product V = V., (or Wj,q) we obtain is indeed an
algebraic unit inside K*(f). There are several strategies to do so, depending on the
degree naps = n x #CIT(§) of the field extension K*(f)/Q.

For simple examples where this extension is expected to be small, we use the algdep
command which is analoguous to the lindep command which tests for a linear relation
between the values V™= ... V 1. The output of the algdep command is a polynomial P
which is a good candidate for the minimal polynomial of the complex number }V which is
expected to be algebraic of degree < n,;,s. This strategy is useful as it requires to perform
the computations for only one class in the narrow ray class group at §, however it requires
a lot of precision on the result for the algdep command to produce a meaningful result.
Indeed, this command always produces a result, but it might be incorrect. Thus, it is
important to know how to interpret the result as correct or incorrect. Because of the
properties we expect for the algebraic number V, we expect its minimal polynomial over
7 to be monic and palindormic. If the polynomial P we obtain satisfies this property, it
is a good sign that P is correct.

The definitive test however, is checking that the polynomial P € Z[x] obtained defines
an absolute equation over Q of a subfield of K*(f), by computing an equation of K (f)
in some other way (see the bnrclassfield command). We argue that our main conjec-
ture gives a way of constructing this class field, therefore we might also want another
verification mechanism that doesn’t rely on already knowing the class field K*(f). The
unconditionnal test that can be done in that context is as follows: compute the splitting
field L of the polynomial P, that is L. = Q[z]/(P) and check that K is a subfield of L such
that IL/K is an abelian extension unramified outside of f and outside of the archimedian
places of K. This will guarantee that IL/K is a subextension of K*(f)/K without needing
to compute KT (f).

Let us now discuss the general case where the degree n,.s of K*(f)/Q becomes too
large for the command algdep to succeed. In that case, we compute the values V;, for
all classes ¢ in the narrow ray class group at f and we expect these values to be units in
K*(f) which are Galois conjugates over K. Thus, we compute the polynomial

Prel(X) = H (X - Vﬁt,a)

ceCI*(f)

which is expected to be the minimal polynomial of each of the values Vj . over K. We
may then attempt to identify the coefficients of the polynomial P, by expressing them
on a Q-basis of K using the lindep command. If successful, we may identify P, with a
polynomial in K[X] and check that it lies in fact in Og[X]. From this relative polynomial
we may compute an absolute polynomial which should be the minimal polynomial of the
values Vj . over Q by setting
Pas(z) = [[ 05 (Pai(2)) € Zz]
j=1

where the o; are the embeddings of K. From either of these polynomials we can check as
before that it defines a subfield of KT (f) or an abelian extension of K unramified outside
of § and outside of the archimedian places. It is also easy to check that the polynomial
P,1s has the correct number of roots on the unit circle by computing approximate values
for the roots of P,y.
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IV.1.4 Algorithms to screen for simple and optimal ATR fields

Let us now describe how we obtained tables of ATR fields K together with moduli §
which offer an optimal setting for the computation of higher elliptic units (see section
[11.4.2.2). To search for these optimal examples, we shall assume that we are provided
with some iterator over integral polynomials of fixed degree n. This iterator might be
very broad, describing all polynomials of degree n with coefficients between —A and A for
some A > 0 or describe particular polynomials such as the pure cubic polynomials 2% —m
for 1 <m < A. To gain time, it might be useful to use an iterator built from a list of all
pre-computed polynomials defining a number field of degree n with exactly one complex
place with discriminant less than A for some A > 0, with possibly additional conditions
on the class number for instance. Such lists may be found on the LMFDB [LMF24] for
small degrees.

Algorithm 6: Search for optimal settings

Input: a degree n > 3 and an iterator g : N — Z,[X] = {P € Z[X] | deg(P) = n}.
Output: alist L of vectors [K, f;;s;, €155¢) where K is a number field of degree n with exactly
one complex place, fiss = [f1, ..., f;] contains class field moduli and ;5 = [e1,. .., 60 2]
contains fundamental units for Oﬁg’x such that the data (K, §;, ;) satisfies optimal
conditions for the construction of elliptic units.

Initialise a list L <— List();

Then, for each polynomial P described by the iterator g do the following:

1. If P is reducible, move on to the next polynomial.

2. Compute the number r of real roots of P. If r # n — 2, move on to the next
polynomial.

3. Let K= Q[X]/(P). Compute a Z-basis of the maximal order Ok of K.

4. Compute a set 1,...,&,_9 of LLL-reduced fundamental units for Oﬂz’x using Buch-
mann’s algorithm and the LLL algorithm for reduction (see the bnfinit command
in Pari/GP for these last two steps).

5. For each permutation p € &, use Algorithm 1 to compute [5\,), a,, D(a,, Ok),t,al,
and, if at any point A, > 1, break and move on to the next polynomial.

6. Compute the prime factorisation of the ideal J(K) =3 7_(g; —1)Ok (see (I1I1.39))
and keep only the prime ideals f1, ..., f; dividing J for which the hypotheses of the
main conjecture I11.37 are satisfied. If no such prime factor may be found, move
on to the next polynomial. Otherwise, add the data [K, [fi, ..., fi],[e1,--.,&n2]] to

the list L.
Let us make a few remarks on Algorithm 6. In practice, as the optimal conditions
depend on the choice of fundamental units €q,...,¢,_o for OHJQX, it may sometimes be
worth it to try more than one choice for ¢y, ...,c,_2 by performing small base changes

around an LLL-reduced choice of fundamental units. As a second remark, the optimal
setting described in section II1.4.2.2 does not guarantee that the computations will be
feasible in a reasonable amount of time. Indeed, the computation time for the higher
elliptic units is linear in the value max(#,) and it often happens that the overflows ¢,
are very large and lead to unreasonable computations. For instance, the pure cubic
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field Q(z = €*/3y/93) has fundamental unit ¢ = 1500122 — 644282 — 16022 and the
corresponding value for 7 is 648833101994018933678601952991 while A = 1. Thus, in
practice, we modify Algorithm 6 so that the potential examples with high values of ¢ are
discarded.

Using this algorithm we have already obtained more than 10000 complex cubic fields,
several thousands of quartic and quintic fields and a few hundreds of degree 6 fields
satisfying these optimal conditions. The best scenario we found for degree 7 fields was a
case where 116 out of the 120 conditions 5\,0 = 1 for p € &5 were satisfied, and in that
case the values of fp were too large to hope we could compute the higher elliptic units.

IV.2 Numerical Evidence

In this section, we provide numerical examples to support our conjecture. They may
be computed with high precision in a low amount of time. In what follows, we will give
computation times for 1000 digits precision on a personal computer. Computations® were
carried out using number fields found in the LMFDB database [LMF24] as well as the
computer algebra system PARI/GP [The24|, making extensive use of algebraic number
theory tools it provides.

In what follows, we will define our fields as K = Q(z) where z is the complex root of
some polynomial P = (r — 2)(z — 2) [T}_, (¥ — 2;) € Q[z] lying in the upper half-plane
(here the z; are real numbers with z; < --- < z,). Thus, to define our orientations we
will fix the ordering on the real embeddings of K such that o;(z) = z; for 1 < j < r.
Throughout this section, we focus mainly on computations for b = (1) because most of
the work on the computations of higher elliptic units does not depend on b. For ease of
presentation, we will often write prime ideals above a prime p as 3, B, B, ... . In this
section we provide examples for fields of degree 3 < n < 6. We first describe examples
in an optimal setting then a few quartic examples in a non-optimal setting. We end this
section with examples that fall outside of the hypotheses of the Main Conjecture I11.37 to
show how we can handle some of those cases. For ease of presentation, all examples are
presented in the form of the alternative version of the conjecture (see Conjecture 111.38)
where the averaging is done over the set Zfl’Jr. We also focus on “big smoothings”, that is
on smoothing ideals of prime norm N > n + 1 for which D(N,n) = 1. Lastly, for clarity
of presentation, we will write absolute polynomials over QQ as polynomials in the variable
x and relative polynomials over Ok as polynomials in the variable X.

IV.2.1 Cubic examples in optimal settings

Here we present five examples in the cubic case where the setting is optimal (see section
[11.4.2.2). We first present a very detailed example to showcase the general computation
process. The second example is one of the simplest ones, with £ = 1 and class number
one. The third example is a simple example presented in the general introduction where
g = 5 and the narrow ray class group at f is represented by the classes in (Og/f)*. The
fourth example showcases the work on helper ideals when the usual class group of K is
large. In the fifth example we present a case where ¢ = 7 and the narrow ray class group
at | is large.

LA short version of the code for the computation of the ordinary G, functions is available at
https://plmlab.math.cnrs.fr/pmorain /computations_of_higher_elliptic_units. A longer version of the code
which implements the algorithms from section IV.1.2 will be available in the future.
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IV.2.1.1 Example 1

We first discuss in full detail a cubic example. Let z be the complex root of the polynomial
23 — 13 lying in the upper half-plane. The complex cubic field K = Q(z) has usual class
number 3. We choose the ideal f of norm ¢ = 3 such that 2 = (3). The corresponding
narrow ray class group is CI*(f) ~ Z/6Z. The unit group Of™ = (’);r " is generated by
£ =222 —3z—4. We fix the positive Z-basis B = [1,222 —3z—4, =22+ 2] = [1,&, =22+ 2]
of OK

Application of Algorithm 1: Since detg(1,e,—2% + 2) = 1 the content of the unit

system (u1) = (¢) is A = 1 and in B the linear form & is expressed as @ = (0,0,1). We
compute the matrix M:

/o 0 1
M={0 —131 57
1 57 —29

such that M~! represents the fractional ideal D(a,Ox)~" in B. It follows from this
computation that the overflow of the unit system (¢) is # = 131 and that § = 131. Since
there is only one integral ideal in Ok of norm 131 we may identify it with ©(a, Ox).

Application of Algorithm 2: Here we asked for a smoothing ideal a coprime to 6 and
we found a = P35 the unique prime ideal of norm N = 5 in Okg. The narrow ray class
group at f satisfies the exact sequence:

1 — Z/32* — CI"(f) — CIT(K) — 1.

A possible set of representatives for the six classes in C1*(f) corresponding to this exact
sequence is:
{Ok, B2, B3, 2.0k, 2.8, 2.B3}.

where 5 is the unique prime ideal of norm 2 in Og. We shall then define b; = Ok,
bg = ;'BQ and bg = ;,B%

Application of Algorithms 3 and 4: Let PB7 = 7Ok + (z — 3)Ok be a prime ideal of
norm 7 in Ok and P17 be the unique prime ideal of norm 11 in Og. Then we may associate
to all classes modulo integers a helper ideal and a strongly admissible base point h:

Classes | Helper Admissible base point h
by =0k | Ok hy = —2127 — 422 — 114
bo=Po | 7/Pr | ho= (872" +92—477)/2
bs = P3 | 11/Pu1 | hs = — (32" + 309z — 807) /4

The corresponding levels are /1 = 3-5-131 = 1965, ¢, = 7-¢; = 13755 and /3 =11 -1 =
21615. We may compute the values

r (l e~ 145348 €+467>5
S~ —0.0660917... + i - 0.0932299...

5 £ 145348 +467
F(S’ 393 ’393)

+
I

(g,h1) =

F(‘—l e~141418 6—3463>5

57 13755 ’ 18755 ) ,

I (o5, et gy ~ V0059958...+ - 0.004717..
3° 2751 ° 2751

P?;B27a(€’ hQ) —

5
r (l e~1-547 46362
37

21615 ° 21615 ) N .
T (%, YT E+6362) ~ —289.3045814... — - 127.6382732...

4323 7 4323

P;;B%’a(g, h3) =
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“1 5
e-'45348 £+467

) 1965 1965) — .
o ey~ 0 0606452 — i T138617S..

377 393 393

"3 13755 7 13755

>5
A & 103.0063956... — i - 81.0605592...

3 7 2751 7 2751 )

—1 5
e-'—547 £46362

721615 7 21615) _ .
(3, it sy —0.0028933... + 7 - 0.0012765...

74323 7 4323 )

r(
I (
T (72 e~141418 £—3463
I (
r(

F;Q.‘Bg,a(g’ 2h3) =

We may remark immediately that F;.mg_lya(g,zhj) = F;,:pg‘l,a(g’ hj)~' for 1 < j < 3.

Let us then define W, = F;ﬂpj,l u(s, h;) for 1 < j < 3. Using these values we may identify
up to 1000 digits of precision the relative polynomial in Og[X]:
3
P = [[(X =W)X = W) & (X° + 1) + (—342" + 262 + 128)(X° + X))
j=1
+ (11272* + 8879z — 27106)(X* + X?)
+ (407402* — 169652 — 185350) X >,

Alternatively, using the algdep command shows that all values W; and W, ! coincide up
to high precision with 6 out of the 18 roots of the absolute palindromic polynomial

Ps = ' + 38427 + 23102'% — 106464902 + 1596241353z + 186083571812
+ 1569338094212 4 2150982565802 + 381407365338z + 3382054934692°
+ 3814073653382° + 2150982565802 + 1569338094212° + 186083571812°
+ 15962413532* — 10646490x> + 23102% + 384z + 1

which defines the degree 6 extension K*(f)/K. The computation time for 1000 digits
is 15 seconds for W, 65 seconds for W, and 105 seconds for Wj3. We may also check
formula (I11.42) as

2
‘ ~ —4.3382052...

5G(104],0) = ¢{([a],0) = log [T o (<, 1)

and similarly for the other classes. In addition, we can easily check that up to high
precision the roots of P,,¢ are

Wi W WL, W for j = 1,2,3

together with 6 roots 21, 21 1 2, 29 1 2, 25 ! which lie on the unit circle. This is coherent
with the third point in the Main Conjecture I11.37.

IV.2.1.2 Example 2

We now discuss one of our simplest cubic examples. Let z be the complex root of the
polynomial z* —2 in the upper half-plane. Then K = Q(z) has class number 1. We choose
the ideal  as the unique ideal of norm ¢ = 3 in Ok. The corresponding narrow ray class
group is CI7(f) ~ Z/2Z. The unit ¢ = 22 + 2 + 1 is the generator for Op ™ = O;“X

162



satisfying og(g) > 1. The associated content is A\ = 1 and the overflow is £ = 1. We
choose b = (1) and a the degree one prime above N = 5 in K. The ideal ¢/N/a has an
admissible generator h = —32% + 62 + 3. The corresponding level is £ = 15. The value

F(l e+2 e~ 17

5
3)715 0 15 ) )
T (5 por e vl —1.2937005... + ¢ - 1.4743341...

3073 3)

F;,rb,u<€7 h‘) =

coincides up to 1000 digits of precision with a root of the polynomial
Paps = 2% + 32° 4+ 62* 4 52° + 627 + 3z + 1

which defines an absolute equation of K*(f) over Q. The computation time for 1000
digits is 1 second. As this is a simple example we may write explicitly what the roots of
the polynomial P are and we expect the following equality to hold:

5
1 et2 e'-7
F<§7€1_57515 ) L z—1—+22—22-3

A 2

where z = 21/3¢2i7/3

IV.2.1.3 Example 3

Here we explain how we have obtained the example presented in the general introduction
with ¢ = 5. Let z = €%7/310"/3 be the root of the polynomial 2* — 10 in the upper
half-plane. Then K = Q(z) has class number 1. We choose the ideal f as the unique ideal
of norm ¢ =5 in Og. The corresponding narrow ray class group is C1*(f) ~ Z/4Z. The
unit € = (22% — 2 —7)/3 is a generator for O™ = O with content A =1 and overflow
t = 9 and the different ideal D(a, Ox) is equal to B2 where B3 is the unramified prime
of norm 3 in Og. We may choose b = (1) and a the unique prime ideal of norm N = 11
in K. The base point h = — (3522 + 20z + 35)/3 is a strongly admissible generator for the
ideal ¢NJ32/a. The values

—27.5333588... —1-32.7146180... for k=1

[ (k e1-1751 e—776 1 )
I (eh) 5 495 0 495 —2.2349933... — i - 4.9384566... for k =2
g, h) = — ~
b [ (L eIl eoTT6) ) (.0760627... + i - 0.1680687...  for k=3
—0.0150592... +i - 0.0178931...  for k =4

each coincide up to 1000 digits of precision with a different root of the palindromic
polynomial

P = 22 + 572 + 195621 + 46402° + 354152° — 10981827 4+ 1501392° + . ..

defining an absolute equation of K*(f) over Q. Alternatively, we may identify the relative

polynomial
4

P = H(X - F:k.b,a(ag? h‘))

k=1
in Ok|X] as

Pra = X 4+ (=722 + 52 +19)X° + (=192 + 70z — 59) X2 + (=72 + 52 +19)X + 1

using the lindep command. The computation time for these values for 1000 digits of
precision is 7 seconds.
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I1vV.2.1.4 Example 4

Let z be the complex root of the polynomial 2 — 65 in the upper half-plane. Then
K = Q(z) has class number 18. This means that most ideals won’t be principal ideals
and we will need to find many helper ideals to build our strongly admissible base points
h,. We choose the ideal § to be the unique ideal of norm ¢ = 3 in Okg. The corresponding
narrow ray class group is Cl*(f) ~ Z/6Z x Z/6Z. The unit ¢ = z — 4 is a generator for
Og™ = O with content A = 1 and overflow £ = 1. We choose b = (1),b = Psq, ...
representatlves for the 36 classes in C17(f), and a the unique prime ideal of norm N =5
in Og. We must now search for 18 helper ideals spanning the wide class group at f. For
the trivial class we may choose $) = 13/%B13 where B3 is the unique prime ideal of norm
13. For the class represented by b = P59 we may choose $ = 41/, where Py; is the
unique prime ideal of norm 41, and so on for the remaining classes. The corresponding
admissible generators we found for (¢N/a) x (13/913) and ¢N/(aPs9) x (41/B41) are
ho—y = 32% and he—g,, = —(722% + 75z 4 1590)/59 respectively. The corresponding
levels will be ly—1) = 3-5-13 = 195, ly_q,, = 3-5-41 = 615. We may compute the
values

5
' )

>5
N 0.0344135... — 7 - 0.0123218...
37 123 7123 )

and the remaining 34 out of 36 values Wj .0 = F;fb’a(s, k.hy) attached to the 36 classes
in C17(f). We may compute and identify up to high precision the relative polynomial:

H H (X—Wf7k.b7a)%X36—(a22+bZ+C)X35+"‘+1GOK[X]
k=1weCl™(f)/z/32>

where a = —5967373310133,b = 769211619985, ¢ = 93377174024326. This palindromic
polynomial defines a relative equation of the class field K*(f) above K and we identify
the rest of its coefficients in Og. The computation time for 1000 digits and for all of
the 36 computations is 8 minutes, which gives 13 seconds per individual computation on
average.

It is interesting to note that this field as well as the field defined by 2® — 2 belong
to a special family parametrised by x® — 23% — (=1)* for & > 0 which behaves nicely
compared to other pure cubic fields with respect to the values A, #. Generally speaking,
the values of these parameters vary significantly with the discriminant, but the fields in
this family share interesting properties in that regard. Putting L, = Q(z;) where z
is the complex root of the polynomial 2® — 23 — (—1)* lying in the upper half-plane,
it seems that the positive fundamental unit in Ly is given by e = (—1)*(z, — 2¥) and
its inverse by ;' = 22 + 2%z, + 2%, When Dy = 23 + (—1)* is cube-free (at least for
0 < k <100 except for k = 49,50), because Dy, # £1 mod 9, the field Ly is a so-called
pure cubic field of the first kind and an integral basis of Oy, is given by (1, 2, 22/s)
where Dk = rksk with 7y, s, square-free and relatively coprime. In that case, we may
compute A =1 and i = s,. When Dy, is also square-free (at least for 0 < k£ < 100 except
for k = 7,10, 21, 26, 30, 35, 63, 68, 70, 77, 78,90, 91) we get A\, = t; = 1, which gives a very
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simple setting for the computations. The class group grows very rapidly in this family
as showcased by the following table of the class numbers of the first few of these fields:
Other particularly striking examples of huge class groups are given for LL;; and L.0 as

k 0 1 2 3 4 5
P, |2>=2|23—=7|2%—=65| 2% =511 | 2% —4097 | 23 — 32767
MLy | 1 3 232 | 223 2 34 28 3 52

h(Lyy) = 22-3%-5-3191 and h(Ly) = 26-3*-5-11-19-79-863 - 18047. The fact that the
class group is large renders the computation of higher elliptic units more difficult as we
need to perform the computations for each class to correctly identify a relative polynomial
with huge coefficients. Indeed, we have successfully computed the higher elliptic units
for the fields L, k£ = 0,1, 2, 3,4, but already for £ = 5 the relative polynomial we wish
to recognise has expected degree 10800 and huge coefficients, thus we would need a lot
of precision in the computations of the higher elliptic units Wj o to correctly identify it.

Nethertheless, it would be interesting to understand if for £ > 100 there are infinitely
many fields in this family for which the conditions A = 1, { = 1 are satisfied for the
fundamental unit. Our construction would then conjecturally allow to construct algebraic
units of very high degree.

IV.2.1.5 Example 5

Here we give an example in an optimal setting (K, f) with ¢ = 7. Let z be the complex
root of the polynomial 23 —14 in the upper half-plane. Then K = Q(z) has class number 3.
We choose the ideal § as the unique prime ideal of norm ¢ = 7 in Ok. The corresponding
narrow ray class group is C17(f) ~ Z/187Z. The unit ¢ = —2% + 2z + 1 is a generator
for O™ = O;"* with content A =1 and overflow = 2-11. We choose b = (1) and a
the unique integral ideal of norm N =5 in Ok. The different ideal ®(a, Ok) is equal to
the product BoP1; where Py and Py; are the unique integral ideals of norm 2 and 11
respectively. The ideal ¢N*B2B11/(ab) is unfortunately not principal so we need to look
for a helper ideal. In Proposition I11.25 we may take m = 3 and $) = 3/B3 where PBj is
the unique integral ideal of norm 3. The ideal (3¢ NP2/ (ab)) x H is principal with an
admissible generator h = —212%+ 21z — 336. The corresponding level of the computation

1s¢=2-3-5-7-11 = 2310. The value

r <73 e=1-3067 €+1007)5
~ —0.1700923... + 7 - 3.8609499...

I b 77 2310 2310
f,b,a(g’ )_ F(_15 e—1-3067 a+1007)
70 462 0 462

coincides up to high precision with a root of the palindromic polynomial
Pops = 29 — 41672 + 7931535252 — 2592192862 + - - - — 4167z + 1

which defines an absolute equation of K*(f) over Q. This polynomial has very large coef-
ficients, and we could alternatively compute the remaining 17 out of 18 values associated
to the 18 classes in C17 () to identify a relative polynomial in Og[X] instead, as we did
in the previous example. The computation time for 1000 digits and for all 18 values is
18 minutes, which gives 1 minute per individual computation on average.
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IV.2.2 Quartic examples in optimal settings

We now present four examples in quartic optimal settings. The first example is one of the
simplest cases, for which the overflows are ; = £, = 1 and it is a variation of the example
presented in section II1.4.1 with a larger smoothing. The second example showcases the
computation of different ideals with overflows t; = 7,%, = 7129. The third example is
a variation on the second example where we improve the choice of fundamental units to
obtain the smaller overflows ¢; = 1 and t, = 25. The fourth example is a case where the
quartic field K contains a real quadratic field and some of the parameters &; belong to a
real subfield of K.

IV.2.2.1 Example 6

We first revisit one of the simplest quartic examples, for which we presented a computa-
tion of a 5-smoothed higher elliptic unit in section II1.4.1. This time we shall perform the
computations with a “big smoothing” to illustrate the differences in behaviour. Let z be
the complex root of the polynomial 2* — 623 — 22 — 3z + 1 lying in the upper half-plane.
Then K = Q(2) has class number 1. We choose § = B, the unique prime ideal of norm
q = 2 in Og. The corresponding narrow ray class group is CI*(f) ~ Z/2Z. We choose

the fundamental units
22341322 — 243 —523 42922 + 152 + 18

€1 = 7 , €2 = 7

for the set OF ™ = O;F’X of totally positive units (congruent to 1 mod f). We compute

the contents 5\1 = 5\2 =1, the overflows ¢; = £, = 1 as defined in section I11.3.2. We may
choose b = (1) and set a to be the unique integral ideal of norm N = 13 in Ok. The ideal
gN/a has an admissible generator hy = hy = (4423 — 2582% — 1042 — 80) /7 (see Definition
II1.4). The base points h; and hy form a compatible set in the sense of Definition I11.24.
The corresponding levels will be ¢, = 5 = 213 = 26. Let us write the parameters

, 1 1
T =¢&9 — 15, T=—6+—+—
€1 £1€92
1 /
o=—-7+—, o = —g9+15
€2
, 1
p=—e1—3, pr=4e+19 - —
€2
Then "
_ —13 11 o p
G;f,b,a(€2>€1€2; hs) Gy (3 =, =, &) y G <27 5 56 26)
Ggyf’b’a(gl’glgz;hl> G2 (%137%7%7%))71 G2 (%7%7%7,02/)

coincides up to high precision with the root ~ 4.1210208... — i - 5.0617720... of the poly-
nomial
Pups = 2° — Ta" + 332°% + 492° + 172" + 492° + 332% — Tz + 1

which defines an absolute equation of K*(f). The computation time for 1000 digits is
6 seconds. Compared to the absolute equation of K*(f) obtained in section I11.4.1 this
polynomial has smaller coefficients, and the computation time is about the same. We
may also check formula (II1.42) up to 1000 digits as:

2

G (e9,6169; R
Q,fi’:a( 2, €162} ha) ~ 3.7519563...

Gojpal€1:€162

13¢;(Ox, 0) — (i([a], 0) =~ log
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Once again, on this simple example we expect the explicit equality:

Gopale2c182iha) €4 /E2 -4
2

Gojpal€1,€182: 1)

where & = (52° — 222 — 572+ 3) /7.

I1vV.2.2.2 Example 7

We now discuss in more detail a quartic example with specific work on the computation
of the different ideals D(a,, Ox). Let z be the complex root of the polynomial z* — 1923+
182% 4+ 8z + 1 lying in the upper half-plane. Then K = Q(z) has class number 1. We
choose f = 30x + BOxk where 8 = (52% — 962 + 36z + 28)/9. The ideal f is an integral
ideal of norm ¢ = 3. The corresponding narrow ray class group is C1*(f) ~ Z /27 x Z/27.
We choose the fundamental units

1923 — 36622 + 4382 + 44

£ = 5 g9 = —2541922 — 182 — 8

for Of ™ = O;“’X. We compute two positive Z-bases of Ok given by:

By = [1,e1,6160,w = 172° — 33022 + 4412 + 25]

BQ = [17 €9,€1€9, —W]

(see section I11.3.2.2). In these bases we can compute the contents 5\1 = 5\2 =1 a =
(0,0,0,1) in B; and a; = (0,0,0,1) in B,. Let us then compute the matrices M; and

M associated to the different ideals ©(a;, Ox) and D (as, Ok) in their respective bases

0 0 0 1 0 0 0 1
— 0 —1 3 1 — 0 15 —47 —14
My = 0 3 -2 -15 My = 0 —47 —328 —141

1 1 —15 11 1 —14 —141 —59

This readily gives the values for the overflows as t; = § = 7 and t, = §, = 7129.
There is only one integral ideal 7 of norm 7 (resp. Priz9 of norm 7129) therefore
we obtain ©(a;, Ox) = Pr and D(az, Ox) = Prizg. Let us choose b = Ok and a the
unique integral ideal of norm N = 13 in Ok. Both ideals ¢NB-/a and 2.gNBr129/a are
principal with strongly admissible generators hy = (—322% + 6062% — 543z — 112) /3 and
hy = (12423 — 231922 + 1563z + 200)/3. The base points h; and hy form a compatible
set in the sense of Definition I11.24. The corresponding levels of the computations are
(1 =3-7-13=273 and {5 = 3-13- 7129 = 278031. Let us write the parameters

281890 —92e7 — 3 ,  D7488e1es + 32 + 16
T €1 ’ T €1€2
_ 925e189 + 3672 — 47 ,  ATe1eg — 32829 — 348694
o= £1€9 ’ = 1
. —E&1E92 — 381 + 40 ;o —578182 — 9000452 -2
p= 1 ) P = &
Then
. ) Lo\ 13
W G;r,f,b,a(&, e1€2; 1) Gy (%, 373 595 %)13 " G <%’ 5780317 TTS03T7 275031)
o Cafual€2 €127 ) G2 (%31 510 31) G: (B, 7% ma 21%,87)_1
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coincides up to high precision with the root ~ 10.6409709... — ¢ - 5.9332732... of the
polynomial

P = 25 — 1827 + 832 + 3962° + 597x* 4+ 3962 + 8322 — 18z + 1

which defines a subextension of K*(f)/K. The computation time for 1000 digits is 3
minutes and 20 seconds. The fact that the higher elliptic unit we compute does not
generate the whole class field K*(f) is a rather common phenomenon when the extension
K*(f)/K is not cyclic, as the Stark unit itself is not guaranteed to generate K*(f).

1V.2.2.3 Example 8

Keep K, f, b, a as in example 7 and let us change our choice of fundamental units to

obtain a better situation in regards to computations. We fix another set of fundamental
units for Op™ = O;F’X:

39122 4 54z + 11
g =2 z; 11921828

Then, we compute the contents :\1 = 5\2 = 1 and the overflows #; = 1, t, = 25 which
improves on the parameters obtained for the previous choice of fundamental units. The
generalised different ideal D (ao, Ok) is P2 where B5 is the unique integral ideal of norm
5 in Og. The ideals ¢N/a and 2.gNB2/a are generated by the strongly admissible base
points hy = (—442 4+ 8432% — 9272 — 232) /3, hy = (7623 — 14492% + 14702 + 344) /3. The
corresponding levels in the computation are given by ¢; = 3-13 = 39 and f = 3-5%-13 =
975. Let us write the parameters

26169 + 109¢; — 3 ,  842e1e9 469+ 3
T = , T =
€1 €1€2
—3218152 — 1681 + 7 ’ —78182 + 482 — 63
g = s g =
£1&9 1
—&1 — 47 ’ —35182 + 56652 -2
p=—"7T"1: P = .
1 €2
Then 3
_ 2 1 Jd !
Glieaecieniha) G (G ) @ <§’ﬁ’ 975 ?’%)
Giﬁb,a(@l,&l@z;hl) Go (’Tw,g,%,g)_l Go (%,%,%,%)

coincides up to high precision with the same root ~ 10.6409709... — ¢ - 5.9332732... of the
same polynomial P,,s = 28 — 1827 + 8325 + 3962° + 5972 + 39623 + 8322 — 182 + 1 as
in example 7. The computation time for 1000 digits is 11 seconds. The value obtained
for the higher elliptic unit is the same as for the previous example in which the choice of
fundamental units was different, which supports the idea that the product in Conjecture
I11.37 is independent of said choice, even though computations may be longer when a
poor choice of fundamental units is made.

I1V.2.2.4 Example 9

This example showcases some subtle changes in the computations when the field we
consider contains a real subfield, relying on preparatory work done in previous chapters
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(see Proposition 1.17 and Lemma II1.7). Let z be the complex root of the polynomial
2% — 12 lying in the upper half-plane. Then K = Q(z) has class number 1 and contains
the real quadratic field Q(v/3). We choose the ideal § as the unique prime ideal of norm
q = 2 in Og. The corresponding narrow ray class group is C1*(f) ~ Z/2Z. Let us choose
the fundamental units:

242 2 —22+4
gle—Z_F, €9 = 22+ :2—}—\/5

4

for Op ™ = (’);r . Note that &5 belongs to the subfield Q(v/3). We may compute the
contents \; = A\, = 1 as well as the overflows £, = #, = 1. Let us fix b = (1) and
a = 230k + B8Ok an integral ideal of norm N = 23 in Ok where 3 = (22 — 2z — 26) /4.
The ideal ¢N/a is generated by the strongly admissible base points hy = hy = (=32 —
922 — 4z + 34) /2. The parameters we obtain are:

1
T =g+ 175 =177+ V3, =394 —
€1
3 1 )
02—342+——_, U:€2€1+€2—352
€9 £1&2
1
p=—e1 + 217, o =179 — — =177+ V3
€9

In particular 7, p' € R, J(7'), 3(p) < 0 and (o), (0’) > 0. In this setting, we must use
formula (I1.34) to perform the computations of the product:

Crpalzmienh)  GELEY  G(E

Th complex number we obtain coincides up to 1000 digits of precision with the root
~ 13.9102308... — 7 - 24.0932265... of the polynomial

/

5 : 1 23 -1 o o
Glinalencrient) _ o) G235 5%
TG (B o

P = 28 — 2827 + 77828 — 1122° — 7492* — 11223 + 7782% — 282 + 1

which defines an absolute equation of K*(f) over Q. We will revisit this example in
section 1V.2.6.3 with a different choice of fundamental units which leads to parameters
outside 7,0, p,7",0",p' € C—R.

It is interesting to note that previous work on the determination of Stark units in
the case of a quartic field K with exactly one complex place containing a real quadratic
subfield F was carried out by Charollois and Darmon [CDO08] using multiplicative 1-
cocycles for the Hilbert modular group SLy(Op). In our construction, the presence of
a real subfield is often times an obstacle to the computation of these same units using
2-cocycles for SL4(Z), showing that the two approaches complement eachother.

IV.2.3 A quintic example in an optimal setting

In this section we present one of our simplest quintic examples. Let z be the complex
root of the polynomial 2% — 2* — 2® — 222 + x + 1 lying in the upper half-plane. Then
K = Q(z) has narrow class number 1. We choose f to be the unique prime ideal of norm
q = 3. The corresponding narrow ray class group is C17(f) ~ Z/3Z* ~ Z/2Z. 1f we fix
the fundamental units

g1 =2"—222— 243, g5 =221—-223—3243, e5=21-33—42+4
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for OF ™ = O and the ordering {Id, (32), (21), (231), (312), (31)} of &3 (this is the

ordering given by Pari/GP for instance), then all six contents 5\1, cee A are equal to 1.
The different ideals and the overflows governing our construction are:

D, = (7-37-137)Ox + (2 — 11310)Og t) =35 =7-37-137
Dy = (31-53)Ok + (2 — 488) Ok ty =58, =31-53

D3 = 491.0k + (2 — 174) Ok t3 = 83 = 491

D, = 107.0k + (2 + 8)Ok ty =&, = 107

D5 = Ok ts =385 =1

D = 145637.0k + (2 — 52183)Ok te = 55 = 145637.

We may choose b = (1) and a the unique degree prime ideal of norm N = 11 in Og. The
ideals gN®;/a for 1 < j < 6 admit the following strongly admissible generators

hy = 1472 — 13523 — 902% — 2342 + 72,
hy = —152* — 3023 4+ 902 + 362 + 60,

hsy = 422% — 152% — 8722 — 482 + 30,

hy = —212% + 5723 — 622 — 92 — 48,

hs = —32% — 62° + 182% — 62 + 12,

he = 10821 — 24623 + 11122 — 812 + 195.

We then compute six quotients associated to each permutation p € Gj:

11
17 95 P @5
G3<3vej7ej=ejvej)

where the parameters 7;, 0, p;, @; are given in Table IV.1 below and we have defined for
ease of presentation the levels ¢; = 3 - 11 - ¢;, that is:

04 = 1170939, (y = 54219, (3 = 16203, ¢4 = 3531, {5 = 33, (s = 4806021.

The corresponding higher elliptic unit W o = zfg‘fg coincides up to high precision with

the root ~ —11.6360077... 4+ 7 - 3.4634701... of the polynomial

Pos = 2% + 242° + 16428 + 9927 — 622° — 892° — 622% + 9922 + 16422 + 24z + 1

which defines an absolute equation of K*(f) over Q. The computation time for 1000
digits is 1 minute and 35 seconds, but the computation time for each of the individual
computations is not uniform. The fifth computation requires 1 second whereas the sixth
computation requires 58 seconds because of the level difference /5 = 33 versus {5 =
4806021. Since K*(f)/K is a degree 2 extension we expect the explicit equality:

L E+ /B4
Wf,b,a = #

where & = 2* — 423 + 222 + 42 — 1.

170



Table IV.1: Parameters for the quintic example

= - 93524 + 1923 + 29272% + 601z — 796987
o] = 324 — 155623 + 120522 + 3072z — 987058
p1= — 39782% + 52422 — 109522 + 7073z — 590241
wy = 27672 —  40032% — 38922 — 5232z + 2072505
Ty = 3774 — 41723 —  1412° — 556z + 19860
oy = 71zt + 7423 — 10522 — 449 - 71171
P2 = — 481z + 70222 — 33022 + 936z + 324847
Wy = — 3724 + 5423 4+ 10122 + 2z — 28978
3= — 1212 + 1802° + 1722 + 254z — 12881
03 = 830z* — 125522 — 21422 — 1580z + 326894
p3s = — 621 — 5623 + 8222 + 41z — 52774
wy = — 2082z% + 315423 + 46722 + 3916z — 773076
L= - 4224 + 572 + 1422 + 792 — 139
o4 = 28724 — 44323 — 6022 — 522z + 2216
Py = — 32+ 2723 + 22— 2z — 522
Wy = — 685z + 102923 + 15722 4+ 1291z — 2774
Ty = — 24+ 23 — 22+ 4z — 455
05 = + 222 — 3z + 574
Ps = 224 — 325 + 422 — 8z + 1282
ws = — 22+ z — 247
Te = 9352% + 177523 — 124222 — 4691z + 9783958
0g = 22692% —  19232% — 628522 — 169z — 19885070
pe = — 7142z 4+ 123923 — 94922 + 9197z — 13206973
we = 114372*  — 148922 — 164122 — 20621z + 7776348

IV.2.4 A degree six example in an optimal setting

In this section we present our simplest computation of a higher elliptic unit above a degree
6 field. In this setting, the higher elliptic unit is given by a product of (6 — 2)! = 24
smoothed G, functions evaluated at 5 parameters each on the base field. Let z be the
complex root of the polynomial 2% — 22° — 32* + 1023 + 322 — 82 — 3 lying in the upper
half-plane. Then K = Q(z) has class number 1. We choose f to be the unique prime ideal
of norm ¢ = 2. The corresponding narrow ray class group is C1*(f) ~ Z/2Z. If we fix the
fundamental units

g1 =32° — 82" — 328 + 312 — 152 — 11

g9 =2/52° — 2t —1/52° +18/52* — 13/52 — 2/5

£3 = —4/52° + 22" +7/52% — 41/52* +6/52 +29/5
£4=2/52° — 2 —16/52° + 8/52* +22/52 + 8/5

for OF™ = O;F’X and the ordering of &, given by Pari/GP, then we may compute the
contents 5\1 =...= 5\24 = 1 and the associated overflows
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t1 = 3.821.85146905507 ty = 31.71380217.5479992107 3= 2593.28232090533
ty = 4793.20161.11384677  ¢5 = 37.18731.12207408718823 t5 = 757.6354278197
tr = 5.311.4219.261707099  t5 = 5.775267.10124654046373 9 = 52.37.1061.1321.6449

t10 = 5.64781598487 tn = 5.9967.23337159379 t12 = 5.1444658023

ti3 = 426868799166283769 1, = 4950440701232129 tis = 1361.7219.388087223
tig = 20173.200544349 ti7 = 103.11593.919759 tig = 523.31751222611

tig = 5.1759763531590697  fo = 15629.3287441 ty = 5.56807.354098824061
ty = 5.73.79.349.73009 tys = 3544640951 oy = 293.11719.13931

The different ideals are computed as usual using Algorithm 1. We may choose b = (1)
and a the unique prime ideal of norm N = 29 in Og. We then compute 24 quotients:

where the parameters 7;, 05, p;, @;, §; are given in Tables IV.2 to IV.7 below and we have
defined for ease of presentation the levels £; = 2-29-t;. The corresponding higher elliptic

unit
VaU3VgU7V10V11V14V15V18V19VU22V23

Wipa =

V1V4VU5U8V9V12V13V16V17V20V21V24
coincides up to 1000 digits of precision with the root ~ —555050859076374984.5110063...—
1 - 334493188695056032.1307346... of the reciprocal polynomial

P =22 + 1+ 1110101718152749974 (2™ + )
+ 419967149444808248584979504483010229 ("% + 2?)
+ 2090591105457346230355038086262355202(2” + 2*)
+ 4535292963058947524812988357459161338 (2° + 2*)
+ 6020269972074463320492578065966460430(" + z°)
+ 63112276815844437516325556617248512772°

which defines an absolute equation of K*(f) over Q. As K*()/K is a degree 2 extension
we expect the following equality:

€24
Wisa =" =

where

¢ =165358511989497822° — 24456045771682782" — 733500350104780602"
— 48001808590249742% + 59609758573992978 2 + 20222967495499571.
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Table IV.2: Parameters for the degree 6 example (Part 1)

571 = 451483129169z° — 1027896279160z — 10279049296922°
48009196680412% — 287249353791z + 282632366273212901

S50 = 25620690627952°  + 7559238893200z + 289792003870523
316446573778252%  + 147256003899302 — 473413896662735405

op1 = 95160795470352° — 2646940730157521  — 81728198828252°
1021139502989352% — 50712518815770z — 292553164591261820

oy = 377559921389z°  + 208703459620z*  + 99678222305723
11656685748712%  + 97261357731z + 997923835090996594

261 = 2728188544332 + 7653923971702*  + 26903535984923
29485946571822%  + 1414694411937z — 36649032748712887

dTy = 10218898538624422° +  2388860888138130z* + 23418039082400312°
110447033652434882%  + 6505973978130632 — 523175469027287015558

o0y = 61796567383735952° —  167351237780300252% — 796902422469539523
706531904880685152% —  320167246394361302 +  2540895723814044325100

dpa = 201847153025042972° +  5695713277070156021 + 1671540662284642123
21958940620648941822 + 1094910997101763032 + 521923709195397260867

0wy = 17671526016925692° — 45489312234540521  + 647913941122767223
11216136808721592* — 4648428884119074z —  4617817571364135180021

5y = 14128949849503542° —  31227063517893852% — 661886778894133723
74893174427407662% + 28221878120194192 — 10124730013747793037599

oTg = 1957135466022° + 4774798105152 + 31257506724123
19365229487182%  + 267388196823z + 23608826921704267

S03 = 6392726975102° — 19014361855852%  — 9000480302502*
85575075157402% — 4189938413380z + 160262816426300235

ops = 952136627952° — 65139795525521  + 14687035300552°
11880683376252%  + 74681386470z — 564914393269967120

dwy = 2203243827922° — 268609219065z + 3761633691423
232039908342z + 171920038817z — 243065751680310552

23 = 79468783942° — 2408374854521 — 2888696175223
941401550612* — 23086902861z + 13641197503093241

Ty = 16113471317862° — 4073522497495 — 25630684413632°
1666912669507422 — 2444566366439z — 195271061589764651

S0y = 64495523053262°  + 171775953221252%  + 802968609181823
719758710348242% + 347293682373942 — 270998917347862719

Sps = 18894654848812%  + 90903712803102* — 1574919271264723
72176024772212%  + 2289170902769z + 9430537679026249296

0wy = 14117893751922° — 1891627758065z  + 2793384201142
6126920640422 + 557595527817z — 2919049715399176292

&y = 4467878488582° — 483308184540z + 39421587738623
10267759657732%  + 352662578098z — 1241817035064443863
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Table IV.3: Parameters for the degree 6 example (Part 2)

075 =  — 36849016811649982° +  88753235548852702* + 74269896098670892°
— 399348460780909222% + 5165044077805897z — 21887542697982750832
S05 = 221878836458632225 —  58474122678529952* — 227745155191789623
+  2103331539436510322 — 3704614161272163z + 936139601289739196913
ops = 19788437772950072° —  9846489287110750z* + 16632973184204692°
+  406928061522159282% —  36951869676506873z — 705483630009754019637
W5 = 15663181488691462° —  33907920466869352% — 237641499266134323
+  144984504303095892% —  115965788475832592 — 636503095972391756296
s = — 202683377814890z° + 1367759752689052*  + 30407804062609752°
+ 17910020604316602> — 4761116193109915z —  2097360233182344094075
5T¢ = — 162819158882° + 4138136923521 + 3313672935423
— 1821310745172%  + 27759725362z  + 311838087349668
o0¢ = 95063571302° — 215196133952* — 135875885802°
+ 8687310731522 — 7892525055z + 1084335116471445
dpe = 68340170892° + 100832132352 + 3021654361823
+ 2254164620122 — 122103094736z — 1409107497208399
0w = — 196523074062° — 1371116572552 + 4731455867323
+ 32638266978122 — 3972079145312 — 7329020669861634
o = 38260801462° — 5649764205521 — 3012656629323
+ 1296631860242% — 123429258499z — 2363954523642791
o7 = — 356920510877202° + 817245196496152* + 777883398423802°
— 3725044937670152%  + 20511758492810z + 6201184549098147800
do7 = 2853198985372952° — 682195346292880z* — 58433920814762523
+ 30755285794334252%  — 3634517169252902 — 50381931737655187305
Spr = — 223671839547602° + 571455050327652%  + 339232358067502°
— 23921031240995022  + 68067412730320z + 8070632250210882165
dwy = — 210069103048052° + 514370075805102* + 4254200478022023
— 2313868090577102  + 27900311812190z + 3538609769440367225
&7 = 25503078290052° — 6189186011865z — 49686034775852°
+ 273788446976802% — 4145408107375z — 555253459508370910
OTg = 65593986744041002° — 125423758558147202% — 1835030961080463523
+  603828031727699302* +  182906134108135352 +  7782019103416256780410
bog = —  39505909332937635z° + 92286137284391265z* + 8427483655304387523
—  4187902593826072752% +  31483549306052970z — 37380822711788850765010
Spg = 98509317062666552° — 288259872319855402% — 912726651334273523
+  11327849293605993022 —  483270054038961252 —  7279724540845983826485
g = 43231276865453502° +  16109867604466102* — 158580509207345952°
— 44562611438069902% +  11679315244876920z + 12580757449638439983495
g = — 26748473634197952° +  50112310882206702* + 1652720927281852023
— 80909855287774352% —  139732117945027552 + 51194154161043089683735
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Table IV.4: Parameters for the degree 6 example (Part 3)

Ty = 1601899924702°> — 2869324126552 — 3958509471002
+  12729695617252% + 401687884360z — 5140494361419880

909 =  — 5990686741652° + 1808350444660z -+ 27181102717523
6659337696625z + 3782948878880z + 68235760134116435

dpg = — 20287443390z° — 642365915652*  + 2936737160502
— 7973759500022 — 848354814670z — 35542792879390915

D9 = 335922811502° — 1548947199502 + 6485133595023
+ 49818593415022 — 4715454786252 + 7380373248530325

5§ = — 44974375102°  + 127936029652 + 45416689752°
— 4764232995022  + 20555828320z + 1005255962041740

OTio = — 826358195902° + 231227389120z*  + 6568623180523
— 882945500190z  + 451387542075z  + 1777498330148930

5010 = 8010448211052° — 2228959217165z — 65992294058523
+  85287243739552% — 4267282237000z — 16648429213432760

opio = — 1782001544102°  + 4942283899102 + 15029422193523
—  18950817033302% + 937253411860z + 3579062835733505

dwiy = — 340286011952° + 96665256100z*  + 2670544383523
— 3695509871302  + 185240762705z + 610535422917545

5610 = — 37050470452°  + 107891758902  + 254496618023
— 4142013666522  + 20995725235z  + 55955801184225

dTy = 2628332605830z — = 5978682830765z — 44404310249602°
+  2336764508935522  + 9406572428502 —  293044617213650310

5011 = —  75704634030652° + 15624754133150z% + 1841092380659523
—  T725149093696852% — 7245341154765z + 1153282210411200140

dp11 = 8859469186502° +  6450773883390z% — 1589575424503023
— 99139802207102% +  504566313218052 —  979297902267321745

dwy = — 1354650852902° +  15917714469252% — 279322855853023
— 2500977343160z +  12026729903710z —  102948144586806035

511 = 58125781960z° — 6547826669552  + 4963579465523
+ 47150354916022 — 2536337166775z +  503413731349423055

dTi2 = 2752347702°  — 7000502852 — 45391644023
+ 302832139522 — 837933950z + 3513177831010

2013 = — 12318231202° + 31210731002 + 201802228523
— 1333038965522  + 3279322380z — 401816203580

op12 = — 46392862352°  + 111255670102*  + 92905654602°
— 4987287753022  + 67154511102 — 10981793441445

dwig = 110431191602°> — 2664745652524 — 2204079803023
+ 1193511055902% — 16213553240z — 1987485189085

5&12 = 27125830602° — 654459424524 — 540180741523
+ 2033768587022 — 39958185552 — 58928438525
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Table IV.5: Parameters for the degree 6 example (Part 4)

dTi3 = 10833548814379542° —  27064881524843521 — 5109396551080057 2
356229328463792622 + 145102197317941792 + 20664681746614415890451

d013 = 9067768263907802° —  27666945601937452% — 110593274316147023
1185628061433509022 —  52588735442228902 — 16598833422413119834345

dp13 = 5921282462787852% +  14491035115171252%  + 95835840497242523
57626949469417552*  + 239170294636490z + 983507257250458944390

w3 = 3670203869628592° +  793529686232915z* + 61509679770373223
326172370527412622  + 672760768172896z —  1848830549682280921946

d&13 = 20320833724832° + 2274352814755z + 1935329377798423
81974192613772% — 42294919112978~z — 33375158182344294357

5T14 = 47785451300902° — 109701044420952*  + 3582043928817523
286021271564602% — 1322328495907152 — 4016841524885592985

D014 = 212651529928762°  + 5672164009792521  + 366217966557782°
2500655339379742%  + 637154529013642 + 1687006234765504521

dp1a = 125077814083042° — 307282627929102* — 2003117805191723
1240766350992912% — 137780710576662 — 4388569725287920504

Dy = 411287604349z°  + 106905673246552*  — 861250969651223
415048569832842%  + 17241820144264z + 13488571144491062926

914 = 1114738149722°  + 4304910738520z* — 25993772216862°
158386129807672%  + 0983481784112z + 4229304175784463883

dTi5 = 169806735366012° + 16056015191602%  + 900732961389282°
643399797102292% — 242573087269601z — 41754087197897370269

D015 = 170111263668452°5 + 592996830339402* — 814974326638523
1968727483504252%  + 143107393748280z + 27890446438746073825

Sp15 = 437159235841552° —  1120615228070552 — 652723477489352°
4587715046457852%  — 102717645395170z + 4346748000784617150

W5 = 118870341380562° — 2901829893075021 — 1571482552504323
1149307673498592% — 367198172411342 + 3600440024526112514

2&15 = 1868156771222° — 395442291020z — 53565103311123
15955846769082%  + 388914199442z + 110844344110656393

OTi6 = 81619316922° — 97033376502  + 4580839977123
1577030713822 — 123344315757z — 3330931621780558

016 = 2000175274925  + 694796015452*  + 546352197723
21645559315122  + 83965191436z + 9480215985583794

Sp16 = 6195594072425 — 1703983816902 — 1126315833473
6792250018462 — 93955015046z — 6582941902240199

Wi = 111245829142° + 105947445552 + 1344414852823
3061524440122 — 481786914912 + 12924927956878641

516 = 50575762142°  + 93837778521  — 763972956723
1029031666622 — 2948198081z + 3465289093558641
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Table IV.6: Parameters for the degree 6 example (Part 5)

5Ty = 121157390662° + 632064279252 — 2545415537223
22318610476922 2158169690542 + 625180023677306

5017 = 32657034932° — 179704714152  + 535506388623
7146450233722 — 69395953802z — 85189558264923

5p17 = 332968935262° — 7409104897524 — 6533454994823
3108634201392 + 103591338712 — 371092120270931

St = 160427550542°  + 220302949952*  + 4034239068723
0646114225122 — 21244326059z + 202054141485894

5¢17 = 922998567425 4+ 151454512852*  + 2078710602723
6628561899622 — 8517038109z + 172074661426559

5Tig = 2717341512442° — 810141012030z — 1753992182672
31075897503862% — 1623089840751z + 10873344530223506

5015 = T74731713552°  + 2236544946852*  + 9642432125023
9801682965552 + 5035518096502 — 2282491452658515

5p18 = 3464357424762° + 7621230567102* + 625067589853 23
31537192893542% + 1653561121542 — 1886508619412059

Sto1g = 476994975022° 4 1790950380352*  + 5685993027123
6968367064432 + 61845035813z — 3598572417914448

5618 = 230579074982 — 318251621052 — 5791096201923
1336308711622 + 133785352332 — 2288516663187223

5Tig = 2080604536312° — 6105881912302* — 13446755005032°
65315548749942% — 3531080188639z —  1754745688405877581

5019 = 145126062202442° —  35029779275070z* — 24383154110047 23
14269066773033122 —  119452823179862 +  2898060622073497506

5p19 = 441529480975412° 4+ 1482992172965802* + 165285803126832°
5594957395735092%2 +  300058581851804z — 19980924303055679709

Sto19 = 233985712030012°> +  568818620397052% + 283889171827632°
2182911165354492%2 +  98675799700194z — 11910906258190646874

5¢19 = 9019668003022° + 20306741485902* — 1959100334822623
216149586286772> +  33807044895112z — 41964009739540827

5Tog = 1282038662° — 4560333452 — 16608664823
196860654922 — 903608989z — 3504946753681

5090 = 6775122002° — 12767687702* — 147785651523
556206917522 + 967147590z + 14609024961690

5p20 = 843461158z° + 14361642052* + 81446033423
622574458222  + 3791737982z + 102521502157303

59 = 3107030873z° + 116068552252  + 131777005923
4334078469722 + 20322494562z — 283764337969302

590 = 14390290222° + 47992544902* + 146381094623
1754547551322 + 7487795488z — 124823430628363
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Table IV.7: Parameters for the degree 6 example (Part 6)

dTo1 = 125482646599552° +  44769624203385z% — 383452618303052*
516164482156102% + 37546787805665z + 39909209576118723550

D091 = 682556671372652° + 90602468616502* — 35899621181699523
1454179462731852% +  10896411000701652 45307745899967289140

dpa1 = 2862648680398452° —  875943960968260z* — 2036479893337152°
332480859349484522  —  1424928543941500z + 67681267189771638185

DTy = 795307696010802° —  2212272158432752% — 6314789484214023
8274398853100702% —  440813281107120z + 22501559795424965845

2&91 = 262582604549002° +  748740291067452% + 5583974945453523
2478443393646802% + 76433222963665z + 45231651903705332715

5Tog = 8352903502° — 337867926521  + 41816865052°
13581506102 — 3102076480z + 65050724275420

D099 = 88320743802° + 79159570002 + 3264461266523
4551297014522 — 78596978180z — 412509892209970

dpa2 = 164990400452°  + 35770048690z  + 4510611190523
1654162874652% — 27188388040z — 46624952573925

gy = 328150315302° — 740290292752%  — 7726598824023
34732248062022 — 11580532170z — 235527220655805

599 = 85046602402° — 1857999845521 — 2116415908523
8629884288022 — 375446045z — 46888101366075

DTog = 197276663z° — 4872280052 — 3416809442°
20477493672%  — 263330742z  + 27104223597587

d093 = 27606811772° — 655481456021 — 571444167123
2960227344322  — 3184162453z + 376367760546548

Dpag = 74170678522°  + 178124236752 + 150487105462°
80092062628z + 9901947408z — 1018354196296073

D93 = 13232624672°  + 312458938521 + 281541550123
142123142232%  + 1135342868z — 199971828966488

D& = 104783218z° — 488400120z — 34157381423
213780134722 — 009288612z + 17745311009407

5Toy = 2641885622° + 857781370z — 39574327923
169957665822  + 791276438z — 15061130239183

D094 = 14939952052°  + 46097731602 + 151104567523
1978245665522  + 10889343125z + 29914509515360

Spos = 59326358132° — 149305768302  — 985461528923
6497096077722 — 17440454052z + 23985238200167

Doy = 2500645492°  + 77237529521 — 26341697323
35077248412% + 5900091956z + 40352010686744

Doy = 6381673242° + 16230205902  + 97420207223
702939968122 + 2952006896z + 7449821507509
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IV.2.5 Quartic examples in non-optimal settings

In this section we present three quartic examples with #Z#”L > 1. The first example is
a case where ¢ = 5 and Z;’Jr ~ Z./27. The second example is a case where ¢ = 5 and

Zf1’+ ~ 7,/5Z*. The third example is a case where ¢ = 7 and Zf1’+ ~ 7./27.

IV.2.5.1 Example 12

We first discuss a quartic example with ¢ = 5 and Zfl’Jr ~ 7,/27. Let z be the complex
root of the polynomial z* — 3z + 1 lying in the upper half-plane. Then K = Q(z) has
class number 1. We choose §f = B5 the unique integral ideal of norm ¢ = 5 in Ok. The
corresponding narrow ray class group is Cl1*(f) ~ Z/27Z. Let us fix a set of fundamental
units

€1 :z3—222—|—z, g =24224+32+1

for the group ng. They satisfy e = 1 mod fand e = —1 mod f§, thus O;L’X is generated
by 1 and 3. We may identify 2" = {(1,1), (4,2)}.

The contents associated to this set of fundamental units are 5\1 = 5\2 = 1 and the
overflows are {; = 23, t, = 11. The associated different ideal ®; is the unique integral
ideal of norm 23 in Ok and ®, is the unique ideal of norm 11 in Ogx. We may choose
b = (1) and a the unique integral ideal of norm N = 7 in K. Both ideals 2¢N®;/a and
qND,/a are principal with strongly admissible generators hy = 1023411022 4 160z + 190
and hy = 523+ 2022 + 10z + 25 which are both totally positive. The corresponding levels
of the computations are /1 =5-7-23 =805 and /5 =5-7-11 = 385. Let us write the
parameters

T =112 4+ 2% — 22 + 14898, 7= —42> + 322 + 62+ 79
o=—2"4+222— 42— 1737, o' = =23 —22% — 42 4 567
p=—3234622+ 112 + 7577, o= —23—222 4724138

Then the two products

7
_ k) T/ 0'/ /
=2k r o p )\ GQ(___L)
we — H G2 (£, 5 505 5) % 57 3857 3857 385
! Go (1t = o p)7] Go (&, 2,2 1)
k=14 275 135735735 257357357 35

—7
k T o’ /
2k 1 o p\T G2(————>
w2:HG2(5 7805’805’805) y 573857 3857 385
—lk 1 o p)! T 1 o p\Th
k=23 G2< 5 ’35’35’35) G2(57357 5735)

coincide up to 1000 digits and are close to the root &~ 4.3174875... —i-7.2167313... of the
polynomial

P = 28 — 827 + 662 + 392° + 492 + 3923 4+ 6622 — 8x + 1

which defines an absolute equation of K*(f) over Q. The computation time for 1000
digits is 46 seconds. The fact that the two products seem to be equal supports conjecture
I11.34. We then check formula (I11.44) as:

N (@)¢{([6],0) — ¢f([ab], 0) ~ log |wy|* = 4.2587554...
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1v.2.5.2 Example 13

We now discuss a case where ¢ = 5 and Zf1 ~ Zf1’+ ~ 7./5Z*. In this case all L-functions
attached to KT (f) have a zero of order at least 2 at 0 and K*(f) is the narrow Hilbert
class field of K, therefore the Stark unit we aim to compute is just 1. This may happen
even in the case where K (f) is totally complex as the Euler factor at f in the functional
equation of the L-functions attached to K*(f) may vanish.

Let us consider z the complex root of the polynomial z* — 23 — 222 — 3z — 2 lying
in the upper half-plane. Then K = Q(z) has class number 1. We choose § = Bs the
unique integral ideal of norm ¢ = 5 in Og. The corresponding narrow ray class group is
CI*(§) = Z/2Z. We choose the fundamental units

e1=z+1, eo=2"—22-32-1

for OF™. They satisfy e, = —1 mod f and &, = 3 mod f, thus O;F’X is generated by &2
and £165. We compute the associated contents ;\1 = 5\2 = 1 as well as the associated
overflows #; = ¢, = 1. The different ideals ©; and ®, are therefore both equal to Ok.
We may choose b = (1) and a the unique integral ideal of norm N = 7 in Og. The
ideal ¢N/a is generated by the strongly admissible base points hy = hy = 523 — 10z — 25.
The corresponding levels in the computations are ¢; = o =5 -7 = 35. Let us write the
parameters

T =52 —922 — 32 + 1365, 7= =23 4222 — 456

o=—2"4+22242— 219, o= -2+ 22+ 324459

p = —2° 4 22% — 456, =2 —22%— 2 +219

Then .
4 kT e <E  a _’>
HG2 (?,ﬁ,g,%) 2573573535 (Iv.7)
_ . -1 Tk 1t o p :

won Go (B, Z,2.2) G2 (3.5.%.%)

is numerically ~ 1 which is a correct Stark unit when all L-functions have a zero of order
2 at 0. The computation time for 1000 digits is 35 seconds. Computations show that
the above product is not a power of one of its subproducts and it would already be a
non-trivial statement to prove that the evaluation (IV.7) is equal to 1.

1v.2.5.3 Example 14

We now discuss a case where ¢ = 7, Zfl ~ Zfl’Jr ~ {(1,1),(6,—1)}. Consider z the
complex root of the polynomial 2% — 23 — 22 — 52 4 1 lying in the upper half-plane. Then
K = Q(z) has class number 1. We choose § = B; the unique integral ideal of norm ¢ =7
in Og. The corresponding narrow ray class group is Cl*(f) ~ Z/6Z. We choose the
fundamental units

51:3z3+422+6z—1, go=—22+ 224+ 32

for O%’X. They satisfy e = 1 mod f and €5 = —1 mod f, thus O;L’X is generated by &,
and 3. We compute the associated contents A=A = 1, as well as the overflows t; = 67,

t, = 1. The different ideals associated to the construction are ®; the unique prime ideal
of norm 67 in Og and ©y = Og. We may choose b = (1) and a the unique integral ideal
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of norm N = 11 in Ok. The ideals ¢gN®;/a and 3¢ ND,/a are generated by the strongly
admissible base points h; = —72%+4922 — 1332+ 63 and hy = —1052> + 4222 + 842 4 483
respectively. The corresponding levels of the computations are given by ¢; = 7-11-67 =
5159 and ¢y = 7-11 = 77. Let us write the parameters

T =72 —132% — 152 — 19098, 7 =525 — 42% — 62 4 2607
o =923 +122% + 192 + 38971, o =23 — 2% — 2 ATT
p =32 +42% — 162 — 15641, o= —22°+22% + 32 — 827

For k =1,2,3,4,5,6, write I} for the value

—11
11 =3k o p
_GQ(k T = p) XG2<777’ 7’77>

72 5159 5159 5159
I, =

G (% oy ) Go (B 22 )

On the one hand, [,/ ~ 204411.4289667... + ¢ - 1113079.0424875... is the product in the
right-hand side of formula (II1.42), which we check as:

N (@)¢{([6],0) — ¢f([ab], 0) ~ log | I g|* ~ 27.8784505...

On the other hand, the values I11g, Iol5 ~ 0.0274558... — i - 0.0123306... and I3]; ~
1075(1.6667587...—1-2.4168791...) seem to be algebraically dependent and we may identify
up to high precision the relative polynomial

H (X—Iplr ) (X = [T =~

k=1,2,3
X0 41+ (—660072% + 31520522 — 404670z + 66406)(X° + X)
+(—29804778272% — 8827609552% + 193706907732 — 3656696288)(X* + X?)
+(1535047046592 — 1366347113392% — 5441623077402 + 108155656031) X3

over K. This relative polynomial defines a relative equation of K*(f) over K. The
computation time for 1000 digits is 6 minutes.

IV.2.6 Examples which fall outside of the scope of the conjec-
ture

In this section we present three examples which fall outside of the scope of the Main
Conjecture. First, we chose to illustrate the necessity of the compatibility condition that
the base points must satisfy by considering an incompatible set of base points and showing
that the statements of our Main Conjecture II1.37 cannot hold in that case. Next, we
illustrate two cases where some of the hypotheses (H3), (H4) are not satisfied, and show
that most of the work we did in chapter III may be adapted to this case, and that we
may still compute higher elliptic units in those settings.

IV.2.6.1 Example with incompatible base points

In this section we revisit our simplest quartic example (see section 1V.2.2.1) to showcase
what happens when an incompatible set h is chosen when attempting to compute higher
elliptic units (see Definition I11.24 for the definition of a compatible set). Computations
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show that the complex number V., we compute does not seem to be algebraic and does
not satisfy the Kronecker limit formula we expect.

Let z be the complex root of the polynomial z* — 62® — 22 — 32 + 1 lying in the upper
half-plane. Then K = Q(z) has class number 1. We choose f = B, the unique prime
ideal of norm ¢ = 2 in Og. The corresponding narrow ray class group is C1* (f) ~ Z/2Z.
We choose the fundamental units

—223 4+ 1322 — 2+ 3 —523 +292% + 152 + 18

€1 = 7 , €2 = 7

for the set O%’X = O;F’X of totally positive units (congruent to 1 mod §). We compute

the contents :\1 = 5\2 =1, the overflows t; =, = 1 as defined in section I11.3.2. We may
choose b = (1) and a the unique integral ideal of norm N = 13 in Ok. The ideal ¢N/a
has an admissible generator hy = (442% — 2582% — 104z — 80) /7 (see Definition I11.4). The
set h = (hq, hy) would be a compatible set in the sense of Definition I11.24. Let us choose
this time hy a generator of the ideal ¢N.23/(aB23) where Bs3 is the unique integral ideal
of norm 23 in Ok (that is the ideal 23/%93 is a helper ideal). The corresponding levels
will be /1 =2-13 and ¢, = 2- 13- 23 = 598. Let us write the parameters

—523 42922 + 152 + 95 . =223 4+ 1322 — 2 + 7668
T = T =
7 ’ 7
—62% + 3922 — 102 — 47 . =523 +292% + 152 + 14473
o= o =
7 ’ 7
223 — 1322+ 2 — 24 . 223 — 1322 — 62 — 24167

Then

~ —4.1729132...

~ —29.8019278...

13¢/(Ox, 0) — ¢/([a], 0) ~ 0.3126630...

Therefore neither of the four possible choices of orientations give the desired Kronecker
limit formula and no algebraicity property is expected for the product or the quotient
of these values. This justifies the compatibility condition we imposed on the set of base
points h (see Definition I11.24).

IV.2.6.2 Example 16: a cubic example with \ > 1

This example falls outside of the hypotheses of the conjecture as hypothesis (H3) is not
satisfied. In the situation we describe below, \ = 2, and we show that we can mostly
ignore this fact for most of our construction, the only modification to take into account
being the fact that the set F'(a,a,0) contains 2 elements instead of only the element 0.
As we show, the higher elliptic unit we compute is still expected to be algebraic and to
satisfy the statements of the Main Conjecture I11.37.

Let z be the complex root of the polynomial 2 — 5 in the upper half-plane. Then
K = Q(z) has class number 1. We choose the ideal § as the unique integral ideal of norm
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q = 3 in Og. The corresponding narrow ray class group is C1*(f) ~ Z/27Z. The unit
£ = 2224241 is a generator for Op* = O;“X with content A = 2 and overflow # = 2x13.
We choose b = 1 and a the unique integral ideal of norm N =5 in Ok. The part of the
different ideal which is coprime to 2 is equal the integral ideal 13 = 130k + (2 + 2)Ox
which has norm 13. The ideal ¢N®B;3/a is generated by a strongly admissible base point
h = 62% + 15. The corresponding level of the computation is given by £ = 3 -5 - 13.
The complex number I‘f_’w(e, h)~! is then given by a product of two ordinary smoothed
elliptic Gamma functions with parameters

14119 e 459
2%x195 ' 7 2x 195

T =

More precisely, put § = —2z? — z — 5. Then the set F(a, a,0) in formula (I.15) is exactly
{0,6} with §/v = (=42 — 5z — 55)/195. The product

-5 -5
(1L e714119 459 r(i+ —42%2-52-55 £ 14119 e+59
37390 ’ 390 3 195 » 390 390

5 c-14119 459\ 5 | —422-5:-55 e-14119 e459\ !
F(E’E 78 7%) F(§+ 39 > 78 ’678)

coincides up to high precision with the root &~ 9.8439696... 47 - 5.1060682... of the palin-

dromic polynomial

Pos = 2% — 212° + 1502* — 18523 + 15022 — 21z + 1

which defines an absolute equation of K*(f) over Q. The computation time for 1000
digits is 11 seconds.

IV.2.6.3 Example with ©(a, Ok) not coprime to ¢

In this section we revisit example 1V.2.2.4 with a different choice of fundamental units
which gives evaluation parameters outside of R, at the cost of having ged(ty,t2,q = 2) > 1.
In this situation the sets F; and F, involved in the computation of the geometric G,
functions (see Proposition 1.7) both have size 4. Most of the work we did in chapter
ITI may be adapted to this case and the higher elliptic units we compute is expected to
satisfy the statements of our Main Conjecture I11.37.

Let z be the complex root of the polynomial z* — 12 lying in the upper half-plane.
Then K = Q(z) has class number 1 and contains the real quadratic field Q(v/3). We
choose the ideal § the unique integral ideal of norm ¢ = 2 in Og. The corresponding
narrow ray class group is C1"(§) ~ Z/27Z. We choose the fundamental units

224+ 2242 Ay )
61:T’ € = 1

for Oﬁg’x = (’);L’X. We compute the contents 5\1 = 5\2 = 1 and the overflows t; = 2 - 3,
ty =2-11. We note that 4 | 3; and 4 | 5,. We may choose b = (1) and a = 230k + B0k
an integral ideal of norm N = 23 in Ok where 8 = (2% — 22 — 26)/4. The part of the
different ideals ®1,®, coprime to ¢ = 2 are given respectively by 85 the unique prime
ideal of norm 3 in Ok and by P17 = 110k + (2 — 1)Ok. The ideals ¢NB3/a and ¢ NP1 /a
are generated by the strongly admissible base points h; = (—42 + 1122 + 10z + 30)/2
and hy = (92% + 422 — 342 — 56)/2. The corresponding levels of the computations are
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¢4 =2-3-23 and ¢, = 2-11-23. The value of W} 4 is given by a product of 8 ordinary
smoothed G4 functions and it coincides up to high precision with a root of the polynomial

P = 28 — 2827 + 778x% — 1122° — 7492* — 11223 + 77822 — 282 + 1

which defines an absolute equation of K*(f) over Q. The computation time for 1000
digits is 8 seconds. The value W o we obtained in this example is the same as the value
obtained for example 1V.2.2.4 where an alternative computation is performed and so is
the polynomial P,,s we obtain, thus supporting the idea that the evaluation of higher
elliptic units is indeed independent of the choice for the set of fundamental units for
05"
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Conclusion and future work

In this work we constructed geometric families of multiple elliptic Gamma functions and
associated Bernoulli rational functions, allowing us to rephrase the modularity properties
they satisfy in terms of the cohomology of special linear groups SL, (Z). We gave arith-
metic applications of these functions by showing strong connections with partial zeta
functions for both totally real and almost totally real number fields. We constructed
conjectural higher elliptic units above number fields with exactly one complex place and
provided the tools to verify the conjecture numerically. We also provided many examples
to support this conjecture.

In the future, we wish to expand the conjecture to cover more cases outside of the
simplifying hypotheses (H3), (H4) and (H5). To do this we would attempt to produce
more examples in settings outside of these hypotheses, which unfortunately take more
time to compute. We also wish to prove some simple cases of the conjecture (for instance
in optimal settings). The strategy to prove these simple cases would be to use the
cocycle properties satisfies by the higher elliptic Gamma functions to prove some relations
between the complex numbers we compute which should be algebraic conjugates.

Another direction for future work is an exploration of various other number theoretic
aspects of the G, functions which we have not mentioned yet. Namely, we wish to study
the arithmetic properties of the sequence of coefficients in the Fourier expansion of these
functions. It is well-known that for modular forms these coefficients are integral and
enjoy many interesting properties, and it is also well-known that the Fourier coefficients
of 6 functions are related to representations of numbers by sums of squares. It might be
possible to formulate an analoguous statement for the Fourier coefficients of the multiple
elliptic Gamma functions. Another important area of research regarding these functions
is the determination of the action of Hecke operators for congruence subgroups of SL,,(Z)
on the geometric functions G,,—24,... 4, , and By 4, a,-

Finally, we wish to explore the possible connections between our construction of higher
elliptic units related to Stark units with the construction of Gross-Stark units in p-adic
spaces. Indeed, the family of higher Bernoulli rational functions B,, ... 4, can be used to
construct a measure on a p-adic space V,, = Z7 which can be seen as a higher analogue
of the p-adic measure used by Darmon, Pozzi and Vonk in [DPV24] to produce Gross-
Stark units above real quadratic fields. In particular, the measures built from our higher
Bernoulli functions should be related in some way to the measures used by Roset and Xu
in [RX25] to produce Gross-Stark units above general totally real number fields. The fact
that our objects are related to both values of partial zeta functions at s = 0 for totally
real number fields and to derivatives of partial zeta functions at s = 0 for ATR fields
makes the existence of such a connection very likely.
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