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Abstract

Multiple elliptic Gamma functions are functions originated from mathematical physics
which form a hierarchy of multivariate meromorphic functions satisfying modular trans-
formation properties for special linear groups SLn(Z) involving an attached hierarchy
of Bernoulli rational functions. In this work we study the connections between these
functions and the arithmetic of number fields and especially the possibility of relating
invariants in class field theory to special values of multiple elliptic Gamma functions.
To achieve this, we define geometric families of the multiple elliptic Gamma functions
attached to families of linear forms on integral lattices and recast the transformation
properties satisfied by these functions in terms of cocycle relations for SLn(Z). This con-
struction of higher elliptic Gamma functions upgrades the construction carried out by
Felder, Henriques, Rossi and Zhu for the elliptic Gamma function to the whole hierar-
chy of multiple elliptic Gamma functions. We also define geometric families of Bernoulli
rational functions in a similar way and show that these functions form a collection of
(n − 1)-cocycles for groups of totally positive units in number fields and which may be
used to evaluated partial zeta functions at s = 0 in totally real number fields. Moreover,
we investigate the cocycle properties of both collections of functions for congruence sub-
groups in SLn(Z) by performing a standard smoothing operation, and show that they
simplify considerably.

The main goal of this work is the construction of conjectural higher elliptic units
above number fields with exactly one complex place as special values of higher elliptic
Gamma functions, upgrading the construction carried out by Bergeron, Charollois and
Garćıa for complex cubic fields. These higher elliptic units are obtained by evaluating
the multiplicative (n− 2)-cocycle for a congruence subgroup in SLn(Z) built from higher
elliptic Gamma functions against a (n − 2)-cycle on the group of totally positive units
of a given number field of degree n with exactly one complex place. We conjecture that
these higher elliptic units are indeed algebraic units which belong to prescribed abelian
extensions of the base field where they are evaluated and that they satisfy a Kronecker
limit formula which relates the logarithm of their modulus to values of derivatives of
partial zeta functions at s = 0 in the base field. We present algorithms we used to
produce examples of higher elliptic units and examples of such computations for number
fields of degree 3, 4, 5 and 6.
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Résumé

Les fonctions Gamma elliptiques multiples sont des fonctions provenant de la physique
mathématique. Elles forment une hiérarchie de fonctions méromorphes à plusieurs vari-
ables satisfaisant des propriétés de transformations modulaires sous l’action des groupes
spéciaux linéaires SLn(Z) qui font intervenir une hiérarchie de fonctions rationnelles de
Bernoulli. Dans ce travail, nous étudions les connexions entre ces fonctions et l’arithmétique
des corps de nombres et en particulier la possibilité de relier des invariants de la théorie
du corps de classes à des valeurs speciales de fonctions Gamma elliptiques multiples.
Pour ce faire, nous définissons des familles géométriques de fonctions Gamma elliptiques
multiples associées à des familles de formes linéaires sur des réseaux entiers et exprimons
leurs propriétés de transformations en termes de relations de cocycle pour SLn(Z). Cette
construction de fonctions Gamma elliptiques supérieures généralise la construction pro-
posée par Felder, Henriques, Rossi et Zhu pour la fonction Gamma elliptique à l’ensemble
de la hiérarchie des fonctions Gamma elliptiques multiples. Nous définissons de manière
similaire des familles géométriques de fonctions rationnelles de Bernoulli et montrons
que ces fonctions forment une collection de (n − 1)-cocycles pour des groupes d’unités
totalement positives dans les corps de nombres qui peuvent être utilisés pour évaluer les
fonctions zêta partielles de corps de nombres totalement réels en s = 0. De plus, nous
étudions les propriétés de cocycle plus simples qui sont satisfaites par ces deux collections
de fonctions pour les sous-groupes de congruence de SLn(Z) en appliquant un processus
de régularisation standard.

Le but principal de ce travail est la construction d’unités elliptiques supérieures au-
dessus de corps de nombres avec une seule place complexe comme valeurs spéciales des
fonctions Gamma elliptiques supérieures, ce qui généralise la construction proposée par
Bergeron, Charollois et Garćıa pour les corps cubiques complexes. Ces unités ellip-
tiques supérieures sont obtenues par évaluation d’un (n−2)-cocycle multiplicatif pour un
sous-groupe de congruence de SLn(Z) fabriqué à partir des fonctions Gamma elliptiques
supérieures contre un (n − 2)-cycle sur le groupe des unités totalement positives d’un
corps de nombres de degré n avec une seule place complexe. Nous conjecturons que ces
unités elliptiques supérieures sont en effet des unités algébriques qui appartiennent à des
extensions abéliennes prescrites du corps de base où elles sont évaluées, et qu’elles satis-
font une formule limite de Kronecker, reliant le logarithme de leur module à des valeurs
de fonctions zêta partielles associées au corps de base, dérivées en s = 0. Nous présentons
les algorithmes que nous avons utilisés pour produire des exemples d’unités elliptiques
supérieures ainsi que des exemples de calculs de ces unités pour des corps de nombres de
degré 3, 4, 5 et 6.
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Foreword

This thesis consists of four chapters. The first two chapters correspond to the first
two articles in the series Geometric families of multiple elliptic Gamma functions and
arithmetic applications. They are already submitted for publication and are available
at https://arxiv.org/abs/2510.16515 and https://arxiv.org/abs/2602.06561 respectively.
These articles are included in this thesis with minor reformatting to avoid unnecessary
redundancy. The third and fourth chapters correspond to what will be the third ar-
ticle in this series which is essentially an upgraded version of the working paper El-
liptic units above number fields with exactly one complex place which is available at
https://arxiv.org/abs/2406.06094. The third and fourth chapters also contain the discus-
sion of optimal cases in our algebraicity conjecture presented in the short paper Compu-
tations of higher elliptic units which has been submitted for publication and is available
at https://arxiv.org/abs/2601.11961.
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General introduction

In this work we are interested in a hierarchy of functions satisfying modular transforma-
tion properties for special linear groups and whose special values are conjectured to yield
algebraic units. The first function in this hierarchy is the elliptic θ function defined on
C×H by the following absolutely convergent infinite product:

θ(z, τ) =
∏
n≥0

(
1− e−2iπze2iπ(n+1)τ

) (
1− e2iπze2iπnτ

)
.

It is well-known that this function has modular symmetries for the group SL2(Z) and it
is used in the theory of Complex Multiplication to build elliptic units above imaginary
quadratic fields. These elliptic units are given by evaluations of the form

θ
(

1
q
, τ
)N

θ
(

N
q
, Nτ

) (0.1)

for well-chosen q,N ∈ Z≥2 and τ an irrational algebraic number in an imaginary quadratic
field K. These evaluations yield q-units inside ray class fields of K which are smoothed
versions of Ramachandra’s elliptic units (see [Ram64]). As a consequence of this con-
struction, Hilbert’s 12th problem is solved for imaginary quadratic fields as evaluations
of the θ function describe the abelian extensions of imaginary quadratic fields. We may
illustrate this with the following example where the two complex numbers

u1 = θ

(
7

91
,
10 + e2iπ/3

91

)7

θ

(
7

13
,
10 + e2iπ/3

13

)−1

=
−3− 7

√
−3

4
+

√
−41 + 17

√
−3

8
,

(0.2)

u2 = θ

(
14

91
,
10 + e2iπ/3

91

)7

θ

(
14

13
,
10 + e2iπ/3

13

)−1

=
−3− 7

√
−3

4
−

√
−41 + 17

√
−3

8

are algebraic numbers. More precisely, they are conjugated 13-units in an abelian exten-
sion of K = Q(e2iπ/3) ramified only above a prime ideal of norm 13 which is the splitting
field of their minimal polynomial x4 + 3x3 + 32x2 + 13. We review the main results on
the θ function and on the construction of elliptic units above imaginary quadratic fields
in chapter 0.

The second function in the hierarchy of functions which we study is the so-called
elliptic Gamma function of Ruijsenaars [Rui97]. It is a meromorphic function of three
variables defined on C×H2 by the infinite product:

Γ(z, τ, σ) =
∏

m,n≥0

(
1− exp(2iπ((m+ 1)τ + (n+ 1)σ − z))

1− exp(2iπ(mτ + nσ + z))

)
.

As a function of z it is well-defined outside of the discrete set of poles Z+ Z≥0τ + Z≥0σ.
This function satisfies modular transformation properties for the special linear group
SL3(Z) similar to those of the θ function for SL2(Z), as shown by Felder and Varchenko in
[FV00]. In their recent article [BCG23] Bergeron, Charollois and Garćıa used the elliptic
Gamma function to construct conjectural algebraic units above complex cubic fields,
by generalising the type of evaluation (0.1) which yields elliptic units above imaginary

12



quadratic fields. This is showcased by the following example. Let us set z = e2iπ/3101/3

and K = Q(z) the splitting field of the polynomial x3 − 10. Denote by OK the ring of
integers of K. Let us set τ = 5z2 +11z− 5230 and σ = 2z2− z− 2335. We may compute
the four evaluations:

uk =
Γ
(
k
5
, τ
1485

, σ
1485

)11
Γ
(
11k
5
, 11τ
1485

, 11σ
1485

) ≈

−27.5333588...− i · 32.7146180... for k = 1

−2.2349933...− i · 4.9384566... for k = 2

−0.0760627...+ i · 0.1680687... for k = 3

−0.0150592...+ i · 0.0178931... for k = 4

(0.3)

to high precision, say up to 1000 digits. The four values we obtain coincide up to this
precision with the four roots of the palindromic relative polynomial Prel ∈ OK[X]:

Prel = X4 + (−7z2 + 5z + 19)X3 + (−19z2 + 70z − 59)X2 + (−7z2 + 5z + 19)X + 1

which defines a Z/4Z extension L of K ramified only above the prime ideal of norm 5
in OK. Alternatively, we may check that these four values coincide up to 1000 digits of
precision with four of the roots of a palindromic integral polynomial Pabs which defines
an absolute equation of L over Q:

Pabs = x12 + 57x11 + 1956x10 + 4640x9 + 35415x8 − 109818x7 + 150139x6 + . . .

Thus, u1, u2, u3 and u4 are expected to be algebraic units which are Galois conjugates
over K, and they are given by evaluations of the elliptic Gamma function at points in
K. From another point of view, we may see the evaluations given in (0.3) as an analytic
parametrisation of the roots of the polynomial Prel.

The elliptic units given by (0.2) as well as the conjectural higher elliptic units presented
in (0.3) were computed using our general method for the construction of higher elliptic
units which we develop in chapter III. These examples are presented with more detail in
sections 0.3 and IV.2.1.3 respectively. The elliptic units of the form (0.1) above imaginary
quadratic fields possess many other properties including a version of Kronecker’s second
limit formula (see Theorem 0.7), and the higher elliptic units we construct are expected
to share similar properties. A key difference however when considering higher degree
number fields is that the evaluations need to be very precise to obtain algebraic numbers.
Indeed, it is not true that all evaluations of the form

Γ (z, τ, σ)N

Γ (Nz,Nτ,Nσ)

yield algebraic numbers for any z ∈ Q−Z and any τ, σ in a fixed complex cubic field K:
the parameters τ and σ must be very carefully chosen.

Our main goal throughout this work is to generalise the construction of elliptic units
to general number fields with exactly one complex place (also called Almost Totally Real
number fields, or ATR fields for short) using the multiple elliptic Gamma functions. These
functions were introduced by Nishizawa [Nis01] to generalise both the theta function and
elliptic Gamma function. They are meromorphic functions of several variables defined on
C×Hr+1 defined by the infinite product:

Gr(z, τ0, . . . , τr) =
∏

m0,...,mr ≥0

(
1− e2iπ(−z+

∑r
j=0(mj+1)τj)

)(
1− e2iπ(z+

∑r
j=0 mjτj)

)(−1)r
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for all r ∈ Z≥0. As a function of z they are holomorphic over C when r is even and
meromorphic when r is odd, in which case the set of poles is given by Z+ Z≥0τ0 + · · ·+
Z≥0τr. From this writing we may identify θ = G0 and Γ = G1. These multiple elliptic
Gamma functions satisfy modular transformation properties for the corresponding special
linear group SLr+2(Z) similar to those satisfied by the θ and Γ functions for SL2(Z) and
SL3(Z) respectively.

In general, by analogy with the form (0.1) of elliptic units above imaginary quadratic
fields, the higher elliptic units we aim to construct above a degree n number field K with
exactly one complex place should be given by products of the form:

κ∏
j=1

Gn−2(zj, τ1,j, . . . , τn−1,j)
N

Gn−2(Nzj, Nτ1,j, . . . , Nτn−1,j)

where N is a choice of smoothing index and the zj’s and the τl,j’s should be carefully
chosen elements in K. Most of this work is dedicated to the formulation of a precise
conjecture on the algebraic nature of these values, which is supported by numerical evi-
dence. Our main conjecture concerns evaluations of this form which can be obtained as
the evaluation of a multiplicative (n − 2)-cocycle built from the Gn−2 functions against
a (n − 2)-cycle in SLn(Z). Indeed, if we introduce the following generalised rational
Bernoulli functions:

1

n!
Bn,n(z, ω1, . . . , ωn) = coeff[t0]

(
ezt∏n

j=1 (e
ωjt − 1)

)

by a coefficient extraction of the series in the right-hand side, then the so-called modular
property of the Gn−2 functions is given by:

n∏
j=1

Gn−2

(
z

ωj

,

(
ωk

ωj

)
j ̸=k

)
= exp

(
−2iπ

n!
Bn,n(z, ω1, . . . , ωn)

)
for any ω1, . . . , ωn ∈ C− {0} satisfying ωk/ωj ̸∈ R for 1 ≤ k ̸= j ≤ n (see [Nar04]). This
modular property for SLn(Z) allows us to construct collections of partial modular symbols
for SLn(Z) from the Gn−2 and Bn,n functions, which yield multiplicative (n− 2)-cocycles
and additive (n−1)-cocycles respectively when restricted to specific subgroups of SLn(Z).
The first two chapters in this work are dedicated to the study of these cocycle relations,
while the third and fourth chapter are dedicated to the construction and computation of
higher elliptic units above number fields with exactly one complex place.

To make precise statements on the cocycle properties satisfied by these functions we
introduce geometric families of these functions, upgrading the construction carried out
by Felder, Henriques, Rossi and Zhu for the elliptic Gamma function in [FHRZ08] to the
whole hierarchy of Gr functions. If L ≃ Zn is a lattice of rank n = r + 2 in a Q-vector
space V ≃ Qn, Λ = HomZ(L,Z) and a0, . . . , ar ∈ Λ we define a function

Gr,a0,...,ar :=

{
V/L× C× HomZ(L,C) → C
(v, w, x) → Gr,a0,...,ar(v)(w, x)

which generalises the ordinary Gr function which can be seen as a geometric Gr function
for the abstract lattice L = Z+Zτ0 + · · ·+Zτr. A similar construction gives a geometric
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version of the Bernoulli rational functions Bn,n attached to n linear forms a1, . . . , an in
Λ:

Bn,a1,...,an :=

{
V/L× C× HomZ(L,C) → C
(v, w, x) → Bn,a1,...,an(v)(w, x).

For simplicity, we shall often use the general denomination of higher elliptic Gamma
functions to refer to the geometric families of Gr,a0,...,ar functions and the denomina-
tion of higher Bernoulli rational functions to refer to the geometric families of Bn,a1,...,an

functions.
We show that these two collections of functions are equivariant under the action of

SLn(Z) on L and Λ and that they satisfy a modular property which extends the modular
property satisfied by the ordinary Gr and Bn,n functions:

Theorem 0.1: For most configurations of the linear forms a1, . . . , an ∈ Λ and for w, x
in a dense open subset of C× HomZ(L,C) ≃ C× Cn:

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

= exp(2iπBn,a1,...,an(v)(w, x)).

This statement generalises the classic modular property for the θ function given in
(0.10) and it is made more precise in Theorems I.1 and II.2. This modular property may
be rephrased as the splitting of a (n − 1)-cocycle constructed from the higher Bernoulli
rational functions by the higher elliptic Gamma functions. The higher Bernoulli rational
functions indeed satisfy cocycle relations of their own as:

Theorem 0.2: For most configurations of n+ 1 linear forms a0, . . . , an ∈ Λ:

n∑
j=0

(−1)jBn,a0,...,âj ,...,an = 0.

This generalises the known cocycle properties of the Dedekind-Rademacher function
(see section 0.1) and it is proven in Corollary I.1 as a consequence of a more general
theorem on cocycle relations satisfied by certain indicator functions of closed rational
polyhedral cones (see Theorem I.2). The collections of geometric Gr and Bn functions
thus produce partial modular symbols for SLn(Z) and the cocycle properties they satisfy
become simpler when performing a smoothing operation which produces smoothed ver-
sions of these collections of functions, satisfying transformation properties for congruence
subgroups in SLn(Z). This is done by introducing a sublattice L′ of L such that L/L′ is
cyclic of order N and by considering the smoothed objects:

Gn−2,a1,...,an−1(v)(w, x, L, L
′) =

Gn−2,a1,...,an−1(v)(w, x, L
′)N

Gn−2,a1,...,an−1(v)(w, x, L)

and

Bn,a1,...,an(v)(w, x, L, L
′) = NBn,a1,...,an(v)(w, x, L

′)−Bn,a1,...,an(v)(w, x, L)

which are defined for a1, . . . , an ∈ Λ∩Λ′ where Λ′ = HomZ(L
′,Z). The most striking fact

about these smoothed objects is that under mild assumptions on the lattice L′, the func-
tion Bn,a1,...,an(v)(w, x, L, L

′) is independent of w, x ∈ C × HomZ(L,C) and is a rational
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number related to higher Dedekind sums whose denominator is bounded independently
of a1, . . . , an. This is expressed by the following theorem which shows that the modularity
property simplifies considerably when performing this smoothing operation:

Theorem 0.3: Let a1, . . . , an ∈ Λ ∩ Λ′. Then, under mild assumptions on the smooth-
ing lattice L′ satisfying L/L′ ≃ Z/NZ, the smoothed value Bn,a1,...,an(v)(w, x, L, L

′) is
independent of w, x ∈ C× HomZ(L,C) and:

Bn,a1,...,an(v)(w, x, L, L
′) ∈ D(N, n)−1Z

where D(N, n) =
∏

p|N p
⌊ n
p−1

⌋. Therefore, for most configurations of the linear forms
a1, . . . , an ∈ Λ∩Λ′, the smoothed version of the modular property gives the cocycle relation:(

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x, L, L
′)(−1)j+1

)D(N,n)

= 1.

These statements which can be seen as higher analogues of (0.16) and (0.15) are
made more precise in Theorems II.3 and II.1. In arithmetic applications, we restrict
the collections of geometric Gn−2 and Bn functions to algebraic tori corresponding to
groups of totally positive units in number fields, for which the linear forms are always in
good configurations. A first arithmetic application of these functions is the computation
of values of partial zeta functions in totally real number fields at s = 0 using the Bn

functions, building on prior work on the computations of such values using Bernoulli
rational functions (see [Shi76], [Col88], [DyDF14] and [CDG15]).

Theorem 0.4: Let F be a totally real number field of degree n. Let f be an integral ideal
in OF and fix an integral ideal b representing a class in the narrow ray class group Cl+(f).
Then there are explicitly computable linear forms aj,ρ on the Q-vector space F ≃ Qn for
1 ≤ j ≤ n and ρ ∈ Sn−1 and explicitly computable signs νρ ∈ {−1, 0,+1} such that:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,a1,ρ,...,an,ρ(1F)(0,−σk)

where σ1, . . . , σn are the real embeddings of F.

The fact that these values may be expressed in terms of Bernoulli rational functions
was already known for a long time, but the novelty here lies in the link between the
arithmetic of totally real number fields and the higher elliptic Gamma functions through
the associated collections of higher Bernoulli rational functions. The second arithmetic
applications concerns the construction of conjectural higher elliptic units above ATR
fields. The general result we have in mind is the following vague form of our conjecture,
for which we give a more precise statement in chapter III.

Conjecture 0.5: Let K be an ATR field of degree n which we view as a subset of C via
one of its two complex embeddings. Fix an integral ideal f ̸= OK and set f ∩ Z = qZ for
some q ∈ Z>0. Fix an integral ideal b of OK representing a class in Cl+(f) and an integral
ideal a of OK of norm N such that OK/a is cyclic. Lastly, fix a system of fundamental
units ε1, . . . , εr for the group O+,×

K of totally positive units in OK. Then there is an explicit
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integer κ and explicit parameters zj, τ1,j, . . . , τn−1,j in K, all depending on f, b, a, ε1, . . . , εr
such that the evaluation

u =

(
κ∏

j=1

Gn−2(zj, τ1,j, . . . , τn−1,j)
N

Gn−2(Nzj, Nτ1,j, . . . , Nτn−1,j)

)D(N,n)

(0.4)

is an algebraic unit in the narrow ray class field K+(f) at f (or q-unit if n = 2). This
algebraic unit is expressed as the evaluation of a multiplicative (n− 2)-cocycle built from
N-smoothed Gn−2 functions, which depends on the choice of some set of base points
h = (hρ)ρ∈Sr , against an (n − 2)-cycle Υ = Υ(ε1, . . . , εr) ∈ Hn−2(O+,×

K ,Z). In addition,
the algebraic unit u satisfies a Kronecker limit formula of the form:

Nζ ′f(b, 0)− ζ ′f(ab, 0) =
1

D(N,n)
log |u|2.

This conjecture is an attempt at generalising the known results for the elliptic units
built from the θ function (see Theorems 0.7 and 0.8). Higher analogues of these results
are notoriously harder to prove, since there is no clear generalisation of the theory of
Complex multiplication for higher degree number fields with exactly one complex place.

Most of chapter III is dedicated to the formulation of a precise geometric setup which
gives explicit formulas for the parameters zj, τ1,j, . . . , τn−1,j where the N -smoothed Gn−2

functions are evaluated to produce the elliptic units. This is done by generalising the ge-
ometric setup in [BCG23] for n = 3 to higher degree ATR fields. The specific evaluations
of a (n− 2)-cocycle depending on a choice of base points h against the (n− 2)-cycle Υ is
presented in section III.3.1. The remainder of section III.3 concerns the precise analysis
of the underlying geometric setup and the determination of the size κ of the product
(0.4) as well as the parameters zj and τl,j involved in the evaluation. A notable technical
difficulty that arises for n ≥ 4, which is absent from the cases n = 2 and n = 3, is that
the base points hρ, ρ ∈ Sr upon which the evaluation greatly depends cannot be chosen
independently. It is the subject of section III.3.4 where we define a compatibility condi-
tion that these base points must satisfy. Our main conjecture is supported by numerical
evidence which we present in chapter IV together with the algorithms we used to produce
such examples.

Our main conjecture is related to Hilbert’s 12th problem and to the rank one abelian
Stark conjectures for number fields with exactly one complex place. Indeed, if proven, a
precise conjecture in the flavour of Conjecture 0.5 would give a partial answer to Hilbert’s
12th problem for ATR fields, by building abelian extensions of these number fields using
the general multivariate meromorphic functions that are the multiple elliptic Gamma
functions (see section III.4.2.4). This would also prove some cases of the rank one abelian
Stark conjectures for number fields with exactly one complex place (see section III.4.2.5
for a discussion of those) by giving an explicit formula for the Stark unit.

Let us now give an outline of the present work:

0. In chapter 0 we briefly review the basic results of Complex Multiplication regarding
elliptic units above imaginary quadratic fields. We present the properties satisfied
by the θ function and by the elliptic units obtained by evaluation of this function
at points of an imaginary quadratic field and explain how the results of this work
generalise each of these properties for the higher elliptic Gamma functions and the
higher elliptic units.
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I. In chapter I we recall the properties of the collection of multiple elliptic Gamma
functions and the associated collection of generalised Bernoulli rational functions
and we focus on the construction of their associated cocycles for SLn(Z). To this
end, we introduce geometric families of multiple elliptic Gamma functions, upgrad-
ing the construction carried out by Felder, Henriques, Rossi and Zhu for the elliptic
Gamma function in [FHRZ08] to the whole hierarchy of Gr functions. We also in-
troduce geometric families of Bernoulli rational functions associated to the Bn and
show how the modularity property satisfied by the Gr functions may be rephrased
in terms of cocycle properties for these collections of functions. A first arithmetic
application is then given, as we use the collection of geometric Bn functions to
express values of partial zeta functions at s = 0 in totally real number fields.

II. In chapter II we expand on the cocycle properties of the collections of geometric
Gn−2 and Bn functions by introducing a smoothing operation inspired by previous
work on smoothed partial zeta functions (see for instance [CN79], [Das08], [CD14]).
The smoothed versions of the cocycles built from these functions are then shown
to define partial modular symbols on congruence subgroups in SLn(Z).

III. In chapter III we carry out the construction of conjectural higher elliptic units above
number fields of degree n ≥ 3 with exactly one complex place given by evaluations
of Gn−2 functions. These evaluations must be done in a very precise manner and we
give a very detailed description of our construction to highlight the main theoretical
and computational difficulties.

IV. In chapter IV we present the algorithms we use to compute our higher elliptic units
and we provide numerical evidence to support our general conjecture for fields of
degree 3, 4, 5 and 6.

We recommend that the reader who is mostly interested in the construction of higher
elliptic units skips the contents of sections I.3 to II.5 and focuses on chapter III after they
have become familiar with the construction of higher elliptic Gamma functions in section
I.2. The reader might then revisit these sections where we prove many statements on
the cocycle properties of the higher elliptic Gamma functions which constitute important
steps towards a proof of the Main Conjecture III.37.
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Chapter 0

Elliptic units for imaginary
quadratic fields

0.1 The Dedekind η-function

The Dedekind η-function is a modular function for SL2(Z) defined for τ ∈ H by the
infinite product:

η(τ) = q1/24
∏
n≥1

(1− qn)

where as usual q = exp(2iπτ). It satisfies a modularity property of the form

η

(
aτ + b

cτ + d

)
= ϵ(a, b, c, d)

√
cτ + d.η(τ) (0.5)

where for any γ = ( a b
c d ) ∈ SL2(Z), ϵ(a, b, c, d) = ϵ(γ) is a 24-th root of unity. More

precisely, this root of unity is expressed in terms of Dedekind sums. These sums are
defined for c > 0 and (c, d) = 1 by:

s(c, d) =
c−1∑
k=1

b1

(
k

c

)
b1

(
kd

c

)
(0.6)

where b1 : t → t − ⌊t⌋ − 1/2 is the classic periodic version of the Bernoulli polynomial
B1(t) = t− 1/2. The Dedekind-Rademacher function ϕDR is defined on SL2(Z) by:

ϕDR

(
a b
c d

)
=

{
b
d

if c = 0
a+d
c
− 12.sign(c)s(|c|, d) if c ̸= 0

where sign(c) = c/|c| when c ̸= 0 and sign(c) = 0 if c = 0. The function ϕDR takes values
in Z and satisfies the modularity relation:

η

(
aτ + b

cτ + d

)
=
√
cτ + d .e

iπ
12

(ϕDR(γ)−3.sign(c))η(τ).

(see [Rad32]). Thus the unit ϵ(a, b, c, d) is explicitly given by

ϵ(a, b, c, d) = e
iπ
12

(ϕDR(γ)−3.sign(c)). (0.7)
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The function ϕDR is almost a group morphism as for any γ, γ′ ∈ SL2(Z):

ϕDR(γ
′′) = ϕDR(γ) + ϕDR(γ

′)− 3.sign(cc′c′′)

where γ′′ =
(
a′′ b′′

c′′ d′′

)
=
(
a′ b′

c′ d′

)
( a b
c d ) = γ′γ. The level N function ΨN defined on the

congruence subgroup Γ0(N) by

ΨN

(
a b
c d

)
= ϕDR

(
a bN
c
N

d

)
− ϕDR

(
a b
c d

)
(see [Rad32], [Maz79]) then defines a 1-cocycle in H1(Γ0(N),Z).

The Dedekind η-function appears as the key ingredient for Kronecker’s first limit
formula which is essentially the statement that when τ is an imaginary quadratic number:

lim
s→1

 ∑
m,n∈Z2−(0,0)

Q(m,n)−s − π

s− 1

 = 2π
(
γ − log 2− log

√
y − log |η(τ)|2

)
(0.8)

where y = ℑ(τ), Q(m,n) = y−1|m + nτ |2 is the quadratic form attached to τ and
γ = limn→∞(1+ 1

2
+ · · ·+ 1

n
− log n) is Euler’s gamma constant (see [[Sie80], Theorem 1]).

This limit formula may be used to compute values of L-functions for imaginary quadratic
fields at s = 1 (see for instance [[Sie80], Chapter II, §1]). It may also be used to compute
values of partial zeta functions at s = 1 (or equivalently at s = 0 thanks to the functional
equation) in real quadratic fields (see [[Sie80], Theorem 12]). We may express this result
as:

Theorem 0.6 [Meyer’s Theorem] : Let K be a real quadratic field. Fix an integral ideal
b of K representing a class in the narrow Hilbert class group Cl+(K) of K. Fix [β1, β2] a
Z-basis of b satisfying β1/β2 > β′

1/β
′
2 where β → β′ represents algebraic conjugation in

K. Let O+,×
K be the group of totally positive units of OK and ε be the unique generator of

O+,×
K satisfying ε > ε′. Denote by a, b, c, d the unique integers satisfying εβ1 = aβ1 + bβ2

and εβ2 = cβ1+dβ2. Then the matrix γ = ( a b
c d ) belongs to SL2(Z) and the value at s = 0

of the partial zeta function attached to the class of b in Cl+(K) is given by:

ζOK(b, 0) =
N (β2)

12.|N (β2)|
ϕDR(γ). (0.9)

A similar statement holds for partial zeta functions attached to ray class fields using
the modularity defect of θ functions (see [[Sie80], Theorems 12 and 13]). This statement
implies in particular that the value ζOK(b, 0) is rational, and, more generally, it is well-
known from the theorem of Klingen and Siegel that partial zeta functions in totally real
number fields take rational values at non-positive integers. In this work we generalise (0.9)
to higher degree totally real number fields using our higher Bernoulli rational functions
(see Theorem 0.4).

The Dedekind-Rademacher function and its level N avatars have also played a key role
in the construction of conjectural elliptic units above real quadratic fields by Darmon and
Dasgupta [DD06] and they are also connected to Gross-Stark units above real quadratic
fields (see [DPV24]). In the next section we recall the modular transformation properties
of the θ function using those of the η function.
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0.2 Transformation properties of the θ function

Recall the definition of the θ function for (z, τ) ∈ C×H by:

θ(z, τ) =
∏
n≥0

(
1− e−2iπze2iπ(n+1)τ

) (
1− e2iπze2iπnτ

)
.

This function enjoys modular transformation properties under an action of SL2(Z). In-
deed, there is a rational function P2 : SL2(Z)→ Q(z, τ) such that for all γ = ( a b

c d ):

θ

(
z

cτ + d
,
aτ + b

cτ + d

)
= θ(z, τ).e2iπP2,γ(z,τ). (0.10)

The rational function P2,γ may be expressed in terms of the classic Dedekind sums as:

P2,γ(z, τ) =


0 if c = 0 and d = 1

z − 1
2

if c = 0 and d = −1
z2c2+zc+1/6

2c(cτ+d)
− z

2
+ cτ+d

12c
− sign(c)(s(|c|, d) + 1

4
) if c ̸= 0

.

(0.11)
This can be derived from [[Sie80], Proposition 4] in conjunction with [[Rad32], Formula
(3.26)] as follows. Let us introduce another theta function ϑ1 defined on C×H by:

ϑ1(z, τ) = e2iπ(τ/8−1/4)(eiπz − e−iπz)
∏
m≥1

(1− e2iπze2iπmτ )(1− e2iπmτe−2iπz)(1− e2iπmτ ).

It follows from a straightforward computation that:

ϑ1(z, τ) = e2iπ(τ/12−z/2+1/4).θ(z, τ).η(τ)

for any z ∈ C and any τ ∈ H. Let us now prove (0.11) for c > 0 using the η and ϑ1

functions as well as results from [Sie80].
Proof of formula (0.11):
Let us write as before ϵ = ϵ(a, b, c, d) for the 24-th root of unity satisfying

η

(
aτ + b

cτ + d

)
= ϵ.
√
cτ + d.η(τ).

The modular transformation property of ϑ1 given in [[Sie80], Proposition 4] may be
written as:

ϑ1

(
z

cτ + d
,
aτ + b

cτ + d

)
= ϵ3
√
cτ + d.eiπcz

2/(cτ+d).ϑ1(z, τ). (0.12)

To simplify notations we adopt notations in the style of Siegel : τ ∗ = (aτ + b)/(cτ + d)
and z∗ = z/(cτ + d). Then (0.12) reads:

e2iπ(
τ∗
12

− z∗
2
+ 1

4)θ(z∗, τ ∗)η(τ ∗) = ϵ3
√
cτ + d.eiπcz

2/(cτ+d).e2iπ(
τ
12

− z
2
+ 1

4)θ(z, τ)η(τ).

Dividing by the modularity relation (0.5) for η gives:

e2iπ(
τ∗
12

− z∗
2
+ 1

4)θ(z∗, τ ∗) = ϵ2eiπcz
2/(cτ+d).e2iπ(

τ
12

− z
2
+ 1

4)θ(z, τ).

Therefore:

θ(z∗, τ ∗) = ϵ2e
2iπ

(
z2c2

2c(cτ+d)

)
.e2iπ(

τ
12

− z
2)e−2iπ( τ∗

12
− z∗

2 )θ(z, τ).
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θ(z∗, τ ∗) = ϵ2e
2iπ

(
z2c2+zc
2c(cτ+d)

− z
2
+ τ

12
− aτ+b

12(cτ+d)

)
θ(z, τ).

We may now rewrite τ − τ ∗ as:

τ − τ ∗ = c(cτ + d)τ − c(aτ + b)

c(cτ + d)

τ − τ ∗ = (cτ + d)2 − d(cτ + d)− caτ − (ad− 1))

c(cτ + d)

τ − τ ∗ = cτ + d

c
+

1

c(cτ + d)
− a+ d

c
.

Thus:

θ(z∗, τ ∗) = ϵ2e
2iπ

(
z2c2+zc+1/6

2c(cτ+d)
− z

2
+ cτ+d

12c
−a+d

12c

)
θ(z, τ).

It follows from (0.7) that ϵ is expressed in terms of the Dedekind-Rademacher function
ϕDR as:

ϵ(a, b, c, d) = e
iπ
12

(ϕDR(γ)−3sign(c)) = e
iπ
12

(a+d
c

−12.sign(c)(s(|c|,d)+1/4)).

This gives:

θ(z∗, τ ∗) = e
2iπ

(
z2c2+zc+1/6

2c(cτ+d)
− z

2
+ cτ+d

12c
−sign(c)(s(|c|,d)+1/4)

)
θ(z, τ)

as claimed. □

The modular transformation property for the θ function involving the rational function
P2 may be generalised to the whole hierarchies of higher elliptic Gamma functions and
higher Bernoulli rational functions, as proven in Theorem 0.1.

It is classical to perform a smoothing operation on the θ function to obtain modular
units of one of the two following shapes:

θ(z, τ)N
2

θ(Nz, τ)
or

θ(z, τ)N

θ(Nz,Nτ)
.

In the first case, by adding a small exponential prefactor we obtain the basic ingredient
for Siegel units:

Nθ(z, τ) = e
2iπ

(
N2−1

12
τ+N−N2

2 (z− 1
2)

)
θ(z, τ)N

2

θ(Nz, τ)
(0.13)

when z ∈ Q, τ is an imaginary quadratic number and N is a rational prime which is inert
in the field Q(τ) (see [[Kat04], Proposition 1.3]). The second expression gives smoothed
versions of Ramachandra’s elliptic units (see [Ram64]) in the setting where N is a rational
prime which splits in Q(τ). In this work we focus on the second type of smoothing and
if we set:

θ(N)(z, τ) =
θ(z, τ)N

θ(Nz,Nτ)
(0.14)

then (0.10) gives for any N | c:

θ(N)

(
z

cτ + d
,
aτ + b

cτ + d

)
= θ(N)(z, τ).e2iπP

(N)
2,γ (z,τ) (0.15)
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where

P
(N)
2,γ (z, τ) =


0 if c = 0 and d = 1
1−N
2

if c = 0 and d = −1
sign(c)

(
s
(

|c|
N
, d
)
−Ns(|c|, d) + 1−N

4

)
if c ̸= 0.

Crucially, the smoothed modularity defect P
(N)
2,γ depends only on the matrix γ ∈ Γ0(N) =

{( a b
c d ) | N | c} and not on z and τ . Moreover, it satisfies an integrality property as the

values of P
(N)
2,γ lie in 1

12
Z. The application (γ → P

(N)
2,γ ) is essentially a smoothed version of

the classic Dedekind-Rademacher function ϕDR, which differs slightly from the 1-cocycle
ΨN on the congruence subgroup Γ0(N). Explicitly:

P
(N)
2,γ =

1

12

(
NϕDR

(
a b
c d

)
− ϕDR

(
a bN
c
N

d

))
+


0 if c = 0 and d = 1
1−N
2

if c = 0 and d = −1
sign(c)1−N

4
if c ̸= 0

(0.16)
and its reduction mod Z defines a 1-cocycle on Γ0(N) with values in 1

12
Z/Z. In this work

we generalise the cocycle properties satisfied by the rational function P2 and its smoothed
version P

(N)
2 to the collection of higher Bernoulli rational functions which we introduce

(see Theorems 0.2 and 0.3).

0.3 Kronecker’s second limit formula and elliptic units

We now briefly review the two main results on the smoothed elliptic units given by (0.14),
that is the smoothed version of Kronecker’s second limit formula they satisfy and the fact
that they are algebraic S-units (see [Sie80], [Sta80] and [Ram64], [Rob73] for versions of
these results).

Theorem 0.7 [Kronecker’s second limit formula (a smoothed version)] : Let K
be an imaginary quadratic field. Fix an integral ideal f ̸= OK. Set qZ = f ∩ Z for some
positive integer q. Fix an integral ideal b representing a class in the class group at f. Let
a be an integral ideal of prime norm N such that (N, q) = 1. Let µ, ν be elements of K
such that fb−1 = Zµ + Zν and f(ab)−1 = Zµ + Zν/N with µ/ν = τ ∈ K ∩ H. Assume
further that ν/q ≡ 1 mod fb−1. Then

N.ζ ′f(b, 0)− ζ ′f(ab, 0) = −
1

wf

log

∣∣∣∣∣∣∣
θ
(

1
q
, τ
)N

θ
(

N
q
, Nτ

)
∣∣∣∣∣∣∣
2

where wf is the number of roots of unity in OK which are congruent to 1 mod f.

Proof :
The partial zeta function ζf(b, s) is defined by:

ζf(b, s) =
∑
b′∼b

N (b′)−s
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where the sum ranges over integral ideals in the same class as b in the ray class group at
f. Using Siegel’s trick one may rewrite this as:

ζf(b, s) =
1

wf

N (b)−s
∑

µ∈1+fb−1

|µ|−s

where w is the number of roots of unity in K = Q(τ). Since [µ, ν] is a Z-basis of the
fractional ideal fb−1 we obtain the expression:

ζf(b, s) =
1

wf

N (b)−s
∑

m,n∈Z

|mµ+ nν + 1|−s.

Since ν/q ≡ 1 mod f this can be rewritten as:

ζf(b, s) =
1

wf

N (b)−s
∑

m,n∈Z

|mµ+ nν + ν/q|−s.

Let us define as in [Sta80] the function

G(s) = π−sΓ(s)
∑

m,n∈Z

|mµ+ nν + ν/q|−s.

This function can be analytically continued to C−{1} and it follows from [[Sta80], formula
(10)] that:

G(0) = − log
∣∣∣θ(uτ + v, τ)e2iπ(

u(uτ+v)
2

+ τ
12

−uτ+v
2

+ 1
4)
∣∣∣2

where τ = µ/ν and u, v are the unique rational number satisfying u.µ+ v.ν = ν/q, that
is u = 0 and v = 1/q. On the other hand, since G(s) = π−sΓ(s).wf.N (b)sζf(b, s) and

lim
s→0

ζf(b, s)Γ(s) = ζ ′f(b, 0)

we obtain the equality:

ζ ′f(b, 0) = −
1

wf

log

∣∣∣∣θ(1

q
, τ

)
e2iπ(

τ
12

− 1
2q

+ 1
4)
∣∣∣∣2 .

The same argument can be applied to the determination of ζ ′f(ab, 0). Indeed, since ν/q ≡
1 mod fb−1 it is also true that ν/q ≡ 1 mod f(ab)−1 and

ζf(b, s) =
1

wf

N (ab)−s
∑

m,n∈Z

∣∣∣mµ+ n
ν

N
+ 1
∣∣∣−s

=
1

wf

N (ab)−s
∑

m,n∈Z

∣∣∣∣mµ+ n
ν

N
+
ν

q

∣∣∣∣−s

.

It follows once again from [[Sta80], formula (10)] that:

ζ ′f(ab, 0) = −
1

wf

log

∣∣∣∣θ(Nq ,Nτ
)
e2iπ(

Nτ
12

−N
2q

+ 1
4)
∣∣∣∣2

since 0.µ+ (N/q).(ν/N) = ν/q. Putting both statements together yields:

N.ζ ′f(b, 0)− ζ ′f(ab, 0) = −
1

wf

log

∣∣∣∣∣∣∣
θ
(

1
q
, τ
)N

θ
(

N
q
, Nτ

)eiπ(N−1)/2

∣∣∣∣∣∣∣
2

.
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The number eiπ(N−1)/2 is a root of unity of order ≤ 4 and its modulus is then 1, thus we
obtain the desired result. □

We may illustrate this formula on the following example: set K = Q(e2iπ/3) and
f = 13OK + (10 + e2iπ/3)OK a prime ideal of norm q = 13. Fix b = OK and a = 7OK +
(3+e2iπ/3)OK a prime ideal of norm N = 7. Then µ = −3+e2iπ/3 and ν = −26+13e2iπ/3

are such that fb−1 = Zµ+ Zν and f(ab−1) = Zµ+ Z(ν/7) with ν/13 ≡ 1 mod f. Setting

τ = µ/ν = 10+e2iπ/3

91
, we may check the Kronecker limit formula as:

13ζ ′f(b, 0)− ζ ′f(ab, 0) = − log

∣∣∣∣∣θ
(

7

91
,
10 + e2iπ/3

91

)7

θ

(
7

13
,
10 + e2iπ/3

13

)−1
∣∣∣∣∣
2

≈ 0.8916656...

The evaluation of a smoothed θ function involved in this Kronecker limit formula also
produces algebraic units:

Theorem 0.8 [Algebraicity of elliptic units] : Let K be an imaginary quadratic field.
Fix an integral ideal f ̸= OK. Set qZ = f ∩ Z for some positive integer q. Fix an integral
ideal b representing a class in the class group at f. Let a be an integral ideal of prime
norm N such that (N, 6.q) = 1. Let µ, ν be elements of K such that fb−1 = Zµ+Zν and
f(ab)−1 = Zµ + Zν/N with µ/ν = τ ∈ K ∩ H. Assume further that ν/q ≡ 1 mod fb−1.
Then the complex number

θ
(

1
q
, τ
)N

θ
(

N
q
, Nτ

)
is the image in C of an algebraic q-unit uf,b,a in the ray class field at f. In addition, the
explicit reciprocity law is given by σb′(uf,b,a) = uf,bb′,a where b′ → σb′ is Artin’s map.

Proof :
This is essentially a smoothed version of [[Ram64], Theorem 5] (see also [[Rob73],

Theorem 1]). □

The example we have already used illustrates this theorem as:

u1 = θ

(
7

91
,
10 + e2iπ/3

91

)7

θ

(
7

13
,
10 + e2iπ/3

13

)−1

=
−3− 7

√
−3

4
+

√
−41 + 17

√
−3

8

is a 13-unit inside the ray class field K+(f) above K = Q(e2iπ/3) of modulus f = 13OK +
(10 + e2iπ/3)OK.

In the rest of this work, we generalise the properties of the pair of functions (θ, P2) to
the pair of higher functions (Gn−2, Bn) for the special linear group SLn(Z) and construct
higher analogues of the elliptic units above number fields with exactly one complex place
of degree n ≥ 3. These higher elliptic units are expected to be algebraic units inside
specific abelian extensions of the base field where they are evaluated and they are expected
to satisfy a Kronecker limit formula in the flavour of Theorem 0.7 (see Conjecture 0.5).
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Chapter I

Geometric families of multiple
elliptic Gamma functions and
cocycle properties

I.1 Introduction to chapter I

In this chapter we study the collection of multiple elliptic Gamma functions and the
associated collection of Bernoulli rational functions. The first function in the hierarchy
of multiple elliptic Gamma functions is the θ function defined on C×H by:

θ(z, τ) =
∏
m≥0

(1− e2iπ(m+1)τe−2iπz)(1− e2iπmτe2iπz).

(see chapter 0 for the properties of the θ function). Recall in particular the modular
property:

θ

(
z

τ
,
−1
τ

)
= θ(z, τ)e

2iπ
τ

P2(z,τ)

where the rational function P2(z, τ) is given by:

P2(z, τ) =
z2 + z − zτ

2
− τ

4
+
τ 2 − 1

12
.

More generally, to any matrix γ =

(
a b
c d

)
∈ SL2(Z) we can associate a rational function

P2,γ(z, τ) ∈ Q(z, τ) such that:

θ

(
z

cτ + d
,
aτ + b

cτ + d

)
= θ(z, τ)e2iπP2,γ(z,τ).

This may be interpreted as a coboundary relation and shows that γ → P2,γ is a 1-cocycle
on SL2(Z) with values in rational functions and that it is split by the θ function. In this
chapter, we show that the collection of pairs of functions (Gn−2, Bn) behaves similarly to
the pair (θ, P2,γ) under an action of a special linear group SLn(Z) of higher dimension
n ≥ 3 on rank n lattices and give insight on how they might be used to compute invariants
in number theory.

For n = 3, it was shown in the 2000s by Felder and Varchenko [FV00] that the ellip-
tic Gamma function introduced by Ruijsenaars [Rui97] enjoyed modular transformation
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properties for SL3(Z) similar to those of the θ function for SL2(Z). We recall that the
elliptic Gamma function is defined on C×H×H by:

Γ(z, τ, σ) =
∏

m,n≥0

(
1− exp(2iπ((m+ 1)τ + (n+ 1)σ − z))

1− exp(2iπ(mτ + nσ + z))

)
.

This function may then be associated with a 2-cocycle on SL3(Z) with values in rational
functions (see section I.2). In 2001, Nishizawa [Nis01] introduced a whole hierarchy of
multiple elliptic Gamma functions which encompass both the θ function and the elliptic
Γ function. Recall that they are multivariate analytic functions defined for all r ∈ N by:

Gr(z, τ0, . . . , τr) =
∏

m0,...,mr ≥0

(
1− e2iπ(−z+

∑r
j=0(mj+1)τj)

)(
1− e2iπ(z+

∑r
j=0 mjτj)

)(−1)r

(I.1)
This definition recovers both the θ and the elliptic Γ functions as θ = G0 and Γ = G1.
The Gr functions share similar transformation properties under an action of SLr+2(Z) on
the abstract lattice generated by 1, τ0, . . . , τr (see section I.2) and it is natural to study the
entire collection obtained when varying r ∈ N. In particular, when r ≥ 1, the following
pseudo-periodicity relation for the Gr function involves a lower degree Gr−1 function as:

Gr(z + τj, τ0, . . . , τr) = Gr−1(z, τ0, . . . , τ̂j, . . . , τr)Gr(z, τ0, . . . , τr)

where as usual the notation τ̂j indicates that the variable τj should be omited. In
[FHRZ08] Felder, Henriques, Rossi and Zhu enriched the theory of the elliptic Gamma
function by introducing geometric families of elliptic Gamma functions associated to ar-
bitrary rank 3 lattices, offering a comprehensive perspective of the underlying geometric
phenomena. Namely, if L is a rank 3 lattice and a, b ∈ HomZ(L,Z) are two primitive
linear forms on L, they define general functions Γa,b : C × HomZ(L,C) → C using Rui-
jsenaars’ elliptic Γ function as a building block and show that the collection of functions
obtained when varying a, b enjoys modular transformation properties under an action of
SL3(Z) on L. The two most important properties in that regard are the so-called modular
and equivariance properties. For any linearly independent a, b, c ∈ HomZ(L,Z), there is
a rational function Pa,b,c ∈ Q[w](x) such that the equality:

Γa,b(w, x)Γb,c(w, x)Γc,a(w, x) = exp(2iπPa,b,c(w, x)) (I.2)

holds for (w, x) in a dense open subset of C × HomZ(L,C) ≃ C × C3. Additionally,
both Γa,b and Pa,b,c are equivariant under an action of SL3(Z), which means that for all
g ∈ SL3(Z):

Γg·a,g·b(w, g · x) = Γa,b(w, x)

Pg·a,g·b,g·c(w, g · x) = Pa,b,c(w, x)

These equivariance properties play a key role in arithmetic applications, as the functions
Γa,b and Pa,b,c will be evaluated on homology classes associated to specific tori in SL3(Z).

The construction of the functions Γa,b may already be viewed as the generalisation of
a well-known construction for the θ function. For a rank 2 lattice L, and a linear form
a ∈ HomZ(L,Z) = Λ, we may also define an equivariant function θa : C×HomZ(L,C)→
C such that for any pair of linearly independent a, b ∈ Λ there is an equivariant ratio-
nal function Qa,b ∈ Q[w](x) which may be expressed in terms of Dedekind sums and
satisfying:

θa(w, x)θb(w, x)
−1 = exp(2iπQa,b(w, x)) (I.3)
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In the first part of this chapter, we upgrade the construction carried out in [FHRZ08]
to higher degree Gr functions (see section I.2). For a lattice Λ = HomZ(L,Z) of rank
n = r + 2 ≥ 2 we introduce a collection of geometric functions Gn−2,a1,...,an−1 attached
to families of n − 1 linear forms a1, . . . , an−1 ∈ Λ (see Proposition I.7) which are built
using Nishizawa’s Gn−2 functions. For rank n = 2, 3 lattices, we recover the functions
θa = G0,a(0) and Γa,b = G1,a,b(0) respectively. In section I.2 we show that the collection
of Gn−2,a1,...,an−1 functions obtained when varying the linear forms a1, . . . , an−1 satisfy
modular and equivariance properties similar to those satisfied by the collections of θa
and Γa,b functions. Namely, our first main result is a general version of formulae (I.2)
and (I.3) for the Gn−2,a1,...,an−1 functions involving a collection of higher degree Bernoulli
rational functions Bn,a1,...,an (see Definition I.8).

Theorem I.1: Let L be an oriented lattice of rank n ≥ 2. Let a1, . . . , an ∈ HomZ(L,Z)
be a family of n linearly independent primitive linear forms on L. Fix v ∈ V/L ≃ Qn/Zn

where V = L⊗Z Q.

1. [Modular property ] For (w, x) in a dense open subset of C×HomZ(L,C) ≃ C×Cn:

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

= exp(2iπBn,a1,...,an(v)(w, x)) (I.4)

2. [Equivariance relations ] For any g ∈ SLn(Z), the following equalities hold in the
space of functions V/L× C× HomZ(L,C)→ C:

Gn−2,g·a1,...,g·an−1(g · v)(w, g · x) = Gn−2,a1,...,an−1(v)(w, x)

Bn,g·a1,...,g·an(g · v)(w, g · x) = Bn,a1,...,an(v)(w, x).

Theorem I.1 gives a more comprehensive perspective on the numerous properties of
the Gn−2 functions (see I.2.1.1). In particular, formula (I.4) may be understood as a
collection of coboundary relations for SLn(Z) as follows. For two sets A and B write
F(A,B) for the set of functions on A with values in B. Fix a primitive linear form
a ∈ HomZ(L,Z) as a base point and define the two functions:

ψn,a :=

{
SLn(Z)n−2 → F(V/L× C× HomZ(L,C),C)
(g1, . . . , gn−2) →

(
(v, w, x)→ Gn−2,a,g1·a,...,(g1...gn−2)·a(v)(w, x)

)
ϕn,a :=

{
SLn(Z)n−1 → F(V/L,Q[w](x))

(g1, . . . , gn−1) → Bn,a,g1·a,(g1g2)·a,...,(g1...gn−1)·a(v)(w, x)

When a, g1 · a, . . . , (g1 . . . gn−1) · a are linearly independent, the first point of Theorem I.1
implies that these functions satisfy the multiplicative coboundary relation:

∂×ψn,a(g1, . . . , gn−1)(v)(w, x) = exp(2iπϕn,a(g1, . . . , gn−1)(v)(w, x))

for any v ∈ V/L and for (w, x) in a dense open subset of C × HomZ(L,C). In section
I.4 and chapter III we shall derive arithmetic applications of both collections of functions
ψ = (ψn,a)n,a and ϕ = (ϕn,a)n,a to the computation of class field invariants in number
fields.
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The second part of this chapter is devoted to the study of the collection of Bernoulli
rational functions Bn,a1,...,an together with the attached collection of (n−1)-cocycles ϕn,a,
as the restriction of ϕn,a to specific tori will be used in arithmetic applications to compute
partial zeta functions in totally real number fields of degree n at s = 0. Shifting the focus
on the Bn,a1,...,an functions we get as a consequence of Theorem I.1 the additive cocycle
relation:

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v)(w, x) ∈ Z

for any family a0, . . . , an of primitive linear forms in general position, i.e. such that for
any 0 ≤ j ≤ n, rk(a0, . . . , âj, . . . , an) = n. We improve this result in section I.3 by
showing that the stronger additive cocycle relation:

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v)(w, x) = 0 (I.5)

holds for almost all configurations of a0, . . . , an in the rank n lattice Λ (see the bad
position condition (BP) in section I.3). To prove (I.5) we show that the rational functions
Bn,a1,...,an are given by a coefficient extraction in the generating series associated to a
rational polyhedral cone and that the cocycle relation they satisfy may be obtained
as a specialisation of a cocycle relation satisfied by some indicator functions of closed
polyhedral cones. For ease of presentation, we will consider cones in Q-vector spaces but
most results we prove on cones may be readily transposed to cones in F-vector spaces
where F is any ordered field, say R for instance. A polyhedral cone in a Q-vector space
V is a set

C = Q≥0v1 + · · ·+Q≥0vp +Q>0v
′
1 + · · ·+Q>0v

′
q

where the vi’s and the v′j’s are non-zero vectors in V . Let us denote by K(V ) the Q-
algebra generated by the indicator functions of such cones and by L(V ) the subspace of
K(V ) generated by the indicator functions of those cones containing some line Qv. We
prove a cocycle relation for specific cones which we now define. For non-zero linear forms
a0, . . . , am ∈ V ∨ define:

c∨(a0, . . . , am)(v) :=

{
1 if ∀ 0 ≤ j ≤ m, aj(v) ≥ 0

0 otherwise

In section I.3 we prove our second main result which is the technical heart of this chapter
and might be of independent interest.

Theorem I.2: Let V be a Q-vector space of dimension n ≥ 1 and let a0, . . . , an be
n + 1 non-zero linear forms on V which generate V ∨. For all 0 ≤ j ≤ n, denote εj =
(−1)jsign det(a0, . . . , âj, . . . , an) ∈ {−1, 0, 1}.

(i) If there are coefficients λ0 > 0, . . . , λn > 0 such that
∑n

j=0 λjaj = 0 then the signs
εj are all equal to a common sign ε and

n∑
j=0

εjc
∨(a0, . . . , âj, . . . , an) ≡ εδ mod L(V )

where δ is the Dirac function at 0.
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(ii) If there is a relation
∑n

j=0 λjaj = 0 with at least one positive and one negative
coefficient among λ0, . . . , λn, then:

n∑
j=0

εjc
∨(a0, . . . , âj, . . . , an) ≡ 0 mod L(V ).

This theorem may be viewed as a dual theorem to [[CDG15], Theorem 1.1] from
which it is inspired. It is interesting to note that for n = 2 this theorem allows us to
recover a result in a recent article by Sharifi and Venkatesh [SV24] (see section I.3.2).
Our main goal however, is to deduce from this theorem the following corollary on the
cocycle relation (I.5) satisfied by the Bernoulli rational functions (see Proposition I.14
for more details) for almost all configurations of the parameters.

Corollary I.2: Let a0, . . . , an be n+1 linear forms on V . Suppose that either rk(a0, . . . , an) <
n, or a0, . . . , an generate V ∨ and there is a relation

∑n
j=0 λjaj = 0 with at least one pos-

itive and one negative coefficient among λ0, . . . , λn. Then:

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v)(w, x) = 0. (I.6)

In applications the linear forms aj will be taken of the form gj · a for some base point
a ∈ V ∨ and the invertible matrix gj in some subgroup U of SLn(Z). At the end of section
I.3 we give examples of specific subgroups U of SLn(Z) for which any family g0, . . . , gn ∈ U
is such that the family g0 · a, . . . , gn · a satisfies the hypothesis of Corollary I.1 for any
base point a ∈ V ∨. The collection of functions (ϕn,a)a thus reduces to a collection of
homogeneous (n − 1)-cocycles for U . In the arithmetic applications we have in mind to
the computation of partial zeta values in totally real number fields at s = 0, the group
U will arise from the group of totally positive units of a given totally real number field.
Following [Shi76], [Col88], [DyDF14] and [CDG15] we will prove that the partial zeta
values in totally real number fields may be expressed as combinations of values of the
geometric Bernoulli functions Bn,a1,...,an which appear in the study of the collection of
Gn−2,a1,...,an−1 functions:

Theorem I.3: Let F be a totally real number field of degree n. Let f be an integral
ideal in OF and fix an integral ideal b representing a class in the narrow ray class group
Cl+(f). Then there are explicitly computable cones cρ = c∨(a1,ρ, . . . , an,ρ) parametrised by
ρ ∈ Sn−1 and signs νρ ∈ {−1, 0,+1} such that:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,a1,ρ,...,an,ρ(1F)(0,−σk)

where σ1, . . . , σn are the real embeddings of F and the ai,ρ’s are Q-linear forms on the
n-dimensional Q-vector space F.

We remark that Theorem I.3 expresses partial zeta values at s = 0 in a totally real
number field F as traces of algebraic numbers in F. These values are therefore rational
numbers, as was already known from the theorem of Klingen and Siegel, and already
obtained by Shintani using his method. In section I.4 we will give two explicit examples
of such computations for real cubic fields.
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This chapter is organised as follows. In section I.2 we define both collections of
Gn−2,a1,...,an−1 and Bn,a1,...,an functions and prove Theorem I.1. In section I.3 we study
a cocycle relation for indicator functions of cones and prove Theorem I.2 which is the
technical heart of this chapter. We then deduce Corollary I.1 via a coefficient extraction in
the generating series attached to cones and show that the ϕn,a functions form a collection
of (n− 1)-cocycles when restricted to specific tori in SLn(Z) arising from unit groups in
number fields. In section I.4 we show that the Bernoulli rational functions Bn,a1,...,an may
be used to express the values of partial zeta functions at s = 0 in totally real number
fields and give the proof of Theorem I.3.

I.2 Geometric families of multiple elliptic Gamma

functions

In this section, we recall the properties of the multiple elliptic Gamma functions (the
Gr functions) and construct geometric families Gr,a1,...,ar+1 of these functions attached
to a family of r + 1 linear forms a1, . . . , ar+1, upgrading the Gr functions to collections
of equivariant functions for SLr+2(Z) by adapting the construction of the Γa,b functions
in [FHRZ08] to higher degrees.

I.2.1 The Gr functions

I.2.1.1 The definition of the Gr functions

We review the definition and properties of the Gr functions inspired by one of Jacobi’s
θ functions and the elliptic Γ function of Ruijsenaars. The θ function is defined for
z ∈ C, τ ∈ H by:

θ(z, τ) =
∏
m≥1

(1− e2iπ(m+1)τe−2iπz)(1− e2iπmτe2iπz)

It is an infinite product which is absolutely convergent and holomorphic over C × H
enjoying transformation properties under the action of SL2(Z) on the upper half-plane.
Indeed, for z ∈ C, τ ∈ H:

θ(z + 1, τ) = θ(z, τ) = θ(z, τ + 1)

θ(z + τ, τ) = −e−2iπzθ(z, τ)

θ

(
z

τ
,
−1
τ

)
= θ(z, τ)e

2iπ
τ

P2(z,τ)

where the polynomial P2 is explicitly given by:

P2(z, τ) =
z2 + z − zτ

2
− τ

4
+
τ 2 − 1

12
.

The elliptic Γ function which was introduced by Ruijsenaars [Rui97] is defined by:

Γ(z, τ, σ) =
∏

m,n≥0

(
1− exp(2iπ((m+ 1)τ + (n+ 1)σ − z))

1− exp(2iπ(mτ + nσ + z))

)
(I.7)
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As pointed out by Spiridonov (see [Spi04]) this function was already studied by Jackson
in 1905 and implicitly studied in theoretical physics under other names since the 70s.
The infinite product (I.7) is absolutely convergent and holomorphic in both τ ∈ H and
σ ∈ H and it is meromorphic in z ∈ C with poles at points in Z + Z≤0τ + Z≤0σ. In
[[FV00], Theorems 3.1 and 4.1] Felder and Varchenko proved that the elliptic Γ function
enjoys properties under an action of SL3(Z) involving the θ function. In particular, for
any z, τ, σ in the domain of convergence of Γ(z, τ, σ):

Γ(z, τ, σ) = Γ(z, σ, τ)

Γ(z + 1, τ, σ) = Γ(z, τ + 1, σ) = Γ(z, τ, σ + 1) = Γ(z, τ, σ)

Γ(z + τ, τ, σ) = θ(z, σ)Γ(z, τ, σ)

Γ(z + τ + σ, τ, σ) = Γ(−z, τ, σ)−1

Finally, if σ/τ ̸∈ R then:

Γ(z, τ, σ)−1Γ

(
z

τ
,
−1
τ
,
σ

τ

)
Γ

(
z − τ
σ

,−τ
σ
,− 1

σ

)−1

= exp(2iπP3(z, τ, σ)) (I.8)

where

P3(z, τ, σ) =
z3

6τσ
− τ + σ − 1

4τσ
z2 +

τ 2 + σ2 + 3τσ − 3τ − 3σ + 1

12τσ
z

+
1

24
(τ + σ − 1)

(
1

τ
+

1

σ
− 1

)
The Gr functions introduced by Nishizawa [Nis01] using q-polylogarithms generalise both
the θ and elliptic Γ functions and are defined for z ∈ C and parameters τ0, . . . , τr ∈ H
by:

Gr(z, τ) =
∏

m0,...,mr ≥0

(
1− e2iπ(−z+

∑r
j=0(mj+1)τj)

)(
1− e2iπ(z+

∑r
j=0 mjτj)

)(−1)r

where τ = (τ0, . . . , τr). This infinite product is absolutely convergent and holomorphic in
each parameter τj ∈ H and it is either holomorphic in z ∈ C if r is even or meromorphic
in z ∈ C with poles at points of Z +

∑r
j=0 Z≤0τj if r is odd. For r = 0, 1 we recover

the definition of the θ and Γ functions so that G0 = θ and G1 = Γ. The range of the
parameters τj can be extended from H to C − R by using nicer expressions of the Gr

functions as the exponentials of infinite sums involving sinuses and cosines (see [[FV00],
formula (15)] and [[Nis01], Proposition 3.6]), namely:

Gr(z, τ) =

exp
(∑

j≥1
1

(2i)rj
sin(πj(2z−(τ0+···+τr)))∏r

k=0 sin(πjτk)

)
if r is odd

exp
(∑

j≥1
2

(2i)r+1j
cos(πj(2z−(τ0+···+τr)))∏r

k=0 sin(πjτk)

)
if r is even

(I.9)

This expression is valid provided that τ ∈ (C − R)r+1 and |ℑ(2z − (τ0 + · · · + τr))| <∑r
j=0 |ℑ(τj)| and allows us to extend the range of parameters to τ ∈ (C − R)r+1 by

putting:

Gr(z, τ0, . . . , τj−1,−τj, τj+1, . . . , τr) = Gr(z + τj, τ0, . . . , τj−1, τj, τj+1, . . . , τr)
−1 (I.10)
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The Gr functions satisfy relations similar to that of the θ and elliptic Γ functions, as
proven by Nishizawa in [Nis01] and later by Narukawa in [Nar04]. First, the Gr functions
are 1-periodic in each of their arguments and they satisfy:

Gr(z + τ0 + · · ·+ τr, τ) = Gr(−z, τ)(−1)r

Gr(−z,−τ) = Gr(z, τ)
−1 (I.11)

Furthermore, if r ≥ 1, the Gr functions are almost periodic in z with periods τj for
0 ≤ j ≤ r with a correction factor involving a lower degree function:

Gr(z + τj, τ) = Gr−1(z, τ0, . . . , τj−1, τ̂j, τj+1, . . . , τr)Gr(z, τ)

where the notation τ̂j indicates that the variable τj should be omitted. We now recall
the modular property for the Gr functions.

I.2.1.2 Modular property and Bernoulli polynomials

The modular property for the Gr functions was later proved by Narukawa [Nar04]. To
state their theorem, we first need to introduce the multiple Bernoulli polynomials which
were implicitly used in the study of the Barnes’ multiple Γ function [Bar04]. We adopt
the following conventions regarding Bernoulli numbers:

t

et − 1
=
∑
k≥0

Bk
tk

k!
(I.12)

Consider an integer n ≥ 1. Let ω = (ω1, . . . , ωn) ∈ (C − {0})n. We define the multiple
Bernoulli polynomials B∗

n,m(z, ω) with the following generating function:

ezt
n∏

j=1

ωjt

eωjt − 1
=
∑
m≥0

B∗
n,m(z, ω)

tm

m!
(I.13)

These polynomials may be expressed explicitly using Bernoulli numbers as:

1

m!
B∗

n,m(z, ω) =
m∑
l=0

zl

l!

 ∑
k1+···+kn=m−l

kj≥0

( ∏
1≤j≤n

Bkjω
kj
j

kj!

)
For ω ∈ (C−{0})n, B∗

n,m(z, ω) is a degree m homogeneous polynomial in n+1 variables
with rational coefficients, which is symmetric in the n variables of ω. In [Nar04], Narukawa
used the rescaled homogeneous rational functions Bn,m(z, ω) = (

∏n
j=1 ω

−1
j )B∗

n,m(z, ω).
These obey many relations which can easily be obtained from the properties of the gen-
erating function (see [Nar04]). We will be most interested by the diagonal polynomials
B∗

n,n. For instance, the polynomial B∗
2,2 is given by:

(ω1ω2)B2,2(z, ω1, ω2) = B∗
2,2(z, ω1, ω2) = z2 − z(ω1 + ω2) +

ω2
1 + ω2

2 + 3ω1ω2

6
.

Narukawa’s theorem (see [[Nar04], Theorem 7]) can be stated as follows. Let n ≥ 2. Fix
ω ∈ (C− {0})n and suppose that ωj/ωk ∈ C− R for all 1 ≤ j ̸= k ≤ n. Then for z ∈ C
outside the discrete set of poles of the left-hand side:

n∏
j=1

Gn−2

(
z

ωj

,

(
ωk

ωj

)
k ̸=j

)
= exp

(
−2iπ
n!

Bn,n(z, ω)

)
. (I.14)
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I.2.1.3 Distribution relations

The arithmetic applications we have in mind for the Gr functions are inspired by the
construction of Siegel units using the θ = G0 function and the construction of associated
cocycles (see for instance [DPV24]). To extend the analogy, we end this section by proving
that the Gr functions satisfy distribution relations similar to the distribution relations
satisfied by Siegel units.

Proposition I.4: Consider an integer N ≥ 2. Then the following distribution relations
hold:

N−1∏
k=0

Gr

(
z +

k

N
, τ

)
= Gr(Nz,Nτ)

N−1∏
k=0

Gr

(
z +

k

N
τl, τ0, . . . , τl, . . . , τr

)
= Gr

(
z, τ0, . . . ,

τl
N
, . . . , τr

)
These two relations together give the complete distribution relation:

N−1∏
k,k0,...,kr=0

Gr

(
z +

k + k0τ0 + · · ·+ krτr
N

, τ0, . . . , τr

)
= Gr(Nz, τ0, . . . , τr)

Proof :
The first relation follows from the standard cyclotomic relation:

N−1∏
k=0

(1− e2iπk/Ny) = 1− yN

applied here to both y0 = −z +
∑r

j=0(mj + 1)τj and y1 = z +
∑r

j=0mjτj for all
m0, . . . ,mr ≥ 0.

The second relation is obtained by straightforward computation using the set identi-
ties:

Z>0 − {0, 1/N, . . . , (N − 1)/N} = 1

N
Z>0,

Z≥0 + {0, 1/N, . . . , (N − 1)/N} = 1

N
Z≥0.

□

I.2.2 Geometric Gr,a functions

In this section we upgrade the construction carried out by Felder, Henriques, Rossi and
Zhu to higher degree and define geometric families Gr,a1,...,ar+1 parametrised by r+1 linear
forms of theGr functions that encompass the geometric families Γa,b of the elliptic Gamma
function. We then prove Theorem I.1, i.e. the modular property for the Gr,a1,...,ar+1

functions and their equivariance property under the action of SLr+2(Z). The construction
of ourGr,a1,...,ar+1 functions is adapted from the construction of the elliptic Γa,b functions as
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we use a generalised version of the alternative definition given by [[FHRZ08], Proposition
3.5] and then revert the computations to prove that the definition is indeed valid.

We start by giving a precise geometric setup. Consider a Q-vector space V of dimen-
sion n and a rank n lattice L ⊂ V . Denote Λ := HomZ(L,Z) ⊂ V ∨ = HomQ(V,Q). The
lattice L is then canonically isomorphic to HomZ(Λ,Z). Fix a Z-basis B = [e1, . . . , en] of
L and denote by BΛ = [f1, . . . , fn] the dual Z-basis of Λ such that for all 1 ≤ j, k ≤ n,
fj(ek) = δjk where δjk is Kronecker’s symbol. This fixes orientation forms on L and Λ
given by detB and detBΛ

respectively. When there is no risk of confusion we drop the
subscripts and write as usual det for the orientation forms. This also fixes an action of
SLn(Z) on L by left multiplication, i.e. g ·α = gα and the contragredient action of SLn(Z)
on Λ given by g · a = ag−1. In particular, the pairing:{

Λ× L → Z
(a, α) → a(α)

is equivariant under the action of SLn(Z), which means that for any g ∈ SLn(Z) and
any (a, α) ∈ Λ × L, (g · a)(g · α) = a(α). Note that the basis C is also a basis of
the C-vector space HomZ(L,C) ≃ Cn which induces an action of SLn(Z) on HomZ(L,C)
extending the action of SLn(Z) on Λ. We will now consider families of linearly independent
primitive linear forms a1, . . . , an−1 in Λ and define functions Gn−2,a1,...,an−1 attached to
theses families. Recall that an element w in a Z-module Λ is called primitive if for all
(n,w′) ∈ Z≥1 × Λ, w = nw′ ⇒ n = 1. In order to define the functions Gn−2,a1,...,an−1

properly, we now define positive dual families which will be used in the rest of this work.

Definition I.5: Let (a1, . . . , am) be a family of m linearly independent elements in a lat-
tice Λ ≃ HomZ(L,Z). We call (α1, . . . , αm) ∈ L a positive dual family to a = (a1, . . . , am)
if for all 1 ≤ j ≤ m the following holds:

aj(αj) > 0, ak(αj) = 0, ∀ k ̸= j

The two important cases in this work will be those where m = n − 1 and m = n in the
lattice Λ of rank n. The following lemma shows that in these cases two positive dual
families to the same family a are closely related.

Lemma I.6: Let Λ be a lattice of rank n with an orientation form det.

(i) Let a = (a1, . . . , an−1) be a family of n − 1 linearly independent elements in Λ.
If (α1, . . . , αn−1) and (α′

1, . . . , α
′
n−1) are two positive dual families to a in L =

HomZ(Λ,Z) then there are rational numbers t1, . . . , tn−1 such that:

aj(α
′
j)αj = aj(αj)α

′
j + tjdet(a1, . . . , an−1, ·)

(ii) A family a = (a1, . . . , an) of n linearly independent elements in Λ has exactly one
positive dual family α ∈ L = HomZ(Λ,Z) containing only primitive vectors. We call
this family the primitive positive dual family to a. Any other positive dual family
β1, . . . , βn to a satisfies for all 1 ≤ j ≤ n, βj = mjαj for some integer mj > 0.
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Proof :
(i) For any 1 ≤ j ≤ n − 1, set γj = aj(α

′
j)αj − aj(αj)α

′
j. Then for all 1 ≤ k ≤ n − 1,

we get γj(ak) = 0. This means that either γj = 0 and then tj = 0 or the Q-linear forms
γj and det(a1, . . . , an−1, ·) defined on the Q-vector space V ∨ share the same kernel, and
therefore, they must be linearly dependent. This proves the first claim.

(ii) Suppose that α, α′ are two positive dual families to a1, . . . , an in L consisting
of primitive vectors. Consider once again γj = aj(α

′
j)αj − aj(αj)α

′
j such that for all

1 ≤ k ≤ n, γj(ak) = 0. The family (a1, . . . , an) is a basis of the Q-vector space V ∨, so
γj = 0 for all 1 ≤ j ≤ n. This means that aj(α

′
j)αj = aj(αj)α

′
j for all 1 ≤ j ≤ n. There

are only two opposite primitive vectors in the line Qαj so if both αj and α
′
j are primitive

it must be that αj = α′
j because both lie in the half-plane {v ∈ V | aj(v) > 0}. Thus, if

such a family exists, it is unique. Regarding the existence, we may write aj =
∑n

k=1 aj,kfk
and define the matrix:

A =

a1,1 . . . a1,n
...

...
...

an,1 . . . an,n


If ϵ is the sign of det(A) then the matrix B = ϵ.com(A)T defines a positive dual family
to a which we use to compute the primitive positive dual family to a. Define ∆i,j =
(−1)(i+j)det(au,v)u̸=i,v ̸=j and δj = gcd(∆1,j, . . . ,∆n,j). Then the primitive positive dual
family α to a is given explicitly by:

αk =
n∑

j=1

ϵ∆k,j

δj
ek

If β1, . . . , βn is any other positive dual family to a then there are unique integersm1, . . . ,mn >
0 such that β1/m1, . . . , βn/mn are primitive vectors in L. The family β1/m1, . . . , βn/mn

is a primitive positive dual family to a in L, therefore it must be equal to α1, . . . , αn.
This shows that βj = αjmj for all 1 ≤ j ≤ n. □

We may now define the geometric variants of the Gr functions using lemma I.6 and
adapting [[FHRZ08], Proposition 3.5] to higher rank lattices:

Proposition I.7: Let n ≥ 2 and set r = n−2. Let a = (a1, . . . , ar+1) be a family of r+1
linearly independent primitive vectors in the oriented lattice Λ of rank n = r + 2. There
is a unique integer s > 0 and a unique primitive element γ ∈ L = HomZ(Λ,Z) such that
det(a1, . . . , ar+1, ·) = sγ. Fix a vector v ∈ V/L. For any choice of positive dual family
α = (α1, . . . , αr+1) to a in L the function defined by the finite product:

Gα
r,a(v)(w, x) :=

∏
δ∈F (a,α,v)/Zγ

Gr

(
w + x(δ)

x(γ)
,

1

x(γ)
x(α)

)
(I.15)

where
F (a, α, v) = {δ ∈ v + L | ∀ 1 ≤ j ≤ r + 1, 0 ≤ aj(δ) < aj(αj)} (I.16)

is well defined for (w, x) in a dense open set of the C-vector space C × HomZ(L,C) ≃
C× Cr+2. Furthermore, it is independent of the choice of α.

Proof :
Consider the following open subset of HomZ(L,C):

U(a, α) = {x ∈ HomZ(L,C) | x(γ) ̸= 0, x(αj)/x(γ) ̸∈ R,∀ 1 ≤ j ≤ r + 1}
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The set U(a, α) is the complementary set of a finite union of R-vector spaces of dimension
≤ 2r + 3 in the R-vector space HomZ(L,C) ≃ R2r+4, therefore it is a dense open subset
of HomZ(L,C) endowed with the finite dimensional R-vector space topology. For any
x ∈ U(a, α), define:

S(a, α, v, x) =
⋂

δ∈F (a,α,v)

{
w ∈ C

∣∣ w+x(δ)̸∈Zx(γ)+
∑r+1

j=1 Z>0x(αj)

w+x(δ)̸∈Zx(γ)+
∑r+1

j=1 Z≤0x(αj)

}
Then the right-hand side of (I.15) is well-defined and non-zero on:

Ω(a, α, v) =
⋃

x∈U(a,α)

{(w, x) | w ∈ S(a, α, v, x)} (I.17)

which is a dense open subset of C × HomZ(L,C) endowed with the finite dimensional
C-vector space topology.

Let us now prove that the right-hand side of (I.15) is indeed independent of the
choice of positive dual family α. To achieve this, we will show that for any other choice
of positive dual family α′ to a, the functions Gα

r,a and Gα′
r,a coincide. Let us first compute

the right-hand side of (I.15) explicitly using the definition of the Gr function. Consider
(w, x) ∈ Ω(a, α, v). Put for 1 ≤ j ≤ r+1, dj = ±1 such that djx(αj)/x(γ) ∈ H. Put also
D =

∑r+1
j=1(dj − 1)/2. Then using the inversion relation (I.10) we get:

Gα
r,a(v)(w, x)

(−1)D =∏
δ∈F (a,α,v)/Zγ

Gr

(
w + x(δ)

x(γ)
+

r+1∑
j=1

dj − 1

2

x(αj)

x(γ)
,

(
1

x(γ)
djx(αj)

)
1≤j≤r+1

)

which by definition of the ordinary Gr functions is given by:

Gα
r,a(v)(w, x)

(−1)D =
∏

δ∈F (a,α,v)/Zγ

∏
m≥0

[(
1− e

2iπ

(∑r+1
j=1

(djmj+(1+dj)/2)x(αj)

x(γ)
−w+x(δ)

x(γ)

))

×

(
1− e

2iπ

(∑r+1
j=1

(djmj+(dj−1)/2)x(αj)

x(γ)
+

w+x(δ)
x(γ)

))(−1)r ]
Let us denote by C+(a, α, v, x) the set of δ′ ∈ v + L satisfying for all 1 ≤ j ≤ r + 1:{

aj(δ
′) ≥ 0, if dj = 1

aj(δ
′) < 0, if dj = −1

and similarly denote by C−(a, α, v, x) the set of δ′ ∈ v+L satisfying for all 1 ≤ j ≤ r+1:{
aj(δ

′) ≥ 0, if dj = −1
aj(δ

′) < 0, if dj = 1.

Consider δ′ ∈ C+(a, α, v, x). If dj = 1 then aj(δ
′) ≥ 0 so that performing Euclidian

division by aj(αj) gives a unique integer mj ≥ 0 satisfying 0 ≤ aj(δ
′ −mjαj) < aj(αj).
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On the contrary, if dj = −1 then aj(δ
′) < 0 and there exists a unique integer mj > 0

such that 0 ≤ aj(δ
′ +mjαj) < aj(αj). Then for all 1 ≤ k ≤ r + 1:

0 ≤ ak

(
δ′ −

r+1∑
j=1

djmjαj

)
< ak(αk)

and thus δ′ −
∑r+1

j=1 djmjαj ∈ F (a, α, v). This shows that the cone C+(a, α, v, x) can be
written as a disjoint union:

C+(a, α, v, x) =
⋃

δ∈F (a,α,v)

⋃
m≥0

{
δ +

r+1∑
j=1

(djmj + (dj − 1)/2)αj

}
.

A similar argument applied to C−(a, α, v, x) gives the decomposition:

C−(a, α, v, x) =
⋃

δ∈F (a,α,v)

⋃
m≥0

{
δ −

r+1∑
j=1

(djmj + (dj + 1)/2)αj

}
.

Thus, the expression Gα
r,a(v)(w, x)

(−1)D is equal to:

∏
δ′∈C−(a,α,v,x)/Zγ

(
1− e−2iπ

(
w+x(δ′)

x(γ)

)) ∏
δ′∈C+(a,α,v,x)/Zγ

(
1− e2iπ

(
w+x(δ′)

x(γ)

))(−1)r

Then, we only need to show that the sets C±(a, α, v, x) are independent of the choice for α.
Consider another positive dual family α′ to a. Write aj(αj) = sj > 0 and aj(α

′
j) = s′j > 0.

Then from lemma I.6 there is a rational number tj such that:

sjα
′
j = s′jαj + tjγ

which gives

djsj
x(α′

j)

x(γ)
= djs

′
j

x(αj)

x(γ)
+ djtj ∈ H

This shows that the signs dj (and therefore also D) are independent of the choice
for α. By construction we get C±(a, α, v, x) = C±(a, α′, v, x) and the definition of
the geometric Gα

r,a function is independent of the choice for α. Notice that the sets
U(a) = U(a, α), S(a, v, x) = S(a, α, v, x),Ω(a, v) = Ω(a, α, v) are all independent of the
choice for α. □

From now on we denote by Gr,a := Gα
r,a the geometric Gr function associated to a for

any suitable choice of α. By convention, when a1, . . . , ar+1 are not linearly independent,
we define Gr,a to be the constant function equal to 1. When r = 0 and r = 1 we recover
the geometric variants of the θ and elliptic Γ function as:

θa(w, x) = G0,a(0)(w, x), Γa,b(w, x) = G1,a,b(0)(w, x).

Thus, we will often write θa(v)(w, x) forG0,a(v)(w, x) as well as Γa,b(v)(w, x) forG1,a,b(v)(w, x).
We remark that Proposition I.7 gives a definition of our Gr,a1,...,ar+1 functions as Gr func-
tions for specific cones in a rank r + 2 lattice. This construction may be compared to
Winding’s construction of Gr functions attached to cones in a rank r+1 lattice [Win18].
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We argue that we may think of our Gr,a1,...,ar+1 functions as objects in projective geometry
whereas Winding’s construction belongs to affine geometry and both should be related
in some sense.

To express the transformation properties of the function Gr,a under the action of
SLr+2(Z) we need to introduce the family of geometric Bernoulli rational functions which
encompass both Qa,b and Pa,b,c appearing in formulae (I.3) and (I.2) respectively. Recall
that we have defined the polynomials B∗

n,n in section I.2.1.2.

Definition I.8: Let a1, . . . , an be a family of n linearly independent primitive vectors
in the oriented lattice Λ of rank n and α1, . . . , αn be its primitive positive dual family in
L (see lemma I.6). Let ϵ be the sign of (−1)ndet(a1, . . . , an). We define the geometric
Bernoulli polynomial attached to a1, . . . , an and to v ∈ V/L on C×HomZ(L,C) ≃ C×Cn

by the finite sum:

B∗
n,a1,...,an

(v)(w, x) :=
ϵ

n!

∑
δ∈F (a,v)

B∗
n,n(w + x(δ), x(α1), . . . , x(αn))

where
F (a, v) = {δ ∈ v + L, 0 ≤ aj(δ) < aj(αj), ∀ 1 ≤ j ≤ n}

is a finite set. The geometric Bernoulli polynomial B∗
n,a1,...,an

(v) is a degree n homogeneous
polynomial in n + 1 variables on C × HomZ(L,C) ≃ C × Cn, with rational coefficients
depending on a1, . . . , an and v.

Here we give a simple example and recover the Bernoulli polynomials B∗
n,n from section

I.2.1.2. Suppose that the aj are the vectors of the basis C, which means in coordinates that
∀ 1 ≤ j ≤ n, aj = (0, . . . , 0, 1, 0, . . . , 0) with a 1 at the j-th position. The corresponding
primitive positive dual family is given by the vectors of the basis B, which in coordinates
gives αj = (0, . . . , 0, 1, 0, . . . , 0)T with a 1 at the j-th position. Suppose further v = 0, so
that F = F (a, 0) = {0}. Denote by τj the value of x on αj. Then:

B∗
n,a1,...,an

(0)(w, x) :=
(−1)n

n!
B∗

n,n(w, τ1, . . . , τn).

The modularity property for the geometric Gn−2,a functions will involve the rescaled
degree 0 homogeneous rational functions

Bn,a1,...,an(v)(w, x) =

(
n∏

j=1

x(αj)

)−1

B∗
n,a1,...,an

(v)(w, x). (I.18)

If a1, . . . , an are linearly dependent, we set by convention Bn,a = 0. For n = 2 and
n = 3 the rational functions B2,a,b(0) and B3,a,b,c(0) may be identified with the rational
functions Qa,b and Pa,b,c appearing in formulae (I.3) and (I.2) respectively and we may
now generalise these formulae by proving Theorem I.1.

Proof of Theorem I.1:
Let a1, . . . , an be a family of n linearly independent elements in the rank n lattice Λ

and let α1, . . . , αn be the primitive positive dual family to a1, . . . , an in L = HomZ(Λ,Z).
Fix v ∈ V/L.

1. We first show that the modular property for the geometric Gn−2,a functions is a
consequence of the modular property (I.14) for the ordinary Gn−2 function. Write ϵ for
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the sign of (−1)ndet(a1, . . . , an). Then for all 1 ≤ j ≤ n there is a positive integer sj such
that:

det(a1, . . . , âj, . . . , an, ·) = sj.ϵ.(−1)jαj

Then, by definition, for any 1 ≤ j ≤ n:

Gn−2,((ak)k ̸=j)(v)(w, x) =
∏

δ∈Fj/Zαj

Gn−2

(
w + x(δ)

ϵ(−1)jx(αj)
,

(
x(αk)

ϵ(−1)jx(αj)

)
k ̸=j

)

where
Fj = {δ ∈ v + L, 0 ≤ ak(δ) < ak(αk), ∀ 1 ≤ k ̸= j ≤ n}

and using the inversion relation (I.11) we get:

Gn−2,((ak)k ̸=j)(v)(w, x) =
∏

δ∈Fj/Zαj

Gn−2

(
w + x(δ)

x(αj)
,

(
x(αk)

x(αj)

)
k ̸=j

)(−1)j .ϵ

.

This equality holds in the dense open subset Ωj = Ω(a1, . . . , âj, . . . , an; v) of C×HomZ(L,C)
(see formula (I.17)). Consequently, the following equality holds on the dense open subset
Ω = ∩n

j=1Ωj of C× HomZ(L,C) for the whole product:

n∏
j=1

Gr,((ak)k ̸=j)(v)(w, x)
(−1)j+1

=
n∏

j=1

∏
δ∈Fj/Zαj

Gn−2

(
w + x(δ)

x(αj)
,

(
x(αk)

x(αj)

)
k ̸=j

)−ϵ

.

Put F = {δ ∈ v + L, 0 ≤ ak(δ) < ak(αk), ∀ 1 ≤ k ≤ n}. Then we may write uniformly
F ≃ Fj/Zαj for all 1 ≤ j ≤ n. Using Narukawa’s theorem (see (I.14)) for each δ in the
finite set F yields:

n∏
j=1

Gn−2,((ak)k ̸=j)(v)(w, x)
(−1)j+1

=
∏
δ∈F

exp

(
2iπϵ

n!
Bn,n(w + x(δ), x(α))

)
.

The identification of the right-hand side of the formula above with the definition of the
rational function Bn,a1,...,an(v)(w, x) (see Definition I.8) gives the conclusion:

n∏
j=1

Gn−2,((ak)k ̸=j)(v)(w, x)
(−1)j+1

= exp(2iπBn,a1,...,an(v)(w, x)).

2. Consider g ∈ SLn(Z). Remember that the actions of SLn(Z) on HomZ(L,C) and
L satisfy (g · a)(g · α) = a(α) for any (a, α) ∈ HomZ(L,C)× L. The action on L further
extends to V = L ⊗ Q and passes to the quotient V/L. Thus, in the construction of
Gn−2,a1,...,an−1 or Bn,a1,...,an replacing a with g · a and v with g · v replaces α with g · α, γ
with g ·γ and F = F (a, α, v) with Fg = F (g ·a, g ·α, g ·v) = g ·F while ϵ is left unchanged.
Therefore we may write:

Gn−2,g·a(g · v)(w, g · x) =
∏

δ∈Fg/Zg·γ

Gn−2

(
w + (g · x)(δ)
(g · x)(g · γ)

,
1

(g · x)(g · γ)
(g · x)(g · α)

)
.

Then, identifying Fg = g · F and putting δ′ = g · δ gives

Gn−2,g·a(g · v)(w, g · x) =
∏

δ′∈F/Zγ

Gn−2

(
w + x(δ′)

x(γ)
,

1

x(γ)
x(α)

)
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which gives the conclusion:

Gn−2,g·a(g · v)(w, g · x) = Gn−2,a(v)(w, x)

As for Bn,g·a1,...,g·an(g · v), the set F = F (a, α, v) is once again replaced by g · F so that:

Bn,g·a1,...,g·an(g · v)(w, g · x) =
ϵ

n!

∑
δ∈g·F

Bn,n(w + (g · x)(δ), (g · x)(g · α)).

Put once again δ′ = g · δ, which gives:

Bn,g·a1,...,g·an(g · v)(w, g · x) =
ϵ

n!

∑
δ′∈F

Bn,n(w + x(δ′), x(α)).

Identify the right-hand side to conclude that:

Bn,g·a1,...,g·an(g · v)(w, g · x) = Bn,a1,...,an(v)(w, x).

□

Remark: The set F(V/L×C×HomZ(L,C),C) is naturally endowed with an action
of SLn(Z) given by (g · f)(v)(w, x) = f(g−1 · v)(w, g−1 · x). The second part of Theorem
I.1 may then be restated as:

g ·Gn−2,a1,...,an−1 = Gn−2,g·a1,...,g·an−1

g ·Bn,a1,...,an = Bn,g·a1,...,g·an

We also add that both functions Gn−2,a and Bn,a behave nicely under permutation of

vectors, namely for any permutation σ ∈ Sn−1, Gn−2,σ(a) = G
sgn(σ)
n−2,a where sgn(σ) is the

signature of the permutation σ and for any permutation σ ∈ Sn, Bn,σ(a) = sgn(σ)Bn,a.
The modular property (I.4) may be restated as a partial coboundary relation between
two collections of functions. Indeed, fixing a non zero primitive linear form a ∈ Λ as a
base point we may define:

ψn,a :=

{
SLn(Z)n−2 → F(V/L× C× HomZ(L,C),C)
(g1, . . . , gn−2) →

(
(v, w, x)→ Gn−2,a,g1·a,...,(g1...gn−2)·a(v)(w, x)

)
ϕn,a :=

{
SLn(Z)n−1 → F(V/L,Q[w](x))

(g1, . . . , gn−1) → Bn,a,g1·a,(g1g2)·a,...,(g1...gn−1)·a(v)(w, x)

When the linear forms a, g1 · a, (g1g2) · a, . . . , (g1 . . . gn−1) · a are linearly independent, we
may rewrite formula (I.4) as a relation between the multiplicative coboundary of ψn,a

and ϕn,a on a dense open subset of C× HomZ(L,C):

∂×ψn,a(g1, . . . , gn−1)(v)(w, x) = exp(2iπϕn,a(g1, . . . , gn−1)(v)(w, x)) (I.19)

We end this section by proving that the geometric families of Gr,a functions satisfy
distribution relations which generalise Proposition I.4.

Proposition I.9: Consider an integer N ≥ 2. Then the following distribution relations
hold: ∏

Nv′≡v mod L

Gr,a(v
′)(w, x) = Gr,a(v)(Nw, x). (I.20)
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Proof :
We will rewrite the left-hand side of (I.20) in order to use the results from Proposition

I.4. Indeed: ∏
Nv′≡v mod L

Gr,a(v
′)(w, x) =

∏
β∈L/NL

Gr,a

(
v + β

N

)
(w, x).

Using the definition of Gr,a we get:

∏
Nv′≡v mod L

Gr,a(v
′)(w, x) =

∏
β∈L/NL

∏
δ′∈F (a,α,(v+β)/N)/Zγ

Gr

(
w + x(δ′)

x(γ)
,

1

x(γ)
x(α)

)
.

Define FN = ⊔β∈L/NLF (a, α, (v+β)/N). Using the definition of F (a, α, ·) it is clear that:

FN = ⊔β∈L/NL

{
δ′ ∈ v + β

N
+ L | ∀ 1 ≤ j ≤ r + 1, 0 ≤ aj(δ) < aj(αj)

}
FN =

{
δ′ ∈ v + L

N
| ∀ 1 ≤ j ≤ r + 1, 0 ≤ aj(δ) < aj(αj)

}
.

Consider δ′ ∈ FN . Then Nδ
′ belongs to

{δ ∈ v + L | ∀ 1 ≤ j ≤ r + 1, 0 ≤ aj(δ) < Naj(αj)}

and there are unique integers 0 ≤ k1, . . . , kr+1 < N such that

Nδ′ −
r+1∑
j=1

kjαj ∈ {δ ∈ v + L | ∀ 1 ≤ j ≤ r + 1, 0 ≤ aj(δ) < aj(αj)} = F (a, α, v).

Thus we get a bijection:

f :=

{
FN/Zγ → {0, 1, . . . , N − 1}r+2 × F (a, α, v)
δ′ → ((k, k1, . . . , kr+1), δ)

defined by Nδ′ ≡ kγ +
∑r+1

j=1 kjαj + δ mod Zγ. It follows that:

∏
Nv′≡v mod L

Gr,a(v
′)(w, x) =

∏
δ′∈FN/Zγ

Gr

(
w + x(δ′)

x(γ)
,

1

x(γ)
x(α)

)
∏

Nv′≡v mod L

Gr,a(v
′)(w, x) =

∏
δ∈F (a,α,v)/Zγ

N−1∏
k,k1,...,kr+1=0

Gr

w + x
(

δ+kγ+k1α1+···+kr+1αr+1

N

)
x(γ)

,
1

x(γ)
x(α)


Using the third relation from Proposition I.4 we get:∏

Nv′≡v mod L

Gr,a(v
′)(w, x) =

∏
δ∈F (a,α,v)/Zγ

Gr

(
Nw + x(δ)

x(γ)
,

1

x(γ)
x(α)

)
∏

Nv′≡v mod L

Gr,a(v
′)(w, x) = Gr,a(v)(Nw, x)
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which is the desired result. □

In chapter III, we use the Gr,a functions to construct conjectural elliptic units above
number fields with exactly one complex place which should behave as the Siegel units,
and these distribution relations already show some of these similarities.

For the rest of this chapter we shift our focus from the Gr,a functions to the collection
of Bernoulli rational functions Bn,a1,...,an and the associated collection of (n− 1)-cocycles
ϕn,a. In particular, we will show that formula (I.19) holds under less restrictive conditions
on the gi’s and that ϕn,a truly becomes a cocycle on specific subgroups of SLn(Z).

I.3 Cocycle properties for the collection of Bn,a func-

tions

The goal of this section is to show that the additive cocycle relation:

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v)(w, x) ∈ Z (I.21)

which holds for linear forms a0, . . . , an in general position in a rank n lattice Λ as a
consequence of Theorem I.1 may be improved to a finer cocycle relation:

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v)(w, x) = 0 (I.22)

which holds for a wider range of configurations of a0, . . . , an inside the rank n lattice Λ.
This will be achieved in Proposition I.14 as we show that this relation may be obtained
as the specialisation of a cocycle relation for indicator functions of closed cones.

I.3.1 A cocycle relation for closed cones

We now introduce several notations for cones in a Q-vector space V of finite dimension n.
These notations as well as the strategies for the proofs by induction on the dimension are
inspired by [Hil07], [CDG15], and are typical of the theory of polyhedral cones. We focus
on Q-vector spaces for ease of presentation, but we wish to highlight that these results
would hold for a vector space over R or over any ordered field. For a more complete
presentation on the theory of convex cones we refer to [Bar02].

Let V be a Q-vector space of dimension n. A convex cone in V is any convex set C
satisfying ∀x, y ∈ C, x + y ∈ C and ∀λ > 0, λ.x ∈ C. A convex cone C is said to be
polyhedral if there are two (possibly empty) sets of vectors v1, . . . , vp and v′1, . . . , v

′
q in

V such that C = Q≥0v1 + · · · + Q≥0vp + Q>0v
′
1 + . . .Q>0v

′
q. The vectors vi and v′j are

called generators of the cone C. Note that by convention {0} is a polyhedral cone with
empty set of generators. Let K(V ) be the Q-algebra of Q-valued functions on V generated
by the indicator functions of polyhedral cones. Denote by L(V ) the subspace of K(V )
generated by the indicator functions of the closed polyhedral cones containing a line Qv
for some non zero vector v ∈ V . Note that L(V ) is not stable under multiplication. Most
statements in the theory of cones may be proved by induction on the dimension and rest
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on the fact that when V ′ is a subspace of V there is a natural inclusion:
K(V ′) → K(V )

f → f̃ : v →

{
f(v) if v ∈ V ′

0 otherwise

(I.23)

and this inclusion sends L(V ′) to L(V ).
We now focus on closed cones. For any v1, . . . , vm ∈ V , we denote by c(v1, . . . , vm) the

indicator function of the closed polyhedral cone Q≥0v1 + · · ·+Q≥0vm. In this article, we
also use a dual representation for the closed polyhedral cones. Namely, for linear forms
a1, . . . , am ∈ V ∨ the set

∩mi=1{v ∈ V | ai(v) ≥ 0}

is a closed polyhedral cone in V and we denote by c∨(a1, . . . , am) its indicator function.
Note that by convention we may put c(∅) = δ where δ is the Dirac function at 0 whereas
c∨(∅) = 1 is the indicator function of V . This dual representation of a cone already
allows us to shed a different light on the notion of positive dual family (see Definition
I.5). Indeed, fix a basis B = [e1, . . . , en] of V and denote by L the Z-lattice ⊕n

j=1Zej.
It is clear that generators of cones may be rescaled, so that any polyhedral cone in V
admits a set of generators which lie inside L. It is also true that any closed polyhedral
cone in V admits a dual representation with linear forms a1, . . . , am ∈ Λ = HomZ(L,Z)
for some integer m ≥ 0. In the specific case where m = n and a1, . . . , an ∈ Λ are linearly
independent, the primitive positive dual family α1, . . . , αn ∈ L to a1, . . . , an satisfies
c∨(a1, . . . , an) = c(α1, . . . , αn). Lastly, we say that a family (v1, . . . , vm) ∈ V m is in
general position in V if any of its subfamilies of size at most n is free.

In [[CDG15], §1] Charollois, Dasgupta and Greenberg describe a cocycle relation for
indicator functions of polyhedral cones using previous work by Hill [Hil07] on open poly-
hedral cones. Using the Solomon-Hu pairing (see [HS01]) they construct Shintani (n−1)-
cocycles for SLn(Z) with values in some spaces of rational functions which are cohomol-
ogous to Sczech cocycles [Scz93]. Our goal is to describe another cocycle relation for
indicator functions c∨(a1, . . . , am) of closed polyhedral cones in a dual setting and show
how formula (I.22) may be deduced via the Solomon-Hu pairing. We start by stating
some basic properties which will be very useful.

Lemma I.10: Let V be a Q-vector space of dimension n and set V ∨.

(i) If a1, . . . , am ∈ V ∨ do not generate V ∨ (in particular ifm < n) then c∨(a1, . . . , am) ∈
L(V ).

(ii) For any a1, . . . , am ∈ V ∨, c∨(a1, . . . , am) =
∏m

j=1 c
∨(aj).

(iii) If a, a′ ∈ V ∨ satisfy a = λa′ for some λ > 0 then c∨(a) = c∨(a′).

(iv) For any a ∈ V ∨, c∨(a,−a) is the indicator function of ker(a) and c∨(a,−a) + 1 =
c∨(a) + c∨(−a).

(v) If a1, . . . , am ∈ V ∨ generate V ∨ and if there are positive coefficients λ1, . . . , λm such
that

∑m
j=1 λjaj = 0, then c∨(a1, . . . , am) = δ is the Dirac function at 0.

(vi) If a1, . . . , am+1 ∈ V ∨ satisfy
∑m+1

j=1 λjaj = 0 with λm+1 < 0 and λj ≥ 0 for 1 ≤ j ≤
m then c∨(a1, . . . , am+1) = c∨(a1, . . . , am).
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Proof :
(i) If a1, . . . , am do not generate V ∨ then ∩mj=1 ker(aj) ̸= {0}. For any v ∈ ∩m

j=1 ker(aj)−
{0}, and any λ ∈ Q, it is clear that c∨(a1, . . . , am)(λ.v) = 1. Therefore the cone described
by c∨(a1, . . . , am) contains the line Qv and c∨(a1, . . . , am) ∈ L(V ).

(ii) The cone described by c∨(a1, . . . , am) is naturally defined as the intersection of
the cones described by c∨(a1), . . . , c

∨(am), therefore c
∨(a1, . . . , am) =

∏m
j=1 c

∨(aj).

(iii) If a = λa′ with λ > 0 then for any v ∈ V , a(v) ≥ 0 ⇔ a′(v) ≥ 0, which gives
c∨(a) = c∨(a′).

(iv) For a ∈ V ∨ and v ∈ V , c∨(a,−a)(v) = 1 if and only if a(v) ≥ 0 and −a(v) ≥ 0
i.e. if and only if a(v) = 0. The equality c∨(a,−a)(v)+1 = c∨(a)(v)+ c∨(−a)(v) is easily
computed in all three cases a(v) > 0, a(v) = 0 and a(v) < 0.

(v) Suppose that a1, . . . , am generate V ∨ and that there are coefficients λj > 0
such that

∑m
j=1 λjaj = 0. Suppose that there is a non-zero vector v ∈ V such that

c∨(a1, . . . , am) = 1. Then aj(v) ≥ 0 for 1 ≤ j ≤ m. As a1, . . . , am generate V ∨ and
v ̸= 0, there is an index 1 ≤ l ≤ m such that al(v) > 0. The sum

∑m
j=1 λjaj(v) is

equal to 0 and contains only non-negative terms, therefore all terms must be zero, which
contradicts λlal(v) > 0. Then we only check that c∨(a1, . . . , am)(0) = 1 and conclude
that c∨(a1, . . . , am) = δ is the Dirac function at 0.

(vi) Suppose
∑m+1

j=1 λjaj = 0 with λj ≥ 0 for 1 ≤ j ≤ m and λm+1 < 0. Then
a1(v) ≥ 0, . . . , am(v) ≥ 0⇒ am+1(v) ≥ 0 which gives

∩mi=1{v ∈ V | ai(v) ≥ 0} = ∩m+1
i=1 {v ∈ V | ai(v) ≥ 0}

and therefore c∨(a1, . . . , am+1) = c∨(a1, . . . , am). □

We now give a crucial definition which will be used in the proof of Theorem I.2.

Definition I.11: Let V be a Q-vector space and let a0, . . . , am be m + 1 non-zero lin-
ear forms on V such that rk(a0, . . . , am) = m. There is a unique linear combination∑m

j=0 λjaj = 0 with coefficients λj ∈ Q satisfying:

� (λ0, . . . , λm) ̸= (0, . . . , 0)

� #{0 ≤ j ≤ m | λj < 0} ≤ #{0 ≤ j ≤ m | λj > 0}

� if #{0 ≤ j ≤ m | λj < 0} = #{0 ≤ j ≤ m | λj > 0}, the first non-zero coefficient
λl is negative

� the first non-zero coefficient λl has absolute value 1.

This linear combination will be refered to as the standard non-trivial relation among
a0, . . . , am. In this situation, we define k−(a0, . . . , am) = #{0 ≤ j ≤ m | λj < 0}.

In particular, when V has finite dimension n, Definition I.11 applies to any family
a0, . . . , an ∈ V ∨ which generates V ∨. In this situation, we may also define k0(a0, . . . , am)
(resp. k+(a0, . . . , am)) the number of coefficients λj = 0 (resp. λj > 0) in the relation,
but these won’t be much needed. Before giving the proof of Theorem I.2, we discuss the
configurations of linear forms to which it applies in the light of Definition I.11. Indeed,
we have carefully avoided some configurations of the linear forms aj which we will refer
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to as “bad position” or (BP) for short. Namely, in the vector space V ∨ of dimension n,
a set of non-zero linear forms a0, . . . , an is in bad position (BP) if:

rk(a0, . . . , an) = n and k−(a0, . . . , an) = 0 and k0(a0, . . . , an) > 0. (BP)

Theorem I.2 applies to all other configurations of the linear forms a0, . . . , an with a
specific treatment when rk(a0, . . . , an) = n and k+(a0, . . . , an) = n + 1. The specific be-
haviour associated to this configuration regarding cocycle relations was already observed
in [[Hil07], Proposition 2].

We are now ready to prove Theorem I.2, showing that the functions c∨(·) satisfy
some cocycle relations. These are inspired by the cocycle relations described by Hill
[[Hil07], Proposition 2] for the indicator functions c◦(v1, . . . , vm) of open cones R>0v1 +
· · · + R>0vm and by Charollois, Dasgupta and Greenberg [[CDG15], Theorem 1.1] for
variants of the functions c◦(·) for which some boundaries are included depending on a
so-called Q-perturbation process. We argue that Theorem I.2 is simpler as there is no
need to select the boundary pieces to add or remove with such a process, yet the proof
uses similar ideas as those developed in the proof of [[CDG15], Theorem 1.1].

Proof of Theorem I.2:
Let V be a Q-vector space of dimension n. Consider n+1 linear forms a0, . . . , an ∈ V ∨

which generate V ∨ and are not (BP). Define q(k) by q(0) = 1 and q(k) = 0 otherwise.
We wish to prove that:

n∑
j=0

εjc
∨(a0, . . . , âj, . . . , an) ≡ q(k−(a0, . . . , an))ε0δ mod L(V )

where εj = (−1)jsign det(a0, . . . , âj, . . . , an) and δ is the Dirac at 0. The proof is split
into three parts. We first treat the case where a0, . . . , an are in general position with
k−(a0, . . . , an) = 0. Then, using this first result we treat the case where a0, . . . , an are
in general position with k−(a0, . . . , an) > 0 by double induction on the dimension n and
the value of k−(a0, . . . , an). Finally, using this second result, we treat the case where
a0, . . . , an are not in general position and k−(a0, . . . , an) > 0 by single induction on n.

First case: a0, . . . , an are in general position and k−(a0, . . . , an) = 0:

Let
∑n

j=0 λjaj = 0 be the standard non-trivial relation among a0, . . . , an. Because the
coefficients λj are all positive, the signs εj are all equal to ε0. Indeed, if j ≥ 1 then:

εj = (−1)jsign det(−λjaj/λ0, . . . , âj, . . . , an)
εj = −(−1)jsign(λj/λ0)sign det(aj, a1, . . . , âj, . . . , an)
εi = −(−1)j(−1)j+1sign det(a1, . . . , an)

εj = ε0

Let us denote by ε the common sign of the ε0 = · · · = εn = ε. Consider now f(a0, . . . , an) =∏n
j=0(c

∨(aj)− 1). Expanding the product gives:

f(a0, . . . , an) =
∑

P⊂[|0,n|]

(−1)n+1−#P
∏
j∈P

c∨(aj)

f(a0, . . . , an) =
∑

P⊂[|0,n|]

(−1)n+1−#P c∨(aj, j ∈ P )
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The last line follows from lemma I.10 (ii). For any P ⊂ [|0, n|] with #P < n, the function
c∨(aj, j ∈ P ) belongs to L(V ) (lemma I.10 (i)). Thus:

f(a0, . . . , an)− c∨(a0, . . . , an) +
n∑

j=0

c∨(a0, . . . , âj, . . . , an) ∈ L(V )

Since
∑n

j=0 εjc
∨(a0, . . . , âj, . . . , an) = ε

∑n
j=0 c

∨(a0, . . . , âj, . . . , an) this gives:

εf(a0, . . . , an)− εc∨(a0, . . . , an) +
n∑

j=0

εjc
∨(a0, . . . , âj, . . . , an) ∈ L(V )

Now, since the coefficients λi are all positive by assumption, c∨(a0, . . . , an) is the dirac
at 0 by lemma I.10 (v). On the other hand:

f(a0, . . . , an) =
n∏

j=0

(c∨(aj)− 1) = 0

The last equality holds because for all v ∈ V ,
∑n

j=0 λjaj(v) = 0 so at least one of the aj(v)
must be non-negative. Therefore we may conclude that

∑n
j=0 εjc

∨(a0, . . . , âj, . . . , an) ≡
εδ mod L(V ) as claimed.

Second case: a0, . . . , an are in general position and k−(a0, . . . , an) > 0:

the case n = 1 is immediate as in this case λ0a0+λ1a1 = 0 with λ0 = −1 and λ1 > 0 which
gives c∨(a0)−c∨(a1) = c∨(a0)−c∨(a0) = 0 ∈ L(V ) by lemma I.10 (iii). We are now ready
to perform double induction on both n and k−. Suppose that the result holds for any
family a0, . . . , an−1 of linear forms on a n − 1 dimensional Q-vector space V ′ generating
V ′∨ with k−(a0, . . . , an−1) > 0 and that it holds in dimension n whenever a0, . . . , an are
in general position in V ∨ with k−(a0, . . . , an) = k−. Suppose now that a0, . . . , an are in
general position in V ∨ with k−(a0, . . . , an) = k− + 1. We aim to prove that:

n∑
j=0

εjc
∨(a0, . . . , âj, . . . , an) ∈ L(V )

where as before εj = (−1)jsign det(a0, . . . , âj, . . . , an). Denote as before
∑n

j=0 λjaj = 0
the standard non-trivial relation among a0, . . . , an. By assumption, k−(a0, . . . , an) >
0 so there is at least one index l such that λl < 0. We fix any such index l and
we will show that the desired result may be deduced from the result for the families
a0, . . . , al−1,−al, al+1, . . . , an in V ∨ and a0|ker al , . . . , âl|ker al , . . . , an|ker al in (ker al)

∨ as fol-
lows. For simplicity we use once again the auxiliary function defined by q(k) = 1 if k = 0
and q(k) = 0 otherwise. The family (a′0, . . . , a

′
n) = (a0, . . . , al−1,−al, al+1, . . . , an) is in

general position in V ∨ with k−(a′0, . . . , a
′
n) = k−. By induction hypothesis on k−, fixing

any index m ̸= l:
n∑

j=0

ε′jc
∨(a′0, . . . , â

′
j, . . . , a

′
n) ≡ q(k−)ε′mδ mod L(V ) (I.24)

where ε′j = (−1)jsign det(a′0, . . . , â′j, . . . , a′n). It is clear that ε′j = −εj when j ̸= l and
ε′l = εl so that (I.24) reads:

εlc
∨(a0, . . . , âl, . . . , an) +

n∑
j=0
j ̸=l

(−εj)c∨(a′0, . . . , â′j, . . . , a′n) ≡ −q(k−)εmδ mod L(V ). (I.25)
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It is then sufficient to prove that: n∑
j=0
j ̸=l

εj(c
∨(a0, . . . , âj, . . . , an) + c∨(a′0, . . . , â

′
j, . . . , a

′
n))

 ≡ q(k−)εmδ mod L(V )

Using lemma I.10 (ii) then (iv), we obtain:

n∑
j=0
j ̸=l

εj(c
∨(a0, . . . , âj, . . . , an) + c∨(a′0, . . . , â

′
j, . . . , a

′
n))

=
n∑

j=0
j ̸=l

εj(c
∨(a0, . . . , âj, . . . , an) + c∨(a0, . . . ,−al, . . . , âj, . . . , an))

=
n∑

j=0
j ̸=l

εjc
∨(a0, . . . , âl, . . . , âj, . . . , an)(c

∨(al) + c∨(−al))

=
n∑

j=0
j ̸=l

εjc
∨(a0, . . . , âl, . . . , âj, . . . , an)(1 + ker(al))

where ker(al) is the indicator function of the kernel of al. For any j ̸= l, the function
c∨(a0, . . . , âl, . . . , âj, . . . , an) lies in L(V ) by lemma I.10 (i), thus we only need to prove
that:

n∑
j=0
j ̸=l

εjc
∨(a0, . . . , âl, . . . , âj, . . . , an) ker(al) ≡ q(k−)εmδ mod L(V )

This step of the proof makes use of the induction hypothesis on n. Denote a′′0, . . . , a
′′
n the

restrictions of a0, . . . , an on ker(al). Then the natural inclusion described by (I.23) gives:

n∑
j=0
j ̸=l

εjc
∨(a0, . . . , âl, . . . , âj, . . . , an) ker(al) =

n∑
j=0
j ̸=l

εjc
∨
ker(al)

(a′′0, . . . , â
′′
l , . . . , â

′′
j , . . . , a

′′
n)

The elements a′′0, . . . , â
′′
l , . . . , a

′′
n are in general position in the dual ker(al)

∨ of ker(al).
This space may be oriented using the form:

Ol(x0, . . . , x̂l, . . . , xn) = det(x̃0, . . . , x̃l−1, al, x̃l+1, . . . , x̃n)

for any lifts x̃j of the xj to V ∨ satisfying x̃j|ker al = xj. Lastly, if
∑n

j=0 λjaj = 0 is
the standard non-trivial relation among a0, . . . , an in V ∨ then

∑
j ̸=l λja

′′
j = 0 is the stan-

dard non-trivial relation among a′′0, . . . , â
′′
l , . . . , a

′′
n in ker(al)

∨ and k−(a′′0, . . . , â
′′
l , . . . , a

′′
n) =

k−(a0, . . . , al, . . . , an)−1 = k−. Therefore, using the induction hypothesis on n, we obtain:

n∑
j=0
j ̸=l

εjc
∨
ker(al)

(a′′0, . . . , â
′′
l , . . . , â

′′
j , . . . , a

′′
n) ≡ q(k−)εmδker(al) mod L(ker(al))
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where δker(al) is the Dirac function at 0 on ker(al). This last expression can be lifted back
to V using the inclusion (I.23) as:

n∑
j=0
j ̸=l

εjc
∨(a0, . . . , âl, . . . , âj, . . . , an) ker(al) ≡ q(k−)εmδ mod L(V ) (I.26)

where it is clear that the inclusion map sends δker(al) to δ. We now piece (I.25) and (I.26)
together and find:

n∑
j=0

(−1)jsign det(a0, . . . , âj, . . . , an)c∨(a0, . . . , âj, . . . , an)

=

(
n∑

j=0

(−1)jsign det(a′0, . . . , â′j, . . . , a′n)c∨(a′0, . . . , â′j, . . . , a′n) + q(k−)εmδ

)

+

 n∑
j=0
j ̸=l

εjc
∨(a0, . . . , âl, . . . , âj, . . . , an) ker(al)− q(k−)εmδ


Both terms in the right-hand side belong to L(V ), therefore the left hand side does too,
as claimed.

Third case: a0, . . . , an are not in general position and k−(a0, . . . , an) > 0:

We prove this case by induction over n ≥ 2 because it can’t occur for n = 1. For n = 2
it may only happen when aj = λal for some j ̸= l and some λ ∈ Q>0. Without loss of
generality, assume a0 = λa1. In that case, it follows from I.10 (ii) and (iii) that:

sign det(a1, a2)c
∨(a1, a2)− sign det(a0, a2)c

∨(a0, a2) + 0 = 0

which proves the case n = 2. Let us now assume the result holds in dimension n − 1,
where n ≥ 3. Consider V a Q-vector space of dimension n and suppose that a0, . . . , an are
non-zero linear forms on V which generate V ∨. Assume that a0, . . . , an are not in general
position in V ∨ and that k−(a0, . . . , an) > 0. Without loss of generality we may assume
that an lies outside the span of a0, . . . , an−1. Choose a vector vn ∈ ∩n−1

j=0 ker(aj) such
that an(vn) > 0. This is possible because a0, . . . , an−1 do not generate V ∨. Let us now
use the projection π : V → ker(an) with kernel Qvn corresponding to the decomposition
V = ker(an) ⊕ Qvn. For 0 ≤ j ≤ n, denote a′j the restriction of aj to ker(an). Write
as before εj = (−1)jsign det(a0, . . . , âj, . . . , an). As a0, . . . , an−1 are linearly dependent,
εn = 0, and we may compute:

n∑
j=0

εjc
∨(a0, . . . , âj, . . . , an) =

n−1∑
j=0

εjc
∨(an)c

∨(a′0, . . . , â
′
j, . . . , a

′
n−1)(π(·))

Let
∑n

j=0 λjaj = 0 be the standard non-trivial relation among a0, . . . , an. The assumption
that an lies outside the span of a0, . . . , an−1 is equivalent to λn = 0. Therefore, the
standard non-trivial relation among a′0, . . . , a

′
n−1 is

∑n−1
j=0 λja

′
j = 0 and k−(a′0, . . . , a

′
n−1) =

k−(a0, . . . , an) > 0. If the linear forms a′0, . . . , a
′
n−1 are in general position in (ker an)

∨, we
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may use the result proven in the second case, and otherwise use the induction hypothesis
as a′0, . . . , a

′
n−1 are not in general position in ker(an)

∨. In both cases, we obtain that:

n−1∑
j=0

εjc
∨(a′0, . . . , â

′
j, . . . , a

′
n−1) ∈ L(V ′)

and remark that ∀ f ∈ L(ker(an)), c∨(an)f(π(·)) ∈ L(V ) for any linear projection π :
V → ker(an). Indeed, if f is the characteristic function of a cone containing a line Qv in
ker(an), then f(π(·)) is the characteristic function of a cone containing the line Qv in V .
For λ ∈ Q, an(λ.v) = 0 therefore c∨(an)(λ.v)f(π(λ.v)) = f(λ.v) = 1 and c∨(an)f(π(·)) is
the characteristic function of a cone containing the line Qv. Thus:

n−1∑
j=0

εjc
∨(an)c

∨(a′0, . . . , â
′
j, . . . , a

′
n−1)(π(·)) ∈ L(V )

from which we conclude that
∑n

j=0 εjc
∨(a0, . . . , âj, . . . , an) ∈ L(V ) as claimed. □

Remark: In the case where a0, . . . , an do not span V ∨ it is clearly also true that:

n∑
j=0

(−1)jsign det(a0, . . . , âj, . . . , an)c∨(a0, . . . , âj, . . . , an) = 0

as each term in the left hand side is zero.
Unfortunately, the case where a0, . . . , an are not in general position with k−(a0, . . . , an) =

0 (this corresponds to the “bad position” condition (BP)) already fails in dimension 2.
Indeed, if a0, a1, a2 satisfy rk(a0, a1, a2) = 2 and λ0a0 + λ1a1 = 0 with λ0 > 0 and λ1 > 0
then:

sign det(a1, a2)c
∨(a1, a2)− sign det(a0, a2)c

∨(a0, a2) + sign det(a0, a1)c
∨(a0, a1)

= sign det(−a0, a2)c∨(−a0, a2)− sign det(a0, a2)c
∨(a0, a2) + 0

= −sign det(a0, a2)c∨(a2)(c∨(−a0) + c∨(a0))

= −sign det(a0, a2)c∨(a2)(1 + ker(a0)) ̸∈ L(V )⊕Qδ

Indeed, the function c∨(a2) ∈ L(V ) by lemma I.10 (i), however, the function c∨(a2) ker(a0)
is the indicator function of the cone Q≥0v2 where v2 is the vector defined by a0(v2) = 0
and a2(v2) = 1.

The first part of the proof of Theorem I.2 may be slightly adjusted to prove that when
k−(a0, . . . , an) = 0 and a0, . . . , an are not in general position, the following holds:∑n

i=0(−1)isign det(a0, . . . , âi, . . . , an)c∨(a0, . . . , âi, . . . , an) ≡

±
∏
λi=0

c∨(ai)[∩λi>0 ker(ai)] mod L(V )

It is not hard to see that the right-hand side of this formula doesn’t belong to L(V ) ⊕
Qδ. We will now introduce the generating functions of cones and relate this cocycle for
indicator functions of cones to our geometric Bernoulli cocycle.
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I.3.2 Generating functions of cones and the Bn,a functions

In this section we briefly recall some results on the generating functions associated to
cones in Rn. Let VR be a R-vector space of finite dimension n and fix an isomorphism
VR ≃ Rn which defines VQ = V ≃ Qn and L = VZ ≃ Zn. It is well-known that a
generating function may be associated to any rational polyhedral cone in V ≃ Rn which
does not contain any line by the formula:

g(C, v)(y) =
∑

δ∈C∩(v+L)

yδ

where yδ = yδ11 y
δ2
2 . . . yδnn and v ∈ VR. This is well-defined for y in a certain open subset

of Cn and it is possible to extend this function by analytic continuation. Indeed, if
C = R≥0α1 . . . ,R≥0αn with primitive vectors α1, . . . , αm ∈ L then the generating series
associated to C is in fact defined by:

g(C, v)(y) =

∑
δ∈P∩(v+L) y

δ

(1− yα1) . . . (1− yαm)

where P = P (α1, . . . , αm) = {
∑m

i=1 µiαi | 0 ≤ µi < 1, ∀i}. This formula is given by the
standard decomposition of a rational polyhedral cone:

C ∩ (v + L) = ⊔δ∈P∩(v+L)δ + Z≥0α1 + · · ·+ Z≥0αm (I.27)

We highlight that Definitions I.7 and I.8 used this decomposition implicitly with the set
F (a, α, v) = P (α) ∩ (v + L). The key result regarding generating series associated to
cones is the fact that the function g may be extended to the subspace KQ(VR) of K(VR)
spanned by the indicator functions of rational polyhedral cones by linearity, as was proven
independently by Khovanskii and Pukhlikov, and by Lawrence. A polyhedral cone in VR
is said to be rational if it admits a set of generators inside VQ, in which case it also admits
a set of generators inside L = VZ. The identification KQ(VR) ≃ K(V )⊗QR where V = VQ
thus shows that the generating series function g may be extended to K(V ). In particular,
for any f ∈ LQ(VR) ≃ L(V ) ⊗Q R, g(f, ·) = 0. The Solomon-Hu [HS01] pairing is then
defined for (f, v, x) ∈ K(V )/L(V ) × V/L × HomZ(L,C) by h(f, v)(x) = g(f, v)(ex). We
use this pairing to express the geometric Bernoulli rational functions via a coefficient
extraction.

Definition I.12: The map

h0 :=

{
K(V ) → F(V/L,Q[w](x))

f → coeff[t0] (ewth(f, v)(t.x))

is Q-linear and vanishes on L(V ).

It is also clear that h0(δ, v) is the constant function equal to 1 if v ∈ L and 0 otherwise.
We shall now use this function to express the geometric Bernoulli rational functions (see
Definition I.8) associated to non-zero integral linear forms a1, . . . , an ∈ Λ = HomZ(L,Z).

Lemma I.13: For non-zero linear forms a1, . . . , an ∈ Λ in the rank n oriented lattice Λ,
for a vector v ∈ V/L and for (w, x) in a dense open subset of C× HomZ(L,C):

Bn,a1,...,an(v)(w, x) = h0(sign det(a1, . . . , an)c
∨(a1, . . . , an), v)(w, x).
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Proof :
If a1, . . . , an are linearly dependent, then both sides are zero so the equality holds. If

a1, . . . , an are linearly independent, the proof follows from the definition of Bn,a1,...,an :
let α1, . . . , αn be the primitive positive dual family to a1, . . . , an in L ≃ Zn. Denote
ϵ = sign det(a1, . . . , an). Then identifying F (a, α, v) = P (α) ∩ (v + L) we get:

Bn,a1,...,an(w, x) = coeff[t0]

(−1)nϵ
∑

δ∈F (a,α,v)

ewtex(δ)t∏n
j=1(e

x(αj)t − 1)


Bn,a1,...,an(w, x) = coeff[t0]

ϵ ∑
δ∈P (α)∩(v+L)

ewtex(δ)t∏n
j=1(1− ex(αj)t)


Bn,a1,...,an(w, x) = coeff[t0]

(
ϵewth(c(α1, . . . , αn), v)(t.x)

)
Bn,a1,...,an(w, x) = coeff[t0]

(
ϵewth(c∨(a0, . . . , ar+1), v)(t.x)

)
where we use that c(α1, . . . , αn) = c∨(a1, . . . , an) by definition of α1, . . . , αn. The identi-
fication of the right-hand side with h0(ϵc

∨(a1, . . . , an), v)(w, x) proves the claim. □

Using this lemma, we may finally describe the cocycle relations satisfied by the
Bernoulli rational functions Bn,a1,...,an .

Proposition I.14: Let a0, . . . , an be n+ 1 non-zero linear forms in Λ. Fix v ∈ V/L.

� Suppose rk(a0, . . . , an) ≤ n−1, or rk(a0, . . . , an) = n and k−(a0, . . . , an) > 0. Then
the following equality holds in Q[w](x):

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v) = 0

� Suppose a0, . . . , an are in general position with k−(a0, . . . , an) = 0. Then in Q[w](x):

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v) =

{
sign det(a1, . . . , an) if v ∈ L
0 otherwise

Proof :
If rk(a0, . . . , an) ≤ n−1 then the equality is trivial as all terms in the left-hand side van-

ish. Suppose now that rk(a0, . . . , an) = n. We combine the results from lemma I.13 with
the results from Theorem I.2. Denote as before εj = (−1)jsign det(a0, . . . , âj, . . . , an).
From lemma I.13 we get the equality between rational functions in Q[w](x):

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v) = h0

(
n∑

j=0

εjc
∨(a0, . . . , âj, . . . , an), v

)

If k−(a0, . . . , an) > 0 then
∑n

j=0 εjc
∨(a0, . . . , âj, . . . , an) ∈ LQ(V ) by Theorem I.2, there-

fore the right-hand side vanishes. If a0, . . . , an are in general position with k−(a0, . . . , an) =
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0 then
∑n

j=0 εjc
∨(a0, . . . , âj, . . . , an)− ε0δ ∈ L(V ), therefore:

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v) = ε0h0(δ, v) =

{
ε0 if v ∈ L
0 otherwise

which proves the claim. □

Unfortunately, the case where a0, . . . , an span Λ yet are not in general position with
k−(a0, . . . , an) = 0 doesn’t give good results. Indeed, already for n = 2, if a, b are linearly
independent with det(a, b) = ±1, then:

B2,−a,b(0)(w, x)−B2,a,b(0)(w, x) +B2,a,−a(0)(w, x) = sign det(a, b)

(
w

x(β)
− 1

2

)
̸= 0

where α, β is the primitive positive dual family to a, b in L. The right-hand side depends
on b and there is no possible value we could have chosen by convention for B2,a,−a which
would have given:

B2,−a,b(v)(w, x)−B2,a,b(v)(w, x) +B2,a,−a(v)(w, x) = 0

for any non-zero primitive b ∈ Λ.
We end this section by showing that in dimension 2 we may use Theorem I.2 in

conjonction with the Solomon-Hu pairing to recover formula (5.16) in a recent article by
Sharifi and Venkatesh [SV24] which is a key ingredient in the lifting of a cocycle carried out
in [[SV24], Proposition 5.4.1]. Let us write θSV (l1, l2) for the function θL(l1, l2) they define
in §5.3.1 to avoid confusion with our notations. When l1, l2 ∈ S1 with ϵ12 = det(l1, l2) ̸= 0
the function θSV (l1, l2) may be expressed using [[SV24], Lemma 5.3.1] in our notations
as:

θSV (l1, l2) =
1− ϵ12

2
+ ϵ12h(c

∨(a1, a2), 0)(−x) (I.28)

where ai = ⟨·, li⟩ and x is the linear form corresponding to the formal coordinates (u1, u2)
defined in [[SV24], §5.3.1]. Let us consider κ(l1, l2, l3) = θSV (l1, l2)+θSV (l2, l3)−θSV (l1, l3).
We wish to show that if l1, l2, l3 are in general position then κ(l1, l2, l3) = δSV (l1, l2, l3)
where the function δSV (l1, l2, l3) is defined to be 0 if l2 lies on the counterclockwise portion
of S1 joining l1 to l3 and 1 otherwise. To achieve this we must translate our notion of
configurations based on the value of k−(a1, a2, a3) in terms of the function δSV . Let us
then rewrite κ(l1, l2, l3) when l1, l2, l3 are in general position as:

κ(l1, l2, l3) =
1− ϵ12 − ϵ23 + ϵ13

2
+ h(ϵ12c

∨(a1, a2) + ϵ23c
∨(a2, a3)− ϵ13c∨(a1, a3), 0)(−x).

where ϵij = det(li, lj) = det(ai, aj). It follows from Theorem I.2 that:

ϵ12c
∨(a1, a2) + ϵ23c

∨(a2, a3)− ϵ13c∨(a1, a3) ≡ ϵ12q(k
−(a1, a2, a3))δ mod L(V )

where q(k) = 0 if k > 0 and q(0) = 1 and δ is the Dirac function at 0. Using the linearity
of h and its vanishing on L(V ) we get:

κ(l1, l2, l3) =
1− ϵ12 − ϵ23 + ϵ13

2
+ ϵ12q(k

−(a1, a2, a3)) (I.29)

since h(δ, 0)(−x) = 1. To compute the last term in (I.29) we consider
∑3

j=1 λjaj = 0
the standard non-trivial relation among a1, a2, a3 (see Definition I.11) for which it is also
true that

∑3
j=1 λjlj = 0. Put κ1(l1, l2, l3) = (1 − ϵ12 − ϵ23 + ϵ13)/2 and κ2(l1, l2, l3) =

ϵ12q(k
−(a1, a2, a3)) so that κ = κ1 + κ2. Then we treat 8 cases separately according to

the signs of the ϵij’s and gather the results in the following table:
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ϵ12 ϵ13 ϵ23 λ1 λ2 λ3 k− κ1 κ2 κ δSV
+ + + + − + 1 0 0 0 0
+ + − + + − 1 1 0 1 1
+ − + + + + 0 −1 1 0 0
+ − − − + + 1 0 0 0 0
− + + − + + 1 1 0 1 1
− + − + + + 0 2 −1 1 1
− − + + + − 1 0 0 0 0
− − − + − + 1 1 0 1 1

This completes the proof of [[SV24], formula (5.16)] when l1, l2, l3 are in general posi-
tion. A similar formula holds for the coefficient of degree 0 in the expansion of θSV (l1, l2)
near the origin and it may be obtained using Proposition I.14 for n = 2. Interesting
future work in this direction would be to use Theorem I.2 in dimension n ≥ 3 to prove
analogues of [[SV24], formula (5.16)] for higher degree analogues of the function θSV (l1, l2)
which appear in recent work by Xu (see [Xu25]).

I.3.3 The cocycle ϕn,a for unit groups

We now define the cocycle properly on specific subgroups of SLn(Z). Fix a primitive
linear form a ∈ Λ = HomZ(L,Z). We consider subgroups U of SLn(Z) satisfying the
following property: ∀m ≥ 2, ∀ g1, . . . , gm ∈ U, ∀µ1, . . . , µm ∈ Z≥0,

m∑
j=1

µjgj · a = 0⇒ µ1 = 0, . . . , µm = 0 (I.30)

This property guarantees that we avoid families of vectors in bad position (see (BP)) in
what follows and we give examples of such groups down below. Recall the definition of
the two functions:

ψn,a :=

{
SLn(Z)n−2 → F(V/L× C× HomZ(L,C),C)
(g1, . . . , gn−2) →

(
(v, w, x)→ Gn−2,a,g1·a,...,(g1...gn−2)·a(v)(w, x)

)
ϕn,a :=

{
SLn(Z)n−1 → F(V/L,Q[w](x))

(g1, . . . , gn−1) → Bn,a,g1·a,(g1g2)·a,...,(g1...gn−1)·a(v)(w, x)

It follows from Proposition I.14 that ϕn,a is an additive (n− 1)-cocycle for U as:

∂ϕn,a(g1, . . . , gn+1) = 0

for any g1, . . . , gn+1 ∈ U . Furthermore, from Theorem I.1 we deduce that the multiplica-
tive cocycle exp(2iπϕn,a) is partially split by ψn,a. Namely, when a, g1·a, . . . , (g1 . . . gn−1)·a
are linearly independent, the multiplicative coboundary of ψn,a is given by:

∂×ψn,a(g1, . . . , gn) = exp(2iπϕn,a(g1, . . . , gn))

We expect this splitting property to be true more generally, as we expect that the modular
property:

n∏
j=1

Gn−2,(ak)k ̸=j
(v)(w, x)(−1)j+1

= exp(2iπBn,a1,...,an(v)(w, x))
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holds whenever a1, . . . , an are not (BP), but the strategy of proof we have in mind to
extend the domain of validity of Theorem I.1 would probably carry us too far from the
matter at hand. It should be noted that there are two easier configurations of the ai’s
for which the result is true for purely cohomological reasons, and this already covers all
cases for n = 2, 3. In chapter II, we will focus more on this splitting relation and show
that it indeed holds for the subgroups U of SLn(Z) satisfying (I.30).

We now give several examples of such groups U . A simple example is given by the
subgroup of SLn(Z) consisting of matrices which stabilise the set {α ∈ L | a(α) ≥ 0}.
This corresponds to the case where linear forms are on the same side of some hyperplane
through the origin in [[FHRZ08], Lemma 3.9]. It is clear that such a group satisfies
condition (I.30) and that it is isomorphic to the subgroup:

U0 :=

g ∈ SLn(Z) | g =


1 ∗ . . . ∗
0 ∗ . . . ∗
...

...
...

...
0 ∗ . . . ∗




of SLn(Z). This simple example is not very interesting for us as it reduces ϕn,a to a
(n − 1)-cocycle for SLn−1(Z) and we now give another set of examples which motivated
this work. Consider a number field K of degree n ≥ 2 with at least one real embedding σR.
Denote by OK the ring of integers of K and O×

K the group of units of OK. By Dirichlet’s
unit theorem, O×

K is a free abelian group of rank r1 + r2 − 1 where r1 is the number of
real embeddings of K and r2 is the number of complex places of K. Consider now a finite
index subgroup U of O×

K such that ∀ε ∈ U , σR(ε) > 0. In most examples, U will be the
group of totally positive units O+,×

K of OK. Suppose that L is a lattice of rank n in K
which is stable under multiplication by elements of U . Fix a Z-basis B = [e1, . . . , en] of
L. Then U may be identified with a commutative subgroup U of SLn(Z) which satisfies
condition (I.30) for any non-zero primitive linear form a ∈ Λ. Indeed, for any integer
m ≥ 2, if ε1, . . . , εm ∈ U ≃ U and µ1 ≥ 0, . . . , µm ≥ 0 then since:(

m∑
j=1

µj(εj · a)

)
(·) = a

(
n∑

j=m

µjε
−1
j ·

)
it follows that

m∑
j=1

µj(εj · a) = 0⇒ a

(
m∑
j=1

µjε
−1
j ·

)
= 0⇒

m∑
j=1

µjε
−1
j = 0⇒

m∑
j=1

µjσR(ε
−1
j ) = 0

as non-zero elements of K give bijections of K by multiplication. The latter expression
is a sum of non-negative numbers which is equal to zero, from which we conclude that
µj = 0,∀ 1 ≤ j ≤ m. Thus ϕn,a is a true (n− 1)-cocycle for the group U ≃ U .

The arithmetic applications in the next section make use of the cocycle properties of
ϕn,a for these groups of totally positive units to compute partial zeta values at s = 0 in
totally real number fields following Shintani’s method.

I.4 Application to the computation of partial zeta

functions at s = 0 for totally real number fields

In this last section we express partial zeta values in totally real number fields at s = 0 in
terms of the Bernoulli rational functions Bn,a1,...,an . This gives a connection between the
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arithmetic of totally real number fields and cocycles extracted from the multiple elliptic
Gamma functions. Our approach will use the tools developed by Shintani in [Shi76].

I.4.1 Shintani’s method

Let F be a totally real number field of degree n and denote by OF the ring of integers of
F. Fix an integral ideal f of OF which will be the finite part of the class field modulus.
For any integral ideal b coprime to f which represents a class in the narrow ray class
group mod f, the partial zeta function attached to f and b is defined by:

ζf(b, s) :=
∑
a∼b

N (a)−s

Following Siegel [Sie80] we may rewrite this as:

ζf(b, s) = N (b)−s
∑

µ∈(1+fb−1)+/O+,×
f

N (µ)−s

whereO+,×
f is the group of totally positive units ofOF congruent to 1 mod f and (1+fb−1)+

is the set of totally positive elements v ∈ F such that v − 1 ∈ fb−1. The fractional ideal
L = fb−1 is a lattice of rank n inside F. Shintani’s strategy to express the values of these
partial zeta functions at integers k ≤ 0 revolves around finding a fundamental domain
for the action of O+,×

f on (1 + L)+ which can be decomposed in rational polyhedral
cones. Shintani then associates to each of these cones a partial zeta function which
admits a meromorphic continuation over C − {1} with values at integers k ≤ 0 given
by specific Bernoulli polynomials. The zeta function associated to a rational polyhedral
cone C ⊂ F+ ∪ {0} where F+ is the set of totally positive elements in F and to a vector
v ∈ F/L− {0}:

ζ(C,L, v, s) :=
∑

µ∈C∩(v+L)

N (µ)−s

We now prove that the values at s = 0 of these zeta functions associated to rational poly-
hedral cones may be expressed as linear combination of the Bernoulli rational functions
Bn,a1,...,an .

Proposition I.15: Let α1, . . . , αm be m linearly independent primitive vectors in L where
1 ≤ m ≤ n. Suppose that the cone C =

∑m
j=1Q≥0αj is included in F+ ∪ {0}. Fix

v ∈ F/L− {0}. Denote by σ1, . . . , σn the real embeddings of F. Then:

ζ(C,L, v, 0) =
1

n

n∑
k=1

h0(C, v)(0,−σk)

In particular, if n = m and c∨(a1, . . . , an) = C with sign det(a1, . . . , an) = 1 then:

ζ(C,L, v, 0) =
1

n

n∑
k=1

Bn,a1,...,an(v)(0,−σk)

Furthermore, this number is the trace of an element in F and therefore belongs to Q.

Proof :
We follow closely Shintani’s original proof of [[Shi76], Theorem 1]. The norm on v + L

56



is a product of affine linear forms with positive coefficients. Namely, we fix a Z-basis
B = [e1, . . . , en] of L consisting of positive elements, and we fix an ordering on the real
embeddings σ1, . . . , σn of F. If we write ljk = σj(ek) > 0 then for any µ =

∑n
k=1 µkek ∈

v + L we get:

N (µ) =
n∏

j=1

σj(µ) =
n∏

j=1

n∑
k=1

ljkµk

For the rest of this section, Γ(s) will denote Euler’s Γ function. Following Shintani’s
original proof [Shi76] we get for any rational polyhedral cone C ⊂ F+:

Γ(s)nζ(C,L, v, s) =

∫ +∞

0

· · ·
∫ +∞

0

h(C, v)

(
−

n∑
j=1

ujσj

)
(u1 . . . un)

s−1du1 . . . dun

Consider Shintani’s decomposition of the positive orthant Rn
>0 given by the sets Dk =

{(u1, . . . , un) ∈ Rn
≥0 | ui ≤ uk, ∀ 1 ≤ i ≤ n}. We write the above integrals as integrals

over the sets Dk which we handle separately:

Γ(s)nζ(C,L, v, s) =
n∑

k=1

∫
Dk

h(C, v)

(
−

n∑
j=1

ujσj

)
(u1 . . . un)

s−1du1 . . . dun

Let us now introduce variables t, x1, . . . , xn such that t = uk ∈ [0,∞) and txi = ui for
i ̸= k with xi ∈ [0, 1]. For convenience write dk(x, s) =

∏
j ̸=k x

s−1
j dxj. Then by a change

of variables we get:

Γ(s)nζ(C,L, v, s) =
n∑

k=1

∫ +∞

0

tns−1

∫ 1

0

· · ·
∫ 1

0

h(C, v)

−t
σk + n∑

j=1
j ̸=k

xjσj


 dtdk(x, s)

Let us now isolate the integral over t. Define for y ∈ HomZ(L,R) such that y(F+) ⊂ R>0:

χ(s, y) :=
1

Γ(s)

∫ +∞

0

h(C, v)(−t.y)tns−1dt

It follows from lemma 3.1 in [Col88] that at s = 0:

χ(0, y) =
1

n
h0(C, v)(0,−y)

(see Definition I.12 for the definition of h0). The value of ζ(C,L, v, s) at s = 0 is then
given by:

ζ(C,L, v, 0) = lim
s→0

Γ(s)−(n−1)

n

n∑
k=1

∫ 1

0

. . . ,

∫ 1

0

h0(C, v)

(
0,−σk −

∑
j ̸=k

xjσj

)
dk(x, s)

Now, by definition of h0 we have :

h0(C, v)(0,−σk −
∑
j ̸=k

xjσj) =
polynomial∏m

l=1(−σk −
∑

j ̸=k xjσj)(αl)
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and the denominator does not vanish on the integration domain as each αl belongs to
F+. Therefore, using a variant of [[Col88], Lemma 3.2] we get:

ζ(C,L, v, 0) =
1

n

n∑
k=1

h0(C, v)(0,−σk) (I.31)

By linearity, this result also applies to open rational polyhedral cones. In the particular
case where n = m and c∨(a1, . . . , an) = C with sign det(a1, . . . , an) = 1 we may rewrite
this result using lemma I.13 as:

ζ(c∨(a1, . . . , an), L, v, 0) =
1

n

n∑
k=1

Bn,a1,...,an(v)(0,−σk) (I.32)

It is clear that right-hand side of either (I.31) or (I.32) is the trace of an algebraic number
inside F and therefore lies in Q, which was already obtained by Shintani. □

From this point forward, we may take two slightly different approaches to the compu-
tation of the full partial zeta functions at s = 0, one of them following closely Shintani’s
original strategy [Shi76] and the other following the “signed fundamental domain” strat-
egy in [DyDF14].

I.4.2 Shintani’s fundamental domain

The first approach to the computation of partial zeta values at s = 0 using Proposition
I.15 follows closely Shintani’s original strategy carried out in [Shi76]. We introduce the
set:

D = {x ∈ F+ | ∀u ∈ O+,×
f ,Tr((u− 1)x) ≥ 0}

which may be written in our notation as D = c∨(au, u ∈ O+,×
f ) where au = Tr((u− 1)·).

In essence, Shintani proved that there is a finite set E ⊂ O+,×
f such that in our notation

D = c∨(au, u ∈ E)c∨(au−1 , u ∈ E) and such that the set D whose indicator function is
c∨(au, u ∈ E)

∏
u∈E(1 − c∨(−au−1)) constitutes a fundamental domain for the action of

O+,×
f on F+. This already gives the equality:

ζf(b, 0) = ζ(D, fb−1, 1F, 0)

Then the set D may be decomposed as a finite disjoint union of open rational poly-
hedral cones Cj, 1 ≤ j ≤ m which all admit a set of linearly independent generators
{αj,1, . . . , αj,nj

} ⊂ F+ with 1 ≤ nj ≤ n. Putting this together with the results from
Proposition I.15 gives:

ζf(b, 0) =
1

n

n∑
k=1

m∑
j=1

h0(Cj, 1F)(0,−σk). (I.33)

Most of the cones Cj are not full-dimensional (case nj < n) and we would like to obtain
a result using only full-dimensional cones. To achieve this, we may use any algebraic
manipulations on the right-hand side of (I.33) using the properties of h0 on K(V ) where
here V = L ⊗ Q = F. Indeed, if f ∈ K(V ) is any function congruent to the indicator
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function of D modulo L(V ), then we may use the linearity of h0 and its vanishing on
L(V ) to conclude that:

ζf(b, 0) =
1

n

n∑
k=1

h0(f, 1F)(0,−σk)

In particular, in favorable cases we may linearise the indicator function of D and show
that it belongs to the set L(V ) + Kn(V ) where Kn(V ) is the subspace of K(V ) spanned
by the functions c∨(a1, . . . , an) for linearly independent a1, . . . , an in Λ. This linearisation
expresses the indicator function of D modulo L(V ) in terms of functions c∨(aj,1, . . . , aj,n)
where each of the aj,l’s are equal to some ±ak. This gives the following:

Proposition I.16: There is an integer N ≥ 1 and there are units uj,l ∈ E as well as
signs ϵj,l, ηj,l ∈ {±1} for 1 ≤ j ≤ N and 1 ≤ l ≤ n such that:

ζf(b, 0) =
1

n

n∑
k=1

N∑
j=1

sign det(aj,1, . . . , aj,n)Bn,aj,1,...,aj,n(1F)(0,−σk)

where aj,l = ϵj,l Tr((u
ηj,l
j,l − 1)·).

Example: Consider the real quadratic field F = Q(
√
19). Fix f = (13) and b = (1).

Denote by σ1, σ2 the real embeddings of F. The group of totally positive units congruent
to 1 mod f is generated by ε = 170+39

√
19. A possible totally positive basis for L = fb−1

is given by B = [13, 65+13
√
19]. In this situation we have D = c∨(a1)(1−c∨(a−1)) where

aj = Tr((εj−1)·). Reducing modulo L(V ) gives D ≡ −c∨(a1, a−1) mod L(V ). Therefore:

ζf(b, 0) = −
1

2

2∑
k=1

sign det(a1, a−1)B2,a1,a−1(1F)(0,−σk)

We compute explicitly in the basis B the coordinates of the linear forms a1 and a−1:

a1 = 338.[13, 122], a−1 = 338.[13, 8]

where we have factored in the gcd’s of the coefficients. We carried out the computations
using the computer software Pari/GP [The24] and found:

−1

2

2∑
k=1

sign det(a1, a−1)B2,a1,a−1(1F)(0,−σk) = Tr

(
33

104

)
=

33

52

which we may check is the value of ζ(13)((1), 0) using for instance Pari/GP’s bnrL1
command.

Proposition I.16 is already a great way to express the partial zeta values in terms of
these Bernoulli polynomials Bn,a1,...,an related to the multiple elliptic Gamma functions.
However, the explicit computation of this decomposition is quite tedious in general. In
addition, the linear forms involved are not quite of the form we hoped for following the
discussion at the end of section I.3.3. Indeed, we would like to evaluate the Bernoulli
polynomials on a cycle whose shape would resemble the cycle described in [[CDG15], sec-
tion 2.6] which corresponds to the sign fundamental domain decomposition in [DyDF14].
This is the second approach which we carry out in the next section.
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I.4.3 Signed fundamental domains

We now prove Theorem I.3 using the second approach following [Col88], [DyDF14]. This
approach has two benefits: on the one hand the “signed fundamental domain” decom-
position described in [DyDF14] is easier to compute than the Shintani decomposition.
On the other hand, the cones involved may be interpreted in terms of algebraic cycles
(see [CDG15]).

Proof of Theorem I.3:
Recall that F is a totally real number field of degree n, that f is an integral ideal in OF

and that the integral ideal b represents a class in the narrow ray class group at f. Denote
by σ1, . . . , σn the real embeddings of F. We wish to prove that:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,a1,ρ,...,an,ρ(1F)(0,−σk)

where the νρ’s are signs in {−1, 0,+1} and the aj,ρ’s are Q-linear forms on F. To achieve
this we will recall the notations from [DyDF14] to describe their signed fundamental
domain for the action of O+,×

f on L = fb−1. Let ε1, . . . , εn−1 be fundamental units for

O+,×
f . For any permutation ρ ∈ Sn−1 and any index 1 ≤ i ≤ n define the elements

fi,ρ =
i−1∏
j=1

ερ(j).

We use cones Cρ with generators f1,ρ, . . . , fn,ρ, and we now describe how the boundaries
of the cones are chosen. Let us consider the set S of permutations ρ ∈ Sn−1 such that
f1,ρ, . . . , fn,ρ are linearly independent over Q. Let us consider the canonical embedding
of F into Rn given by:

σ :=

{
F → Rn

v → (σ1(v), . . . , σn(v))

For any permutation ρ ∈ S and any index 1 ≤ i ≤ n we define the signs µi,ρ ∈ {−1,+1}
by the formula:

µi,ρ =
det(σ(f1,ρ), . . . , σ(fi−1,ρ), en, σ(fi+1,ρ), . . . , σ(fn,ρ))

det(σ(f1,ρ), . . . , σ(fn,ρ))

where the determinants are taken in the canonical basis of Rn and en = [0, . . . , 0, 1]t is
the last vector of this basis. Then we may define as in [DyDF14] the sets:

Ri,ρ :=

{
[0,+∞) if µi,ρ > 0

(0,+∞) if µi,ρ < 0

Let us then define the cones Cρ =
∑n

i=1Ri,ρfi,ρ for ρ ∈ S and Cρ =
∑n

i=1 R≥0fi,ρ if ρ ̸∈ S.
We will denote by cρ the indicator function of the set Cρ. It follows from [[DyDF14],
Theorem 1] that there are explicit signs wρ ∈ {−1, 0, 1} for ρ ∈ S such that the following
equality holds in K(V ): ∑

ρ∈S

wρ

∑
u∈O+,×

f

cρ(u·) = χF+
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where V = F ≃ Qn and χF+ is the indicator function of F+. This already gives the
relation for the partial zeta function:

ζf(b, s) = N (b)−s
∑
ρ∈S

wρ ζ(Cρ, L, 1F, s)

and specialising at s = 0 yields by Proposition I.15:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈S

wρ h0(Cρ, 1F)(0,−σk).

We may rephrase this by describing Cρ in terms of linear forms. Indeed, let us define for
any ρ ∈ S and any index 1 ≤ i ≤ n:

bi,ρ =
det(f1,ρ, . . . , f̂i,ρ, . . . , fn,ρ)

det(f1,ρ, . . . , fi,ρ, . . . , fn,ρ)

where the determinant is taken relative to any Q-basis of F. In other words, bi,ρ is the
linear form on F satisfying bi,ρ(fi,ρ) = 1 and bi,ρ(fj,ρ) = 0 if j ̸= i. For any ρ ∈ S we may
split the indices i ∈ {1, . . . , n} into two sets depending on the value of µi,ρ by setting
Iρ = {1 ≤ i ≤ n | µi,ρ > 0} and Jρ = {1, . . . , n} − Iρ. This gives the following expression
for cρ:

cρ =
∏
i∈Iρ

c∨(bi,ρ)
∏
j∈Jρ

(1− c∨(−bj,ρ))

It is then easy to see that we have the following reduction modulo L(V ):

cρ ≡ (−1)#Jρ
∏
i∈Iρ

c∨(bi,ρ)
∏
j∈Jρ

c∨(−bj,ρ) mod L(V ).

We therefore define ai,ρ to be unique primitive element in Λ = HomZ(L,Z) such that
ai,ρ = λi,ρµi,ρbi,ρ with λi,ρ ∈ Q>0. Using the linearity of h0 and its vanishing on L(V ) we
get the following relation:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈S

wρ(−1)#Jρh0(c
∨(a1,ρ, . . . , an,ρ), 1F)(0,−σk).

Identifying the right-hand side using lemma I.13 gives the desired result:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,a1,ρ,...,an,ρ(1F)(0,−σk)

where νρ = wρ(−1)#Jρsign det(a1,ρ, . . . , an,ρ) if ρ ∈ S and νρ = 0 otherwise. Note that the
signs wρ and the cones Cρ appearing in the signed fundamental domain decomposition
in [DyDF14] are explicitly computable and so are the linear forms ai,ρ as well as the sets
Jρ. Using the explicit definition of the Bn,a1,ρ,...,an,ρ we may rewrite the right-hand side
as the trace of an element in F which implies that ζf(b, 0) ∈ Q, as was previously known
from the theorem of Klingen and Siegel. □

This second expression of the partial zeta functions using the signed fundamental
domain from [DyDF14] is closer to what we had in mind in the discussion carried out
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in section I.3.3 as the cones Cρ admit generators fi,ρ which may be described in terms
of an algebraic cycle (see for instance [CDG15]). Yet, we would like the linear forms
ai,ρ to be described in terms of similar algebraic cycles. Interesting future work would
be to somehow construct a “dual cycle” to the cycle presented in [[Scz93], lemma 5] to
be evaluated against the Bernoulli polynomials cocycle. Namely, we wish to construct a
linear form a ∈ Λ and define the corresponding cones:

c′ρ = c∨(f1,ρ · a, . . . , fn,ρ · a)

for any permutation ρ ∈ Sn−1 where we recall that the action on V ∨ is defined by
(g · a)(v) = a(g−1v). It would hopefully then be possible to find coefficients ν ′ρ ∈ Q such
that the linear combination

∑
ρ∈Sn−1

ν ′ρc
′
ρ is congruent to a signed fundamental domain

modulo L(V ). This would then lead to a relation of the form:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

ν ′ρBn,f1,ρ·a,...,fn,ρ·a(1F)(0,−σk)

which we may rewrite using the cocycle ϕn,a on the subgroup of SLn(Z) corresponding to
the torus O+,×

f as:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

ν ′ρϕn,a(ερ(1), . . . , ερ(n))(1F)(0,−σk).

In the real quadratic case we may carry out this last approach by setting a = det(1F, ·)/det(1F, ε)
where ε is a generator for O+,×

f . This gives the expression:

ζf(b, 0) = −
1

2

2∑
k=1

ϕ2,a(ε)(1F)(0,−σk)

and therefore the partial zeta values at s = 0 are given by the evaluation of a partial
1-cocycle for SL2(Z) against a 1-cycle arising from O+,×

f .
As a last remark on Theorem I.3, we stress that it is a reformulation of Shintani’s

result, borrowing ideas from [Col88], [DyDF14] and [CDG15], and that there have been
many other approaches to the computation of partial zeta values at non-positive integers
in totally real fields (see [Bek24] or [CGS00] for instance). We argue that the novelty of
our work lies in the extraction of arithmetic quantities such as partial zeta values in totally
real fields at s = 0 from the study of the geometric families of Gn−2,a1,...,an−1 functions
via the associated geometric families of Bernoulli rational functions Bn,a1,...,an . We will
now give two examples of computations of partial zeta values at s = 0 in real cubic fields
following the procedure given in the proof of Theorem I.3. All the computations were
carried out using the computer software Pari/GP [The24].

I.4.4 Cubic examples

I.4.4.1 First real cubic example

We now carry out our procedure to recover an example from [CGS00]. Consider the real
cubic field F = Q(z) where z is a root of the polynomial x3 − x2 − 4x − 1. Fix f = (5)
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and b = (1). Fix the basis B = [5, 5z + 10, 5z2 − 5z] of L = fb−1. A possible choice of
fundamental units for O+,×

f is given by:

ε1 = 15z2 + 25z + 6 ; ε2 = −15z2 + 20z + 56

Write S = {Id, (12)} and compute as in the proof of Theorem I.3 the signs µi,ρ:

µ1,Id = −1 µ2,Id = +1 µ3,Id = −1

µ1,(12) = +1 µ2,(12) = −1 µ3,(12) = +1

This readily gives JId = {1, 3} and J(12) = {2}. The explicit cones described in the proof
of Theorem I.3 are:

CId = R>01F + R≥0ε1 + R>0ε1ε2 = (1− c∨(−b1,Id))c∨(b2,Id)(1− c∨(−b3,Id))
C(12) = R≥01F + R>0ε2 + R≥0ε1ε2 = c∨(b1,(12))(1− c∨(−b2,(12)))c∨(b3,(12))

where the linear forms bi,ρ are given on the basis B by:

b1,Id = 1
7
[35, 22, 114] b2,Id = 1

7
[0,−10, 29] b3,Id = 1

7
[0, 3,−8]

b1,(12) =
1
97
[485, 302, 1588] b2,(12) =

1
97
[0, 10,−29] b3,(12) =

1
97
[0, 3, 1]

The corresponding signs wρ given in [DyDF14] are wId = w(12) = 1. The complete signs
νρ are νId = −1 and ν(12) = 1. Following the proof of Theorem I.3 we set ai,Id = 7µi,Idbi,Id
and ai,(12) = 97µi,(12)bi,(12) for 1 ≤ i ≤ 3. We may then compute using formula (I.18):

R1 = −
3∑

k=1

B3,a1,Id,a2,Id,a3,Id(1F)(0,−σk) = TrF/Q

(
1975z2 − 4525z − 1424

120

)
=

4489

60

R2 =
3∑

k=1

B3,a1,(12),a2,(12),a3,(12)(1F)(0,−σk) = TrF/Q

(
−1975z2 + 4525z + 1448

120

)
=
−4453
60

It follows from Theorem I.3 that

ζf(b, 0) =
1

3
(R1 +R2) =

1

5

which recovers the result in [CGS00].
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I.4.4.2 Second real cubic example

We now study an example with a modulus f which is not of the form NOF for some
rational integer N ≥ 1. Consider the real cubic field F = Q(z) where z is a root of the
polynomial x3 − x2 − 6x + 3. Fix f = (1 − z)OF the unramified prime ideal above 3 in
OF and b = (1). Fix the basis B = [3, x + 5, x2 + 2] of L = fb−1. A possible choice of
fundamental units for O+,×

f is given by:

ε1 = −4z2 + z + 28 ; ε2 = −3z2 + 3z + 22

The explicit cones described in the proof of Theorem I.3 are:

CId = R≥01F + R>0ε1 + R≥0ε1ε2 = c∨(b1,Id)(1− c∨(−b2,Id))c∨(−b3,Id)
C(12) = R>01F + R≥0ε2 + R>0ε1ε2 = (1− c∨(−b1,(12)))c∨(b2,(12))(1− c∨(−b3,(12)))

We directly give the signs νId = 1 and ν(12) = −1 and the expression of the ai,ρ’s on the
basis B as:

a1,Id = [108, 280, 349] a2,Id = [0, 25, 13] a3,Id = [0, 4, 1]

a1,(12) = [−432,−395,−1019] a2,(12) = [0, 25, 13] a3,(12) = [0, 1, 1]

Thus we may compute using formula (I.18) :

R1 =
3∑

k=1

B3,a1,Id,a2,Id,a3,Id(1F)(0,−σk) = TrF/Q

(
3z2 − 7

6

)
= 3

R2 = −
3∑

k=1

B3,a1,(12),a2,(12),a3,(12)(1F)(0,−σk) = TrF/Q

(
−3z2 + 11

6

)
= −1

It follows from Theorem I.3 that

ζf(b, 0) =
1

3
(R1 +R2) =

2

3

which can be verified using Pari/GP’s bnrL1 command for instance.

I.5 Discussion of chapter I

In this section we discuss some aspects of chapter I which will be useful for the remaining
chapters.

I.5.1 Gr functions with a few real algebraic parameters

In chapter III we will evaluate the higher elliptic Gamma functions at points in a degree
r + 2 number field with exactly one complex place (see (III.2)). In most cases, it will be
clear that these evaluations are well-defined, but when the number field is of even degree
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and contains a real subfield, it might happen that some of the parameters τj lie in R. In
this section, we describe how to handle this case. Namely, we prove the following:

Proposition I.17: Consider r + 1 non-zero complex numbers τ0, . . . , τr. Assume that,
up to rearrangement of the terms, τ0, . . . , τl belong to C−R and that τl+1, . . . , τr are real
algebraic irrational numbers, where 1 ≤ l ≤ r. Then the function

Gr(z, τ0, . . . , τr) =

exp
(∑

j≥1
1

(2i)rj
sin(πj(2z−(τ0+···+τr)))∏r

k=0 sin(πjτk)

)
if r is odd

exp
(∑

j≥1
2

(2i)r+1j
cos(πj(2z−(τ0+···+τr)))∏r

k=0 sin(πjτk)

)
if r is even

(I.34)

is well-defined when |ℑ(2z − (τ0 + · · ·+ τr))| <
∑r

j=0 |ℑ(τj)|.
Proof :
The result is an application of Liouville’s classic theorem on the “bad approximation”

of real algebraic irrational numbers. Let us denote by nk the degree of each of the τk for
l + 1 ≤ k ≤ r. Then there is a constant Ck > 0 such that for any rational number p/q:∣∣∣∣τk − p

q

∣∣∣∣ ≥ Ck

qnk
.

In particular, for any j ≥ 1 and any integer p ∈ Z>0,

|πjτk − πp| ≥ π
Ck

jnk−1

and thus
1

sin πjτk
= O(jnk−1)

as j →∞. Let us write y = exp(iπ(2z − (τ0 + · · ·+ τr))), so that (I.34) may be written
as:

Gr(z, τ0, . . . , τr) = exp

(∑
j≥1

1

(2i)r+1j

y + (−1)ry−1∏r
k=0 sin(πjτk)

)
.

The general term of this infinite sum

bj =
1

(2i)r+1j

yj + (−1)ry−j∏r
k=0 sin(πjτk)

satisfies

bj = O

(
j−1

r∏
k=l+1

jnk−1max(|y|, |y|−1)j∏l
k=0 sin(πjτk)

)
.

Since for 0 ≤ k ≤ l, sin πjτk = O(eiπ|ℑ(τk)|) we get the estimation:

bj = O

(
jn

′
exp

(
πj

(
|ℑ(2z − (τ0 + · · ·+ τr))| −

r∑
j=0

|ℑ(τj)|

)))
where n′ = −1 +

∑r
k=l+1(nk − 1). By assumption, the exponential factor is of absolute

value less than 1, therefore the sum
∑

j≥1 bj is absolutely convergent and the complex
number Gr(z, τ0, . . . , τr) is well-defined. □

We add, as a general remark, that using the properties of the Gr functions (see section
I.2.1.1) one may extend the domain in which the function Gr(z, τ0, . . . , τr) is defined in
this case where some of the parameters τj are real algebraic irrational numbers, that is
for z outside of the range |ℑ(2z−(τ0+ · · ·+τr))| <

∑r
j=0 |ℑ(τj)| (and of course z avoiding

the poles of the function).
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Chapter II

Smoothed functions and cocycle
properties for congruence subgroups
in SLn(Z)

II.1 Introduction to chapter II

In this chapter, we are interested in the smoothing operation on the Gr functions which
generalises the smoothed θ(N) function

θ(N) =
θ(1/q, τ)N

θ(N/q,Nθ)
.

Recall that this function satisfied the modular property:

θ(N)

(
z

cτ + d
,
aτ + b

cτ + d

)
= θ(N)(z, τ).e2iπP

(N)
2,γ (z,τ) (II.1)

for any γ ∈ Γ0(N) where

P
(N)
2,γ (z, τ) =


0 if c = 0 and d = 1
1−N
2

if c = 0 and d = −1
sign(c)

(
s
(

|c|
N
, d
)
−Ns(|c|, d) + 1−N

4

)
if c ̸= 0

is valued in 1
12
Z and depends on γ ∈ Γ0(N) but not on z and τ (see chapter 0).

Our goal in this chapter is to generalise this smoothing operation to our higher elliptic
Gamma functions and prove that a similar simpler smoothed modular property holds.
To state the main theorem in this chapter we now introduce some notations relative to
this smoothing operation. For the rest of this chapter, we fix a rank n ≥ 2 lattice L with
a Z-basis B = [e1, . . . , en] as well as an integer N ≥ 2. The lattice L′ generated by the
Z-basis B′ = [Ne1, e2, . . . , en] is called the smoothing lattice. We denote by Λ (resp. Λ′)
the dual space HomZ(L,Z) (resp. HomZ(L

′,Z)) of L (resp. L′) and define

ΛN = {a ∈ Λ | a|L′ is primitive in Λ′}

where we recall that an element a ∈ Λ is primitive if a/d ∈ Λ for some integer d implies
d = ±1. The set ΛN is naturally endowed with an action of the following congruence
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subgroup in SLn(Z):

Γ0(N, n) =

g ∈ SLn(Z)
∣∣∣ g ≡


∗ ∗ . . . ∗
0 ∗ . . . ∗
...

...
...

...
0 ∗ . . . ∗

 mod N

 , (II.2)

the action being given by right multiplication by the inverse as g · a = a × g−1. The
congruence group Γ0(N, n) also acts on L and L′ by left multiplication. When the linear
forms a1, . . . , an belong to ΛN it makes sense to introduce the smoothed functions:

Gn−2,a1,...,an−1(v)(w, x, L, L
′) =

Gn−2,a1,...,an−1(v)(w, x, L
′)N

Gn−2,a1,...,an−1(v)(w, x, L)
, (II.3)

Bn,a1,...,an(v)(w, x, L, L
′) = NBn,a1,...,an(v)(w, x, L

′)−Bn,a1,...,an(v)(w, x, L). (II.4)

We deduce immediately from Theorem I.1 that these functions are equivariant under the
action of Γ0(N, n) as for all g ∈ Γ0(N, n):

Gn−2,g·a1,...,g·an−1(g · v)(w, g · x, L, L′) = Gn−2,a1,...,an−1(v)(w, x, L, L
′) (II.5)

Bn,g·a1,...,g·an(g · v)(w, g · x, L, L′) = Bn,a1,...,an(v)(w, x, L, L
′). (II.6)

It also follows at once from Theorem I.1 that these smoothed functions satisfy the
coboundary relation:

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x, L, L
′)(−1)j+1

= exp(2iπBn,a1,...,an(v)(w, x, L, L
′)) (II.7)

for linearly independent a1, . . . , an ∈ ΛN . From Corollary I.1 we also obtain the cocycle
relation:

n∑
j=0

(−1)jBn,a0,...,âj ,...,an(v)(w, x, L, L
′) = 0 (II.8)

for most configurations of the linear forms a0, . . . , an ∈ ΛN .
In this chapter we derive from relation (II.7) a cocycle relation for the smoothed

geometric functions Gn−2,a1,...,an−1(v)(w, x, L, L
′), turning the function

a1, . . . , an−1 → Gn−2,a1,...,an−1(v)(w, x, L, L
′)

into a partial modular symbol for Γ0(N, n). The main result in this chapter is expressed
under two conditions on the positions of the linear forms a1, . . . , an in Λ relative to the
smoothing lattice L′. First, we shall say that a1, . . . , an are well placed (in V ∨) if either
rk(a1, . . . , an) ̸= n−1 or if rk(a1, . . . , an) = n−1 and 0 is not a barycenter of a1, . . . , an in
V ∨ (see Definition II.4 for more details on this hypothesis). The second condition concerns
the position of the lattice L′ in the case where rk(a1, . . . , an) = n. When a1, . . . , an are
linearly independent, there are unique primitive elements α1, . . . , αn in L such that

aj(αj) > 0 and aj(αk) = 0, ∀ k ̸= j.

We shall say in the spirit of [Das08] that the index N smoothing lattice L′ is good for
the linear forms a1, . . . , an if and only if a1, . . . , an ∈ ΛN and either rk(a1, . . . , an) < n or
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rk(a1, . . . , an) = n and for any 1 ≤ j ≤ n, αj mod L′ is a generator of the cyclic group
L/L′ (see Definition II.18). Our main result is the following:

Theorem II.1: Suppose that a1, . . . , an ∈ Λ are non-zero linear forms which are well
placed in V ∨ and assume that the smoothing lattice L′ is good for a1, . . . , an where n,N ≥
2. Then there is an integer b = b(a1, . . . , an, v) ∈ Z which depends on the linear forms
a1, . . . , an and on the class of v in V/L′ but not on w, x ∈ C×HomZ(L,C) such that for
all (v, w, x) ∈ V/L′ × C× HomZ(L,C):

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x, L, L
′)(−1)j+1

= exp

(
2iπb

D(N,n)

)
(II.9)

where D(N,n) =
∏

p|N p
⌊ n

p−1⌋.

Formula (II.9) is an analogue for general n ≥ 2 of formula (0.15), which we may
recover as follows. Fix L = Ze1 + Ze2 and x ∈ HomZ(L,C) satisfying x(e1) = τ and
x(e2) = 1. Write a1 = [1, 0] for the linear form on L satisfying a1(e1) = 1 and a1(e2) = 0,
as well as a2 = [d,−c] for the linear form satisfying a2(e1) = d and a2(e2) = −c. Then,
identifying θ = G0 we may write in our notations for v0 = 0:

θ[1,0](v0)(z, x) = θ(z, τ) and θ[d,−c](v0)(z, x) = θ

(
z

cτ + d
,
aτ + b

cτ + d

)
and the integer b(a1, a2, v0) = b([1, 0], [d,−c], 0) is given by the formula:

P
(N)
2,γ =

−b(a1, a2, v0)
D(N, 2)

where γ = ( ∗ ∗
c d ) ∈ Γ0(N). In arithmetic applications, it is often useful to restrict the

possible values of z to the field Q(τ) when τ is a real quadratic or imaginary quadratic
number, in which case the regime w = 0, z = v1τ + v2 with v1, v2 ∈ Q may be used (see
for instance the determination of values of L-functions at s = 1 for real quadratic fields
in [[Sie80], Chapter II, §6]).

From Theorem II.1 we immediately deduce partial multiplicative cocycle relations for
the smoothed Gn−2,a1,...,an−1(v)(w, x, L, L

′) raised to the power D(N, n) as:
Corollary II.1: Under the same hypothesis as in Theorem II.1:(

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x, L, L
′)(−1)j+1

)D(N,n)

= 1.

We note that when the dimension n is fixed, the integers D(N, n) are also uniformly
bounded by the integer D(n) defined by:

D(n) =
∏

p≤n+1

p⌊
n

p−1⌋.

For instance, when n = 2 we recover D(2) = 12 so that for all N ≥ 2 and for all γ ∈
Γ0(N), D(2).P (N)

2,γ ∈ Z. The general bound D(n) appears in the study of certain higher
dimensional Dedekind sums related to the smoothed functions Bn,a1,...,an(v)(w, x, L, L

′)
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(see section II.3.3) and it is a classical bound in the study of such objects (see [Zag73]
where other versions of higher dimensional Dedekind sums have denominators uniformly
bounded for even n by µn/2 = 2−nD(n) in our notation).

Let us now give an outline of this chapter, which is divided into two main parts. In
section II.2 prove that the modularity property (I.4) holds for almost all configurations
of the linear forms a1, . . . , an, thus expanding the range of Theorem I.1:

Theorem II.2: Let a1, . . . , an be non-zero linear forms in Λ which are well placed in V ∨.
Then:

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

= exp(2iπBn,a1,...,an(v)(w, x)).

In chapter I we already proved the case where rk(a1, . . . , an) = n and the case where
rk(a1, . . . , an) ≤ n − 2 is trivial. Thus, in this chapter, we only prove the case where
rk(a1, . . . , an) = n − 1 and 0 is not a barycenter of a1, . . . , an (see Proposition II.5).
Theorem II.2 is a first step in the direction of Theorem II.1.

Next, in section II.3 we apply to the Bn,a1,...,an functions a standard smoothing oper-
ation inspired by [CD14] and prove the following theorem:

Theorem II.3: Let a1, . . . , an ∈ Λ be linearly independent and suppose that the smoothing
lattice L′ is good for a1, . . . , an. Let α1, . . . , αn be the primitive positive dual basis to
a1, . . . , an in L. Let α1,j = ⟨αj, e1⟩, sj = aj(αj) and v =

∑n
j=1 vjαj/sj. Fix any set of

representatives F for L/M where M = ⊕n
j=1Zαj. Then:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

∑
δ∈F

∑
d|N,d̸=1

TrQ(ζd)/Q

 n∏
j=1

ζ−α1,j⌊
vj+δj

sj
⌋

d

ζ
α1,j

d − 1


 (II.10)

where ϵ = sign det(a1, . . . , an), ζd = exp(2iπ/d) and δ =
∑n

j=1 δjαj/sj for any δ ∈ F .

This theorem states that for fixed a1, . . . , an ∈ Λ and fixed v ∈ V/L′ the func-
tion (w, x) → Bn,a1,...,an(v)(w, x, L, L

′) is actually constant, provided that the smooth-
ing lattice L′ is good for a1, . . . , an. In addition, for any v ∈ V/L′, the rational number
Bn,a1,...,an(v)(w, x, L, L

′) is expressed as a sum of traces of algebraic numbers in cyclotomic
fields whose denominators are well understood (see [Das08] or [Zag73] for instance). It
follows from a detailed analysis of these algebraic numbers that:

Bn,a1,...,an(v)(w, x, L, L
′) ∈ D(N, n)−1Z

which generalises the well-known integrality result P
(N)
2,γ ∈ D(N, 2)−1Z. Theorem II.1

shall then be obtained as a consequence of this result together with Theorem II.2.
This chapter is organised as follows: in section II.2 we prove Theorem II.2 by a careful

analysis of the cones involved in the definition of the smoothedGn−2,a1,...,an−1(v)(w, x, L, L
′)

functions. In section II.3 we perform the smoothing operation on the Bernoulli rational
functions and prove Theorem II.3. Then, at the end of section II.3 we prove Theorem
II.1 as a consequence of Theorem II.2 together with Theorem II.3. Lastly, in section II.4
we give cohomological interpretations of our main results.
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II.2 The modular property

In this section we recall some definitions given in chapter I and recall the general geometric
setup for our geometric Gn−2 functions (see section II.2.1) and then we give a five-step
proof of Theorem II.2 in section II.2.2.

II.2.1 Geometric setup

In this section we fix the geometric setup and recall a few important definitions given in
chapter I. Let V be a Q-vector space of finite dimension n and L be a rank n lattice
in V . We fix a Z-basis B = [e1, . . . , en] of L. Define Λ = HomZ(L,Z) and fix BΛ =
[f1, . . . , fn] the basis of Λ satisfying fj(ek) = δjk where δjk is Kronecker’s symbol. This
fixes determinant forms on both L and Λ, as well as actions of SLn(Z) on L by left
multiplication and on Λ by inverse right multiplication such that ∀ (a, α) ∈ Λ× L, ∀ g ∈
SLn(Z), (g · a)(g · α) = a(α).

Let us now recall the alternative definition of the functions Gn−2,a1,...,an−1 given in
the proof of Proposition I.7 and which we will use in this section. Let us fix linearly
independent primitive linear forms a1, . . . , an−1 ∈ V ∨ and let us denote as usual by γ
the unique primitive vector in L satisfying s.γ = det(a1, . . . , an−1, ·) for some positive
integer s. Let us fix a positive dual family α1, . . . , αn−1 to a1, . . . , an−1 in L. Fix x ∈
HomZ(L,C) such that x(αj)/x(γ) ̸∈ R for all 1 ≤ j ≤ n − 1. Then define the signs
dj = sign(ℑ(x(αj)/x(γ))) ∈ {−1,+1} and set D =

∑n−1
j=1 (dj − 1)/2. Finally, define the

two cones:

C+(a, x) = {δ ∈ V | ∀ 1 ≤ j ≤ n− 1, aj(δ) ≥ 0 if dj = 1, aj(δ) < 0 if dj = −1},
C−(a, x) = {δ ∈ V | ∀ 1 ≤ j ≤ n− 1, aj(δ) ≥ 0 if dj = −1, aj(δ) < 0 if dj = 1}.

These two cones are independent of the choice of α1, . . . , αn−1 and are invariant by trans-
lation along γ. It follows from the proof of Proposition I.7 that:

Gn−2,a1,...,an−1(v)(w, x)
(−1)D =

∏
δ∈(v+L)∩C−(a,x)/Zγ

(
1− e−2iπ(w+x(δ)

x(γ) )
)

×
∏

δ∈(v+L)∩C+(a,x)/Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)(−1)n

. (II.11)

This is the formulation which we use for the proof of Theorem II.2 in section II.2.2.
Another remark we wish to make before moving on to the proof of Theorem II.2

is a remark on the hypothesis that the linear forms a1, . . . , an are well placed in V ∨.
In particular, when rk(a1, . . . , an) = n − 1, this condition can be read on the standard
non-trivial relation among a1, . . . , an introduced in chapter I (see Definition I.11).

Definition II.4: Let a1, . . . , an be n linear forms on V . We say that a1, . . . , an are well
placed in V ∨ if either rk(a1, . . . , an) ̸= n − 1 or if rk(a1, . . . , an) = n − 1 and 0 is not a
barycenter of a1, . . . , an. Equivalently, a1, . . . , an are well placed in V ∨ if rk(a1, . . . , an) ̸=
n− 1 or if rk(a1, . . . , an) = n− 1 and k−(a1, . . . , an) > 0.

Notice that this condition is very similar to the “good position” ( = not bad) condition
in chapter I for n+1 linear forms under which the cocycle relation (I.6) holds. The rest of
section II.2 is devoted to the proof of Theorem II.2 in the case where rk(a1, . . . , an) = n−1
and k−(a1, . . . , an) > 0 and will make use of the standard non-trivial relation among
a1, . . . , an which we have recalled.
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II.2.2 Proof of the modular property

In this section we give the proof of Theorem II.2. We once again highlight that when
rk(a1, . . . , an) = n, the theorem was proven in chapter I using Narukawa’s theorem (see
[Nar04]), and that when rk(a1, . . . , an) ≤ n−2 the statement is trivial. We therefore only
need to prove the following.

Proposition II.5: Let a1, . . . , an ∈ Λ be n non-zero primitive linear forms such that
rk(a1, . . . , an) = n − 1 and k−(a1, . . . , an) > 0. Then for all v, w, x ∈ V/L × C ×
HomZ(L,C):

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

= 1. (II.12)

Remark: If we remove the assumption that k−(a1, . . . , an) > 0 the result does not gener-
ally hold. To see this we analyse the simple case where a1 = −a2 and rk(a2, . . . , an) = n−1
with n ≥ 3. In this case, the left-hand side of (II.12) reduces to:

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

=
Gn−2,−a2,a3,...,an(v)(w, x)

Gn−2,a2,a3,...,an(v)(w, x)
.

For simplicity, fix a Z-basis B = [e1, . . . , en] of L and consider the linear form aj satisfying
aj(ek) = 0 if k ̸= j, aj(ej) = 1 for 2 ≤ j ≤ n. If we assume further that F (a, α, v) = {v}
where a = (a2, . . . , an) and α = (e2, . . . , en) (see (I.16) for the definition of F (a, α, v))
and that a2(v) = 0 then:

Gn−2,−a2,a3,...,an(v)(w, x)

Gn−2,a2,a3,...,an(v)(w, x)
=
Gn−2

(
w+x(v)
x(−e1)

, x(−e2)
x(−e1)

, x(e3)
x(−e1)

, . . . , x(en)
x(−e1)

)
Gn−2

(
w+x(v)
x(e1)

, x(e2)
x(e1)

, x(e3)
x(e1)

, . . . , x(en)
x(e1)

) .

Using [[Nis01], Proposition 3.2] we get:

Gn−2,−a2,a3,...,an(v)(w, x)

Gn−2,a2,a3,...,an(v)(w, x)
= Gn−3

(
w + x(v)

x(e1)
,
x(e3)

x(e1)
, . . . ,

x(en)

x(e1)

)
and this is not identically equal to 1. For n = 2 we get under the same assumptions the
simpler form

θ−a(v)(w, x)θa(w, x)
−1 = exp

(
−2iπ

(
w + x(v)

x(e1)
− 1

2

))
which is also not identically equal to 1.

We organise the proof of Proposition II.5 into five main steps:

� Step 1: we first show in section II.2.2.1 that we can order the linear forms a1, . . . , an
at will. To simplify the notations, we shall choose an ordering on a1, . . . , an such
that the standard non-trivial relation among a1, . . . , an is

∑n
j=1 λjaj = 0 with

λj = 0 for 1 ≤ j < l

λj < 0 for l ≤ j < m

λj > 0 for m ≤ j ≤ n

for some 1 ≤ l < m ≤ n.

71



� Step 2: In section II.2.2.2, we shall rewrite each term in the right-hand side of
(II.12) using formula (II.11) and reorganise the factors. More precisely, we define
two families of cones (C1

j )j and (C2
j )j for l ≤ j ≤ n (see Definition II.7) and prove

in Lemma II.8 that:

n∏
j=1

G
(−1)j+1

n−2,a1,...,âj ,...,an
(v)(w, x) =

n∏
j=l

∏
δ∈(v+L)∩C1

j /Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)µj

×
∏

δ∈(v+L)∩C2
j /Zγ

(
1− e−2iπ(w+x(δ)

x(γ) )
)µj(−1)n

(II.13)

where γ is the primitive vector in L satisfying det(a1, . . . , an−1, ·) = snγ for some
positive integer sn and the µj’s are explicit signs in {−1,+1}. Denoting by c1j and
c2j the indicator functions associated to these cones we may define two functions
f 1, f 2 : V/Qγ → Z by:

f 1 =
n∑
j=l

µjc
1
j and f 2 =

n∑
j=l

µjc
2
j × (−1)n.

Then formula (II.13) may be rewritten as:

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

=
∏

δ∈v+L/Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)f1(δ) (
1− e−2iπ(w+x(δ)

x(γ) )
)f2(δ)

.

(II.14)

� Step 3: The remainder of the proof is devoted to showing that f 1 = f 2 = 0. The
proof that f 2 = 0 is exactly the same as the proof that f 1 = 0 on which we now
focus. This is done by a technical combinatorial analysis of the cones C1

j . In section
II.2.2.3 we give an example for n = 4 where we show how the table of the signs of
the linear forms ak on the cones C1

j contains the relevant information for the proof
that f 1 = 0. We shall show that this table of signs must obey certain rules (see
Lemma II.9), for instance the signs of ak on C1

j must be related to the sign of aj on
C1

k for l ≤ j ̸= k ≤ n. We then deduce from this set of rules that if l ≤ j, j′, j′′ ≤ n
are three distinct indices then the triple intersection C1

j ∩ C1
j′ ∩ C1

j′′ is empty (see
Lemma II.11).

� Step 4: In section II.2.2.4 we show that any vector δ ∈ V belongs to exactly 0 or
2 of the cones C1

l , . . . , C
1
n. The third step in the proof guarantees that any δ ∈ V

belongs to either 0, 1 or 2 of these cones, so we only need to show (see Lemma
II.12) that a vector δ ∈ V cannot belong to exactly one of these cones. This is by
far the most technical part of the proof, relying on a technical property of the sign
table (see Lemma II.9, (iii)).

� Step 5: In section II.2.2.5 we complete the proof by showing that if δ ∈ C1
j ∩C1

j′ for
some j ̸= j′ then f 1(δ) = 0. This is done by showing that in this case µj = −µj′

(see Lemma II.17).
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II.2.2.1 Invariance under permutation

In this section we justify that Proposition II.5 holds for the linear forms a1, . . . , an if and
only if it holds for any permutation aσ(1), . . . , aσ(n) of a1, . . . , an where σ ∈ Sn using the
following result.

Lemma II.6: Let a1, . . . , an ∈ Λ be n non-zero linear forms. For any permutation
σ ∈ Sn:

n∏
j=1

G
(−1)j+1

n−2,aσ(1),...,âσ(j),...,aσ(n)
=

(
n∏

j=1

G
(−1)j+1

n−2,a1,...,âj ,...,an

)sgn(σ)

Proof :
As the transpositions generate Sn it is sufficient to prove this statement for transpo-

sitions. Fix σ = (kl) the transposition switching k, l with k < l. We wish to prove
that:

n∏
j=1

G
(−1)j+1

n−2,aσ(1),...,âσ(j),...,aσ(n)
=

(
n∏

j=1

G
(−1)j+1

n−2,a1,...,âj ,...,an

)−1

We will repeatedly use the fact that if b1, . . . , bn−1 are non-zero linear forms then for any
permutation ρ ∈ Sn−1:

Gn−2,bρ(1),...,bρ(n−1)
= G

sgn(ρ)

n−2,b1,...,b̂j ,...,bn
(II.15)

which is clear from the definition (see (I.15)). Consider first an index 1 ≤ j ≤ n such
that j ̸= k and j ̸= l. Then σ reduces to the transposition (kl) on the set {1, . . . , j −
1, j + 1, . . . , n} and it follows from (II.15) that:

Gn−2,aσ(1),...,âσ(j),...,aσ(n)
= G−1

n−2,a1,...,âj ,...,an
.

Suppose now that j = k. Then

Gn−2,aσ(1),...,âσ(k),...,aσ(n)
= Gn−2,a1,...,ak−1,ak+1,...,al−1,ak,al+1,...,an = Gn−2,aρ(1),...,âρ(l),...,aρ(n)

where ρ is the cycle (k, l, l − 1, . . . , k + 1) which has signature (−1)l+k+1. Therefore,
formula (II.15) implies that

G
(−1)k+1

n−2,aσ(1),...,âσ(k),...,aσ(n)
= G

(−1)l

n−2,a1,...,âl,...,an

and we may prove similarly if j = l that:

G
(−1)l+1

n−2,aσ(1),...,âσ(l),...,aσ(n)
= G

(−1)k

n−2,a1,...,âk,...,an

This gives the desired result:

n∏
j=1

G
(−1)j+1

n−2,aσ(1),...,âσ(j),...,aσ(n)
=

(
n∏

j=1

G
(−1)j+1

n−2,a1,...,âj ,...,an

)−1

.

□
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In particular to show Proposition II.5 we may switch the ordering of the linear forms
a1, . . . , an. Thus, for the remainder of section II.2.2 we assume that a1, . . . , an are non-
zero linear forms such that rk(a1, . . . , an) = n− 1 and such that the standard non-trivial
relation

∑n
j=1 λjaj = 0 among a1, . . . , an (see [[Mor25], Definition 11]) satisfies:

λj = 0 for 1 ≤ j < l

λj < 0 for l ≤ j < m

λj > 0 for m ≤ j ≤ n

(II.16)

for some 1 ≤ l < m ≤ n. We end this section by making the following remark: there
are two simpler cases corresponding to l = n − 1 and to l = 1. If l = n − 1 then the
right-hand side of (II.12) is

Gn−2,a1,...,an−1(v)(w, x)
(−1)nGn−2,a1,...,an−1(v)(w, x)

(−1)n+1

= 1.

In the case where l = 1, formula (II.12) may be obtained by introducing a linear form
an+1 such that rk(a1, . . . , an+1) = n and by applying directly [[Mor25], Theorem 1] in
conjunction with [[Mor25], Corollary 2] to the families a1, . . . , âj, . . . , an+1 for 1 ≤ j ≤ n.
This strategy however doesn’t generalise to the case 1 < l < n− 1 for which we need the
proof presented in this section.

II.2.2.2 Definition of the cones C1
j and C2

j

We now explicitly describe the product in the left-hand side of (II.12) in the case where the
coefficients λj satisfying

∑n
j=1 λjaj = 0 verify (II.16). We remark that whenever 1 ≤ j < l

we get rk(a1, . . . , âj, . . . , an) = n− 2 therefore Gn−2,a1,...,âj ,...,an = 1 by definition. In that
case, formula (II.12) which we aim to prove reduces to:

n∏
j=l

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

= 1

Let us now describe each of the non-trivial terms in the left-hand side of (II.12), using
the alternative definition (II.11) for the functionGn−2,a1,...,âj ,...,an . Indeed, for any fixed l ≤
j ≤ n define γ(j) to be the unique primitive vector in L such that det(a1, . . . , âj, . . . , an, ·) =
s(j)γ(j) for some positive integer s(j). Let (α

(j)
k )k ̸=j be a fixed positive dual family to

a1, . . . , âj, . . . , an in L, i.e. a family satisfying for all 1 ≤ k ≤ n, k ̸= j:

ak(α
(j)
k′ ) = 0 for all 1 ≤ k′ ≤ n, k′ ̸= k, j and ak(α

(j)
k ) > 0.

Next we fix x ∈ HomZ(L,C) such that for all l ≤ j ≤ n and all 1 ≤ k ≤ n, k ̸= j,

we have x(α
(j)
k )/x(γ(j)) ̸∈ R. Let us then define the linear form y(j) : V → R by

y(j)(v) = ℑ(x(v)/x(γ(j))). For 1 ≤ k ≤ n, k ̸= j, define

d
(j)
k = sign(y(j)(α

(j)
k )) ∈ {±1} (II.17)

and set Dj =
∑

k ̸=j(d
(j)
k − 1)/2. Finally, recall from section II.2.1 the cones:

C±
j = {δ ∈ V | ∀ 1 ≤ k ≤ n, k ̸= j, ak(δ) ≥ 0 if ± d(j)k = 1, ak(δ) < 0 if ± d(j)k = −1}.

(II.18)
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It follows from formula (II.11) that for any l ≤ j ≤ n:

Gn−2,a1,...,âj ,...,an(v)(w, x) =
∏

δ∈(v+L)∩C−
j /Zγ(j)

(
1− e

−2iπ

(
w+x(δ)

x(γ(j))

))(−1)Dj

×
∏

δ∈(v+L)∩C+
j /Zγ(j)

(
1− e

2iπ

(
w+x(δ)

x(γ(j))

))(−1)Dj+n

(II.19)

Let us now fix γ = γ(n), so that for any l ≤ j ≤ n, γ(j) = (−1)j+nsign(λj)γ, where
we recall that

∑n
j=l λjaj = 0 is the standard non-trivial relation among a1, . . . , an. For

simplicity, we shall define the sign

εj = (−1)j+nsign(λj) ∈ {−1,+1}. (II.20)

The reorganisation of the terms in (II.19) will be made by relabeling the cones C+
j and

C−
j depending on the value of εj:

Definition II.7: For l ≤ j ≤ n, define:

(C1
j , C

2
j ) =

{
(C+

j , C
−
j ) if εj = 1

(C−
j , C

+
j ) if εj = −1

and denote by c1j , c
2
j : V → {0, 1} their indicator functions.

Note that we have explicitly:

C1
j = {δ ∈ V | ∀1 ≤ k ≤ n, k ̸= j, ak(δ) ≥ 0 if εjd

(j)
k = 1, ak(δ) < 0 if εjd

(j)
k = −1}

C2
j = {δ ∈ V | ∀1 ≤ k ≤ n, k ̸= j, ak(δ) ≥ 0 if εjd

(j)
k = −1, ak(δ) < 0 if εjd

(j)
k = 1}.

Now, since ak(γ) = 0 for any 1 ≤ k ≤ n, it is clear that c1j(v + mγ) = c1j(v) and
c2j(v+mγ) = c2j(v) for any v ∈ V and any m ∈ Q. Therefore, both functions c1j , c

2
j reduce

to functions on the quotient space V/Qγ. Finally we define the signs:

µj =

{
(−1)j+1+Dj+n if εj = 1

(−1)j+1+Dj if εj = −1
(II.21)

We are now ready to give a simple form for the left-hand side of formula (II.12) which
we will use for the rest of the proof.

Lemma II.8: With notations as above:

n∏
j=l

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

=
∏

δ∈(v+L)/Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)f1(δ) (
1− e−2iπ(w+x(δ)

x(γ) )
)f2(δ)

where the functions f 1, f 2 : V/Qγ → Z are defined by:

f 1 =
n∑
j=l

µjc
1
j and f 2 =

n∑
j=l

µjc
2
j × (−1)n.

75



Proof :
Let us briefly denote by J± the set of indices l ≤ j ≤ n satisfying εj = ±1. Let us

rewrite the terms in formula (II.19) for each j ∈ J+ as:

∏
j∈J+

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

=
∏
j∈J+

∏
δ∈(v+L)∩C−

j /Zγ

(
1− e−2iπ(w+x(δ)

x(γ) )
)µj(−1)n

×
∏

δ∈(v+L)∩C+
j /Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)µj

.

On the other hand, since for all j ∈ J−, γ(j) = −γ, the product over j ∈ J− is:∏
j∈J−

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

=
∏
j∈J−

∏
δ∈(v+L)∩C−

j /Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)µj

×
∏

δ∈(v+L)∩C+
j /Zγ

(
1− e−2iπ(w+x(δ)

x(γ) )
)µj(−1)n

.

Putting everything together and using the relabeled cones C1
j and C2

j gives:

n∏
j=l

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

=
n∏
j=l

∏
δ∈(v+L)∩C1

j /Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)µj

×
∏

δ∈(v+L)∩C2
j /Zγ

(
1− e−2iπ(w+x(δ)

x(γ) )
)µj(−1)n

Thus the functions f 1 and f 2 are defined precisely so that:

n∏
j=l

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

=
∏

δ∈(v+L)/Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)f1(δ) (
1− e−2iπ(w+x(δ)

x(γ) )
)f2(δ)

which is the desired result. □

II.2.2.3 Sign tables and emptiness of triple intersections

The rest of the proof of Proposition II.5 consists in proving that f 1 = 0 and f 2 = 0. Both
statements are proven similarly so we focus on the proof that f 1 = 0.

Let us briefly explain the general idea on a simple example in the four-dimensional
case. Let us fix:

a1 = [1, 0, 0, 0], a2 = [0, 1, 0, 0], a3 = [0, 0,−1, 0], a4 = [0, 1, 1, 0].

These are four linear forms on Z4 such that rk(a1, a2, a3, a4) = 3 and 0·a1−a2+a3+a4 = 0
so that l = 2 and m = 3. The vector γ is given by γ = [0, 0, 0,−1]T . Let us also fix
x = [2i, 3i, 5i,−1] so that x(γ) = 1. We wish to describe explicitly the cones C1

j for
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2 ≤ j ≤ 4, therefore we need to describe the signs εjd
(j)
k for 2 ≤ j ≤ 4 and 1 ≤ k ≤ 4,

k ̸= j. We may compute a choice of elements α
(j)
k as follows:

aaaaaaa
k

j 2 3 4

1 α
(2)
1 = [1, 0, 0, 0]T α

(3)
1 = [1, 0, 0, 0]T α

(4)
1 = [1, 0, 0, 0]T

2 α
(3)
2 = [0, 1,−1, 0]T α

(4)
2 = [0, 1, 0, 0]T

3 α
(2)
3 = [0, 1,−1, 0]T α

(4)
3 = [0, 0,−1, 0]T

4 α
(2)
4 = [0, 1, 0, 0]T α

(3)
4 = [0, 0, 1, 0]T

Table II.1: Example of a table of the α
(j)
k s

This gives the computation of the signs εjd
(j)
k :

aaaaaaa
k

j 2 3 4

1 + + +
2 − +
3 − −
4 + +

Table II.2: Example of a sign table containing the εjd
(j)
k s

From this sign table we deduce that C1
3 ∩C1

4 = ∅ as the conditions on ε2d(2)3 = −ε2d(2)4

are incompatible. If we set H+
j = {δ ∈ V | aj(δ) ≥ 0} and H−

j = V −H+
j then it follows

from this table that:
C1

2 ∩ C1
3 = C1

2 ∩H−
2 = C1

3 ∩H−
3

and
C1

2 ∩ C1
4 = C1

2 ∩H+
2 = C1

4 ∩H+
4

In addition, the relation a2 = a3 + a4 implies that C1
3 ∩ H+

3 = ∅ and C1
4 ∩ H−

4 = ∅.
Therefore, C1

2 = C1
3 ⊔ C1

4 and we may check that f 1 = −c12 + c13 + c14 = 0. This is the
general idea of the proof and we prove the general case in what follows.

As showcased by the previous example, we need to study the cones C1
j and therefore

the signs εjd
(j)
k for k ̸= j. We start by proving a crucial lemma on the relations between

these signs that govern the sign tables (see Table II.2). This will be useful for the last three
steps of the proof of Proposition II.5. As a corollary, we will prove that any intersection
of three of the C1

j s is empty.

There are three main relations between the signs εjd
(j)
k among which the first two are

quite simple. The third one is more technical and to state it we need to introduce for
l ≤ j ≤ n and 1 ≤ k ≤ n, k ̸= j the following positive real numbers:

u
(j)
k =

∣∣∣∣∣ℑ
(

x(α
(j)
k )

λkak(α
(j)
k )x(γ)

)∣∣∣∣∣ (II.22)

which are independent of the choice of α
(j)
k . We are now ready to state the crucial

technical lemma:
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Lemma II.9: The signs εjd
(j)
k obey the following relations:

(i) ∀ l ≤ j, j′ ≤ n, ∀ 1 ≤ k < l, εjd
(j)
k = εj′d

(j′)
k . In other words, the rows 1 ≤ k < l in

the sign table are constant and can be ignored.

(ii) ∀ l ≤ k, j ≤ n, k ̸= j, εjd
(j)
k = −sign(λjλk)εkd(k)j . In other words, the sign table is

completely determined by its upper triangular portion.

(iii) ∀ l ≤ j, k, k′ ≤ n, k ̸= k′ ̸= j, if u
(j)
k ≤ u

(j)
k′ then εkd

(k)
k′ = εjd

(j)
k′ . This technical point

says that the knowledge of a single column is enough to determine the entire sign
table, the particular sign relations being given by the relative positions of the u

(j)
k

for k ̸= j on the real axis.

Proof :
(i) To prove the first relation, one only needs to notice that when 1 ≤ k < l it is

possible to choose α
(j)
k = α

(n)
k for any l ≤ j ≤ n which leads to εjd

(j)
k = εnd

(n)
k . The

desired relation follows.

(ii) To prove the second relation we remark that when k ̸= j, aj(α
(j)
k ) = −λkak(α(j)

k )/λj
and therefore aj(−sign(λjλk)α(j)

k ) > 0. Since for all k′ ̸= j, k, ak′(α
(j)
k ) = 0, we may re-

place α
(k)
j in the positive dual family to a1, . . . , âk, . . . , an by −sign(λjλk)α(j)

k . Thus, the

sign d
(k)
j satisfies by definition :

d
(k)
j

x(−sign(λjλk)α(j)
k )

εkx(γ)
∈ H

which we compare to

d
(j)
k

x(α
(j)
k )

εjx(γ)
∈ H

This gives exactly the relation εjd
(j)
k = −sign(λjλk)εkd(k)j .

(iii) This last point is more subtle and will only be used in section II.2.2.4. For any
three distinct indices l ≤ j, k, k′ ≤ n, let us set:

v
(j)
k,j′ = λ2kak(α

(j)
k )α

(j)
k′ − λkλk′ak′(α

(j)
k′ )α

(j)
k

Then clearly ai(v
(j)
k,j′) = 0 whenever i ̸= j, k, k′ and, by construction, it is also true that

aj(v
(j)
k,j′) = 0. Indeed, using the fact that

∑n
i=l λiai = 0 with λj ̸= 0 we get:

λjaj(v
(j)
k,j′) = λ2kλjak(α

(j)
k )aj(α

(j)
k′ )− λkλk′λjak′(α

(j)
k′ )aj(α

(j)
k )

λjaj(v
(j)
k,j′) = −λ

2
kak(α

(j)
k )
∑
i̸=j

λiai(α
(j)
k′ ) + λkλk′ak′(α

(j)
k′ )
∑
i̸=j

λiai(α
(j)
k )

λjaj(v
(j)
k,j′) = −λ

2
kλk′ak(α

(j)
k )ak′(α

(j)
k′ ) + λ2kλk′ak′(α

(j)
k′ )ak(α

(j)
k )

λjaj(v
(j)
k,j′) = 0.

Moreover, ak′(v
(j)
k,j′) = λ2kak(α

(j)
k )ak′(α

(j)
k′ ) > 0. Thus, a possible choice for α

(k)
k′ is α

(k)
k′ =

v
(j)
k,j′ and x(v

(j)
k,j′) ∈ C− R. It follows that the sign d

(k)
k′ satisfies:

d
(k)
k′

x(v
(j)
k,j′)

εkx(γ)
∈ H.
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Replacing v
(j)
k,j′ by its expression gives:

d
(k)
k′

(
λ2kak(α

(j)
k )x(α

(j)
k′ )

εkx(γ)
− λkλk′ak′(α

(j)
k′ )x(α

(j)
k )

εkx(γ)

)
∈ H

We may now rewrite this expression in terms of elements related to the values u
(j)
k and

u
(j)
k′ :

εkλ
2
kλk′d

(k)
k′ ak(α

(j)
k )ak′(α

(j)
k′ )

(
x(α

(j)
k′ )

λk′ak′(α
(j)
k′ )x(γ)

− x(α
(j)
k )

λkak(α
(j)
k )x(γ)

)
∈ H. (II.23)

Let us denote by U
(j)
k the complex number

U
(j)
k =

x(α
(j)
k )

λkak(α
(j)
k )x(γ)

so that (II.23) may be rewritten as:

εkλk′d
(k)
k′ (U

(j)
k′ − U

(j)
k ) ∈ H.

By definition u
(j)
k = |ℑ(U (j)

k )| and u(j)k′ = |ℑ(U (j)
k′ )|, thus the sign of εkλk′d

(k)
k′ depends on

which of the two values u
(j)
k , u

(j)
k′ is the largest. If u

(j)
k ≤ u

(j)
k′ then the sign d

(k)
k′ satisfies:

d
(k)
k′

x(α
(j)
k′ )

ak′(α
(j)
k′ )εkx(γ)

∈ H

which we compare to the sign d
(j)
k′ satisfying:

d
(j)
k′

x(α
(j)
k′ )

ak′(α
(j)
k′ )εjx(γ)

∈ H.

This leads to the desired equality εkd
(k)
k′ = εjd

(j)
k′ . Note that if u

(j)
k = u

(j)
k′ then the two

complex numbers U
(j)
k and U

(j)
k′ must lie in opposite half-planes in C − R and the sign

equality holds. □

We are now ready to prove as a corollary that any intersection of three of the cones
C1

j is empty. In fact, we prove something slightly stronger using the following definition.

Definition II.10: Suppose that l ≤ j, j′ ≤ n are two distinct indices. We shall say that
the two cones C1

j and C1
j′ are compatible if the columns associated to the indices j and j′

in the sign table are compatible. Explicitly, C1
j and C1

j′ are compatible if and only if for

all 1 ≤ k ≤ n (or l ≤ k ≤ n by lemma II.9, (i) ), k ̸= j, j′ implies εjd
(j)
k = εj′d

(j′)
k .

One may think of this definition as providing a necessary (but not sufficient) condition
for two cones C1

j and C1
j′ to have a non-empty intersection. We may now prove a lemma

on the compatibility relations between the C1
j ’s.
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Lemma II.11:

(i) For any two distinct indices l ≤ j, j′ ≤ n, if C1
j ∩ C1

j′ ̸= ∅ then the cones C1
j and

C1
j′ are compatible.

(ii) For any three distinct indices l ≤ j, j′, j′′ ≤ n, if εjd
(j)
j′′ = εj′d

(j′)
j′′ and εj′d

(j′)
j =

εj′′d
(j′′)
j then εjd

(j)
j′ = −εj′′d(j

′′)
j′ .

(iii) For any three distinct indices l ≤ j, j′, j′′ ≤ n, if on the one hand the cones C1
j and

C1
j′ are compatible and on the other hand the cones C1

j′ and C
1
j′′ are compatible, then

the cones C1
j and C1

j′′ are not compatible.

(iv) For any three distinct indices l ≤ j, j′, j′′ ≤ n, C1
j ∩ C1

j′ ∩ C1
j′′ = ∅.

Proof :
(i) Suppose that the two distinct indices l ≤ j, j′ ≤ n are such that C1

j and C1
j′ are

not compatible. This means that there is an index l ≤ k ≤ n distinct from j, j′ such

that εjd
(j)
k = −εj′d(j

′)
k . Assume without loss of generality that εjd

(j)
k = +1. Suppose that

there is a vector δ ∈ C1
j ∩ C1

j′ . Then on the one hand, ak(δ) > 0 since εjd
(j)
k = +1 and

δ ∈ C1
j , while on the other hand, ak(δ) ≤ 0 since εj′d

(j′)
k = −1 and δ ∈ C1

j′ . This yields a
contradiction.

(ii) Consider three indices l ≤ j ̸= j′ ̸= j′′ ≤ n. Using lemma II.9, (i) we get the
following three relations:

εjd
(j)
j′ = −sign(λjλj′)εj′d(j

′)
j (II.24)

εjd
(j)
j′′ = −sign(λjλj′′)εj′′d

(j′′)
j (II.25)

εj′d
(j′)
j′′ = −sign(λj′λj′′)εj′′d(j

′′)
j′ . (II.26)

Suppose that:

εjd
(j)
j′′ = εj′d

(j′)
j′′ (II.27)

εj′d
(j′)
j = εj′′d

(j′′)
j (II.28)

We wish to prove that εjd
(j)
j′ = −εj′′d(j

′′)
j′ . We start by rewriting (II.24) using (II.28) as:

εjd
(j)
j′ = −sign(λjλj′)εj′′d(j

′′)
j

εjd
(j)
j′ = sign(λjλj′)sign(λjλj′′)εjd

(j)
j′′

εjd
(j)
j′ = sign(λ2jλj′λj′′)εj′d

(j′)
j′′

εjd
(j)
j′ = −sign(λ2jλ2j′λ2j′′)εj′′d

(j′′)
j′

where we used (II.25) in the second line, (II.27) in the first line and (II.28) in the final

line. Thus εjd
(j)
j′ = −εj′′d(j

′′)
j′ .

(iii) Consider three indices l ≤ j ̸= j′ ̸= j′′ ≤ n and suppose that C1
j is compatible

with C1
j′ while C

1
j′ is compatible with C1

j′′ . Then in particular εjd
(j)
j′′ = εj′d

(j′)
j′′ and εj′d

(j′)
j =

εj′′d
(j′′)
j therefore by (ii) we get εjd

(j)
j′ = −εj′′d(j

′′)
j′ which guarantees that C1

j and C1
j′′ are

incompatible.
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(iv) Consider three indices l ≤ j ̸= j′ ̸= j′′ ≤ n and suppose that C1
j ∩ C1

j′ ∩ C1
j′′ ̸= ∅.

In particular, each of the two-ways intersections are non-empty, and therefore by (i), the
of cones C1

j and C1
j′) are compatible, and the same is true for the cones C1

j′ and C
1
j′′ , as

well as for the cones C1
j′′ and C

1
j ). This contradicts (iii), therefore we must have an empty

intersection C1
j ∩ C1

j′ ∩ C1
j′′ = ∅. □

It follows from lemma II.11, (iv) that any vector δ ∈ V belongs to at most two of the
cones C1

j . The fourth and next step in the proof of Proposition II.5 is showing that a
vector δ ∈ V cannot belong to exactly one of the cones C1

j .

II.2.2.4 Any vector δ ∈ V is in none or exactly two of the cones C1
j

In this section, we prove that a vector δ ∈ V belongs to either either 0 or 2 of the C1
j ’s.

From lemma II.11, (iv) we already know that a vector δ belongs to at most 2 of the cones
C1

j , thus it will suffice to prove that δ cannot belong to exactly one cone C1
j . The result

will be proven in the following form:

Lemma II.12: For all l ≤ j ≤ n:

C1
j ⊂

⋃
k ̸=j

C1
k

where the union ranges on indices l ≤ k ≤ n, k ̸= j.

This is the most technical part of the proof and it will use most results of section
II.2.2.3. It will follow from this result that if δ ∈ V belongs to the cone C1

j then, since
C1

j ⊂ ∪k ̸=jC
1
k , there is an index k ̸= j such that δ ∈ C1

k . Hence δ cannot belong to
exactly one of the cones C1

j . Let us now sketch the proof of Lemma II.12. Define for all
l ≤ j ≤ n the set of indices:

I(j) = {l ≤ j′ ≤ n | j′ ̸= j and the cones C1
j , C

1
j′ are compatible}. (II.29)

From Lemma II.11 it is clear that we only need to prove that for all l ≤ j ≤ n:

C1
j ⊂

⋃
j′∈I(j)

C1
j′ . (II.30)

To do so, we shall first prove (II.30) when #I(j) ≥ 2. Then, we prove that for any
l ≤ j ≤ n, #I(j) ≥ 1, and lastly, we prove (II.30) when #I(j) = 1. The hypothesis that
k−(a1, . . . , an) > 0 will only be used in this last step.

Let us now prove that for any l ≤ j ≤ n, if #I(j) ≥ 2 then (II.30) holds. To this
end we introduce the following partition of the cones C1

j . Write as before H+
j = {v ∈

V | aj(v) > 0} and H−
j = V −H+

j . Then the two cones C1
j ∩H+

j and C1
j ∩H−

j form a
partition of C1

j . Our claim is that whenever some C1
j intersects some other C1

j′ for j ̸= j′,
the intersection must be exactly one of these components. More precisely:

Lemma II.13:

(i) Suppose that the cones C1
j and C1

j′ are compatible for some distinct indices l ≤
j, j′ ≤ n. Then:

C1
j ∩ C1

j′ = C1
j ∩H

εj′d
(j′)
j

j = C1
j′ ∩H

εjd
(j)

j′

j′ .

81



(ii) As a consequence, for any l ≤ j ≤ n, if I(j) contains at least two distinct indices
l ≤ j′, j′′ ≤ n, j ̸= j′, j′′ then C1

j ⊂ C1
j′ ∪ C1

j′′.

Proof :
(i) The cones C1

j and C1
j′ are compatible, so by definition we get that for all index

1 ≤ k ≤ n distinct from j and j′, εjd
(j)
k = εj′d

(j′)
k . Recall that the half-spaces H±

k are
defined for 1 ≤ k ≤ n by H+

k = {δ ∈ V | ak(δ) > 0} and H−
k = V −H+

k . For simplicity,

let us denote by Hk the half-space H+
k if εjd

(j)
k = 1 or H−

k if εjd
(j)
k = −1 for 1 ≤ k ≤ n,

k ̸= j. Denote also by Hj the half-space H+
j if εj′d

(j′)
j = 1 or H−

j if εj′d
(j′)
j = −1. Then

C1
j =

⋂
k ̸=j

Hk C1
j =

⋂
k ̸=j′

Hk

so that

C1
j ∩ C1

j′ =

( ⋂
k ̸=j,j′

Hk

)
∩Hj ∩Hj′ = C1

j ∩Hj = C1
j′ ∩Hj′

which is the desired result.
(ii) Let us now suppose that I(j) contains at least two distinct indices j′, j′′. Then

by definition the cones C1
j and C1

j′ are compatible and so are the cones C1
j and C1

j′ . It
follows from the Lemma II.11, (iii) that the cones C1

j′ and C
1
j′′ are not compatible, and

more precisely, it follows from of Lemma II.11, (ii) that:

εj′d
(j′)
j = −εj′′d(j

′′)
j

Up to switching j′ and j′′ we may assume without loss of generality that εj′d
(j′)
j = +1 so

that εj′′d
(j′′)
j = −1. Then, using (i) we get:

C1
j ∩ C1

j′ = C1
j ∩H+

j

C1
j ∩ C1

j′′ = C1
j ∩H−

j .

Therefore:

C1
j ∩ (C1

j′ ∪ C1
j′′) =

(
C1

j ∩ C1
j′

)
∪
(
C1

j ∩ C1
j′′

)
= (C1

j ∩H+
j ) ∪ (C1

j ∩H−
j ) = C1

j

and C1
j ⊂ C1

j′ ∪ C1
j′′ . This proves (II.30) in the case where #I(j) ≥ 2. □

The remainder of this section is devoted to the proof of (II.30) in the case where I(j)
contains no more than one element. In fact, we shall first prove using lemma II.9, (iii)
that the set I(j) cannot be empty and then handle the case where I(j) contains exactly
one element.

Lemma II.14: Fix an index l ≤ j ≤ n. Let l ≤ j′ ≤ n be an index satisfying j′ ̸= j and
for all l ≤ k ≤ n, k ̸= j, j′, u

(j)
j′ ≤ u

(j)
k (see (II.22) for the definition of the positive real

numbers u
(j)
k ). Then the cones C1

j and C1
j′ are compatible and j′ ∈ I(j). In particular,

I(j) cannot be empty.

Proof :
By definition of j′ we get that for all indices l ≤ k ≤ n distinct from both j and j′,
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u
(j)
j′ ≤ u

(j)
k . Using lemma II.9, (iii) we get that for all such indices l ≤ k ≤ n distinct from

both j and j′, εjd
(j)
k = εj′d

(j′)
k . Thus, C1

j and C1
j′ are compatible and j′ ∈ I(j). □

In the last part of the proof of lemma II.12 we need to treat the case where I(j)
contains only one index j′. In that case, we wish to prove that one of the two components
C1

j ∩H+
j , C

1
j ∩H−

j is empty. To achieve this, we first give a sufficient condition for one
of these components to be empty under the condition that k−(a1, . . . , an) > 0.

Lemma II.15: Fix a sign ν ∈ {−1, 1} and an index l ≤ j ≤ n. Assume that for all

index l ≤ k ≤ n distinct from j, νλjλkεjd
(j)
k > 0. Then C1

j ∩Hν
j = ∅.

Proof :
Here we use the hypothesis that k−(a1, . . . , an) > 0. Recall that

∑n
k=l λkak = 0 is the

standard non-trivial relation among a1, . . . , an with the coefficients λk satisfying (II.16).
In particular, λl < 0 and λn > 0. Suppose that C1

j ∩Hν
j ̸= ∅ and fix some δ ∈ C1

j ∩Hν
j .

By definition of C1
j , for all index 1 ≤ k ≤ n distinct from j, the vector δ satisfies ak(δ) > 0

if εjd
(j)
k = 1 and ak(δ) ≤ 0 if εjd

(j)
k = −1. In addition, by definition of Hν

j , this element
δ must satisfy aj(δ) > 0 if ν = 1 and aj(δ) ≤ 0 if ν = −1. In particular, νλ2jaj(δ) ≥ 0 in

either case. Thus, the assumption that νλjλkεjd
(j)
k > 0 for all l ≤ k ≤ n, k ̸= j leads to

νλjλkak(δ) ≥ 0 for all l ≤ k ≤ n. Using the relation
∑n

k=l λkak = 0 we get the equality:

n∑
k=l

νλjλkak(δ) = 0

which is the vanishing of a sum of non-negative terms. Therefore, for each l ≤ k ≤ n
we get νλjλkak(δ) = 0 and thus ak(δ) = 0. From the vanishing of aj(δ) we obtain that

ν = −1 while the vanishing of ak(δ) for k ̸= j leads to εjd
(j)
k = −1 for l ≤ k ≤ n, k ̸= j.

Thus the assumption νλjλkεjd
(j)
k > 0 for l ≤ k ≤ n, k ̸= j gives λjλk > 0 for all l ≤ k ≤ n

and all the coefficients λl, . . . , λn must share the same sign, which contradicts the fact
that λl < 0 and λn > 0. Therefore we must conclude that C1

j ∩Hν
j = ∅ as claimed. □

Using lemma II.15 we shall finally prove that if I(j) contains only one index j′, then
C1

j ⊂ C1
j′ . This will complete the proof of lemma II.12.

Lemma II.16: Suppose that the index l ≤ j ≤ n is such that I(j) contains exactly one
index j′. Then:

(i) For all l ≤ k ≤ n, k ̸= j, the sign sign(λk)d
(j)
k is equal to sign(λj′)d

(j)
j′ .

(ii) As a consequence, C1
j ⊂ C1

j′.

Proof :
(i) Let us fix a bijection σ : {1, . . . , n− l} → {l ≤ k ≤ n | k ̸= j} such that u

(j)
σ(k) ≤ u

(j)
σ(k′)

whenever 1 ≤ k < k′ ≤ n − l. In particular, it follows from lemma II.14 that j′ = σ(1).

Let us then prove by induction on 2 ≤ κ ≤ n− l that sign(λσ(κ))d(j)σ(κ) = sign(λj′)d
(j)
j′ .

First case: κ = 2. We set k = σ(κ). By definition of σ we get that for 3 ≤ κ′ ≤ n− l,
u
(j)
k ≤ u

(j)
σ(κ′). From lemma II.9, (iii) we get εjd

(j)
σ(κ′) = εkd

(k)
σj(κ′) for any 3 ≤ κ′ ≤ n − l.
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Thus k ̸∈ I(j) if and only if εjd
(j)
j′ = −εkd(k)j′ where once again j′ = σ(1). Using lemma

II.9, (ii) this gives:

εjd
(j)
j′ = sign(λj′λk)εj′d

(j′)
k = sign(λj′λk)εjd

(j)
k .

where the last equality holds as the cones C1
j and C1

j′ are compatible by assumption.

Hence, sign(λj′)d
(j)
j′ = sign(λk)d

(j)
k and the case κ = 2 is proven.

Induction: Assume that the result holds for k = σ(2), . . . , σ(κ−1). Let k = σ(κ). For

any κ < κ′ ≤ n − l, by definition of σ and lemma II.9, (iii) we get εjd
(j)
σj(k′)

= εkd
(k)
σj(k′)

.

Therefore, k ̸∈ Ij is equivalent to the existence of some k′′ = σ(κ′′) with κ′′ < κ such

that εjd
(j)
k′′ = −εkd

(k)
k′′ . Using once again lemma II.9, (ii) we rewrite this as:

εjd
(j)
k′′ = sign(λkλk′′)εk′′d

(k′′)
k = sign(λkλk′′)εjd

(j)
k

where the last equality holds by lemma II.9, (iii) as u
(j)
k′′ ≤ u

(j)
k . Thus we get sign(λk′′)d

(j)
k′′ =

sign(λk)d
(j)
k . It then follows from the induction hypothesis sign(λk′′)d

(j)
k′′ = sign(λj′)d

(j)
j′

that sign(λj′)d
(j)
j′ = sign(λk)d

(j)
k . This completes the proof by induction.

(ii) Let ν = sign(λjλj′)εjd
(j)
j′ . For all index l ≤ k ≤ n distinct from j, since by (i)

sign(λk)d
(j)
k = sign(λj′)d

(j)
j′ we get:

νλjλkεjd
(j)
k = |λj|sign(λj′)d(j)j′ λkε

2
jd

(j)
k

νλjλkεjd
(j)
k = |λj|sign(λk)λk(d(j)k )2

νλjλkεjd
(j)
k = |λjλk| > 0.

It then follows from lemma II.15 that C1
j ∩Hν

j = ∅ and since C1
j = (C1

j ∩H−ν
j )∪(C1

j ∩Hν
j )

we conclude that C1
j = C1

j ∩H−ν
j . From lemma II.9, (ii) we get ν = −εj′d(j

′)
j , therefore

C1
j = C1

j ∩H−ν
j = C1

j ∩ C1
j′ by lemma II.13. This gives the conclusion C1

j ⊂ C1
j′ . □

Let us now piece all these results together to prove lemma II.12.

Proof of lemma II.12:
Consider l ≤ j ≤ n. Then #I(j) ≥ 1 by lemma II.14. If #I(j) = 1 then I(j) contains

exactly one element j′ ̸= j and C1
j ⊂ C1

j′ by lemma II.16, (ii). If #I(j) ≥ 2 then I(j)
contains at least two distinct elements j′, j′′ ̸= j and C1

j ⊂ C1
j′ ∪C1

j′′ by lemma II.13, (ii).
Thus in any case, C1

j ⊂ ∪k ̸=jC
1
k and the proof is complete. □

II.2.2.5 Vanishing of f1 and proof of Proposition II.5

In this section we prove that f 1 vanishes. From the previous sections, we already know
that any vector δ ∈ V belongs to either 0 or 2 of the cones C1

j . In the case where δ
belongs to none of the C1

j ’s, it is clear that f
1(δ) = 0 by definition. Thus, it will suffice

to prove that when δ belongs to the intersection of any two cones C1
j and C1

j′ for j ̸= j′,
f 1(δ) = 0.

Lemma II.17: Assume δ ∈ C1
j ∩ C1

j′ for some distinct indices l ≤ j, j′ ≤ n. Then
f 1(δ) = 0.
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Proof :
It follows from lemma II.11, (iv) that for any j′′ ̸= j, j′, δ ̸∈ C1

j′′ . Thus by definition of
f 1 (see lemma II.8):

f 1(δ) = (−1)j+1+Dj+n
1+εj

2 + (−1)j′+1+Dj′+n
1+εj′

2 .

Let g(j, j′) = (j − j′) + (Dj −Dj′) + n
εj−εj′

2
. The statement that f 1(δ) = 0 is equivalent

to g(j, j′) ≡ 1 mod 2 as

f 1(δ) = (−1)j+1+Dj+n
1−εj

2 (1 + (−1)g(j,j′)).

Let us then prove that g(j, j′) ≡ 1 mod 2. Write Dj explicitly as:

Dj =
∑
k ̸=j

d
(j)
k − 1

2
.

Since C1
j ∩ C1

j′ ̸= ∅, it follows from lemma II.11, (i) that for all index 1 ≤ k ≤ n distinct

from both j and j′, εjd
(j)
k = εj′d

(j′)
k . Thus:

Dj −Dj′ =
∑
k ̸=j

d
(j)
k − 1

2
−
∑
k ̸=j′

d
(j′)
k − 1

2

Dj −Dj′ =
d
(j)
j′ − d

(j′)
j

2
+
∑
k ̸=j,j′

d
(j)
k − d

(j′)
k

2

Dj −Dj′ =
d
(j)
j′ − d

(j′)
j

2
+

(1− εjεj′)
2

∑
k ̸=j,j′

d
(j)
k .

The sum over k ̸= j, j′ contains n − 2 terms which are either +1 or −1 therefore we
already obtain

Dj −Dj′ ≡
d
(j)
j′ − d

(j′)
j

2
+ (n− 2)

1− εjεj′
2

≡
d
(j)
j′ − d

(j′)
j

2
+ (n− 2)

εj − εj′
2

mod 2

and therefore

g(j, j′) ≡ (j − j′) +
d
(j)
j′ − d

(j′)
j

2
+ (2n− 2)

εj − εj′
2

mod 2

g(j, j′) ≡ (j − j′) +
d
(j)
j′ − d

(j′)
j

2
mod 2.

Recall that lemma II.9, (ii) gives the equality εjd
(j)
j′ = −sign(λjλj′)εj′d(j

′)
j and that by

definition εj = (−1)j+nsign(λj). Thus, (−1)jd(j)j′ = −(−1)j′d(j
′)

j and:

g(j, j′) ≡ (j − j′) + d
(j)
j′

1 + (−1)j+j′

2
mod 2.

There are only two cases to treat, depending on the parity of j − j′. First, suppose that
j − j′ is even. Then 1 + (−1)j+j′ = 2 and g(j, j′) ≡ d

(j)
j′ ≡ 1 mod 2. Now, suppose that
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j− j′ is odd. Then 1+ (−1)j+j′ = 0 and g(j, j′) ≡ j− j′ ≡ 1 mod 2. In each of these two
cases, g(j, j′) ≡ 1 mod 2 and thus f 1(δ) = 0. This completes the proof. □

Finally, we may piece together all the results from sections II.2.2.1 to II.2.2.5 to give
the proof of Proposition II.5 and thus deduce Theorem II.2.

Proof of Proposition II.5:
Let a1, . . . , an ∈ Λ be primitive integral linear forms on V satisfying rk(a1, . . . , an) =

n − 1 and such that 0 is not a barycenter of a1, . . . , an. This means that there is a
relation

∑n
j=1 λjaj = 0 with at least one positive and one negative coefficient among

the λj’s. Using the results from sections II.2.2.1 and II.2.2.2 we may suppose that the
coefficients λ1, . . . , λn in the standard non-trivial relation among a1, . . . , an satisfy the
relations (II.16) and that

n∏
j=l

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

=
∏

δ∈(v+L)/Zγ

(
1− e2iπ(

w+x(δ)
x(γ) )

)f1(δ) (
1− e−2iπ(w+x(δ)

x(γ) )
)f2(δ)

.

Now, suppose that f 1 ̸= 0. Then there exists some δ ∈ V such that f 1(δ) ̸= 0. Therefore,
by definition of f 1, there is some index l ≤ j ≤ n such that δ ∈ C1

j . By lemma II.12 the
cone C1

j is a subset of ∪k ̸=jC
1
k and therefore there is an index l ≤ j′ ≤ n distinct from

j such that δ ∈ C1
j′ . Then, since δ ∈ C1

j ∩ C1
j′ , using lemma II.17 we get that f 1(δ) = 0

which is a contradiction. Therefore f 1 = 0 and similarly f 2 = 0, which gives the desired
conclusion:

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x)
(−1)j+1

= 1.

□

Remark: Note that to prove the similar case f 2 = 0 one may reuse most of the work
carried out in sections II.2.2.1 to II.2.2.5. Indeed, it is clear that the sign table governing
the cones C1

j also governs the cones C2
j and that two cones C2

j and C2
j′ are compatible if

and only if C1
j and C1

j′ are compatible. Thus, it is clear that lemma II.11, (iv) may be
adapted for the cones C2

j as:

For any three distinct indices l ≤ j, j′, j′′ ≤ n,C2
j ∩ C2

j′ ∩ C2
j′′ = ∅.

Next, there is only a small adaptation to make to express a version of lemma II.13, (i)
for the cones C2

j . Indeed, if C
2
j and C2

j′ are compatible then:

C2
j ∩ C2

j′ = C2
j ∩H

−εj′d
(j′)
j

j = C2
j′ ∩H

−εjd
(j)

j′

j′ .

Another adaptation is in order for lemma II.15 as the condition νλjλkεjd
(j)
k > 0 for all

index l ≤ k ≤ n distinct from j implies that C1
j ∩H−ν

j = ∅. Lemma II.12 may then be
directly adapted as for all l ≤ j ≤ n:

C2
j ⊂

⋃
k ̸=j

C2
k .

Finally, a computation similar to the one carried out in the proof of lemma II.17 shows
that f 2 = 0.
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II.3 A classic smoothing operation

In this section we are interested in the smoothed versions of both Gn−2,a1,...,an−1 and
Bn,a1,...,an functions which are defined by:

Gn−2,a1,...,an−1(v)(w, x, L, L
′) =

Gn−2,a1,...,an−1(v)(w, x, L
′)N

Gn−2,a1,...,an−1(v)(w, x, L)
.

and

Bn,a1,...,an(v)(w, x, L, L
′) = NBn,a1,...,an(v)(w, x, L

′)−Bn,a1,...,an(v)(w, x, L)

for linear forms a1, . . . , an which are primitive on both L and L′ where L/L′ ≃ Z/NZ. In
this section we prove Theorem II.3 and explain how we deduce Theorem II.1. Let us now
give an overview of this section. In section II.3.1 we give the geometric setup needed for
the rest of the proof and give an explicit formula for the smoothed Bn,a1,...,an(v)(w, x, L, L

′)
when the linear forms a1, . . . , an are linearly independent and the smoothing lattice L′ is
good for a1, . . . , an. Then, in section II.3.2 we prove that the functionBn,a1,...,an(v)(w, x, L, L

′)
is in fact a rational-valued function which depends only on the linear forms a1, . . . , an
and on the class of v in V/L′ but not on w, x ∈ C × HomZ(L,C). Finally, in sec-
tion II.3.3 we use Fourier analysis following [CD14] to prove that the rational numbers
Bn,a1,...,an(v)(w, x, L, L

′) may be expressed in terms of traces of cyclotomic units from
which we may deduce a bound on its denominator in terms of the dimension n and the
smoothing index N . At the end of this section, we shall explain how to derive Theorem
II.1 from this last result.

II.3.1 Geometric setup

In this section we consider the situation where V is a Q-vector space of dimension n and
L is a lattice of rank n in V with a Z-basis B = [e1, . . . , en]. We fix an integer N ≥ 2 and
the smoothing lattice L′ = NZe1⊕Ze2⊕· · ·⊕Zen. Denote by Λ = HomZ(L,Z) and Λ′ =
HomZ(L

′,Z) the dual spaces attached to L and L′ respectively. Define C = [f1, . . . , fn]
the Z-basis of Λ dual to B such that ∀ 1 ≤ j, k ≤ n, fj(ek) = δjk. Similarly, the Z-basis
C ′ of Λ′ dual to B′ is given by C ′ = [f1/N, f2, . . . , fn]. One may view Λ ⊂ Λ′ as rank n
lattices in the dual space V ∨ = HomQ(V,Q). Let us now define ΛN ⊂ V ∨ to be the set
of linear forms a ∈ V ∨ which restrict to primitive integral linear forms on both L and L′.
Explicitly:

ΛN =

{
n∑

k=1

µkfk | µ1, . . . , µn ∈ Z, gcd(µ1N,µ2, . . . , µn) = 1

}
.

The set ΛN is endowed with an action of the congruence subgroup Γ0(N, n) ⊂ SLn(Z)
(see (II.2)) given by g ·(µ1, µ2, . . . , µn) = (µ1, µ2, . . . , µn)×g−1. For the rest of this section
we fix non-zero linear forms a1, . . . , an in ΛN which are linearly independent. This fixes
a unique family of primitive vectors α1, . . . , αn ∈ L such that for all 1 ≤ j ≤ n:

aj(αk) = 0, ∀ 1 ≤ k ̸= j ≤ n and aj(αj) = sj > 0

This is the primitive positive dual basis to a1, . . . , an in L in the sense of [[Mor25], lemma
6]. This definition comes from the theory of rational polyhedral cones as the cone:

C := {δ ∈ V | ∀1 ≤ j ≤ n, aj(δ) ≥ 0}
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can be expressed in terms of generators as:

C = Q≥0α1 + · · ·+Q≥0αn.

We now recall the definition of a good smoothing lattice.

Definition II.18: Suppose that a1, . . . , an ∈ Λ are linearly independent primitive linear
forms and let α1, . . . , αn be the primitive positive dual basis to a1, . . . , an in L. The
smoothing lattice L′ of index N in L is said to be good for a1, . . . , an if a1, . . . , an ∈ ΛN and
the primitive positive dual basis α′

1, . . . , α
′
n to a1, . . . , an in L′ is precisely Nα1, . . . , Nαn.

Notice that in general if kj is the order of αj mod L′ in the cyclic group L/L′ then
it is clear that α′

j = kjαj, thus the condition αj mod L′ generates L/L′ is equivalent to
α′
j = Nαj. In the case where a1, . . . , an are not linearly independent, we say that the

smoothing lattice L′ is good for a1, . . . , an if a1, . . . , an ∈ ΛN . Definition (II.18) is inspired
by the definition of a good smoothing ideal in [Das08]. Notice that in our case we do not
suppose that N is prime. Let us now give an equivalent formulation of this statement as
a condition on the coordinates of α1, . . . , αn in the basis B = [e1, . . . , en] which will be
useful in the proof of Theorem II.3.

Lemma II.19: Let a1, . . . , an ∈ Λ be linearly independent. Let α1, . . . , αn be the primitive
positive dual family to a1, . . . , an in L. For all 1 ≤ j ≤ n, write

αj =
n∑

j=1

αk,jek

with αk,j ∈ Z. The order of αj mod L′ in L/L′ is precisely nj = N/gcd(N,α1,j). In
particular, the smoothing lattice L′ is good for a1, . . . , an if and only if gcd(N,α1,j) = 1
for all 1 ≤ j ≤ n.

Proof :
Let α′

1, . . . , α
′
n be the primitive positive dual family to a′1, . . . , a

′
n in L′. Then α′

1, . . . , α
′
n

is also a positive dual family to a1, . . . , an in L. It follows from lemma I.6 that there are
positive integers m1, . . . ,mn such that α′

j = mjαj for all 1 ≤ j ≤ n where α1, . . . , αn is
the primitive positive dual family to a1, . . . , an in L. Write for all 1 ≤ j ≤ n:

αj =
n∑

k=1

αk,jek

with αk,j ∈ Z and gcd(α1,j, . . . , αn,j) = 1. By definition of the integer nj = N/gcd(N,α1,j) =
N/lj, the vector

njαj =
α1,j

lj
(Ne1) +

n∑
k=2

Nαk,j

lj
ek

belongs to L′ and gcd(α1,j/lj, Nα2,j/lj, . . . , Nαn,j/lj) = 1. In particular, njαj is a prim-
itive vector in L′ and α′

j = (mj/nj)(njαj) is also a primitive vector in L′. Therefore
mj = nj and α

′
j = njαj. □

For the rest of section II.3 we suppose that the smoothing lattice L′ is indeed good
for the linear forms a1, . . . , an and we focus on the case where a1, . . . , an are linearly

88



independent. The goal of this section is to give an explicit formulation for the rational
function Bn,a1,...,an(v)(w, x, L, L

′) in terms of periodic Bernoulli polynomials. Indeed, let
us recall the definition of the classic Bernoulli polynomials using the generating series:

eXz

ez − 1
=
∑
k≥0

Bk(X)
zk−1

k!
. (II.31)

We may introduce the periodic versions of the Bernoulli polynomials bk(x) = Bk(x−⌊x⌋)
for x ∈ R. In this section we shall prove the following:

Proposition II.20: Assume that a1, . . . , an ∈ ΛN are linearly independent and that the
smoothing lattice L′ is good for a1, . . . , an. Let α1, . . . , αn be the positive dual basis to
a1, . . . , an. Fix a set F of representatives for L/M where M = ⊕n

j=1Zαj. Then there are
explicit integers rj(δ) ∈ Z for all 1 ≤ j ≤ n and all δ =

∑n
j=1 δjαj/sj ∈ F such that:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ∈F

Y (k1, . . . , kn, v, δ)
n∏

j=1

x(αj)
kj−1

kj!

where ϵ = sign det(a1, . . . , an), v =
∑n

j=1 vjαj/sj,

Y (k1, . . . , kn, v, δ) = N
∑
q∈Q

n∏
j=1

bkj

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
Nkj−1 −

n∏
j=1

bkj

(
vj + δj
sj

)
(II.32)

and

Q =

{
(q1, . . . , qn) ∈ (Z/NZ)n |

n∑
j=1

qjα1,j ≡ 0 mod N

}
. (II.33)

To prove Proposition II.20 we shall first give an explicit description of both functions
Bn,a1,...,an(v)(w, x, L) and Bn,a1,...,an(v)(w, x, L

′) individually in terms of periodic Bernoulli
polynomials. Then, we shall show how to express any set of representatives F ′ of L′/M ′ in
terms of a fixed set of representatives F of L/M and in terms of the set Q given by (II.33).
Let us start with the explicit description in terms of periodic Bernoulli polynomials:

Lemma II.21: Fix a set of representatives F (resp. F ′) for L/M (resp. L′/M ′). Then:

Bn,a1,...,an(v)(w, x, L) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ∈F

n∏
j=1

bkj(
vj+δj
sj

)x(αj)
kj−1

kj!

Bn,a1,...,an(v)(w, x, L
′) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ′∈F ′

n∏
j=1

bkj(
vj+δ′j
Nsj

)Nkj−1x(αj)
kj−1

kj!

where ϵ = sign det(a1, . . . , an), v =
∑n

j=1 vjαj/sj and the sums range over integers k1 ≥
0, . . . , kn ≥ 0.

Proof :
We recall that by definition (see (I.18) and (I.13)) :

Bn,a1,...,an(v)(w, x, L) = ϵ× coeff[t0]

 ∑
δ∈(v+L)∩P (a)

ewtex(δ)t∏n
j=1(1− ex(αj)t)


89



Bn,a1,...,an(v)(w, x, L
′) = ϵ× coeff[t0]

 ∑
δ′∈(v+L′)∩N.P (a)

ewtex(δ
′)t∏n

j=1(1− ex(Nαj)t)


where ϵ = sign det(a1, . . . , an). Let us define for simplicity F = {δ ∈ L | , v + δ ∈ P (a)}
and F ′ = {δ′ ∈ L′ | , v + δ′ ∈ N.P (a)}. It is clear that the set F (resp. F ′) is the
unique set of representatives for L/M (resp. L′/M ′) such that v + F ⊂ P (a) (resp.
v + F ′ ⊂ N.P (a)). Let us write these sets explicitly as:

F =

{
n∑

j=1

δjαj

sj
∈ L | ∀ 1 ≤ j ≤ n, 0 ≤ vj + δj < sj, δj ∈ Z

}

F ′ =

{
n∑

j=1

δ′j.Nαj

Nsj
∈ L′ | ∀ 1 ≤ j ≤ n, 0 ≤ vj + δ′j < Nsj, δ

′
j ∈ Z

}

so that using the definition of the classic Bernoulli polynomials (see (II.31)) we get:

Bn,a1,...,an(v)(w, x, L) = ϵ
n∑

m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ∈F

n∏
j=1

Bkj(
vj+δj
sj

)x(αj)
kj−1

kj!

Bn,a1,...,an(v)(w, x, L
′) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ′∈F ′

n∏
j=1

Bkj(
vj+δ′j
Nsj

)Nkj−1x(αj)
kj−1

kj!

Since for all δ ∈ F (resp. δ′ ∈ F ′) and all 1 ≤ j ≤ n, 0 ≤ (vj + δj)/sj < 1 (resp.
0 ≤ (vj + δj)/(Nsj) < 1) we may rewrite this using the periodic Bernoulli polynomials
and then replace the sets F and F ′ with any sets of representatives F and F ′ for L/M
and L′/M ′ respectively. This gives:

Bn,a1,...,an(v)(w, x, L) = ϵ
n∑

m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ∈F

n∏
j=1

bkj(
vj+δj
sj

)x(αj)
kj−1

kj!

Bn,a1,...,an(v)(w, x, L
′) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ′∈F ′

n∏
j=1

bkj(
vj+δ′j
Nsj

)Nkj−1x(αj)
kj−1

kj!
.

Indeed, if δ̃ =
∑n

j=1 δ̃jαj/sj ∈ L represents the same class in L/M as δ then there are

integers m1, . . . ,mn such that δ̃ = δ +
∑n

j=1mjαj. Therefore:

bkj

(
vj + δ̃j
sj

)
= bkj

(
vj + δj
sj

+mj

)
= bkj

(
vj + δj
sj

)
and the explicit description above do not depend on the choice of representatives for L/M
and L′/M ′. This completes the proof. □

Let us now give an explicit link between the quotient sets L/M and L′/M ′. Fix sets
of representatives F and F ′ for L/M and L′/M ′ respectively. Let us remark that the
identifications F ≃ L/M and F ′ ≃ L′/M ′ induce group structures on both F and F ′

defined respectively by:

δ1 ∗ δ2 ≡ δ1 + δ2 mod M, δ′1 ∗ δ′2 ≡ δ′1 + δ′2 mod M ′
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The neutral elements of F and F ′ correspond to the representative for the trivial classes
M and M ′ in L/M and L′/M ′. We now relate F and F ′ for a good smoothing lattice L′.

Lemma II.22: Suppose that the smoothing lattice L′ is good for the linear forms a1, . . . , an.
Consider the map

f :=

{
F ′ → F∑n

j=1

δ′jαj

sj
→
∑n

j=1
δjαj

sj
mod M

where the δj’s are given by Euclidian division as δ′j = qjsj + δj with 0 ≤ vj + δj < sj
and δj ∈ Z. Here it is understood that f(δ′) is the representative in F for the class∑n

j=1 δjαj/sj mod M . The map f is a Nn−1 to 1 surjective group morphism and its
kernel is isomorphic to the group:

Q =

{
(q1, . . . , qn) ∈ Z/NZn |

n∑
j=1

qjα1,j ≡ 0 mod N

}
.

Proof :
Let us first prove that the map f is surjective. Consider δ =

∑n
j=1

δjαj

sj
∈ F and write

in coordinates:

δ =
n∑

j=1

δj
sj
α1,je1 +

n∑
k=2

n∑
j=1

δj
sj
αk,jek

The assumption that δ ∈ L is equivalent to
∑n

j=1
δj
sj
αk,j ∈ Z for all 1 ≤ k ≤ n. We now

wish to find integers r1, . . . , rn ∈ {0, . . . , N − 1}n such that

n∑
j=1

δj
sj
α1,j +

n∑
j=1

rjα1,j ∈ NZ.

It follows from lemma II.19 that the integer α1,1 is coprime to N so there is an integer
β ∈ Z such that βα1,1 ≡ 1 mod N . Let r1 be the remainder in the Euclidian division of

the integer −β
∑n

j=1
δj
sj
α1,j by N satisfying 0 ≤ r1 < N . Fix r2 = · · · = rn = 0. Then:

n∑
j=1

δj
sj
α1,j +

n∑
j=1

rjα1,j ≡

(
n∑

j=1

δj
sj
α1,j

)
(1− βα1,1) ≡ 0 mod N

This shows that δ̃ = δ +
∑n

j=1 rjαj ∈ L′. Let δ′ be the representative in F ′ for the class

[δ̃], that is δ′ = δ+
∑n

j=1(rj+mjN)αj for some integers m1, . . . ,mn. Then it is clear that

f(δ′) = δ. Thus f is surjective. In addition, the preimage f−1(δ) is explicitly given by:

f−1(δ) =

{[
δ +

n∑
j=1

rjαj +
n∑

j=1

qjαj

]
mod M ′ | (q1, . . . , qn) ∈ Q

}
.

Indeed, if f(δ′) = δ then for all 1 ≤ j ≤ n, δ′j = (rj + qj)sj + δj for some qj ∈ Z.
The condition that δ′j ∈ L′ is equivalent to

∑n
j=1(δj + sj(rj + qj))α1,j ∈ NZ which by

definition of the rj’s is equivalent to
∑n

j=1 qjα1,j ∈ NZ i.e. (q1, . . . , qn) ∈ Q. In particular,
ker f ≃ Q.
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Let us now prove that f is a group morphism. Consider δ′1, δ
′
2 ∈ F ′, define δ′3 = δ′1 ∗ δ′2

and write for k = 1, 2, 3:

δ′k =
n∑

j=1

δ′k,jαj

sj

The definition of the group law gives that

δ′3,j = (δ′1,j + δ′2,j) +Nsjm
′
j for some m′

j ∈ Z (II.34)

Define for k = 1, 2, 3 and 1 ≤ j ≤ n the unique integers δk,j satisfying:

0 ≤ δk,j < aj(αj), δ′k,j = qk,jsj + δk,j, qk,j ∈ Z

so that f(δ′k) =
∑n

j=1
δk,jαj

sj
for k = 1, 2, 3. The definition of the group law on F gives:

f(δ′1) ∗ f(δ′2) ≡
n∑

j=1

δ1,j + δ2,jαj

sj
mod M

whereas f(δ′3) ≡
∑n

j=1
δ3,jαj

sj
mod M . We shall prove that δ1,j + δ2,j − δ3,j ∈ sjZ for

1 ≤ j ≤ n. Indeed, by definition of δk,j we get:

δ1,j + δ2,j = δ′1,j − q1,jsj + δ′2,j − q2,jsj

Using (II.34) we get:

δ1,j+δ2,j = δ′3,j+Nsjm
′
j−q1,jsj−q2,jsj = δ3,j+sj(q3,j+Nm

′
j−q1,j−q2,j) ≡ δ3,j mod sjZ

This show that δ1 + δ2 ≡ δ3 mod M and so that:

f(δ′1 ∗ δ′2) = f(δ′3) = f(δ′1) ∗ f(δ′2).

Thus f is a group morphism. Next, we prove that f is an Nn−1 to 1 map. This is given
by the snake lemma for the following commutative diagram:

0 0 ker f
↓ ↓ ↓

0 → M ′ → L′ → F ′ → 0
↓ ↓ ↓

0 → M → L → F → 0
↓ ↓ ↓

(Z/NZ)n Z/NZ 0

The snake lemma gives a connecting group morphism ker f → (Z/NZ)n such that the
following sequence is exact:

0→ 0→ ker f → (Z/NZ)n → Z/NZ→ 0

As a consequence, # ker f = Nn−1 and f is an Nn−1 to 1 map. □

As an immediate consequence of this lemma we obtain the following corollary:

92



Corollary II.23: For any set of representatives F for L/M , and any set of representa-
tives Q for Q, the set

F ′ := {δ +
n∑

j=1

(rj(δ) + qj)αj | (q1, . . . , qn) ∈ Q}

is a set of representatives for L′/M ′, where the rj(δ)’s are defined in the proof of lemma
II.22.

We may now prove Proposition II.20 with this particular choice of sets of representa-
tives for both L/M and L′/M ′.

Proof of Proposition II.20:
Let us fix two sets of representatives F and Q for L/M and Q respectively. Denote by
F ′ the set of representatives for L′/M ′ given by Corollary II.23. It follows from lemma
II.21 that:

Bn,a1,...,an(v)(w, x, L
′) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ′∈F ′

n∏
j=1

bkj(
vj+δ′j
Nsj

)Nkj−1x(αj)
kj−1

kj!

where ϵ = sign det(a1, . . . , an). Using Corollary II.23 we may rewrite this using a double
sum on F and Q as:

Bn,a1,...,an(v)(w, x, L
′) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ∈F

∑
q∈Q

n∏
j=1

bkj(
vj+δj+(rj(δ)+qj)sj

Nsj
)Nkj−1x(αj)

kj−1

kj!

Note that this expression is independent of the choice of representative set Q for Q. Thus,
by definition of the smoothed function Bn,a1,...,an(v)(w, x, L, L

′) (see (II.4)) and using once
again lemma II.21:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ∈F

Y (k1, . . . , kn, v, δ)
n∏

j=1

x(αj)
kj−1

kj!

where for all k1 ≥ 0, . . . , kn ≥ 0 such that
∑n

j=1 kj ≤ n and for all δ ∈ F :

Y (k1, . . . , kn, v, δ) = N
∑
q∈Q

n∏
j=1

bkj

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
Nkj−1 −

n∏
j=1

bkj

(
δj
sj

)
.

□

II.3.2 Smoothed Bernoulli rational functions are rational-valued

The goal of this section is to prove the following rationality statement for the smoothed
Bn,a1,...,an(v)(w, x, L, L

′) functions.

Proposition II.24: Assume that a1, . . . , an ∈ ΛN are linearly independent and that the
smoothing lattice L′ is good for a1, . . . , an. Let α1, . . . , αn be the positive dual basis to
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a1, . . . , an. Put as before ϵ = sign det(a1, . . . , an) and fix a set F of representatives for
L/M . Then:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

∑
δ∈F

(
N
∑
q∈Q

n∏
j=1

b1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
−

n∏
j=1

b1

(
vj + δj
sj

))

where the integers rj(δ) are given in the proof of lemma II.22 and Q is defined in
Proposition II.20. In particular Bn,a1,...,an(v)(w, x, L, L

′) is a rational number which de-
pends only on the linear forms a1, . . . , an and on the class of v in V/L′ but not on
w, x ∈ C× HomZ(L,C).

This Proposition essentially expresses the smoothed function Bn,a1,...,an(v)(w, x, L, L
′)

in terms of a smoothed higher Dedekind sum. To prove this statement we shall prove
that each term Y (k1, . . . , kn, v, δ) vanishes, unless k1 = k2 = · · · = kn = 1. This is exactly
the claim of the following crucial lemma:

Lemma II.25: Suppose that k1, . . . , kn are non-negative integers such that
∑n

j=1 kj ≤ n.
Suppose that (k1, . . . , kn) ̸= (1, . . . , 1). Then Y (k1, . . . , kn, v, δ) = 0 for any δ ∈ F .
Proof :
Let us fix non-negative integers k1, . . . , kn such that

∑n
j=1 kj ≤ n. The condition

(k1, . . . , kn) ̸= (1, . . . , 1) is equivalent to the existence of an index 1 ≤ j ≤ n such that
kj = 0. Define J = {1 ≤ j ≤ n | kj ̸= 0} and J c = {1, . . . , n} − J ̸= ∅. Let us define a
map:

gJ :=

{
Q →

∏
j∈J Z/NZ = Q(J)

(q1, . . . , qn) → (qj)j∈J

This map is clearly a group morphism, and we shall prove that it is surjective. Indeed,
by assumption, J c is not empty so we may fix an index j′ ∈ J c. The condition that the
smoothing lattice L′ is good for the linear forms a1, . . . , an implies that α1,j′ is coprime
to N . Therefore, for any element (qj)j∈J ∈ Q(J) there is an integer qj′ ∈ Z/NZ such
that

∑
j∈J qjα1,j + qj′α1,j′ ≡ 0 mod N . Setting qj′′ = 0 for all j′′ ∈ J c − {j′} gives

(q1, . . . , qn) ∈ Q and gJ(q1, . . . , qn) = (qj)j∈J . Therefore, gJ is surjective. We shall use
the function gJ to switch the sum and product in the expression of Y (k1, . . . , kn, δ). First,
let us rewrite Y (k1, . . . , kn, δ) in terms of the set J :

Y (k1, . . . , kn, v, δ) = N1−n
∑
q∈Q

n∏
j=1

bkj

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
Nkj −

n∏
j=1

bkj

(
vj + δj
sj

)
Y (k1, . . . , kn, v, δ) = N1−n

∑
q∈Q

∏
j∈J

bkj

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
Nkj −

∏
j∈J

bkj

(
vj + δj
sj

)
where we have used the fact that if j ̸∈ J then bkj = b0 is the constant function equal to
1. From this expression it is clear that the term∏

j∈J

bkj

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
Nkj

only depends on the image of g(q) ∈ QJ of q, therefore:

Y (k1, . . . , kn, v, δ) = N1−n#ker(gJ)
∑

qJ∈Q(J)

∏
j∈J

bkj

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
Nkj−

∏
j∈J

bkj

(
vj + δj
sj

)
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We may now use the fact that #ker(gj) = Nn−1−#J and then the fact that QJ =∏
j∈J Z/NZ to switch sum and product in the expression of Y (k1, . . . , kn, δ) to obtain:

Y (k1, . . . , kn, v, δ) =
∑

qJ∈Q(J)

∏
j∈J

bkj

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
Nkj−1 −

∏
j∈J

bkj

(
vj + δj
sj

)

Y (k1, . . . , kn, v, δ) =
∏
j∈J

∑
qj∈Z/NZ

bkj

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
Nkj−1 −

∏
j∈J

bkj

(
vj + δj
sj

)

It follows from the well-known distribution relation:∑
k∈Z/NZ

bm

(
x+ k

N

)
Nm−1 = bm(x) (II.35)

applied here to x = (vj + δj + rj(δ)sj)/sj that:

Y (k1, . . . , kn, v, δ) =
∏
j∈J

bkj

(
vj + δj + rj(δ)sj

sj

)
−
∏
j∈J

bkj

(
vj + δj
sj

)
.

Since the bkj functions are 1-periodic and rj ∈ Z we get the desired conclusion

Y (k1, . . . , kn, v, δ) = 0.

□

We are now ready to deduce Proposition II.24 from lemma II.25.

Proof of Proposition II.24:
It follows from Proposition II.20 that:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

n∑
m=0

wm

m!

∑
k1+···+kn=n−m

∑
δ∈F

Y (k1, . . . , kn, v, δ)
n∏

j=1

x(αj)
kj−1

kj!

where ϵ = sign det(a1, . . . , an). Since for all (k1, . . . , kn) ̸= (1, . . . , 1) and all δ ∈ F ,
Y (k1, . . . , kn, v, δ) = 0 the sum reduces to:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

∑
δ∈F

Y (1, . . . , 1, v, δ)

which gives exactly the desired expression when replacing Y (1, . . . , 1, v, δ) by its defini-
tion:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

∑
δ∈F

(
N
∑
q∈Q

n∏
j=1

b1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
−

n∏
j=1

b1

(
vj + δj
sj

))
.

It is then clear that Bn,a1,...,an(v)(w, x, L, L
′) is a rational number depending only on the

linear forms a1, . . . , an and on the class of v in V/L′ but not on w, x ∈ C× HomZ(L,C).
□
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II.3.3 Smoothed Bernoulli rational functions have bounded de-
nominators

In this section we carry out the proof of Theorem II.3 by expressing the smoothed func-
tions Bn,a1,...,an(v)(w, x, L, L

′) in terms of traces of cyclotomic units, thus proving a uni-
form bound on their denominator in terms of the dimension n and the smoothing index
N . To achieve this, we will use the Fourier transformation on the finite group Z/NZ to
rewrite the expression obtained in Proposition II.24 borrowing ideas from [CD14]. Let us
denote by ζ = ζN = exp(2iπ/N) a primitive N -th root of unity. Introduce the auxiliary
function χ : (Z/NZ)n → {0, N} defined by:

χ(q) =
∑

k∈Z/NZ

ζk.
∑n

j=1 qjα1,j =

{
0 if q ̸∈ Q
N if q ∈ Q

where α1,j = ⟨αj, e1⟩. We may then write following Proposition II.24 and using the
auxiliary function χ:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

∑
δ∈F

(
Z(δ)−

n∏
j=1

b1

(
vj + δj
sj

))
(II.36)

where

Z(δ) :=
∑

q∈Z/NZ

χ(q)
n∏

j=1

b1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
.

Using the definition of χ we may rewrite this auxiliary function Z(δ) as:

Z(δ) =
∑

q∈Z/NZn

∑
k∈Z/NZ

n∏
j=1

ζqjα1,jkb1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
and we remark that the sum over q ∈ Z/NZn may be then be inverted with the product
over 1 ≤ j ≤ n so:

Z(δ) =
∑

k∈Z/NZ

n∏
j=1

∑
qj∈Z/NZ

ζqjα1,jkb1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
. (II.37)

The proof of Theorem II.3 will essentially follow from the following lemma which is a
reformulation of [[CD14], Lemma 2.13].

Lemma II.26: Suppose N ≥ 2 is an integer. If x ∈ R and y ∈ FN − {0}:∑
q∈Z/NZ

ζyqb1

(
x+ q

N

)
=
ζ−y⌊x⌋

ζy − 1

where ζ = exp(2iπ/N).

This lemma allows us to write the expression Z(δ) in terms of traces of cyclotomic
units, and we may now prove Theorem II.3.
Proof of Theorem II.3:
Let us first treat the term∑

qj∈Z/NZ

ζqjα1,jkb1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
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in expression (II.37) for k = 0 and 1 ≤ j ≤ n using the distribution relation (II.35). This
gives:∑

qj∈Z/NZ

b1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
= N0b1

(
vj + δj + rj(δ)sj

sj

)
= b1

(
vj + δj
sj

)
since rj(δ) ∈ Z and b1 is 1-periodic. Thus the term for k = 0 cancels with the term∏n

j=1 b1

(
vj+δj
sj

)
in expression (II.36) and:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

∑
δ∈F

N−1∑
k=1

n∏
j=1

∑
qj∈Z/NZ

ζqjα1,jkb1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
(II.38)

Let us now apply lemma II.26 to each term in expression (II.38) to obtain:

∑
qj∈Z/NZ

ζqjα1,jkb1

(
vj + δj + (rj(δ) + qj)sj

Nsj

)
=

ζ−α1,jk⌊
vj+δj+rj(δ)sj

sj
⌋

ζα1,jk − 1

 .

Since rj(δ) ∈ Z we get ⌊vj+δj+rj(δ)sj
sj

⌋ = ⌊vj+δj
sj
⌋ and therefore:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

∑
δ∈F

N−1∑
k=1

n∏
j=1

ζ−α1,jk⌊
vj+δj

sj
⌋

ζα1,jk − 1


This may be written as a sum of traces of cyclotomic units using the well-known bijection:

Z/NZ− {0} = ⊔d|N,d̸=1Z/dZ×

which gives:

Bn,a1,...,an(v)(w, x, L, L
′) = ϵ

∑
δ∈F

∑
d|N,d̸=1

TrQ(ζd)/Q

 n∏
j=1

ζ−α1,j⌊
vj+δj

sj
⌋

d

ζ
α1,j

d − 1




where for all d|N , ζd = exp(2iπ/d) and TrQ(ζd)/Q is the trace from Q(ζd) to Q. This is
the desired relation and this completes the proof of Theorem II.3. □

We end this section by using Theorem II.3 to obtain a uniform bound on the denomina-
tors of all Bn,a1,...,an(v)(w, x, L, L

′) functions in terms of n and N , thus proving Theorem
II.1. Results of this type are now classic and some may be found in [Zag73], [Das08]
and [CD14].

Proof of Theorem II.1:
We first make the remark that when a1, . . . , an ∈ ΛN are linearly dependent and in good

position in V ∨, the function Bn,a1,...,an is identically 0 and we may set b(a1, . . . , an, v) = 0
identically in that case. Let us now suppose that a1, . . . , an ∈ ΛN are linearly indepen-
dent and that the smoothing lattice L′ is good for a1, . . . , an. Let us study each term
TrQ(ζd)/Q(ud) appearing in Theorem II.3, where

ud =
n∏

j=1

ζ−α1,j⌊
vj+δj

sj
⌋

d

ζ
α1,j

d − 1


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for d|N, d ̸= 1. On the one hand, if d is divisible by two distinct primes, as α1,j is coprime
to d, it is well-known that ζ

α1,j

d − 1 is a unit inside Q(ζd) which implies that ud is a unit
in the ring of integers OQ(ζd) of Q(ζd) and TrQ(ζd)/Q(ud) ∈ Z. On the other hand, when
d = pν is a power of the prime p, the algebraic integer ζ

α1,j

d − 1 is a generator for the
unique prime ideal Pd above p in Q(ζd). This cyclotomic extension is totally ramified at

p, therefore P
φ(d)
d = (p) where φ(d) = pν−1(p− 1) is Euler’s totient function evaluated at

d = pν . Thus ud is a generator of the ideal P−n
d . Let us introduce the different ideal D

of Q(ζd) defined by:

D−1 = {x ∈ Q(ζd) | ∀y ∈ OQ(ζd),TrQ(ζd)/Q(xy) ∈ Z}.

In particular, any element u in D−1 satisfies TrQ(ζd)/Q(u) = TrQ(ζd)/Q(u × 1) ∈ Z. It
follows from [[Neu99], Lemma 10.1] that in this particular situtation Pm

d divides exactly
D where m = pν−1(pν − ν − 1). If we find an integer k such that pkud ∈ D−1 then we
will obtain TrQ(ζd)/Q(p

kud) ∈ Z and therefore TrQ(ζd)/Q(ud) ∈ p−kZ. To determine the
minimal such integer k let us remark that:

(pkud) = Pkφ(pν)−n

therefore pkud ∈ D−1 if and only if kφ(pν) − n ≥ −pν−1(pν − ν − 1) which gives the
condition:

k ≥ n

φ(pν)
− 1 +

1

p− 1
.

Therefore:
TrQ(ζd)/Q(ud) ∈ p

−⌈ n
φ(d)

−1+ 1
p−1

⌉Z
where ⌈x⌉ is the ceiling function satisfying ⌈x⌉ − 1 < x ≤ ⌈x⌉ and ⌈x⌉ ∈ Z. We can then
conclude that

Bn,a1,...,an(v)(w, x, L, L
′) ∈

∑
p|N

vp(N)∑
ν=1

p
−
⌈

n
(p−1)pν−1−1+ 1

p−1

⌉
Z

where vp(N) is the p-adic valuation of N . For all prime divisor p of N the term for ν = 1
is dominant therefore we get the simpler relation:

Bn,a1,...,an(v)(w, x, L, L
′) ∈

∑
p|N

p−⌈
n+1
p−1

−1⌉Z.

It is not hard to check that
⌈
n+1
p−1
− 1
⌉

= ⌊ n
p−1
⌋ for any n ≥ 2, p ≥ 2, therefore we

may set D(N, n) =
∏

p|N p
⌊ n

p−1⌋, which uniformly bounds the denominators of all values

Bn,a1,...,an(v)(w, x, L, L
′):

Bn,a1,...,an(v)(w, x, L, L
′) ∈ D(N, n)−1Z.

Lastly, define b(a1, . . . , an, v) to be precisely the integer Bn,a1,...,an(v)(w, x, L, L
′).D(N,n).

It follows from Proposition II.24 that b(a1, . . . , an, v) does not depend on the choice of
w, x ∈ C × HomZ(L,C). Putting this together with Theorem II.2 shows that when
a1, . . . , an are well placed in V ∨ and the smoothing lattice L′ is good for a1, . . . , an:(

n∏
j=1

Gn−2,a1,...,âj ,...,an(v)(w, x, L, L
′)(−1)j+1

)
= exp

(
2iπb(a1, . . . , an, v)

D(N,n)

)
which is the desired result. □
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II.4 Cohomological interpretation

In this last section we give a cohomological interpretation of the results presented in this
chapter. We first recall some functions introduced in chapter I which satisfy cocycle and
coboundary relations as a consequence of formulae (I.4) and (I.6). Then, we introduce
smoothed versions of these functions and show how the smoothing operation affects their
properties. Lastly, we restrict these functions to tori associated to groups of units in
number fields, yielding proper cocycles for subgroups of Γ0(N, n).

In chapter I, we defined two collections of functions ψn,a and ϕn,a attached to a
primitive linear form a ∈ Λ defined by:

ψn,a :=

{
SLn(Z)n−2 → F(V/L× C× HomZ(L,C),C)
(g1, . . . , gn−2) →

(
(v, w, x)→ Gn−2,a,g1·a,...,(g1...gn−2)·a(v)(w, x)

)
ϕn,a :=

{
SLn(Z)n−1 → F(V/L,Q[w](x))

(g1, . . . , gn−1) → Bn,a,g1·a,(g1g2)·a,...,(g1...gn−1)·a(v)(w, x)
.

The modular property (I.4) was then rephrased by saying that when the linear forms
a, g1 · a, . . . , (g1 . . . gn−1) · a were linearly independent, the multiplicative coboundary of
ψn,a was given by exp(2iπϕn,a) as:

∂×ψn,a(g1, . . . , gn−1) = exp(2iπϕn,a(g1, . . . , gn−1)). (II.39)

Theorem II.2 implies that the coboundary relation (II.39) holds for any a1, . . . , an which
are well placed in V ∨, that is whenever rk(a1, . . . , an) ̸= n−1 or whenever rk(a1, . . . , an) =
n−1 and 0 is not a barycenter of a1, . . . , an in V ∨. On the other hand, the cocycle relation
(I.6) gives the partial cocycle relation:

∂ϕn,a(g1, . . . , gn) = 0 (II.40)

for any g1, . . . , gn ∈ SLn(Z) such that a, g1 · a, . . . , (g1 . . . gn) · a are not in bad position in
V ∨ in the sense of (BP) in chapter I.

Under the smoothing operation we introduced in this chapter we may define smoothed
versions of these functions for a primitive linear form a ∈ ΛN :

ψ(N)
n,a :=

{
Γ0(N, n)

n−2 → F(V/L′ × C× HomZ(L,C),C)
(g1, . . . , gn−2) →

(
(v, w, x)→ Gn−2,a,g1·a,...,(g1...gn−2)·a(v)(w, x, L, L

′)
)

ϕ(N)
n,a :=

{
Γ0(N, n)

n−1 → F(V/L′,Q[w](x))

(g1, . . . , gn−1) → Bn,a,g1·a,(g1g2)·a,...,(g1...gn−1)·a(v)(w, x, L, L
′).

Let us now rephrase the main results of this chapter in terms of these smoothed functions.
It follows from (II.39) that they satisfy the coboundary relation

∂×ψ(N)
n,a (g1, . . . , gn−1) = exp(2iπϕ(N)

n,a (g1, . . . , gn−1)) (II.41)

whenever a, g1 · a, . . . , (g1 . . . gn−1) · a are well placed in V ∨. The cocycle relation (II.40)
also directly gives the cocycle relation

∂ϕ(N)
n,a (g1, . . . , gn) = 0 (II.42)
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for any g1, . . . , gn ∈ Γ0(N, n) such that a, g1 ·a, . . . , (g1 . . . gn) ·a are not in bad position in
V ∨ in the sense of (BP). In addition, Theorem II.3 implies that whenever the smoothing
lattice L′ is good for the linear forms a, g1 ·a, . . . , (g1 . . . gn−1) ·a, the value of the function
ϕ
(N)
n,a (g1, . . . , gn−1) does not depend on w, x ∈ C × HomZ(L,C) ≃ C × Cn and thus the

function ϕ
(N)
n,a (g1, . . . , gn−1) may be viewed as an element of F(V/L′,D(N, n)−1Z) which

is essentially a smoothed higher Dedekind sum. As for the function ψ
(N)
n,a , it follows from

Corollary II.1 that for any g1, . . . , gn−1 ∈ Γ0(N, n):

∂×
(
ψ(N)
n,a

)D(N,n)
= 1

whenever the linear forms a, g1 · a, . . . , (g1 . . . gn−1) · a satisfy the hypothesis of Theorem
II.1.

Let us now consider specific subgroups U of Γ0(N, n) satisfying condition (I.30): ∀m ≥
2, ∀g1, . . . , gm ∈ U, ∀µ1, . . . , µm ∈ Z≥0,

m∑
j=1

µj(gj · a) = 0⇒ µ1 = 0, . . . , µm = 0.

In particular, this condition is satisfied by certain unit groups in number fields as ex-
plained in section I.3.3. Indeed, if K is a number field of degree n with at least one real
place σR, we may consider subgroups U of the unit groupO×

K satisfying ∀ ε ∈ U , σR(ε) > 0.
We may also consider two lattices L and L′ in K corresponding to fractional ideals of K
such that L′ ⊂ L and L/L′ ≃ Z/NZ. In particular, these fractional ideals are stabilised by
elements of U so we may identify each element ε ∈ U with the matrixMε corresponding to
the multiplication by ε in a basis B′ = [Ne1, e2, . . . , en] of L

′ such that B = [e1, e2, . . . , en]
is a Z-basis of L. The group U = {Mε | ε ∈ U} ≃ U is then an abelian subgroup of
Γ0(N, n) satisfying (I.30). It follows from the discussion in section I.3.3 that the appli-

cation ϕ
(N)
n,a is a (n − 1)-cocycle on the group U ≃ U with values in F(V/L′,Q[w](x))

and Theorem II.3 implies that ϕ
(N)
n,a (g1, . . . , gn−1) ∈ F(V/L′,D(N, n)−1Z) whenever the

smoothing lattice is good for a, g1 · a, . . . , (g1, . . . , gn−1) · a. Under hypothesis (I.30) it is
also true that the splitting relation (II.41) holds for all g1, . . . , gn−1 ∈ U :

∂×ψ(N)
n,a (g1, . . . , gn−1) = exp(2iπϕ(N)

n,a (g1, . . . , gn−1))

as (I.30) guarantees that the linear forms a, g1 · a, . . . , (g1 . . . gn−1) · a are well placed in
V ∨.

It would be interesting to find some conditions on the linear form a ∈ ΛN and on the
unit group U such that for a fixed smoothing lattice L′ ⊂ L, the lattice L′ is good for
any family g1 · a, . . . , gn · a, where g1, . . . , gn ∈ U (i.e. the smoothing lattice is “uniformly
good for a and U”). Indeed, if the smoothing lattice L′ were to be uniformly good for a

and U then the restriction of the smoothed function ϕ
(N)
n,a to U ≃ U would give a cocycle

in Hn−1(U ,F(V/L′,D(N, n)−1Z)). In addition, the restriction of (ψ
(N)
n,a )D(N,n) to U ≃ U

would yield a multiplicative cocycle inHn−2(U ,F(V/L′×C×HomZ(L,C),C)). In chapter
III we construct conjectural higher elliptic units above number fields with exactly one
complex place by evaluating the (n − 2)-cocycles ψ

(N)
n,a against some (n − 2)-cycles on

groups of totally positive units.
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II.5 Discussion of chapter II

II.5.1 Smooth partial zeta functions in totally real number fields

In chapter I we gave a link between values of partial zeta functions at s = 0 in totally real
number fields and values of our higher Bernoulli rational functions. In this section, we
revisit this statement with the smoothed versions of these functions and recover a classic
integrality result on the values at s = 0 of smoothed partial zeta functions in totally
real number fields (see [DR80], [CN79], [CD14]). Indeed, let us fix a totally real number
field F, an integral ideal f and an integral ideal b coprime to f representing a class in the
narrow ray class group at f in F. Fix an auxiliary ideal a called the smoothing ideal, of
norm N , such that N is coprime to fb. Assume further that OK/a is cyclic and let us fix
a Z-basis B = [e1, . . . , en] of L = fb−1a−1 such that B′ = [Ne1, e2, . . . , en] is a Z-basis of
L′ = fb−1. Let us denote by σ1, . . . , σn the embeddings of F. It follows from Theorem I.3
that

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,a1,ρ,...,an,ρ(1F)(0,−σk, fb−1)

ζf(ab, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,a1,ρ,...,an,ρ(1F)(0,−σk, fb−1a−1)

for some linear forms aj,ρ ∈ HomQ(F,Q) and some signs νρ ∈ {−1, 0,+1} which are
independent of the choice of ideals b and a. Putting both results together gives the
smoothed relation:

Nζf(b, 0)− ζf(ab, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,a1,ρ,...,an,ρ(1F)(0,−σk, fb−1, fb−1a−1).

Using this relation and Theorem II.3 we would like to conclude that:

Nζf(b, 0)− ζf(ab, 0) ∈ D(N,n)−1Z.

However, it is not true that the smoothing lattice L′ is good for each set of linear forms
a1,ρ, . . . , an,ρ given in the proof of Theorem I.3. To accomodate for this, we may change
the underlying signed fundamental domain we use. Indeed, if α1,ρ, . . . , αn,ρ is the positive
dual family to a1,ρ, . . . , an,ρ in fb−1, then we set

d =
∏

ρ∈Sn−2

n∏
j=1

N (αj,ρ).

Let us suppose that the smoothing index N is coprime to d, which certainly leaves
infinitely many possible values for N . We may consider the linear forms bj,ρ = (y →
aj,ρ(e

−1
1 y)). This change of linear forms corresponds to a change of the underlying signed

fundamental domain D to e1D. The positive dual family β1,ρ, . . . , βn,ρ to b1,ρ, . . . , bn,ρ
in L = fb−1a−1 is given by βj,ρ = e1αj,ρ/mj,ρ where mj,ρ is a positive integer coprime
to N . It is clear that since N is coprime to d, the positive dual family β′

1,ρ, . . . , β
′
n,ρ to

b1,ρ, . . . , bn,ρ in L′ = fb−1 is given by β′
j,ρ = Nβj,ρ. Thus, the smoothing lattice L′ is
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good for each set of linear forms b1,ρ, . . . , bn,ρ (see Definition II.18). It then follows from
Theorem I.3 that:

ζf(b, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,b1,ρ,...,bn,ρ(1F)(0,−σk, fb−1)

ζf(ab, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,b1,ρ,...,bn,ρ(1F)(0,−σk, fb−1a−1)

Thus, using our smoothed version of the Bn,a functions we get the formula for smoothed
zeta functions:

Nζf(b, 0)− ζf(ab, 0) =
1

n

n∑
k=1

∑
ρ∈Sn−1

νρBn,b1,ρ,...,bn,ρ(1F)(0,−σk, fb−1, fb−1a−1).

Since the smoothing lattice is good for each of the families b1,ρ, . . . , bn,ρ we obtain the
uniform bound on values of smooth partial zeta functions at s = 0:

Nζf(b, 0)− ζf(ab, 0) ∈ D(N,n)−1Z

where D(N, n) =
∏

p|N p
⌊ n
p−1

⌋. Such integrality properties are known to hold at negative
integers as the denominator of the rational number

N1+kζf(b,−k)− ζf(ab,−k)

is well-controlled (see [DR80], [CN79], [CD14]) and it would be interesting future work
to try to prove this statement using our framework.

II.5.2 Smoothing operation and correction factors

In this chapter, we have shown that the smoothed versions of the higher Gn−2 and Bn

functions enjoy much nicer transformation properties for congruence subgroups in SLn(Z)
then the corresponding non-smoothed functions. This is a general phenomenon in the
study of elliptic functions (see chapter 0). Another general way of fixing functions which
are almost modular is to introduce an adequate exponential prefactor. For instance, the
η function of Dedekind has nicer transformation properties than the function Φ(q) =∏

n≥1(1 − qn) thanks to the prefactor q1/24 (see (0.5)). Similarly, the basic ingredient
for Siegel units given in (0.13) comes with an exponential prefactor which ensures that
the function has better modular transformation properties. In general, we might wish to
identify a rational function R ∈ Q(z, τ0, . . . , τr) such that the function

(z, τ0, . . . , τr)→ e2iπR(z,τ0,...,τr)Gr(z, τ0, . . . , τr)

enjoys simpler transformation properties under the action of SLn(Z). Such a rational
function would need to satisfy R(Nz,Nτ0, . . . , Nτr) = NR(z, τ0, . . . , τr) so that it dis-
appears when performing the smoothing operation we described in this chapter. Some
work on the determination of a prefactor of this flavour has been carried out by Paşol
and Zudilin (see [PZ18]) for the elliptic Gamma function in the regime τ = σ and it will
be interesting future work to try to find the general adequate prefactor exp(2iπR).
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Chapter III

Higher elliptic units

III.1 Introduction to chapter III

In this chapter, we construct conjectural higher elliptic units above number fields with
exactly one complex place using our higher elliptic Gamma functions. Our approach is
based on the recent article by Bergeron, Charollois and Garćıa [BCG23] in which they
construct conjectural higher elliptic units above complex cubic fields using the elliptic
Gamma function. We upgrade their construction to general number fields with exactly
one complex place and formulate a conjecture on the algebraicity of these special values
of higher elliptic Gamma functions.

When K is a number field of degree n with exactly one complex place, sometimes also
called an Almost Totally Real field (ATR for short), the higher elliptic units we compute
should be given by products of the form

κ∏
j=1

Gn−2(zj, τ1,j, . . . , τn−1,j)
N

Gn−2(Nzj, Nτ1,j, . . . , Nτn−1,j)

where N is a choice of smoothing index and the zj’s and the τl,j’s should be carefully
chosen elements in K. Most of this chapter is dedicated to the construction of a detailed
geometric setup which gives profound insights on how these parameters should be chosen.

The elliptic units we aim to compute above an ATR field K are expected to belong
to certain abelian extensions of K. To make this statement precise, we shall need some
vocabulary from class field theory. First, we say that an element of K is totally positive
if its image under any real embedding of K belongs to R>0. We now move on to the
definition of ray class groups. If f is an integral ideal of K, we shall denote by Cl+(f) the
narrow ray class group at f, that is the quotient group I(f)/P+(f) where I(f) is the set
of fractional ideals in K which are coprime to f and P+(f) is the subset of I(f) consisting
of principal fractional ideals which admit a totally positive generator β ∈ K× satisfying
β ≡ 1 mod f. The wide class group at f is the group Cl(f) = I(f)/P (f) where P (f) is
the set of principal fractional ideals coprime to f generated by some β ≡ 1 mod f. When
f = OK, the group Cl+(f) = Cl+(K) is the usual narrow Hilbert class group of K and
Cl(f) = Cl(K) is the usual class group of K. By general class field theory, these class
groups may be associated to certain abelian extensions of K which are called class fields.
We shall denote by K+(f) the narrow ray class field at f corresponding to the narrow ray
class group at f. It is an extension of K which is unramified outside of f and outside
of the real places of K such that the extension K+(f)/K is abelian with Galois group
Gal(K+(f)/K) ≃ Cl+(f).
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In what follows, we shall fix an integral ideal f ̸= OK in an ATR field K and construct
conjectural units in K+(f). These units are built on the model of elliptic units above
imaginary quadratic fields (see Theorem 0.8) and they should also satisfy a “Kronecker
limit formula” similar to the one satisfied by elliptic units (see Theorem 0.7), relating the
logarithm of their moduli to values of derivatives of partial zeta functions at s = 0. For
an integral ideal f and a class c in Cl+(f) the partial zeta function at f for the class c is
defined by the infinite sum:

ζf(c, s) =
∑
b∈c

N (b)−s

where the sum ranges over integral ideals b in the class c. This is a holomorphic function
of the variable s which is well-defined for ℜ(s) > 1 and it can be analytically continued
to a meromorphic function over C with a single pole at s = 1. Since the complex place
of K splits in K+(f), this function vanishes at order ≥ 1 at s = 0. When the order of
vanishing at s = 0 is 1, that is ζ ′f(c, 0) ̸= 0, it is expected that this value is given by the
logarithm of the absolute value of some unit in K+(f) called the Stark unit (see section
III.4.2.5 for a brief discussion of the Stark conjectures for ATR fields). The conjectural
higher elliptic units we construct by evaluating the multiple elliptic Gamma functions at
points in K are expected to give an analytic description of the Stark unit in the spirit of
Hilbert’s 12th problem.

This problem, which was formulated by Hilbert in 1900 (see [Hil02]) as part of his
famous list of 23 problems, asks for the construction of the abelian extensions of a general
number field using analytic functions in the spirit of the Theorem of Kronecker andWeber.
Indeed, this theorem states that all abelian extensions of Q are cyclotomic, that is they
are obtained by evaluating the function z → exp(2iπz) at points in Q. This problem has
been solved for imaginary quadratic fields using the elliptic units and more generally using
the results of the theory of Complex Multiplication on elliptic curves. The general case
remains open in the archimedian setting. Recent progress was made on a p-adic analogue
of this problem (where the constructions of abelian extensions may be done using p-adic
analytic functions) by Dasgupta and Kakde [DK24] who construct the abelian extensions
of totally real number fields using Brumer-Stark units for which they give a p-adic analytic
description. For number fields with exactly one complex place, a conjectural solution to
Hilbert’s 12th problem for complex cubic fields is proposed in [BCG23] using the elliptic
Gamma function, and, if proven, our general conjecture would give a solution to Hilbert’s
12th problem for general ATR fields.

This chapter is organised as follows. In section III.2 we review the construction of
conjectural higher elliptic units above complex cubic fields carried out in [BCG23]. In
section III.3 we give a detailed geometric setup for the construction of higher elliptic units
above general ATR number fields and explain how to evaluate the higher elliptic Gamma
functions to obtain them. In section III.4 we formulate our main conjecture and discuss
various aspects of the construction of higher elliptic units.

III.2 Review of the complex cubic case

Our study of higher elliptic units is based on the treatment of the complex cubic case by
Bergeron, Charollois and Garćıa in [BCG23]. In their article, they give a construction for
conjectural elliptic units above a complex cubic field K by evaluating the elliptic Gamma
function at points in K. They relate their evaluations to the values of derivatives of
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partial zeta functions in K at s = 0, thus proving an analogue for complex cubic fields
of Kronecker’s second limit formula. In this section, we briefly review their construction
and their results which motivated our work.

Let us fix K a complex cubic field. Let us denote by σR = σ1 the real embedding of K
and by σC = σ2 = σ3 one of the complex embeddings of K. Fix an integral ideal f ̸= OK
which will be the finite part of the class field modulus. We denote by K+(f) the narrow
ray class field at f, which we assume to be totally complex. We denote by q the positive
integer satisfying qZ = f∩Z. Fix an integral ideal b of OK representing a class in Cl+(f).
Fix an integral ideal a of OK such that OK/a is cyclic of order N = N (a) coprime to
qb. Such an ideal a is called a smoothing ideal and N is called the smoothing index (see
Definition III.3). This is coherent with the smoothing operation carried out in chapter II.
Denote by O+,×

f the group of totally positive units in OK which are congruent to 1 mod f.
This is a free abelian group of rank 1 by Dirichlet’s unit theorem. Therefore, there is a
unique element ε ∈ O×

K such that O+,×
f = εZ and σR(ε) > 1.

Let us now consider a primitive vector h in L = fb−1 such that h/q ≡ 1 mod L and
h/N is a generator of the cyclic group L/a−1L. Such a vector is called an admissible base
point. Let us fix a Z-basis BL = [e0, e1, e2] of L such that e0 = h and [e0/N, e1, e2] is a
Z-basis of a−1L. We further assume that the real number

i · det(σj(ek))1≤j≤3,0≤k≤2

is positive to lift any orientation ambiguity. Let us denote by a = ah the integral linear
form defined on L by a(y) = detBL

(h, εh, y) and denote by b the integral linear form on L
defined by b(y) = a(εy). Bergeron, Charollois and Garćıa define an arithmetic evaluation
of the elliptic Gamma function as follows:

Γf,b,a(ε, h) =
Γa,b(0)

(
σC

(
h
q

)
, σC, L

)N
Γa,b(0)

(
σC

(
h
q

)
, σC, a−1L

) .
In the notations of chapter II, this can be written simply as:

Γf,b,a(ε, h) = Γa,b(0)

(
σC

(
h

q

)
, σC, a

−1L,L

)
.

These evaluations of the elliptic Gamma function are expected to yield algebraic numbers
in the abelian extension K+(f) of K, as explained precisely by the following conjecture:

Conjecture III.1 [[BCG23], Conjecture] : Let K be a complex cubic field and f ̸= OK
be an integral ideal in OK. Fix a complex embedding σ of K+(f) which extends the fixed
complex embedding σC of K. Fix a class c in Cl+(f) and an integral ideal b in the class
c. Fix a smoothing ideal a of norm N such that N is coprime to 6.q.b where qZ = f ∩ Z.
Then, the complex number Γf,b,a(ε, h) is independent of the choice of admissible base point
h as well as from the choice of ideal b and it is the image in C of an algebraic unit uf,c,a
in K+(f) under the complex embedding σ of K+(f). Moreover:

(i) Every embedding of K+(f) extending the real embedding of K maps uf,c,a to the unit
circle.

(ii) If c→ σc is the Artin map, the explicit reciprocity law is given by σc′(uf,c,a) = uf,cc′,a
for any class c′ in the narrow ray class group at f.
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If proven, this conjecture would give a positive answer to Hilbert’s 12th problem for
complex cubic fields, as any finite abelian extension of K may be embedded in a totally
complex narrow ray class field of K.

Let us briefly present an example supporting Conjecture III.1. A more detailed pre-
sentation of this example is given in section IV.2.1.1. Consider the field K = Q(z) where
z = e2iπ/3131/3 is the root of the polynomial x3 − 13 in the upper half-plane. Fix f the
unique prime ideal in OK of norm 3, b = (1) and a the unique prime ideal of norm 5
in OK. The fundamental unit ε = 17z2 + 40z + 94 satisfies σR(ε) > 1. Then, for the
admissible base point h = −(21z2 + 42z + 114) we compute

Γf,b,a(ε, h) =
Γ
(

1
3
,− ε+5348

1965
,− ε−1+467

1965

)5
Γ
(
5
3
,− ε+5348

393
,− ε−1+467

393

) ≈ −0.0660917...+ i · 0.0932299...

with 1000 digits of precision. This special value of the elliptic Gamma function coincides
up to this precision with a root of the polynomial

Pabs = x18 + 384x17 + 2310x16 − 10646490x15 + 1596241353x14 + 18608357181x13

+ 156933809421x12 + 215098256580x11 + 381407365338x10 + 338205493469x9

+ 381407365338x8 + 215098256580x7 + 156933809421x6 + 18608357181x5

+ 1596241353x4 − 10646490x3 + 2310x2 + 384x+ 1

which defines an absolute equation of K+(f) over Q.
A remark we can make in view of the results of chapter II is that Conjecture III.1

should still hold for N not coprime to 6 if one is willing to replace the complex number
Γf,b,a(ε, h) by its power Γf,b,a(ε, h)

D(N,3).
To support their conjecture, Bergeron, Charollois and Garćıa proved a key uncondi-

tionnal result, that is a version of Kronecker’s limit formula for complex cubic fields:

Theorem III.2 [[BCG23], Theorem 3.2] : The modulus of the complex number
Γf,b,a(ε, h) is independent of the choice of admissible base point h and it satisfies the
Kronecker limit formula:

N (a)ζ ′f([b], 0)− ζ ′f([ab], 0) = log |Γf,b,a(ε, h)|2 .

Conjecture III.1 together with Theorem III.2 imply that these higher elliptic units
uf,c,a should be smoothed versions of Stark units (see section III.4.2.5 for a discussion of
the relations with the rank one abelian Stark conjectures). In the cubic case, Conjecture
III.1 has been tested numerically on hundreds of examples and in the following sections we
generalise this conjecture to ATR fields of degree n ≥ 4 in some specific cases supported
by numerical evidence.

III.3 Construction of higher elliptic units

In this section we generalise the construction of higher elliptic units carried out in [BCG23]
to higher degree ATR number fields. We shall first give a very broad description of the
shape of our elliptic units in section III.3.1. Then, we give a very precise description of
our geometric setup in sections III.3.2 to III.3.5, allowing for the formulation of a precise
conjecture on the algebraicity of our higher elliptic units (see section III.4).
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III.3.1 Evaluation of the Gr functions against a r-cycle

In this section we give the basic geometric setup to construct higher elliptic units using
higher elliptic Gamma functions. Consider an ATR number field K of degree n ≥ 3.
Fix a complex embedding σC of K and fix an ordering σ1, . . . , σn−2, σn−1 = σC, σn = σC
on the embeddings of K. We fix a global orientation of K as follows: for any basis
B = [e1, . . . , en] of the Q-vector space K, the number i · det((σj(ek))1≤j,k≤n) is non zero
and real, and we say that the basis B is positive if this number is positive. This applies
in particular to any Z-basis of a fractional ideal in K. Consider an integral ideal f ̸= OK
and set q to be the positive integer satisfying qZ = f∩Z. We shall assume for the rest of
this dissertation that the narrow ray class field at f is totally complex and that the ideal
f satisfies the following simplifying hypothesis:

There are no units in O×
K of negative norm which are congruent to 1 mod f. (H1)

We shall discuss the role of this hypothesis in section III.4. Let us now fix an integral
ideal b coprime to f and set L = fb−1. The integral ideal b represents a class in the
narrow ray class group Cl+(f) at f. Let us now define the notion of smoothing ideal:

Definition III.3: An integral ideal a is a smoothing ideal for f (resp. for f and b) if the
quotient OK/a is a cyclic abelian group of order N such that N is coprime to f (resp. N
is coprime to f and b). The integer N is then called the smoothing index.

This definition is coherent with the smoothing operation described in chapter II for
the pair of lattices L ⊂ a−1L. Let us then fix a smoothing ideal a for f and b. We
consider specific base points in L associated to the data f, b, a which we will use to
evaluate geometric Gn−2 functions.

Definition III.4: A base point h ∈ L = fb−1 is said to be weakly admissible (for the data
f, b, a) if there is an integer k ∈ Z/qZ× and a unit ε ∈ O×

K such that h/q ≡ kε mod L
and h/N generates the cyclic group a−1L/L ≃ Z/NZ. The vector h is said to be strongly
admissible if h/q ≡ 1 mod L and h/N generates the cyclic group a−1L/L ≃ Z/NZ.

In this section we fix a weakly admissible base point h ∈ L and we setm to be the maximal
integer satisfying h/m ∈ L. Let us also fix a positive Z-basis BL of the Z-module L. By
Dirichlet’s unit theorem, the unit group

O+,×
f = {ε ∈ O×

K , ε ≡ 1 mod f, σ(ε) > 0, for all real embedding σ of K} (III.1)

is a free Z-module of rank r = n− 2. This group acts on L by multiplication, and it may
be identified with an algebraic torus of rank r in SLn(Z) by identifying any unit ε ∈ O+,×

f

with the matrix of multiplication by ε in the basis BL. The group O+,×
f naturally acts on

the dual space Λ = HomZ(L,Z) by inverse multiplication: for any b ∈ Λ, ε · b = b(ε−1·).
In particular, for any b ∈ Λ and any β ∈ L, we get (ε · b)(ε · β) = b(β). Let us fix a set of
fundamental units u1, . . . , ur for O+,×

f and let us set u0 = 1. We assume further that:

The family u0 = 1, u1, . . . , ur is a free family in the Q-vector space K ≃ Qn. (H2)

This hypothesis is independent of the choice for the base point h and guarantees that
the linear form f = f(u1, . . . , ur, h) := (y → detBL

(h, u1h, . . . , urh, y)) is non-zero for
any h ∈ K×. Let us denote by a = a(u1, . . . , ur, h) the unique primitive element in Λ
and by λ = λ(u1, . . . , ur, h) the unique positive integer such that λmr+1a = f . The basic
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ingredient for our construction of higher elliptic units consists of evaluations of smoothed
Gr functions of the form:

G±
r,f,b,a(u1, . . . , ur;h) =

Gr,±(a,au1,...,aur)(0)
(
σC

(
h
q

)
, σC, L

)N
Gr,±(a,au1,...,aur)(0)

(
σC

(
h
q

)
, σC, a−1L

) (III.2)

(see Proposition I.7 for the definition of the geometric Gr function) where the ± depends
on some orientation choice which we discuss later on. Here auj stands for the function
y → a(ujy) which is also u−1

j · a. In the notations of chapter II, this evaluation can be
written in terms of a smoothed Gr function as:

G±
r,f,b,a(u1, . . . , ur;h) = Gr,±(a,au1,...,aur)(0)

(
σC

(
h

q

)
, σC, a

−1L,L

)
.

It will follow from lemma III.7 that the evaluation (III.2) is well-defined. Let us note
that if we replace σC by the other complex embedding of K which is σC we get essentially
the same information as:

G±
r,f,b,a(u1, . . . , ur;h, σC) = G±

r,f,b,a(u1, . . . , ur;h, σC)
(−1)r

by (I.11). This justifies our focus on only one of the two complex embeddings of K. In
the special cases r = 0, r = 1 (that is the cases where K is imaginary quadratic and
complex cubic respectively) we will identify as before:

θ±f,b,a(h) = G±
0,f,b,a(∅;h)

Γ±
f,b,a(ε;h) = G±

1,f,b,a(ε;h).

The definition of an arithmetic Gr function given by (III.2) provides us with a way to
evaluate the multiplicative r-cocycle built from smoothed Gr functions against an r-cycle
Υf ∈ Hr(O+,×

f ,Z). The cycle we use is an adaptation of Sczech’s cycle for totally real
number fields [Scz93] to our setting of ATR number fields. Explicitly, if we fix a set
ε1, . . . , εr of fundamental units for O+,×

f , then the cycle Υf = Υf(ε1, . . . , εr) is given by:

Υf =
∑
ρ∈Sr

sgn(ρ)[ερ(1)| . . . |ερ(r)]

where

[ε1| . . . |εr] =

(
ε1, . . . ,

k∏
j=1

εj, . . . ,
r∏

j=1

εj

)
.

It follows from [[Scz93], Lemma 5] that the class of Υf in Hr(O+,×
f ,Z) is independent of

the choice of fundamental units for O+,×
f . The evaluation ⟨Gr,Υf⟩ of the arithmetic Gr

function against this cycle Υf takes the form:

Ir,f,b,a(ε1, . . . , εr;h, µ, ν) =
∏
ρ∈Sr

G
µρ

r,f,b,a([ερ(1)| . . . |ερ(r)];hρ)
νρ (III.3)

where for any permutation ρ ∈ Sr, hρ is a strongly admissible base point and µρ, νρ are
some orientation signs in {±1}. This is well-defined provided that for any ρ ∈ Sr, the
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unit system 1, ερ(1), . . . ,
∏r

j=1 ερ(j) forms a free family of K viewed as a Q-vector space
(see (H2)). We are now ready to give a vague form of our general conjecture:

Conjecture III.5 (Vague form) : Let K be an ATR field of degree n = r + 2 ≥ 3.
Suppose that f, b, a are as above. Let ε1, . . . , εr be a set of fundamental units for O+,×

f

such that for any ρ ∈ Sr, the unit system [ερ(1)| . . . |ερ(r)] satisfies (H2). Then there are
admissible base points hρ for ρ ∈ Sr and orientation signs µρ, νρ ∈ {±1} such that the
complex number

Ir,f,b,a(ε1, . . . , εr;h, µ, ν)

satisfies:

1. An algebraicity statement: the complex number Ir,f,b,a(ε1, . . . , εr;h, µ, ν)
D(N,n) is the

image in C of an algebraic unit uf,b,a in K+(f) under a complex embedding σ′
C ex-

tending σC (see section II.1 for the definition of the integer D(N,n)).

2. A Kronecker limit formula of the form:

N (a)ζ ′f([b], 0)− ζ ′f([ab], 0) = log
∣∣Ir,f,b,a(ε1, . . . , εr;h, µ, ν)∣∣2 . (III.4)

In our main conjecture (see III.37) we shall make these statements precise and give
a precise form for the explicit reciprocity law. We now briefly discuss this vague form
of the conjecture, and in particular we discuss the question of the choice for the base
points hρ, ρ ∈ Sr. Indeed, we believed originally that any set of strongly admissible base
points would give a positive result (i.e. an algebraic number Ir,f,b,a(ε1, . . . , εr;h, µ, ν)

D(N,n)

satisfying a Kronecker limit formula), however, the computations we have done for elliptic
units above ATR fields of degree n ≥ 4 show that set of base points h = (hρ)ρ should
satisfy a crucial compatibility condition which we discuss in section III.3.4.4. In section
IV.2.6.1 we shall give an example of computation where we choose incompatible base
points and where the complex number we obtain is not algebraic and does not satisfy a
Kronecker limit formula.

A second point we need to discuss in this vague form of the conjecture is the choice of
orientations µρ, νρ. On the computational side, because there are a finite number of these
choices, we may check which orientations give the Kronecker limit formula (III.4). On the
theoretical side, these orientations should depend on some explicit signed fundamental
domain for the action of the unit group O+,×

f on K (see [Esp14]). In practice, we can
make a good guess on the orientations that should be chosen in simple examples, following
[Col88] and [DyDF14]. Indeed, we define the sign of the unit system ε1, . . . , εr by:

sign(ε1, . . . , εr) = sign(det(log(σj(εk))1≤j,k≤r))

which means that sign(ε1, . . . , εr) is the sign of the regulator of ε1, . . . , εr for the fixed
ordering σ1, . . . , σn on the embeddings of K. Then, in most simple examples, the orien-
tations may be taken to be:

µρ = νρ = sign(ε1, . . . , εr).sgn(ρ). (III.5)

Lastly, and this is perhaps the most important point regarding explicit computations,
we note that the evaluation (III.3) may be extremely complicated if the fundamental
units for O+,×

f are huge and their associated cycle Υf is poorly placed (see section III.3.2
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for a discussion of this matter). This is typically the case whenever f is large. We can
simplify the evaluation by considering instead a cycle Υ = Υ(ε1, . . . , εr) ∈ Hr(O+,×

K ,Z)
associated to fundamental units in the group O+,×

K of totally positive units in K. This
cycle is define similarly to Υf by:

Υ =
∑
ρ∈Sr

sgn(ρ)[ερ(1)| . . . |ερ(r)]

where ε1, . . . , εr are fundamental units for O+,×
K and its class in Hr(O+,×

K ,Z) does not
depend on the particular choice of fundamental units ε1, . . . , εr. The evaluation of a r-
cocycle ψ against the cycle Υf can then be done by averaging evaluations of the r-cocycle
ψ against Υ over the finite group O+,×

K /O+,×
f as follows:

⟨ψ,Υf⟩ =
∑

ε∈O+,×
K /O+,×

f

⟨ε · ψ,Υ⟩ (III.6)

(see for instance [[GS03], Proposition 7.4]). We shall give evaluations in this form as it
considerably simplifies the formulas which define higher elliptic units.

III.3.2 Detailed geometric setup

In this section we give a very detailed description of the formalism introduced in section
III.3.1 for the construction of higher elliptic units.

III.3.2.1 The linear forms a, au1, . . . , aur and their positive dual family

In this section we give a detailed geometric setup to understand how the base points
hρ, ρ ∈ Sr should be chosen for our evaluations. To this end we shall express explicitly
the arithmetic Gr function (III.2) and analyse the properties of the underlying geometric
Gr function using the explicit definitions given in chapters I and II. Let K be an ATR
field of degree n = r + 2 and let f, b, a be given as in section III.3.1. Recall that we
have fixed an ordering on the embeddings of K and a global orientation of K (see section
III.3.1). Put L = fb−1. Fix a system of fundamental units (ε1, . . . , εr) of O+,×

K . Let us fix
a permutation ρ ∈ Sr and write (u1, . . . ur) = [ερ(1)| . . . |ερ(r)]. For convenience, we will
always write u0 = 1. Choose h ∈ L a weakly admissible base point (see Definition III.4).
Let us denote by m the maximal integer satisfying h/m ∈ L. We recall that the linear
form a = ah is the unique primitive linear form on L satisfying:

λmr+1a = detBL
(h, u1h, . . . , urh, ·) (III.7)

for some positive integer λ. This linear form does not depend on the choice of positive
basis of L, therefore we may assume that the chosen basis BL is given by BL = [e0 =
h/m, e1, . . . , er+1] such that for any 1 ≤ j ≤ r, ujh =

∑j
k=0mcjk0ek where the coefficients

cjk0 are integers and cjj0 > 0. This is done by computing the Hermite Normal Form
of the matrix expressing (u0h, . . . , urh) in any positive basis of L (see for instance [
[Coh93], Theorem 2.4.3]). Explicitly, (h, u1h, . . . , urh) = m.[e0, . . . , er+1].U where U is
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the (r + 2)× (r + 1) matrix:

U =



1 c100 . . . cj00 . . . cr00
0 c110 . . . cj10 . . . cr10
...

...
...

...
...

...
0 0 . . . cjj0 . . . crj0
...

...
...

...
...

...
0 0 . . . 0 . . . crr0
0 0 . . . 0 . . . 0


. (III.8)

In this basis BL we identify the units uj with the matrix (cjkl)k,l ∈ SLn(Z) such that
ujel =

∑r+1
k=0 cjklek. Fix the dual basis BΛ = (f0, . . . , fr+1) of Λ = HomZ(L,Z) such that

fj(ek) = δjk where δjk is the Kronecker symbol. In this basis the linear form a = ah defined
in section III.3.1 is exactly fr+1. For 1 ≤ j ≤ r, the composition of a with multiplication
by uj is written auj =

∑r+1
l=1 cj(r+1)lfl. It follows from hypothesis (H2) that the family

of linear forms (a, au1, . . . , aur)is free in HomQ(K,Q) ≃ Qn therefore we may denote as
before by γ the unique primitive vector in L such that detBΛ

(a, au1, . . . , aur, ·) = sγ for
some positive integer s. Since for 0 ≤ j ≤ r, auj(γ) = 0 and auj(h) = 0, we get

r⋂
j=0

ker(auj) = Qγ = Qh

and therefore there is a sign η ∈ {−1,+1} such that ηmγ = h.
Let us now describe how we construct a positive dual family α0, . . . , αr to a, au1, . . . , aur

in L (see Definition I.5). To achieve this, we first identify the family a = (a = au0, au1, . . . , aur)
with the matrix obtained by concatenation of the coefficients of the linear forms aui in
the basis BΛ:

a =



au0
au1
...
aui
...
aur


=



0 0 . . . 0 . . . 1
0 c1(r+1)1 . . . c1(r+1)k . . . c1(r+1)(r+1)
...

...
...

...
...

...
0 ci(r+1)1 . . . ci(r+1)k . . . ci(r+1)(r+1)
...

...
...

...
0 cr(r+1)1 . . . cr(r+1)k . . . cr(r+1)(r+1)


=
(
0 A

)
(III.9)

This matrix has a first column filled with zeroes and the submatrix A is a square matrix of
size r + 1. It follows from (H2) that A is invertible. We shall now use the Smith normal
form of A (see for instance [[Coh93], Theorem 2.4.12]). There are invertible matrices
U, V ∈ GLr+1(Z) and a unique diagonal matrix S(A) ∈Mr+1(Z) such that UAV = S(A)
and

S(A) =


Ar 0 . . . 0
0 Ar−1 . . . 0
...

...
...

...
0 . . . . . . A0


where A0, . . . , Ar+1 ∈ Z are the elementary divisors of A such that Ai | Ai+1 for all
0 ≤ i ≤ r. Since A0 is the gcd of all coefficients in A and A contains a 1, it follows that
A0 = 1. From this writing we may identify

λ(u1, . . . , ur;h) = λ =
r∏

j=1

cjj0 (III.10)
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s(u1, . . . , ur;h) = s =
r∏

j=1

Aj (III.11)

where λ is defined in section III.3.1 and detBΛ
(au0, . . . , aur, ·) = sγ. We also define

t(u1, . . . , ur;h) = t = Ar. (III.12)

which will be a very important parameter in our construction.
Next, to obtain a positive dual family α(u1, . . . , ur;h) = α = (α0, . . . , αr) to a, au1, . . . , aur

in L (see Definition I.5) we set B = (
∏r

i=1A
−1
i )com(A)T where com(A) is the comatrix

of A. We claim that the columns of the integral matrix B give a positive dual family
α0, . . . , αr to a, au1, . . . , aur in L. Indeed, if we write the coefficients of the matrix B as
B = (bij)1≤i,j≤r+1 then the family of vectors α0, . . . , αr defined by:

αj =
r+1∑
i=1

bijei (III.13)

forms a positive dual family to a, au1, . . . , aur in L satisfying:

auj(αj) = t, auk(αj) = 0, ∀ k ̸= j. (III.14)

We shall often write this as the multiplication of two matrices a ·α = tIr+1. We say that
this choice of α is a uniform positive dual family to a because the value auj(αj) = t is
independent of j. We argue that this choice is minimal amongst all uniform positive dual
families to a in L, as explained by the following lemma.

Lemma III.6: Let A be the matrix defined in (III.9).

(i) Let B′ ∈Mr+1(Z) be a square matrix of size r+1 such that A·B′ = dIr+1 for some
integer d. Then t divides d.

(ii) Any uniform positive dual family α′ to a in L satisfies a · α′ = dIr+1 where t divide
d.

(iii) If α, α′ are uniform positive dual families to a in L satisfying a · α = dIr+1 and
a · α′ = d′Ir+1 then for all 0 ≤ j ≤ r, d′αj − dα′

j ∈ gcd(d, d′)Zγ.

Proof :
(i) Consider the matrices U, V ∈ GLr+1(Z) such that UAV = S(A) is the Smith normal

form of A. Then

dIr+1 = AB′ = (UAV ) ·
(
V −1B′U−1

)
=


t 0 . . . 0
0 Ar−1 . . . 0
...

...
...

...
0 . . . . . . 1

V −1B′U−1.

Since V −1B′U−1 ∈ Mr+1(Z), the first row of S(A) × V −1B′U−1 is divisible by t and
therefore t divides d.

(ii) Let α′ = (α′
0, . . . , α

′
r) be a uniform positive dual family to a in L such that

a · α′ = dIr+1. Write the coordinates of the α′
j in the basis BL as α′

j =
∑r+1

i=0 b
′
ijei. Then

the matrix B′ = (b′ij)1≤i,j≤r+1 satisfies A · B′ = dIr+1 and thus, by (i), t divides d.
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(iii) Suppose that a ·α = dIr+1 and a ·α′ = d′Ir+1. Write as before the coordinates of
α0, . . . , αr and α

′
0, . . . , α

′
r as:

αj =
r+1∑
i=0

bijei and α′
j =

r+1∑
i=0

b′ijei.

Then the matrices B = (bij)1≤i,j≤r+1 ∈Mr+1(Z) and B′ = (b′ij)1≤i,j≤r+1 ∈Mr+1(Z) satisfy
AB = dIr+1 and AB′ = d′Ir+1. Since A is invertible, it follows that d′B = dB′. Thus, for
any 0 ≤ j ≤ r:

d′αj − dα′
j = (d′b0j − db′0j)e0 = (d′b0j − db′0j)ηγ ∈ gcd(d, d′)Zγ

as claimed.

□

From now on we denote by α = α(u1, . . . , ur;h) the minimal uniform positive dual
family α to a given above. Recalling the construction in section III.3.1 and the definition
of the geometric Gr,a function (see Definition I.7) we may explicitly write the evaluation
(III.2) as:

G+
r,f,b,a(u1, . . . , ur;h) =

∏
δ∈F (a,α,0)/Zγ

Gr

(
h+qδ
qγ

, α0

γ
, . . . , αr

γ

)N
Gr

(
N(h+qδ)

qγ
, Nα0

γ
, . . . , Nαr

γ

) (III.15)

where we identify the elements of K with their image in C under the embedding σC to
lighten notations. A similar formula holds for the term G−

r,f,b,a(u1, . . . , ur;h) associated
with the orientation µ = −1 (see lemma III.27). Let us now justify that the evaluation
(III.15) is well-defined.

Lemma III.7:

(i) If K does not contain a proper subfield Q ⊊ L ⊊ K then each of the complex numbers
σ(α0/γ), . . . , σ(αr/γ) belongs to C− R.

(ii) Suppose that K contains a proper subfield Q ⊊ L ⊊ K. Assume further that L
is the maximal such subfield. Then K must be of degree n ≥ 4, L must be totally
real of absolute degree n′ ≤ n/2. In addition, at most n′ − 1 of the complex num-
bers σ(α0/γ), . . . , σ(αr/γ) are real, in which case they are real algebraic irrational
numbers of degree ≤ n′.

(iii) In either case, the arithmetic evaluation (III.2) is well-defined.

Proof :
(i) The elements γ, α0, . . . , αr form aQ-basis ofK and therefore the element 1, α0/γ, . . . , αr/γ

do too. When K does not contain a subfield Q ⊊ L ⊊ K, since σC(K)∩R = Q = Q.σC(1),
the complex numbers σC(α0/γ), . . . , σC(αr/γ) all lie in C− R.

(ii) Let L be the maximal proper subfield of K which we assume to be distinct from
Q. If L had a complex place then K would have at least two, therefore L is totally real
and one of its real places ramifies in K. The degree of K is n ≥ 4 because quadratic and
cubic fields cannot have proper subfields.
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The elements 1, α0/γ, . . . , αr/γ form as in (i) aQ-basis ofK. If σC(αj1/γ), . . . , σC(αjk/γ)
all belong to σC(K)∩R = σC(L) then k ≤ n′−1 as the elements σC(1), σC(αj1/γ), . . . , σC(αjk/γ)
must form a free family in the Q-vector space σC(L) of dimension n′. In particular, at
least n/2 ≥ 2 of the parameters σC(α0/γ), . . . , σC(αr/γ) belong to C− R.

(iii) When K contains no proper subfield, the parameters σC(α0/γ), . . . , σC(αr/γ)
belong to C−R by (i), therefore the right-hand side of (III.15) is well-defined. When K
contains a proper subfield, the parameters σC(α0/γ), . . . , σC(αr/γ) satisfy the hypothesis
of Proposition (I.17) by (ii), therefore the right-hand side of (III.15) is well-defined using
the appropriate formulation (I.34). □

In most cases, the ATR field K does not contain a proper subfield, and it is clear that
the evaluation (III.2) is well-defined. This lemma essentially explains that the evaluation
still makes sense when K contains a proper subfield if we are careful when choosing which
formula we use in the computations. This last case is showcased in example IV.2.2.4.

To end this section on the general explicit setup to compute (III.2), we say a few words
on the size of the set F (a, α, v = 0)/Zγ. Indeed, we may identify the set F (a, α, 0)/Zγ
with the quotient space L/M where M = M(u1, . . . , ur;h) = Zγ ⊕ (⊕r

j=0Zαj). As this
sublattice M of L has index det(B) = tr+1/s in L, it follows that the geometric function
Gr,a is a product of tr+1/s ordinary elliptic Gr functions and so is the evaluation (III.2).
In the best case scenario, tr+1 = s and Gr,a is a single ordinary elliptic Gr function,
whereas in the worst case scenario t = s and Gr,a is a product of tr = sr ordinary elliptic
Gr functions. In what follows, we will try to find the best choice for the base point h and
especially we will describe how to construct a base point h for which t = 1 and s = 1.
This will be the subject of sections III.3.2.2 to III.3.4.4, and the choice of base point h is
fully explained in Proposition III.25.

III.3.2.2 Dependence on u1, . . . , ur and h

In this section we analyse the dependence of the quantities defined in section III.3.2.1 on
the choice of units u1, . . . , ur and on the choice of base point h. To this end we make the
following important remark: the linear form a = a(u1, . . . , ur;h) may be easily expressed
in terms of a linear form ã = ã(u1, . . . , ur) which depends on u1, . . . , ur but not on h.
Indeed, let us fix B̃ a positive Z-basis of OK and let us consider the linear form:

f̃ := (y → detB̃(1, u1, . . . , ur, y)) . (III.16)

If λ̃ is the unique positive integer such that f̃ maps OK to λ̃.Z then we may define the
primitive linear form ã by:

ã :=
(
y → λ̃−1detB̃(1, u1, . . . , ur, y)

)
= λ̃−1f̃ . (III.17)

Using this auxiliary function we may write:

a =

(
y → ã

(
λ̃

λ

N (h/m)

N (L)

m

h
y

))
. (III.18)

Our claim is that most of the geometric setup introduced in section III.3.2.1 for the linear
form a = a(u1, . . . , ur, h) has a direct counterpart for the linear form ã = ã(u1, . . . , ur) and
that the two are closely related. In what follows, we will write with a ∼ the counterpart
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of these quantities. For the rest of this section, we assume that the basis B̃ = [ẽ0 =
1, ẽ1, . . . , ẽr+1] is such that uj =

∑j
k=0 c̃jk0ẽk with c̃jj0 > 0 for 1 ≤ j ≤ r. This is once

again done by computing the Hermite Normal Form of a matrix representing 1, u1, . . . , ur
in another positive Z-basis of OK. Explicitly, (1, u1, . . . , ur) = [ẽ0, . . . , ẽr+1].Ũ where Ũ is
the (r + 2)× (r + 1) matrix:

Ũ =



1 c̃100 . . . c̃j00 . . . c̃r00
0 c̃110 . . . c̃j10 . . . c̃r10
...

...
...

...
...

...
0 0 . . . c̃jj0 . . . c̃rj0
...

...
...

...
...

...
0 0 . . . 0 . . . c̃rr0
0 0 . . . 0 . . . 0


. (III.19)

Let us fix B∨ = [f̃0, . . . , f̃r+1] the Z-basis of the dual space HomZ(OK,Z) such that
f̃j(ẽk) = δjk. For any 1 ≤ j ≤ r, the unit uj may be identified with the matrix (c̃jkl)k,l ∈
SLn(Z) representing multiplication by uj in OK, i.e. such that uj ẽl =

∑r+1
k=0 c̃jklẽk for any

0 ≤ l ≤ r + 1. In the basis B∨ of HomZ(OK,Z) we may identify a = f̃r+1 and ãuj =∑r+1
l=1 c̃j(r+1)lf̃l. The assumption (H2) guarantees that rk(a, au1, . . . , aur) = r+1 and it is

clear that ∩r
j=0 ker(auj) = Q where as before we write u0 = 1. Let us then denote by s̃ the

unique positive integer and η̃ the sign in {−1,+1} such that detB∨(ã, ãu1, . . . , ãur, ·) = η̃s̃.
We may now describe a positive dual family α̃ = (α̃0, . . . , α̃r) to the family ã =

(ã, ãu1, . . . , ãur) in OK as follows. We associate to the family ã a square matrix Ã of size
r + 1 as above for a such that:

ã =



ãu0
ãu1
...
ãui
...
ãur


=



0 0 . . . 0 . . . 1
0 c̃1(r+1)1 . . . c̃1(r+1)k . . . c̃1(r+1)(r+1)
...

...
...

...
...

...
0 c̃i(r+1)1 . . . c̃i(r+1)k . . . c̃i(r+1)(r+1)
...

...
...

...
0 c̃r(r+1)1 . . . c̃r(r+1)k . . . c̃r(r+1)(r+1)


=
(
0 Ã

)
(III.20)

Let us write as above the elementary divisors of this matrix Ã associated to the linear
forms ã, ãu1, . . . , τr as [Ãr, . . . , Ã1, Ã0 = 1] such that Ãi|Ãi+1. Then we get as before:

λ̃(u1, . . . , ur) = λ̃ =
r∏

j=1

c̃jj0, (III.21)

s̃(u1, . . . , ur) = s̃ =
r∏

j=1

Ãj (III.22)

and if we set
t̃ = Ãr (III.23)

we may construct as above a uniform positive dual family α̃ to ã in OK satisfying ã ·
α̃ = t̃Ir+1 by computing the square matrix B̃ = (

∏r
i=1 Ã

−1
i )com(Ã)T and extracting its

columns. Explicitly, if B̃ = (b̃ij)0≤i,j≤r+1 we set

α̃j =
r+1∑
i=1

b̃ijei (III.24)
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for 0 ≤ j ≤ r, so that the elements α̃0, . . . , α̃r form a positive dual family to ã, ãu1, . . . , ãur
in OK satisfying for all 0 ≤ j ≤ r:

ãuj(α̃j) = t̃, ãuk(α̃j) = 0, ∀ k ̸= j. (III.25)

In the case r = 1 (that is K is a complex cubic field and u1 = ε is the fundamental
unit of K), λ̃ is the maximal integer satisfying ε ∈ Z+ λ̃OK and det(1, ε, ε2) = λ̃3t̃. If we
consider the set E of elements β ∈ OK for which the Z-module O(β) = Z+Zε+Zβ is a
ring, and if for each β ∈ E we denote by ct(β) the content of the ring O(β) in the sense
of [[Bha04], Definition 14], then λ̃ = max{ct(β) | β ∈ E} as O(λ̃ẽ2) = Z+ λ̃OK. On the
other hand, when λ̃ = 1, the integer t̃ is the index of the ring Z[ε] in OK. Therefore in
general we call λ̃ = λ̃(u1, . . . , ur) the content of the unit system u1, . . . , ur and we call
t̃ = t̃(u1, . . . , ur) the overflow of this unit system. We insist that these quantities only
depend on the unit system (u1, . . . , ur). In what follows, we shall relate the quantities
λ, λ̃, t, t̃, s, s̃ and more generally the two construction from sections III.3.2.1 and III.3.2.2.

III.3.2.3 Linking the two constructions

In this section we give a first fundamental link between the two constructions associated
to a = ah and to ã. In the next sections, this link will be explored in more detail
using generalised different ideals. Let us start by defining a specific integer ℓ which will
correspond in some sense to the level of the computation associated to a base point h.

Definition III.8: The level ℓ = ℓ(u1, . . . , ur;h) associated to the unit system u1, . . . , ur
and to the weakly admissible base point h is defined as the maximal integer satisfying

α̃0h, . . . , α̃rh ∈ mℓL+ Zh.

We immediately make the following remark: if in the basis BL the coordiantes of α̃jh
are given by α̃jh =

∑r+1
k=0⟨α̃jh, ek⟩ek then ℓ is the gcd of the coefficients ⟨α̃jh, ek⟩ for

0 ≤ j ≤ r and 1 ≤ k ≤ r + 1. Thus, in particular, if d is any integer satisfying

α̃0h, . . . , α̃rh ∈ m.d.L+ Zh

then d must divide all the coefficients ⟨α̃jh, ek⟩ for 0 ≤ j ≤ r and 1 ≤ k ≤ r+1 and d | ℓ.
The level ℓ naturally appears when comparing the families α0, . . . , αr and α̃0h, . . . , α̃rh.

We shall now make this comparison and deduce a fundamental relation between the quan-
tities λ, λ̃, t, t̃ and ℓ.

Proposition III.9: Let ϵ = sign(N (h)) ∈ {−1,+1}.

(i) The family ϵα̃h = (ϵα̃0h, . . . , ϵα̃rh) is a uniform positive dual family to a in L such
that a · (ϵα̃h) = mℓtIr+1.

(ii) The following fundamental relation holds in Z:

λℓt =
|N (h/m)|
N (L)

λ̃t̃. (III.26)
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(iii) For any 0 ≤ j ≤ r there is some integer mj ∈ Z such that

αj =
α̃jh+mjh

ϵmℓ
. (III.27)

Proof :
We shall prove simultaneously the three points of this proposition. We use formula

(III.18) which relates the linear forms a and ã in conjunction with (III.7) and (III.16) to
evaluate λmr+1a(ukα̃jh) for any 0 ≤ j, k ≤ r. Indeed:

λmr+1a(ukα̃jh) = detBL
(h, u1h, . . . , urh, ukα̃jh).

Using standard linear algebra and the definition of the norm of the fractional ideal L we
may rewrite this equality using detB̃ instead of detBL

as

λmr+1a(ukα̃jh) = detBL
(B̃)detB̃(h, u1h, . . . , urh, ukα̃jh)

λmr+1a(ukα̃jh) =
1

N (L)
detB̃(h, u1h, . . . , urh, ukα̃jh).

Then, using the definition of the norm N (h) of h we get

λmr+1a(ukα̃jh) =
N (h)

N (L)
detB̃(1, u1, . . . , ukα̃j)

λmr+1a(ukα̃jh) =
N (h)

N (L)
λ̃ã(ukα̃j).

We now use formula (III.24) to conclude that for k ̸= j, a(ukα̃jh) = 0 and for k = j:

λmr+1a(ujα̃jh) =
N (h)

N (L)
λ̃t̃

which we may rewrite as:

aujα̃jh =
N (h)

N (L)

λ̃

λmr+1
t̃ ̸= 0. (III.28)

The lattice L is a fractional ideal and α̃0, . . . , α̃r ∈ OK, therefore α̃0h, . . . , α̃rh ∈ L and
since a ∈ HomZ(L,Z), the rational number

d =
N (h)

N (L)

λ̃

λmr+1
t̃

is actually a non-zero integer whose sign is ϵ = ϵh = sign(N (h)). We have proven that
ϵα̃h is a uniform positive dual family to a in L such that

a · (ϵα̃h) = ϵdIr+1 = |d|Ir+1.

Let us now rewrite this using the level ℓ (see Definition III.8). By definition, there are
integers m0, . . . ,mr and elements β0, . . . , βr ∈ L such that for any 0 ≤ j ≤ r:

α̃jh = ϵ(ℓmβj −mjh).
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Then (III.28) may be written in terms of βj as:

a(ukβj) =

{
0 if j ̸= k
|d|
mℓ

= |N (h/m)|
N (L)

λ̃
λ
t̃
ℓ

if j = k.

The elements ukβj belong to L therefore a(ukβj) ∈ Z for any 0 ≤ j, k ≤ r and β0, . . . , βr
is a uniform positive dual family to a, au1, . . . , aur in L. It follows from lemma III.6 that t
divides the integer d/(mℓ). We now prove that tmℓ = |d|. Indeed, it follows from lemma
III.6, (iii) that for any 0 ≤ j ≤ r:

|d|
mℓ

αj − tβj ∈ tZγ.

Replacing βj by its definition we obtain:

d

mℓt
αj −

(α̃j +mj)h

mℓ
∈ Zγ

and thus:

α̃jh ∈
d

t
αj −mjh+mℓZγ

This shows in particular that

α̃0h, . . . , α̃rh ∈
|d|
t
L+ Zγ

and therefore the inequality |d|/t ≤ mℓ holds. This may be written as |d| ≤ mℓt and the
fact that mℓt divides |d| with |d| > 0 implies that |d| ≥ mℓt. Thus the two quantities
must be equal. We have thus proven that a · (ϵα̃h) = |d|Ir+1 = mℓtIr+1 and that the
fundamental equality:

λℓt =
|N (h/m)|
N (L)

λ̃t̃

holds in Z. The identification of βj with αj gives the desired relation between the families
α, α̃:

αj =
α̃jh+mjh

ϵmℓ
.

□

This Proposition is fundamental in two different ways for the construction of higher
elliptic units. On the one hand, the relation (III.26) between the integers λ, λ̃, ℓ, t, t̃ is
crucial to understand how the choice of base point h should be made to obtain interesting
evaluations of the higher elliptic Gamma functions (and evaluations that can be computed
in a small amount of time). On the other hand, the relation between the families α and α̃
show that the base point h impacts the parametersmα0/h, . . . ,mαr/h of the Gr functions
essentially through the level ℓ. For instance, in the cubic case, the functions Γ±

f,b,a are
essentially evaluated at points

τ = ±ε+ n0

ℓλ̃
=
τ0
ℓ
, σ = ±ε

−1 + n1

ℓλ̃
=
σ0
ℓ

for some integers n0, n1, where ε is a fundamental unit for O+,×
f (or a fundamental unit

for O+,×
K following remark III.6). This also means that when comparing two different
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choices of base points h and h′, we only need to compare similar functions for different
levels ℓ and ℓ′.

Let us now end this section with some refinements on the fundamental relation III.26,
obtained by studying the matrix of multiplication by h in the bases BL and B̃.

Lemma III.10:

(i) Let H be the matrix representing in the bases BL and B̃ the integral linear map
mulh : OK → L corresponding to multiplication by h. Then H is an upper triangular
matrix with coefficients in mZ of the form:

H =



m ∗ . . . ∗ . . . ∗ ∗
0 mc110

c̃110
. . . ∗ . . . ∗ ∗

...
...

...
...

...
...

...
0 0 . . .

mcjj0
c̃jj0

. . . ∗ ∗
...

...
...

...
...

...
...

0 0 . . . 0 . . . mcrr0
c̃rr0

∗
0 0 . . . 0 . . . 0 ϵmℓt/t̃


where ϵ = sign(N (h)).

(ii) As a consequence, for any 1 ≤ j ≤ r, c̃jj0 | cjj0 and thus λ̃ | λ. Moreover, t̃ | ℓt.

Proof :
(i) We shall first prove by induction on 0 ≤ j ≤ r that hẽj belongs to the Z-span of

e0, . . . , ej and that ⟨hẽj, ej⟩ = m
cjj0
c̃jj0

, where we set by convention c000 = 1 and c̃000 = 1.

Case j = 0: Since ẽ0 = 1 and e0 = h/m we get hẽ0 = me0 =
mc000
c̃000

e0.
Inductive step: Suppose that 1 ≤ j ≤ r and that for any 0 ≤ k ≤ j − 1, hẽk belongs

to the Z-span of e0, . . . , ek with ⟨hẽk, ek⟩ = m ckk0
c̃kk0

. Since uj =
∑j

k=0 c̃jk0ẽk we may write

hẽj =
h

c̃jj0

(
uj −

j−1∑
k=0

c̃jk0ẽk

)

By induction hypothesis, the term
∑j−1

k=0
c̃jk0
c̃jj0

hẽk belongs to the Q-span of e0, . . . , ej−1. In

addition, since huj =
∑j

k=0mcjk0ek we get

hẽj =
mcjj0
c̃jj0

ej +

j−1∑
k=0

cjk0ek − c̃jk0ẽk
c̃jj0

.

Thus hẽj belongs to the intersection of the lattice L with the Q-span of e0, . . . , ej, that
is hẽj belongs to the Z-span of e0, . . . , ej and ⟨hẽj, ej⟩ = mcjj0

c̃jj0
. This proves the result by

induction.
Let us now show that the coefficient ⟨hẽr+1, er+1⟩ = ϵmℓt/t̃. Since h/m ∈ L, the

image of the map mulh is a subset of m.L and all coefficients of H are divisible by m.
Let us write temporarily mR = ⟨hẽr+1, er+1⟩. Computing the determinant of H which is
equal to N (h)/N (L) we get:

N (h)

N (L)
= det(H) = mr+2

r∏
j=1

cjj0
c̃jj0
×R.
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Using the formula for λ and λ̃ given by (III.10) and (III.21) respectively this gives:

λ̃

λ

N (h/m)

N (L)
= R.

The desired result R = ϵℓt/t̃ is then obtained by using formula (III.26).
(ii) The matrixH/m is still integral as it corresponds to the multiplication by h/m ∈ L

in the basis BL and B̃. Thus we get c̃jj0 | cjj0 for any 1 ≤ j ≤ r and the content λ̃ divides
λ. In addition, the overflow t̃ divides ℓt. □

This last point, that the overflow t̃ divides ℓt is crucial to understand what sort of base
point h we shall be looking for in general. One of our primary goals for our evaluations
is to get the lowest possible value for t and if possible to get t = 1. This comes with
the tradeoff that the overflow t̃ must divide the level ℓ. In the next section, we revisit
formula (III.26) in terms of generalised different ideals.

III.3.3 Generalised different ideals

III.3.3.1 Definition of generalised different ideals

In this section we define generalised different ideals which we shall use to give some insight
on the value of the overflow t̃.

Definition III.11: Let f : K → Q be a non-zero Q-linear form on K. Let I be a
fractional ideal of K. The fractional ideal D(f, I) defined by:

D(f, I)−1 = {x ∈ K | ∀ y ∈ I, f(xy) ∈ Z}

is called the different ideal of f on I by analogy with the usual different ideal d of K given
by d = D(Tr,OK).

We start by proving some straightforward basic facts about these different ideals.

Lemma III.12:

(i) If I ′ = βI for some β ∈ K× then D(f, I ′) = β.D(f, I).

(ii) If I = I1 + I2 then D(f, I) = D(f, I1) +D(f, I2).

(iii) For any fractional ideal I of K, D(f, I) = I.D(f,OK).

(iv) If f ′ = (y → f(βy)) for some β ∈ K× then D(f ′, I) = β.D(f, I).

(v) For any f ∈ HomQ(K,Q) − {0}, there is a unique element ξ ∈ K× such that
f = (y → Tr(ξy)). In particular:

D(f, I) = (ξ)× I × d.

(vi) For a fixed fractional ideal I, all different ideals D(f, I) belong to the class of I × d
in the class group of K.

(vii) If f(I) ⊂ Z then D(f, I) ⊂ OK. In addition, if f(I) = Z then D(f, I) is a primitive
integral ideal.
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Proof :
(i) Let I and I ′ be two fractional ideals such that I ′ = βI for some β ∈ K×. Let us

rewrite the definition of D(f, I ′) as:

D(f, I ′)−1 = {x ∈ K | ∀ y ∈ I ′, f(xy) ∈ Z}
D(f, I ′)−1 = {x ∈ K | ∀ y ∈ I, f(xβy) ∈ Z}
D(f, I ′)−1 = {x ∈ K | xβ ∈ D(f, I)−1}

It follows that D(f, I ′)−1 = β−1D(f, I)−1 and therefore D(f, I ′) = β.D(f, I).

(ii) Since (I + J)−1 = I−1 ∩ J−1 for any fractional ideals I, J we only need to prove
that

D(f, I1 + I2)
−1 = D(f, I1)

−1 ∩D(f, I2)
−1.

Let x ∈ D(f, I)−1 where I = I1 + I2. This means that for y ∈ I1 + I2, f(xy) ∈ Z.
Since I1 ⊂ I and I2 ⊂ I we get f(xy) ∈ Z for all y ∈ I1 and for all y ∈ I2. Thus
x ∈ D(f, I1)

−1 ∩D(f, I2)
−1. On the other hand, if x is in this intersection, then for any

y = y1+y2 ∈ I1+I2 we get f(xy) = f(xy1)+f(xy2) ∈ Z+Z = Z. Thus x ∈ D(f, I1+I2)
−1

as claimed.

(iii) Any fractional ideal is the sum of two principal fractional ideals. Thus, if I =
I1 + I2 with Ij = βjOK for some βj ∈ K×, j = 1, 2 then by (ii),

D(f, I) = D(f, I1) +D(f, I2).

Since Ij = βjOK we get D(f, Ij) = βj.D(f,OK) by (i). Thus D(f, I) = (β1OK +
β2OK).D(f,OK). Since β1OK+β2OK = I, this leads to D(f, I) = I.D(f,OK) as claimed.

(iv) This is essentially the same as the proof for (i). Indeed, by definition:

D((y → f(βy)), I)−1 = {x ∈ K | ∀ y ∈ I, f(xβy) ∈ Z}.
It follows from the proof of (i) that D((y → f(βy), I)−1 = β−1D(f, I)−1 and therefore
D((y → f(βy), I) = β.D(f, I).

(v) The existence of the unique ξ is a standard fact in linear algebra. If f = (y →
Tr(ξy)) then it follows from (iii) that D(f, I) = I.D(f,OK) and it follows from (iv) that
D(f,OK) = ξ.D(Tr,OK) = ξ.d. Thus we get D(f, I) = (ξ)× I × d.

(vi) This is a consequence of (v) as D(f, I) = (ξ)× I × d for any f = (y → Tr(ξy)).

(vii) Suppose that f(I) ⊂ Z. Let x ∈ OK. Since I is a fractional ideal, multiplication
by x maps I to a subset of I and therefore for any y ∈ I, f(xy) ∈ f(I) ⊂ Z. Thus
x ∈ D(f, I)−1. This gives OK ⊂ D(f, I)−1 and by inversion we get D(f, I) ⊂ OK.
Suppose now that f(I) = Z. Suppose that D(f, I) ⊂ dOK for some integer d ≥ 1. Then
d−1OK ⊂ D(f, I)−1 and thus ∀y ∈ I, f(y) = d.f(y/d) ∈ dZ. Thus, by assumption, since
f(I) = Z we conclude that d = 1. This proves that D(f, I) is a primitive integral ideal.

□

On the computational side, we may compute the ideal D(f, I) using lemma III.12,
(v) which only requires finding the element ξ ∈ K× satisfying f = (y → Tr(ξy)). This
may be done by solving a linear system as if B′ = [e′0, . . . , e

′
r+1] is a Z-basis of OK and

T = (Tr(e′ie
′
j))0≤i,j≤r+1 then ξ is expressed as a vector on the basis B′ by:

ξ = T−1

 f(e′0)
...

f(e′r+1)

 .
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Another approach is to generalise directly [[Coh93], Proposition 4.8.19] as follows:

Lemma III.13: For B = [e0, . . . , er+1] a Z-basis of I and B′ = [e′0, . . . , e
′
r+1] any Q-basis

of K we may define M ∈ Mr+2(Q) to be the matrix whose coefficients are the rational
numbers f(eie

′
j) for 0 ≤ i, j ≤ r + 1. Then D(f, I)−1 is explicitly parametrised as the

image of Zr+2 under the Q-linear isomorphism ι : Qr+2 → K defined by:

ι


x0
x1
...

xr+1

 = (e′0, . . . , e
′
r+1)×M−1 ×


x0
x1
...

xr+1

 .

Proof :
The proof is essentially the same as the proof given in [[Coh93], Proposition 4.8.19] for

the usual different ideal. LetM be the matrix (f(eie
′
j))0≤i,j≤r+1. Let us denote by mij

the coefficients ofM−1 so that:

r+1∑
k=0

f(eje
′
k)mkl = δjl

where δjl is Kronecker’s symbol. Let x = ι((x0, . . . , xr+1)
T ) and y =

∑r+1
j=0 yjej where the

xi’s are rational numbers and the yi’s are integers. Then:

f(xy) = f

((
r+1∑
j=0

yjej

)
×

(
r+1∑
k=0

e′k

r+1∑
l=0

mklxl

))

f(xy) =
r+1∑
j=0

yj

r+1∑
l=0

(
r+1∑
k=0

f(eje
′
k)mkl

)
xl

f(xy) =
r+1∑
j=0

yjxj

Therefore, f(xy) ∈ Z for all y ∈ I if and only if xj ∈ Z for all 0 ≤ j ≤ r + 1 and
D(f, I)−1 = ι(Zr+2). □

In what follows, we shall be interested in the different ideals D(a, L) and D(ã,OK)
associated to the linear forms a and ã. In particular, we may show a straightforward
relation between these two fractional ideals which is closely related to (III.26).

Lemma III.14: The different ideals D(a, L) and D(ã,OK) are primitive integral ideals
related by:

λD(a, L) = λ̃
N (h/m)

N (L)

m

h
L.D(ã,OK).

Proof :
First, since a(L) = Z and ã(OK) = Z, it follows from lemma III.12 that these different

ideals are primitive integral. Secondly, recall from (III.18) that

a =

(
y → ã

(
λ̃

λ

N (h/m)

N (L)

m

h
y

))
.
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Thus, it follows from lemma III.12, (iv) that

D(a, L) =
λ̃

λ

N (h/m)

N (L)

m

h
D(ã, L)

and using lemma III.12, (iii) we get the desired relation:

λD(a, L) = λ̃
N (h/m)

N (L)

m

h
L.D(ã,OK).

□

We immediately note that the fundamental relation (III.26) gives:

D(a, L)

t
= ℓ

m

h
L.

D(ã,OK)

t̃
.

We claim that the values of s̃ and of the overflow t̃ essentially depend on D(ã,OK) and
that this different ideal plays an important role in our construction. To prove precise
statements on this, we shall need to do some more work on these generalised different
ideals.

III.3.3.2 Explicit description of the different ideals associated to a and ã

To describe precisely the different ideals associated to a and ã and the links with other
quantities we introduced, we will use lemma III.13. Recall that we have fixed BL =
[e0, . . . , er+1] a positive Z-basis of L and B̃ = [ẽ0, . . . , ẽr+1] a positive Z-basis of OK

in section III.3.2. Let us now define the matrix M (resp. M̃) to be the matrix whose
coefficients are (a(eiẽj))0≤i,j≤r+1 (resp. the matrix (ã(ẽiẽj))0≤i,j≤r+1). Since a(L) ⊂ Z and
ã(OK) ⊂ Z these matrices are integral. It follows from lemma III.13 thatM−1 represents

the inverse different ideal D(a, L) in the basis BL and that M̃−1 represents D(ã,OK) in
the basis B̃. In particular, the norms of these ideals are related to the determinants of
these matrices as:

|det(M)| = N (D(a, L)) and |det(M̃)| = N (D(ã,OK)).

We shall now express a link between these two matrices and the matrices A and Ã defined
in (III.9) and (III.20).

Lemma III.15: The two following matrix equalities hold:

(0 A) = ŨTMT , and (0 Ã) = ŨTM̃T

where T stands for transposition and Ũ is the matrix defined in (III.19). As a consequence,
λ̃ | s and λ̃ | s̃.
Proof :
Recall that the matrix (0 A) is given by its coefficients a(ujel) for 0 ≤ j ≤ r and 0 ≤ l ≤

r + 1. Replacing uj by its expression uj =
∑j

k=0 c̃jk0ẽk gives a(ujel) =
∑j

k=0 c̃jk0a(ẽkel).
Thus:

(0 A) =


1 0 0 . . . 0 0
c̃100 c̃110 0 . . . 0 0
...

...
...

...
...

...
c̃r00 c̃r10 c̃r20 . . . c̃rr0 0




a(ẽ0e0) . . . a(ẽ0el) . . . a(ẽ0er+1)
...

...
...

...
...

a(ẽje0) . . . a(ẽjel) . . . a(ẽjer+1)
...

...
...

...
...

a(ẽr+1e0) . . . a(ẽr+1el) . . . a(ẽr+1er+1)


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which is exactly the statement that (0 A) = ŨTMT . Let us now analyse this relation

more precisely, by introducing two auxiliary square matrices Ũ0 andM0 of size r+1 such
that

Ũ =

 Ũ0

0 . . . 0

 andM =



0 0 . . . 0 0 1
∗

M0
...

∗


.

Then the relation (0 A) = ŨTMT reduces to A = ŨT
0MT

0 and taking determinants gives

s = det(A) = det(ŨT
0 )× det(MT

0 ) = λ̃.det(M0) ∈ λ̃.Z.

Thus λ̃ | s. The proof that (0 Ã) = ŨTM̃T and that λ̃ | s̃ is essentially the same. □

We may now improve this result by considering a slight modification of the matrices
A, Ã and Ũ. Indeed, let us define the square matrices:

A1 =


au0
au1
...
aur
aẽr+1

 and Ã1 =


ãu0
ãu1
...
ãur
ãẽr+1

 and Ũ1 =
(
Ũ X̃

)

where X̃ = (0, . . . , 0, 1)T . Then, on the one hand it is clear that the proof of lemma III.15
may be adapted to show that:

A1 = ŨT
1MT , and Ã1 = ŨT

1 M̃T . (III.29)

On the other hand, the matrices A1 and Ã1 are explicitly given by:

A1 =


0
... A
0

a(e0ẽr+1) a(e1ẽr+1) . . . a(er+1ẽr+1)

 =

(
0 A

a(e0ẽr+1) X1

)
(III.30)

and by:

Ã1 =


0
... Ã
0

ã(ẽ0ẽr+1) ã(ẽ1ẽr+1) . . . ã(ẽr+1ẽr+1)

 =

(
0 Ã

ã(ẽ0ẽr+1) X̃1

)
(III.31)

where X1 = (a(e1ẽr+1), . . . , a(er+1ẽr+1)) and X̃1 = (ã(ẽ1ẽr+1), . . . , ã(ẽr+1ẽr+1)). Thus we
already obtain two new relations:

Lemma III.16: Taking determinants in (III.29) gives the relations in Z>0:

s.ℓ.t = λ̃.t̃.N (D(a, L)) (III.32)
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s̃ = λ̃.N (D(ã,OK)). (III.33)

Proof :
(i) Let us take determinants in the matrix equalities given in (III.29). The matrix Ũ1 is

an upper triangular matrix so its determinant is the product of the diagonal coefficients,
i.e. det(Ũ) =

∏r
j=1 c̃jj0 = λ̃. From the definition of A1 it is clear that det(A1) = det(A)×

a(e0ẽr+1) = s × a(hẽr+1/m) as s = det(A) by definition. Now, since |⟨hẽr+1, er+1⟩| =
mℓt/t̃ (see lemma III.10) we get:

|det(A1)| = s× ℓt/t̃.

This gives the desired equality:

s.ℓ.t = λ̃.t̃.N (D(a, L)).

(ii) The determinant of Ã1 is by definition det(Ã1) = det(Ã) × ã(ẽ0ẽr+1) = s̃ as
ã(ẽ0ẽr+1) = ã(ẽr+1) = 1. Thus taking determinants in (III.29) gives:

s̃ = λ̃.N (D(ã,OK))

as claimed. □

This lemma shows in particular that the value of s̃ and therefore the value of the
overflow t̃ depends essentially on λ̃ and D(ã,OK). We shall now define two matrices B1
and B̃1 by:

B1 = t×A−1
1 and B̃1 = t̃× Ã−1

1 . (III.34)

These matrices expand the matrices B and B̃ defined in section III.3.2 as we shall show
now, and they are related to the families α0, . . . , αr and α̃0, . . . , α̃r introduced in (III.13)
and (III.24).

Lemma III.17: Let X1 and X̃1 be as defined in (III.30) and (III.31). Then:

B1 =

(
−X1B × (t̃/(ℓt)) t̃/ℓ

B 0

)
and B̃1 =

(
−X̃1B̃ t̃

B̃ 0

)
.

In particular, the matrix B̃1 is integral.

Proof :
The lemma follows from the inversion formula for the matrices

A1 =

(
0 A
ℓt/t̃ X1

)
and Ã1 =

(
0 Ã
1 X̃1

)

together with the fact that by definition A · B = tIr+1 and Ã · B̃ = t̃Ir+1. □

In the next section, we shall use the matrix B̃1 to gain additional information on the
family α̃0, . . . , α̃r under some simplifying hypothesis.
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III.3.4 The choice of base points (hρ)ρ∈Sr

In this section, we explain how the base points (hρ)ρ∈Sr should be chosen in Conjecture
III.5. The choice of these base points is the major difficulty we need to overcome in order
to formulate a precise version of our main conjecture. There are two important aspects
we keep in mind:

� Computations show (see section IV.2.6.1) that for fields of degree n ≥ 4, the base
points (hρ)ρ cannot be chosen independently. Hence, we must define a notion of
compatible sets of base points (hρ)ρ for which a precise form of Conjecture III.5
holds (see Definition III.24).

� To perform efficient computations, and to get the simplest formulas for higher
elliptic units, the values of the parameters tρ should be the smallest possible, and,
after that, the value of the levels ℓρ should also be the smallest possible.

With these two points in mind, we shall explain how to choose the set of base points (hρ)ρ
under some specific conditions (see (H3), (H4) and (H5) below). Let us fix once again
a permutation ρ ∈ Sr and a unit system u1, . . . , ur = [ερ(1)| . . . |ερ(r)] which we assume

to satisfy (H2). Let us discuss the role of the content λ̃ in the evaluation (III.2). By
definition, the integers s and t share the same prime factors, therefore t = 1⇔ s = 1. It
follows from lemma III.15 that the content λ̃ divides s, thus if λ̃ ̸= 1 it is impossible to
achieve the best case scenario t = s = 1. We shall therefore assume that the unit system
u1, . . . , ur satisfies the additionnal condition:

The content λ̃ = λ̃(u1, . . . , ur) of the unit system u1, . . . , ur is equal to 1. (H3)

It is clear that this condition makes sense only when the unit system u1, . . . , ur satisfies
(H2) and that this condition does not depend on the choice of base point h. In view
of the results from section III.3.3, this hypothesis simplifies considerably the situation
as the basis B̃ may be taken to be [1, u1, . . . , ur, ẽr+1]. We shall show that under this
hypothesis we can describe more precisely the values of λ, ℓ and t associated to the base
point h (see Proposition III.20). Then, we show (see Proposition III.25) that under some
assumptions, we can always choose a set of compatible base points hρ such that for any
permutation ρ, tρ = tρ,hρ = 1 by using helper ideals (see Definitions III.24 and III.21).

The general idea is that for any ρ ∈ Sr, the strongly admissible base point hρ should
be chosen if possible as a generator of the ideal qN

ab
D(ãρ,OK). However, there is no

guarantee that this ideal is principal, nor that it is generated by a strongly admissible
base point. To deal with this problem we use ideals of the form m.H where m > 0 is
an integer coprime to q and H is an ideal of the satisfying OK/H ≃ (Z/pHZ)r+1 where
H∩Z = pHZ. We show that it is always possible to choose the base points as generators
of ideals

qN

ab
D(ãρ,OK).mρH = hρOK

for some integers mρ > 0 and some ideal H independent of ρ which satisfies the above
property. The presence of the ideal mρH as a divisor of the ideal generated by hρ only
has a little and well-controlled impact on the geometric setup we have presented in the
previous sections. The fact that the ideal H should not depend on the permutation ρ is
crucial for the validity of our construction of higher elliptic units and it gives rise to the
compatibility condition expressed in Definition III.24.
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III.3.4.1 The family α̃0, . . . , α̃r and the different ideal D(ã,OK)

In this section we work once again with fixed ρ and drop the subscripts to gain in clarity.
We shall assume that the unit system u1, . . . , ur = [ερ(1)| . . . |ερ(r)] satisfies (H2) and is

such that the content λ̃ is equal to 1 (see hypothesis (H3)). We start by explaining how
this affects the results from sections III.3.2 and III.3.3. Since λ̃ = 1 we may assume that
the basis B̃ is given by B̃ = [1, u1, . . . , ur, ẽr+1] in which case the matrix Ũ defined in
(III.19) is given by:

Ũ =



1 0 . . . 0 . . . 0
0 1 . . . . . . 0
...

...
...

...
...

...
0 0 . . . 1 . . . 0
...

...
...

...
...

...
0 0 . . . 0 . . . 1
0 0 . . . 0 . . . 0


=

(
Ir+1

0

)
.

In addition, the relations (III.26), (III.32) and (III.33) become:

λℓt =
|N (h/m)|
N (L)

t̃

s.ℓ.t = t̃.N (D(a, L))

s̃ = N (D(ã,OK)).

More importantly, we get the matrix equalities:

Ã1 = M̃T and A1 =MT

(see section III.3.3.2 for the definition of these matrices). We shall now use these equalities
to give a description of the family α̃0, . . . , α̃r in terms of the different ideal D(ã,OK) (see
Definition III.11).

Lemma III.18: Assume that u1, . . . , ur satisfies (H2) and (H3). Let x̃0, . . . , x̃r, t̃ ∈ Z be

the coefficients of the first row of B̃1. Then the family (α̃0+ x̃0, . . . , α̃r+ x̃r, t̃) is a Z-basis
of the fractional ideal t̃.D(ã,OK)

−1. As a consequence, this fractional ideal is integral and
t̃ ∈ D(ã,OK) ∩ Z.
Proof :
Under hypothesis (H3) the matrix B̃1 satisfies B̃1M̃T = t̃In, which we can rewrite as

t̃−1B̃1 = (M̃T )−1. The matrix M̃ is symmetric, so we get the simpler equality t̃−1B̃1 =

M̃−1. It follows from lemma III.13 that the columns of the matrix M̃−1 define a Z-basis
of D(ã,OK). Using the formula for B̃1 given by lemma III.17 gives:

t̃.M̃−1 =


x̃0 . . . x̃r t̃

0

B̃ ...
0


and since the columns of the matrix B̃ define α̃0, . . . , α̃r (see (III.24)) the family(

α̃0 + x̃0

t̃
, . . . ,

α̃r + x̃r

t̃
, 1

)
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is a Z-basis of D(ã,OK)
−1. Thus, the family (α̃0 + x̃0, . . . , α̃r + x̃r, t̃) is a Z-basis of the

fractional ideal t̃.D(ã,OK)
−1 as claimed. The elements α̃j+ x̃j belong to OK for 0 ≤ j ≤ r

therefore the fractional ideal t̃.D(ã,OK)
−1 is integral. Lastly, if D(ã,OK)∩Z = d.Z then

t̃.d−1 ∈ t̃.D(ã,OK)
−1 ∩ Z ⊂ OK ∩ Z ⊂ Z

which gives d | t̃ and t̃ ∈ D(ã,OK). □

III.3.4.2 Target ideals

Using the characterisation of the elements α̃0, . . . , α̃r given in Lemma III.18, we may now
give some insight on how to choose the base point h for the unit system u1, . . . , ur to
achieve the value t = 1 in the computations. Recall from Lemma III.10 that the overflow
t̃ divides the product ℓ.t, therefore t = 1 may only happen if t̃ | ℓ. We now give a
sufficient condition on the ideal generated by h for this to happen. Indeed, the condition
that h is a weakly admissible base point implies that the fractional ideal hOK may be
decomposed as m qN

ab
I for some integer m > 0 coprime to q and some primitive integral

ideal I coprime to f × a (recall that an integral ideal is primitive if I ⊂ dOK for some
integer d > 0 implies d = 1). The choice of h then essentially boils down to the choice
of integer m and to the choice of fractional ideal I. We argue that when the primitive
integral ideal D(ã,OK) divides the ideal I, the desired division t̃ | ℓ holds. Unfortunately,
in general it can happen that D(ã,OK) is not coprime to f or a. Thus, we shall assume
the following:

The different ideal D(ã,OK) is coprime to q. (H4)

This hypothesis makes sense when the unit system u1, . . . , ur satisfies (H2) and it depends
only on u1, . . . , ur and f. In particular, this hypothesis is independent of (H3).

A comment we wish to make on this assumption is that we will also need to assume
that D(ã,OK) is coprime to N . However, the different ideal D(ã,OK) does not depend
on a and in general the choice of smoothing ideal a is flexible, therefore to ensure that
D(ã,OK) is coprime to N we will make sure to choose a such that N is coprime to t̃ (see
Definition III.26). We are now ready to prove the following:

Lemma III.19: Assume that the unit system u1, . . . , ur satisfies (H2), (H3) and (H4).
Assume further that N is coprime to D(ã,OK). Suppose that the weakly admissible base
point h satisfies hOK = m qN

ab
I with m > 0 coprime to q and I a primitive integral ideal

coprime to f.a such that D(ã,OK) divides I. Then t̃ | ℓ and s̃ | λ.

Proof :
(i) Let us start by proving that t̃ | ℓ. It follows from lemma III.18 that for 0 ≤ j ≤ r,

α̃j + x̃j ∈ t̃.D(ã,OK)
−1 for some integers x̃j. Let us denote by I′ the integral ideal

satisfying D(ã,OK)I
′ = I. Then for any 0 ≤ j ≤ r we get:

(α̃j + x̃j)h ∈ m
qN

ab
× t̃.I′ ⊂ mt̃L.

Thus α̃jh ∈ mt̃L + Zh for all 0 ≤ j ≤ r and by definition of ℓ (see Definition III.8) this
implies that t̃ | ℓ.

(ii) Let us now prove that s̃ | λ. To do this, we introduce an auxiliary Z-basis
B′′ = [e′′0, . . . , e

′′
r+1] of OK such that ãuje

′′
k = 0 whenever k > j and ãuje

′′
k = c′′jk ∈ Z
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otherwise. This is once again done by computing a HNF representation of the matrix
ÃT

1 . Indeed, there is a matrix P ∈ GLn(Z) and an upper trianguler integral matrix A′′

such that ÃT
1 = PA′′. Therefore, Ã1 · (P T )−1 = (A′′)T and

A′′ =



1 c′′10 . . . c′′j0 . . . c′′r0 ∗
0 c′′11 . . . c′′j1 . . . c′′r1 ∗
...

...
...

...
...

...
...

0 0 . . . c′′jj . . . c′′rj ∗
...

...
...

...
...

...
...

0 0 . . . 0 . . . c′′rr ∗
0 0 . . . 0 . . . 0 1


In particular, the value of s̃ = det(Ã1) is given by s̃ =

∏r
j=1 c

′′
jj. Using this representation

we obtain a series of identities of the form (y → ã(u′jy)) ∈ HomZ(OK,Z) where for all
1 ≤ j ≤ r:

u′j =
uj +

∑j−1
k=0 q

(j)
k uk

c′′jj

for some rational number q
(j)
k . This shows that the element u′j belongs to D(ã,OK)

−1 and
since D(ã,OK) divides the integral ideal h.L

−1, the element u′jh belongs to L. Therefore,
for any y ∈ L:

λmr+1a(y) = detBL
(h, u1h, . . . , urh, y)

λmr+1a(y) = detBL

(
u0h, (u1 + q

(j)
0 u0)h, . . . ,

(
ur +

r−1∑
k=0

q
(r)
k uk

)
h, y

)

λa(y) =
r∏

j=1

c′′jj × detBL
(u0h/m, u

′
1h/m, . . . , u

′
rh/m, y)

Thus, if y satisfies a(y) = 1, since
∏r

j=1 c
′′
jj = s̃ we obtain:

λ = s̃× detBL
(u0h/m, u

′
1h/m, . . . , u

′
rh/m) ∈ s̃.Z

and therefore s̃ | λ. □

Remark: in the case where (H4) does not hold, i.e. essentially in the case where q and
D(ã,OK) are not coprime we must define the auxiliary ideal Dq̂(ã,OK) to be the largest
divisor of D(ã,OK) which is coprime to q. If we also define s̃q̂ (resp. t̃q̂) to be the largest
divisor of s̃ (resp. t̃) which is coprime to q, then Lemma III.19 may be adapted to give
the following statement: if hOK = m. qN

ab
.I for some m > 0 coprime to q and I a primitive

integral ideal coprime to f.a such that Dq̂(ã,OK) divides I, then s̃q̂ | λ and t̃q̂ | ℓ.
Let us now make one final assumption on f that ensures we can describe explicitly

the parameters λ, ℓ and t. This hypothesis concerns the shape of the quotient OK/f and
plays a role in the determination of the valuations of λ, ℓ and t at primes dividing q. We
assume the following:

The quotient OK/f is a cyclic abelian group. (H5)
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This condition is equivalent to f ∩ Z = N (f)Z and we now give a second equivalent
definition when f ̸= (1) (which we always assume). Let q =

∏k
j=1 q

nj

j be the prime
factorisation of q, where qZ = f ∩ Z. Then f ̸= (1) satisfies (H5) if and only if

f =
k∏

j=1

q
nj

j

where for 1 ≤ j ≤ k, qj is an ideal of norm qj. Note that hypothesis (H5) depends
only on f and not on the unit system u1, . . . , ur. In particular, it is independent of the
hypotheses (H2), (H3) and (H4). We are now ready to prove the following proposition on
the values of λ, ℓ, t when the base point h is carefully chosen with respect to the different
ideal D(ã,OK).

Proposition III.20: Assume (H3), (H4) and (H5). Assume further that the ideal
D(ã,OK) is coprime to N . Suppose that the weakly admissible base point h satisfies
hOK = m qN

ab
D(ã,OK) with m > 0 coprime to q. Then

λ = qr.N r.s̃ and ℓ = q.N.t̃ and t = 1.

Proof :
The proof contains 3 main steps consisting of the analysis of the divisibilities by q, by

N and by the factors of t̃.
Divisibility by q: Let us first treat the case of q. Under assumption (H5) any unit uj

is congruent to an integer modulo f, therefore there are integers m′
j for 1 ≤ j ≤ r such

that uj +m′
j ∈ f. Since h ∈ qL/f, this gives (uj +m′

j)h ∈ mqL for any 1 ≤ j ≤ r and
therefore q | cjj0 (see (III.8) for the definition of the integers cjj0) for any 1 ≤ j ≤ r.
Thus, qr | λ. On the other hand, for any 0 ≤ j ≤ r, there are integers m′′

j such that
α̃j +m′′

j ∈ f. Therefore, (α̃j +m′′
j )h ∈ mqL and by definition of the level ℓ we get q | ℓ.

Divisibility by N : This case is exactly proven in the same way as the divisibility by q
since the smoothing ideal a is such that OK/a is cyclic and h ∈ NL/a.

Factors of t̃: It follows from Lemma III.19 that t̃ | ℓ and s̃ = N (D(ã,OK)) | λ under
assumptions (H3), (H4).

Let us now put everything together and prove the desired result using lemma III.9.
First, as q, N and t̃ are pairwise coprime (and q, N and s̃ are also pairwise coprime) as a
result of hypothesis (H4), one gets qr.N r.s̃ | λ and q.N.t̃ | ℓ. Now, we use the fundamental
relation:

λℓt =
|N (h/m)|
N (L)

t̃

given in Proposition (III.9). Since |N (h/m)|/N (L) = qr+1.N r+1.s̃ we get:

λ

qr.N r.s̃
.
ℓ

q.N.t̃
.t = 1.

As all three terms on the left-hand side are positive integers, we must conclude that they
are all equal to 1. Therefore

λ = qr.N r.s̃ and ℓ = q.N.t̃ and t = 1

as claimed. □
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This Proposition shows that the base point h should be chosen if possible to satisfy
hOK = m qN

ab
D(ã,OK). There are three remarks we wish to make about this choice of

base point h. First, there is no guarantee that the ideal m qN
ab
D(ã,OK) is principal in OK,

nor that it possesses a generator h which is a weakly admissible base point. This will be
adressed in the following section, where we use helper ideals to circumvent this problem.
The second remark is that if we do not assume the collection of hypotheses (H3), (H4)
and (H5), the best choice for h should still be a base point satisfying h = m qN

ab
Dq̂(ã,OK)

where as beforeDq̂(ã,OK) is the coprime to q part ofD(ã,OK) (see section IV.2.6 for some
examples in this case). As a last remark, we point out that in the language of [Mor24],
the ideal D(ã,OK) (or rather Dq̂(ã,OK) in general) is the product of all the target ideals
for the unit system u1, . . . , ur. Thus we might refer to D(ã,OK) as the target ideal for the
unit system u1, . . . , ur since the determination of this ideal is crucial for computations.

III.3.4.3 Helper ideals

In this section we show how to treat the case where the ideal qN
ab
D(ã,OK) is not generated

by a weakly admissible base point h. To this end we introduce the notion of helper ideals :
these are certain integral ideals H which don’t influence the value of t and such that the
ideal qN

ab
D(ã,OK).H is generated by a weakly admissible base point (see lemma III.22).

These ideals are defined as follows:

Definition III.21: An integral ideal H is a helper ideal if either H = OK or H is a
primitive ideal coprime to q.N.t̃ such that pH/H is a cyclic group of order pH, where
H∩Z = pHZ. An extended helper ideal is an ideal of the form m.H where m is a positive
integer coprime to q and H is a helper ideal.

These ideals are interesting because they do not impact the value of t as explained by
the following lemma.

Lemma III.22: Assume that the unit system u1, . . . , ur satisfies (H2) (H3) and (H4).
Assume that OK/f is cyclic (see (H5)). Assume further that the ideal D(ã,OK) is coprime
to N . Suppose that H is a helper ideal and that h is a weakly admissible base point such
that hOK = m qN

ab
D(ã,OK).H with m > 0 coprime to q. Set pHZ = H∩Z with pH > 0 and

assume that pH is coprime to q.N.t̃. Then

λ = qr.N r.s̃.prH and ℓ = q.N.t̃.pH and t = 1.

Proof :
The proof is very similar to the proof of Proposition III.20 and it is naturally split into

three parts: the determination of λ, then ℓ, then the proof that t = 1 using (III.9).
Determination of λ: It follows from the proof of Proposition III.20 that qr.N r.s̃ | λ.

To prove that prH | λ we remark as before that since pH/H is cyclic, there are integers
m′

j(H) such that uj +m′
j(H) ∈ pH/H for 1 ≤ j ≤ r. Thus (uj +m′

j(H))h ∈ mpHL and

thus pH | cjj0 for any 1 ≤ j ≤ r. This gives prH | λ. The fact that pH is coprime to q.N.t̃
and thus to q.N.s̃ implies that qr.N r.s̃.prH | λ.

Determination of ℓ: It follows from the proof of Proposition III.20 that q.N.t̃ | ℓ. To
prove that pH | ℓ we remark as before that since pH/H is cyclic, there are integers m′′

j (H)
such that α̃j + m′′

j (H) ∈ pH/H for 1 ≤ j ≤ r. Thus (α̃j + m′′
j (H))h ∈ mpHL and by

definition of ℓ one gets pH | ℓ. Once again, pH is coprime to q.N.t̃ so q.N.t̃.pH | ℓ.
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Determination of t: We use once again formula (III.26):

λℓt =
|N (h/m)|
N (L)

t̃.

Since |N (h/m)|/N (L) = qr+1.N r+1.s̃.pr+1
H we get:

λ

qr.N r.s̃.prH
.

ℓ

q.N.t̃.pH
.t = 1.

As before, we must conclude that each of the three positive integers on the left-hand side
is equal to 1, that is:

λ = qr.N r.s̃.prH and ℓ = q.N.t̃.pH and t = 1

as claimed. □

The use of helper ideals gives us a bit more room to find a weakly admissible base
point h, at the cost of an increase of the level ℓ by a factor pH. Luckily, the use of helper
ideals is enough to guarantee that we find a suitable ideal, as we explain in the following
lemma:

Lemma III.23: For any class c in the wide or narrow ray class group at f and any
integer k, there is a helper ideal H coprime to kOK and an integer m > 0 coprime to
q such that mH ∈ c. In other words, the set of extended helper ideals coprime to kOK
generates the wide or narrow ray class group at f. In addition, the set of helper ideals
which are coprime to k generates the usual class group of K.

Proof :
Fix a class c in the wide or narrow ray class group at f. By Cebotarev’s density theorem

(see [[Cox22], Theorem 8.17]), there are infinitely many degree one prime ideals in the
class c−1, that is to say there are infinitely many pairs (p,P) where p is a rational prime
andP is a prime ideal of norm p in OK such thatP ∈ c−1. Fix any of these pairs such that
p is coprime to q.k. Fix a positive integer m such that mp ≡ 1 mod q. Then H = p/P
is a helper ideal such that mH ∈ c. This completes the proof of the first point. For the
second point, if we fix a class c′ in the class group of K, then there is a pair (p,P) where
p is a rational prime coprime to k and P is a prime ideal of norm p such that P ∈ c′−1.
Then H = p/P is a helper ideal coprime to k which belongs to c′. □

In particular, this lemma implies that there is a helper ideal H coprime to q.N.t̃ and
an integer m > 0 such that the ideal

m
N

ab
D(ã,OK).H

belongs to the trivial class in the wide class group at f. This ideal is then generated by
some h/q where h is a strongly admissible base point in the sense of Definition III.4.

III.3.4.4 Using target and helper ideals to choose the base points (hρ)ρ∈Sr

In this section we gather the results on both target ideals and helper ideals to explain
how to choose the base points (hρ)ρ∈Sr . These should be chosen to be weakly admissible
generators of ideals of the form

hρOK = mρ
qN

ab
D̃ρ.Hρ
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where D̃ρ = D(ãρ,OK) is the target ideal associated to [ερ(1)| . . . |ερ(r)], mρ is a positive
integer coprime to q and Hρ is a helper ideal (see Definition III.21). However, for ATR
fields of degree n ≥ 4, the computations show that choosing these base points indepen-
dently does not yield higher elliptic units in general (see section IV.2.6.1). This leads us
to defining the notion of a compatible set of base points (hρ)ρ.

Definition III.24: A set h = (hρ)ρ of base points is said to be weakly compatible (for the
data f, b, a and for the choice of fundamental units ε1, . . . , εr) if each of the base points hρ
is weakly admissible in the sense of Definition III.4 and if for each ρ ∈ Sr the fractional
ideal hρOK may be decomposed as:

hρOK = mρ
qN

ab
D̃ρ.H

where H is a helper ideal independent of ρ and mρ is a positive integer coprime to q. The
set h is said to be strongly compatible if, in addition, each of the base points hρ is strongly
admissible in the sense of Definition III.4.

This definition is crucial, as it guarantees that our computation of higher elliptic units,
which is already a mixed-level computation in some sense, has the correct levels ℓρ when
ρ varies in Sr. We gather all the results of this section in the following Proposition:

Proposition III.25: Suppose that f satisfies (H5). Fix a set of fundamental units
ε1, . . . , εr for O+,×

K and assume that for each ρ ∈ Sr, the unit system [ερ(1)| . . . |ερ(r)]
satisfies (H2), (H3) and (H4). Fix a smoothing ideal a of norm N such that N is co-
prime to

∏
ρ∈Sr

t̃ρ. Fix an integral ideal b representing a class in the narrow ray class
group at f. Then there is a helper ideal H independent of ρ and there are positive integers
(mρ)ρ coprime to q such that all the ideals

mρ
N

ab
D̃ρ.H

belong to the trivial class of the wide class group at f. In addition, we may fix a generator
hρ for each of the ideals mρ

qN
ab
D̃ρ.H so that the set of base points h = (hρ)ρ is strongly

compatible for ε1, . . . , εr.

Proof :
It follows from lemma III.12, (vi) that the different ideals D̃ρ all belong to the same

class in the usual class group of K, that is the class of the usual different ideal d. We
now need to prove that there are integers m′

ρ coprime to q such that the different ideals

m′
ρD̃ρ all belong to the same class in the wide ray class group at f. Let us fix D̃1 one

of these different ideals. Then for each ρ ∈ Sr, the fractional ideal D̃ρ/D̃1 is principal
and coprime to q by (H4), therefore it admits a generator ξρ which is coprime to q. Since
OK/f is cyclic by (H5), there are positive integers dρ coprime to q such that for each ρ,
ξρ − dρ ∈ f. Let us set for each ρ ∈ Sr a positive integer m′

ρ satisfying m′
ρdρ ≡ 1 mod q.

Then m′
ρξρ ≡ 1 mod f for each ρ ∈ Sr. Thus the ideals m

′
ρD̃ρ all belong to the same class

in the wide class group at f. It then follows from Lemma III.23 that there is a helper
ideal H coprime to q.N.t̃ and a positive integer m′′ coprime to q, both independent of ρ
such that for all ρ ∈ Sr, the ideal

m′′m′
ρ

N

ab
D̃ρ.H
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belongs to the trivial class in the wide class group at f. This gives the desired conclusion
with mρ = m′′m′

ρ. The ideals mρ
N
ab
D̃ρ.H then all possess generators gρ satisfying gρ ≡

1 mod L and we may set hρ = qgρ to obtain a strongly compatible set of base points
(hρ)ρ. □

Remarks:

� This proposition is our main tool to produce sets of base points (hρ)ρ algorithmically
to check our conjectures and this is the main setting we shall adopt in the following
sections.

� When some of the hypotheses (H3), (H4), (H5) are not satisfied, Proposition III.25
may still be used to produce compatible sets of base points in a broader sense which
we haven’t completely determined yet. Some examples to showcase what sort of
computations remain possible are presented in section IV.2.6.

� When choosing a helper ideal, one should try to minimise the value of pH where
H ∩ Z = pHZ. Indeed, as we explain in section IV.1.1.2, the complexity of our
computations is linear in ℓ and pH divides exactly ℓ.

We end this section by discussing briefly the hypothesis that the norm N of the
smoothing ideal is coprime to

∏
ρ t̃ρ. To make use of the results of chapter II we must

make sure that the smoothed Gr functions we compute are such that the corresponding
smoothing lattice is good for the involved linear forms. Thus we define the notion of a
good smoothing ideal a following [Das08] as:

Definition III.26: Let a be a smoothing ideal for f in the sense of Definition III.3.
Fix a set of fundamental units ε1, . . . , εr for O+,×

K such that for each ρ ∈ Sr, the unit
system [ερ(1)| . . . |ερ(r)] satisfies (H2). We say that a is a good smoothing ideal (for the
data f, (ε1, . . . , εr)) if the smoothing index N = N (a) is coprime to

N (f).
∏
ρ∈Sr

t̃ρ

where t̃ρ is the overflow of the unit system [ερ(1)| . . . |ερ(r)] defined in (III.23).

In practice, when the smoothing ideal a is good , it is guaranteed that for each
ρ ∈ Sr the minimal uniform positive dual family αρ,0, . . . , αρ,r to aρ, aρuρ,1, . . . , aρuρ,r
in L is such that the αρ,0/N, . . . , αρ,r/N is the minimal uniform positive dual family to
aρ, aρuρ,1, . . . , aρuρ,r in a−1L. This corresponds to the good condition for the smoothing
lattice introduced in chapter II.

III.3.5 Invariance under change of base points (hρ)ρ

In this section, we study the invariance of our construction under a change of the base
points forming the compatible set h = (hρ)ρ. Indeed, such invariance properties our
key to proving that we compute meaningful objects and are useful to prove parts of the
algebraicity conjectures we have in mind. From Definition III.24 we see that in order to
change the set of base points h we may either change the helper ideal uniformly for each of
the hρ’s or change individually some of themρ’s. The first change impacts the overall level
of the computations and is therefore particularly difficult to treat (see section III.4.2.6

134



for a discussion on the subject). In this section we discuss the second change possibility
and show that an invariance property holds, as long as we perform an averaging process
on some unit group.

III.3.5.1 Action of units and integers

In this section we analyse how the arithmetic evaluation Gµ
r,f,b,a(u1, . . . , ur;h)

ν defined
in (III.2) changes when we change the base point h chosen in Proposition III.25. More
precisely, we discuss the case where h and h′ are two strongly admissible base points
satisfying

hOK = m
qN

ab
D(ã,OK).H =

m

m′h
′OK.

In particular, this means that h′ can replace h in any strongly compatible set of base
points for ε1, . . . , εr. We will analyse the replacement of h by h′ in three steps. First, we
shall treat the case where h′ = dh for some positive integer d ≡ 1 mod q, then the case
where h′ = εh for some unit ε ∈ O×

K . In the next section, we treat the general case where
mh′ = ξm′h for some positive integers m,m′ coprime to q and some unit ξ ∈ O×

K such
that m ≡ ξm′ mod f.

For the rest of this section it will be useful to recall some notations. Recall that
λmr+1a = detBL

(h, u1h, . . . , urh, ·) and that detBΛ
(a, u1a, . . . , ura, ·) = sγ with γ primi-

tive in L and s > 0. We denote by α0, . . . , αr the uniform positive dual family defined in
(III.13) and by F = F (a, α, v = 0)/Zγ the set defined in Proposition I.7. We introduce
the auxiliary function Ω defined on integers coprime to q by:

Ω(k) =
∏
δ∈F

Gr

(
kh+qδ
qγ

, α0

γ
, . . . , αr

γ

)N
Gr

(
N(kh+qδ)

qγ
, Nα0

γ
, . . . , Nαr

γ

) . (III.35)

In particular, it is clear that by definition (see (III.2)):

G+
r,f,b,a(u1, . . . , ur;h) = Ω(1).

Let us now prove a simple lemma expressing the value Gµ
r,f,b,a(u1, . . . , ur; k.h)

ν when k is
a positive integer coprime to q in terms of the auxiliary function Ω.

Lemma III.27: For general signs µ, ν ∈ {±1} and for any positive integer k coprime to
q:

Gµ
r,f,b,a(u1, . . . , ur; k.h)

ν = Ω(µ.k)νµ
r

.

Proof :
We only need to treat the case where µ = −1. This means that in the construction the

linear form a is replaced with −a, thus the elements αj are replaced by −αj, the set F is
replaced by −F and the vector γ is replaced by (−1)r+1γ. Thus

G−
r,f,b,a(u1, . . . , ur;h) =

∏
δ∈−F

Gr

(
k.h+qδ

(−1)r+1qγ
, −α0

(−1)r+1γ
, . . . , −αr

(−1)r+1γ

)N
Gr

(
N(k.h+qδ)
(−1)r+1qγ

, −Nα0

(−1)r+1γ
, . . . , −Nαr

(−1)r+1γ

) .
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Recalling property (I.11) which states that in general

Gr(−z,−τ0, . . . ,−τr) = Gr(z, τ0, . . . , τr)
−1

we obtain

G−
r,f,b,a(u1, . . . , ur;h) =

∏
δ∈F

Gr

(
−k.h+qδ

qγ
, α0

γ
, . . . , αr

γ

)N.(−1)r

Gr

(
N(−k.h+qδ)

qγ
, Nα0

γ
, . . . , Nαr

γ

)(−1)r
.

The identification of the right-hand side gives exactly:

G−
r,f,b,a(u1, . . . , ur; k.h) = Ω(−k)(−1)r .

which is the desired result. □

Let us now move on to the analysis of the replacement of h by some other base point
h′. We start with the following remark: if we change h to dh for some positive integer d
such that d ≡ 1 mod q, then the computation of (III.2) does not change:

Lemma III.28: Let h be a weakly admissible base point for f, b, a. Fix a system u1, . . . , ur
of fundamental units satisfying (H2). Consider a positive integer d congruent to 1 mod q.
Then

Gµ
r,f,b,a(u1, . . . , ur; dh) = Gµ

r,f,b,a(u1, . . . , ur;h).

This is equivalent to the statement that Ω is q-periodic.

Proof :
Let us prove that Ω is q-periodic. Indeed, since h = ηmγ for some positive integer m

coprime to q and η = ±1,

Ω(k) =
∏
δ∈F

Gr

(
η.m.k

q
+ δ

γ
, α0

γ
, . . . , αr

γ

)N
Gr

(
N.η.m.k

q
+ Nδ

γ
, Nα0

γ
, . . . , Nαr

γ

) .
and since the Gr function is 1-periodic in its first argument, the function Ω is q-periodic.
It follows that

Gµ
r,f,b,a(u1, . . . , ur; dh) = Ω(µ.d)µ

r

= Ω(µ)µ
r

= Gµ
r,f,b,a(u1, . . . , ur;h)

since d ≡ 1 mod q. □

Let us now carry out the second step, where we analyse what happens when h is
replaced by εh for some unit ε ∈ O×

K .

Lemma III.29: Let h be a weakly admissible base point for f, b, a. Fix a system u1, . . . , ur
of fundamental units satisfying (H2). Then for all orientations µ, ν and for all unit
ε ∈ O×

K :

Gµ
r,f,b,a(u1, . . . , ur; εh)

ν = Ω(µN (ε))νµ
rN (ε)r+1

= G
µN (ε)
r,f,b,a (u1, . . . , ur;h)

νN (ε).
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Proof :
We analyse how the construction carried out to evaluate (III.2) changes when the base

point h is replaced with εh. First, the linear forms ah and aεh are related by:

λaεh = detBL
(εh, u1εh, . . . , urεh, ·)

λaεh = N (ε)detBL
(h, u1h, . . . , urh, ε

−1·)
λaεh = λN (ε)ah(ε

−1·)

This implies directly that for all 0 ≤ j ≤ r we have αεh,j = N (ε)εαh,j and

sγεh = detBΛ
(aεh, u1aεh, . . . , uraεh , ·)

sγεh = N (ε)r+1detBΛ
(ah(ε

−1·), u1ah(ε−1·), . . . , urah(ε−1·), ·)
sγεh = sN (ε)rεγh

The set Fh is replaced by Fεh = N (ε)εFh. Thus, using γ = γh, αj = αh,j, F = Fh we get:

Gµ
r,f,b,a(u1, . . . , ur; εh)

ν =
∏
δ∈F

Gr

(
µεh+qN (ε)εδ
qN (ε)rεγ

, N (ε)εα0

N (ε)rεγ
, . . . , N (ε)εαr

N (ε)rεγ

)N.νµr

Gr

(
N(µεh+qN (ε)εδ)

qN (ε)rεγ
, NN (ε)εα0

N (ε)rεγ
, . . . , NN (ε)εαr

N (ε)rεγ

)νµr .

Using once again (I.11) we get:

Gµ
r,f,b,a(u1, . . . , ur; εh)

ν =
∏
δ∈F

Gr

(
µN (ε)h+qδ

qγ
, α0

γ
, . . . , αr

γ

)N.νµrN (ε)r+1

Gr

(
N(µN (ε)h+qδ)

qγ
, Nα0

γ
, . . . , Nαr

γ

)νµrN (ε)r+1 .

From the definition of Ω we recognise this as:

Gµ
r,f,b,a(u1, . . . , ur; εh)

ν = Ω(µN (ε))νµ
rN (ε)r+1

.

On the other hand, it follows from lemma III.27 that

G
µN (ε)
r,f,b,a (u1, . . . , ur;h)

νN (ε) = Ω(µN (ε))νµ
rN (ε)r+1

which gives the desired result. □

Let us now prove a general result on the action of units and integers on the base point
h:

Proposition III.30: Consider an integer k coprime to q and ε a unit in O×
K . Then for

any orientations µ, ν:

Gµ
r,f,b,a(u1, . . . , ur; k.ε.h)

ν = Ω(µ.sign(k)r.N (ε).|k|)νµrN (ε)r+1

.

Proof :
Let us rewrite the term Gµ

r,f,b,a(u1, . . . , ur; k.ε.h)
ν in terms of |k| as:

Gµ
r,f,b,a(u1, . . . , ur; k.ε.h)

ν = Gµ
r,f,b,a(u1, . . . , ur; |k|.(sign(k)ε).h)

ν .

137



Then it follows from lemma III.29 that

Gµ
r,f,b,a(u1, . . . , ur; k.ε.h)

ν = G
µN (sign(k).ε)
r,f,b,a (u1, . . . , ur; |k|.h)νN (sign(k).ε).

and from lemma III.27 that

Gµ
r,f,b,a(u1, . . . , ur; k.ε.h)

ν = Ω(µ.N (sign(k).ε).|k|)νµrN (sign(k).ε)r+1

.

Since N (sign(k)) = sign(k)r+2 = sign(k)r we get the desired result:

Gµ
r,f,b,a(u1, . . . , ur; k.ε.h)

ν = Ω(µ.sign(k)r.N (ε).|k|)νµrN (ε)r+1

.

□

III.3.5.2 The unit group Z1
f

In this section, we analyse the general situation where h, h′ are two possible base points
associated to the unit system [ερ(1)| . . . |ερ(r)] in Proposition III.25, for the same choice of
helper ideal H. This means that there is a fractional ideal J of K such that (h) = mJ and
(h′) = m′J for some integers m,m′ ∈ Z>0 coprime to q. The ideal mJ is then generated
by mh′/m′ so there exists a unit ξ ∈ O×

K such that h = mξh′/m′. Moreover, because
h, h′ ≡ 1 mod f we get mξ/m′ ≡ 1 mod f. This leads us to define the following unit
group:

Definition III.31:

Z1
f = {(k, ε) ∈ Z/qZ× ×O×

K/O
×
f | kε ≡ 1 mod f}.

It is easy to see that Z1
f is a finite group which contains at least (1, 1) and (q− 1,−1)

and that these two elements differ unless K is of even degree and q = 2. In addition,
since by assumption (H1) there is no unit of negative norm congruent to one modulo f,
the set Z1

f is naturally embedded in (OK/f)
× by the classic class field theory long exact

sequence:
1→ O×

f → O
×
K → (OK/f)

× → Cl+(f)→ Cl(K)→ 1.

In the case where N (f) = q (see hypothesis (H5)) we get the simpler isomorphism
Z1

f ≃ O×
K/O

×
f . Lastly, notice that the unit −1 gives an involution of Z1

f given by (k, ε)→
(q − k,−ε).

Under assumption (H1) there are no units in OK of negative norm which are congruent
to 1 modulo f, therefore we may define the character χf on Z1

f by:

χf(k) = χf(k, ε) = N (ε) ∈ {±1}. (III.36)

Indeed, if any two units ε, ε′ satisfy kε ≡ kε′ ≡ 1 mod f then εε′−1 ≡ 1 mod f and
therefore N (εε′−1) = 1. The value of χf(k) = N (ε) = N (ε′) is then well-defined. It
follows from assumption (H1) and lemma III.29 that the product∏

(k,ε)∈Z1
f

Gµ
r,f,b,a(u1, . . . , ur; kεh)

ν =
∏

(k,ε)∈Z1
f

G
µχf(k)
r,f,b,a (u1, . . . , ur; kh)

νχf(k) (III.37)
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is well-defined for any orientations µ, ν where it is understood that (k, ε) ∈ Z1
f always

comes with k > 0. We are now ready to prove that the averaging process over the unit
group Z1

f given by (III.37) is invariant when replacing the base point h by h′ in a strongly
compatible set of base points.

Proposition III.32: Assume (H1). Consider two base points h, h′ associated to the unit
system (u1, . . . , ur) = [ερ(1)| . . . , ερ(r)] in Proposition III.25 with the same helper ideal H.
Denote by m,m′ > 0 the integers such that h/m and h′/m′ are primitive in L and denote
by ξ the unit in O×

K satisfying m′h = ξmh′. Then, for any orientations µ, ν:

(i) If m′′ > 0 is an integer satisying m′m′′ ≡ 1 mod q then (mm′′, ξ) ∈ Z1
f and:

Gµ
r,f,b,a(u1, . . . , ur;h)

ν = Gµ
r,f,b,a(u1, . . . , ur;mm

′′ξh′)ν .

(ii) The following equality holds by rearrangement of the terms:∏
(k,ε)∈Z1

f

Gµ
r,f,b,a(u1, . . . , ur; kεh)

ν =
∏

(k,ε)∈Z1
f

Gµ
r,f,b,a(u1, . . . , ur; kεh

′)ν .

Proof :
(i) Write once again h = mξh′/m′ wherem,m′ > 0 are coprime to q andmξ ≡ m′ mod f.

This gives:
Gµ

r,f,b,a(u1, . . . , ur;h)
ν = Gµ

r,f,b,a(u1, . . . , ur;mξh
′/m′)ν .

Consider a positive integer m′′ such that m′m′′ ≡ 1 mod q. Then mm′′ξ ≡ m′m′′ ≡
1 mod f, so (mm′′, ξ) ∈ Z1

f and it follows from lemma III.28 that

Gµ
r,f,b,a(u1, . . . , ur;mξh

′/m′)ν = Gµ
r,f,b,a(u1, . . . , ur;mm

′′ξh′)ν .

This proves the desired equality:

Gµ
r,f,b,a(u1, . . . , ur;h)

ν = Gµ
r,f,b,a(u1, . . . , ur;mm

′′ξh′)ν .

(ii) Write once again h = mξh′/m′ with mξ ≡ m′ mod f and fix a positive integer m′′

such that mm′′ ≡ 1 mod q. Then for all (k, ε) ∈ Z1
f , we have kεh = (mk)(ξε)h′/m′ and

(i) implies that:

Gµ
r,f,b,a(u1, . . . , ur; kεh)

ν = Gµ
r,f,b,a(u1, . . . , ur; (mm

′′k)(ξε)h′)ν .

Using this equality on the product over Z1
f gives:∏

(k,ε)∈Z1
f

Gµ
r,f,b,a(u1, . . . , ur; kεh)

ν =
∏

(k,ε)∈Z1
f

Gµ
r,f,b,a(u1, . . . , ur; (mm

′′k)(ξε)h′)ν

with (mm′′k)(ξε) ≡ mm′′ξ ≡ m′m′′ ≡ 1 mod f. Multiplication by (mm′′, ξ) thus induces
a bijection of Z1

f and if we set (k′, ε′) = (mm′′k, ξε) then we get:∏
(k,ε)∈Z1

f

Gµ
r,f,b,a(u1, . . . , ur; kεh)

ν =
∏

(k′,ε′)∈Z1
f

Gµ
r,f,b,a(u1, . . . , ur; k

′ε′h′)ν

which is the desired result. □
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We have successfully proven that this averaging process on the group Z1
f gives some

invariance property under the choice of base point h in Proposition III.25, essentially
because changing the base point h by a positive rational number switches the order of the
terms in the product (III.37). There is still work to be done concerning the independence
of our global computation (see the Main Conjecture III.37) on the choice of the base point
h and more specifically concerning the invariance by simultaneous change of the helper
ideal in a compatible set of base points. This shall be discussed in section III.4.2.6.

We end this section by giving a concrete expression for the product (III.37) which is
useful for computations. We first make a remark on the link between the character χf

and the norm-type characters on the narrow ray class group at f. Indeed, if χ is a norm-
type character on Cl+(f) then there exists a character χfinite on (OK/f)

× such that for all
y ∈ K coprime to f: χ(yOK) = χfinite(y mod f).sign(N (y)). In particular, if (k, ε) ∈ Z1

f ,
this equality gives:

χ(kOK) = χ(kεOK) = χfinite(kε mod f)N (ε) = N (ε) = χf(k)

as kε ≡ 1 mod f. Therefore the character χf introduced in (III.36) is the common value
of all norm-type characters on Cl+(f) for the ideal kOK. This is especially interesting as
the functional equation of Hecke L-functions in ATR fields implies that if L′(0, χ) ̸= 0
for a character χ of the narrow ray class group Cl+(f) then χ is of norm-type (see for
instance [Neu99] for the functional equation). It is worth noting that χf(1) = 1 and
χf(q−1) = (−1)n where n is the degree of K. We use this character to write using lemma
III.29: ∏

(k,ε)∈Z1
f

Gµ
r,f,b,a(u1, . . . , ur; kεh)

ν =
∏

(k,ε)∈Z1
f

G
µχf(k)
r,f,b,a (u1, . . . , ur; kh)

χf(k)ν (III.38)

The right-hand side of formula (III.38) may be explicitly written as∏
(k,ε)∈Z1

f

G
µχf(k)
r,f,b,a (u1, . . . , ur; kh)

χf(k)ν =

∏
(k,ε)∈Z1

f

∏
δ∈F

 Gr

(
µχf(k)kh+qδ

qγ
, α0

γ
, . . . , αr

γ

)N
Gr

(
µχf(k)kNh+Nqδ

qγ
, Nα0

γ
, . . . , Nαr

γ

)


νµrχf(k)
r+1

(III.39)

where α, γ,M are defined in section III.3 and in Proposition I.7. Most of the compu-
tation of this double product can be done at once for all terms since the parameters
α0/γ, . . . , αr/γ are fixed and the imaginary parts of µχf(k)kh/qγ for (k, ε) ∈ Z1

f are all
equal. Remember that in the context of the hypotheses of Proposition III.25, this double
product reduces to a simple product as F = {0} and we get:∏

(k,ε)∈Z1
f

G
µχf(k)
r,f,b,a (u1, . . . , ur; kh)

χf(k)ν =

∏
(k,ε)∈Z1

f

 Gr

(
µχf(k)kh

qγ
, α0

γ
, . . . , αr

γ

)N
Gr

(
µχf(k)kNh

qγ
, Nα0

γ
, . . . , Nαr

γ

)


νµrχf(k)
r+1

. (III.40)

This last formulation is the one we use most commonly to compute the higher elliptic
units.

140



III.3.5.3 The unit group Z1,+
f

As seen in the previous section, the process of averaging on the finite group Z1
f is essential

to producing higher elliptic units which don’t depend on the particular choice of base
points h. In view of the discussion carried out at the end of section III.3.1 the averaging
process over Z1

f should be replaced in general by an averaging process over O+,×
K /O+,×

f .
This is also apparent in the computations as the averaging process over Z1

f tends to count
values multiple times. Thus we define the smaller group:

Definition III.33:

Z1,+
f = {(k, ε) ∈ Z/qZ× ×O+,×

K /O+,×
f | kε ≡ 1 mod f}.

Under hypothesis (H5) this is isomorphic to O+,×
K /O+,×

f . Note that this group may

be embedded inside Z1
f as the class of (k, ε) in Z1,+

f may be sent to the class of (k, ε) in

Z1
f . In particular the set Z1,+

f acts on Z1
f by multiplication. Let us denote by Z1, . . . , Zg

the orbits of Z1
f under this action. Then, we conjecture the following:

Conjecture III.34: Let Z1, . . . , Zg be the orbits in Z1
f under the action of Z1,+

f , where

g is the index of Z1,+
f in Z1

f . Assume that the set h = (hρ)ρ of strongly compatible base

points is such that the class of hρ/q in Cl+(f) is independent of ρ ∈ Sr. Then for any
1 ≤ j ≤ g, if Wj is the complex number defined by:

Wj =
∏
ρ∈Sr

∏
(k,ε)∈Zj

Gµ
r,f,b,a([ερ(1)| . . . |ερ(r)]; kεhρ)

ν

then W1 = · · · =Wg and

∏
ρ∈Sr

∏
(k,ε)∈Z1

f

Gµ
r,f,b,a([ερ(1)| . . . |ερ(r)]; kεhρ)

ν =

∏
ρ∈Sr

∏
(k,ε)∈Z1,+

f

Gµ
r,f,b,a([ερ(1)| . . . |ερ(r)]; kεhρ)

ν


g

.

This conjecture is out of our reach for the moment, but it is supported by numerical
evidence and it should follow from standard arguments in the study of the cohomology of
arithmetic groups. Of course, being able to replace the averaging over Z1

f by an averaging

over Z1,+
f makes for a more elegant conjecture, but unfortunately it is more difficult to

prove the invariance from the choice of base points hρ on this writing. Indeed, the values
Wj are expected to be equal for 1 ≤ j ≤ g but it does not always happen as a result of
some reorganisation of the terms (see section IV.2.5.1 for a more detailed discussion on
the subject).

We also note that to state Conjecture III.34 we had to make the assumption that
a strongly compatible set h = (hρ)ρ of base points exists for which the class of hρ/q in
Cl+(f) is independent of ρ ∈ Sr. It is not clear that such a set always exists, and we
would need to prove the following conjecture on the classes of the involved generalised
different ideals.

Conjecture III.35: Let K be an ATR field of degree n = r + 2 ≥ 3. Let ε1, . . . , εr be
fundamental units for O+,×

K such that for each ρ ∈ Sr the unit system [ερ(1)| . . . |ερ(r)]
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satisfies (H2), (H3). Let Dρ = D(ãρ,OK) be the generalised different ideal of ãρ =
ã([ερ(1)| . . . |ερ(r)]). Then the class of Dρ in the narrow Hilbert class group of K is inde-
pendent of the permutation ρ ∈ Sr.

This conjecture might be proven using similar ideas to those used by Hecke to prove
that the class of the usual different ideal d is a square in the wide class group of K.

III.4 The main conjecture

In this section we present a conjecture on the special values of Gr functions evaluated at
points in a degree n = r+ 2 ATR field which generalises Conjecture III.1. We shall then
discuss some links with Hilbert’s 12th problem and the rank one abelian Stark conjecture
for ATR fields.

III.4.1 Formulation of the conjecture

In this section we finally give a precise formulation for our main conjecture on the special
values of multiple elliptic Gamma functions over ATR fields. To this end we gather
the hypotheses (H2), (H3) and (H4) we introduced along the way in section III.3.2 and
introduce the following notion of a set of fundamental units which is adapted to f.

Definition III.36: Let ε1, . . . , εr be fundamental units for the group O+,×
K of totally

positive units in K. We say that the fundamental units ε1, . . . , εr are adapted to f if for
each ρ ∈ Sr, the unit system [ερ(1)| . . . |ερ(r)] satisfies (H2), (H3) and the different ideal
D(ã,OK) associated to the unit system [ερ(1)| . . . |ερ(r)] is coprime to N (f) (see (H4)).

Note that in this definition, the only hypothesis which depends on f is (H4) and that
for a fixed set of fundamental units ε1, . . . , εr a positive proportion of all integral ideals
in OK satisfy (H4). Thus, once we have found a set of fundamental units ε1, . . . , εr which
are adapted to some integral ideal f, there are many other integral ideals for which the
same set of fundamental units is adapted . We may now present our main conjecture:

Main Conjecture III.37: Suppose that K is an ATR field of degree n = r + 2 ≥ 3.
Fix an integral ideal f ̸= OK satisfying (H1) and (H5) such that K+(f) is totally complex.
Let σC be one of the two complex embeddings of K and fix a complex embedding σ of
K+(f) which extends σC. Fix a set of fundamental units ε1, . . . , εr for O+,×

K which are
adapted to f. Fix a smoothing ideal a of norm N which is good in the sense of Definition
III.26. Fix a class c in the narrow ray class group at f. Fix an integer k0 > 0 coprime to
q = N (f) and an integral ideal b coprime to f such that the integral ideal k0.b belongs to
the class c. Let h be a compatible set of strongly admissible base points for the data f, b, a
and for the fundamental units ε1, . . . , εr, as given by Proposition III.25. Then, there are
orientation signs µρ = µρ(ε1, . . . , εr, h), νρ = νρ(ε1, . . . , εr, h) ∈ {−1,+1} such that the
complex number

Vf,k0,b,a(ε1, . . . , εr) =
∏

(k,ε)∈Z1
f

Ir,f,b,a(ε1, . . . , εr; k0.k.ε.h, µ, ν)
D(N,n) (III.41)

is independent of the choice for the compatible set of strongly admissible base points h in
Proposition III.25 (see section III.3.5.2 for the definition of the set Z1

f and (III.3) for the
definition of the evaluation Ir,f,b,a(ε1, . . . , εr; k0.n.ε.h, µ, ν)). Furthermore:
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1. The complex number Vf,c,a = Vf,k0,b,a(ε1, . . . , εr) is independent of the choice of fun-
damental units ε1, . . . , εr adapted to f and from the representation of the class c by
the integral ideal k0.b.

2. The complex number Vf,c,a is the image in C of an algebraic unit uf,c,a in the class
field K+(f) under the complex embedding σ of K+(f).

3. Any embedding of K+(f) above a real embedding of K maps uf,c,a to the unit circle.

4. If c′ is a class in the narrow ray class group at f then the explicit reciprocity law is
given by

σc′(uf,c,a) = uf,cc′,a

where c→ σc is the Artin map.

5. The complex number Vf,c,a satisfies the following Kronecker limit formula:

N (a)ζ ′f(c, 0)− ζ ′f(ac, 0) =
#Z1,+

f

D(N,n)#Z1
f

log |Vf,c,a|2 . (III.42)

Remarks :

1. In the case n = 2, that is for imaginary quadratic fields, it is already known (see
chapter 0) that the values

θ±f,b,a(h)
D(N,2)

are q-units in abelian extensions of imaginary quadratic fields as a consequence of
the theory of Complex Multiplication and that they satisfy the second limit formula
due to Kronecker (see chapter 0).

2. In the case n = 3, the Kronecker limit formula is already proven in [BCG23] whereas
the algebraicity property remains conjectural.

3. The orientations in the conjecture can be computed by checking which ones among
the 2.2r! possible choices give the desired Kronecker limit formula (III.42).

4. The condition (H1) which asserts that there are no units of negative norm in O×
K

which are congruent to 1 mod f is not very restrictive. Indeed, if such a unit exists,
none of the characters associated with the abelian extension K+(f)/K may be of
norm type (see section III.3.5.2 for a discussion of norm-type characters) and there-
fore all the Dirichlet L-functions attached to the abelian extension K+(f)/K (and
therefore all the associated partial zeta functions) vanish at s = 0 with order ≥ 2
(see for instance [Neu99] for the functional equation of L-functions). The left-hand
side of (III.42) is then identically 0 and with a bit more work it is possible to show
that the right-hand side vanishes too.

5. This conjecture is formulated with restrictions, but it has been successfully tested
in many other cases outside of the hypotheses (H3), (H4) and (H5). It is our aim
to complete the formulation of this conjecture outside of these restrictions and to
extend the definition of compatible sets of admissible base points h for which the
conjecture holds. In particular, it is expected that the conjecture may be extend to
any set of fundamental units ε1, . . . , εr for O+,×

K and that the value of Vf,c,a should
indeed remain independent of this choice of fundamental units.
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6. As the value of D(N, n) is identically 1 if N is supported at primes p > n + 1 we
make the difference in the computations between “small smoothings” (which are
divisible by some small prime p ≤ n+1) and “big smoothings” which are not. The
interest of big smoothings is that the minimal polynomial of the value Vf,c,a should
have smaller coefficients and it should therefore be more easily recognizable. The
tradeoff however is that the computation time is linear in the smoothing index and
therefore computations with “big smoothings” may take more time.

Let us now illustrate the conjecture for a simple quartic ATR field using a small
smoothing. Consider the quartic field K = Q(z) where z is the root of the polynomial
x4−6x3−x2−3x+1 in the upper half-plane and fix the ordering on the real embeddings
of K such that σ1(z) < σ2(z). Take f the unique degree one prime above q = 2 in K. A
possible choice for the fundamental units is given by ε1 = (−2z3 + 13z2 − z + 3)/7, ε2 =
(−5z3 + 29z2 + 15z + 18)/7. We choose a the degree one prime above N = 5 in K, c the
trivial class of the narrow ray class group at f represented by k0 = 1 and b = OK. Here
q = 2 therefore Z1

f = {(1, 1)} = Z1,+
f . A possible choice of compatible base points h1

and h2 as given in Proposition III.25 is h1 = h2 = (−18z3 +96z2 +82z +62)/7. We may
compute for the orientations µ = ν = [−1, 1] the two quotients

v1 =
G2

(
1
2
, 5z

3−29z2−15z−81
70

, 6z
3−39z2+10z+5

70
, −2z3+13z2−z+24

70

)−5

G2

(
5
2
, 5z

3−29z2−15z−81
14

, 6z
3−39z2+10z+5

14
, −2z3+13z2−z−24

14

)−1 ,

v2 =
G2

(
−1
2
, −2z3+13z2−z+24

70
, −5z3+29z2+15z+81

70
, 2z

3−13z2−6z−101
70

)5
G2

(−5
2
, −2z3+13z2−z+24

14
, −5z3+29z2+15z+81

14
, 2z

3−13z2−6z−101
14

)
The values obtained are respectively v1 ≈ −2.0167576... − i · 5.8008598... and v2 ≈
−0.4159958...+ i · 0.0018434... Their product v1v2 ≈ 0.8496565...− i · 2.4094157... is not
an algebraic integer inK+(f). Yet the fifth power (v1v2)

5 ≈ 108.0070738...−i·13.4979021...
of this product coincides up to at least 1000 digits with a root of the polynomial

x8 − 215x7 + 11629x6 + 11941x5 + 3913x4 + 11941x3 + 11629x2 − 215x+ 1

which defines an absolute equation of K+(f) over Q. The constant term of this polynomial
is 1, so its roots are units inside K+(f). We may also check the Kronecker limit formula
(III.42) up to 1000 digits as:

N (a)ζ ′f([b], 0)− ζ ′f([ab], 0) ≈ log |v1v2|2 ≈ 1.8759781...

We will present an example in the same conditions except for the smoothing which will
be a “big smoothing” in section IV.2.2.1.

III.4.2 Discussion of the conjecture

In this section we discuss various aspects of the Main Conjecture III.37, including an
alternative formulation using the subgroup Z1,+

f of Z1
f and a discussion of the link with

the rank one abelian Stark conjectures.
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III.4.2.1 Alternative formulation

In this section we discuss the possibility of using Conjecture III.34 to simplify our main
conjecture. Indeed, if we assume Conjecture III.34, then:

∏
(k,ε)∈Z1

f

Ir,f,b,a(ε1, . . . , εr; k0.k.ε.h, µ, ν) =

 ∏
(k,ε)∈Z1,+

f

Ir,f,b,a(ε1, . . . , εr; k0.k.ε.h, µ, ν)


g

where g is the index of Z1,+
f in Z1

f , provided that the strongly compatible set of base

points h is such that the class of hρ/q in Cl+(f) is independent of ρ ∈ Sr. The complex
number

Vf,c,a =
∏

(k,ε)∈Z1
f

Ir,f,b,a(ε1, . . . , εr; k0.k.ε.h, µ, ν)
D(N,n)

would be then be the g-th power of the complex number

Wf,c,a =
∏

(k,ε)∈Z1,+
f

Ir,f,b,a(ε1, . . . , εr; k0.k.ε.h, µ, ν)
D(N,n)

and we would get the simpler Kronecker limit formula:

N (a)ζ ′f(c, 0)− ζ ′f(ac, 0) =
1

D(N,n)
log |Wf,c,a|2 .

From this we would conjecture in general that the unit uf,c,a is already a g-th power in
K+(f). We therefore give the following alternative formulation for the conjecture:

Alternative Conjecture III.38: Suppose that K is an ATR field of degree n = r+2 ≥ 3.
Fix an integral ideal f ̸= OK satisfying (H1) and (H5) such that K+(f) is totally complex.
Let σC be one of the two complex embeddings of K and fix a complex embedding σ of
K+(f) which extends σC. Fix a set of fundamental units ε1, . . . , εr for O+,×

K which are
adapted to f. Fix a smoothing ideal a of norm N which is good in the sense of Definition
III.26. Fix a class c in the narrow ray class group at f. Fix an integer k0 > 0 coprime to
q = N (f) and an integral ideal b coprime to f such that the integral ideal k0.b belongs to
the class c. Let h be a compatible set of strongly admissible base points for the data f, b, a
and for the fundamental units ε1, . . . , εr, as given by Proposition III.25. Assume further
that h is such that the class of hρ/q in Cl+(f) is independent of ρ ∈ Sr (it is always
possible to find such a set if Conjecture III.35 holds). Then, there are orientation signs
µρ = µρ(ε1, . . . , εr, h), νρ = νρ(ε1, . . . , εr, h) ∈ {−1,+1} such that the complex number

Wf,k0,b,a(ε1, . . . , εr) =
∏

(k,ε)∈Z1,+
f

Ir,f,b,a(ε1, . . . , εr; k0.k.ε.h, µ, ν)
D(N,n) (III.43)

is independent of the choice for the compatible set of strongly admissible base points h in
Proposition III.25. Furthermore:

1. The complex number Wf,c,a = Wf,k0,b,a(ε1, . . . , εr) is independent of the choice of
fundamental units ε1, . . . , εr adapted to f and from the representation of the class c
by the integral ideal k0.b.
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2. The complex number Wf,c,a is the image in C of an algebraic unit wf,c,a in the class
field K+(f) under the complex embedding σ of K+(f).

3. Any embedding of K+(f) above a real embedding of K maps wf,c,a to the unit circle.

4. If c′ is a class in the narrow ray class group at f then the explicit reciprocity law is
given by

σc′(wf,c,a) = wf,cc′,a

where c→ σc is the Artin map.

5. The complex number Wf,c,a satisfies the following Kronecker limit formula:

N (a)ζ ′f(c, 0)− ζ ′f(ac, 0) =
1

D(N,n)
log |Wf,c,a|2 . (III.44)

This second formulation of the main conjecture is also coherent with the discussion
carried out at the end of section III.3.1. All the examples we present in section IV.2 satisfy
this second (and more elegant) formulation of the conjecture, thus we shall present them
with this alternative version of the conjecture in mind. It relies on an extra assumption
on the classes represented by the elements hρ/q in Cl+(f) and in future work we shall
prove that we may always find such sets of base points (see Conjecture III.35).

III.4.2.2 Optimal setting

In this section we describe a special setting that gives the simplest examples of compu-
tations of higher elliptic units. This is the setting in which we carried out most of our
computations as it simplifies greatly the research of ATR fields together with their class
field moduli for which the hypotheses of the main conjecture are satisfied. We shall say
that the pair (K, f) is an optimal setting (where K is an ATR field and f ̸= (1) is an
integral ideal in OK) if O+,×

K = O+,×
f . This implies in particular that Z1,+

f = {(1, 1)}.
Finding an optimal setting gives us the best practical chances of finding fundamental
units adapted to f and therefore of having a working example. However, this optimal
setting condition is very restrictive, as explained by the following straightforward lemma:

Lemma III.39: Let K be an ATR field and let ε1, . . . , εr be fundamental units for O+,×
K .

The integral ideal

J(K) =
r∑

j=1

(εj − 1)OK =
∑

ε∈O+,×
K

(ε− 1)OK

does not depend on the choice of fundamental units for O+,×
K and an integral ideal f

satisfies O+,×
f = O+,×

K if and only if f divides J(K). In particular, as there are only
finitely many divisors of J(K), there can only be finitely many moduli f in K for which
(K, f) is an optimal setting.

Proof :
The equality O+,×

f = O+,×
K is equivalent to the statement that ε−1 ∈ f for any ε ∈ O+,×

K .

Thus O+,×
f = O+,×

K implies that f |
∑r

j=1(εj − 1)OK = J(K). Suppose now that f | J(K).

Then any ε ∈ O+,×
K may be written in the form ε =

∏r
j=1 ε

nj

j for some integers n1, . . . , nr

and ε ≡ 1 mod f as each of the εj are congruent to 1 mod f. Therefore O+,×
f = O+,×

K . □
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This result is interesting for computations as it gives us a way of finding optimal
settings by computing the ideal J(K) and checking for each of the divisors of J(K) if the
hypotheses of the main conjecture hold (see section IV.1.4).

III.4.2.3 Expanding the conjecture

In this section we briefly discuss some of the hypotheses we made to state our main
conjecture and discuss how the main conjecture could be expanded to cases where some
of these hypotheses are not satisfied.

1. As mentioned in section III.4.1, the hypothesis (H1) is there to ensure that the
result is non-trivial. If it is not satisfied, then all partial zeta functions vanish at
s = 0 with order ≥ 2 and the invariant we compute is expected to be equal to 1
(which is already a non-trivial statement about the vanishing of the right-hand side
of (III.42)). The hypothesis that K+(f) is totally complex serves the same purpose.

2. The hypothesis that OK/f is cyclic (see (H5)) is quite restrictive, but it gives better
conditions for the computations. We would need to construct more examples where
this is not satisfied to expand the conjecture, and these examples would require a
lot more time to compute.

3. The hypotheses that the different ideals D(ãρ,OK) are coprime to q and that all
the contents λ̃ρ are equal to 1 (see (H4), (H3)) give better conditions for the com-
putations, but as shown in section IV.2.6 we may compute higher elliptic units in
conditions where they are not satisfied. The notion of a strongly compatible set of
base points h would need to be adapted in a way we do not forsee and the exis-
tence of such a set would need to be proven, as the arguments used in the proof of
Proposition III.25 are not suited to this case.

4. The hypothesis that the involved unit systems are non-degenerate, that is they
satisfy (H2) is important to perform the computations of non-degenerate Gr func-
tions. It would be interesting to investigate the case where some of these unit
systems u1, . . . , ur are such that 1, u1, . . . , ur is not a free family of the Q-vector
space K, and see if the evaluation still seems to yield an algebraic unit, where the
term corresponding to the unit system u1, . . . , ur is set to 1 by convention.

III.4.2.4 Hilbert’s 12th problem for ATR fields

Hilbert’s 12th problem asks for the construction of the abelian extensions of general
number fields using analytic functions. It is solved for the field of rational numbers using
the exponential function and for imaginary quadratic fields using the elliptic units built
from the θ function. If proven, our main conjecture III.37 would constitute progress
towards a solution Hilbert’s 12th problem for general number fields with exactly one
complex place. Indeed, when the left-hand side of (III.42) does not vanish, the conjectural
elliptic unit uf,c,a we compute by evaluating the multiple elliptic Gamma functions is
expected to generate a non-trivial extension of K and in many cases the whole class field
K+(f). It would then suffice to prove statements on the exact extensions of K generated
by these units and possibly some of their roots to obtain a general construction of K+(f)
using analytic functions.
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III.4.2.5 Rank one abelian Stark conjectures

To end this section, we discuss the link between our conjecture and the rank one abelian
Stark conjecture for ATR fields (see [Sta80], [DG11]). This conjecture is expressed as
follows:

Conjecture III.40 [Rank one abelian Stark conjecture for ATR fields] : Write ef
for the number of roots of unity in K+(f). Fix a complex embedding σ of K+(f) extending
a fixed complex embedding σC of K. There is a unit uStark in K+(f) such that

� For any class c in Cl+(f), if σc ∈ Gal(K+(f)/K) is the image of c under Artin’s map
then:

ζ ′f(c, 0) = −
1

ef
log |σ (uσb

Stark) |
2.

� Every complex embedding of K+(f) above a real embedding of K maps uStark to the
unit circle.

� The number field K+(f)(u
1/ef
Stark) is an abelian extension of K.

If we assume both our main conjecture III.37 and the rank one abelian Stark conjecture
for ATR fields, then we obtain for all classes c of the narrow ray class group at f the
equality:

#Z1,+
f

#Z1
f

log |σ(uσc
f,c,a)|

2 = − 1

ef
log |σ

(
(uσc

Stark)
D(N,n)(N−σa)

)
|2.

In particular, up to some roots of unity of well-controled order, we should get the equality
in K+(f):

u
−ef#Z1,+

f

f,c,a = u
D(N,n)(N−σa)#Z1

f

Stark . (III.45)

If we believe further in Conjecture III.34 and in the alternative conjecture III.38 then we
should get the simpler formula:

w
−ef
f,c,a = u

D(N,n)(N−σa)
Stark (III.46)

up to well-controled roots of unity. Thus our higher elliptic units give a conjectural
analytic formula for smoothed Stark units and not only for their modulus at places of
K+(f) above the unique complex place of K. Other formulas for Stark units above ATR
fields were proposed by Ren and Sczech for complex cubic fields in [RS09] and more
recently by Black (see [Bla25]) for general ATR number fields using generalised log-
gamma functions. Another approach to the construction of Stark units specifically above
ATR fields K of degree n = 2n′ containing a totally real subfield F of degree n′ using
Hilbert modular forms was presented by Charollois and Darmon in [CD08]. They give a
conjectural formula for the Stark unit as the evaluation of some multiplicative n′-cocycle
(their version of the “Abel-Jacobi map”) against an n′-cycle in the group coholomogy of
SL2(OF). It is worth noting that the presence of a real subfield is often an obstacle in our
construction as we need to define higher elliptic units with evaluations of Gr functions at
real algebraic irrational points. Nevertheless, it would be interesting future work to try
to find a relation between any of these constructions of Stark units and ours.
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III.4.2.6 Independence of the choices made in the main conjecture

In this section we briefly discuss the question of proving the independence of the complex
numbersWf,c,a from the choices made in the conjecture. There are four important choices
that were made: the choice of fundamental units ε1, . . . , εr, the choice of the represen-
tation of the class c by an integral ideal of the form k0.b, the choice of helper ideal H
in Proposition III.25 and the choice of the strongly compatible set of base points h. In
section III.3.5.2 we already discussed the independence of the evaluation Wf,c,a from this
last choice. Let us now briefly mention what we can expect from the other three choices.

The choice of fundamental units ε1, . . . , εr is the most rigid one as many hypotheses
depend on the good position of the associated r-cycle Υ(ε1, . . . , εr), and the conjecture is
formulated for a very limited number of possible choices for these fundamental units. Still,
as the conjecture concerns the evaluation of a r-cocycle against the cycle Υ(ε1, . . . , εr) and
that the class of this cycle in Hr(O+,×

K ,Z) is independent of the choice of fundamental
units, it should follow from standard arguments in cohomology that the evaluation of
Wf,c,a does not depend on the choice of fundamental units ε1, . . . , εr.

The choice of the integral ideal b is rather easy to treat. Indeed, if we replace b with
an integral ideal b′ in the same class in Cl+(f) then the fractional ideal b′/b is generated
by some totally positive ξ ∈ K satisfying ξ ≡ 1 mod f. If the set of base points h = (hρ)ρ
is strongly compatible for b then the set of base points h′ = (h′ρ)ρ = (ξhρ)ρ is strongly
compatible for b′. The linear forms aρ attached to hρ are then replaced by a′ρ = aρ(ξ

−1·)
and the associated elements αρ are replaced by α′

ρ = ξαρ. This gives in the evaluation
αρ/γρ = α′

ρ/γ
′
ρ as γ′ρ = ξγρ as well. Thus the construction is indeed independent of the

choice of the particular integral ideal b as:∏
(k,ε)∈Z1

f

Ir,f,b,a(ε1, . . . , εr; k0.k.ε.h, µ, ν) =
∏

(k,ε)∈Z1
f

Ir,f,b′,a(ε1, . . . , εr; k0.k.ε.(ξ.h), µ, ν).

Lastly, we discuss the choice of helper ideals in Proposition III.25. It is in general
very difficult to prove that the evaluations are independent of the choice of said helper
ideal, as the levels of the computations are modified when changing helper ideals. We
focus on a particular simple case which illustrates the following remark: in many aspects,
a helper ideal of the form p/P behaves as if the computation had a semi p-smoothing by
the prime ideal P. Let us then fix the setting where the ideal a belongs to the trivial
class in Cl+(f) and H = p/P for some integral ideal P of norm p such that P belongs to
the trivial class in Cl+(f). Since H is a helper ideal for the data f, b, a, it is also true that
N/a is a helper ideal for the data f, b,P. Thus the two computations may be compared,
as the same strongly compatible set of base points h may be chosen in both cases. If we
believe in the conjectures of this section, we should obtain

w
−ef
f,b,a = u

D(N,n)(N−1)
Stark

and
w

−ef
f,b,P = u

D(N,n)(p−1)
Stark

up to roots of unity. Thus we would expect to obtain the equality:

wp−1
f,b,a = wN−1

f,b,P

up to roots of unity. Proving this equality would be a first step in the direction of proving
the independence of the choice of helper ideal in Proposition III.25.
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Chapter IV

Algorithms and numerical examples

In this chapter we present algorithms that were used to produce numerical evidence
supporting the Main Conjecture III.37. We then present examples of computations of
higher elliptic units above various ATR fields of degree 3, 4, 5 and 6.

IV.1 Computing the conjecture

In this section we explain how we obtain numerical examples to support the conjecture.
First, we explain how to evaluate the ordinary Gr functions and more arithmetic evalua-
tions of the form (III.2). Then, we explain how to compute the base points hρ for ρ ∈ Sr

and the other parameters needed for the general computation. Our goal is to present an
algorithm (see section IV.1.2.5) which computes the products

Vf,c,a =
∏

(k,ε)∈Z1
f

Ir,f,b,a(ε1, . . . , εr; k0.k.ε.h, µ, ν)
D(N,n)

(see (III.41)) or its counterpart Wf,c,a defined in (III.43) from the data f, a, ε1, . . . , εr for
all classes c in the narrow ray class group at f. To simplify notations we shall present the
computations in the case where tρ = 1 for all permutation ρ ∈ Sr (as this is the case in
the main conjecture). Explicitly, the product we wish to compute is given by:

I =
∏
ρ∈Sρ

∏
(k,ε)∈Z1

f

 Gr

(
µρ.k0.χf(k)k.h

qγ
, α0

γ
, . . . , αr

γ

)N
Gr

(
N.µρ.k0.χf(k)k.h

qγ
, Nα0

γ
, . . . , Nαr

γ

)


νρµr
ρχf(k)

r+1

(IV.1)

which is the explicit formulation for the product appearing in (III.41) given by (III.40).

IV.1.1 Computing the Gr functions

IV.1.1.1 Computing the ordinary Gr functions

Let us now explain how we compute the ordinary Gr functions, practically speaking, to
verify the conjecture on numerical examples. Indeed, the definition of the Gr functions
by a multi-index infinite product given by formula (I.1) is not suited for computations.
In the case n = 2, Jacobi’s triple product formula gives a beautiful expression of the θ
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function in terms of an infinite sum with converging rate in qn
2/2:

θ(z, τ) =
q1/24

η(τ)

∑
n∈Z

xn(−1)nqn(n−1)/2 (IV.2)

where x = exp(2iπz), q = exp(2iπτ) and η(τ) is Dedekind’s η function. This makes
the computation of θ very fast when τ is not too close to the real axis, and standard
techniques in the study of modular functions allow to use the modularity of θ to reduce the
computation of θ(z, τ) to the computation of θ(z′, τ ′) where ℑ(τ ′) ≥ 1/2. Unfortunately,
there is no clear generalisation of Jacobi’s triple product formula for higher degree Gr

functions and we need other techniques to compute the Gr functions efficiently. In the
case where the parameters τ0, . . . , τr lie in the upper half-plane, we shall make use of
[[Nis01], Proposition 3.6] which we write as:

Gr(z, τ0, . . . , τr) = exp

(
−
∑
j≥1

1

j

qj0 . . . q
j
rx

−j + (−1)rxj∏r
k=0(1− q

j
k)

)
(IV.3)

where x = exp(2iπz) and qk = exp(2iπτk) for 0 ≤ k ≤ r. This formula is only valid for
τ0, . . . , τr ∈ Hr+1 and 0 < ℑ(z) <

∑r
k=0ℑ(τk). We call this domain the center strip. It

is remarkable that the complexity in the computation of the right-hand side in (IV.3)
doesn’t increase drastically with r. To compute the value Gr(z, τ0, . . . , τr) in the general
case where the parameters τ0, . . . , τr lie in C−R, we only need to make sure that we can
use the properties of the Gr functions to reach this domain. This requires two steps: a
reorientation step and a translation step.

The reorientation step consists in reducing the computation of any valueGr(z, τ0, . . . , τr)
with parameters τ0, . . . , τr ∈ C − R to the computation of some Gr(z

′, τ ′0, . . . , τ
′
r) with

parameters τ ′0, . . . , τ
′
r in the upper half-plane. To achieve this, we use repeatedly the

inversion property:

Gr(z, τ0, . . . , τk−1,−τk, τk+1, . . . , τr) = Gr(z + τk, τ0, . . . , τr)
−1. (IV.4)

Starting from any τ0, . . . , τr ∈ C− R, we may define J = {0 ≤ j ≤ r | ℑ(τj) < 0}. Then
using the inversion property (IV.4) for each k ∈ J gives:

Gr(z, τ0, . . . , τr) = Gr

(
z −

∑
k∈J

τk, τ
′
0, . . . , τ

′
r

)(−1)#J

where τ ′j = τj if j ̸∈ J and τ ′j = −τj if j ∈ J . In any case, this gives ℑ(τ ′j) > 0.
The translation step consists in bringing back the elliptic variable z in the center strip

defined by 0 < ℑ(z) <
∑r

j=0ℑ(τj) when the parameters τ0, . . . , τr belong to the upper
half-plane. For this step we use recursively the pseudo-periodicity property:

Gr(z + τk, τ0, . . . , τr) = Gr−1(z, τ0, . . . , τ̂k, . . . , τr)×Gr(z, τ0, . . . , τr). (IV.5)

Doing so will require the computation of lower degree functions, that is until we reach
the case r = 0 in which case the computation of G0 = θ can be done quickly using
(IV.2). In the general case, the number of translation steps required to reach the cen-
ter strip for all involved functions, including the new ones appearing at each step is
O(
∏r

k=1(|ℑ(z)|/ℑ(τk))) where we have assumed that 0 < ℑ(τ0) < · · · < ℑ(τr).
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The proof of this statement is easily done by induction, but we shall omit it as we
now focus on the pratical computations we perform to test the conjecture. Indeed, it is
clear that at most one translation step is required per term in the product (III.41) as
the parameter z = µ.k0.χf(k)k.h/qγ belongs to Q − Z. Thus, the computation time to
test the conjecture is entirely dedicated to the computation of sums of the shape (IV.3).
Let us say a few words on the number of terms we must compute in this sum. Let
y = 2π.min(ℑ(z),ℑ(τ0) + · · · + ℑ(τr) − ℑ(z)) be the distance from z to the boundary
of the center strip. Then, to compute Gr(z, τ0, . . . , τr) with precision δ > 0 we need to
compute O(log(δ)/y) terms in the sum (IV.3) (this corresponds to a convergence rate
in qny where qy = e−2πy. The main difficulty in performing the computations to test the
conjecture comes from the fact that in practice, the imaginary parts of all the τk’s are
very small, making the parameter y even smaller.

We end this section on the computation of the ordinary Gr functions by mentioning
the rare case where some of the τj’s are real algebraic. In this case we use the formula
given in Proposition I.17 which is a sum with a similar converging rate.

IV.1.1.2 Computing the arithmetic evaluation Gµ
r,f,b,a(u1, . . . , ur;h)

ν

In this section we describe how to compute the arithmetic evaluationGµ
r,f,b,a(u1, . . . , ur; k0.k.ε.h)

ν

for any orientations µ, ν ∈ {−1, 1} and any (k, ε) ∈ Z1
f . To simplify notations we shall

treat the case where t = 1. It follows from Proposition III.30 that this evaluation is then
given by:

Gµ
r,f,b,a(u1, . . . , ur; k0.k.ε.h)

ν =

 Gr

(
µ.k0.χf(k)k.h

qγ
, α0

γ
, . . . , αr

γ

)N
Gr

(
N.µ.k0.χf(k)k.h

qγ
, Nα0

γ
, . . . , Nαr

γ

)


νµrχf(k)
r+1

.

To compute the parameter γ we compute the matrices of multiplication by u1, . . . , ur in
the basis BL of L and compute s.γ = det(a, au1, . . . , aur, ·). The parameters α0, . . . , αr

are obtained by computing the rescaled comatrix of the matrix A (see section III.3.2.1).
It follows from Proposition III.9 that these parameters satisfy

αj =
α̃jh+mjh

ϵmℓ

for 0 ≤ j ≤ r where m0, . . . ,mr are integers, ϵ is the sign of the norm of h, ℓ = q.N.t̃.pH
is the level of the computation (see lemma III.22) and the family α̃0, . . . , α̃r is defined in
(III.24). In particular, we may rewrite the term Gµ

r,f,b,a(u1, . . . , ur; k0.k.ε.h)
ν as:

Gµ
r,f,b,a(u1, . . . , ur; k0.k.ε.h)

ν =

 Gr

(
µ.k0.χf(k)k.h

qγ
, α̃0h+m0h

ϵmℓ.γ
, . . . , α̃rh+mrh

ϵmℓ.γ

)N
Gr

(
N.µ.k0.χf(k)k.h

qγ
, N(α̃0h+m0h)

ϵmℓ.γ
, . . . , N(α̃rh+mrh)

ϵmℓ.γ

)


νµrχf(k)
r+1

.

This can be simplified as h = η.m.γ for some sign η ∈ {−1,+1} as:

Gµ
r,f,b,a(u1, . . . , ur; k0.k.ε.h)

ν =

 Gr

(
ϵ.µ.k0.χf(k)k.m

q
, α̃0+m0

ℓ
, . . . , α̃r+mr

ℓ

)N
Gr

(
N.ϵ.µ.k0.χf(k)k.m

q
, N(α̃0+m0)

ℓ
, . . . , N(α̃r+mr)

ℓ

)


ηϵνµrχf(k)
r+1

(IV.6)
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where we have used formula (I.11) to treat the sign η.ϵ. From this writing it is clear that
the complexity of the computation essentially depends on the parameters α̃0, . . . , α̃r over
which we do not have any control once f and the units ε1, . . . , εr are fixed, and on the
level ℓ = q.N.t̃.pH. It follows from the discussion on the complexity of the computations
for the ordinary Gr functions (see section IV.1.1) that the term (IV.6) may be computed
with precision δ > 0 with complexity O(| log(δ)| × ℓ) where the constant depends on
α̃0, . . . , α̃r. This justifies the comments we made previously: to obtain fast computations
one should choose a smoothing ideal with the smallest possible norm, and one should
also choose a helper ideal with the smallest possible norm.

IV.1.2 Algorithms for the computation of higher elliptic units

To perform our computations we used the software Pari/GP [The24] and we made exten-
sive use of the tools it provides for algebraic number theory. Here is a list of classic tasks
in algebraic number theory that Pari/GP does and which we won’t give algorithms for:

� General manipulations of fractional ideals using their Hermite Normal Form repre-
sentation. This includes multiplication and inversion of fractional ideals, intersec-
tion of fractional ideals, decomposition into prime ideals, etc.

� Computations of class groups, ray class groups and fundamental units (see the
bnfinit and bnrinit commands).

� Computations of classes of fractional ideals in (ray) class groups (see the bnfis-
principal and bnrisprincipal commands).

� Computations of (ray) class fields (see the bnrclassfield command).

� Computations of Hermite Norm Forms and the Smith Normal Forms of integral
matrices (see the mathnf and matsnf commands).

� Computations of Dirichlet-Hecke L-functions at s = 0 in number fields.

� General manipulations on field extensions, including the verification that a given
field K is included in a given field L.

IV.1.2.1 Computing the different ideals D(ã,OK)

In this section we briefly recall how we compute the generalised different ideals D(ã,OK),
using a general version of [[Coh93], Proposition 4.8.19] (see lemma III.13). Let us assume
that the unit system u1, . . . , ur = [ερ(1)| . . . |ερ(r)] is given and that a positive Z-basis
BOK = [e′0 = 1, e′1, . . . , e

′
r+1] is given.

Algorithm 1: Computation of the different ideal D(ã,OK) and associated parameters.
Input: a degree n ≥ 3 ATR number field K, units u1, . . . , ur in O×

K satisfying (H2), a
positive Z-basis BOK = [e′0 = 1, e′1, . . . , e

′
r+1] of OK.

Output: the content λ̃, the linear form ã, the different ideal D(ã,OK), the overflow t̃
and the elements α̃0, . . . , α̃r.

1. Compute the linear form

f̃ = (f̃(e′j))0≤j≤r+1 = (detBOK
(1, u1, . . . , ur, e

′
j))0≤j≤r+1.

Set λ̃ = gcd((f̃(e′j))0≤j≤r+1) and ã = f̃/λ̃.
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2. Compute the matrix M̃ = (ã(e′je
′
k))0≤j,k≤r+1. The inverse of M̃ represents a frac-

tional ideal I in the basis BOK . Set D(ã,OK) = I−1.

3. Compute the matrix Uj of multiplication by uj in the basis BOK for 0 ≤ j ≤ r. Set
ãuj to be the product of the linear form ã by the matrix Uj for 0 ≤ j ≤ r.

4. Compute the SNF of the matrix Ã obtained by concatenation of a, au1, . . . , aur (see

(III.20)). Set t̃ to be the greatest elementary divisor of Ã.

5. Compute B̃ = t̃.Ã−1 = (bij)1≤i,j≤r+1 and set α̃j =
∑r+1

i=1 bije
′
i.

This algorithm computes most of the geometric setup which is independent of the
choice of base point h (see section III.3.2.2).

IV.1.2.2 Computing the ideals a, b,H

In this section we explain how we compute the possible choices for the smoothing ideal
a, for the representative ideals b and for the helper ideal H. We assume that the different
ideals D̃ρ = D(ãρ,OK) are given (or simply the overflows t̃ρ), for instance as outputs of
Algorithm 1. We also assume that we have an iterator over prime numbers by increasing
value (see the forprime command) or directly an iterator over prime ideals of OK by
increasing norm.

Algorithm 2: Computation of the smoothing and representative ideals.
Input: a degree n ≥ 3 ATR number field K, an integral ideal f ̸= (1), fundamental

units ε1, . . . , εr for O+,×
K , the overflows t̃ρ, ρ ∈ Sr, an iterator over prime numbers by

increasing value.
Output: A good smoothing ideal a, a set of representative integral ideals b1, . . . , bg for
the classes in the narrow ray class group at f.

1. Set q ≥ 2 such that qZ = f ∩ Z. Set d = q ·
∏

ρ t̃ρ. Compute the set Z/qZ×.

2. Compute the narrow ray class group at f and set g = #Cl+(f). Set f to be a map
on Cl+(f) which is identically 0 and which will be updated to map the classes in
Cl+(f) to their representative ideals. Set c1 = 0, c2 = 0.

3. For primes p do the following until c1 = 1, c2 = g:

� If p is not coprime to d, move on to the next prime.

� Compute the decomposition of pOK into prime ideals. If there are no prime
ideals of norm p, move on to the next prime. Otherwise, set P to be one of
these prime ideals of norm p.

� If c1 = 0 then set a = P, c1 = 1 and move on to the next prime. Otherwise
move on to the next step.

� If c2 ≥ g, end. Otherwise, compute the class c of P in Cl+(f). For each
k ∈ Z/qZ×, if f(k.c) = 0, set f(k.c) = P and increment c2. Move on to the
next prime.
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The image of the map f contains the representative ideals b1, . . . , bg.

This algorithm can be slightly modified in a number of ways, either for optimisation
or to add some conditions. Firstly, we might impose some extra condition on the integral
ideal a, for instance ask that N > n + 1 so that D(N, n) = 1, or we might ask that a
belongs to the trivial class in Cl+(f). Secondly, for the integral ideals b, we might want a
set of representatives which are not necessarly prime ideals with prime norm. In practice,
we set the representative b for the trivial class to be OK. In addition, if we set G to
be the quotient of (OK/OF)

× by Z1
f (see section IV.1.2.4 for the computation of Z1

f ) we

compute ideals bi representing the set Cl+(f)/G and obtain a set of representatives for
Cl+(f) by setting ci,k = k.bi for 1 ≤ i ≤ #Cl+(f)/G and k ∈ G. Another remark is that
Algorithm 2 computes a before the set of representatives for Cl+(f), but it is also possible
to compute the representatives first.

Next, we move on to the computation of extended helper ideals (see Definition III.21),
which could have been done at the same time as the computation of the smoothing and
representatives ideals.

Algorithm 3: Computation of the extended helper ideals.
Input: a degree n ≥ 3 ATR number field K, an integral ideal f ̸= (1), the overflows
t̃ρ, ρ ∈ Sr, a good smoothing ideal a, an iterator over prime numbers by increasing value.
Output: A set H of extended helper ideals representing all classes in the wide class group
at f.

1. Set q ≥ 2 such that qZ = f ∩ Z. Set d = q ·
∏

ρ t̃ρ ·N . Compute the set Z/qZ×.

2. Compute the wide ray class group at f and set g′ = #Cl(f). Set f to be a map on
Cl(f) which is identically 0 and which will be updated to map the classes of Cl(f)
to their extended helper ideals. Set c = 0.

3. For primes p do the following until c = g′:

� If p is not coprime to d, move on to the next prime.

� Compute the decomposition of pOK in prime ideals. If there are no prime
ideals of norm p, move on to the next prime. Otherwise, set P to be one of
these prime ideals of norm p.

� Compute the classes c(k) of k.p/P in Cl(f) for any k ∈ Z/qZ×. For each
k ∈ Z/qZ×, if f(c(k)) = 0, set f(c(k)) = k.p/P and increment c. Move on to
the next prime.

The image of the map f forms a set H of extended helper ideals representing the classes
in Cl(f).

In practice we fix the helper ideal of the trivial class in the wide class group at f to
be OK. Also, we might allow helper ideals to be of the form H =

∏
i∈I pi/Pi for distinct

pi’s, which should allow for a set of helpers of smaller norms. An important remark to
make is that Algorithm 3 gives a set H satisfying the following property: if two classes
c and c′ in the wide class group at f are such that there exists some integer k coprime
to q satisfying c = kc′ then there is a rational number κ such that H(c) = κH(c′) where
c → H(c) is the map associating a class c to the extended helper ideal H(c) in H which
belongs to c. We shall say that the set H is correctly formed and we shall always assume
that the sets of extended helper ideals we compute are given in this form.
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IV.1.2.3 Computing the base points hρ

In this section we give an algorithm computing the base points hρ for a fixed class c.
We assume that the different ideals D(ãρ,OK), the smoothing ideal a, the representation
of the class c = [k0.b] and a correctly formed set H of extended helper ideals have been
computed (see sections IV.1.2.1 and IV.1.2.2).

Algorithm 4: Computation of a strongly compatible set of base points h.
Input: a degree n ≥ 3 ATR number field K, an integral ideal f ̸= (1), the different

ideals D(ãρ,OK), a good smoothing ideal a, a class c in Cl+(f) represented by the integral
ideal k0.b and a correctly formed set H of extended helper ideals representing Cl(f).
Output: A strongly compatible set of base points h.

Set q ≥ 2 such that qZ = f ∩ Z. Set N = N (a). For each permutation ρ ∈ Sr:

1. Set Iρ =
N
ab
D(ãρ,OK).

2. Compute the class of the ideal Iρ in the wide class group at f.

3. Set Hρ to be the extended helper ideal in H which belongs to the class of the
fractional ideal I−1

ρ in the wide class group at f.

4. Set gρ to be a generator of Iρ × Hρ congruent to 1 mod f and set hρ = q.gρ.

The set h = (hρ)ρ∈Sr is then a strongly compatible set of base points for f, b, a and for
the units ε1, . . . , εr.

The hypothesis that the set H is correctly formed guarantees that the extended helper
ideals used are all of the form Hρ = mρ × H for some common helper ideal H and some
integers mρ > 0 coprime to q (see Proposition III.25).

IV.1.2.4 Computing the sets Z1
f and Z1,+

f

In this section we give some insight on the computation of unit groups such as O+,×
K ,

O+,×
f , Z1

f , Z
1,+
f . Indeed, it is easy to obtain the fundamental units ε′1, . . . , ε

′
r for O×

K in
Pari/GP, and some simple manipulations with these units allow for the computation of
fundamental units for O+,×

K and O+,×
f . Indeed, every unit ε ∈ O×

K satisfies ε2 ∈ O+,×
K

and ε2κ ∈ O+,×
f where κ = #(OK/f)

×. Thus the computation of fundamental units for

O+,×
K or O+,×

f amounts to the computation of the relations among ε′1, . . . , ε
′
r in the finite

groups O×
K/O

+,×
K and O×

K/O
+,×
f . To compute the set Z1

f (resp. Z1,+
f ) we compute the

image of O×
K (resp. O+,×

K ) in (OK/f)
× via the map ε→ ε mod f.

IV.1.2.5 Computing the conjecture

Let us now put everything together to give an algorithm computing the product I in
(IV.1).

Algorithm 5: Computation of the full product I.
Input: a degree n ≥ 3 ATR number field K, an integral ideal f ̸= (1), fundamental

units ε1, . . . , εr for O+,×
f , orientations µ, ν ∈ {−1,+1}r!, an iterator over prime numbers

by increasing value.
Output: The value I defined in (IV.1) which is to be tested in the main conjecture
III.37.
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1. Set qZ = f ∩ Z. For each ρ ∈ Sr compute the different ideal D(ãρ,OK) and the
overflow t̃ρ using Algorithm 1.

2. Compute a good smoothing ideal a and representative ideals b1, . . . , bg for the nar-
row ray class group at f using Algorithm 2. Set N = N (a).

3. Compute a correctly formed set H of extended helper ideals using Algorithm 3.

4. Compute a strongly compatible set of base points h using Algorithm 4.

5. Compute the set Z1
f in the form of its image in (OK/f)

× and the values of the
character χf (see section IV.1.2.4).

6. Compute the linear form a defined in (III.7) and the associated matrix A (see
(III.9)). Compute the matrix B = A−1 (since t = 1 here). Set α0, . . . , αr to be the

vectors described by the columns of B̃ (see III.13).

7. Compute the value I given by (IV.1) for the orientations µ, ν (see section IV.1.1.1
for the computation of the ordinary Gr functions).

In practice, it is often useful to perform the computations for only one class b, as we
shall explain in section IV.1.3.2. We also make the remark that when computing multiple
terms of the form:

Gr

(
k
q
, α0

γ
, . . . , αr

γ

)N
Gr

(
N.k
q
, Nα0

γ
, . . . , Nαr

γ

)
with k varying in Z/qZ× these computations can be done efficiently in parallel.

IV.1.3 Putting the conjecture to the test

In this section we briefly discuss how we check the conjecture, once the value I defined
in (IV.1) has been computed. There are two main elements to check: the Kronecker limit
formula (III.42) and the algebraic nature of the value I.

IV.1.3.1 Testing the Kronecker limit formula

To check the Kronecker limit formula (III.42) we compute the derivatives of partial zeta
functions at s = 0. This is done by using the bnrL1 command in Pari/GP which
computes values of Dirichlet-Hecke L-functions at s = 1 from which it deduces equivalents
of these functions at s = 0 using the functional equation. We then only need to perform
a finite abelian Fourier transform to deduce the values taken by the derivatives of the
partial zeta functions at s = 0. As mentioned in section III.4.1, we take advantage of
this verification of the Kronecker limit formula to obtain the correct orientations µ, ν. In
practice, we use the lindep command which uses a version of the LLL algorithm [LLL82]
to test for linear relations between the partial zeta values and the values of log |I(µ, ν)|
obtained when varying µ and ν.
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IV.1.3.2 Testing the algebraicity

Once the Kronecker limit formula (III.42) has been tested numerically with the correct
orientations, we check that the product V = Vf,c,a (or Wf,c,a) we obtain is indeed an
algebraic unit inside K+(f). There are several strategies to do so, depending on the
degree nabs = n×#Cl+(f) of the field extension K+(f)/Q.

For simple examples where this extension is expected to be small, we use the algdep
command which is analoguous to the lindep command which tests for a linear relation
between the values Vnabs , . . . ,V , 1. The output of the algdep command is a polynomial P
which is a good candidate for the minimal polynomial of the complex number V which is
expected to be algebraic of degree ≤ nabs. This strategy is useful as it requires to perform
the computations for only one class in the narrow ray class group at f, however it requires
a lot of precision on the result for the algdep command to produce a meaningful result.
Indeed, this command always produces a result, but it might be incorrect. Thus, it is
important to know how to interpret the result as correct or incorrect. Because of the
properties we expect for the algebraic number V , we expect its minimal polynomial over
Z to be monic and palindormic. If the polynomial P we obtain satisfies this property, it
is a good sign that P is correct.

The definitive test however, is checking that the polynomial P ∈ Z[x] obtained defines
an absolute equation over Q of a subfield of K+(f), by computing an equation of K+(f)
in some other way (see the bnrclassfield command). We argue that our main conjec-
ture gives a way of constructing this class field, therefore we might also want another
verification mechanism that doesn’t rely on already knowing the class field K+(f). The
unconditionnal test that can be done in that context is as follows: compute the splitting
field L of the polynomial P , that is L = Q[x]/(P ) and check that K is a subfield of L such
that L/K is an abelian extension unramified outside of f and outside of the archimedian
places of K. This will guarantee that L/K is a subextension of K+(f)/K without needing
to compute K+(f).

Let us now discuss the general case where the degree nabs of K+(f)/Q becomes too
large for the command algdep to succeed. In that case, we compute the values Vf,c,a for
all classes c in the narrow ray class group at f and we expect these values to be units in
K+(f) which are Galois conjugates over K. Thus, we compute the polynomial

Prel(X) =
∏

c∈Cl+(f)

(X − Vf,c,a)

which is expected to be the minimal polynomial of each of the values Vf,c,a over K. We
may then attempt to identify the coefficients of the polynomial Prel by expressing them
on a Q-basis of K using the lindep command. If successful, we may identify Prel with a
polynomial in K[X] and check that it lies in fact in OK[X]. From this relative polynomial
we may compute an absolute polynomial which should be the minimal polynomial of the
values Vf,c,a over Q by setting

Pabs(x) =
n∏

j=1

σj(Prel(x)) ∈ Z[x]

where the σj are the embeddings of K. From either of these polynomials we can check as
before that it defines a subfield of K+(f) or an abelian extension of K unramified outside
of f and outside of the archimedian places. It is also easy to check that the polynomial
Pabs has the correct number of roots on the unit circle by computing approximate values
for the roots of Pabs.
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IV.1.4 Algorithms to screen for simple and optimal ATR fields

Let us now describe how we obtained tables of ATR fields K together with moduli f
which offer an optimal setting for the computation of higher elliptic units (see section
III.4.2.2). To search for these optimal examples, we shall assume that we are provided
with some iterator over integral polynomials of fixed degree n. This iterator might be
very broad, describing all polynomials of degree n with coefficients between −A and A for
some A > 0 or describe particular polynomials such as the pure cubic polynomials x3−m
for 1 ≤ m ≤ A. To gain time, it might be useful to use an iterator built from a list of all
pre-computed polynomials defining a number field of degree n with exactly one complex
place with discriminant less than A for some A > 0, with possibly additional conditions
on the class number for instance. Such lists may be found on the LMFDB [LMF24] for
small degrees.

Algorithm 6: Search for optimal settings
Input: a degree n ≥ 3 and an iterator g : N→ Zn[X] = {P ∈ Z[X] | deg(P ) = n}.
Output: a list L of vectors [K, flist, εlist] whereK is a number field of degree n with exactly
one complex place, flist = [f1, . . . , fl] contains class field moduli and εlist = [ε1, . . . , εn−2]
contains fundamental units for O+,×

K such that the data (K, fi, εlist) satisfies optimal
conditions for the construction of elliptic units.
Initialise a list L← List();
Then, for each polynomial P described by the iterator g do the following:

1. If P is reducible, move on to the next polynomial.

2. Compute the number r of real roots of P . If r ̸= n − 2, move on to the next
polynomial.

3. Let K = Q[X]/(P ). Compute a Z-basis of the maximal order OK of K.

4. Compute a set ε1, . . . , εn−2 of LLL-reduced fundamental units for O+,×
K using Buch-

mann’s algorithm and the LLL algorithm for reduction (see the bnfinit command
in Pari/GP for these last two steps).

5. For each permutation ρ ∈ Sr use Algorithm 1 to compute [λ̃ρ, ãρ,D(ãρ,OK), t̃, α̃],
and, if at any point λ̃ρ > 1, break and move on to the next polynomial.

6. Compute the prime factorisation of the ideal J(K) =
∑r

j=1(εj− 1)OK (see (III.39))
and keep only the prime ideals f1, . . . , fl dividing J for which the hypotheses of the
main conjecture III.37 are satisfied. If no such prime factor may be found, move
on to the next polynomial. Otherwise, add the data [K, [f1, . . . , fl], [ε1, . . . , εn−2]] to
the list L.

Let us make a few remarks on Algorithm 6. In practice, as the optimal conditions
depend on the choice of fundamental units ε1, . . . , εn−2 for O+,×

K , it may sometimes be
worth it to try more than one choice for ε1, . . . , εn−2 by performing small base changes
around an LLL-reduced choice of fundamental units. As a second remark, the optimal
setting described in section III.4.2.2 does not guarantee that the computations will be
feasible in a reasonable amount of time. Indeed, the computation time for the higher
elliptic units is linear in the value max(t̃ρ) and it often happens that the overflows t̃ρ
are very large and lead to unreasonable computations. For instance, the pure cubic
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field Q(z = e2iπ/3 3
√
93) has fundamental unit ε = 15001z2 − 64428z − 16022 and the

corresponding value for t̃ is 648833101994018933678601952991 while λ̃ = 1. Thus, in
practice, we modify Algorithm 6 so that the potential examples with high values of t̃ are
discarded.

Using this algorithm we have already obtained more than 10000 complex cubic fields,
several thousands of quartic and quintic fields and a few hundreds of degree 6 fields
satisfying these optimal conditions. The best scenario we found for degree 7 fields was a
case where 116 out of the 120 conditions λ̃ρ = 1 for ρ ∈ S5 were satisfied, and in that
case the values of t̃ρ were too large to hope we could compute the higher elliptic units.

IV.2 Numerical Evidence

In this section, we provide numerical examples to support our conjecture. They may
be computed with high precision in a low amount of time. In what follows, we will give
computation times for 1000 digits precision on a personal computer. Computations1 were
carried out using number fields found in the LMFDB database [LMF24] as well as the
computer algebra system PARI/GP [The24], making extensive use of algebraic number
theory tools it provides.

In what follows, we will define our fields as K = Q(z) where z is the complex root of
some polynomial P = (x − z)(x − z̄)

∏r
j=1(x − zj) ∈ Q[x] lying in the upper half-plane

(here the zj are real numbers with z1 < · · · < zr). Thus, to define our orientations we
will fix the ordering on the real embeddings of K such that σj(z) = zj for 1 ≤ j ≤ r.
Throughout this section, we focus mainly on computations for b = (1) because most of
the work on the computations of higher elliptic units does not depend on b. For ease of
presentation, we will often write prime ideals above a prime p as Pp,P

′
p,P

′′
p, . . . . In this

section we provide examples for fields of degree 3 ≤ n ≤ 6. We first describe examples
in an optimal setting then a few quartic examples in a non-optimal setting. We end this
section with examples that fall outside of the hypotheses of the Main Conjecture III.37 to
show how we can handle some of those cases. For ease of presentation, all examples are
presented in the form of the alternative version of the conjecture (see Conjecture III.38)
where the averaging is done over the set Z1,+

f . We also focus on “big smoothings”, that is
on smoothing ideals of prime norm N > n+ 1 for which D(N, n) = 1. Lastly, for clarity
of presentation, we will write absolute polynomials over Q as polynomials in the variable
x and relative polynomials over OK as polynomials in the variable X.

IV.2.1 Cubic examples in optimal settings

Here we present five examples in the cubic case where the setting is optimal (see section
III.4.2.2). We first present a very detailed example to showcase the general computation
process. The second example is one of the simplest ones, with t̃ = 1 and class number
one. The third example is a simple example presented in the general introduction where
q = 5 and the narrow ray class group at f is represented by the classes in (OK/f)

×. The
fourth example showcases the work on helper ideals when the usual class group of K is
large. In the fifth example we present a case where q = 7 and the narrow ray class group
at f is large.

1A short version of the code for the computation of the ordinary Gr functions is available at
https://plmlab.math.cnrs.fr/pmorain/computations of higher elliptic units. A longer version of the code
which implements the algorithms from section IV.1.2 will be available in the future.
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IV.2.1.1 Example 1

We first discuss in full detail a cubic example. Let z be the complex root of the polynomial
x3 − 13 lying in the upper half-plane. The complex cubic field K = Q(z) has usual class
number 3. We choose the ideal f of norm q = 3 such that f3 = (3). The corresponding
narrow ray class group is Cl+(f) ≃ Z/6Z. The unit group O+,×

K = O+,×
f is generated by

ε = 2z2−3z−4. We fix the positive Z-basis B̃ = [1, 2z2−3z−4,−z2+z] = [1, ε,−z2+z]
of OK.

Application of Algorithm 1: Since detB̃(1, ε,−z2 + z) = 1 the content of the unit

system (u1) = (ε) is λ̃ = 1 and in B̃ the linear form ã is expressed as ã = (0, 0, 1). We

compute the matrix M̃:

M̃ =

0 0 1
0 −131 57
1 57 −29


such that M̃−1 represents the fractional ideal D(ã,OK)

−1 in B̃. It follows from this
computation that the overflow of the unit system (ε) is t̃ = 131 and that s̃ = 131. Since
there is only one integral ideal in OK of norm 131 we may identify it with D(ã,OK).

Application of Algorithm 2: Here we asked for a smoothing ideal a coprime to 6 and
we found a = P5 the unique prime ideal of norm N = 5 in OK. The narrow ray class
group at f satisfies the exact sequence:

1→ Z/3Z× → Cl+(f)→ Cl+(K)→ 1.

A possible set of representatives for the six classes in Cl+(f) corresponding to this exact
sequence is:

{OK,P2,P
2
2, 2.OK, 2.P2, 2.P

2
2}.

where P2 is the unique prime ideal of norm 2 in OK. We shall then define b1 = OK,
b2 = P2 and b3 = P2

2.
Application of Algorithms 3 and 4: Let P7 = 7OK + (z − 3)OK be a prime ideal of

norm 7 inOK andP11 be the unique prime ideal of norm 11 inOK. Then we may associate
to all classes modulo integers a helper ideal and a strongly admissible base point h:

Classes Helper Admissible base point h
b1 = OK OK h1 = −21z2 − 42z − 114
b2 = P2 7/P7 h2 = (87z2 + 9z − 477)/2
b3 = P2

2 11/P11 h3 = −(3z2 + 309z − 807)/4

The corresponding levels are ℓ1 = 3 · 5 · 131 = 1965, ℓ2 = 7 · ℓ1 = 13755 and ℓ3 = 11 · ℓ1 =
21615. We may compute the values

Γ+
f,(1),a(ε, h1) =

Γ
(

1
3
, ε

−1+5348
1965

, ε+467
1965

)5
Γ
(
5
3
, ε

−1+5348
393

, ε+467
393

) ≈ −0.0660917...+ i · 0.0932299...

Γ+
f,P2,a

(ε, h2) =
Γ
(

−1
3
, ε

−1+1418
13755

, ε−3463
13755

)5
Γ
(−5

3
, ε

−1+1418
2751

, ε−3463
2751

) ≈ 0.0059953...+ i · 0.0047179...

Γ+
f,P2

2,a
(ε, h3) =

Γ
(

1
3
, ε

−1−547
21615

, ε+6362
21615

)5
Γ
(
5
3
, ε

−1−547
4323

, ε+6362
4323

) ≈ −289.3045814...− i · 127.6382732...
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Γ+
f,(2),a(ε, 2.h1) =

Γ
(

2
3
, ε

−1+5348
1965

, ε+467
1965

)5
Γ
(
10
3
, ε

−1+5348
393

, ε+467
393

) ≈ −5.0606452...− i · 7.1386178...
Γ+
f,2.P2,a

(ε, 2.h2) =
Γ
(

−2
3
, ε

−1+1418
13755

, ε−3463
13755

)5
Γ
(−10

3
, ε

−1+1418
2751

, ε−3463
2751

) ≈ 103.0063956...− i · 81.0605592...

Γ+
f,2.P2

2,a
(ε, 2.h3) =

Γ
(

2
3
, ε

−1−547
21615

, ε+6362
21615

)5
Γ
(
5
3
, ε

−1−547
4323

, ε+6362
4323

) ≈ −0.0028933...+ i · 0.0012765...

We may remark immediately that Γ+

f,2.Pj−1
2 ,a

(ε, 2.hj) = Γ+

f,Pj−1
2 ,a

(ε, hj)
−1 for 1 ≤ j ≤ 3.

Let us then defineWj = Γ+

f,Pj−1
2 ,a

(ε, hj) for 1 ≤ j ≤ 3. Using these values we may identify

up to 1000 digits of precision the relative polynomial in OK[X]:

Prel =
3∏

j=1

(X −Wj)(X −W−1
j ) ≈ (X6 + 1) + (−34z2 + 26z + 128)(X5 +X)

+ (1127z2 + 8879z − 27106)(X4 +X2)

+ (40740z2 − 16965z − 185350)X3.

Alternatively, using the algdep command shows that all valuesWj andW−1
j coincide up

to high precision with 6 out of the 18 roots of the absolute palindromic polynomial

Pabs = x18 + 384x17 + 2310x16 − 10646490x15 + 1596241353x14 + 18608357181x13

+ 156933809421x12 + 215098256580x11 + 381407365338x10 + 338205493469x9

+ 381407365338x8 + 215098256580x7 + 156933809421x6 + 18608357181x5

+ 1596241353x4 − 10646490x3 + 2310x2 + 384x+ 1

which defines the degree 6 extension K+(f)/K. The computation time for 1000 digits
is 15 seconds for W1, 65 seconds for W2 and 105 seconds for W3. We may also check
formula (III.42) as

5ζ ′f([OK], 0)− ζ ′f([a], 0) = log
∣∣∣Γ+

f,(1),a(ε, h1)
∣∣∣2 ≈ −4.3382052...

and similarly for the other classes. In addition, we can easily check that up to high
precision the roots of Pabs are

Wj,W−1
j ,Wj,Wj

−1
for j = 1, 2, 3

together with 6 roots z1, z
−1
1 , z2, z

−1
2 , z3, z

−1
3 which lie on the unit circle. This is coherent

with the third point in the Main Conjecture III.37.

IV.2.1.2 Example 2

We now discuss one of our simplest cubic examples. Let z be the complex root of the
polynomial x3−2 in the upper half-plane. Then K = Q(z) has class number 1. We choose
the ideal f as the unique ideal of norm q = 3 in OK. The corresponding narrow ray class
group is Cl+(f) ≃ Z/2Z. The unit ε = z2 + z + 1 is the generator for O+,×

K = O+,×
f
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satisfying σR(ε) > 1. The associated content is λ̃ = 1 and the overflow is t̃ = 1. We
choose b = (1) and a the degree one prime above N = 5 in K. The ideal qN/a has an
admissible generator h = −3z2 + 6z + 3. The corresponding level is ℓ = 15. The value

Γ+
f,b,a(ε, h) =

Γ
(

1
3
, ε+2

15
, ε

−1−7
15

)5
Γ
(
5
3
, ε+2

3
, ε

−1−7
3

) ≈ −1.2937005...+ i · 1.4743341...

coincides up to 1000 digits of precision with a root of the polynomial

Pabs = x6 + 3x5 + 6x4 + 5x3 + 6x2 + 3x+ 1

which defines an absolute equation of K+(f) over Q. The computation time for 1000
digits is 1 second. As this is a simple example we may write explicitly what the roots of
the polynomial P are and we expect the following equality to hold:

Γ
(

1
3
, ε+2

15
, ε

−1−7
15

)5
Γ
(
5
3
, ε+2

3
, ε

−1−7
3

) =? z − 1−
√
z2 − 2z − 3

2

where z = 21/3e2iπ/3.

IV.2.1.3 Example 3

Here we explain how we have obtained the example presented in the general introduction
with q = 5. Let z = e2iπ/3101/3 be the root of the polynomial x3 − 10 in the upper
half-plane. Then K = Q(z) has class number 1. We choose the ideal f as the unique ideal
of norm q = 5 in OK. The corresponding narrow ray class group is Cl+(f) ≃ Z/4Z. The
unit ε = (2z2− z− 7)/3 is a generator for O+,×

K = O+,×
f with content λ̃ = 1 and overflow

t̃ = 9 and the different ideal D(ã,OK) is equal to P2
3 where P3 is the unramified prime

of norm 3 in OK. We may choose b = (1) and a the unique prime ideal of norm N = 11
in K. The base point h = −(35z2+20z+35)/3 is a strongly admissible generator for the
ideal qNP2

3/a. The values

Γ+
f,k.b,a(ε, h) =

Γ
(

k
5
, ε

−1−1751
495

, ε−776
495

)11
Γ
(
11k
5
, ε

−1−1751
45

, ε−776
45

) ≈

−27.5333588...− i · 32.7146180... for k = 1

−2.2349933...− i · 4.9384566... for k = 2

−0.0760627...+ i · 0.1680687... for k = 3

−0.0150592...+ i · 0.0178931... for k = 4

each coincide up to 1000 digits of precision with a different root of the palindromic
polynomial

Pabs = x12 + 57x11 + 1956x10 + 4640x9 + 35415x8 − 109818x7 + 150139x6 + . . .

defining an absolute equation of K+(f) over Q. Alternatively, we may identify the relative
polynomial

Prel =
4∏

k=1

(X − Γ+
f,k.b,a(ε, h))

in OK[X] as

Prel ≈ X4 + (−7z2 + 5z + 19)X3 + (−19z2 + 70z − 59)X2 + (−7z2 + 5z + 19)X + 1

using the lindep command. The computation time for these values for 1000 digits of
precision is 7 seconds.
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IV.2.1.4 Example 4

Let z be the complex root of the polynomial x3 − 65 in the upper half-plane. Then
K = Q(z) has class number 18. This means that most ideals won’t be principal ideals
and we will need to find many helper ideals to build our strongly admissible base points
hρ. We choose the ideal f to be the unique ideal of norm q = 3 in OK. The corresponding
narrow ray class group is Cl+(f) ≃ Z/6Z × Z/6Z. The unit ε = z − 4 is a generator for
O+,×

K = O+,×
f with content λ̃ = 1 and overflow t̃ = 1. We choose b = (1), b = P59, . . .

representatives for the 36 classes in Cl+(f), and a the unique prime ideal of norm N = 5
in OK. We must now search for 18 helper ideals spanning the wide class group at f. For
the trivial class we may choose H = 13/P13 where P13 is the unique prime ideal of norm
13. For the class represented by b = P59 we may choose H = 41/P41 where P41 is the
unique prime ideal of norm 41, and so on for the remaining classes. The corresponding
admissible generators we found for (qN/a) × (13/P13) and qN/(aP59) × (41/P41) are
hb=(1) = 3z2 and hb=P59 = −(72z2 + 75z + 1590)/59 respectively. The corresponding
levels will be ℓb=(1) = 3 · 5 · 13 = 195, ℓb=P59 = 3 · 5 · 41 = 615. We may compute the
values

Γ+
f,(1),a(ε, hb=(1)) =

Γ
(

1
3
, ε

−1−211
195

, ε−61
195

)5
Γ
(
5
3
, ε

−1−211
39

, ε−61
39

) ≈ −1.6691052...+ i · 5.7493283...

Γ+
f,P59,a

(ε, hb=P59) =
Γ
(

−1
3
, ε

−1+1034
615

, ε−91
615

)5
Γ
(−5

3
, ε

−1+1034
123

, ε−91
123

) ≈ 0.0344135...− i · 0.0123218...

and the remaining 34 out of 36 values Wf,k.b,a = Γ+
f,b,a(ε, k.hb) attached to the 36 classes

in Cl+(f). We may compute and identify up to high precision the relative polynomial:

2∏
k=1

∏
b∈Cl+(f)/Z/3Z×

(X −Wf,k.b,a) ≈ X36 − (az2 + bz + c)X35 + · · ·+ 1 ∈ OK[X]

where a = −5967373310133, b = 769211619985, c = 93377174024326. This palindromic
polynomial defines a relative equation of the class field K+(f) above K and we identify
the rest of its coefficients in OK. The computation time for 1000 digits and for all of
the 36 computations is 8 minutes, which gives 13 seconds per individual computation on
average.

It is interesting to note that this field as well as the field defined by x3 − 2 belong
to a special family parametrised by x3 − 23k − (−1)k for k ≥ 0 which behaves nicely
compared to other pure cubic fields with respect to the values λ̃, t̃. Generally speaking,
the values of these parameters vary significantly with the discriminant, but the fields in
this family share interesting properties in that regard. Putting Lk = Q(zk) where zk
is the complex root of the polynomial x3 − 23k − (−1)k lying in the upper half-plane,
it seems that the positive fundamental unit in Lk is given by εk = (−1)k(zk − 2k) and
its inverse by ε−1

k = z2k + 2kzk + 22k. When Dk = 23k + (−1)k is cube-free (at least for
0 ≤ k ≤ 100 except for k = 49, 50), because Dk ̸≡ ±1 mod 9, the field Lk is a so-called
pure cubic field of the first kind and an integral basis of OLk

is given by (1, zk, z
2
k/sk)

where Dk = rks
2
k with rk, sk square-free and relatively coprime. In that case, we may

compute λ̃ = 1 and t̃ = sk. When Dk is also square-free (at least for 0 ≤ k ≤ 100 except
for k = 7, 10, 21, 26, 30, 35, 63, 68, 70, 77, 78, 90, 91) we get λ̃k = t̃k = 1, which gives a very
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simple setting for the computations. The class group grows very rapidly in this family
as showcased by the following table of the class numbers of the first few of these fields:
Other particularly striking examples of huge class groups are given for L11 and L20 as

k 0 1 2 3 4 5

Pk x3 − 2 x3 − 7 x3 − 65 x3 − 511 x3 − 4097 x3 − 32767

h(Lk) 1 3 2.32 22.33 23.34 23.33.52

h(L11) = 22 · 35 · 5 · 3191 and h(L20) = 26 · 34 · 5 · 11 · 19 · 79 · 863 · 18047. The fact that the
class group is large renders the computation of higher elliptic units more difficult as we
need to perform the computations for each class to correctly identify a relative polynomial
with huge coefficients. Indeed, we have successfully computed the higher elliptic units
for the fields Lk, k = 0, 1, 2, 3, 4, but already for k = 5 the relative polynomial we wish
to recognise has expected degree 10800 and huge coefficients, thus we would need a lot
of precision in the computations of the higher elliptic units Wf,c,a to correctly identify it.

Nethertheless, it would be interesting to understand if for k ≥ 100 there are infinitely
many fields in this family for which the conditions λ̃ = 1, t̃ = 1 are satisfied for the
fundamental unit. Our construction would then conjecturally allow to construct algebraic
units of very high degree.

IV.2.1.5 Example 5

Here we give an example in an optimal setting (K, f) with q = 7. Let z be the complex
root of the polynomial x3−14 in the upper half-plane. ThenK = Q(z) has class number 3.
We choose the ideal f as the unique prime ideal of norm q = 7 in OK. The corresponding
narrow ray class group is Cl+(f) ≃ Z/18Z. The unit ε = −z2 + 2z + 1 is a generator
for O+,×

K = O+,×
f with content λ̃ = 1 and overflow t̃ = 2 · 11. We choose b = (1) and a

the unique integral ideal of norm N = 5 in OK. The different ideal D(ã,OK) is equal to
the product P2P11 where P2 and P11 are the unique integral ideals of norm 2 and 11
respectively. The ideal qNP2P11/(ab) is unfortunately not principal so we need to look
for a helper ideal. In Proposition III.25 we may take m = 3 and H = 3/P3 where P3 is
the unique integral ideal of norm 3. The ideal (3qNP2P11/(ab))×H is principal with an
admissible generator h = −21z2+21z−336. The corresponding level of the computation
is ℓ = 2 · 3 · 5 · 7 · 11 = 2310. The value

Γ+
f,b,a(ε, h) =

Γ
(

−3
7
, ε

−1−3067
2310

, ε+1007
2310

)5
Γ
(−15

7
, ε

−1−3067
462

, ε+1007
462

) ≈ −0.1700923...+ i · 3.8609499...

coincides up to high precision with a root of the palindromic polynomial

Pabs = x54 − 4167x53 + 7931535x52 − 259219286x51 + · · · − 4167x+ 1

which defines an absolute equation of K+(f) over Q. This polynomial has very large coef-
ficients, and we could alternatively compute the remaining 17 out of 18 values associated
to the 18 classes in Cl+(f) to identify a relative polynomial in OK[X] instead, as we did
in the previous example. The computation time for 1000 digits and for all 18 values is
18 minutes, which gives 1 minute per individual computation on average.
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IV.2.2 Quartic examples in optimal settings

We now present four examples in quartic optimal settings. The first example is one of the
simplest cases, for which the overflows are t̃1 = t̃2 = 1 and it is a variation of the example
presented in section III.4.1 with a larger smoothing. The second example showcases the
computation of different ideals with overflows t̃1 = 7, t̃2 = 7129. The third example is
a variation on the second example where we improve the choice of fundamental units to
obtain the smaller overflows t̃1 = 1 and t̃2 = 25. The fourth example is a case where the
quartic field K contains a real quadratic field and some of the parameters α̃j belong to a
real subfield of K.

IV.2.2.1 Example 6

We first revisit one of the simplest quartic examples, for which we presented a computa-
tion of a 5-smoothed higher elliptic unit in section III.4.1. This time we shall perform the
computations with a “big smoothing” to illustrate the differences in behaviour. Let z be
the complex root of the polynomial x4 − 6x3 − x2 − 3x+ 1 lying in the upper half-plane.
Then K = Q(z) has class number 1. We choose f = P2 the unique prime ideal of norm
q = 2 in OK. The corresponding narrow ray class group is Cl+(f) ≃ Z/2Z. We choose
the fundamental units

ε1 =
−2z3 + 13z2 − z + 3

7
, ε2 =

−5z3 + 29z2 + 15z + 18

7

for the set O+,×
K = O+,×

f of totally positive units (congruent to 1 mod f). We compute

the contents λ̃1 = λ̃2 = 1, the overflows t̃1 = t̃2 = 1 as defined in section III.3.2. We may
choose b = (1) and set a to be the unique integral ideal of norm N = 13 in OK. The ideal
qN/a has an admissible generator h1 = h2 = (44z3− 258z2− 104z−80)/7 (see Definition
III.4). The base points h1 and h2 form a compatible set in the sense of Definition III.24.
The corresponding levels will be ℓ1 = ℓ2 = 2 · 13 = 26. Let us write the parameters

τ = ε2 − 15, τ ′ = −6 + 1

ε1
+

1

ε1ε2

σ = −7 + 1

ε2
, σ′ = −ε2 + 15

ρ = −ε1 − 3, ρ′ = 4ε1 + 19− 1

ε2

Then

G+
2,f,b,a(ε2, ε1ε2;h2)

G−
2,f,b,a(ε1, ε1ε2;h1)

=
G2

(−1
2
, τ
26
, σ
26
, ρ
26

)−13

G2

(−13
2
, τ
2
, σ
2
, ρ
2

)−1 ×
G2

(
1
2
, τ ′

26
, σ

′

26
, ρ′

26

)13
G2

(
13
2
, τ

′

2
, σ

′

2
, ρ

′

2

)
coincides up to high precision with the root ≈ 4.1210208...− i · 5.0617720... of the poly-
nomial

Pabs = x8 − 7x7 + 33x6 + 49x5 + 17x4 + 49x3 + 33x2 − 7x+ 1

which defines an absolute equation of K+(f). The computation time for 1000 digits is
6 seconds. Compared to the absolute equation of K+(f) obtained in section III.4.1 this
polynomial has smaller coefficients, and the computation time is about the same. We
may also check formula (III.42) up to 1000 digits as:

13ζ ′f(OK, 0)− ζ ′f([a], 0) ≈ log

∣∣∣∣∣G+
2,f,b,a(ε2, ε1ε2;h2)

G−
2,f,b,a(ε1, ε1ε2;h1)

∣∣∣∣∣
2

≈ 3.7519563...
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Once again, on this simple example we expect the explicit equality:

G+
2,f,b,a(ε2, ε1ε2;h2)

G−
2,f,b,a(ε1, ε1ε2;h1)

=? ξ +
√
ξ2 − 4

2

where ξ = (5z3 − 22z − 57z + 3)/7.

IV.2.2.2 Example 7

We now discuss in more detail a quartic example with specific work on the computation
of the different ideals D(ãρ,OK). Let z be the complex root of the polynomial x4−19x3+
18x2 + 8x + 1 lying in the upper half-plane. Then K = Q(z) has class number 1. We
choose f = 3OK + βOK where β = (5z3 − 96z2 + 36z + 28)/9. The ideal f is an integral
ideal of norm q = 3. The corresponding narrow ray class group is Cl+(f) ≃ Z/2Z×Z/2Z.
We choose the fundamental units

ε1 =
19z3 − 366z2 + 438z + 44

9
, ε2 = −z3 + 19z2 − 18z − 8

for O+,×
K = O+,×

f . We compute two positive Z-bases of OK given by:

B̃1 = [1, ε1, ε1ε2, ω = 17z3 − 330z2 + 441z + 25]

B̃2 = [1, ε2, ε1ε2,−ω]

(see section III.3.2.2). In these bases we can compute the contents λ̃1 = λ̃2 = 1, ã1 =

(0, 0, 0, 1) in B̃1 and ã2 = (0, 0, 0, 1) in B̃2. Let us then compute the matrices M̃1 and

M̃2 associated to the different ideals D(ã1,OK) and D(ã2,OK) in their respective bases
as:

M̃1 =


0 0 0 1
0 −1 3 1
0 3 −2 −15
1 1 −15 11

 M̃2 =


0 0 0 1
0 15 −47 −14
0 −47 −328 −141
1 −14 −141 −59

 .

This readily gives the values for the overflows as t̃1 = s̃1 = 7 and t̃2 = s̃2 = 7129.
There is only one integral ideal P7 of norm 7 (resp. P7129 of norm 7129) therefore
we obtain D(ã1,OK) = P7 and D(ã2,OK) = P7129. Let us choose b = OK and a the
unique integral ideal of norm N = 13 in OK. Both ideals qNP7/a and 2.qNP7129/a are
principal with strongly admissible generators h1 = (−32z3 + 606z2 − 543z − 112)/3 and
h2 = (124z3 − 2319z2 + 1563z + 200)/3. The base points h1 and h2 form a compatible
set in the sense of Definition III.24. The corresponding levels of the computations are
ℓ1 = 3 · 7 · 13 = 273 and ℓ2 = 3 · 13 · 7129 = 278031. Let us write the parameters

τ =
2ε1ε2 − 92ε1 − 3

ε1
, τ ′ =

57488ε1ε2 + 3ε2 + 16

ε1ε2

σ =
925ε1ε2 + 367ε1 − 47

ε1ε2
, σ′ =

47ε1ε2 − 328ε2 − 348694

1

ρ =
−ε1ε2 − 3ε1 + 40

1
, ρ′ =

−57ε1ε2 − 90004ε2 − 2

ε2

Then

Wf,b,a =
G+

2,f,b,a(ε1, ε1ε2;h1)

G−
2,f,b,a(ε2, ε1ε2;h2)

=
G2

(
1
3
, τ
273
, σ
273
, ρ
273

)13
G2

(
13
3
, τ
21
, σ
21
, ρ
21

) ×
G2

(
−2
3
, τ ′

278031
, σ′

278031
, ρ′

278031

)−13

G2

(−26
3
, τ ′

21387
, σ′

21387
, ρ′

21387

)−1
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coincides up to high precision with the root ≈ 10.6409709... − i · 5.9332732... of the
polynomial

Pabs = x8 − 18x7 + 83x6 + 396x5 + 597x4 + 396x3 + 83x2 − 18x+ 1

which defines a subextension of K+(f)/K. The computation time for 1000 digits is 3
minutes and 20 seconds. The fact that the higher elliptic unit we compute does not
generate the whole class field K+(f) is a rather common phenomenon when the extension
K+(f)/K is not cyclic, as the Stark unit itself is not guaranteed to generate K+(f).

IV.2.2.3 Example 8

Keep K, f, b, a as in example 7 and let us change our choice of fundamental units to
obtain a better situation in regards to computations. We fix another set of fundamental
units for O+,×

K = O+,×
f :

ε1 =
z3 − 21z2 + 54z + 11

9
, ε2 = −z3 + 19z2 − 18z − 8

Then, we compute the contents λ̃1 = λ̃2 = 1 and the overflows t̃1 = 1, t̃2 = 25 which
improves on the parameters obtained for the previous choice of fundamental units. The
generalised different ideal D(ã2,OK) is P

2
5 where P5 is the unique integral ideal of norm

5 in OK. The ideals qN/a and 2.qNP2
5/a are generated by the strongly admissible base

points h1 = (−44z3 +843z2− 927z− 232)/3, h2 = (76z3− 1449z2 +1470z+344)/3. The
corresponding levels in the computation are given by ℓ1 = 3 ·13 = 39 and ℓ2 = 3 ·52 ·13 =
975. Let us write the parameters

τ =
2ε1ε2 + 109ε1 − 3

ε1
, τ ′ =

842ε1ε2 + ε2 + 3

ε1ε2

σ =
−321ε1ε2 − 16ε1 + 7

ε1ε2
, σ′ =

−7ε1ε2 + 4ε2 − 63

1

ρ =
−ε1 − 47

1
, ρ′ =

−3ε1ε2 + 566ε2 − 2

ε2
.

Then

G+
2,f,b,a(ε2, ε1ε2;h2)

G−
2,f,b,a(ε1, ε1ε2;h1)

=
G2

(−1
3
, τ
39
, σ
39
, ρ
39

)−13

G2

(−13
3
, τ
3
, σ
3
, ρ
3

)−1 ×
G2

(
2
3
, τ ′

975
, σ′

975
, ρ′

975

)13
G2

(
26
3
, τ ′

75
, σ

′

75
, ρ′

75

)
coincides up to high precision with the same root ≈ 10.6409709...− i · 5.9332732... of the
same polynomial Pabs = x8 − 18x7 + 83x6 + 396x5 + 597x4 + 396x3 + 83x2 − 18x + 1 as
in example 7. The computation time for 1000 digits is 11 seconds. The value obtained
for the higher elliptic unit is the same as for the previous example in which the choice of
fundamental units was different, which supports the idea that the product in Conjecture
III.37 is independent of said choice, even though computations may be longer when a
poor choice of fundamental units is made.

IV.2.2.4 Example 9

This example showcases some subtle changes in the computations when the field we
consider contains a real subfield, relying on preparatory work done in previous chapters
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(see Proposition I.17 and Lemma III.7). Let z be the complex root of the polynomial
x4 − 12 lying in the upper half-plane. Then K = Q(z) has class number 1 and contains
the real quadratic field Q(

√
3). We choose the ideal f as the unique prime ideal of norm

q = 2 in OK. The corresponding narrow ray class group is Cl+(f) ≃ Z/2Z. Let us choose
the fundamental units:

ε1 =
z2 + 2z + 2

4
, ε2 =

−z2 + 4

2
= 2 +

√
3

for O+,×
K = O+,×

f . Note that ε2 belongs to the subfield Q(
√
3). We may compute the

contents λ̃1 = λ̃2 = 1 as well as the overflows t̃1 = t̃2 = 1. Let us fix b = (1) and
a = 23OK + βOK an integral ideal of norm N = 23 in OK where β = (z2 − 2z − 26)/4.
The ideal qN/a is generated by the strongly admissible base points h1 = h2 = (−3z3 −
9z2 − 4z + 34)/2. The parameters we obtain are:

τ = ε2 + 175 = 177 +
√
3, τ ′ = 39 +

1

ε1

σ = −342 + 3

ε2
− 1

ε1ε2
, σ′ = ε2ε1 + ε2 − 352

ρ = −ε1 + 217, ρ′ = 179− 1

ε2
= 177 +

√
3

In particular τ, ρ′ ∈ R, ℑ(τ ′),ℑ(ρ) < 0 and ℑ(σ),ℑ(σ′) > 0. In this setting, we must use
formula (I.34) to perform the computations of the product:

G+
2,f,b,a(ε1, ε1ε2;h2)

G−
2,f,b,a(ε2, ε1ε2;h1)

=
G2

(
1
2
, τ
46
, σ
46
, ρ
46

)23
G2

(
23
2
, τ
2
, σ
2
, ρ
2

) ×
G2

(
−1
2
, τ ′

46
, σ

′

46
, ρ′

46

)−23

G2

(−23
2
, τ

′

2
, σ

′

2
, ρ

′

2

) .

Th complex number we obtain coincides up to 1000 digits of precision with the root
≈ 13.9102308...− i · 24.0932265... of the polynomial

Pabs = x8 − 28x7 + 778x6 − 112x5 − 749x4 − 112x3 + 778x2 − 28x+ 1

which defines an absolute equation of K+(f) over Q. We will revisit this example in
section IV.2.6.3 with a different choice of fundamental units which leads to parameters
outside τ, σ, ρ, τ ′, σ′, ρ′ ∈ C− R.

It is interesting to note that previous work on the determination of Stark units in
the case of a quartic field K with exactly one complex place containing a real quadratic
subfield F was carried out by Charollois and Darmon [CD08] using multiplicative 1-
cocycles for the Hilbert modular group SL2(OF). In our construction, the presence of
a real subfield is often times an obstacle to the computation of these same units using
2-cocycles for SL4(Z), showing that the two approaches complement eachother.

IV.2.3 A quintic example in an optimal setting

In this section we present one of our simplest quintic examples. Let z be the complex
root of the polynomial x5 − x4 − x3 − 2x2 + x + 1 lying in the upper half-plane. Then
K = Q(z) has narrow class number 1. We choose f to be the unique prime ideal of norm
q = 3. The corresponding narrow ray class group is Cl+(f) ≃ Z/3Z× ≃ Z/2Z. If we fix
the fundamental units

ε1 = z4 − 2z3 − z + 3, ε2 = 2z4 − 2z3 − 3z + 3, ε3 = 2z4 − 3z3 − 4z + 4
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for O+,×
K = O+,×

f and the ordering {Id, (32), (21), (231), (312), (31)} of S3 (this is the

ordering given by Pari/GP for instance), then all six contents λ̃1, . . . , λ̃6 are equal to 1.
The different ideals and the overflows governing our construction are:

D1 = (7 · 37 · 137)OK + (z − 11310)OK t̃1 = s̃1 = 7 · 37 · 137
D2 = (31 · 53)OK + (z − 488)OK t̃2 = s̃2 = 31 · 53
D3 = 491.OK + (z − 174)OK t̃3 = s̃3 = 491

D4 = 107.OK + (z + 8)OK t̃4 = s̃4 = 107

D5 = OK t̃5 = s̃5 = 1

D6 = 145637.OK + (z − 52183)OK t̃6 = s̃6 = 145637.

We may choose b = (1) and a the unique degree prime ideal of norm N = 11 in OK. The
ideals qNDj/a for 1 ≤ j ≤ 6 admit the following strongly admissible generators

h1 = 147z4 − 135z3 − 90z2 − 234z + 72,

h2 = −15z4 − 30z3 + 90z2 + 36z + 60,

h3 = 42z4 − 15z3 − 87z2 − 48z + 30,

h4 = −21z4 + 57z3 − 6z2 − 9z − 48,

h5 = −3z4 − 6z3 + 18z2 − 6z + 12,

h6 = 108z4 − 246z3 + 111z2 − 81z + 195.

We then compute six quotients associated to each permutation ρ ∈ S3:

vj =
G3

(
1
3
,
τj
ℓj
,
σj

ℓj
,
ρj
ℓj
,
ϖj

ℓj

)11
G3

(
11
3
,
11τj
ℓj
,
11σj

ℓj
,
11ρj
ℓj
,
11ϖj

ℓj

)
where the parameters τj, σj, ρj, ϖj are given in Table IV.1 below and we have defined for
ease of presentation the levels ℓj = 3 · 11 · t̃j, that is:

ℓ1 = 1170939, ℓ2 = 54219, ℓ3 = 16203, ℓ4 = 3531, ℓ5 = 33, ℓ6 = 4806021.

The corresponding higher elliptic unit Wf,b,a =
v2v4v6
v1v3v5

coincides up to high precision with
the root ≈ −11.6360077...+ i · 3.4634701... of the polynomial

Pabs = x10 + 24x9 + 164x8 + 99x7 − 62x6 − 89x5 − 62x4 + 99x3 + 164x2 + 24x+ 1

which defines an absolute equation of K+(f) over Q. The computation time for 1000
digits is 1 minute and 35 seconds, but the computation time for each of the individual
computations is not uniform. The fifth computation requires 1 second whereas the sixth
computation requires 58 seconds because of the level difference ℓ5 = 33 versus ℓ6 =
4806021. Since K+(f)/K is a degree 2 extension we expect the explicit equality:

Wf,b,a =
? ξ +

√
ξ2 − 4

2

where ξ = z4 − 4z3 + 2z2 + 4z − 1.
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Table IV.1: Parameters for the quintic example

τ1 = − 935z4 + 19z3 + 2927z2 + 601z − 796987
σ1 = 3z4 − 1556z3 + 1205z2 + 3072z − 987058
ρ1 = − 3978z4 + 5242z3 − 1095z2 + 7073z − 590241
ϖ1 = 2767z4 − 4003z3 − 389z2 − 5232z + 2072505
τ2 = 377z4 − 417z3 − 141z2 − 556z + 19860
σ2 = 71z4 + 74z3 − 105z2 − 449z − 71171
ρ2 = − 481z4 + 702z3 − 330z2 + 936z + 324847
ϖ2 = − 37z4 + 54z3 + 101z2 + 72z − 28978
τ3 = − 121z4 + 180z3 + 17z2 + 254z − 12881
σ3 = 830z4 − 1255z3 − 214z2 − 1580z + 326894
ρ3 = − 6z4 − 56z3 + 82z2 + 41z − 52774
ϖ3 = − 2082z4 + 3154z3 + 467z2 + 3916z − 773076
τ4 = − 42z4 + 57z3 + 14z2 + 79z − 139
σ4 = 287z4 − 443z3 − 60z2 − 522z + 2216
ρ4 = − 3z4 + 27z3 + z2 − 2z − 522
ϖ4 = − 685z4 + 1029z3 + 157z2 + 1291z − 2774
τ5 = − z4 + z3 − z2 + 4z − 455
σ5 = + 2z2 − 3z + 574
ρ5 = 2z4 − 3z3 + 4z2 − 8z + 1282
ϖ5 = − z2 + z − 247
τ6 = 935z4 + 1775z3 − 1242z2 − 4691z + 9783958
σ6 = 2269z4 − 1923z3 − 6285z2 − 169z − 19885070
ρ6 = − 7142z4 + 1239z3 − 949z2 + 9197z − 13206973
ϖ6 = 11437z4 − 14892z3 − 1641z2 − 20621z + 7776348

IV.2.4 A degree six example in an optimal setting

In this section we present our simplest computation of a higher elliptic unit above a degree
6 field. In this setting, the higher elliptic unit is given by a product of (6 − 2)! = 24
smoothed G4 functions evaluated at 5 parameters each on the base field. Let z be the
complex root of the polynomial x6 − 2x5 − 3x4 + 10x3 + 3x2 − 8x− 3 lying in the upper
half-plane. Then K = Q(z) has class number 1. We choose f to be the unique prime ideal
of norm q = 2. The corresponding narrow ray class group is Cl+(f) ≃ Z/2Z. If we fix the
fundamental units

ε1 = 3z5 − 8z4 − 3z3 + 31z2 − 15z − 11

ε2 = 2/5z5 − z4 − 1/5z3 + 18/5z2 − 13/5z − 2/5

ε3 = −4/5z5 + 2z4 + 7/5z3 − 41/5z2 + 6/5z + 29/5

ε4 = 2/5z5 − z4 − 16/5z3 + 8/5z2 + 22/5z + 8/5

for O+,×
K = O+,×

f and the ordering of S4 given by Pari/GP, then we may compute the

contents λ̃1 = · · · = λ̃24 = 1 and the associated overflows

171



t̃1 = 3.821.85146905507 t̃2 = 31.71380217.5479992107 t̃3 = 2593.28232090533
t̃4 = 4793.20161.11384677 t̃5 = 37.18731.12207408718823 t̃6 = 757.6354278197
t̃7 = 5.311.4219.261707099 t̃8 = 5.775267.10124654046373 t̃9 = 52.37.1061.1321.6449
t̃10 = 5.64781598487 t̃11 = 5.9967.23337159379 t̃12 = 5.1444658023
t̃13 = 426868799166283769 t̃14 = 4950440701232129 t̃15 = 1361.7219.388087223
t̃16 = 20173.200544349 t̃17 = 103.11593.919759 t̃18 = 523.31751222611
t̃19 = 5.1759763531590697 t̃20 = 15629.3287441 t̃21 = 5.56807.354098824061
t̃22 = 5.73.79.349.73009 t̃23 = 3544640951 t̃24 = 293.11719.13931

The different ideals are computed as usual using Algorithm 1. We may choose b = (1)
and a the unique prime ideal of norm N = 29 in OK. We then compute 24 quotients:

vj =
G4

(
1
2
,
τj
ℓj
,
σj

ℓj
,
ρj
ℓj
,
ϖj

ℓj
,
ξj
ℓj

)29
G4

(
29
2
,
29τj
ℓj
,
29σj

ℓj
,
29ρj
ℓj
,
29ϖj

ℓj

)
where the parameters τj, σj, ρj, ϖj, ξj are given in Tables IV.2 to IV.7 below and we have
defined for ease of presentation the levels ℓj = 2 ·29 · t̃j. The corresponding higher elliptic
unit

Wf,b,a =
v2v3v6v7v10v11v14v15v18v19v22v23
v1v4v5v8v9v12v13v16v17v20v21v24

coincides up to 1000 digits of precision with the root≈ −555050859076374984.5110063...−
i · 334493188695056032.1307346... of the reciprocal polynomial

Pabs = x12 + 1 + 1110101718152749974(x11 + x)

+ 419967149444808248584979504483010229(x10 + x2)

+ 2090591105457346230355038086262355202(x9 + x3)

+ 4535292963058947524812988357459161338(x8 + x4)

+ 6020269972074463320492578065966460430(x7 + x5)

+ 6311227681584443751632555661724851277x6

which defines an absolute equation of K+(f) over Q. As K+(f)/K is a degree 2 extension
we expect the following equality:

Wf,b,a =
? ξ +

√
ξ2 − 4

2

where

ξ =16535851198949782z5 − 2445604577168278z4 − 73350035010478060z3

− 4800180859024974z2 + 59609758573992978z + 20222967495499571.
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Table IV.2: Parameters for the degree 6 example (Part 1)

5τ1 = 451483129169z5 − 1027896279160z4 − 1027904929692z3

+ 4800919668041z2 − 287249353791z + 282632366273212901
5σ1 = − 2562069062795z5 + 7559238893200z4 + 2897920038705z3

− 31644657377825z2 + 14725600389930z − 473413896662735405
5ρ1 = 9516079547035z5 − 26469407301575z4 − 8172819882825z3

+ 102113950298935z2 − 50712518815770z − 292553164591261820
5ϖ1 = − 377559921389z5 + 208703459620z4 + 996782223057z3

− 1165668574871z2 + 97261357731z + 997923835090996594
5ξ1 = − 272818854433z5 + 765392397170z4 + 269035359849z3

− 2948594657182z2 + 1414694411937z − 36649032748712887
5τ2 = − 1021889853862442z5 + 2388860888138130z4 + 2341803908240031z3

− 11044703365243488z2 + 650597397813063z − 523175469027287015558
5σ2 = 6179656738373595z5 − 16735123778030025z4 − 7969024224695395z3

+ 70653190488068515z2 − 32016724639436130z + 2540895723814044325100
5ρ2 = − 20184715302504297z5 + 56957132770701560z4 + 16715406622846421z3

− 219589406206489418z2 + 109491099710176303z + 521923709195397260867
5ϖ2 = − 1767152601692569z5 − 454893122345405z4 + 6479139411227672z3

+ 1121613680872159z2 − 4648428884119074z − 4617817571364135180021
5ξ2 = 1412894984950354z5 − 3122706351789385z4 − 6618867788941337z3

+ 7489317442740766z2 + 2822187812019419z − 10124730013747793037599
5τ3 = − 195713546602z5 + 477479810515z4 + 312575067241z3

− 1936522948718z2 + 267388196823z + 23608826921704267
5σ3 = 639272697510z5 − 1901436185585z4 − 900048030250z3

+ 8557507515740z2 − 4189938413380z + 160262816426300235
5ρ3 = 95213662795z5 − 651397955255z4 + 1468703530055z3

− 1188068337625z2 + 74681386470z − 564914393269967120
5ϖ3 = 220324382792z5 − 268609219065z4 + 37616336914z3

− 232039908342z2 + 171920038817z − 243065751680310552
5ξ3 = 7946878394z5 − 24083748545z4 − 28886961752z3

+ 94140155061z2 − 23086902861z + 13641197503093241
5τ4 = 1611347131786z5 − 4073522497495z4 − 2563068441363z3

+ 16669126695074z2 − 2444566366439z − 195271061589764651
5σ4 = − 6449552305326z5 + 17177595322125z4 + 8029686091818z3

− 71975871034824z2 + 34729368237394z − 270998917347862719
5ρ4 = − 1889465484881z5 + 9090371280310z4 − 15749192712647z3

+ 7217602477221z2 + 2289170902769z + 9430537679026249296
5ϖ4 = 1411789375192z5 − 1891627758065z4 + 279338420114z3

− 612692064042z2 + 557595527817z − 2919049715399176292
5ξ4 = 446787848858z5 − 483308184540z4 + 394215877386z3

− 1026775965773z2 + 352662578098z − 1241817035064443863
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Table IV.3: Parameters for the degree 6 example (Part 2)

5τ5 = − 3684901681164998z5 + 8875323554885270z4 + 7426989609867089z3

− 39934846078090922z2 + 5165044077805897z − 21887542697982750832
5σ5 = 2218788364586322z5 − 5847412267852995z4 − 2277451551917896z3

+ 21033315394365103z2 − 3704614161272163z + 936139601289739196913
5ρ5 = 1978843777295007z5 − 9846489287110750z4 + 1663297318420469z3

+ 40692806152215928z2 − 36951869676506873z − 705483630009754019637
5ϖ5 = 1566318148869146z5 − 3390792046686935z4 − 2376414992661343z3

+ 14498450430309589z2 − 11596578847583259z − 636503095972391756296
5ξ5 = − 292683377814890z5 + 136775975268905z4 + 3040780406260975z3

+ 1791002060431660z2 − 4761116193109915z − 2097360233182344094075
5τ6 = − 16281915888z5 + 41381369235z4 + 33136729354z3

− 182131074517z2 + 27759725362z + 311838087349668
5σ6 = 9506357130z5 − 21519613395z4 − 13587588580z3

+ 86873107315z2 − 7892525055z + 1084335116471445
5ρ6 = 6834017089z5 + 10083213235z4 + 30216543618z3

+ 22541646201z2 − 122103094736z − 1409107497208399
5ϖ6 = − 19652307406z5 − 137111657255z4 + 47314558673z3

+ 326382669781z2 − 397207914531z − 7329020669861634
5ξ6 = 3826080146z5 − 56497642055z4 − 30126566293z3

+ 129663186024z2 − 123429258499z − 2363954523642791
5τ7 = − 35692051087720z5 + 81724519649615z4 + 77788339842380z3

− 372504493767015z2 + 20511758492810z + 6201184549098147800
5σ7 = 285319898537295z5 − 682195346292880z4 − 584339208147625z3

+ 3075528579433425z2 − 363451716925290z − 50381931737655187305
5ρ7 = − 22367183954760z5 + 57145505032765z4 + 33923235806750z3

− 239210312409950z2 + 68067412730320z + 8070632250210882165
5ϖ7 = − 21006910304805z5 + 51437007580510z4 + 42542004780220z3

− 231386809057710z2 + 27900311812190z + 3538609769440367225
5ξ7 = 2550307829005z5 − 6189186011865z4 − 4968603477585z3

+ 27378844697680z2 − 4145408107375z − 555253459508370910
5τ8 = 6559398674404100z5 − 12542375855814720z4 − 18350309610804635z3

+ 60382803172769930z2 + 18290613410813535z + 7782019103416256780410
5σ8 = − 39505909332937635z5 + 92286137284391265z4 + 84274836553043875z3

− 418790259382607275z2 + 31483549306052970z − 37380822711788850765010
5ρ8 = 9850931706266655z5 − 28825987231985540z4 − 9127266513342735z3

+ 113278492936059930z2 − 48327005403896125z − 7279724540845983826485
5ϖ8 = 4323127686545350z5 + 1610986760446610z4 − 15858050920734595z3

− 4456261143806990z2 + 11679315244876920z + 12580757449638439983495
5ξ8 = − 2674847363419795z5 + 5011231088220670z4 + 16527209272818520z3

− 8090985528777435z2 − 13973211794502755z + 51194154161043089683735
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Table IV.4: Parameters for the degree 6 example (Part 3)

5τ9 = 160189992470z5 − 286932412655z4 − 395850947100z3

+ 1272969561725z2 + 401687884360z − 5140494361419880
5σ9 = − 599068674165z5 + 1808350444660z4 + 271811027175z3

− 6659337696625z2 + 3782948878880z + 68235760134116435
5ρ9 = − 20287443390z5 − 64236591565z4 + 293673716050z3

− 79737595000z2 − 848354814670z − 35542792879390915
5ϖ9 = 33592281150z5 − 154894719950z4 + 64851335950z3

+ 498185934150z2 − 471545478625z + 7380373248530325
5ξ9 = − 4497437510z5 + 12793602965z4 + 4541668975z3

− 47642329950z2 + 20555828320z + 1005255962041740
5τ10 = − 82635819590z5 + 231227389120z4 + 65686231805z3

− 882945500190z2 + 451387542075z + 1777498330148930
5σ10 = 801044821105z5 − 2228959217165z4 − 659922940585z3

+ 8528724373955z2 − 4267282237000z − 16648429213432760
5ρ10 = − 178200154410z5 + 494228389910z4 + 150294221935z3

− 1895081703330z2 + 937253411860z + 3579062835733505
5ϖ10 = − 34028601195z5 + 96665256100z4 + 26705443835z3

− 369550987130z2 + 185240762705z + 610535422917545
5ξ10 = − 3705047045z5 + 10789175890z4 + 2544966180z3

− 41420136665z2 + 20995725235z + 55955801184225
5τ11 = 2628332605830z5 − 5978682830765z4 − 4440431024960z3

+ 23367645089355z2 + 940657242850z − 293044617213650310
5σ11 = − 7570463403065z5 + 15624754133150z4 + 18410923806595z3

− 72514909369685z2 − 7245341154765z + 1153282210411200140
5ρ11 = 885946918650z5 + 6450773883390z4 − 15895754245030z3

− 9913980220710z2 + 50456631321805z − 979297902267321745
5ϖ11 = − 135465085290z5 + 1591771446925z4 − 2793228558530z3

− 2500977343160z2 + 12026729903710z − 102948144586806035
5ξ11 = 58125781960z5 − 654782666955z4 + 49635794655z3

+ 471503549160z2 − 2536337166775z + 503413731349423055
5τ12 = 275234770z5 − 700050285z4 − 453916440z3

+ 3028321395z2 − 837933950z + 3513177831010
5σ12 = − 1231823120z5 + 3121073100z4 + 2018022285z3

− 13330389655z2 + 3279322380z − 401816203580
5ρ12 = − 4639286235z5 + 11125567010z4 + 9290565460z3

− 49872877530z2 + 6715451110z − 10981793441445
5ϖ12 = 11043119160z5 − 26647456525z4 − 22040798030z3

+ 119351105590z2 − 16213553240z − 1987485189085
5ξ12 = 2712583060z5 − 6544594245z4 − 5401807415z3

+ 29337685870z2 − 3995818555z − 58928438525
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Table IV.5: Parameters for the degree 6 example (Part 4)

5τ13 = 1083354881437954z5 − 270648815248435z4 − 5109396551080057z3

+ 3562293284637926z2 + 14510219731794179z + 20664681746614415890451
5σ13 = 906776826390780z5 − 2766694560193745z4 − 1105932743161470z3

+ 11856280614335090z2 − 5258873544222890z − 16598833422413119834345
5ρ13 = − 592128246278785z5 + 1449103511517125z4 + 958358404972425z3

− 5762694946941755z2 + 239170294636490z + 983507257250458944390
5ϖ13 = − 367020386962859z5 + 793529686232915z4 + 615096797703732z3

− 3261723705274126z2 + 672760768172896z − 1848830549682280921946
5ξ13 = − 2932083372483z5 + 2274352814755z4 + 19353293777984z3

− 8197419261377z2 − 42294919112978z − 33375158182344294357
5τ14 = − 4778545130090z5 − 10970104442095z4 + 35820439288175z3

+ 28602127156460z2 − 132232849590715z − 4016841524885592985
5σ14 = − 21265152992876z5 + 56721640097925z4 + 36621796655778z3

− 250065533937974z2 + 63715452901364z + 1687006234765504521
5ρ14 = 12507781408304z5 − 30728262792910z4 − 20031178051917z3

+ 124076635099291z2 − 13778071057666z − 4388569725287920504
5ϖ14 = 411287604349z5 + 10690567324655z4 − 8612509696512z3

− 41504856983284z2 + 17241820144264z + 13488571144491062926
5ξ14 = 111473814972z5 + 4304910738520z4 − 2599377221686z3

− 15838612980767z2 + 5983481784112z + 4229304175784463883
5τ15 = − 16980673536601z5 + 1605601519160z4 + 90073296138928z3

− 64339979710229z2 − 242573087269601z − 41754087197897370269
5σ15 = − 17011126366845z5 + 59299683033940z4 − 8149743266385z3

− 196872748350425z2 + 143107393748280z + 27890446438746073825
5ρ15 = 43715923584155z5 − 112061522807055z4 − 65272347748935z3

+ 458771504645785z2 − 102717645395170z + 4346748000784617150
5ϖ15 = 11887034138056z5 − 29018298930750z4 − 15714825525043z3

+ 114930767349859z2 − 36719817241134z + 3600440024526112514
5ξ15 = 186815677122z5 − 395442291020z4 − 535651033111z3

+ 1595584676908z2 + 388914199442z + 110844344110656393
5τ16 = − 8161931692z5 − 9703337650z4 + 45808399771z3

− 15770307138z2 − 123344315757z − 3330931621780558
5σ16 = − 20001752749z5 + 69479601545z4 + 5463521977z3

− 216455593151z2 + 83965191436z + 5480215985583794
5ρ16 = 61955940724z5 − 170398381690z4 − 112631583347z3

+ 679225001846z2 − 93955015046z − 6582941902240199
5ϖ16 = 11124582914z5 + 10594744555z4 + 13444148528z3

+ 30615244401z2 − 48178691491z + 12924927956878641
5ξ16 = 5057576214z5 + 938377785z4 − 7639729567z3

+ 10290316666z2 − 2948198081z + 3465289093558641
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Table IV.6: Parameters for the degree 6 example (Part 5)

5τ17 = − 12115739066z5 + 63206427925z4 − 25454155372z3

− 223186104769z2 + 215816969054z + 625180023677306
5σ17 = 3265703493z5 − 17970471415z4 + 5355063886z3

+ 71464502337z2 − 69395953802z − 85189558264923
5ρ17 = 33296893526z5 − 74091048975z4 − 65334549948z3

+ 310863420139z2 + 10359133871z − 371092120270931
5ϖ17 = − 16042755054z5 + 22030294995z4 + 40342390687z3

− 96461142251z2 − 21244326059z + 202054141485894
5ξ17 = − 9229985674z5 + 15145451285z4 + 20787106027z3

− 66285618996z2 − 8517038109z + 172074661426559
5τ18 = 271734151244z5 − 810141012030z4 − 175399218267z3

+ 3107589750386z2 − 1623089840751z + 10873344530223506
5σ18 = − 77473171355z5 + 223654494685z4 + 96424321250z3

− 980168296555z2 + 503551809650z − 2282491452658515
5ρ18 = − 346435742476z5 + 762123056710z4 + 625067589853z3

− 3153719289354z2 + 165356112154z − 1886508619412059
5ϖ18 = − 47699497502z5 + 179095038035z4 + 56859930271z3

− 696836706443z2 + 61845035813z − 3598572417914448
5ξ18 = 23057907498z5 − 31825162105z4 − 57910962019z3

+ 133630871162z2 + 13378535233z − 2288516663187223
5τ19 = 208060453631z5 − 610588191230z4 − 1344675500503z3

+ 6531554874994z2 − 3531080188639z − 1754745688405877581
5σ19 = 14512606220244z5 − 35029779275070z4 − 24383154110047z3

+ 142690667730331z2 − 11945282317986z + 2898060622073497506
5ρ19 = − 44152948097541z5 + 148299217296580z4 + 16528580312683z3

− 559495739573509z2 + 300058581851804z − 19980924303055679709
5ϖ19 = − 23398571203001z5 + 56881862039705z4 + 28388917182763z3

− 218291116535449z2 + 98675799700194z − 11910906258190646874
5ξ19 = 901966800302z5 + 2030674148590z4 − 19591003348226z3

− 21614958628677z2 + 33807044895112z − 41964009739540827
5τ20 = 128203866z5 − 456033345z4 − 166086648z3

+ 1968606549z2 − 903608989z − 3504946753681
5σ20 = 677512200z5 − 1276768770z4 − 1477856515z3

+ 5562069175z2 + 967147590z + 14609024961690
5ρ20 = − 843461158z5 + 1436164205z4 + 814460334z3

− 6225744582z2 + 3791737982z + 102521502157303
5ϖ20 = − 3107030873z5 + 11606855225z4 + 1317770059z3

− 43340784697z2 + 20322494562z − 283764337969302
5ξ20 = − 1439029022z5 + 4799254490z4 + 1463810946z3

− 17545475513z2 + 7487795488z − 124823430628363
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Table IV.7: Parameters for the degree 6 example (Part 6)

5τ21 = − 12548264659955z5 + 44769624203385z4 − 38345261830305z3

− 51616448215610z2 + 37546787805665z + 39909209576118723550
5σ21 = 68255667137265z5 + 9060246861650z4 − 358996211816995z3

+ 145417946273185z2 + 1089641100070165z − 45307745899967289140
5ρ21 = 286264868039845z5 − 875943960968260z4 − 203647989333715z3

+ 3324808593494845z2 − 1424928543941500z + 67681267189771638185
5ϖ21 = 79530769601080z5 − 221227215843275z4 − 63147894842140z3

+ 827439885310070z2 − 440813281107120z + 22501559795424965845
5ξ21 = − 26258260454900z5 + 74874029106745z4 + 55839749454535z3

− 247844339364680z2 + 76433222963665z + 45231651903705332715
5τ22 = 835290350z5 − 3378679265z4 + 4181686505z3

+ 1358150610z2 − 3102076480z + 65050724275420
5σ22 = − 8832074380z5 + 7915957000z4 + 32644612665z3

− 45512970145z2 − 78596978180z − 412509892209970
5ρ22 = − 16499040045z5 + 35770048690z4 + 45106111905z3

− 165416287465z2 − 27188388040z − 46624952573925
5ϖ22 = 32815031530z5 − 74029029275z4 − 77265988240z3

+ 347322480620z2 − 11580532170z − 235527220655805
5ξ22 = 8504660240z5 − 18579998455z4 − 21164159085z3

+ 86298842880z2 − 375446045z − 46888101366075
5τ23 = 197276663z5 − 487228005z4 − 341680944z3

+ 2047749367z2 − 263330742z + 27104223597587
5σ23 = 2760681177z5 − 6554814560z4 − 5714441671z3

+ 29602273443z2 − 3184162453z + 376367760546548
5ρ23 = − 7417067852z5 + 17812423675z4 + 15048710546z3

− 80092062628z2 + 9901947408z − 1018354196296073
5ϖ23 = − 1323262467z5 + 3124589385z4 + 2815415501z3

− 14212314223z2 + 1135342868z − 199971828966488
5ξ23 = 194783218z5 − 488400120z4 − 341573814z3

+ 2137801347z2 − 509288612z + 17745311009407
5τ24 = − 264188562z5 + 857781370z4 − 395743279z3

− 1699576658z2 + 791276438z − 15061130239183
5σ24 = − 1493995205z5 + 4609773160z4 + 1511045675z3

− 19782456655z2 + 10889343125z + 29914509515360
5ρ24 = 5932635813z5 − 14930576830z4 − 9854615289z3

+ 64970960777z2 − 17440454052z + 23985238200167
5ϖ24 = − 250064549z5 + 772375295z4 − 263416973z3

− 3507724841z2 + 5900091956z + 40352010686744
5ξ24 = − 638167324z5 + 1623020590z4 + 974202072z3

− 7029399681z2 + 2952006896z + 7449821507509
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IV.2.5 Quartic examples in non-optimal settings

In this section we present three quartic examples with #Z1,+
f > 1. The first example is

a case where q = 5 and Z1,+
f ≃ Z/2Z. The second example is a case where q = 5 and

Z1,+
f ≃ Z/5Z×. The third example is a case where q = 7 and Z1,+

f ≃ Z/2Z.

IV.2.5.1 Example 12

We first discuss a quartic example with q = 5 and Z1,+
f ≃ Z/2Z. Let z be the complex

root of the polynomial x4 − 3x + 1 lying in the upper half-plane. Then K = Q(z) has
class number 1. We choose f = P5 the unique integral ideal of norm q = 5 in OK. The
corresponding narrow ray class group is Cl+(f) ≃ Z/2Z. Let us fix a set of fundamental
units

ε1 = z3 − 2z2 + z, ε2 = z3 + 2z2 + 3z + 1

for the groupO+,×
K . They satisfy ε1 ≡ 1 mod f and ε2 ≡ −1 mod f, thusO+,×

f is generated

by ε1 and ε22. We may identify Z1,+
f = {(1, 1), (4, ε2)}.

The contents associated to this set of fundamental units are λ̃1 = λ̃2 = 1 and the
overflows are t̃1 = 23, t̃2 = 11. The associated different ideal D1 is the unique integral
ideal of norm 23 in OK and D2 is the unique ideal of norm 11 in OK. We may choose
b = (1) and a the unique integral ideal of norm N = 7 in K. Both ideals 2qND1/a and
qND2/a are principal with strongly admissible generators h1 = 10z3+110z2+160z+190
and h2 = 5z3+20z2+10z+25 which are both totally positive. The corresponding levels
of the computations are ℓ1 = 5 · 7 · 23 = 805 and ℓ2 = 5 · 7 · 11 = 385. Let us write the
parameters

τ = 11z3 + z2 − 2z + 14898, τ ′ = −4z3 + 3z2 + 6z + 79

σ = −z3 + 2z2 − 4z − 1737, σ′ = −z3 − 2z2 − 4z + 567

ρ = −3z3 + 6z2 + 11z + 7577, ρ′ = −z3 − 2z2 + 7z + 138

Then the two products

w1 =
∏
k=1,4

G2

(−2k
5
, τ
805
, σ
805
, ρ
805

)−7

G2

(−14k
5
, τ
35
, σ
35
, ρ
35

)−1 ×
G2

(
k
5
, τ ′

385
, σ′

385
, ρ′

385

)7
G2

(
7k
5
, τ ′

35
, σ

′

35
, ρ′

35

)
w2 =

∏
k=2,3

G2

(−2k
5
, τ
805
, σ
805
, ρ
805

)7
G2

(−14k
5
, τ
35
, σ
35
, ρ
35

)1 × G2

(
k
5
, τ ′

385
, σ′

385
, ρ′

385

)−7

G2

(
7k
5
, τ ′

35
, σ

′

35
, ρ′

35

)−1

coincide up to 1000 digits and are close to the root ≈ 4.3174875...− i · 7.2167313... of the
polynomial

Pabs = x8 − 8x7 + 66x6 + 39x5 + 49x4 + 39x3 + 66x2 − 8x+ 1

which defines an absolute equation of K+(f) over Q. The computation time for 1000
digits is 46 seconds. The fact that the two products seem to be equal supports conjecture
III.34. We then check formula (III.44) as:

N (a)ζ ′f([b], 0)− ζ ′f([ab], 0) ≈ log |w1|2 ≈ 4.2587554...
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IV.2.5.2 Example 13

We now discuss a case where q = 5 and Z1
f ≃ Z

1,+
f ≃ Z/5Z×. In this case all L-functions

attached to K+(f) have a zero of order at least 2 at 0 and K+(f) is the narrow Hilbert
class field of K, therefore the Stark unit we aim to compute is just 1. This may happen
even in the case where K+(f) is totally complex as the Euler factor at f in the functional
equation of the L-functions attached to K+(f) may vanish.

Let us consider z the complex root of the polynomial x4 − x3 − 2x2 − 3x − 2 lying
in the upper half-plane. Then K = Q(z) has class number 1. We choose f = P5 the
unique integral ideal of norm q = 5 in OK. The corresponding narrow ray class group is
Cl+(f) ≃ Z/2Z. We choose the fundamental units

ε1 = z + 1, ε2 = z3 − z2 − 3z − 1

for O+,×
K . They satisfy ε1 ≡ −1 mod f and ε2 ≡ 3 mod f, thus O+,×

f is generated by ε21
and ε1ε

2
2. We compute the associated contents λ̃1 = λ̃2 = 1 as well as the associated

overflows t̃1 = t̃2 = 1. The different ideals D1 and D2 are therefore both equal to OK.
We may choose b = (1) and a the unique integral ideal of norm N = 7 in OK. The
ideal qN/a is generated by the strongly admissible base points h1 = h2 = 5z3− 10z− 25.
The corresponding levels in the computations are ℓ1 = ℓ2 = 5 · 7 = 35. Let us write the
parameters

τ = 5z3 − 9z2 − 3z + 1365, τ ′ = −z3 + 2z2 − 456

σ = −z3 + 2z2 + z − 219, σ′ = −z3 + z2 + 3z + 459

ρ = −z3 + 2z2 − 456, ρ′ = z3 − 2z2 − z + 219

Then
4∏

k=1

G2

(−k
5
, τ
35
, σ
35
, ρ
35

)−7

G2

(−7k
5
, τ
5
, σ
5
, ρ
5

)−1 ×
G2

(
k
5
, τ ′

35
, σ

′

35
, ρ′

35

)7
G2

(
7k
5
, τ

′

5
, σ

′

5
, ρ

′

5

) (IV.7)

is numerically ≈ 1 which is a correct Stark unit when all L-functions have a zero of order
2 at 0. The computation time for 1000 digits is 35 seconds. Computations show that
the above product is not a power of one of its subproducts and it would already be a
non-trivial statement to prove that the evaluation (IV.7) is equal to 1.

IV.2.5.3 Example 14

We now discuss a case where q = 7, Z1
f ≃ Z

1,+
f ≃ {(1, 1), (6,−1)}. Consider z the

complex root of the polynomial x4−x3−x2− 5x+1 lying in the upper half-plane. Then
K = Q(z) has class number 1. We choose f = P7 the unique integral ideal of norm q = 7
in OK. The corresponding narrow ray class group is Cl+(f) ≃ Z/6Z. We choose the
fundamental units

ε1 = 3z3 + 4z2 + 6z − 1, ε2 = −z3 + z2 + 3z

for O+,×
K . They satisfy ε1 ≡ 1 mod f and ε2 ≡ −1 mod f, thus O+,×

f is generated by ε1

and ε22. We compute the associated contents λ̃1 = λ̃2 = 1, as well as the overflows t̃1 = 67,
t̃2 = 1. The different ideals associated to the construction are D1 the unique prime ideal
of norm 67 in OK and D2 = OK. We may choose b = (1) and a the unique integral ideal
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of norm N = 11 in OK. The ideals qND1/a and 3qND2/a are generated by the strongly
admissible base points h1 = −7z3+49z2−133z+63 and h2 = −105z3+42z2+84z+483
respectively. The corresponding levels of the computations are given by ℓ1 = 7 · 11 · 67 =
5159 and ℓ2 = 7 · 11 = 77. Let us write the parameters

τ = 7z3 − 13z2 − 15z − 19098, τ ′ = 5z3 − 4z2 − 6z + 2607

σ = 9z3 + 12z2 + 19z + 38971, σ′ = z3 − z2 − z + 477

ρ = 3z3 + 4z2 − 16z − 15641, ρ′ = −2z3 + 2z2 + 3z − 827

For k = 1, 2, 3, 4, 5, 6, write Ik for the value

Ik =
G2

(
k
7
, τ
5159

, σ
5159

, ρ
5159

)11
G2

(
11k
7
, τ
469
, σ
469
, ρ
469

) × G2

(
−3k
7
, τ ′

77
, σ

′

77
, ρ′

77

)−11

G2

(−33k
7
, τ

′

7
, σ

′

7
, ρ

′

7

)−1 .

On the one hand, I1I6 ≈ 204411.4289667...+ i · 1113079.0424875... is the product in the
right-hand side of formula (III.42), which we check as:

N (a)ζ ′f([b], 0)− ζ ′f([ab], 0) ≈ log |I1I6|2 ≈ 27.8784505...

On the other hand, the values I1I6, I2I5 ≈ 0.0274558... − i · 0.0123306... and I3I4 ≈
10−5(1.6667587...−i·2.4168791...) seem to be algebraically dependent and we may identify
up to high precision the relative polynomial∏

k=1,2,3

(X−IkI7−k)(X − I−1
k I−1

7−k) ≈

X6 + 1 + (−66007z3 + 315205z2 − 404670z + 66406)(X5 +X)

+(−2980477827z3 − 882760955z2 + 19370690773z − 3656696288)(X4 +X2)

+(153504704659z3 − 136634711339z2 − 544162307740z + 108155656031)X3

over K. This relative polynomial defines a relative equation of K+(f) over K. The
computation time for 1000 digits is 6 minutes.

IV.2.6 Examples which fall outside of the scope of the conjec-
ture

In this section we present three examples which fall outside of the scope of the Main
Conjecture. First, we chose to illustrate the necessity of the compatibility condition that
the base points must satisfy by considering an incompatible set of base points and showing
that the statements of our Main Conjecture III.37 cannot hold in that case. Next, we
illustrate two cases where some of the hypotheses (H3), (H4) are not satisfied, and show
that most of the work we did in chapter III may be adapted to this case, and that we
may still compute higher elliptic units in those settings.

IV.2.6.1 Example with incompatible base points

In this section we revisit our simplest quartic example (see section IV.2.2.1) to showcase
what happens when an incompatible set h is chosen when attempting to compute higher
elliptic units (see Definition III.24 for the definition of a compatible set). Computations
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show that the complex number Vf,c,a we compute does not seem to be algebraic and does
not satisfy the Kronecker limit formula we expect.

Let z be the complex root of the polynomial x4− 6x3−x2− 3x+1 lying in the upper
half-plane. Then K = Q(z) has class number 1. We choose f = P2 the unique prime
ideal of norm q = 2 in OK. The corresponding narrow ray class group is Cl+(f) ≃ Z/2Z.
We choose the fundamental units

ε1 =
−2z3 + 13z2 − z + 3

7
, ε2 =

−5z3 + 29z2 + 15z + 18

7

for the set O+,×
K = O+,×

f of totally positive units (congruent to 1 mod f). We compute

the contents λ̃1 = λ̃2 = 1, the overflows t̃1 = t̃2 = 1 as defined in section III.3.2. We may
choose b = (1) and a the unique integral ideal of norm N = 13 in OK. The ideal qN/a
has an admissible generator h1 = (44z3−258z2−104z−80)/7 (see Definition III.4). The
set h = (h1, h1) would be a compatible set in the sense of Definition III.24. Let us choose
this time h2 a generator of the ideal qN.23/(aP23) where P23 is the unique integral ideal
of norm 23 in OK (that is the ideal 23/P23 is a helper ideal). The corresponding levels
will be ℓ1 = 2 · 13 and ℓ2 = 2 · 13 · 23 = 598. Let us write the parameters

τ =
−5z3 + 29z2 + 15z + 95

7
, τ ′ =

−2z3 + 13z2 − z + 7668

7

σ =
−6z3 + 39z2 − 10z − 47

7
, σ′ =

−5z3 + 29z2 + 15z + 14473

7

ρ =
2z3 − 13z2 + z − 24

7
, ρ′ =

2z3 − 13z2 − 6z − 24167

7
.

Then

log

∣∣∣∣∣G2

(
1
2
, τ
26
, σ
26
, ρ
26

)13
G2

(
13
2
, τ
2
, σ
2
, ρ
2

) ∣∣∣∣∣ ≈ −4.1729132...
log

∣∣∣∣∣∣∣
G2

(
1
2
, τ ′

598
, σ′

598
, ρ′

598

)13
G2

(
13
2
, τ ′

46
, σ

′

46
, ρ′

46

)
∣∣∣∣∣∣∣ ≈ −29.8019278...

13ζ ′f(OK, 0)− ζ ′f([a], 0) ≈ 0.3126630...

Therefore neither of the four possible choices of orientations give the desired Kronecker
limit formula and no algebraicity property is expected for the product or the quotient
of these values. This justifies the compatibility condition we imposed on the set of base
points h (see Definition III.24).

IV.2.6.2 Example 16: a cubic example with λ̃ > 1

This example falls outside of the hypotheses of the conjecture as hypothesis (H3) is not
satisfied. In the situation we describe below, λ̃ = 2, and we show that we can mostly
ignore this fact for most of our construction, the only modification to take into account
being the fact that the set F (a, α, 0) contains 2 elements instead of only the element 0.
As we show, the higher elliptic unit we compute is still expected to be algebraic and to
satisfy the statements of the Main Conjecture III.37.

Let z be the complex root of the polynomial x3 − 5 in the upper half-plane. Then
K = Q(z) has class number 1. We choose the ideal f as the unique integral ideal of norm
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q = 3 in OK. The corresponding narrow ray class group is Cl+(f) ≃ Z/2Z. The unit
ε = 2z2−4z+1 is a generator for O+,×

K = O+,×
f with content λ̃ = 2 and overflow t̃ = 2×13.

We choose b = 1 and a the unique integral ideal of norm N = 5 in OK. The part of the
different ideal which is coprime to 2 is equal the integral ideal P13 = 13OK + (z + 2)OK
which has norm 13. The ideal qNP13/a is generated by a strongly admissible base point
h = 6z2 + 15. The corresponding level of the computation is given by ℓ = 3 · 5 · 13.
The complex number Γ−

f,b,a(ε, h)
−1 is then given by a product of two ordinary smoothed

elliptic Gamma functions with parameters

τ =
ε−1 + 119

2× 195
, σ =

ε+ 59

2× 195

More precisely, put δ = −2z2− z− 5. Then the set F (a, α, 0) in formula (I.15) is exactly
{0, δ} with δ/γ = (−4z2 − 5z − 55)/195. The product

Γ
(

1
3
, ε

−1+119
390

, ε+59
390

)−5

Γ
(
5
3
, ε

−1+119
78

, ε+59
78

)−1 ·
Γ
(

1
3
+ −4z2−5z−55

195
, ε

−1+119
390

, ε+59
390

)−5

Γ
(
5
3
+ −4z2−5z−55

39
, ε

−1+119
78

, ε+59
78

)−1

coincides up to high precision with the root ≈ 9.8439696...+ i · 5.1060682... of the palin-
dromic polynomial

Pabs = x6 − 21x5 + 150x4 − 185x3 + 150x2 − 21x+ 1

which defines an absolute equation of K+(f) over Q. The computation time for 1000
digits is 11 seconds.

IV.2.6.3 Example with D(ã,OK) not coprime to q

In this section we revisit example IV.2.2.4 with a different choice of fundamental units
which gives evaluation parameters outside of R, at the cost of having gcd(t̃1, t̃2, q = 2) > 1.
In this situation the sets F1 and F2 involved in the computation of the geometric G2

functions (see Proposition I.7) both have size 4. Most of the work we did in chapter
III may be adapted to this case and the higher elliptic units we compute is expected to
satisfy the statements of our Main Conjecture III.37.

Let z be the complex root of the polynomial x4 − 12 lying in the upper half-plane.
Then K = Q(z) has class number 1 and contains the real quadratic field Q(

√
3). We

choose the ideal f the unique integral ideal of norm q = 2 in OK. The corresponding
narrow ray class group is Cl+(f) ≃ Z/2Z. We choose the fundamental units

ε1 =
z2 + 2z + 2

4
, ε2 =

−z3 + z2 + 4z − 2

4

for O+,×
K = O+,×

f . We compute the contents λ̃1 = λ̃2 = 1 and the overflows t̃1 = 2 · 3,
t̃2 = 2 · 11. We note that 4 | s̃1 and 4 | s̃2. We may choose b = (1) and a = 23OK + βOK
an integral ideal of norm N = 23 in OK where β = (z2 − 2z − 26)/4. The part of the
different ideals D1,D2 coprime to q = 2 are given respectively by P3 the unique prime
ideal of norm 3 in OK and by P11 = 11OK+(z−1)OK. The ideals qNP3/a and qNP11/a
are generated by the strongly admissible base points h1 = (−4z3 + 11z2 + 10z + 30)/2
and h2 = (9z3 + 4z2 − 34z − 56)/2. The corresponding levels of the computations are
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ℓ1 = 2 · 3 · 23 and ℓ2 = 2 · 11 · 23. The value of Wf,b,a is given by a product of 8 ordinary
smoothed G2 functions and it coincides up to high precision with a root of the polynomial

Pabs = x8 − 28x7 + 778x6 − 112x5 − 749x4 − 112x3 + 778x2 − 28x+ 1

which defines an absolute equation of K+(f) over Q. The computation time for 1000
digits is 8 seconds. The value Wf,b,a we obtained in this example is the same as the value
obtained for example IV.2.2.4 where an alternative computation is performed and so is
the polynomial Pabs we obtain, thus supporting the idea that the evaluation of higher
elliptic units is indeed independent of the choice for the set of fundamental units for
O+,×

K .
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Conclusion and future work

In this work we constructed geometric families of multiple elliptic Gamma functions and
associated Bernoulli rational functions, allowing us to rephrase the modularity properties
they satisfy in terms of the cohomology of special linear groups SLn(Z). We gave arith-
metic applications of these functions by showing strong connections with partial zeta
functions for both totally real and almost totally real number fields. We constructed
conjectural higher elliptic units above number fields with exactly one complex place and
provided the tools to verify the conjecture numerically. We also provided many examples
to support this conjecture.

In the future, we wish to expand the conjecture to cover more cases outside of the
simplifying hypotheses (H3), (H4) and (H5). To do this we would attempt to produce
more examples in settings outside of these hypotheses, which unfortunately take more
time to compute. We also wish to prove some simple cases of the conjecture (for instance
in optimal settings). The strategy to prove these simple cases would be to use the
cocycle properties satisfies by the higher elliptic Gamma functions to prove some relations
between the complex numbers we compute which should be algebraic conjugates.

Another direction for future work is an exploration of various other number theoretic
aspects of the Gr functions which we have not mentioned yet. Namely, we wish to study
the arithmetic properties of the sequence of coefficients in the Fourier expansion of these
functions. It is well-known that for modular forms these coefficients are integral and
enjoy many interesting properties, and it is also well-known that the Fourier coefficients
of θ functions are related to representations of numbers by sums of squares. It might be
possible to formulate an analoguous statement for the Fourier coefficients of the multiple
elliptic Gamma functions. Another important area of research regarding these functions
is the determination of the action of Hecke operators for congruence subgroups of SLn(Z)
on the geometric functions Gn−2,a1,...,an−1 and Bn,a1,...,an .

Finally, we wish to explore the possible connections between our construction of higher
elliptic units related to Stark units with the construction of Gross-Stark units in p-adic
spaces. Indeed, the family of higher Bernoulli rational functions Bn,a1,...,an can be used to
construct a measure on a p-adic space Vp ≃ Zn

p which can be seen as a higher analogue
of the p-adic measure used by Darmon, Pozzi and Vonk in [DPV24] to produce Gross-
Stark units above real quadratic fields. In particular, the measures built from our higher
Bernoulli functions should be related in some way to the measures used by Roset and Xu
in [RX25] to produce Gross-Stark units above general totally real number fields. The fact
that our objects are related to both values of partial zeta functions at s = 0 for totally
real number fields and to derivatives of partial zeta functions at s = 0 for ATR fields
makes the existence of such a connection very likely.
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