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Introduction

This is a joint work with Masaki Kashiwara.

On a complex manifold (X, Ox), the Hochschild homology is a powerful tool to
construct characteristic classes of coherent modules and to get index theorems.
Here, | will show how to adapt this formalism to a wide class of sheaves on a
real manifold M by using the functor phom of microlocalization. This
construction applies in particular to constructible sheaves on real manifolds and
2-modules on complex manifolds, or more generally to elliptic pairs.
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Hochschild homology

Consider a complex manifold (X, Ox) of complex dimension dx. We shall use
the following notations:

Lo — Qix, wﬁ}‘)l ~ Qx [dx], the dualizing complex,
® Do(+) =Riom, ( +,w¥°") the duality functor and
w(e) = Ritom, (+,0x)
® §: X — X x X the diagonal embedding and A = §(X).
We set O 1= 8,0x, who! := 6,wh°, etc.
The Hochschild homology of Ox is defined by

W(ﬁx) = 4 (ﬁA ®ﬁx><x ﬁA)
1 hol,®—1 «
~ §'RAom, (wp . On)=085.0x

~ §'RAom,  (On,wa™) = 8bwx.
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Hochschild classes

Let & € D2, (Ox). The morphisms D'y @ F — Ox and Do F @ .F — w

give by adjunction the morphisms
Dy FRF — Op, Do FRF — wp”

and then by duality the morphisms

hol,®—1

W - DpFRF — Op, On — D FRF — wi™

and the composition defines the Hochschild classes of .#

Applications
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hol
X

hho(F) € Hopp(7)(X: 6 18.0x), hhe(F) € Hopp(sy(X; 8'01x).
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Functoriality of Hochschild classes
Let Xi (i = 1,2,3) be complex manifolds. Set Xj = X; x Xj, etc. Denote by
gij: X123 — Xjj the projections. For Kj; € Dfoh(ﬁxij) (if = 12,23,13), we set
* L *
Ki2 g Koz := Ra131(912K12 ® . G23K23).
Similarly, for closed subsets A; C Xj we set
A12<2>A23 = q13(A12 X x, A23).

Theorem

(a) There is a natural morphism
W(ﬁu)gﬁ%(ﬁﬁ) — W(ﬁn),
(b) let Kjj € Dsoh(ﬁx,.j) with supp(Kij) C Aj and assume that qi3 is proper on
A1z X x, Aos.

hhx;, (K12 g K23) = hhx, (K12) g thzs(K23)7

— hol®—1 — —
hhx,, ((K12 ® w, ) g K23) = hhx, (K12) g th23(K23)7

in Hgl3(X13; W(ﬁn))
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Hochschild-Kostant-Rosenberg isomorphism

There is a commutative diagram constructed by Kashiwara in 1991 in which
ax is the HKR (Hochschild-Kostant-Rosenberg) isomorphism and Sx is a kind
of dual HKR isomorphism:

0 (Ox)
a B

~ ~

5%5.0x = 8161kt

axlN NJ/BX

D, Qi [1] = D, Qi [il.




Hochschi
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Id homology on complex manifolds

Hochschild-Kostant-Rosenberg isomorphism

For # € D2,,,(Ox), one sets ch(.#) = ax o ax(hhg(F)), the Chern character
of Z and eu(.F) = Bx o Bx(hhe(F)), the Euler class of .#. Then ch
commutes with inverse images and eu commutes with proper direct images.

Kashiwara made in 1991 the conjecture that the arrow 7 making the diagram
commutative is given by the cup product by the Todd class of TX. This
conjecture has recently been proved by Ramadoss (2008) (after previous work
by Markarian) in the algebraic case and Grivaux (2009) in the analytic case
(and with a very simple proof).

This gives a new and functorial approach to the
Riemann-Roch-Hirzebruch-Grothendieck theorem.
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Let M be a real manifold, 7: T*M — M its cotangent bundle.
® k a commutative unital ring with finite global dimension,
® DP(kp) the derived category of sheaves of k-modules on M.
® wy =~ ory [dim M] the dualizing complex,

v = Rsom (+ ku) and Dy = R#om (+,wum) the duality functors.
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Microsupport

For F € DP(ku) one defines its micro-support, or singular support, SS(F), a
closed R™-conic subset of T*M.
Definition
An open subset W of T*M does not intersect SS(F) if for any C'-function
©: M — R and any xo € M such that (xo; dp(x0)) € W, setting
U = {x; p(x) < ¢(x0)}, one has for all j € Z

lim H/(UU V; F) ~ H(U; F).

V3oxo
Equivalently, RI {,,(x)>01 (F)x = 0.
Roughly speaking, F “propagates” in the codirections which do not belong to
SS(F).

d¢($0)
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Properties and examples of the microsupport

® SS(F) is co-isotropic,
° if L — F, — F3 % is a d.t. then SS(F;) C SS(F;) U SS(Fx) for j # k,
® Let N be a closed submanifold of M. Then SS(kn) = TyM,
® Let X be a complex manifold, .# a coherent Zx-module. Set
F =Ritom, (M,Ox). Then SS(F) = char(.Z).
® Here, M =R and T*M = R?
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The functor phom

Let N C M be a closed submanifold. denote by

7: ThyM — M the normal bundle,

w: TyM — M the conormal bundle.

Recall the functor vy of specialization, uy of Sato’s microlocalization and its

variant, puhom:
vn: DP(km) — D" (k7y,m) similar to the deformation to the normal cone,
pn: D°(km) — Db(kTﬁM) the Fourier-Sato transform of v,
phom(F, G) = uaR-A#om(q; ' F, 1 G)
- D"(km)°® x D(ky) — D°(k7+m).
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Properties of the functor phom

We can “microlocalize” the category of sheaves.
For A C T*M one denotes by D”(ku; A) the localization of D”(kpy) by the full
triangulated subcategory consisting of sheaves F with SS(F)N A = 0. Then

for p € T*M, H°pthom(F, G), =~ Hom, F,G).

(km:{p})(

Moreover

Rmm,phom ~ Ro%om,
supp phom(F, G) C SS(F) N SS(G).

Assume M is real analytic and k is a field (for simplicity). Let D (ky) denote
the category of R-constructible sheaves on M. This category does not admit a
Serre functor. However, we have for F, G € DR .(ku)

D7 pphom(F, G) ~ phom(G, F) ® 7y wm.
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Notations
As above, M is a real manifold. One sets:

® 0: M — M x M the diagonal embedding, A = §(M), ka = d:km,
wa = G+, etc.

® 07 T"M <= T*(M x M), §°((x; &) = (x,x; &, —¢).

® Let M; (i =1,2,3) be manifolds. For short, we write Mj; := M; x M;
(1 < I',j < 3), M3 = My x My x Ms, etc.

® gj: Mz — Mj; the projections,
pii: T*Mis — T*Mj the projections,
pijo, the composition of p; and the antipodal map on T*M;.

For Kjj € D"(kw;) and for L; € D"(kry ) we set
ij
K12 ° Koz = RCI13!(CI1_21K12 ® g K23),
Lis E;) Loz := Rpi3a,(pras L1z ® pazslas).

We also define the corresponding operations for subsets of cotangent bundles.
Let AC T*Mi and B C T*Mby3. We set

A8 B = pus(A X B) where A% B = pizh(A) N pk(B).
2 2
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Microlocal homology 1
Let A be a closed conic subset of T*M. We set

MA k) = (6°)  phom(ka,wn)
MHS (kp) =  HWT*M; #kw)).

We call .#7#{kwm) the microlocal homology of M. Of course, we have an
isomorphism which plays a role similar to that of the HKR isomorphism

MAKM) T wm.

Let jj = 12,23,13 and let A be a closed conic subset of T*Mj;. Assume that
A1z Ny a3 is proper over T*Mi3 and set A1z = /\12<:>/\23. There is a natural
2

morphism
‘ﬁjﬂk/\/’n)g‘///jﬂk/\/’n) - /{jﬂk’\/ln)'
and this morphism induces a map

0 0 0
(2) : MHAlZ (kMu) ® MH/\23 (kxzs) - MHAB (kX13 )
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Microlocal homology 2

The construction of the morphism above uses the composition of phom, which
makes the computations not easy. Fortunately, we have the following result, a
kind of HKR isomorphism for sheaves.

We have a commutative diagram

a

MAK12) O MAK23) ——> M (ki3)

| z

-1 a __1 -1
- 5
1o OJ12<237T23 w23 7T13 wi13.

N

Here the bottom horizontal arrow is induced by
—1_—1 -1 -1 -1
P12aT1p W12 & Por3aTpzala3z X~ Ty UJ1|ZwT*M2|Z7T3 w3 and
-1 -1 -1 -1
Rp13a!(7T1 wlng*MQ@WM3w3) —— 7 wilkry ws.
As a particular case, we get canonical isomorphisms

ﬂﬁ(kM) ®%Jf(kM) ~ ﬂ'_le ®7I'_10JM ~ WT*M.
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Trace kernels

A trace kernel (K, u,v) on M is the data of K € D®(kmxm) together with
morphisms (u, v)

ka = K 5 wa.

Setting SSa(K) :=SS(K) N TA(M x M), the morphism u gives an element of
HgSA(K)(T*M;Mhom(kA, K)) whose image by v is the microlocal Euler class of

peuyy(K) € MHss, (k) (kn)) = Hss 0 (T M~ wm).

If M = pt, a trace kernel K is nothing but an object of D”(k) together with
linear maps k — K — k. The composition gives the element peu(K) of k. If k
is a field of characteristic zero and K = L ® L* where L € D2(k), then

peu(K) = x(L).
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Functoriality of trace kernels

Theorem

Let K be a trace kernel on Mj; and assume for simplicity that
SS(Ky) C Ay x N} (if = 12,23).

We make the hypothesis:

a
A12 X Moz is proper over T Mi3.
2

~ ®—1 ~
Set Ko = Ko ® q;zl(kg&w2 ). Then Kiz := K12 9 K>3 is a trace kernel on
M13 and

pewy,, (Kis) = peupy,, (Ki2) & peuy,, (Kas)

as elements of MH?\13(k13), where N3 = A2 é Aoz
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As an application, one can perform the external product, the proper direct
image and the non characteristic inverse image of trace kernels and compute
their microlocal Euler classes. In particular, we get:

Corollary

Let K; be a trace kernel with SS(K;) C Aj x A} (i =1,2)and set
~ ®—1

Ki=Ki® (k[\/ﬂZwM )

(a) Assume Ay NA5 C TyyM. Then Ki ® K is a trace kernel on M and
pety(Ku @ Kz) = penyy (Ki) * peuy (K2).

(b) Assume moreover that supp K1 N supp Kz is compact. Then

peu(RM(M x M; K ® K)) = / peu(Ki) U peu(Kz).

T*M
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Constructible sheaves

We assume now that M is real analytic and k is a field. Let G € DE_.(kum) be
an R-constructible sheaf.

L
The evaluation morphism G ® DG — ww gives by adjunction and duality:

L
kA — GXDG — WA .

Denote by TK(G) the trace kernel so constructed. Then peu(TK(G)) is
nothing but the Lagrangian cycle of G constructed by Kashiwara in 1985 and
one recovers the classical functorial properties of Lagrangian cycles. Let

f: M — N be a morphism of manifolds. To f one associates the maps

f, fr
TM <~ Mxy T"N = T*N
There are natural morphsim
—1_-1 -1
fu: feify Ty wm — Ty W,
f'ui fdlﬁrlﬂ'ﬁle — Wﬂjlle.

® Let F € D2 (kwm) and assume f is proper on supp(F), or equivalently, f;
is proper on f; 'SS(F). Then peu(RfF) = f,ueu(F),

® et G ¢ D%_c(k,\/) and assume that f is non characteristic for G, that is, fy
is proper on £, 'SS(G). Then peu(f~1G) = f*ueu(D).
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2-modules

® X a complex manifold of complex dimension dx, A < X x X the diagonal
-1
® Dy :=RAomg, (M, Px) R, Q;? [dx], (duality for left 2-modules),
* MRN = Dxxx g, g, (ANN) (external product),
& B = H[le(ﬁxxx) and @X = P [2dx].
Note that Dy X ~ Ba. For a coherent Zx-module .#Z, we have the
isomorphism

Réfom@X(/fl,//[) =~ Rﬁom@){xx(c@A,{%@Dgﬂ) [dx]
We deduce the morphisms (the second one by duality from the first one):

PBn — MRD g M [dx] — BX.
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&-modules
Denote by &1+x the sheaf on T*X of microdifferential operators. For a
coherent Yx-module .# set

ME = Erx R -10, .

We define the duality functor D for &-modules and the external product
similarly as for Z-modules.

Recall that char(.#) = supp(.#*) where char(.#) is the characteristic variety
of . Set

Gai= 25, 6= ()"
We have the morphisms
Cn — M"RD g4 [dx] — €N .
Setting
HH(Erx) = (87) "Rtlom 5 (6n,6X),
we get the Hochschild class of .Z:
hhe () € Hyar(ary (T X HH(ET+x)).
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Hochschild class and microlocal Euler class 1
We have the natural morphism in D®(7 ' Zx @ 7' Z3)

gx — ,uhom(QX, Qx)

We deduce the morphism for .41 and .45 in DY, (Zx);

L L
RAom o (ME, M) = phom(Qx @, M, Qx @y, A2).
We have

L L
Qxxx [—dx] @ x Bn ~Cp, Qxxx[—dx]® B~ wa.

Dx x X

One deduces the morphism and isomorphism
L L
R;%pomgXXX((gA,(gK) Ea s uhom(QxXx ®@X><X %A,QXxX ®@X><X %X)
~  phom(Ca,wa).

An easy calculation shows that the first arrow is also an isomorphism.
Therefore, we get (a result of Brylinski-Getzler 1987)

HH(Ex) == MH(Cx).
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Hochschild class and microlocal Euler class 2

Recall the morphisms

Bn — MRD o M [dx] — %X
L
Applying Qxxx [—dx] Qg * 1O these morphisms, we get the morphisms

L
Ca — QXXX®@XX)<(///@D@//Z) — waA.
For .# € D2, (9x), we set
L
TK(%) = QXXX@@XXX(%ED@%)'

Then
Bhs (4) = ey (TK(A4)) in Horyar (T X 7 aox):
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Elliptic pairs 1

Let .# € D2,,(2x) and G € D2.(Cx). Recall that (.Z, G) is an elliptic pair
(S-Schneiders 1994) if

char(#) N SS(G) C TxX.
We shall assume now that (.#, G) is an elliptic pair and we set
L
TK(A#,G) = QXXX®9XXX(///§D@///) ® GXRD'G.

It follows from the functoriality of trace kernels that TK(.#, G) is a trace
kernel and moreover:

peuy (TK(A, G)) = peuy () * peuy(G).
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Elliptic pairs 2
We have the natural isomorphism (a Petrovsky's theorem for sheaves)
Rotom,, (A, D'G ® Ox) =& Rotom,, (M ® G, Ox).

Example Assume M is a real analytic manifold and X is a complexification of
M. Choose G = DXCp. Then (.#, G) is an elliptic pair off .# is elliptic in the
usual sense and we get

Ritom, (# ®G,0x) =~ RHom, (M,Bu)
~ Ritom, (M)
Assuming that supp(.#) N supp(G) is compact, it follows that the complex
Sol(.# ® G) :=RHom , (# ® G, Ox)

may be represented both by a complex of topological vector spaces of type FN
and a complex of type DFN. Therefore its cohomology is finite dimensional.
Moreover

RM(X x X; TK(.#, G)) ~ Sol(.# ® G) @ Sol(.#/ ® G)".
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Elliptic pairs 3

Applying the general results on trace kernels , we get
Theorem

Let (.#, G) be an elliptic pair and assume that supp .# Nsupp G is compact.
Then

X(RHomgx(///®G, Ox)) = / (hhe(A) U peuy(G)).

T*X

This formula has many applications, as far as one is able to calculate hhe (.#).
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Elliptic pairs 3

Assume that .# is endowed with a good filtration and char(.#) C A. Set

gr% = ﬁT*X ®71'71gT@X ﬂ'ilgriﬂ

on(#) = cha(gt.a) € @D HY(T*X;Crex),
j

pcha( ) = op( ) U " Tdx(T*X) for a left Z-module
pcha( ) = op(A) U " Tdx(TX) for a right Z-module.

Note that uch commutes with proper direct images (Laumon’s version of the
RR theorem for Z-modules) and non characteristic inverse images.
The formula

peun () = [pcha (4 )P

was conjectured by S-Schneiders in 1994 and proved by Bressler-Nest-Tsygan
in 2002.

If M is a compact real analytic manifold and X is a complexification of M, one
recovers the Atiyah-Singer theorem by choosing G = D'Cy.
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