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?�@ ABA�C�D2CFEE�GIHKJ LKD>M1N�G=O�PFEFQRD2CFE"G>S6PTCUE"E�C�VKN�@ VWM1J CTHXOUQWA�M1G>E"DICFLKNZY;GIO�CUE�E�C)SKC�VWN�@ VWM\[
J M\O�GI@ H�S6PTV]CTHRSB^_@<N�O�CFA�CFHXO�S6C`D�a PTHKCFN�J GICbA�G>E�C`SKM<HWEcD2CTLWNcVKN�@<AB@1O�GI@ H�Q<CTOdD�a @<H�HKC"VRCFL6O
VWM<E)S6GIN�Cfe;LKChgKM\O�@�M1GIOi^jM1GIO)S6CUEiCTk]@ NlOmEiS6PFABCFE�LKN�PUEV]@<LKN)VR@ VKLKD>M1N�G2E�CTN�D2CFE�E�GICFHKHKCFEFn
o ElV]PTN�@<HREce;LKCpD�a M1OlO�N�G2qKL6O�GI@ H�S6L�VKN�G=rBst@<DI^vu1w<w;u x<u1w<w ybM<G2S6CFN�Mz^jM1G2N�Cb{T@<HKHRM9|>O�N�C}LKHKC
~ LKYXN�C)VKN�@<^_@<HWSKC)CTOZE�M1HWEZS6@ L6O�C)O�N�@<V�@<N�GIJ GIHRM1D2CiV]@<LKNZ��O�N�C�G2A�ABPUS6G2M1O�CFA�CFHXO"M {T{�CFV6[
O�PTC nWg6M\O�@BPF{�N�GIO}O�N��FEdVRCFL�QWHWCZ{T@<ABA�LKHKG>e LWC`VWM Ed^jM<{TGID2CTABCTHXOUQ6HKC"^_N�PUe;LKCTHXO�C"e;L�a PTVKG>E�@1[
S6G2e;LKCFABCTHXO}DICUEb{T@<HKJ N��UE�CTObVWM EpS6L�O�@ L6OpD2CFEpG2HWElO�GIO�L6O�GI@ HWEFnW��M1G>Ebg6M1O�@�MBG2H6Y CFHXO�P`LKHKC
HK@<LKY;CTD2D2C"A�M<HKGI�FN�C)S6C�^jM<GIN�C�S6CiD�a M1HWM<DI�6E�C<QKD�a>�"�bHWM1D2�6ElCi�bDIJ PTqKN�G>e LWC}��QRCTO`M�{�N�PTPiLKHKC
PF{�@ DIC Q6D�a �c{T@<D2CZSKC��Z� @<O�@Wn

g6G��,G2�XGI@�g6M1O�@�CFElO}HKP�CFH��U� u<�
2
QKG2D�HKC�EFa CUE�O}^jM<G=Ob{T@<HKHWM\|2O�N�Ce;L�a CTHt�F�;�1�1[�� wKQXM\Y CU{

E�MhO��WPT@<N�G2C�S6CFEi�6�;V]CTN�^_@<HR{�O�G2@<HRETn�g6M,E�{�@ D2M<N�GIO�P�M�CTH�CTk]CTOiP�O�PB^_@<N�O�CFA�CFHXO�VRCFNlO�LKN�qKPTC
VWM1NdD2M)J<LWCTN�N�C`C�O}CTHhVWM1N�O�G>{�LKD2G2CTN�VWM1NdD2CFEdqR@ A)qRM1NmS6CTABCTHXOmEcM<A�PFN�G>{TM<GIHRE�E�LKN���@ �X� @Rn1��D
S6@<GIOpO�NmM\Y1M<GID2DICFN}{�@<ABABC�D2GIYXN�CTLKN"S6C){��WM1N�qR@ HhV]@<LWN`M1G>S6CFN`E�MB^jM1ABG2DID2C)S6@ HXOpD2M�ABM<G2E�@<H
MqKN��KDIP Q VWLKG2EdCUE�OdVKN�@<^_CFE�ElCFLKNcS�a PF{T@<D2C`z��U�iM<HWE'CTO�{TC'��LWE�e;L�a CFH��F�;�1�WQ<SKM\O�C`ziD2M e LWCTD2DIC
GID*S6CFY;G2CTHXOM<E�E�G2ElO�M<HXO`zfD�a �pHKG2Y CFN�E�GIO�P)SKC���@<�X�;@WnK��D*PTO�LWSKGICBD2CFE"A�M\O��WPTA�M\O�G2e;LKCUE`CTOD2M
VK�6�6ElG>e;LKC<Q6E�CTLKD�n

  @ LKNB{�@<ABVKN�CTHRS6N�C�D�a @ N�G2J<G2HWM1D2GIO�PhSKC�D>M�O��KPF@<N�GIC�S6CUE)�6�XV]CTN�^_@<HW{�O�G2@<HWE�S6C�g6M1O�@WQ¡G2D
^jM1L6O)E�C�E�@<LKY;CTHKG2NS6C�D�a M<A)qKG>M1HR{�CBA�M\O��WPTA�M\O�G2e;LKC�S6CfD�a PTV]@6e LWC<n�¢ca �bHWM1D2�6ElC��£M\O��WP�[
ABM1O�G>e;LKC�SWM1HWE"D2CFEM1HWHKPTCUEZ�<w\[l¤\w�PTO�M<G=O�E�@<LWE`D�a G2H6¥WLKCFHW{�C�S6G2N�CU{�O�CBSKC)D�a M<HWM1D2�6ElC)^_@<HR{�[
O�G2@<HKHKCFDID2CpCTOc^_@<N�O�CFABCTHXO'A�M1Nme;LKPTC}VWM<N'D2C`E�LW{T{T�FE'S6C`D2MO��KPF@<N�GICpS6CUEcS6G>ElO�N�GIqKLKO�G2@<HWEFn6¦`H
{��KCTNm{��WM<G=O}CUE�E�CTHXO�GICFDID2CTABCTHXObSKCFEbO��KPF@<N��TABCFE`S�a CTr6G2ElO�CFHW{�C)C�OZD2MfVKDILWVWM1N�O"S6CUE`SKPTAB@<HWEl[
O�NmM\O�G2@<HRE"{T@<HWE�G>E�OmM1G2CTHXOz�SKP�§WHKG2Nf�"D2C�qR@ H�CUElVRM<{�C)^_@<HR{�O�G2@<HWHKCTD¨�¨Qvz�S6PTAB@ HXO�N�CTN"LKHKC
�bG2HKPFJ M1D2GIO�P)MfVKN�GI@ N�GW�¨Q]C�OzfM<VKVKD2G2e;LKCFN`D2C)O��KPF@<N��TABC)S6C�©bM<�KH6[�ªdM<HWM<{���n]?`a CFElOZSKM<HWE
{�Ci{T@<HXO�CTrXO�C�e;LKCi�,G2�XGI@�g6M\O�@fS6P�§RHKG=O"CTH£�<�\[��<wBD2CFEp�6�XV]CTN�^_@<HW{�O�G2@<HWE}{T@<ABABC�Y1M1D2CTLWN�E
M1L£q]@<NmS£SKCi^_@ HW{�O�GI@ HWE"�K@<D2@<AB@<N�VK�KCUETQ¨S6PU{�@<LWY CFNlO�Cie;LKG¡DILKG*V]CTN�ABC�O�O�NmMhS�a @<qKO�CTHWGINZLKH
VR@;E�O�C�zZD�a �pHKG2Y CFN�E�GIO�P�S6Cp��@<�X� @RQTCTOc{�C<Q\J N�« {�C�zZD2M"VKN�@1O�CF{�O�G2@<H�PF{�D>M1G2N�PTC�S6L   N�@1^_CFE�E�CTLKN
���;M<HWM1J;MKQXVRCFN�E�@<HWHWM1D2G=O�PiS�a LKHKC�@ LKY;CTN�O�LKN�CS�a CUElVWN�GIO`CTr6{TCTV6O�GI@ HKHKCFDID2C�C�O"J<NmM1HWS�M<A�G�S6C
D2M){�LKDIO�LKN�Cp^_NmM1HR¬TM1G>E�C<n;gKM\O�@)VWM1N�O�CFHWE�LKG=O�C`S6CFL6rfM1HREcM1LKrB�'O�M\OmE�[��pHWG2EFQ6zipCF®°¯c@<N���C�O
z   N�GIHR{�C�O�@<H�QX@ ±�GID¨CUE�E�M1G2CbE�M1HWEdElLR{T{��UE�SKC"{T@<H6Y1M1G2HW{TN�C}�pHRS6N�P"stCTG2D]SKC`D>M�V]CTN�O�G2HKCTHR{�C
S6CEl@ H�M<VKVKN�@X{��KC"{T@<�K@ AB@<D2@<J<G>e;LKC`SKCD�a M1HWM<DI�6E�C<n

¢�M�ABP�O��W@XSKCfS6Chg6M1O�@,CUE�OiNmM<SKG2{FM1D2CTABCTHXOHK@ LKY CFDID2CB{TM1NiCTD2DIC�Hva L6O�GID2G>ElC�CFH�M1LW{TLKHKC
ABM<HKG2�TN�C}D2MiHK@1O�GI@ H�S6CpD2GIABGIO�C<n6gXCUEc�6�XV]CTN�^_@<HW{�O�G2@<HWE¡HKC"El@ HXOcS6CFEcDIG2ABG=O�CFEdS6Cp^_@ HW{�O�GI@ HWE
SKM1HWEZM<LW{�LKHtE�CTHWE"NmM1G>El@ HKHWM1qWDIC Q]CTOD�a CFE�VWM<{TC�SKCFEZ�6�XVRCFNl^_@ HW{�O�GI@ HWE`H�a M�M1LR{�LKHKC�O�@<V]@1[
DI@ J<G2CbHWM1O�LKN�CTD2DICZM1LKO�N�C`e;LKC"J<N�@ E�ElG2�TN�C<n   @<LKN�E�M){�@ HWE�O�N�LR{�O�G2@<H�g6M\O�@)G2H6Y CFHXO�C}CFHfVWM<N�M<D=[
DI�FDICiM1Y CU{`²"N�@1O��WCTHWS6G2CF{���D2Mf{�@<�W@<AB@<D2@<J GIC"DI@6{FM1D2C<QWLWH,@<L6O�GID�VKLKN�CTABCTHXObM<DIJ PTqKN�G2e;LKC n6��D
ETa M1J G=O�Y;NmM1G2ABCTHXOvS�a LKH)N�CFJ M1NmSZN�PTY;@<D2L6O�G2@<HKHRM1G2N�C*E�LKN�D�a M1HWM<DI�6E�C<QULKHKCdN�LKVKO�LKN�CcPFVKG2ElO�PFAB@1[
DI@ J<G>e LWC<QWS6G2NmM1GIOl[�@<H,SKM1HREpD2CFEbM<HKHKPFCFE`¤1wKnW��M<G2Eb@<L6O�N�C)El@ H�@ N�G2J<G2HWM<DIGIO�PG2HW{�@ HXO�CUE�OmM1qKD2C<Q

1 ³�´9µ ¶T·�¸�¹�µ º�»�¼Rµ½·�¸j¸�·�·�º�¾¿m¸�µ½·�À¨Á9¸�µ½·�ÂFÃÄ´9¹�º�µ º�ÁUº�Å9·�¾¿�º�Æ9»�Çp¿�º�µ½ÈFÁU·l¹lÂ1É�ÊmËUÂU¸jÁ9·�ÅUÁ"À¨Æ9·�¶�¿mÌ½·�¸j·�º�Â9ÊmË�ÍUÉlÎ
¼W¿m¸jµ½¹�ÂFÏ<¸�¿m´9Ð�·�Â Ñ�ÒlÓTÔ�Õ\Ö�×�Ô�Ø�Ù9ÔmÚmÓWÛÄÜ�ÝUÑ�ÑTÖlÞ�ÝWÛ>ß�×\ÂXÓ�Ú�ÚmÕWà_á�á�â�â�âWÛãÙ9ÔmÚmÓWÛÄÜ�ÝUÑ�ÑTÖlÞ�ÝWÛ>ß�×Tá�ä�Ñ�ÒlÓTÔ�Õ<Ö�×�ÔTá
2 å�æ Á9¹v¿�¶ æ ´9¹¨ÁFº�µ½Ì½µ½¹�»�Ì½·�º�·�çFº�·*Å;è Á9´p·�´Fº�¸�·�º�µ½·�´Z¿mÐ�Ð æ ¸�Å9»'é\¿m¸�¾Zµ½êTµ ædë ¿�º æ ·l´�Élì�ì�Ídí�îRÇ}Çp¿m´FÁ9·�Ì\ï�´Uð
ÅU¸ æ ´9µ½ê æmñ Âmº�¸�µ½¹jº�·�Ç}·�´FºRÅ9µ½¹�é9¿m¸�Á}·�´ZÉlì�ìmò9óUÀ¨·vº�·�çFº�·�Å9·�¶F¸�¿mµ º]´9»l¿m´9Ç æ µ½´9¹W¶ æ µ½¸Wé9¸ æ Ð�Æ9¿mµ½´9·�Ç}·l´Tº]Ì½·Kô æ Á9¸�Âõ ¸�ömÐ�·c¿mÁUç"·�÷ æ ¸_º�¹¡ÅU·*ï�ó1ø�è ï õ ´ æ Ì æ ó åvæ Á9¹¡¿l¶ æ ´U¹�¿mÁ9¹�¹�µXù1»l´U»�ú9Ðlµ½»cÅ9·�¹vÐ æ Ç}Ç}·�´Tº�¿mµ½¸j·�¹v¹�Ð�µ½·l´Tº�µ ú9ÈFÁ9·�¹
ÅU·'û�ðÄü�ó\ü æ ¹�ºv·�ºvÅ9·*ï�ó\À¨Æ\¿mÇ�ù1·�¸jºjðÄý æ µ½¸�Â9Ð�·*Å æ ´Tº�´ æ Á9¹vÌ½·l¹v¸j·lÇ}·�¸jÐ�µ æ ´9¹�Ð�Æ9¿mÌ½·lÁU¸�·�Á9¹�·lÇ}·�´Tº�ó
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D�a M1VKVWN�@6{��KC'SKCdg6M1O�@`M`S6CFE�G2A�VWDIG>{TM1O�G2@<HWE�VKN�@1^_@<HRS6CFE�{TM1N�CTD2DIC�S6PFqR@ LW{��KC'HRM\O�LWN�CFDID2CTABCTHXO
ElLKN}D�a M1HWM<DI�6E�C`ABG>{�N�@<D2@X{FM1D2C<Q6{�@ ABA�Cd��CY1M<G2E�O�CFHXO�CFNpS6CZD�a C�r6VKD2G2e;LKCFNFn

¢�MpO��KPT@ N�G2C�S6CFE�PFe;LWM1O�G2@<HWE�M1LKriS6PTN�GIYXPFCFE�VWM1N�O�G2CTD2DICUE�� o��` �� D2GIHKPUM1G2N�CUE�z"{�@XC ��{TGICFHXO�E
Y1M1N�G2M<qKDICUE¨CTH)P�O�M<G=O¡zbE�CFE�O�@<LKO¡S6PFqKL6OmE�SKM<HWE�DICUE�M<HKHKPTCUEv�;�9[l¤\wKQTC�O¡P�O�M<G=O¡El@ LWE�D2C�{��K@6{*S6C
D�a C�r6CTABVKD2CS6C�©bM<HWE}¢�CF®}�fe;LKG�AB@<HXO�N�M<G=O}e;LKCZD�a PFe;LWM1O�G2@<H�DIG2HKPFM<GIN�CZS6L�VKN�CFABGICFN}@<NmS6N�C
(−
√
−1∂1+∂2−2(x1+

√
−1x2)∂3)u = v

H�a M}VWM<E�S6CdEl@ DIL6O�GI@ H�QUA��FABC�D2@6{TM1D2C<QFAB�TABC
SKM1HWE�D�a CFE�VWM<{TCZSKCFEpS6G>ElO�N�GIqKLKO�G2@<HWE 3 nW¢�CZ^jM<G=O"e Lva LKHWCPFe;LWM\O�GI@ HhHva M<G=OpVWM EpS6C�E�@<D2L6O�G2@<H
P�O�M<G=O¡z}D�a PFVR@6e;LKCdLKH�V]CTLi{��W@Xe;LWM<HXOFnU¦`HV]CTHRE�M<G=O¡e LWC�{1a P�OmM1GIO�LKH�S6P�^jM<L6O�SKCcD>M}O��WPT@<N�G2C<Q
e LWCiD2CFE`CFE�VWM<{TCFEbe;LKC)D�a @<H�M\Y1M1GIOp{�@ HWE�O�N�LWG=O"H�a PTO�M<GICFHXO`VWM EbM<E�E�C !iJ N�@;E}V]@<LKNZ{�@ HXO�CTHWGIN
{�CFE�E�@<D2L6O�G2@<HRETn6ªdGICFHhE��KNUQX{<a CUE�OpM<Lh{�@ HXO�NmM1G2N�CpE�@<LWY CFHXO�e;LWM1HWSfGID���M)LKHKCZ@ qWE�O�N�LR{�O�G2@<H
{�@<�W@<AB@<D2@<J G2e;LKCBe;L�a G2D�E�C�VWM E�E�C�S6CFEi{��K@ E�CFE"G2HXO�PFN�CUE�E�M1HXO�CFE#"vD�a M<qWElCFHW{�C�SKC�El@ DIL6O�GI@ HWE
CFElO¡D>M"A�M1HKGI^_CFElO�M1O�G2@<HBS�a LWH�VW�KPTHK@ AB�THKC�J<PF@<ABP�O�N�G>e;LKC�{TM<{��KPcCTO'VKN�@<^_@<HWS�n � M<HWE¡DIC}{FM<E
S6C�D�a PUe LRM\O�G2@<H�SKCf©bM<HWEi¢vCT®}�;Q�D2M�J PT@ A�PTO�N�GIC�{FM<{��WPTCBCFElO��"ABG>{�N�@<D2@X{FM1D2Cp�tC�O){TC�O�O�C
PFe;LWM\O�GI@ H,CFElO`ABG>{�N�@<D2@X{FM1D2CTABCTHXOpPUe;LKGIY1M<DICFHXO�Cz�LWHKCiPUe LRM\O�G2@<H�S6CB?dM<LW{��6�;[%$pGICFABM<HKH
GIHWSKLKG=O�C�ElLWN}LKHKC�6�XVRCFN�E�LKN�^jM<{TCbN�PTCTD2D2CZSKC"D�a CFE�VWM<{TCZ{T@<ABVKD2C�r6C<n

o H A�M\O��KPTA�M\O�G2e;LKC�{�@ ABA�ChCTH�VW�6�XE�G>e LWC<QvV]@<LWNiO�N�M<G=O�CTN�LKH�VKN�@<qKD2�TABC�SKM1HWE)LKH
CFE�VWM<{TC&��M'��HKC � QK@ HhCUE�ObM<A�CFHKP�zB{TM<D2{TLKDICFNpSKM1HRE�D�a CFE�VWM<{TC�S6LWM<D�nK�bHKC�ABP�O��K@6S6CVR@ LKN
{�CTD>MKQ;{�CFDID2CpCTABVKD2@1�;PTCdCTH�M<HWM1D2�6ElC Q<CFElOcD>MZO�NmM1HRE�^_@ N�ABPTCpSKC)(W@ LKN�GICFNFn<�£M1G>Ec{�CTOlO�C}O�NmM1HWEl[
^_@<N�ABM1O�G2@<H�CFElOb^_@ NlO`VRCFL�DI@6{FM1D2C<QKCTO"E�C�VKN���O�C�O�N��FEpA�M<D�M<L,VWM<E�E�M<J<CM1LKr�Y1M<N�G2P�O�PFEFnW¢vM
A�PTO��K@6S6C�S6C�gKM\O�@�M1L {T@<HXO�NmM1G2N�C�CUE�O�qRCUM1LW{T@<LKV�VWDILWE�M<SWM1V6O�PTChz£{�CfVRM<E�E�M<J<C*"�LKHKC
Y1M1N�GIPTO�PiN�PTCFDID2CBElC�{�@ ABVKDICTr6G=§WC Q�C�O�M1L�DIG2CTLtS6CBN�CTJ M<N�SKCTN"DIC�{�@ ABVR@ NlO�CTABCTHXOZzhD�a GIH6§RHKG
S6C`D>MO�N�M<HWEl^_@<N�A�PFCbS6C+(W@ LKN�GICFNFQ @<H�V]CTL6O}N�CTJ;M1NmS6CTN`�bS�a @<±fYXG2CTHKHWCTHXO���DICUE�Y1M<DICFLKNmEcM1L
qR@ N�S�n o H O�CTN�ABCFEiO�CU{��KHKG>e;LKCFEFQv@ H�N�CFJ M<N�S6C�D2Ch§WqKN�Ph{�@<O�M<HKJ<CFHXO,�_VKD2LWE�C�rKM<{�O�CFA�CFHXOFQ
√
−1

[�^_@<G>E'D2C}§WqWN�Pb{T@1OmM1HKJ CTHXO � {T@<ABABCpD2Cp§WqKN�Pb{T@<HK@ N�A�M1DKM<L�N�PTCTDRSKM1HWEcDIC"{�@ A�VWDICTrXC n
g6M\O�@)S6PT§WHKGIO}M<GIHRElG]DIC`^_N�@<HXOdS�a @ HWS6CZM1HWM<DI�;O�G>e;LKC`SKCFEd�6�XVRCFNl^_@ HW{�O�GI@ HWE)��S6@<HW{`CTHhVWM1N�O�GI[
{�LKD2GICFNpS6CFEbS6G2ElO�N�G2qKL6O�G2@<HRE � QKLKH�^_CTN�ABPZ{T@<HKG>e;LKC�S6L,{�@<O�M<HKJ<CFHXOFQXC�OpAB@<HXO�N�CZe;LKCElGvLKHKC
�6�;V]CTN�^_@<HR{�O�G2@<H

u
CUE�OpE�@<D2L6O�G2@<H�S�a LKHKCZPFe;LWM1O�G2@<H

Pu = 0
Q6M1D2@<NmEdEl@ Hf^_N�@<HXO�S�a @ HWS6C"CFElO

{�@<HXO�CTH6L�SKM<HWE�D2M`Y1M1N�G2P�O�Pd{TM<N�M {�O�PFN�G>ElO�G>e LWCcN�PTCTD2D2CdS6C�D�a @ VRPFN�M1O�CFLKN
P
n ?`a CFElO¡DIC}S6PFqKL6O'S6C

D�a �pHWM<DI�6E�C�,G2{TN�@ DI@6{FM1D2C<QXGIH6Y;CTHXO�PTCbSK@<HW{"VWM<Nbg6M\O�@WQ6C�Obe;LKG�M�N�PTY;@<D2L6O�G2@<HWHKP`D�a M1HWM<DI�6E�C<n
ªdG2CTHfE��KNUQ S�a M1LKO�N�CFE'A�M1O��KPFABM1O�G>{�G2CTHWEcC�OdVK�6�6ElG>{�G2CTHWE'@<HXO'CTL�z){�CTOlO�CbVRPFN�G2@6S6C#��ElG]{�C

H�a CUE�O�qKG2CTH)M1Y1M1HXOFQ�M\Y;CF{¡©`M<SKM<ABM<N�SZCTO¡¢vCTNmM\� � D�a G2HXO�LKGIO�G2@<HiSKC�{�Cde;L�a G2D;^jM1D2D2M<G=O�O�NmM\Y1M1G2D2DICFN
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y2 = P (x) (mod p)
CUE�O)SKCfD>M

^_@<N�A�C
p−ap

Q;M\Y CU{ |ap| 6 2
√
p
n6¦`H�V]CTLKO�PF{TN�G2N�C

ap = 2
√
p cos θp

QXM\Y CU{
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θp
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(2/π) sin2 θ
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